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Abstrakt

Cilem této diplomové prace je sjednotit a zobecnit znamé vysledky z literatury, studovat
asymptotické chovani kladnych regularné se meénicich teSeni jisté tiidy nelinearnich
diferencidlnich rovnic (tzv. skoro pololinearnich diferencidlnich rovnic) pomoci
dostupnych néstroju. Tato prace zahrnuje popis teorie regularni variace, nékteré
informace o nelinearnich diferencidlnich rovnicich ruznych typu, detailni odvozeni
vysledku tykajicich se asymptotického chovani teSeni a piiklady aplikace ziskanych
vysledku.

Abstract

The goal of the thesis is to unify and generalize known results from literature, to study
asymptotic behaviour of positive regularly varying solutions to the certain type of
non-linear differential equations (known as nearly-half-linear differential equations)
using available tools. This work includes description of theory of regular variation, some
information on non-linear differential equations of various types, detailed derivations of
results related to asymptotic behaviour of the solutions and examples of application of
obtained results.

Klicova slova
nelinedarni diferencialni rovnice druhého radu, regularné se ménici funkce, asymptotické
chovani

Keywords
non-linear second order differential equation, regularly varying function, asymptotic
behaviour
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Introduction

The concept of regular variation was first introduced in 1930 in the Jovan Karamata’s
paper [9]. Regular variation is factually a field in classical real variable theory, together
with its applications in integral transforms — complex analysis, probability theory, analytic
number theory and differential equations (see [2], [7], [8], [11], [17]). Among others, it
was applied in Tauberian theorems, giving in fact asymptotic behavior of integrals and
series, the Fourier ones in particular. The theory of regular variation has been shown as
a very useful tool in some fields of qualitative theory of differential equations of various
forms (see [11] and [14]). The most complete presentation of Karamata theory and its
generalizations as well as the majority of the applications are contained in [2].

In this work we study asymptotic behaviour of solutions to non-linear second order
differential equations of different types: half-linear, nearly-linear and in some sense
“combination” of them — nearly-half-linear. They have not been studied a lot yet, but
these types of equations are shown as an useful tool in applications, for example for
modelling of fluid mechanics problems. Exploration of behaviour of solutions is made by
means of regular variation and de Haan theory.

In the first chapter we introduce basic definitions from the Karamata theory. We
provide important theorems and show properties of regularly varying functions. We also
describe de Haan theory and present the definition and properties of a special class of
functions called Il-class.

In Chapter 2 we discuss some types of non-linear second order differential equations.
We introduce nearly-half-linear equations and explain how this type of equations is related
to half-linear and nearly-linear equations. We briefly present some known results and
applications of these equations from literature. Here we formulate our main goal: to
unify and generalize asymptotic formulae for slowly varying solutions of the nearly-half-
linear equations.

Chapter 3 deals with nearly-half-linear equations and we study behaviour of their
slowly varying solutions. We investigate existence of such solutions, discuss required
conditions for deducing the asymptotic formula for them using different approaches and
summarise obtained results. This chapter is divided to two sections where in first we
are interested in decreasing slowly varying solutions, and in the second we work with
increasing ones. We also prove other important results, such as statements related to
monotonicity of slowly varying solutions and asymptotic estimates of such solutions. Many
of those results are new or can be taken as an improvement or extension of existing results
for special cases.

Chapter 4 is devoted to presentation of a couple of examples of equations we discussed
earlier in Chapter 3. We show applications of the results obtained in the previous chapters
and other literature and discuss different modifications of such equations.

The last chapter describes possible directions of further exploration of asymptotic
behaviour of solutions to nearly-half-linear equations, specifically solutions which are not
slowly varying, asymptotic estimates for the general case of the equations and other
methods, which can be useful for resolving additional problems.
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1 Theory of Regular Variation

In this chapter we will provide main definitions, important properties and show some
examples of regularly varying functions. Further we will introduce important facts from
Karamata theory, which will play significant role in the latter chapters and will be used
for proving theorems. The main aim of this chapter is to prepare all needed information
for latter exploration of asymptotic behaviour of solutions of certain types of non-linear
differential equations.

1.1 Regular and slow variation

In its basic form the theory of regular variation studies relations such that

f(A)

———= = g(\) € (0,00) as t — oo for every A > 0.

f(t)
We start with two fundamental definitions of regular variation and slow variation.

Definition 1.1. A measurable function f : [a,00) — (0,00) is called regularly varying
(at infinity) of index ¥ if

. fA) :
tli)rglom =\’ for every A > 0; (1.1)
we write f € RV(). The class of all regularly varying functions is denoted as
RV = [ RV().
HER

Definition 1.2. A measurable function L : [a,00) — (0, 00) is called slowly varying (at
infinity) if
L(\t)

lim ——= = 1;

t—o0 L(t) ’ (12>

we write L € SV.

The set of slowly varying functions is a proper subset of the set or regularly varying
functions and in fact, SV = RV(0). The condition in the definition of RV functions
mentioned above can be weakened. The limit in the Definition 1.1 is sufficient to hold
only for A in a set of positive measure a then the regular variation follows. Moreover, if
the limit

f(At)

tlgglo 70 =g(A) € (0,00)
exists for A\ in a set of positive measure, then the function ¢ is necessarily in the form
g(A) = \?, where 1 is a real number.

A slowly varying function is customarily denoted by L because of the first letter of the
French word “lentement” which means “slowly”. Using Definitions 1.1 and 1.2, it is easy
to show that f € RV(J), where 9 € R, if and only if it is possible to write the function
in the form

f(t) =t"L(t), where L € SV. (1.3)
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So for many purposes in the study of regular variation it is enough to explore the properties
of slowly varying functions. Let us give some examples of such functions:

L(t) = H(lni t)*, where In;t =Inln; ;¢ and p; € R,

=1

L(t) = exp <H(1ni t))w, where 0 < v; < 1,
i=1

L(t) = 2 + sin(Iny 1),
L(t) = % / ﬁds,
L(t) = exp ((In £)3 cos(In t)%).

Let us prove slow variation of selected functions. We start with the simplest one
L(t) = Int, then applying I’'Hospital’s rule we have:

!/
lim In(At) — lim (In(At)) _ A/ At b L
t—oo Int t—oo  (Int) I/t t
Let us add a power L(f) = (Int)* and we obtain again a slowly varying function by

Proposition 1.1 presented below, which says that if f € RV(¥), then f* € RV(ad)) for
every a € R. Let us consider another function L(¢) = In(Int), then we have:
/
lim In(In(At)) — im (In(In(At))) — im tint
t—oo In(Int) t=oo  (In(Int)) t—oo ¢ In(At)

Thus we get L(t) = In(Int) € SV. If we take L(t) = (Int)* (In(lnt))*?, then using
Proposition 1.1, we can conclude that L(t) = [ [, (In; t)* € SV.

Let us take a function L(t) = 2 + sin(lngt). To prove that this function is slowly
varying we will use again properties of regularly varying functions from Proposition 1.1.
We want to show that tg'(t)/g(t) — 9, g € C*', then g € RV(V) such that g(t) ~ f(t) as
t — oo and so f € RV(9),9 # 0. If we deal with a slowly varying function, we assume
¥ = 0. Let us prove that tL'(t)/L(t) — 0 as t — oo. Compute

tL'(t) t cos(Ingy t)

L) ~ it +sin(me)

as t — 00, because a cosine/sine function is bounded and In¢ — oo. Now we can conclude
that L(t) = 2+ sin(Iny t) € SV.

Let us prove slow variation of the function L(t) = % ;ﬁds. Recall that Int € SV
and use Karamata’s theorem 1.3, which will be introduced in the next section we prove
that - .

L(t):¥ ) EdswmeSV.

The class RV includes a wide variety of functions. In particular, slowly varying
functions do not need to be monotone eventually. The exponential functions exp(t) or
exp(—t) are not regularly varying, but 1 + exp(—t) is slowly varying. The last example
L(t) = exp ((In £)3 cos(In t)%) provides a slowly varying function which exhibits “infinite
oscillation”, i.e. liminf, ,, L(¢t) = 0, limsup,_, . L(t) = oc.

12



We have defined regular variation at infinity. Of course, this is not the only possibility.
A measurable function f : [a,00) — (0, 00) is called regularly varying at zero of index ¥ if

tlir& % =\ for every A > 0 — we write f € RV,(¢9). Since regular variation of f(-) at
—

zero of index ¥ means in fact regular variation of f(1/t) at infinity of index —1J, properties
of RV, functions can be easily deduced from theory of RV functions. Regular variation
can now be defined at any finite point by shifting the origin of the function to this point.
In the next remark we examine functions for which the limit in (1.1) attains the extreme
values.

Remark 1.1. A measurable function f : [a; 1) — (0; 1) is called rapidly varying of indez 1,
we write f € RPV(1), if

lim —=~
00 for A > 1.

f(at) ]0 for 0 < A <1,
S F)

and is called rapidly varying of index —oo, we write f € RPV(—o0), if

. f(\) 00 for 0 <X <1,
lim —/——= =
t—oo f(t) 0 for A > 1.

The class of all rapidly varying solutions is denoted as RPV.

Let us introduce a couple of notations which will occur later in this thesis. For
eventually positive f and g we denote:

o F(8) ~ g(t) it lim F(1)/g(t) = 1
* F(t) = olo(®) if Jim F(1)/a(t) =0

o f(t) =0(g(t)) if 3c € (0,00) such that f(t) < cg(t) for large t.

1.2 Karamata theory

In this section we will introduce basic information on Karamata theory, which will help
us during the analysis of behaviour of solutions to differential equations. The following
theorems are very important in the theory and properties obtained from them will be
useful for exploring RV functions and investigation of solutions to differential equations.
The first statement is the so-called Uniform Convergence Theorem.

Theorem 1.1. If f € RV(V), then the relation (1.1) (and so (1.2)) holds uniformly on
each compact \-set in (0, 00).

The second fundamental result is the following Representation theorem. Its proof is
based on Theorem 1.1.

Theorem 1.2. (Representation theorem) A function L is slowly varying if and only if it
has the form.

S

L(t) = o(t) exp [ / t Ws)ds}, (1.4)
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t > a, for some a > 0, where ¢, ¢ are measurable with tlim ¢(t) = C € (0,00) and
—00

tlim Y(t) =0. A function f € RV(I) if and only if

—00

7(8) = (0% exp | / t d’is)ds], (1.5)

t > a, for some a > 0, where ¢, 1 are measurable with lim ¢(t) = C € (0,00) and
t—o0

lim ¢(t) =

t—o0

Since L, ¢, 1 may get changed on finite intervals, the value of @ is unimportant: if
a = 0 one can take ¥» = 0 on a neighbourhood of 0 to avoid divergence of the integral at
the origin. The Karamata’s representation (1.4) is essentially non-unique: within limits,
one may always adjust one of ¢(t), ¥ (t) making a compensating adjustment to the other.
From some points of view slowly varying functions are of our interest only to within an
asymptotic equivalence. We would not lose anything by restricting attention to the case
¢(t) =01in (1.4) or (1.5). The following definition is appropriate to this case.

Definition 1.3. The regularly varying function of index

f(t) = Ct’exp [/at @ds], (1.6)

tlgglow(t) =0, C € (0,00), is called normalized. We write f € NRV(¢). The set of
normalized slowly varying functions, i.e., N'RV(0), is denoted as NSV.

If fis a C!' function and tliglotf’(t)/f(t) = ¥, then f € NRV(J). Conversely, if
f € NRV(Y)NC, then tli}r&tf’(t)/f(t) =

The following results will be useful in applications to the theory of differential
equations. This theorem is also called Karamata’s theorem and will be used for proving

formulae for asymptotic solutions of different types to differential equations. The proof
of the theorem is provided in [2].

Theorem 1.3. (Karamata’s theorem) If L € SV, then

o 1
/ sV L(s)ds ~ mtﬁﬂL(t) provided ¥ < —1, (1.7)
g ? L oo
L ~——t"H L ' —1. 1.
/a s’ L(s)ds K 1t (t) provided 9 > (1.8)
at t — oo. Moreover, if [ L(s /sds converges, then L = [ L(s)/sds is a SV

function; sz L(s)/sds diverges, then L= f L(s)/sds is a SV function. In both cases
L(t)/L(t) = 0 as t — oo.

Let us provide some properties of regularly varying functions. More details on these
proofs can be found in monographs [2], [7] and [17].

Proposition 1.1.

o If f € RV(V), then In f(t)/Int — ¥ as t — oo. It then implies that tlim f@t) =
—00
provided 9 < 0 and tlirn f(t) = oo provided ¥ > 0;
—00

14



o If f € RV(V), then f* € RV(a¥) for every o € R;

o If fi e RV(¥:), i =1,2, fo(t) = o0 ast — oo, then fio fo € RV(V17s);
o If f; € RV(,), i = 1,2, then f1+ fo € RV(max{d,0s});

o If fi e RV(V:), i = 1,2, then f1fs € RV(V1 + 92);

e If fi,..., fn € RV, n € N and R(z1,..., z,) is a rational function with non-
negative coefficients, then R(f1,..., fn) € RV;

e IfLeSY and ¥ >0, then t’L(t) — oo, t7PL(t) — 0 as t — oo;

o If f € RV(),V # 0, then there exists g € C* with g(t) ~ f(t) as t — oo and
such that tg'(t)/g(t) — O, hence g € NRV(J). Moreover, g can be taken such that
9"l € NRV( —1);

o If|f' € RV(Y), ¥ # —1 with [ being eventually of one sign, then f € NRV(9+1);
o Let g € RVy(¥) with & > 0 be increasing in a right neighbourhood of zero. Then
gt € RVy(1/9), where g=' stands for the inverse of g.

1.3 De Haan theory

De Haan theory can be understood as a refinement of Karamata theory. The theory was
studied by de Haan in his thesis of 1970 [8].

Definition 1.4. A measurable function f € [a,00) — R is said to belong to the class II
if there exists a function w : (0,00) — (0, 00) such that for A > 0

lim JO = J () =1In\; (1.9)
t—o00 w(t)
we write f € Il or f € [I(w). The function w is called an auziliary function for f.

Let us give some examples of functions belonging to the class II. The functions f
defined by

f(t) =Int +o(1),
f@) = Int)*(Iny t)? 4+ o((Int)*™Y), a >0, B €R,
f@#) =exp((Int)?) + o((Int)" ) exp((Int)?), 0 <y < 1,

are in II. For example, the function f(t) = 2Int + sin(Int) is in SV but not in II.
Now we will show selected properties of functions in the class II. The proves of them
are presented in [7] and [2].

Proposition 1.2.
o I[f0<c<d< oo relation (1.9) holds uniformly for \ € [c,d];

o Auziliary function is unique up to asymptotic equivalence;

15



o The statements f € 1l and there exists L € SV such that

F(t) = L(t) + /t Lis) ds (1.10)
are equivalent;
o [f [ satisfies (1.10), then f € II(L) and
L)~ ) - 7 [ 1) (1.11)

ast — oo. If f € II(L) is integrable on finite intervals of (0,00), then (1.11) holds;
o If f €ll, then tlim f(t) =: f(o0) < oo exists. If the limit is infinite, then f € SV.
—00
If the limit is finite, then f(oco) — f(t) € SV.

Let us prove one more proposition, which is very useful and will be used in the next
chapters.

Proposition 1.3. If f' € RV(—1), then f € II(tf'(1)).

Proof. We have f' € RV(—1). Let us check if (1.9) is satisfied for w(t) = tf'(t).
Integrating by substitution u = st, for every A > 0 and using Uniform Convergence
Theorem 1.1 we obtain

fO0) — ) _ M,
g =] =

as t — o0. OJ

";((8’;;) ds — [ %ds —In), (1.12)

Let us prove that the functions presented above before are indeed in the class II. The
proof that the first function f(¢) = Int+ o(1) belongs to the class II is easy. Indeed, if we
take w(t) = tf'(t) =t - 1/t, then

In(At) — Int

At
S =) —le=l (7) S In A

as t — oo. We continue with a function f(¢) = (Int)% Let us use Proposition 1.3 and
recall that Int € SV. Compute:

_21nt

Fi)==

€ RV(-1)

by Proposition 1.1, thus f(¢) = (Int)? € II(2Int). In the next step we will prove that
f(t) = (Int)(In(Int)) belongs to the class II. Let us use again Proposition 1.3 and the
fact that f(t) = (Int)(In(Int)) € SV. Compute a derivative of f:

F(t) = ln(ltnt) n % € RV(-1)

by Proposition 1.1, so due to the property we mentioned before we are able to conclude
that f € I(In(Int) 4+ 1).

16



Let wus generalize this result for general powers. Take a function
f(t) = (Int)*(In(Int))?. We will follow the same argumentation, so let us compute f:

Bn(t)* ' (In(Int))**  a(ln(t)**(In(Int))?

r_ —1
f " + " € RV(-1),

and from this fact we conclude that

f € (A1)~ (In(ln )~ + B(In(8))* " (In(Int))* 7).

Remark 1.2. In [8] by de Haan was introduced and studied another class called I', which
can be understood as an “inverse” of the class II. This class is also useful for solving
differential equations. A non-decreasing function f : R — (0, 00) is said to belong to the
class I' if there exists a function v : (0,00) — (0, 00) such that for all A € R

SO + Avt) _ y

N e

we write f € I" or f € ['(v).
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2 Non-Linear Second Order Differential Equations

In the last decades a great attention has been paid to the differential equations with
p-Laplacian. Let us recall that the p-Laplacian is a partial differential operator of the
form:

Ayu = div (||Vul||P*Vu),

where for u = u(z) = u(zy,...,2N)
0 0

Vu= (a—xl, <oy —axN)

is the Hamilton nabla operator and for v(x) = (v1(x),...,vn(x))
N
ov
di =
iv u(x) ; oz, (x)

is the usual divergence operator. If u is a radially symmetric function, i.e. u(z) = y(t),
t = ||z|], || - || being the Euclidean norm in RY, the (partial) differential operator A, can
be reduced to the ordinary differential operator

Apu(z) = N (Ve (1), =

where ®(u) := |ulP~!sgnu, p > 1. The p-Laplacian operator is useful for studying and
modelling of the flow of a liquid through a porous medium, that was one of the problems
which big cities were dealing with in the 18" century. It was found as a useful tool for
the the Darcy’s law for the turbulent flow, so the velocity of the flow is higher and/or the
aquifer is more coarse-grained. Also, p-Laplacian is useful for exploration of the de Prony’s
law for small velocities. More information to this topic can be found in [1]. One of the
important prototypes of equations with p-Laplacian is a quasilinear differential equation
in the form:

(r()®@a(w))" = p(t)®r(w), (2.1)
where @, (w) := |w|"'sgnw, v > 1. If we take different o and \, then this class of
equations contains also Emden-Fowler equations. Equations and systems of Emden-Fowler
type are investigated in the framework of regular variation e.g. in [5] and [10]. On the
other hand, if a = A, then we get half-linear equations. Even though we are dealing
with non-linear equations, on the contrary to (2.1) with different indices o and A, the
half-linear equations in lots of aspects are closer to the linear case and methods used for
solving them are different from ones used for (2.1), @ # A. In case of @« = A = 2, then
(2.1) reduces to the linear equation.

Non-linearity does not need to be purely in the form of power functions, but it can
have a perturbation in the form of a slowly varying function, which enables us to include a
wider set of equations. Half-linear equations can be naturally generalized by substituting
®,,(-) with continuous functions F(|-|) and G(]-|) such that F(u) = |u|* tsgn(u) Lz (|ul),
where Lp € SV or Ly € 8V, and similarly G such that G(u) = |u|* 'sgn(u)Lg(|ul),
where Lg € SV or Lg € SVy. The we obtain a differential equation in the form:

(rt)G' (1)) =pt)F(y(t)), (2.2)
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where p and r are positive continuous functions on [a,00) and F(| - |) and G(| - |) are
continuous functions which are regularly varying (at infinity or at zero) of index o — 1,
where @ > 1 and ®,(u) = |u|**sgn(u). To simplify our considerations we suppose that
F and G are increasing and odd functions. We use the convention that a slowly varying
component of f € RV(J) denoted as Ly € RV is represented in the form L; = ¢t=7 f(¢).
Examples of functions F(u) and G(u) such that the equation is non-linear and can be
explored within the theory are ®,(u)|ln |u||, ®o(u)/|In|ul| or :ﬁ% and many others.
For a = 2 the function + is called the Euclidean mean curvature operator and arises

2

in the search for radial solutions of partial differential equations which model fluid
mechanics problems, in particular capillarity-type phenomena for compressible and
U

incompressible fluids. On the other hand, o is called Minkowski mean curvature

operator (or relativity operator) and it is used for studying properties of the mean
curvature of hyper-surfaces in the relativity theory.

We call the equation (2.2) “nearly-half-linear”, because they can be understood as a
combination or unification of two other types of differential equations: half-linear
equation (2.3) and nearly-linear equation (2.6), which we will discuss later in the
chapter where we will recall important properties of such equations and will present
asymptotic formulae for positive solutions.

We define 8 = -2 is a conjugate number of «. For function p we will be using index 4
so if p is regularly varying then we write p € RV(6). This index will play significant role
in the future analysis of solutions of nearly-half-linear equations, because this index will
influences character of slowly varying solutions of (2.2).

The space of solutions of (2.2) is neither homogeneous nor additive. Without loss of
generality, we work only with positive solutions, i.e. with the set

PS ={y: y(t) is a positive solution of (2.2) for large t}.

Because of the sign condition on the coefficients, all positive solution PS of (2.2) are
eventually monotone, therefore they belong to one of the following disjoint classes of
decreasing and increasing solutions:

IS ={y € PS :y'(t) > 0 for large t};
DS ={y € PS: ¢ (t) <0 for large t}.
These classes can be further divided to the disjoint subclasses:
IS ={y €IS Jim y(t) = oo};
—00
ISp={yeZS: tlim y(t) =1eR};
—00
DS ={y e DS : tlirn y(t) =1>0};
—00
DSy ={yeDS: tlim y(t) = 0}.
—00
As far as we know nearly-half-linear equations have almost not been studied in the
literature. Our main goal is to obtain results, which will generalize known results and using
available tools to show similarities of the nearly-half-linear type of equations compared to
the half-linear and nearly-linear differential equations. Among others, we will generalize
and unify Theorem 2.1 and Theorem 2.2 presented below. Furthermore, we will prove
other types of results, which can also be shown as new: nearly-linear equation with

general r, increasing solutions in case of nearly-linear equations and other properties of
decreasing and increasing solutions of such equations.
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2.1 Half-linear differential equations

We consider the equation

(r()®aly' (1)) = p(t)aly(t)). (2:3)

where p and r are positive continuous functions on [a, c0) and @, (u) = |u|* 'sgn(u) with
a > 1. This equation is non-oscillatory or in other words all its non-trivial solutions
are eventually of constant sign, what explained in [4]. The terminology ”half-linear”
differential equation reflects the fact that the solution space of (2.3) is homogeneous, but
not additive, what is the basic difference between linear and half-linear equations.

Further we will show one illustrative result on positive solutions of half-linear
equations. The next theorem provides an asymptotic formula for decreasing solutions of
a half-linear differential equation.

Theorem 2.1. (Theorem 5 in [16]) Let p € RV(0) and r € RV(6 + «) with 6 < —1.

Assume 528 — 0 as t — oo, then DS C SV. Ify € DS NSV, then y € II(—ty'(t)).
Moreover, for every y € DS,

o if faoo(szf’)))ﬁds = 00, then there exists €(t) with e(t) — 0 as t — oo such that

1

y(t) = exp{ - /: (1+¢(s)) [ . @ipf%] ﬁds} (2.4)

and y(t) — 0 as t — oo;

o if faoo(szf)))ﬁds < 00, then there exists e(t) with (t) — 0 as t — oo such that

1

y(t) = lexp { /too (1+e(s)) [ - %] ﬁds} (2.5)

and y(t) — 1 € (0,00) as t — oo.

2.2 Nearly-linear differential equations

We consider the equation

(G (1) = pt)F(y(t)), (2.6)

where p is positive (at infinity or at zero) continuous functions on [a,00) and F(| - |)
and G(| -|) are continuous functions on R which are regularly varying (at infinity or at
zero) of index one with uF'(u) > 0 and uG(u) > 0 for u # 0. This condition justifies
the terminology a nearly linear equation. If we make the trivial choice of the functions
F = G =id, then (2.6) reduces to a linear equation.

We know, that the solution space of (2.3) is neither homogeneous nor additive, but
we still are allowed to use the same methods of exploration as for the linear case. In
the following theorem we will show a general form of a decreasing solution of a nearly-
linear differential equation. The proof of the theorem and following remarks are in [14].
Conditions for existence of decreasing solutions and DS C NSV are

lim t/ p(s)ds =0, limsup Lp(u) < oo, liminf Lg(u) > 0.
t

t—o0 u—04 u—04
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Before we get to the asymptotic formula for solutions we have to introduce function Fin

the way: -
A u
F(x :/ —, x>0.
W= ) Fw

The constant 1 in the integral can be replaced by any positive constant. Also we denote
F~1 as the inverse function.

Theorem 2.2. (Theorem 2 in [15]) Let p € RV(—2) and lim,_,o, |F(u)| = co. Assume
that Le(ug(u)) ~ La(u) asu — 04 for all g € SVy. If y € DSNSV, theny € II(—ty'(t)).
Moreover, for every y € DS,

° fo LG(1/5 )ds = oo, then there exists e(t) with e(t) — 0 as t — oo such that

y(t) = F—l{ - / t (1+2(s)) Lz]z(f’/)s) ds} (2.7)

and y(t) — 0 as t — oo;

osz

(t) with e(t) — 0 as t — oo such that

y(t) = F—l{ﬁ(y(oo)) + /t T (14 e(s) szz(ljl) ds} (2.8)

and y(t) — y(oo) € (0,00) ast — oo.
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3 Asymptotic Behaviour of Solutions to Nearly-Half-
Linear Equations

In this chapter we will study asymptotic behaviour of positive solutions of nearly-half-
linear differential equations, in particular positive slowly varying solutions. First we will
describe the relation between the indices of regular variation of functions p and r. We will
divide the results to two groups depending on the indices of regular variation of functions
p and r. As we mentioned in the previous chapter, asymptotic behaviour of solutions is
affected by the index of regular variation of p, so we will work with these cases separately.
We will show different approaches to proving an asymptotic formula for solutions to such
equations. Some of these results are new even in the special cases and some of them
generalize already known results.

3.1 Decreasing slowly varying solutions

In this section we will be dealing with a nearly-half-linear equation and assume that the
function p(t) is regularly varying with index § < —1. At the beginning we will explore
existence of slowly varying solutions. Then we will provide an asymptotic formula for
solutions to nearly-half-linear equations. Further we will show a couple of special cases
for certain functions p, r and Ly or Lg. At the end of this subsection we will briefly
discuss possibility of an asymptotic estimate of the solution and restrictions which are
required for proving such statement.

The following theorem proves non-emptiness of the set of positive decreasing solutions.
Moreover, we will show that all of such solutions are normalized and slowly varying.

Theorem 3.1. Consider the equation (2.2). Assume that

/OO p(s)ds < o0, (3.1)

) tafl 0o
tliglo m/t p(s)ds =0, (3.2)
limsup Lp(u) < oo, (3.3)
u—04
o M
-1 " _
/a G (r(s))ds oo for some M € (0,00) (3.4)
and lim(i)nf L (u) > 0. (3.5)
u—04

Then ) # DS C N'SV.

Proof. Firstly, we rewrite the equation (2.2) as an equivalent system of two equations

Yy = —Gl(%), u' = —p(t)F(y),
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where G~! is the inverse of function GG. For this system we apply the existence theorem
from [3], which requires —G~!(u/r(t)) <0 and —p(t)F(y) < 0 for y > 0 and u > 0. Both
of the conditions are satisfied, so we can conclude that DS # ().
Take y € DS so y(t) > 0, y'(t) < 0 for large ¢, say t > a. Then from (2.2) r(t)G (v (1))

is negative increasing for ¢ > a. Then there exists the limit

tlim —r(t)G(—y'(t)) = =M € (—o0,0].

—00
If =M < 0, then —r(t)G(—y/(t)) < —M for large t because of the fact that —r(t)G(—y/(t))
is increasing. Thus

, M
Gy'(t) < o

Now use inverse function G~! and we obtain

J(1) < —G‘1<%>.

Integrating the inequality from a to ¢ we have

i) <ola) - [ t 677 )ds = =

as t — oo due to (3.4), what contradicts with the fact that we are working with positive
solutions. It means that we can conclude M = 0.
Now integrate the equation (2.2) from ¢ to oo and obtain

(G (1) = / " () F(y(s))ds. (3.6)

Using the definition of functions G and F', recalling that we care only of positive solutions
and from the fact that y € DS we get

r()(=y' ()" La(ly'(1)]) = /toop(S)(y(S))“lLF(y(S))ds
< (y(t)* ! /toop(s)LF(?/(S))ds.

Divide this inequality by (y(¢))*~! and multiply by ¢t*~!. Thus,

ty'(O) et ot Le(y() [ oy
<_W) SL(;(|y’(t)|)7“(t)/t p(s)ds < r(t) /t p(s)ds (3.7)

for large t, where K € (0,00) is some constant reasoned by the conditions (3.3) and (3.5)
such that K = P/N, where P > Lp(y(t)) and 1/N > 1/Ls(|y/(t)|) for large ¢. Since
the right-hand side of the relation (3.7) tends to zero thanks to (3.2), we obtain that

7?%5” — 0 as t — oo. From this fact y € NSV follows. O

For establishing asymptotic formula we will assume that both of the functions p and
r are regularly varying. It would be natural for us to assume these functions with general
indices p € RV(0) and r € RV(7). In the next remark we will show that when we work
with SV solutions it is in fact necessary to have certain relation between the indices of
regular variation of these functions.
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Remark 3.1. Assume that p € RV(d), r € RV(y) and y € DS, NSV of (2.2). Then
recalling the definition of F' and with the help of properties from Proposition 1.1 we have

/

(r®GW (1)) = pt)F(y(t)) € RV(0).

Integrate (2.2) from ¢ to oo and we get the relation (3.6). We know that 3/(¢) < 0 for
t > a, then we can rewrite the functions F and G as

—r(t)(y'(1))* " La(ly' (t)]) = /toop(S)(y(S))alLF(y(S))dS € RV + 1),

using properties of RV from Proposition 1.1 and Karamata’s theorem 1.3, and so we get
W)t € RVO+1-— 7) because r € RV(v) and Lg € SV, which implies that
y'(t) € RV(Z2). If 222 £ —1 we can easily prove that y(t) € RV(Z2 + 1)
using the Karamata’s theorem 1.3. Therefore, since y € SV, i.e. y € RV(0), we obtain
6;:1:174—1 = 0 and it is a contradiction with the assumption 521:17 # —1. Thus 521%17 =—1,

so we get v =0 + a.

In the following remark we will show how the conditions guaranteeing slow variation
of any decreasing solution in Theorem 3.1 can be rewritten in the case when functions

p € RV(0) and r € RV(0 + «) with 6 < —1.

Remark 3.2. Assume p € RV(d) and r € RV(d+«), where § < —1. Then by Karamata’s
theorem 1.3 we get [ p(s)ds < oo.
If G € RVo(a — 1), then G € Rvo(ﬁ). Applying Proposition 1.1 we obtain
“11/r(s)) e RV((—=0 —a)(1/(a—1))) = RV((d + a)(1 — 3)) and so we get

[roGahe= [ o

where h € SV. In fact, [~ r'7#(s)ds = oo, which follows from
(1-B)0+a)=1-B)0+1+a-1)=(1-5)(+1)—1

with § < —1,s0 (1 — 8)(d + a) > —1 and Karamata’s theorem 1.3.
Take the right-hand side of (3.7) and apply Karamata’s theorem 1.3:

ol @ 1| 1 X - Lp<t> )
r(t) /t pls)ds ~ tra L () —§ — 1t6+ Ly(t) = L) —5—1 (3.8)
Thus,
O s)ds ~ Do)
(1) /t pla)ds ~ 7y

In the following proposition we will prove that the condition (3.2) is necessary for
existing of NSV solutions.

Proposition 3.1. Assume that r € RV(6 + a) where 6 < —1, liminf, o, Lp(u) > 0 and
limsup,_,q, Lg(u) < oo. The condition (3.2) is necessary for evistence of a decreasing
normalized slowly varying solution.
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Proof. In fact, we will prove that if there exists such y € DSNN SV, then (3.2) is satisfied.
Later we will show that SV solutions necessarily decrease.
Let y € PS. Consider

r()G(y'[@))
w(t) = ———2
D(y(t))
and w(t) satisfies the generalized Riccati type equation in the form:
Fy) 1-5
w —p—22 + (o — D|w|?(rLe(y =0. 3.9
s+ @~ DIl (rLa(y) (3.9)

The derivative of w:

o = TGW))ey) —rGy)(e(y) _ (rG(y)) (o= DrGy)lyl*y

() =30 Y (sgn(y))?
PP (= Dy Ly D) (Lelly)
P(y) |y|«
. p% (o Dl (rLa(ly )

Notice, that the Riccati equation (3.9) is dependent not only on the function w, but
also on the function y, because of the general form of non-linear functions Lr and L.
Remember that we work only with positive solutions y, so instead of working with the
function ®(y) = |y|* 'sgn(y) we continue to work with the function y*~!. There exists a
constant N € (0, 00) because of the boundedness condition on L¢ such that

e EG) (e
0< 0= g = V) 0 (310
as t — 00, because y € NSV.
Integrate (3.9) from ¢ to co and multiply by , SO we obtain:
—Ew :E Oos s s—a—i Oowsﬂrs () ds
0 = o [ e — (o= Vs [ ) () La( ) s

(3.11)

The left-hand side of the equation (3.11) tends to zero due to the observation in (3.10).
Let us work with the second term on the right side of the equation and find a limit using
I’'Hospital’s rule:

im 5 ()P oy g TP O La(ly (1))
t1—>oo T'(t) \/t |w(8)‘ (T(S)LG(’Z/ (S)D> ds = t1—>oo 7“/<t>t1 a4 (1 _&) (t)t o
| /

(v'(1)*Le(ly'(1)])

@) /rt e + (1= a)i=e)
“La(ly'(t)])

/rt) + (1 = a))
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where M € (0, 00) is a constant, which follows from lim sup,, ,,,, La(u) < oo. From (3.11)
we get the limit

a—1
.
)

/t " () Li(y(s))ds = 0,

and if we define K € (0,00) such that Lp(y(t)) > K for large ¢ due to the assumptions
above, then we get the condition

) ta—l 00
tlggo ) /t p(s)ds = 0.

[]

If, in addition p € RV(9), then the necessary condition is L, (t)/L,(t) — 0 ast — oo as
we showed it earlier. A closer and more detailed examination of the proofs actually shows
that the condition r € RV(d + «) can also be relaxed to the existence of r; € RV(6; + «),
i=1, 2, with r(t) < r(t) < ro(t) for large t, and 4y, do < —1.

Further we will show that slowly varying solutions necessarily decrease. The proof is
made by contradiction.

Proposition 3.2. Assume p € RV(5), r € RV(6 + a), with § < —1 and y € PSN SV,
then y € DS.

Proof. Take y € ZS N SV. Since y is positive, then r(t)G(y'(t)) is positive increasing.
Hence, there exists some positive constant M such that r(¢)(y'(t))* ' La(y'(t)) > M for t
sufficient large. Dividing by 7(t) and raising by -1, it follows that

/02 (zam)

which after integration both of the sides from a to ¢ implies

y(t) > y(a) + M= / t (m)“ilds. (3.12)

Since r € RV(0 + «) and Lg € SV, it holds

a1 —)—«
<r(t)LG1(y’(t))> < RV( a—1 )

—0—a
a—1

From hypothesis 6 < —1 we can conclude that —6 —a > 1 — «, so > —1. Applying

Karamata’s theorem 1.3 and Proposition 1.1 we then obtain that

/a (Wm)a“ds ery(Z2 1) = ry (222,

Since § < —1, it follows that % > 0, therefore (3.12) implies that y is greater than or

equal to a regular varying function with positive index <ﬂ> and therefore cannot be

a—1
slowly varying, what is a contradiction.
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Remark 3.3. In the previous proposition we proved that slowly varying solutions are
necessarily decreasing and in Theorem 3.1 we showed that any decreasing solution is
normalized slowly varying. Notice, that from these two facts it is clear that

PSNNSY =DS.
Before we prove the following theorem we need to define a function F' such that
. z d
F(z) = / a0 (3.13)
L (F(
The constant 1 in the integral can be replaced by any positive constant. Denote the

inverse of F'(x) by F~'(z). We have |F| € SV, and in general li%l |F'(u)| can be finite
u—04

or infinite. Slow variation of |F| follows from the fact that F € RVy(a — 1), which
implies F' =1 € RVo(1) due to Proposition 1.1. Applying Karamata’s theorem 1.3 to
1/Fﬁ € RVo(—1) we obtain

v 1
‘/a —(F(u))ﬁdu e SV

Now we are ready to derive an asymptotic formula for a solution of the nearly-half-
linear differential equation (2.2), what we will do in the following theorem. Assumption
of r € RV(J + «) thanks to Remark 3.1 is not restrictive, but natural.

Theorem 3.2. Letp € RV(0) andr € RV(0+«) withé < —1. Assume liI(I)l |F(u)] = oo
u—04

and Lg(ug(u)) ~ Lg(u) as u — 04 for all g € SVy. If y € DS NNSV to (2.2), then
—y(t) € TI(—ty'(t)). Moreover, for every y € DS NNSV,

o if
/a (r(s)?i?l/s))ouds -

then there exists €(t) with (t) — 0 as t — oo such that

sp(s) :

o) = F7 _/a (1)) | - (5—1—1)7"(3)[1@(1/5)}(!_1(18} (3.14)

and y(t) — 0 as t — oo;

o if

/a (r(s)sl]'jc(;s()l/s»alds <%

then there ezists €(t) with (t) — 0 as t — oo such that

1

y (1) :F—l{ﬁ(y(oo)) +/too (1—1—5(8))[— (Hl)jfii(;(l/s)]“ds} (3.15)

and y(t) — y(oo) € (0,00) ast — 0.
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Moreover, |y(oco) —y(t)| € SV and

Ly ()L (y(1))
Ly ()L (1/t)(y(o0) — y(1))

= o(1) (3.16)

ast — oo.

Proof. Take y € DSNNSV and let a be such that y(t) > 0 and y/(t) < 0 for t > a. Then
we claim that

(r(OG (Y (1) = p()F(y(t)) € RV(S), (3.17)

provided by y(t) — 0 as t — oo by Proposition 1.1. If y(t) - C € (0,00), then the
conclusion is the same since F(y(t)) — F(C) € (0,00) and so p(t)F(y(t)) € RV(9).
Thus,

r(t)G(—y'(t)) = /too (r(s)G(—y’(s)))/ds e RV(6+ 1), (3.18)

what follows from the property of regularly varying functions from Proposition 1.1 and
Karamata’s theorem 1.3. Since r € RV(J + «) we conclude that G(—y/(t)) € RVo(1 — «)
by Proposition 1.1. From the definition of the inverse function G~! it is clear that we can
write —y/(t) = G (G(—y/(t))), so we get —y/(t) € RVo(—1). By Proposition 1.3 we are
able to conclude that —y(t) € II(—ty/(t)). Set the function

h(t) = =t lr(t)G(=y/(t)) — (6 + 1) /t 57072 (s)G(—y/(s))ds.

We will show that h € TI(—ty/(t)) and also h € TI(—(5 + 1)t~ r(t)G(—y'(t))), what
will help us to get an asymptotic solution in the next few steps. Let us recall that
F(y(t)) € SV, what follows from Proposition 1.1. Compute the derivative of h:

W(t) = —(=0 = Dt 2r(t)G(=y/ (1) + " p() F(y(t)) + (=6 — Dt *r(t)G(—y/ (1))
=t () F(y(t)) € RV(—6 —1+6+0).

Thus A'(t) € RV(—1) and using Proposition 1.3 we conclude that h € II(th/(t)). Moreover,
fix A > 0 and let us prove that the function A belongs to the class II using again the same
proposition, so we get

h(\t) — h(t) AT (G (=Y (M)

—@+ (G (=Y (1) 0+ )t r(t)G(—y'(1))

L TGy () @D [T () Gy (5)ds
—(6+ D)2 (OG(—y/(1) =0+ D r()G(—y/ (1)
(0+1) f 5707 2r(s)G(—y'(s))ds _ _/\_5_175_5_17’()\75)G(—y’()\t))

—(6+ Dt tr@)G(—y' (1)) —(6+ Dt r(t)G(=y/'(1))

. U MG(—y(1) (041 [ s (s)G(—y (5))ds

—(6+ Dt @G (—y' (1)) —(6+ Dt r@QG(=y' (1)
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Substitute s = tu in the integral in the last term. Thus, ds = tdu and
h(At) — h(t) L AL (MG (—y' (AL)) 1
—(0+ Dt r()G(—y' (1)) =0+ D)r()G(—y'(t) d+1

B /’\ t_5_2u_5_2r(tu)G(—y/(tu))tdu
1 @G-y (1))

B A (MG (—y' (ML) 1
-0+ )rt)G(—y'(t) d+1
/’\ w02 (tu) G (—y/ (tu))
— - du.
1 G-y ()
Let us work with separate terms of the right-hand side of the relation showed above. We
start with the first fraction. Since r(¢)G(—y'(t)) € RV(0 + 1) and using Definition 1.1 of
regular variation we obtain
, AT AO)G(—y' (M) AT s 1

lim — = AT = ——

tooo  —(0+ )r(t)G(—y'(t)) d+1 d0+1
Recall that r(t)G(—y/(t)) € RV(6 + 1) and so the uniform convergence of

r(tu)G(=y (tu))
r(t)G(=y' (1))

A2 (tu) G(—y (tu A 62 541
e

so we conclude h € TI(—(§ + 1)t~ (t)G(—%'(t))). Because of the uniqueness of the
auxiliary function up to asymptotic equivalence we obtain the following relation

—(6+ 1T ()G (=Y (1) ~ th'(t) = tp() F(y(t)),

s u6+1

implies

which implies

G(=y' (1)) tp(t)

Fly®) — (0+1)r(t)
as t — oo and using the condition Lg(ug(u)) ~ Lg(u) as u — 0y for all g € SV,
rewrite it equivalently as Lg(v(t)/t) ~ Lg(1/t) ast — oo for all v € SV. Let us remind

again that —y'(t) € RVo(—1), then we can rewrite it in the form y/(t) = L%l(t), where
Ly (t) € SV. Hence,
G(=y'(t) = (' ()" La(Lyy (1)/1) ~ (= ()" La(1/1) (3.19)
as t — oo. Combining all these relations we obtain
(A0) tp(t) —y( [_ tp(t) ]all
F(y(t)) O+ Drt)La(1/t)  (F(y(t))aT (0 +1)r(t)La(1/t)
Therefore, there exists a function e(t) satisfying tllglo £(t) = 0 such that
O o] tp(t) a1
A ] (3:20)
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as t = oco. Assume now that

/aoo (r(s)%i?l/s))alds -

Integrating (3.20) from a to ¢t we obtain

t '(s) B t sp(s) a1
/a (F(yy(s)))all o= _/a (1+e) [ SO0+ 1)T](QS)LG(1/8)] oo

Substituting v = y(s) in the integral on the left side of the relation, then we get
du = 3/(s)ds, what brings us to the new interval of integration from y(a) to y(¢)

/tAds_/y(t)d—u
a (F(y(s))* T wa) (F(u))=

and using the definition (3.13) of the function F' we have

A

P(y(t)) = E(y(a)) - / ()]~ 57 1)?(7526;(1/3)}6“‘15' (3.21)

There exists £(t) — 0 such that

ﬁ’(y(a))—/at (1 +2(s)) [H(s)]ﬁds: —/at (14 4(s)) [H(s)] " s,

) p(s) B R
where H(s) = — 6+ Dr(s) La(l/s)" which implies for | <W) ds = oo

y(t) :Ffl{ _/a <1+5(5))[_ (5+1)i€§20(1/s)]wd8}'

Clearly y(t) — 0 as t — oo, otherwise we get a contradiction with the divergence of the
integral (3.21). On the contrary, if

/a (r(s)sf((;il/sﬂwds <

we integrate (3.20) over the interval (¢, 00) and repeating the same steps as we did above,
we obtain

y(t) = ﬁ’*l{ﬁ(y(oo)) + /too (1+¢e(s)) [ o 1)7?](9;;;@(1/5)} al—lds}.

In this case y(t) must tend to a positive constant y(oo) as t — oo, otherwise the left
side of the relation (3.21) becomes unbounded, which would contradict the assumption of
boundedness of the integral.

To prove the last statement we use (3.20) so we get the asymptotic equivalence

v(oo) (1 Lt)Le(y(t) -
t \6+1 L(t)La(l/t)

y'(t) ~
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as t — oo. Integrate from t to oo, so we obtain

y(00) — y(t) ~ y(0) /t""}(Lp(t)LF(y(S)))B—ldS

G+ ), s\LOLa(i/1)
as t — oo. Apply Karamata’s theorem 1.3 we get to the conclusion that the integral is a
slowly varying function and then we obtain (3.16). O

Remark 3.4. The proof represented above is based on the theory of the Il-class and uses
properties of functions from this class of functions. Next we show another approach using
Karamata’s theorem. First part of the proof remains the same. We take y € DSNNSV.
Since p(t)F(y(t)) € RV(6) with 6 < —1, from (3.18) and applying Karamata’s theorem
1.3 we obtain

HOG(- (1) = [ bl ®~/s ()ds
~ St P LOFW0) ~ O F ()

Thus, dividing by r(t)F(y(t)), we get

Gl—y(®) o)
Fly®) ~ G+ ()

which implies (3.19) and the rest of the proof remains the same.

Let us formulate the following corollary based on the results obtained in Theorem 3.1,
Remark 3.2 and Theorem 3.2.

Corollary 3.1. Consider the equation (2.2). Let p € RV(J) and r € RV(§ + «) with

Lp(t)
0 < 0

then there exists y € DS NNSV and —y(t) € II(—ty'(t)). Assume lir(r)l |F(u)| = oo and
u—04
Lg(ug(u)) ~ Lg(u) as u— 04 for all g € SVy, then for every y € DS NNSV,

— 0 ast — oo, limsup,,_,q, Lp(u) < oo and liminf, .o, La(u) >0,

o if [ e SLpéSl/s w1ds = oo, then there emists e(t) with (t) — 0 as t — oo such
that (3.14) is an asymptotic formula and y(t) — 0 ast — oo;
o if [ %)ﬁds < 00, then there ezists £(t) with (t) — 0 as t — 0o such

that (3.15) is an asymptotic formula and y(t) — y(oo) € (0,00) as t — oo.
Moreover, |y(oco) —y(t)| € SV and (3.16) is true as t — oo.

If we take Lp = 1 and Lg = 1, then the equation (2.2) reduces to the half-linear
equation (2.3) and notice, that the asymptotic formula of the solution is the same as one
presented in Theorem 2.1. In case of &« = 2 and r = 1, the equation (2.2) reduces to
the nearly-linear equation (2.6) and the formula is equivalent to one shown in Theorem
2.2. The formula for the case of a generalized function r € SV is new for nearly-linear
equations. Formula (3.16) is new even for the case a = 2 and r = 1.

Let us show a simple example of computing F~!. Assume F € RVo(aw — 1) with

Lr = 1. Compute
. * d v d
F(ﬂf):/ —ulz/ — =
L (Fu)aT S (uemt)eT
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Then we compute the inverse F~!(z) = e®.

Notice, that to prove the asymptotic formulae for decreasing slowly varying solutions
of the nearly-half-linear equation (2.2) we do not require (even one-side) boundedness
conditions on Lp and L¢g such as in Theorem 3.1. As for condition Lg(ug(u)) ~ Lg(u)
as u — 04 for all g € SV, from Theorem 3.2 it is not too restrictive. Observe that,
in fact many functions satisfy it, for example, Lg(u) — C € (0,00) as u — 04 or
Le(u) = |In|u||*] In | 1n |u]||*?, a1, ag € R. Take a look at the function Lg(u) = |In|ul|.
For simplicity let us choose a function g(u) = |In|ul||. Here it is clear that the condition
Le(ug(u)) ~ La(u) is satisfied:

lim

T Y 1 s A 1 Y e

L ofullnfuflll o (Infull + Dfe] <|1H|U|| 1 > _q
[T ful]  [In full
From the condition of Theorem 3.2 faoo(%)ﬁds = 00, it does not follow that

y(0) ~ P _/a - (5+1)7S~Z(?:s(;zc(1/s)]mds}

as t — oo (see [6] for the linear case y”(t) = p(t)y(t)). However, we are able to deduce
a lower estimate, but we will take stricter conditions. Due to technical reasons we will

assume that solutions under our investigation are positive and decreasing in the interval
[0, 00).

Theorem 3.3. Consider the equation (2.2), where p € RV(—a) and r = 1 are positive
continuous functions. Take o € (1,2]. Let

liminf Lg(u) >0 and tlim t/ p(s)ds =0
— 00 t

u—>0+

holds. Denote F(t) = ft du_t>0. Then y € DS NSV, such that —y'(0) < 1, satisfies

1 F(u)’
the estimate

lim inf — y(®)

. >1, (3.22)
= P Py(0) = 47 Jy spls)ds |

where M 1s some positive constant. The constant M can be taken as

M= inf Lg(u).
weit oy ™)
Proof. Take y(t) € DSN SV, t > 0. Integrate equation (2.2) over the interval (At,t),
where A\ € (0,1), so we have

t

—G(y (M) + Gly(t)) = / p()F(y(s))ds.

At

Let us multiple both sides by m and recalling that y € DS and so we get
—G(y'(M)) +GY'(1) 1 /t '
= p(s)F(y(s dsg/psds 3.23
Fy() F00) e = [ pe) (3:29)
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for ¢ > 0. Thanks to the fact that liminf, .o, Lg(u) > 0, there exists M > 0 such that

y YN G=y(®) () T La(ly (M) G(=y' (1) _ /t
A

Fy(At)) F(y(At) — F(y(At)) F(y(at) —

p(s)ds,
(3.24)

t

t > 0, where the last estimate follows from (3.23). As we are assuming a € (1,2],
y' <0, ¢ is increasing, —y/'(0) < 1, then |¢/(¢)| < 1 for ¢t € [0,00) and we conclude that
(—y/(At))*t > —¢/(At). Then rewrite (3.24) as

M) G W) YO G

GO~ PG00 <M Faea  F0m < J P 62
Integration over A € (0, 1) yields

—%m(t))—ﬁ(y(o))] - G<_fl<t)) /0 Féfs)) < % /0 sp(s)ds, (3.26)

where we substituted s = At in the first fraction of the left side of (3.25), so we get

1 / 1 t !
IR U
o Fy(Ar)) tJo Fly(s))
and further substituting « = y(s) we obtain

Loy (W) 1 y(t)ﬂ_1~ .
L #6om® = L, 7 = P60 - Fuo)

In the second term we substitute similarly s = A\t and we derive

1 dA 1 [t ds
/0 F(y(x)) 22/0 Fly(s))”

On the right side of the inequality (3.25) we apply the Fubini theorem in

1t
/ / p(s)dsdA,
0 Jx

where we change the order of integration and the intervals: 0 < s <t and 0 < A < s/t

and we have
1 gt t s/t 1 [t
//p(s)dsd)\:/p(s)/ d)\dSZ—/ sp(s)ds.
o Ja 0 0 tJo

From the relation (3.26) applying the inverse function F~1 we get

)= P [F) - SR [ - b [ e

Since F(y) € SV and so 1/F(y) € SV and recalling that y is a decreasing solution, the
Karamata’s theorem 1.3 yields

O e 1L) S A SN
0 <60 || Ty~ Ty~ FemJ, MOFHeN

St/ p(s)ds = 0
t
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as t — oo due to the assumption. Hence,

G«wﬁ»[:f§%5=0u>

as t — oco. Then from (3.27) it follows that

t
liminf — y(t)

szﬁ%ﬁwm»—ﬁLBM$@}>L

]

Notice, that for proving the previous theorem we did not use the fact that p € RV(9)
what is one of the differences with the approach used in the linear case (see [6]). It is
reasonable to require the conditions h%l |[F| = 0o and [ sp(s)ds = co when we apply

u—04

Theorem 3.3. If we take the theorem above as an improvement of information related to
the solution we were dealing with in Theorem 3.2, even though with some restrictions, it
is reasonable to consider p € RV(0).

Further, let us deduce an asymptotic estimate for a generalized r satisfying

/ P (s)ds =00 and Lg = 1.

Remark 3.5. Consider the equation

(r()@(y' (1)) = p(t)F(y(t)), (3.28)

where tlimtftoop(s)ds = 0 and [“r'F(s)ds = oco. We will use the following
—00

transformation. Denote

and R™! is defined as the inverse function of R. We take new variable s = ¢(t) and new
function z(s) = y(t), such that ¢ is a differentiable function with ¢'(¢) # 0. Then

ds d _d

t) = — 't)y=— = "t)y— =—
plt) = s Pt =4 ()1 = 3
and the equation (3.28) is transformed into the equation:

2 (55)] = pls) (), (3:29)

where

29 = (1o o) ((( 0018 and 5 PP )
7(s)=(rog " )(s)2((¢ o9 )(s)) and p (oo 1)(s)

By suitable choice of ¢(t) we can transform (3.28) into (3.29) with 7 = 1. Indeed,
set p(t) = R(t), then compute the derivative ¢'(t) = R/(t) = r'7P(t). Notice that
0 1(s) = o (p(t)) = t. Then rewrite

7(s) = r(@(P'(t) = r(O@(r (1)) = r(t) - P OV@E) = () - r7H() = 1.
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Similarly rewrite

(s = LOED PO ity o)),

(@ o t)(s) (¢ opt)(s)

Now assume that p € RV(«). Since 7 € SV and p € RV(—a), we can apply Theorem 3.3,
so we obtain

o x(s)
lim inf — - > 1. (3.30)
a0 F—l{F(x(O)) — s uﬁ(u)du}

From the definition we know s = ¢(t), then x(R~!(s)) = y(t). Take the substitution
7= R7(u) in the integrand, then u = R(7). We obtain du = r!~?dr. Rewrite (3.30) as

lim inf w0
miy F*l{ﬁ(y(o)) — fot R(T)p(T)dT}
=lim inf — i o

= P B(y(0) — fy RIp(r)re=1(n)r=#(r)dr |

where F(t) = f Fd(11i)7 t > 0.

3.2 Increasing slowly varying solutions

In this subsection we will be working with the same equation, but for the index of regular
variation of the function p we require 6 > —1. Again we will study slowly varying solutions.
As we will see later, we have to look for such solutions in the set ZS. The structure of the
subsection is similar to the structure of one where we were dealing with the case 6 < —1.
A lot of the following results are new (and even in special cases): asymptotic formula for
the increasing solution of a nearly-linear equation with » = 1 and with generalized r.

The following theorem proves that if an increasing solution exists, then it is a
normalized slowly varying function.

Theorem 3.4. Assume that

/OO p(s)ds = oo, (3.31)

) tafl t
tlggo m/a p(s)ds = 0, (3.32)
limsup Lp(u) < oo (3.33)
U—00
and liminf Lg(u) > 0. (3.34)
U— 00

Then IS C NSV.
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Proof. Take y € ZS so y(t) > 0, y'(t) > 0 for t > a. Integrate equation (2.2) from a to ¢
and recalling that y is increasing and so is F'(y), then

t

p(s)F(y(s))ds = r(a)G(y'(a) + F(y(a))/ p(s)ds

a

tends to oo as t — oo. As we mentioned earlier y'(¢t) > 0 for ¢ > a, and because of the
fact that 7(¢)G(y'(t)) tends to infinity, it is possible to find some positive constant K

rOGW (1) < K / p(s)F(y(s))ds (3.35)

for large ¢. Divide the inequality (3.35) by r(¢)(y(¢))* ' Le(y/(t)) and multiply it by t*~1.
Again use the fact that F(y) is increasing. Thus,

(ot K Le(y(t) [ I
<w) = Lwore | s < 0 JRCENNCED

for large t, where M € (0, c0) is some constant, which follows from conditions (3.33) and

. . olnce the right-hand side o . tends to zero due to (3. we obtain () —
(3.34). Since the right-hand side of (3.36) tend d (3.32), we obtain 2 — 0
as t — oo and from this fact y € NSV follows. O

Here, similarly as in the previous subsection, we want to justify the choice of p € RV(6)
and 7 € RV(d + o) with § > —1.

Remark 3.6. Assume that p € RV(0) and r € RV () withd > —1. Takey € NSVNIS,
of (2.2). Then recalling the definition of F' we have

(r(OG (' (1)) = p(t)F(y(t) € RV(S).

We work with the case § > —1, so integrate (2.2) from a to t:

r)G(y () —r(a)G(y'(a) = / p(s)F(y(s))ds — o0

as t — oo by Karamata’s theorem 1.3. As we took y € SVNZS, then we can rewrite the
functions F' and G in the form:
t

r(O) () La(y' (1) — r(a)(y' ()" Le(y (a)) = / p(s)(y(s))* " Lr(y(s))ds
€ RV(0+ 1),

using properties of R)Y from Proposition 1.1 and Karamata’s theorem 1.3, and so we
have (y/(¢))*' € RV(6 + 1 — 7), because r € RV(v) and Lg € SV, which brings us
to y'(t) € RV(‘;ZI%IW) due to Proposition 1.1. From Remark 3.1, notice, that § < —1 is
equivalent to v < a — 1, so if we assume 0 > —1 or equivalently v > a — 1, then the
following steps are similar to ones in Remark 3.1, so we obtain v = + «.

Remark 3.7. Assume that p € RV(d) and r € RV(6 + «) with § > —1, then by
Karamata’s theorem 1.3: [ p(s)ds = oco.
Earlier in Remark 3.2 we showed

[ e (s )as= [ s
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where h € SV. We know 777 € RV((1 — 8)(d + «)). Further
1=F)0+a)=0=-F)(+1) -1

and with the fact that 6 > —1 we get (1 — 5)(6 + a) < —1, and because r is positive
we conclude that faoo r1=A(s)ds < co. It means that integral faoo G! (%)ds is also

convergent for some M € (0, 00).
Applying Karamata’s theorem 1.3 for the case 6 > —1 to the condition (3.32) we
obtain:

te=t ot et 1 s Ly(t) 1
m/a p(s)ds ~ Bl (1) 5+ 1t Le(t) = L) 541 (3.37)

In this case, the condition (3.32) leads to L,(t)/L,(t) — 0 as t — 0.

In the following remark we want to prove that the condition guaranteeing normalized
slow variation of an increasing solution (3.32) is necessary for the existence of an increasing
slowly varying solution of the equation. The proof is similar to one in the section dealing
with the case § < —1. Let us show the main steps skipping similar computations.

Proposition 3.3. Assume that r € RV(v) with 6 > —1. Take liminf, ,o, Lp(u) > 0 and
limsup,,_,., La(u) < oo. The condition (3.32) is necessary for existence of an increasing
slowly varying solution.

Proof. We want prove that if there exists y € ZS N NSV, then (3.32) is satisfied. Now
we integrate the Riccati equation (3.11) from a to ¢ and multiply it by t*~*/r(¢):

ta—l ta—l ta_l

O RO R ey

—(a—=1)

/ p(s)Lr(y(s))ds

t

a—1 t / s
r(t)/a |w<s)|5(r(3>LG(y(8))) ds,

%w(a) — 0 and %w(t) — 0 as t — oo, which follows from the fact that
r € RV(6+ a), so % ERV(a—1—-9—a)=RV(-1-7) with 6 > —1, thus % — 0.
Similarly as in Proposition 3.1 for the case 6 < —1 we can show that

ta—l t
lim / p(s)ds = 0.

e (t)

where

]

A closer examination of the proof shows that the condition » € RV(J + «) can be
relaxed to the existence of r; € RV(6; + «), i =1, 2, with r(¢) < r(t) < ro(t) for large t,
and 51, (52 > —1.

Further we will show that slowly varying solutions necessarily increase. We will prove
this statement by contradiction.

Proposition 3.4. Assume p € RV(6), r € RV(§ + «), with § > —1. If y € PSN SV,
then y € ZS.
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Proof. Take y € DS N SV. Then G(y') = —(y)* 'Le(|y'|) and F(y) = y* 'Lr(y).
Integrate (2.2) from a to ¢t and get

(G (1) = r(0)G(y () + / p()F(y(s))ds. (3.38)

Since y is positive decreasing and r is a positive function, then r(¢)G(y'(t)) is negative
increasing, hence there exists a negative constant M such that

lim r(t)G(y'(t)) = M € (—o0,0] .

t—o00

Suppose that y € SV and recall that Ly € SV, then p(t)F(y(t)) € RV(4), thus
f;p(s)F(y(s))ds — 00, because of 6 > —1, what is a contradiction with (3.38). O

Remark 3.8. In the proposition above we proved that slowly varying solutions necessarily
increase and in Theorem 3.4 we got to the conclusion that any increasing solution is
normalized slowly varying. Combining these two observations we get

PSNNSY =1IS.

We have proved that we should look for slowly varying solutions in the set ZS, so
our next goal is to deduce an asymptotic formula for solutions of the nearly-half-linear
equation (2.2). We define F in the same way as in the previous section for the case
§ < —1, but now we have |F| € SV.

Theorem 3.5. Let p € RV(8) and r € RV(6+a) with § > —1. Assume lim |F(u)| = oo

U—00

|
and Lg(ug(u)) ~ Lg(u) asu — 04 for all g € SVy. If y € ZSNNSV, then y € I1(ty'(t)).
Moreover, for every y € ZS N NSV,

o if
/a (T(S)Sl]fiz/s)) s = oo,

then there exists £(t) with £(t) — 0 as t — oo such that

1

o) =F' /: (1+<(s) [(5 n 1)?(95()2@,(1/3)] s (3:39)

and y(t) — oo as t — oo;

o if
/a (T(s)sl]fiz/s)) "ds <o,

then there exists £(t) with £(t) — 0 as t — oo such that

o0 = PP = [ o) [ ] ) a0

and y(t) — y(oo) € (0,00) ast — 0.
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Moreover, |y(oco) —y(t)| € SV and

Ly ()L (y(1))
Ly~ ()L (1/t)(y(o0) —y(1))

=o(1) (3.41)

ast — oo.

Proof. Take y € ZS NSV and let a be such that y(t) > 0, y/(t) > 0 for ¢t > a. Then

!/

(r®G W (1)) =pt)F(y(t) € RV(9),

provided y(t) — oo ast — oo. If y(t) — C € (0, 00), then the conclusion is the same since
F(y(t)) — F(C) € (0,00) and so p(t)F(y(t)) € RV(J). Thus, by Karamata’s theorem 1.3:

rt)G(y'(t)) —r(a)G(y'(a)) = / (r(s)G(y/(5)))'ds € RV(6 +1).

Since r G RV(5 + a) we obtain G(y'(t)) € RV(1 — «) due to Proposition 1.1. In view of
Y (t) = GTHG(Y(t))), we get y/(t) € RV(—1) and following Proposition 1.3 we conclude
that y (¢ ) e II(ty'(t)). Set

h(t) =t r(6)G (Y (1) + (8 + 1)/ s (s)G Y/ (s))ds.
Let us show that h € TI(ty/(t)) and h € TI((§ + 1)t=°"2(t)G(y'(¢))). Indeed,

W(t) = (=6 = Dt 2r(t) Gy (1) — ' p(t) F(y(t) — (=6 — Dt *r(H)G(y (1))
=t Ip(t)F(y(t)) € RV(=6 —1+6+0).

Thus A'(t) € RV(—1) and applying results from Proposition 1.3 we can conclude that
h € 1I(th'(t)). Moreover, fix A > 0 and then integrate by substitution, so we get

h(At) — h(t) _ AT G () - ()G ()
(0 + 1)t~ 17‘() W) G+ rOGHE) 6+ DG (1)
(8+1) [ 707 2r(s) Gy (5))ds
(0+ 1)75 ()G (Y (1))
_ AT Gy () 1 Yu () Gy (te)
T G DGy ®) s+ +/ r(t)G(y'(t)) e
These calculations are similar to the previous case when we had 6 < —1. The most
significant difference is a sign. Since 7(¢)G(y'(t)) € RV(d + 1) we obtain

NG O) A
(v

') d+1 J+

)
and the uniform convergence of % to u¥*! implies

‘ A w02 (tw) G (Y (tu N o s
E?o[/l r(t%zy/%)@ )>du} :/1 w25 dy = In ),

lim —

tmoo  (0+1)r(t)G
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so h € TI((6 + 1)t °~1r(t)G(y'(t))). Because of the uniqueness of the auxiliary function
up to asymptotic equivalence we obtain

(6 + 1) ()G (1) ~ th'(t) = t~°p(t) F (y(1)),
which implies
Gy(®) )
Fyt)) 0+ 1)r(t)’

) ~ Lg(u) as u — 0y for all ¢ € SV, rewrite it
t) as t — oo for all v € SVy. Recall ¥/(t) € RV(—1).

and using the condition Lg(ug(u)
equivalently as Lg(v(t)/t) ~ Lg(1/
Hence,

Gy'(t) = (' ()" La(Ly (8)/t) ~ (v (1) La(1/t) (3.42)

as t — oo, where L,, € SV. Putting all of these relations together we get

(@) tp(t) y'(1) tp(t) o

~Y

Fu@) ~ G+ DrLe(/  (p)= EmEar=an

as t — oo. Therefore, there exists a function () satisfying tlim e(t) = 0, such that
—00

y'(t) tp(t) =

————— = (1+¢(?)) . (3.43)

(F(y(t)))ﬁ [((54— 1)T(t)Lg(1/t)}
Repeating the same procedures and justifying the steps in the same way as in the case
0 < —1, for

> sp(s) a1
d g
/a ((5+ 1)r(s)LG(1/s)> T

we get

y(t) = F_l{/a (1+e(s) [(5 n 1)j1<?£)sza(1/s)] Tl

In this case y(t) — oo as t — 0o. On the other hand, for

o0 sp(s) a1
/a ((5+1)T€S)LG(1/S>) ds < o0

we obtain

sp(s) 1

y(t) = Ffl{F(y(oo)) — /too (1+¢e(s)) [(5 " 1)7’(5)LG(1/5)] ﬁdS}

and so y(t) tends to a positive constant as t — oc.
Last part of the proof is essentially the same as for the case 6 < —1, we use (3.43), so
we can conclude that

y<oo>( L Lp<t>LF<y<t>>)ﬁ—1

y'(t) ~ t \6+1 L.(t)Le(1/t)

as t — oo. Integrate it over the interval from ¢ to co and apply Karamata’s theorem 1.3
and so we obtain (3.41). O
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As well as in Theorem 3.2 we can prove Theorem 3.5 with help of Karamata theorem.
Let us formulate the following corollary based on the results obtained in Theorem 3.4,
Remark 3.7 and Theorem 3.5.

Corollary 3.2. Consider the equation (2.2). Letp € RV(0), r € RV(d+«) whered > —1.
Assume épgtg — 0 as t — oo, limsup,_,., Lr(u) < oo and liminf, . Le(u) > 0, so zf
there exists y € ZS, then y € ZSNNSV and —y(t) € I(ty'(t)). Assume hm |F(u)] =

and Lg(ug(u)) ~ La(u) as uw — 04 for all g € SV, then for every y € IS ﬂNSV

o if [ T(S‘Q’Lp—ésl/s))ﬁds = 00, then there exists e(t) with e(t) — 0 as t — oo such
that (3.39) is an asymptotic formula and y(t) — oo as t — oo;
o if [ %)ﬁds < 00, then there exists e(t) with (t) — 0 ast — oo such

that (3.40) is an asymptotic formula and y(t) — y(oo) € (0,00) as t — oo.
Moreover, |y(oco) — y(t)| € SV and (3.41) as t — oo.

If we take Lp = 1 and Lg = 1, then the equation (2.2) reduces to the half-linear
equation (2.3) the asymptotic formula for the solution is in the same form as it is shown
n [16]. In case of @ = 2 and r = 1, the equation (2.2) reduces to the nearly-linear
equation (2.6) and the analysis of the solutions as well as the asymptotic formula presented
above are new. Moreover, here we have shown the case with generalized r. Formula (3.41)
is also new even for the simpler case a = 2 and r = 1.
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4 Examples

In this chapter we will present applications of results obtained in the previous chapters
to non-linear differential equations. We will start with an example of a half-linear linear
equation.

Example 4.1. Consider the equation
(7 Lo () (Y (1)) = £ Ly (D) B (y(1)), (4.1)

where L, = (Int)”™ + hy(t) and L, = (Int)" + ho(t) with |h;(t)] = o((Int)") for i = 1,2
for some vy < 5. Examples of such functions h; are h;(t) = cost or h;(t) = In(Int). For
every A > 0 we get:

n i h; (\t n i hi (At n i
A ) (BBl (g e (Indty
lim - = lim O lim ) =1,
oo (Int)i + hy(t) o0 4 gl 500 1+ )
so we can conclude that L,, L, € SV. We have
ha(t)
Ly(t Int)™ + hy(t 1+ @
P( ) — h (n ) + 1( ) _ 1 (1 t)Wl (42)

. m = 11m
{00 LT (t) t—o00 (ln t)’YQ -+ h2 (t) t—o0 (ln t)'yz*'h + (1h2t()t'31

1+ i)
= lim (nt)

h
t=oo (In¢)r2—7[1 + (1n2t(;32]

=0,

because we set 75 > 1. Indeed the condition from Corollary 3.1 is satisfied. From (4.2)
we get

(tp(t)) ﬁ <t5+1Lp(t) ) ﬁ 1 [ 1+ (lnt()“)fl ] ﬁ 1 ( 1 ) ﬁ (1 t) =72
= —_— == - ~ — — n oa—
r(t) toreL,.(t) tL(in¢)yre—n]l + 220 ] t\o+1

(Int)72

as t — o0o. Since f (In s)*ds < oo if and only if A < —1, we have
t 1
/ (sp(s)) “ds < 00
o \7(8)
if and only if =2 < —1. Notice that if n # 1, then

1 In¢)tt
/—(ln s)1ds = ()™ + const.
S n+1

On the other hand, if n = 1, then

1
/ ds = In(Int) 4 const.
slns

Using results showed in Corollary 3.1 for 6 < —1 and Corollary 3.2 for 6 > —1 in the
previous chapter for =2 < —1 we have that every slowly varying solution has a finite
non-zero limit [ and

71 “/2 1—0[ 1
t)=lexpqesegn(d +1)(1+o Int . - -
v(0) = Lexp {sen® + D1+ o)) () 35—
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as t — 00. On the other hand, if 2= > —1, then in the case § > —1 increasing solutions
are unbounded and for the case § < —1 decreasing solutions have zero limit and we have

- —1 1
t) =expisen(d +1)(1+o(1))(Int) ==t a : i
0(t) = exp {sgn(d + 1) (L o) (m) ¥ ey

as t — 0o. Also, we can make a conclusion for the case % — 1. 50 we have
y(t) = (Int)e@* 1)(14o(1)[5+1]" 5T

as t — oo.

In the next example we will work with a nearly-linear differential equation, which we
will later modify to a nearly-half linear one.

Example 4.2. Consider the equation

" _ Lp<t)3/
t2[In [y||’

(v'Le(ly'])

where Lg € SV and L, € SV. Then

Fluy = ~F ¢ 01

A

so F(u) — —oo as u — 04. Now we compute the inverse to this function
F7 () = exp(—v/—=2u), u < 0.

We deal only with positive solutions such that y(t) < 1 for ¢ > a. It is a required
condition because we need F(u) to be increasing at least in a certain neighbourhood of
zero (here it is (0,1)). A slight modification of F' as F(u) = a7 K€ (0, 00), ensures
the required monotonicity of F' on the (possibly bigger) interval (0, k). Notice, that in
our case 0 = —2 < —1.

Let us take the function G(u) = u|ln|u|| and L,(t) = m, where h is continuous
function on [a,00) with |h(t)| = o(Int) as ¢ — oo, and such that Int + h(t) > 0 for
t € [a,00). Some examples of such functions are provided in the previous example. All
of the conditions required in Corollary 3.1 are satisfied, so we can apply it and find an
asymptotic formula for decreasing slowly varying solutions. Now, we analyse

tp(t) 1 1 1

Le(1/t)  tnt+ )| In(1/t)  t(nt+h(t)Int  t(nt)2

as t — oo. Thus,

* sp(s) [ g, ]
———d d we h ———ds ~ —
/ LGf(l/S) § < 00 and we have ) LG(l/S) S Int

as t — 0o. Due to the results presented earlier we are able to conclude that the decreasing
slowly varying solution is in the form:

y(t) = exp [— \/(1ny(oo))2 - M}

Int
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as t — 00.
On the other hand if we take the function G(u) = = then, similarly as in the

previous case
1
t) Vite 1

tp( _ N
Lo(1/t) ~ t(nt+h(t)  tint
as t — co. Note that (In(Int))’ = -, and so

G R,
/—Lg(l/s)ds_ .

In this case we get the result

y(t) = exp [\/< — (14 0(1)) ln(lnt))}

as t — oo and y tends to zero. This kind of operators G we discussed earlier in Chapter 2
and it is called mean curvature operator and it is used in study of partial differential
equations which model fluid mechanics problems.

Further, if we consider the equation

t(;L (t)yafl
L)) Laly]) = — (4.4)
( )= Tl

which is similar to (4.3), but we take F' € RV(a— 1) and generalized r € RV(d+ «), then

the analysis is similar too. Notice that in this case we work with the nearly-half-linear

equation. The previous example is a particular case of the generalized equation (4.4).

Compute

. 1 . . Inul®
F(u):—aa Ilnul=27 or F@):-'“T“',

u € (0,1) satisfies the condition F'(u) — —oo as u — 04. The inverse of F is
P () = exp [ — (—Bu)/?].

Again, similarly we can choose different forms of function G such that all needed conditions
from Corollary 3.1 for § < —1 and from Corollary 3.2 for § > —1 are satisfied, so then
repeating all steps as before we can deduce an asymptotic formula for increasing slowly
varying solutions. Notice, that we assume L, = (Int)" + hy(t) and L, = (Int)" + ho(t)
with |h;(t)| = o((Int)") for i = 1,2 for some v, < 7».

Take § < —1, then similarly as in Example 4.1, we get two cases. For 2L=2 < —1 we

have
/a ((5 n 1)?(9;)326;(1/5)) s <oo.

Using Corollary 3.1 we get decreasing SV-solutions in the form (3.15) and they have a
non-zero limit. For the case =2 > —1 we have

t sp(s) a1
/a ((5+ 1)7«](33)LG(1/5)> ds =oc

and applying the same corollary, the asymptotic formula for decreasing SV-solutions is
in the form (3.14) and they have zero limit.
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On the other hand, if we take 6 > —1, then the condition F(u) — —00 as u — 00 is
also satisfied. Using Corollary 3.2 if there exist increasing solutions, then for 2—2 < —1
we get increasing SV-solutions in the form (3.40) and they have a non-zero limit. For the
case 2L—2 > —1 we apply the same corollary and the asymptotic formula for increasing
SV-solutions is in the form (3.39) and they are unbounded.

Now, we will move to another example of nearly-half-linear equations.
Example 4.3. Consider the equation
(L () () Le(ly]) = £ Ly()y" (4.5)
where L, € SV, Lg € SV, L, € SV and Lp(u) = 1. We have F(u) = u*"!, then
F(u) =Inu,
so |F'(u)| = oo as u — 0, and

FHu)=e" u>0.

Assume that G(u) = u*!|In|u||, where Lg(u) = |In|u||, which satisfies condition
Le(ug(u)) ~ La(u) as u — oo for all ¢ € SV. First take 6 < —1, so we will work with
decreasing slowly varying solutions. Conditions for existence of the solution from
Corollary 3.1 hold, so any decreasing solution is slowly varying and we are still able to
find the asymptotic formula for the slowly varying solution.

Take L,(t) m, where h is a continuous function on [a,00) with
|h(t)] = o(lnt) as t — oo and such that (Int)” + hA(t) > 0 for t € [a,00) and
L.(t) = m, where ¢ is a continuous function on [a,00) with |g(t)] = o(Int) as

t — oo and such that (In¢)* + g(t) > 0 for ¢t € [a,00) and u < 7. Examples of such
functions are h(t) = cost or h(t) = In(Int). Note that the required monotonicity of G is
ensured in a small neighbourhood of zero. Compute

0L 1) :

tp(t) _ a-1
((5 + 1)to+e L, ()| 1n(1/t)|)

(Troamam) -

_ () +g() N 11\, e
= (o rywe) |~ ) w0

1 p=y—
/ —(In s) ST ds

S

as t — o0o. Notice, that

converges if and only is £=2= < —1. Then for 22— < —1 we have
a—1 a—1

o0 sp(s) atT
/a ((5—1—1)7”?3)[/@(1/5)) ds < oo

From Corollary 3.1 y € NSV N DS tends to y(co) > 0 and satisfies the formula

1

y(t) = exp [ln(y(oo)) + (1 + o(l))%(lnﬂ(“;tm) <|5 Jlr 1 ) m}
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as t — o0o. Let us assume ‘Z—T > —1, then

e sp(s) a1
/t <<5+1)T€S)LG<1/S>) ds = oo

and applying results from Corollary 3.1, a decreasing slowly varying solution has zero
limit and so we obtain:

a—1 p—y—1 1 ﬁ
) =exp | = (1+0(1) ————— () =7 ( )]
yt) = exp [ = (1+0(1) — = —(ln) e
as t — o0.
Furthermore, if we choose § > —1, then we are investigating increasing slowly varying
solutions. Similarly as in (4.2) we obtain

L,(t

t—o0 Lr(t) - 0’

because 7 > p. All of the required conditions from Corollary 3.1 are satisfied. Now we
know that if there exists an increasing solution then it is also slowly varying and the
p—y—1

asymptotic formula can be written. In the case #~15= < —1 the integral

/aoo ((5 n 1):](952@(1/s>>md5 <00

converges, then any increasing solution is in the form:

(®) = exp [ In(y(o0) = 1+ 0(1))#_;_2(lnt)<”a111+1> <5%> all}

as t — co. And finally, if we have ”;Z;l > —1, then

o0 sp(s) a1
/t ((5+1)r€s)LG(1/s)) ds = oo

In this case an increasing slowly varying solution tends to infinity and we have it in the
form:

y(t) = exp [(1 + 0(1))#_;_2(111 $) (G (ﬁ)&}

as t — oo.
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5 Remarks

In this chapter we will briefly discuss some open problems and we will indicate possible
directions of resolve for these problems.

Non-SV solutions. In the previous chapters we were discussing only decreasing
solutions of (2.2) for § < —1 and increasing solutions in the case of § > —1. As we
showed in Theorem 3.1 decreasing solutions are slowly varying functions and any slowly
varying solution cannot increase. However increasing solutions exist and in some cases
we are able to show that they belong to the class of regularly varying functions with
non-zero index. First, take a look at the half-linear equation (2.3). For establishing an
asymptotic formula we can use as one of the possible approaches the reciprocity
principle, which is based on the following relation. If y is a solution of (2.3), then u is
defined u = Cr®(y’), where C' € R, is a solution of the reciprocal equation:

(FO(@(W))" = p(t)D(w), (5.1)

where # = p' %, p = r1F and ®(u) = |u|*"! sgn u with & = 8, & = ®~!. Then assuming

p € RV() and r € RV(§ + «) and tlim L) — 0, if § < —1, then ZS C NSV(p), if
—00

L)
d > —1, then DS C NSV(p), where

641
Cl—a

P

And we can deduce an asymptotic formula for non-SV solutions (Theorem 5.1. in [13]).
On the other hand, if we consider a nearly-half-linear equation (2.2), recalling that
functions G~ and F~! are inverse functions of G and F' and defining u such that

ult) = G 1) > /(1) = 6 (),

the derivative u':

so we can the following equation:

(7 (}%u'(t)))l _ g (%u(t)).

Notice, that this equation is of similar form as (2.2) and therefore it can be treated as
a nearly-half-linear equation. Unfortunately, there are no asymptotic results for such
equations non-linear components Lg and Ly at our disposal.

Non-emptiness of the set of eventually positive increasing solutions in the
case § > —1. In Theorem 3.4 we proved that ZS € NSV, so we got that any increasing
solution is slowly varying. For the case 6 < —1 in Theorem 3.1 we proved in addition
existence of decreasing solutions and all of them are slowly varying, i.e. ) # DS Cc NSV.
Moreover, we showed that PS N NSV = DS for 6 < —1 and PS N NSV = IS for
0 > —1. So the natural question would be whether the set of increasing solutions in the
case § > —1 is non-empty. In Theorem 3.1 we applied the existence theorem from [3], but

it is applicable only for decreasing solutions, so we could not prove a similar statement in
Theorem 3.4.
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Borderline case 6 = —1. We have explored behaviour of solutions of nearly-half-linear
equations for two cases of the index ¢, but we did not say anything about the borderline
case 0 = —1. This case is the most complicated one for working with solutions of equations
and we cannot apply Karamata’s theorem 1.3 directly. In this particular case we have
p € RV(—1) and so we are not able to conclude whether [ p(s)ds converges or diverges.
Moreover, analysis of this case gets more difficult because of the bigger effect of non-linear
components Lg and Lp of functions G and F'.

Asymptotic estimate. In Theorem 3.3 we have discussed the problem that

1

y(0) ~ F7 - / - G+ 1>fz<9£;2@<1/s>] Ty

as t — oo does not follow from the condition ff(#ﬁf&/s))ﬁds = 00. We added a
restriction on » = 1 and we also work with « on the shorter interval from 1 to 2. We also
showed in Remark 3.5 that we could choose suitable transformation such that we obtain
an asymptotic estimate for the equation with generalized r and Lg = 1. There are things
which can be improved, for example, assuming « € (2,00) and r in general form. In the
case § > —1, we cannot take r(tf) = 1 as we showed it in the end of Chapter 3. If we try
to take a generalized r € RV(6 + ), then it brings us to the fact that r is a function of .

Moreover, we are not allowed to apply the method used in Remark 3.5.

Other methods. There is a number of methods which could be very useful for
investigation half-linear and nearly-half-linear differential equations.

e Transformation of independent variable was used in Remark 3.5 and might be useful
for exploring the borderline case § = —1. This method allows us by using suitable
transformation to obtain an equation what we are able to work with.

e A modified Riccati technique is an asymptotic linearisation by means of suitable
transformation of generalized Riccati equation into a Riccati equation for linear
differential equations, so then we are able to explore the behaviour of positive
solutions of the linearised problem.

These methods are presented in details for some cases in [12] and we conjecture that their
modification could be useful also for nearly-half-linear equations.
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Conclusion

In the beginning we presented important statements from theory of regular variation,
specifically the Karamata theory and de Haan theory and properties useful in particular for
an asymptotic analysis. In Chapter 2 we introduced some types of non-linear differential
equations, which are the objects of our interest, and we showed some results from literature
related to asymptotic behaviour of solutions to such equations.

In Chapter 3 we have presented results of study of asymptotic behaviour of slowly
varying solutions to some types of non-linear differential equations in the framework of
theory of regular variation. We have discussed positive decreasing and increasing
solutions. If the nearly-half-linear equation satisfies certain conditions, then for slowly
varying solutions which decrease we proved that the set of such solutions is non-empty
and all of them are normalized slowly varying. Moreover, we showed that the set of
normalized slowly varying solutions is eventually equal to the set of positive decreasing
solutions. Similarly, we proved that positive increasing solutions are normalized slowly
varying. Again we concluded that the set of positive normalized slowly varying solutions
is eventually equal to the set of decreasing solutions. Sequentially we presented
asymptotic formulae for nearly-half-linear equations for both cases. We proved them for
the general case where we assumed that p and r are positive regularly varying functions.
This can be understood as an improvement of results already obtained for half-linear
and nearly-linear equations. Moreover, the case of study of asymptotic formulae for
increasing slowly varying solutions is new for the nearly-linear case. Further, we showed
some additional results related to such solutions: we discussed necessary conditions for
existence of normalized slowly varying solutions and we found an asymptotic estimate
for decreasing slowly varying solutions.

In the last part we illustrated some equations as examples for application of obtained
results. We discussed different types of non-linear differential equations, existence of their
slowly varying solutions and using theorems we proved in this work we deduced asymptotic
formulae for their slowly varying solutions. In Chapter 5 we mentioned more methods
for analysis of asymptotic behaviour of solutions to non-linear differential equations and
indicated possible directions for improvement of results we got in this thesis.
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