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Abstrakt 
 
Tato práce se zabývá úvodem do problematiky numerického modelování reálného případu. 
Pro metodu hraničních prvků uvádí základní výhody a nevýhody a řeší problém hraničních 
integrálních rovnic pro jednorozměrný případ pružnosti a pevnosti. Takto získané výsledky 
pro rovnici průhybové čáry jsou porovnány s platnými přístupy pružnosti a pevnosti.  
 
Klí čová slova: Metoda hraničních prvků, Maxwell-Mohrova varianta  
Castiglianovy věty, diferenciální rovnice ohybové čáry 
 
 
 
 
 
Abstract 
 
In this work the introduction to numerical modelling of real system is described. For 
Boundary Element Method (BEM) show it basic advantages and disadvantages and solves 
problem boundary integral equations for 1-D case. Solutions elastic line are compared with 
solutions from elasticity and stability. 
 
Key words: Boundary Element Method, Maxwell-Mohr version of Castigliano’s method, 
elastic line diferencial equation 
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e(x) := ûL(x) + û(x)− x. MXN

Y



 !" #$%&'(&) '&*+,$-.&) $/0&'1+ 2$/ 345 26)2%7 7'8+$+&1'-.&) $/0&'1+

 !"!# $%&!' ()*+,+ -+.'! /0#(1", 2034'$4562 '4!+70%14562 0#84'6 /0# 9+*4#0#:,;04< /-5/3*

/0)=4#&!' 3 /+84#&!'> !9? /0# /-5/3* #2@() /-5,"2# /0)!) & 0A:4<,' /-+*+/&34<,' #B039#8<,'

/#*,54B3,'? C#84'6+ /0A2@(#8" $%0@ !034&D#0,)9+,+ 43 2034'$45 '4!+70%145 0#84'6' 8+ &,@&1)

 !"#$% &'(!)*+, -!./$01?

C#84'6+ /0A2@(#8" $%0@ 9+ #(@$+94#) *'D+0+46'%145 0#84'65 $!80!"2# -%*) 4+:4%,+ D)4B6+

w> B!+0% 62303B!+0':)9+ /0A2@( /0)!) 8 ,5&!; x ∈ [0, l], B*+ l 9+ *"1B3 /0)!)? E+95 /-+8+*+45 43

2034'$45 /0#(1", /0#8+*+,+ /#,#65 $!@-4%&#(4" '4!+7036+ ,+!#*#) /+0F/30!+&> $5,= &+ &!)/+G

*+0'836+ D)4B6+ w &45=5 43 4)1)?  <&1+*B+, ()*+ '4!+70%1 1'4'#8"2# :3!5=+45 3 &"0'+ 2034'$4562

2#*4#! '4!+70%1A> 8+ B!+0<62 ()*#) 8@&!)/#83! 0A:4" &!)/4; *+0'8365 8%2#8" D)4B6+ δw? E3B#

8%2#8% D)4B6+ δw :8#15,+ D)*3,+4!%145 -+.+45> $5,= *#9*+ B +1','436' 4+:4%,<62 43 4+:4%,"

2034'$45 2#*4#!@ /0A2@()> 43!#$+45 /-5/? 84'!-4562 H$'4BA?

I3.5, 651+, ()*+ !+*@ 431":! /0A2@(#8#) $%0) /-5,"2# /0)!)> B!+0% 9+ /-+*+/&%43 43

'4!+0831) x ∈ [0, l] 0#84'65

EJw(iv) = q, JKL

B*+ E 9+ M#)47A8 ,#*)1 /0)=4#&!'> J 9+ B83*03!'6B< ,#,+4! /0A-+:) /0)!) 3 q 9+ /0A(;2

1'4'#8"2# :3!5=+45 /#*"1 /0)!)? I3 2034'6' /0)!)> !9? 43 9+2# B#46562 x = 0, l> ()*#) /-+*+/&%4@

2#*4#!@ /0A2@() /0)!) w0> wl> 2#*4#!@ 43!#$+45 w′0 = −θ0> w′l = −θl> 2#*4#!@ ,#,+4!A

EJw′′0 = −M0> EJw′′l = −Ml> /-5/? 2#*4#!@ /#&#)83956562 &'1 EJw′′′0 = −T0> EJw′′′l = −Tl?

N0845, B0#B+, 93B /-+8+*+, #(@$+94#) *'D+0+46'%145 0#84'6' JKL 43 '4!+70%145 0#84'6' 9+>

=+ 9' O8%=5,+P !+&!#8365 D)4B65 δw

ˆ l

0

(

EJw(iv) − q
)

δw dx = 0. JQL

R!@-4%&#(4#) '4!+70365 0#84'6+ JQL ,+!#*#) /+0F/30!+& J

´

f ′gdx = [fg]−
´

fg′dxL /#&!)/4;

*#&!34+,+

−EJ

ˆ l

0

w′′′δw′dx−

ˆ l

0

qδw dx− Tlδwl + T0δw0 = 0, JSL

EJ

ˆ l

0

w′′δw′′dx−

ˆ l

0

qδw dx− Tlδwl + T0δw0 −Mlδθl + M0δθ0 = 0, JTL

−EJ

ˆ l

0

w′δw′′′dx−

ˆ l

0

qδw dx− Tlδwl + T0δw0−Mlδθl + M0δθ0 + θlδMl − θ0δM0 = 0, JUVL
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dx3
= −

1

2
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.  !>#

$%&%'( )*+',-%  !.# '%'( '?5'@ */%A*+B5 147'C/, *=)BD*+C/, 2*7/('=B/, B A E%*/%5),-=@F*

F6%7,3=B *72*+(74 2)?5? '%=*'%G'@ 7@6=H I*7*+8 AB5(1%'@F* D%7'*5=*+*? 3,6*? + I*78 ξJ

 !"#$%&' K*?LB7',-% x B ξ D% /*1'@ +% +A5BA(-F  !9#M !<# AB/8',5N 5DJ + 6,'%4)'(/ 2)*I6@/?

D% *7%A+B + I*78 x *7 D%7'*5=*+@ 3(6H 203*I(-( + I*78 ξ )*+'B *7%A+8 + I*78 ξ *7 D%7'*5=*+@

3,6H 203*I(-( + I*78 xN +,AJ  !""#$% &'"( O!PN O.PJ

Q*3BA%'(/  !.# 7* 2)+'(F* ,'5%E)46? +  !!# 3% 7*35B'%

EJ

ˆ l

0

wδw(iv)dx =

ˆ l

0
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δw0 = δw(0, ξ) =
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1

4EJ
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+Tl(l− ξ)3 − T0ξ
3 − 3Ml(l− ξ)2 − 3M0ξ
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2 + 6Ml(l − ξ)− 6M0ξ − 6EJθl − 6EJθ0,  HI#

12EJw′′(ξ) = −12M(ξ) =

ˆ l

0
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=
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(
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+
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−
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+
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N1(x) = 0; T1(x) = −Tl; Mo1(x) = Tl (l − x) KLMN

N2(x) = 0; T2(x) = F − Tl; Mo2(x) = Tl(l − x)− F (x0 − x) KLON

#134 ?;#4$4 ;0+6"0+* $+3. #4P"/$+-4 *B&C w′2(x) ≪ 15 *+'64 #,P4/4&-,13&, /"0&,-, "2(?"0.
<1/( $H64$4 !)1* 04 *0+/;

w′′(x) = −
Mo(x)

EJ(x)
. KLQN

IB234#4$ ' !/H?>2; Mo(x) !"#.3 )*@4#&,-45 $;)%$4 !@, @4A4&% #4P"/$+<&%-2 -2+/+'*4/,)*,'
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#,P4/4&-,13&% /"0&,-, !/H2(?"0. <1/(

Iw′′(x)EJy = −Tll + Tlx KERN

IIw′′(x)EJy = −Tll + Tlx + Fx0 − Fx KE9N

,&*4S/+-% /"0&,- KERN + KE9N "?#/6%$4 &48!/04 !/H?>2 723; &+*"<4&% )*@4#&,-4

Iw′(x)EJy = −Tllx +
Tlx

2

2
+ C1 KETN

IIw′(x)EJy = −Tllx +
Tlx

2

2
+ Fx0x−

Fx2

2
+ C2 KEUN

#+3A% ,&*4S/+-% /"0&,- KETNVKEUN B%)'1$4 /"0&,-4 "2(?"0. <1/( 0 84#&"*3,0=-2 ,&*4/0+34-2 I1, I2.

Iw(x)EJy = −
Tllx

2

2
+

Tlx
3

6
+ C1x + C3 KELN

IIw(x)EJy = −
Tllx

2

2
+

Tlx
3

6
+

Fx0x
2

2
−

Fx3

6
+ C2x + C4. KEEN

W&*4S/+<&% '"&)*+&*( C1 ÷ C4 ;/<%$4G

• B 0+B?"0=-2 !"#$%&4' !/;*;

x = 0 IIw(0) = 0→ C4 = 0 KEXN

x = l Iw(l) = 0 → C3 =
Tll

3

3
− C1l KEMN
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x = x0
Iw′(x0) = IIw′(x0) → C1 =

Tll
2

3
+

Fx3
0

6l
89:;

x = x0
Iw(x0) = IIw(x0) → C2 =

Tll
2

3
+ F

(

x3
0

6l
−

x2
0

2

)
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!" #")- '&% 0"4&+=' 89:; #" 89>; #"),-&'$' +&,'?0-6&% ("&),-&,@ C3

C3 = −
Fx3

0

6
8AB;

42!"6,'&5 +&,'?0-6&% ("&),-&,2 C1 ÷ C4 #")-#%$' #" 4 ,-.1 89C; - 899;

Iw(x)EJy = Tl

(

x3 − 3lx2 + 2l2x

6

)

+ F

(

x3
0x

6l
−

x3
0

6

)

8AD;

IIw(x)EJy = Tl

(

x3 − 3lx2 + 2l2x

6

)
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(

x3
0x
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−

x2
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2
+

x0x
2

2
−

x3
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0"4&+=+ ".23"45 6702 !0" *'#&",/+45 +&,'04-/2

Iw(x) =
F

EJy

(

−
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0x
3
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−
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0x

2
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+

x3
0x

2

4l2
+

x2
0x

3

4l2
+

x2
0x

2
−

x3
0

6

)

8AI;
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−
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0x
3
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−

3x2
0x

2
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+

x3
0x

2
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+
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0x

3
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+

x0x
2

2
−
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J !K%!-#L ,"."," !0@,@ *' !K'#'!)7&" 4&L*M%  -,%N'&% q(x) = Fδ(x− x0) - "(0-*"45 !"#$%&(2

w0 = wl = θ0 = Ml = 0O F' &7$5 !-0-$',02 *)"@ .0-&+6&% ."#&",2 M0H T0H θl - TlO P"@),-4-

0"4&+= 8II;Q8IA; $7 ,'#2 ,4-0

−Fx3
0 = Tll

3 + 6EJθll, 8A9;

F (x0 − l)3 = −T0l
3 − 3M0l

2, 8AA;

−3Fx2
0 = −3Tll

2 − 6EJyθl, 8A>;

3F (x0 − l)2 = −3T0l
2 − 6M0l + 6EJyθl. 8A:;

R"4&+=' 8A9;Q8A:; ,4"K% )"@),-4@ 6,2K 0"4&+= " 6,2K'=. &' &7$G=.H

T0 Tl M0 θl q

0 l3 0 6EJy −Fx3
0

−l3 0 −3l2 0 F (x0 − l)3

0 −3l2 0 −6Ejy −3Fx2
0

−3l2 0 −6l 6EJy 3F (x2
0 − l)

2
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1$!' M0; T0; θl - Tl<

T0 =
−F (21x2

0l − x3
0 − 24x0l

2 + 10l3)

2l3
=>?@

Tl =
Fx2

0 (3l + x0)

2l3
=AB@

M0 =
F (9x2

0l − x3
0 − 10x0l

2 + 4l3)

2l2
=AC@

θl =
−Fx2

0 (l + x0)

4lEJy

. =AD@

E !$+!$ $ -+F0 % +GF"+" 8#-1021* 8$31$!' =>?@H=AD@ 3$.-30! 3$ #$&10I" 7#G8'J% 7#%!% =D?@

- 3$.!6&6+" (")"1* & $J"I19+ J$3K ξ

w (ξ) =
F

EJy

(

−
1

2
x2

0ξ +
3

2
x0ξ

2 +
1

3
ξ3 −

x3
0

12
+

x3
0ξ

4l
−

3x2
0ξ

2

4l
+

3x2
0ξ

3

4l2
−

x0ξ
3

l
−

lξ2

2

)

.
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