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Abstract

This thesis presents the realization, characterization, and application of three linear
optical probabilistic quantum logic gates. The presented quantum gates are controlled-Z
with three control qubits, controlled-phase with three control qubits, and quantum Fred-
kin gate. The construction of these gates relies on two-photon interference and encod-
ing multiple qubits into a single photon. Thanks to their design, the realized gates have
a higher success rate than their equivalents constructed straightforwardly from multiple
linear-optical two-qubit gates. The relatively high success probability allows us a thorough
characterization of the realized gates and demonstrations of their capabilities in various
quantum information protocols. Namely, the thesis presents the experimental implemen-
tation of protocols for protecting qubits from dephasing and decoherence, protocols for
direct non-destructive measurement of non-linear functionals of a density matrix, qubit
purification, and approximate quantum cloning. We also study back-action of such direct
non-destructive measurement.

The described experiments utilize single-photon generation, two-photon interference
and coincidence measurements, inherently stable interferometers, path and polarization
qubit encoding, and tomography of quantum states and channels. The corresponding
chapter discusses these methods together with relevant experimental imperfections and
practical aspects of the experiment.
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Anotace

Tato prace se zabyva realizaci, charakterizaci a vyuzitim nedeterministickych, linearné
optickych logickych kvantovych hradel. Jedna se o tzv. CZ hradlo kontrolované tfemi
kvantovymi bity (qubity), fazové hradlo kontrolované dvéma qubity a Fredkinovo kvan-
tové hradlo. Hradla byla realizovana pomoci dvoufotonové interference, koincidenénich
méfeni a vyuZiti vice stuprnid volnosti jednoho fotonu pro zakdédovani qubita. Diky této
konstrukei maji hradla vyssi pravdépodobnost Gspéchu neZli jejich realizace pfimocarym
spojenim vice linearné-optickych hradel. Diky tomu miZeme provést jejich dikladnou ex-
perimentalni charakterizaci a pouzivat je pro demonstraci riznych kvantové informaénich
protokold a schémat. V praci jsou uvedeny experimentalni realizace dvou protokoll na
ochranu qubitu pfed dekoherenci, protokolu pro pfimé nedestruktivni méfeni nelinearnich
funkcionalt matice hustoty kvantového stavu, dale tzv. purifikace a klonovani kvantovych
stavi. V pfipadé pfimého méfeni nelinearnich funkcionalt diskutujeme i vliv tohoto
meéfeni na méreny systém.

Popsané experimenty vyuzivaji generovani jednotlivych fotont, dvoufotonovou inter-
ferenci, koinciden¢ni méfeni, inherentné stabilni interferometry, kédovani qubitu do po-
larizace a drahy fotond and tomografii kvantovych stavi a procest.. Préace popisuje tyto
pouZité experimentalni metody spolu se souvisejicimi nedokonalostmi a dalsimi praktick-
ymi aspekty experimentu.
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Preface

The goal of this thesis is to present the results of my postgraduate research of linear-optical
quantum logic gates. The thesis is based on publications [A1-A5].

These publications were focused on the construction and characterization of linear-
optical quantum logic gates as well as their applications in specific quantum information
protocols. The goal of the presented experiments was to prove the principles of various
protocols and strategies in quantum information using the currently available photonic
technology. The results presented in the thesis were achieved by an effort of the whole
team of researchers. The gates and experiments were designed by my supervisor, Jaromir
Fiurasek. Radim Filip was searching for the application of the implemented gates, mainly
novel protocols and theoretical concepts. Both professors contributed to data analysis and
interpretation and contributed directly to writing the manuscripts. In the early stage of
my studies, I was mainly building the experiments and conducting the experiments under
the supervision of Michal Mi¢uda. The necessary part of the presented experiments was
the photon source constructed and maintained by Ivo Straka [1].

Let me here explain my personal contribution. In the first experiments with the C3Z
gate [A1] I was responsible for modifying the existing experimental setup [2], writing the
acquisition software, and running the experiments. I also contributed to data processing
and manuscript writing. In the presented experiments with Fredkin gate [A3, A4] and
CCP gate [A5], I built the experimental setup from scratch, developed necessary align-
ment methods, automated them, performed all measurements and data processing. With
my consultant Michal Mic¢uda, we designed the necessary custom mechanical mounts for
optics. Along with other authors, I contributed to writing the manuscript.

In the publications, we had to omit many experimental details to keep the papers short
and comprehensive. I tried to repay this debt by detailed explanations of the experimental
principles in the Methods section. The goal is to provide the information that was per-
haps too technical for the publications but crucial for performing the actual experiment. I
skipped the detailed explanation of every used optical component, as it already was care-
fully done earlier by Martina Novakova (Mikova) in her thesis [3]. Instead, I focus on
explaining how to set the experiment to be working, mitigate errors and avoid getting lost
in data. In my opinion, these aspects are equally important yet often neglected. I hope the
Methods section will help anyone who would like to perform similar experiments in the
future.

The experimental part reviews the published experiments. Because the used tech-
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niques were very similar in all three experiments, I modified the published text to avoid
repeating the same information multiple times. In the case of the CCP and Fredkin ex-
periments, I also slightly changed the text structure to reflect my contribution and fit this
thesis’s scope. In the Fredkin experiment, I also added content that we had to omit in the
published paper due to the length.

Olomouc Robert Starek

January 2022 starek@optics.upol.cz
starek.robert@gmail.com
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Chapter 1

Introduction

The 20" century brought to physics a new direction — quantum physics. Schrodinger, Bohr,
Einstein, Heisenberg, Bell, and others discovered remarkable features of nature, such as the
principle of superposition, discrete nature of some physical quantities, intrinsic random-
ness in nature, wave-particle duality, measurement-induced back-action or nonlocality.

With the invention of the electronic computer in the late 1940s, computer science also
flourished. In the 1980s, the computer already conquered many fields — physics among
them. There was, and still is, a big challenge. How to simulate a quantum system? With the
increasing number of particles, the number of simulated parameters grows exponentially.

In 1982, Feynman in his keynote speech [4] suggested using a controlled quantum sys-
tem as a tool to simulate another quantum system of interest. Later, Deutsch and Penrose
introduced the concept of a universal quantum computer [5] — a machine that uses the
superposition principle and interference to enhance computational power. These ideas,
to utilize nature’s quantum features in applications, is the central motivation of quantum
information science. Quantum information science searches for applications of quantum
phenomena in computing, communication, simulation, and metrology. It explores the un-
derlying principles and extends classical information science with quantum features.

One of the important questions is: can a quantum computer outperform a classical one?
Deutsch and Jozsa showed that with the use of superposition, inter-system coupling, in-
terference, and filtering, one could perform some computational tasks exponentially more
efficiently than the classical computer [6]. Shor adopted these ideas and introduced an
algorithm with a practical application — factoring numbers [7]. His work motivated the
progress in quantum information science. Notably, DiVincenzo formulated criteria for a
universal quantum computer [8].

Albeit the recent technological progress, the construction of the universal quantum
computer is a very difficult task. The question is, what physical system is the best candidate
for a quantum computer. Superconducting circuits and atomic platforms (such as trapped
ions) appear to be promising candidates. This belief is even strengthened by a recent
demonstration from the Google AI Quantum group. They came with a specific task at
which their superconducting quantum processor clearly outperformed a state-of-the-art
classical computer [9]. Soon, a similar experiment with even more (66) qubits followed
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[10].

The exponential growth of a quantum system complexity motivates the research for
efficient state and process certification methods [11, 12]. A way to study complex quantum
systems is to come up with measures that characterize the system, for example the recent
cross-entropy benchmarking [9] of superconducting quantum circuits. Sometimes, it is
sufficient to know a few elements of a process matrix that could be measured directly [13-
16]. It is also possible to reconstruct the process from the tomographically incomplete set
of data [17-20]. One possibility is to use prior information about the characterized state,
the other is to remove reconstruction ambiguity by selecting a process with maximal en-
tropy [21]. Also, one can directly estimate the quantities of interest [2, 22-27], for example
fidelity. The computer memory requirements for the description of a quantum system also
scale exponentially. Recently it was, however, found that noisy quantum devices could be
described using just a fraction of the original Hilbert space [28].

Aside from computation, other applications emerged, for example, quantum distribu-
tion of cryptographic key[29-31], random number generation [32], or sensitivity enhance-
ments in metrology [33, 34]. While solid-state systems appear to be a great candidate for
computing, photonic systems are promising for metrology and communication.

This thesis describes the construction and applications of linear-optical quantum logic
gates, devices that use photons for manipulating quantum information. We categorize
the presented work in the physical discipline of quantum information science and optics.
Chapter 2 introduces the concept of linear quantum optics, its strengths, and its weak-
nesses. I also included a small review of related single-photon technology.

Chapter 3, Methods and tools, describes the used notation, key theoretical concepts and
discusses in detail the used experimental techniques. Quantum bits, logic circuits, and their
theoretical description are introduced. There are sections dedicated to the two-photon in-
terference (Hong-Ou-Mandel effect) and quantum tomography. Both topics are essential
to all presented experiments. Our experiments utilized the encoding of quantum bits into
path and polarization degrees of freedom of a single photon. This encoding is discussed
thoroughly in Section 3.2.2. Section 3.2.3 reviews how to apply the two-photon interfer-
ence to construct a two-photon quantum logic CZ gate, including mathematical descrip-
tion, analysis of possible experimental imperfections, and practical experimental aspects.
The CZ gate is the core of all presented experiments. Another important approach we use
in our experiments is hyperencoding, which is explained in Section 3.2.4. Sections describ-
ing systematic errors and data processing recipes conclude Chapter 3. The majority of
experimental details and principles shared by all the presented experiments are contained
in Chapter 3, and therefore it is referenced often in the following chapters.

Chapter 4 presents our results published in [A1, A2]. There we demonstrate a linear-
optical four-qubit controlled-Z gate. Due to a large number of qubits, the tomographic
description starts to be impractical. The work brings a walkthrough for practical verifi-
cation of quantum processes of similar size. Another new result is the demonstration of
a specific quantum gate operating in a decoherence-free subspace [A2]. The protection
from decoherence is of great interest because decoherence is a severe obstacle in quantum
information processing.
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The protection from decoherence is also a topic of Chapter 5 which is based on paper
[A5]. We first demonstrate and characterize the linear-optical phase gate controlled by
two qubits with a tunable phase shift. The gate serves in a physical simulator of decoher-
ence mechanism on which we tested a protocol for qubit protection. We showed that a
quantum state of the environment could be, under some circumstances, driven into a dark
state without direct control over it. We manipulated the environment indirectly solely by
its interaction with an auxiliary qubit and its subsequent measurement. We also used the
described experimental setup, slightly modified, in the other two experiments. First, we
tested the improvement of weak-value amplification phase measurements with entangled
auxiliary photons [35]. Then we used the gate to prepare a state for attacking a crypto-
graphic protocol for oblivious transfer [36]. These works are not covered by the thesis.

The last experimental chapter, Chapter 6, introduces a quantum Fredkin gate. The
chapter is based on our publications [A3] and [A4]. The main scientific contribution of
work [A3] was the experimental investigation of direct and non-destructive quantum mea-
surements and their influence on the measured qubits. In Chapter 6, we first describe the
design and experimentally characterize the swap gate for photonic qubits [A4] and then
the Fredkin gate itself. Then we use it to perform projections on symmetric and anti-
symmetric subspaces of Hilbert space. These projections serve to measure purity, over-
lap, Hilbert-Schmidt distance, perform approximate quantum cloning, purification, and a
POVM measurement controlled by another quantum state directly and with access to the
post-measurement state. We later used the same experimental setup to prepare a quantum
state with a remarkable property: measurements on its separable marginals suffice for ver-
ifying its three-qubit entanglement [37]. The paper is not covered by Chapter 6, but all
principles and techniques needed to prepare such a state are already covered by the thesis.
The thesis concludes with a summary of the presented results.
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Chapter 2

State of the art

In this thesis, tests of quantum protocols and algorithms are performed on linear quantum
optics platform. The goal of this chapter is to briefly introduce photons as a platform for
quantum information experiments and the current state of photonics in this field.

2.1 Linear quantum optics

Are photons good carriers of quantum information? The feasibility of preparation, high
purity, and great degree of control are the strong aspects in the context of quantum in-
formation processing. While photons are a clear choice for communication, due to their
robustness and natural transport ability, the use of photons for quantum computation was
believed to be unfeasible due to the lack of natural interaction of photons.

The schemes for two-photon interaction rely on the Kerr effect in a nonlinear medium
which is alone too weak. In 2001, Knill, Laflamme, and Milburn proposed a scheme [38] for
optical quantum computing that used beam splitters, phase shifters, single-photon sources,
and photon-number resolving detectors. The proposal showed how to construct probabilis-
tic quantum logic gates and a way how to increase the success probability by gate telepor-
tation and quantum error correction protocols. They called this approach linear-optical
quantum computation (LOQC). The core of the scheme is a nonlinear phase shift gate
which introduces 7-phase shift for a state with two photons while phases of states with
one or zero photons are intact. The nonlinear phase shift gate consists of a Mach-Zehnder
interferometer with a single ancillary photon in the first input port and photon-number
resolving detectors at both output ports. The signal state is coupled into one arm of the
interferometer with another beam splitter. There is a set of ways in which each photon can
travel through the optical circuit. Based on detector readings, we select only suitable pos-
sibilities at the expense of success probability. Simply put, sometimes we have to discard
the output of the gate. With the photon-bunching effect [39] on a beam splitter the non-
linear phase shift is achieved. The nonlinear phase shift is utilized for building conditional
sign flip gates, also known as controlled-Z gates. More ancillary photons, teleportation
schemes and suitable encoding boost the success probability.
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The article have had a big impact and more similar schemes emerged [40, 41]. The
two-photon interference is a common underlying concept of such schemes [39]. Shortly,
successful experimental demonstrations followed [41-48]. The KLM scheme is not the
only paradigm of photonic quantum computing. One can utilize quantum correlations in
a specially prepared quantum state, and by performing a series of measurements and cor-
rection operations, quantum computation is achieved [49-51]. Also, one can utilize the
continuous Hilbert space of light quadratures to encode logical quantum bits into super-
positions of coherent states and use them for computation [52, 53].

Let us note that one can induce the nonlinearity also with the help of conditional pho-
ton additions and subtractions [54]. It is also possible to leverage the strong interaction
between matter and light [55]. The matter strongly interacts with the first photon and
thus changes its state according to the photon’s state. Subsequently, the matter interacts
with the second photon and changes its state. Effectively, one photon controls the state
of the other. The Kimble-Duan scheme [56] uses a neutral atom in an optical resonator.
The current experimental implementation [57] is however demanding. It requires several
lasers for trapping the atom in a magneto-optical trap, control of the atoms population
and cavity locking. The experiment also required fast optical switching and fast electronic
signal processing to implement feed-forward modulation. Another example of a matter-
assisted photon-photon interaction uses Rydberg blockade [58] in an ensemble of atoms
[59-61]. The matter-assisted interactions pave the way for deterministic quantum gates,
but currently the experiments are highly experimentally demanding and difficult to scale.
In the end, the linear quantum optics turned out to be a good platform for proof-of-principle
tests of various quantum algorithms and protocols, such as experimental number factoring
[62]. The scaling is currently technologically limited and the requirements for quantum
resources are high. Consequently, the more quantum bits are required, the more difficult
optical implementation gets. In proof-of-principle experiments, one can partially circum-
vent this problem by careful experiment design and by utilizing the richness of photonic
modes [63]. This can be interpreted as a photonic simulation of quantum computation [64].
This approach can still be combined with the KLM scheme to allow experimental verifica-
tion of low-dimensional quantum protocols and algorithms with the comfort and flexibility
of optical technology [65, 66].

2.2 Single-photon technology

Progress in quantum optics increased the demand for further photonics developments. The
sources and detectors of light are constantly improving, as well as various light modulators,
integrated optical chips, and optics in general. And vice-versa, the advances in photonics
allow further progress in optics generally, including quantum information science.
Typically, the photonic quantum experiment consists of photon generation, manipula-
tion within some optical network and detection. The ideal single-photon source produces
on demand indistinguishable single-photons at high repetition rates, with high purity and
probability of a single emission. The photon’s indistinguishability is an important require-
ment for two-photon interference and thus the purity of implemented linear-optical quan-
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tum gates. Purity expresses how close to ideal single quantum the produced light is. The
probability of generation is a limiting factor for the success probability of the quantum
gates, especially when using ancillary photons. It also determines how fast we can collect
data in the experiments. Usually, multiple photons have to be generated simultaneously
for the correct operation of the quantum logic circuit. Therefore, on-demand photon gen-
eration is desirable.

A spontaneous parametric down-conversion (SPDC) is a nonlinear optical effect in which
vacuum fluctuations stimulate the decay of a pump photon into two photons, conserving
the energy and momentum. This effect is utilized to produce single photons, including
entangled photons. Both early [39, 67, 68] and contemporary experiments are using this
method. It is possible to use one photon from the generated pair as a heralding photon
to ensure that the generation succeeded. However, even when is the nonlinear medium
pumped with pulsed laser [69], it does not generate single photons on demand. The num-
ber of photons is distributed with the Poissonian distribution. Usually, no photons are
generated at most of the pulses, sometimes a single photon is generated and with even
lower probability, multiple photons are generated. Increasing the pulse power increase
the probability of single photon generation, but also increases the probability of multiple
photon generation. More elaborate schemes are needed to at least approximate the on-
demand SPDC source. For example, use of cavity for photon storage, SPDC repetition and
photon-counting could approximate on-demand SPDC [70]. Alternatively, one can use the
photon-blockade effect in a resonator to suppress multi-photon generation [71].

Another desired property of the single-photons is their indistinguishability. The indis-
tinguishability in temporal and spatial modes could be controlled by using optical delay
lines and waveguides. But the indistinguishability is also connected to a frequency band-
width of the generated photons. One can increase the coherence length by spectral filtering
of the generated photons [72], but this comes at the expense of the generation rate. The
use of longer crystals or enclosing the crystals into resonators increases the coherence
length of the generated photons [73, 74].

The generation probability can be boosted by multiplexing SPDC sources [75]. Entan-
gled multi-photon states can be prepared by cascading SPDC sources with the help of a
linear-optical network. This way, 6-photon [62, 76], 8-photon [77], 10-photon [78], and
12-photon entangled states were achieved [79]. Increasing the pump laser power increases
generation rate, but at the same time increases chance of multiple photon generation, thus
reducing the purity. Increasing the length of the nonlinear material can also increase the
generation rate, but at the same time reduces the indistinguishably. Four-wave mixing
(FWM), an effect emerging in materials with a third-order optical nonlinearity, is also in-
vestigated as a method for generating single photons [80, 81]. An important feature of any
single-photon source technology is the possibility of on-chip integration, which has been
demonstrated for SPDC [82].

Although SPDC and FWM sources are practical and reliable, solid-state single-photon
sources, such as color centers [83-85], organic dye molecules [86-91] or quantum dots [92-
99], are currently investigated and developed [100]. On these platforms, indistinguishable
generation [84, 89, 96] and on-chip waveguide integration [85, 91, 101, 102] were demon-
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strated. The Purcell effect is often used to improve the emission probability and photon
indistinguishability. Solid-state sources typically require cryogenic conditions. The per-
formance of solid-state devices is sensitive to perturbations such as electromagnetic field
and thermal fluctuations, or mechanical strain of substrate material. These factors lead to
spectral diffusion and emission instability. Current research aims to combat these adver-
sary effects.

Linear-optical quantum information processing is also developing. While classical bulk
optics offers comfort and flexibility for constructing experiments, the mechanical and in-
terferometric stability, as well as the scalability, is limited. The on-chip integration of
optical experiments overcomes these limitations. Optical integration offers stable inter-
ferometers with excellent mode-matching, thermal or electro-optical control of phase and
the ability to concatenate many of them in complex interferometric structures [103, 104].
An interferometer with a tunable phase shift serves as a variable beam splitter, which is a
building block for linear quantum optics. While integrated optics is an excellent platform
for manipulating a single photon’s path degree of freedom, the manipulation of polar-
ization remains a challenge despite the recent advancements [105, 106]. To demonstrate
feasibility of integrated quantum photonics, the pioneering quantum protocols are often
implemented using a photonic chip [107-109].

Single-photon detection is a crucial step in a majority of optical experiments. The
efficiency of detection is an important limiting factor in linear quantum optics. Initially,
photo-multiplying tubes inherited from nuclear physics instrumentation were used, for
example in Hong-Ou-Mandel experiment [39]. Later, single-photon avalanche diodes con-
quered the field, mainly due to available higher quantum efficiencies in near-infrared re-
gion, where typical SPDC sources operate. The development aims to improve quantum
efficiency, reduce dark counts and dead time, increase response bandwidth and lower re-
sponse time jitter. Also, on-chip integration was demonstrated [110]. Recently, a new
technology of superconductive nano-wires appeared. These detectors offer greater quan-
tum efficiency, lower dark counts and dead-time in exchange for cryogenic operation. Also,
the on-chip integration of superconducting nano-wires was demonstrated [111].
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Methods and tools

3.1 Key concepts

This section introduces the main theoretical concepts that we utilize later in experiments.
Its purpose is to introduce the reader to the terms, representations, and notations used
in the thesis. We refer the reader to the classical textbooks, such as [B1], for careful and
rigorous explanations of the introduced theoretical concepts. The only two exceptions are
the discussion of two-photon interference and quantum tomography, adopted from [112].
Both topics are essential for our experiments.

3.1.1 Quantum bits

Figure 3.1: Bloch sphere. Computation basis states are on poles. Colatitude 6 and longi-
tude @ describe the state |¢)). Adopted from Wikipedia Commons by Smite-Meister/CC BY-SA
(https://creativecommons.org/licenses/by-sa/3.0)

Quantum bit, or qubit, is a quantum analogy to a classical bit. In the Dirac notation, we
introduce two computational basis states, |1) and |0). In analogy to classical computing, the
first state represents the on-value of the qubit and the latter state represents the off-value
of the qubit.
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10 KEY CONCEPTS

States |0) and |1) span a two-dimensional Hilbert space. A vector in this space describes
the qubit. Arbitrary superposition

al0) + (1), (3.1)

with |a|> + |8|?> = 1 is also a valid state. Complex numbers «, 8 represent probability
amplitudes. This feature is important for parallelism in quantum computing [B1].

We often represent qubit as a point on the Bloch sphere with colatitude 6 and longitude
@, as depicted in Fig. 3.1. The corresponding state is

1(6,9)) = cos(6/2)|0) + sin(6/2)e'®|1). (3.2)

A vector in 2V -dimensional Hilbert space describes N' qubits. Application of the Kro-
necker product ® on single qubits |a;) constructs the N-qubit product state

lan—1--a100) = [an—1) ® -+ ® |a1) ® |ap)- (3.3)
We use the following concise notation for N-qubit computational basis states.
IbK) = |in_1) ® - ]i1) ® [ip) (3.4)
N-1
K= )2, (3.5)
j=0

where i € {0;1} and |i) are the computational basis states. The binary representation
iN_1 - i1ig of the number K is the usual computational label of the state. Conveniently,
computational basis state |bK) contains value 1 at K-th row (counted starting with zero)
and zeros otherwise. For example, N = 2,

b3) = |11) =

_ o O O

There are many possible physical realizations of a qubit. In our experiments, we use
photonic qubits, which we specifically discuss in section 3.2.2. A qubit can be generalized
from 2-dimensional vectors to d-dimensional vectors. Then, we speak of qudit.

We use the density matrix formalism to describe the mixed states. To visualize the
density matrix, we plot it as two-dimensional color maps. In Fig. 3.2, there is an example
color plot for the density matrix

o = =5 (100) +i]11)) (00] — K11]) + 71,

where 14 is the 4 X 4 identity matrix. Its numerical value is written in traditional form in
panel (a). The color plot in panels (b,c) represents real and imaginary parts of the density
matrix with colored cells. Row and column indices of the cell are marked as ticks and
define which matrix element the cell represents. The color of the cell with row-index i and
column-index j represents the numerical value of matrix element |bi)(bj|, in the concise
notation. The color scale in the right section of panel (c) is the link between color and
numerical value.
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(a) (b)  Re(p) (c) Im(p) 9
0 0 '
4 0 0 -3
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1(0 100 .
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3
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0 1 2 3 0 1 2 3

Figure 3.2: Example color plot of density matrix p. Density matrix p in the traditional matrix form
(a). Real (b) and imaginary (c) parts of p. Both matrix plots share the same color scale.

3.1.2 Quantum gates, circuits, and channels

Quantum gates
A classical logic gate is a device that manipulates bits. It takes bit values from the input
terminals, applies some logical operation on them and provides the result at the output
terminal. Analogically, a quantum gate is a device that manipulates qubits. Unlike the
classical gates, the quantum gates always have an equal number of input and output termi-
nals, and their operation is reversible. A unitary matrix describes the action of a quantum
gate.
Parameters ©, @, and ®, parameterize arbitrary single-qubit quantum gate
i®  _ —i®, \

dgomner=( ot el )
We can omit the global phase term €!® when it is not important. When we consider sepa-
rable qubits that are not going to interact with each other, the global phase can be without
doubt neglected. In the case of interacting qubits, the global phase can’t be neglected, but
it can be compensated for with additional phase shifts.

Gate Symbol | ® D, d, o Operator
Identity 1 0 0 0 0 |0)O0] + |1)(1]
NOT Oy /2 0 /2 —m/2 | |0)1] + |1)XO0|
Y-gate oy /2 0 0 /2 —i|0)(1| + i|1)X0|
Phase flip o, 0 /2 0 —7/2 | |0)X0] — |1)(1]
Hadamard H /4 7/2 /2 —m/2 | |+XO0] + |=)1]
Phase shift | V(@) | 0 —-p/2 0 ®/2 |0)(0] — e |1)(1]

Table 3.1: Parameters for Eq. (3.6) to represent a quantum logic gate as a matrix. The following
definition is used |+) = % (]0y £ |1)).

It is worth mentioning explicitly some fundamental single-qubit gates [B1]. The iden-
tity gate 1 does not introduce any change. It is an analogy to a classical buffer gate. Pauli
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operators g, = |0)(1] +[1)0|, o), = i[1)(0] —i|0)(1], and o, = |0)(0] —|1){1| rotate the state
about the given axis in Bloch sphere representation by 7 radians.

The operator ¢ generates ¢-rotation exp(iaj ®/2) about axis j. o, operator is a quantum
analogy to classical NOT gate. The Hadamard gate H turns a computational state into a
balanced superposition of computational states and vice versa. Phase gate V' introduces a
phase shift ¢ between |0), |1) components. Table 3.1 provides parameters 0O, ¢;, ¢,, and
d for each gate. Together with Eq. (3.6), it provides explicit matrix-representation of each
discussed gate. With these gates, it is possible to compose an arbitrary single-qubit gate
[B1].

Bit readout is an important elementary operation in information processing. The el-
ementary readout of a qubit is a projective measurement in the computational basis and
it yields either value 0 or 1 and leaves the measured qubit in state |0) or |1), respectively.
The readout is not limited to states |0) and |1). Single-qubit gates allow arbitrary-basis
measurement. When the qubit is destroyed in the process, we speak of a destructive mea-
surement.

In classical information processing, multiple-input gates, such as OR, AND, or XOR,
are essential for computation. In quantum information processing, multi-qubit quantum
gates are also crucial. These gates typically control the state of one qubit with the state of
the other. This type of control can entangle qubits.

In this work, we mainly use controlled-NOT and controlled-Z two-qubit gates. The
controlled-NOT gate performs o, operation on the target qubit if the control qubit is in
state |1). The unitary matrix

Ucnot = [0X0] @ T+ [1X1]| ® oy (3.7)

describes the CNOT operation. Similarly, the controlled-Z gate introduces a 7 phase shift
if and only if both qubits are in state |1). The corresponding unitary matrix is

Ucz = [0X0] @ 1+ [1X1] ® 0. (3.8)

These two gates are equivalent up to Hadamard operations on input and output of the
target qubits. Generally, controlled-U gate is described with the matrix

U =10)0| @1+ [1X1|Q U (3.9)

and applies a unitary U on its target qubit when the control qubit is in state |1).
Another gate we use is the swap gate that interchanges the value of two qubits. The
unitary matrix of swap gate is

Unyap = [00)(00] + [01)(10] + [10)(01| + [11)(11]. (3.10)

The swap gate, however, is not an entangling gate.

A network of universal single- and two-qubit quantum gates applied on multiple qubits
can create a multi-qubit quantum gate. An important three-qubit gate is the Toffoli gate.
The Toffoli gate is a three-qubit generalization of the CNOT gate and its operator descrip-
tion is

Ucenor = Tg + [11X11] @ (0, — 1), (3.11)



KEY CONCEPTS 13

where identity matrix indices denote its dimension. The Toffoli gate is important because
together with Hadamard gate, phase gate, and CNOT gate forms a universal set of gates,
capable of realizing arbitrary multi-qubit operation.

A quantum Fredkin gate, one of the goals of this thesis, is another important three-
qubit quantum gate. It is a controlled version of the SWAP gate.

Ucswar = [0){(0] ® T4 + [1X1] @ Usyap- (3.12)

Unlike SWAP gate, the Fredkin gate entangling.

The goals of this thesis also contain the construction of a controlled-controlled-phase
(CCP) gate with variable phase shift ¢ and a four-qubit version of CZ gate, a controlled®-Z
(C3Z) gate. Their operator representation are

Uccp = T + [11X11| @ (V(¢) — T3), (3.13)

Upsz () = Ty — 2|1111)(1111], (3.14)

where V(g) is a single-qubit phase-shifting operation, see Tab. 3.1 and Eq. 3.6.

Quantum circuit diagram

A quantum circuit diagram schematically represents a sequence of gates and readouts. An
example of a quantum diagram for a single qubit is depicted in Fig. 3.3 (a). Labeled boxes
in the diagram represent individual gates and readouts. Their horizontal left-to-right or-
dering specifies their execution order. A horizontal line, representing a qubit, connects the
neighboring elements. Multiple qubits are depicted as parallel horizontal lines, as shown
in the example diagram in Fig. 3.3 (b). Vertical lines symbolize interaction between qubits.
A list of used circuit diagram symbols is provided in Fig. 3.4.

Ozt 0y 0z HX~

10) H
0) b

Figure 3.3: Examples of quantum circuit diagrams. (a) A qubit is initialized in state |0) and then
Oz, Oy, and oy are applied in this order. Finally, the qubit is measured in the computational basis.
(b) Two-qubit circuit which produces an entangled state.

Quantum process
The quantum gates are a special case of quantum processes. A completely positive map €

describes a quantum process that turns input density matrix p into output density matrix
!

o'
o' = e(p). (3.15)
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(a) (b) (c) _(2;_
1 1 4 1
(e) (f) (g) (h)

tt
2y
|
T

U

Figure 3.4: Used circuit diagram symbols. (a) CZ gate; (b) CNOT gate, black dot - control terminal,
circled cross - target terminal; (c) open circle - control terminal activated by |0); (d) CNOT controlled
with the second qubit; (e) swap gate; (f) controlled-unitary gate, (g) Fredkin gate, (h) Toffoli gate.

Unlike projective or unitary operators, the formalism of quantum processes can de-
scribe operations that are not completely under control or involve randomness. This capa-
bility is useful for the description of nonideal gates that we construct in a laboratory.

A set of Kraus operators {E} } describes a map €, which transforms the input state p in
the following way:

e(p) = Y. ExpEj, (3.16)
k

with 3, BxEj < 1.

In this work, we use the alternative channel-state duality approach based on Choi-
Jamiotkovski isomorphism[113, 114]. This approach is equivalent to Kraus operators [B1].
A density matrix y of an entangled state represents a linear map.

For example, state

) =1 ® U)(|00) + [11)), (3.17)

represents a single-qubit unitary operation U. Fig. 3.5 (a) represents the experimental
interpretation. The described unitary operation U transforms the second part of the max-
imally entangled state. Note that we use a different normalization, where we omitted the
factor 1/4/2 on purpose. This is due to the input-output relation, which we will discuss a
bit later.

Measuring the first part of y with POVM p* causes the second part of y to collapse
into the output state p’ = UpU". Fig. 3.5 (b) depicts the situation schematically and shows
the similarity with quantum teleportation.

Ket |y) can only describe operations that do not introduce statistical mixing of the
states. Unitary operations and projectors onto a pure state are pure processes. A statistical
mixture of various | xi), ¥ = 2, Pil XXXkl with X} pi = 1, describes an impure process.
Then, the density matrix y represents the linear map that describes the process by mapping
the input states onto output states.

The generalization to multiple qubits and impure processes follows. Suppose that a
quantum process applies n-qubit operation Uy, with some probability p;. With a 2-n qubit
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Figure 3.5: Experimental interpretation of Choi’s formalism. a) Preparation of | ). The CNOT gate
turns input qubits into the maximally entangled state. b) Output generation. The first subsystem
of | x) is projected to p*, the phase-conjugated input state.

maximally entangled state
2n-1
[¥3,) = D, [bi) ® [bi), (3.18)
i=0

written in the concise notation (3.5), we define the Choi matrix

X =D P (lan ® U (W5, X% (1 @ Up)' (3.19)
k

which characterizes the operation.
The input-output relation for density matrices is

p'=Trl(e*®1) x] (3.20)

where Tr, is a partial trace over the first subsystem. The relation formally describes pro-
jecting the first subsystem of y to p*. In the case of deterministic operations, we require
Trp’ = 1 and this is the reason for the choice of normalization of n-qubit deterministic
processes to Try = 2". In various calculations, like comparing two processes by means of
their fidelity, we often normalize the process matrix to Try = 1 for convenience.

A map can decrease the trace,

1 > Tr(p) > Tr [e(p)] 2 0.

A trace-decreasing map describes a probabilistic quantum process, with the trace value
being the success probability. In the case of trace-decreasing processes, we usually trace-
normalize the output density matrix p’ again to ensure normalization Tr [e(p)] = 1, which
is often assumed in various other calculations.

With the Choi-Jamiotkovski approach, we can work with quantum processes the same
way as with quantum states. This ability is useful, for example, when comparing two
processes or when we need to quantify the purity of a process.

3.1.3 Two-photon interference

Two- and multi-qubit gates require interaction between the qubits. An underlying princi-
ple of how linear quantum optics achieve this interaction is a two-photon interference [39].
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Figure 3.6: Two-photon interference on a beam splitter. There are four possibilities of photon
propagation. The possibilities depicted in the left parenthesis destructively interfere in the case of
indistinguishable photons on a balanced beam splitter.

In this section, we describe this effect. We will apply it later in Section 3.2.3 to explain the
working principle of a two-qubit logic gate into detail.

Consider two indistinguishable photons, each entering one input port of a beam splitter
with transmittance T = tt*. The expression

%) = al b} [vac) (3.21)

describes the quantum state of the photons in front of the beam splitter in Fock basis,
where aiT and biT are the creation operators for each beam splitter’s input mode and |vac)
is the vacuum state. The beam splitter mixes the optical modes in the following way

al - alt—bir, (3.22)
b/ — bit* + air, (3.23)

where t and r are complex numbers and satisfy condition |¢|* + |r|> = 1. Following the
Heisenberg approach, we write the state at the beam splitter output as the transformed
operators applied on the vacuum state

b,y = [(alalrt — bIbI(rt)*) + (|t|* — |r|*) albl] [vac). (3.24)

The four terms represent four possible scenarios, depicted in Fig. 3.6, of how photons are
reflected or transmitted. Terms containing a’a or blb! represent the scenarios in which
both photons leave together through a single output port. The term containing a}b] rep-
resents the scenario in which each photon leaves the beam splitter separately via its own
output port. Remarkably, the scenarios interfere. Factor (|¢|* — |r|?) alb] is the probability
amplitude for both photons leaving the beam splitter separately and it can vanish when
the beam splitter is balanced (|t|*> = |r|?). In the case of |t|> < |r|?, the factor |t]* — |r|?
is negative and we interpret it as a 7-phase shift. This phase shift is essential for our
implementation of two-qubit quantum gates, which we discuss in detail in Section 3.2.3.

To observe the destructive two-photon interference experimentally, we realize coinci-
dence basis measurements. We place a single-photon detector into each output port of the
beam splitter and connect their signal to a classical AND logic gate. The event counter is
connected to the output of the AND gate and registers the simulta