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UVOD

Moje diplomova prace je zaméfena na moznosti vyuziti metody CLIL
ve vyuce matematiky na stiedni Skole. Tato metoda se v soucasné dobé¢ stava stale
populdrnéjsi ve vyuce jak humanitnich, tak i pfirodovédnych pfedméti. V piipade,
ze se rozhodneme do vyuky matematiky zminénou metodu zaclenit, budeme celit

vyzvé, jaké materidly zvolit. To bylo motivaci k napsani této prace.

Cilem prace je vytvofit text, ktery bude mozné vyuzit v anglické vyuce
matematiky na stiedni Skole ¢i gymnaziu, které se fidi Ceskym RVP. Zaméftila jsem
se prevazné na kapitoly, které Zzaci jiz znaji ze zdékladni Skoly a které se
ve stfedoSkolské matematice pouze roz§ifuji o nové poznatky. Vybér kapitol byl
také ¢asteCné ovlivnén studijnim programem English for the Future na Gymnaziu

Jittho Wolkera v Prostéjové, proto je zatazena i kapitola komplexnich ¢isel.

V prvni ¢asti prace jsou uvedeny zakladni informace o metod¢ CLIL a jejim
vyuziti ve vyuce matematiky. V druhé ¢asti jsou pak zpracovany jednotlivé vybrané
kapitoly pro vyuku v anglicting v¢etné feSenych piikladl. Pfilohy obsahuji k témto

kapitolam slovnicky a pracovni listy v€etné feSeni.



1 Metoda CLIL

1.1 Pojem CLIL
Zkratka CLIL pochazi z anglického Content and Language Integrated

Learning. Jde tedy o metodu, kdy se nejazykovy predmét vyucuje v cizim jazyce
(nejéast&ji v angliéting, co je i nas piipad). Zaci si tak rozviji slovni zasobu ciziho
jazyka v nekteré konkrétni odborné oblasti.

Pojem CLIL se zacal uzivat od roku 1994, byl urcen pro popis metod vyuky
odbornych predmétl v cizim jazyce. Pojeti tohoto oznaceni se dale vyvijelo
a v soucasné dobé je specifickym typem vyuky integrujicim postupy didaktiky

ciziho jazyka a didaktiky nejazykového vyucovaciho predmétu.!
1.2 Formy CLILu

Specifickym rysem vyuky metodou CLIL je stanoveni tzv. dudlnich cild,
ucitel si tedy stanovi cil jak obsahovy, tak i jazykovy. Cile by mély byt vyvazené,
v zavislosti na formé CLILu se fidi vzajemné podiizovani téchto dvou cil.

RozliSujeme dvé formy CLILu, tzv. soft CLIL a hard CLIL. U soft CLILu
ucitel vybird tematicky celek ¢i jeho Cast nejazykového predmétu s ohledem
na jazykové cile. Oproti tomu hard CLIL je zaméfeny na obsah nejazykového
pfedmétu, vzdélavaci program ¢i jeho cast je ve vybranych nejazykovych
pfedmétech planovan v cizim jazyce. V tomto piipadé se jazykové cile podiizuji
cilim obsahovym.

1.3 Pozadavky na ucditele

Idealnimi kandidaty na vyuku metodou CLIL jsou ucitelé s aprobaci v cizim

jazyce a v nejazykovém predmétu. V praxi vSak cast€ji tuto metodu vyuzivaji

ucitelé nejazykovych predméti s velmi dobrou znalosti ciziho jazyka. Pfedevsim

' CLIL ve vyuce: Jak zapojit cizi jazyky do vyucovani. NUV [online]. Praha:
NUYV, 2012 [cit. 2021-4-27]. Dostupné A
http://www.nuv.cz/uploads/Publikace/CLIL ve vyuce.pdf
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u hard CLILu mize byt misto aprobace z ciziho jazyka vyzadovéana jind forma
dolozeni jeho znalosti, a to naptiklad mezinarodni jazykovou zkousSkou. Tito ucitelé
kladou diiraz pfedevs§im na cile obsahové.

Vyuku mohou realizovat také ucitelé cizich jazyki, kteti v ramci své vyuky
vyberou tematickou oblast, jiz se budou vénovat. V tomto pifipadé vSak vyuku
podtizuji jazykovym cilim.

1.4 Vyhody a nevyhody CLILu

Jednou z vyhod vyuziti metody CLIL ve vyuce je bezesporu rozsifeni slovni
zésoby v oblastech humanitnich & pfirodovédnych predméti. Zaci se naugi
pracovat sredlnymi informacemi a zvySuji svoje komunikativni kompetence
v cizim jazyce. Pro zaky je pouziti této metody také ptinosem do budoucna, a to jak
pro studium na zahrani¢nich vysokych skolach, tak pfi uplatnéni na trhu prace.

Vyuziti této metody také klade vyS$si naroky na Zzaky i ucitele, coz vede
ke zvySovani jejich profesni kvalifikace. Tato metoda mtlize byt pozitivné pfijata
jazykové nadanymi zaky, pfipadné muize motivovat zaky s nezdjmem o dany
pfedmét k jeho studiu.

Naopak nevyhodou této metody muze byt nedostate¢na jazykova
vybavenost zaki pfedevSsim na Skolach, kde neni jazykovd vyuka posilena.
Na stejny problém mizeme narazit také u pedagogl. Vyucujici nejazykovych
predméti nemusi mit vzdy dostatecnou jazykovou vybavu, aby byli schopni v cizim
jazyce vyucovat. Naopak vyucujici s aprobaci v cizim jazyce nemusi mit dostatecné
odborné znalosti pro vyuku nejazykového predmétu.

Ptiprava vyuky metodou CLIL je velmi naro¢na at’ uz z hlediska ¢asu, tak
z hlediska studijnich materialti a nasledného hodnoceni zakt. Pokud neni zavedeni
CLILu dostatecné systematicky naplanovano, mize byt vyuka chaoticka a pro zaky

naopak nepiinosna.
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2 CLIL v matematice

N 24

Zpravidla byva zaky oznacovana za nejmén¢ oblibeny a velmi narocny predmét,
coz neni pro uditele piizniva startovni situace. Spravné¢ zavedend metoda CLIL vsak
muze alespon ¢ast zakl presveédcEit, aby matematiku vzali na milost.

Pti ptipravé vyuky metodou CLIL je prvnim problémem, na ktery narazime,
vybér materialtl. Ceské uéebnice matematiky s dolozkou MSMT, které se b&zné
na stfednich Skolach a gymnaziich pouzivaji, nemaji bézné cizojazycny ekvivalent.

Nabizi se otdzka, zda je mozné vyuzit uebnice pouzivané v zahranic¢i. Tato
cesta vSak neni vhodna, jelikoz vzdélavaci programy riznych zemi se lisi. Zv1aste
v pfipadech, kdy vyucujeme matematiku Cesky a v daném tématu zatfadime jen Cést
vyuky v cizim jazyce, by pfechod mezi uebnicemi plisobil zbyte¢né zmatky. Tyto
cizojazy¢né ucebnice by tedy mél vyuzivat spiSe vyucujici pro ptipravu vlastnich
materiali, které budou vyhovovat jeho cilim a vzdélavacimu programu dané Skoly.
Ptiprava téchto materiala je tedy velmi ¢asoveé narocna.

Vyuka musi byt také peclivé pldnovéana z hlediska témat, kterd zafadime
v cizim jazyce. Vhodné je zatazovat takova témata, kterd jsou ze zkuSenosti
pro zaky snaz$i a kterd se ¢asteCné probiraji na zakladni Skole a ve stiedoskolské

Z téchto diivodi vznikla tato diplomova prace, ve které jsou vytvoreny texty
nékterych kapitol sttedoSkolské matematiky v anglicting tak, aby odpovidaly vyuce
podle ceskych ucebnic ztady Matematika pro gymndzia od nakladatelstvi
Prometheus. Zdmérem bylo vytvofeni textl, které bude mozno vyuzit ve vyuce
matematiky sext a septim v programu English for the Future na Gymnéziu Jitiho

Wolkera v Prostéjové.
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3  Equations and Inequalities (Rovnice a nerovnice)

Kapitola rovnice a nerovnice je zafazovana na pocatek stfedoskolské

matematiky, a to za zopakovani a rozvinuti zakladnich matematickych poznatkd.

Jelikoz se zZaci s feSenim nékterych typi rovnic a nerovnic setkali jiz na zakladni

Skole, je toto téma vhodnym kandidatem pro vyuziti metody CLIL.

3.1 Linear Equations (Linearni rovnice)

Nejprve vyslovime definici.

Definition 3.1. A linear equation in one variable is an equation that can

be written in the form
ax+b=0

where a and b are real numbers, with a # 0.

z Y2

A déle uvedeme, kdy je dané Cislo feSenim rovnice.

o

Za

O

A number is said to satisfy an equation if substituting the number
for the variable produces an equation that is a true statement.

To solve an equation means to find all values of the variable that satisfy
the equation.

The values that make the equation true are called solutions or roots of
the equation.

The solution set of an equation is the set of all solutions of the equation.
We usually use capitals (K, P, M...) to mark the solution set

of an equation.

ci také jiz ze zakladni Skoly znaji ekvivalentni dpravy rovnic.

Equivalent equations have the same solution set. The process
of solving an equation is generally accomplished by producing simpler
but equivalent equations until the solutions are easy to observe.

We often apply Addition and Multiplication Properties of Equality:

=  For real numbers a, b, and c,a=b and a+c = b + ¢ are
equivalent equations.

» [Ifc # 0,then a = b and ac = bc are equivalent equations.

13



Pri feseni linedarnich rovnic obsahujicich zlomky vyuZzivame zZaktm jiz také
dobre zndmy NSN (nejmensi spolecny nasobek jmenovateli).

o If an equation involves fractions, it is convenient to multiply each
side of the equation by the LCD (lowest common denominator)
of all the denominators to produce an equivalent equation that does
not contain fractions.

Uvedme nyni feSeni n&kterych linedrnich rovnic pomoci ekvivalentnich

uprav.
Example 3.1.  Solve the equation zx —10=0.

Solution: To isolate the x term on the left side of the equation, add

10 to each side of the equation.
5
gx—10+10=0+10
S 10
6"~

To get the variable x alone on the left side of the equation,

multiply each side by g (the reciprocal of Z).

65 _6 .
5675
x =12

Check by substituting 12 for x in the original equation.
5
L(12):€-12—10=10—10=O

P(12) =0
L(12) = P(12)
which is a true statement. The proposed solution, 12,

satisfies the original equation. The solution set is

K ={12}.

14



Example 3.2.  Solve the equation %x +6— gx = %.

Solution: Multiply each side of the equation by the LCD of all

denominators, which is 12.

2 Cri6 i) =122
<4x sx)_ 6

9x + 72 —8x =50
Combine like terms on each side of equation.
x+72=50
To get the variable x alone on the left side of the equation,
use the addition property of equality to add —72 to each
side of the equation. Subtracting 72 is equivalent
to adding —72.
x+72—-72=50-72
x =22

It is not necessary to check the solution as we used
properties of equality and equivalent equations have
the same solution set. The solution set of this equation is

K = {22}.

3.2 Linear Inequalities (Linearni nerovnice)

Definice linearni nerovnice je obdobnd definici linedrni rovnice, kde
znaménko rovnosti zaménime za znaménko nerovnosti.
Definition 3.2. A linear inequality in one variable is an inequality that can
be written in one of the forms
ax+b >0, ax+b <O,
ax+b =0, ax+b <0,

where a and b are real numbers, with a # 0.

15



Pri feSeni linedrnich nerovnic opét vyuzivame ekvivalentni upravy, na rozdil

od rovnic vSak nyni musime brat ohled na polaritu ¢isla, jimz obé€ strany nerovnice

nasobime.

To solve linear inequalities, we use Properties of Inequalities:

o Adding the same number to each side of an inequality preserves

the order of the inequality.

o Multiplying each side of an inequality by the same positive number

preserves the order of the inequality.

o Multiplying each side of an inequality by the same negative number

reverses the order of the inequality.

Example 3.3.

Solution:

Example 34.

Solution:

Solve the inequality 3(x — 2) = x + 10.
Use the distributive property on the left side of the
inequality.
3x—6=x+10
Subtract x from each side of the inequality.
3x—6—x=2x+10—x
2x —6 =10
Add 6 to each side of the inequality.
2x—6+6=10+6
2x =16
Multiply each side by the reciprocal of 2.

1 1
5 2x = > 16
x=38
Thus, the original inequality is true for all real numbers

greater than or equal to 8. The solution set is < 8; 00).

Solve the inequality 5x — 12 > 8x + 7.
Add —8x and 12 to each side of the inequality.
5x—12—-8x+12>8x+7—8x + 12

16



—3x>19
Divide each side of the inequality by —3 and reverse

the inequality symbol.

19
X7

) ) 19
The solution set is (—oo ; ?).

3.3 Quadratic Equations (Kvadratické rovnice)

Definition 3.3. A quadratic equation in one variable is an equation that
can be written in the standard quadratic form
ax?+bx+c=0
where a, b and c are real numbers with a # 0.
Names of the coefficients: a is called quadratic coefficient, b linear

coefficient and c is called constant or free term.

Pri reSeni kvadratickych rovnic opét pouzivame ekvivalentni upravy, jak
byly uvedeny v kapitolach o linearnich rovnicich a nerovnicich. V pripadé€ neuplné
kvadratické rovnice jsou tyto upravy spolecné s druhou odmocninou postacujici
k vyfeSeni dané rovnice, pro normovanou kvadratickou rovnici miZeme pouZit
Vietovy vztahy a v nejobecnéjSim ptipad¢ kvadratické rovnice vyuZijeme vzorec
pro vypocet kofent.

3.3.1 Incomplete Quadratic Equations (Neuplné kvadratické rovnice)

A quadratic equation with ¢ =0 is an equation written in the form
ax? + bx = 0 with a # 0, it is a quadratic equation with no constant term.

To solve this type of equation we factor out the variable x and get

x(ax + b) = 0. Using Zero Product Property we can see that one root is always

zero, x; = 0, and we get the second root solving ax + b = 0. This is a linear

. . . b
equation with solution x, = — "
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A quadratic equation with b =0 is an equation written in the form
ax? + ¢ = 0 with a # 0, it is a quadratic equation with no linear term (or pure
quadratic equation).

This equation is equivalent to x? = —2. We can establish —2 = d. Now

there are two possibilities:
o Ifd < 0, then the equation has no roots in real numbers.
o Ifd = 0, then the equation has two roots, x; = —d, X, = Vd.
If b=c =0 then the quadratic equation ax? = 0 has single root
because x; = x, = 0. This root is called double root.

Example 3.5.  Solve the equation 25x% — 9 = 0.

Solution: Use properties of equality.
9
2 —
T

The number on the right side of the equation is greater

than zero which means the equation has two roots,

X, =— %, X, = % The solution set is K = {i %}
Example 3.6.  Solve the equation 4x? = —11x.
Solution: Use properties of equality and factor out the variable x.
x(4x+11) =0
One root is x; =0. For the second root solve
4x + 11 = 0 using properties of equality.

11

x2: 4

The solution set is K = {— %; O}.
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3.3.2 The Quadratic Formula (Vzorec pro vypocet koienti obecné
kvadratické rovnice)

We use quadratic formula to find roots of general quadratic equations
ax? + bc + ¢ = 0 witha # 0.
Ifax? + bc+c=0,a # 0, then

—b ¥ Vb? — 4ac
xl'z == Za .

The expression b? —4ac =D in the quadratic formula is called
discriminant, its sign determines the number of roots in real numbers.
o If D > 0, then the quadratic equation has two distinct real roots.
o If D = 0, then the quadratic equation has a real root that is a double
root.
o If D < 0, then the quadratic equation has no real root (it has two
nonreal complex roots).
Example 3.7.  Solve the equation 3x = 4 — 2x2.
Solution: First write the equation in the standard quadratic form.
2x2+3x—4=0
Substitute in the quadratic formula.
-3+V9+32 —-3++V41

4 4

—31;\/5}‘

X1,2 =

The solution set is K = {

3.3.3 Vieta’s Formulas (Vietovy vztahy)

If we divide each side of a quadratic equation by the coefficient a and
establish S =p, 2 = ¢, we get an equation x2 + px + q = 0 with roots x; and x,.
Then:

o  The sum of the roots x; + x, = —p.

o The product of the roots x;x, = q.
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34

Absolute Value Equations (Rovnice s absolutni hodnotou)

Definition 3.4. The absolute value of a real number x, denoted |x|, is
the non-negative value of x without regard to its sign.
|x| = x if x is positive or zero and |x| = —x if x is
negative.

If a, b are real numbers, then:

o |al =0,
o la| =|-al,
o |ab| = |allbl,

a

b

—ladirp =0,
o]

Absolute value |a| of a real number a is the distance between the number a

and 0 on the real number line. Absolute value |a — b| = |b — a| is the distance

of a real number line between the graph of a and the graph of b.

Pii vykladu tohoto uciva je vhodné postup feseni demonstrovat pfimo

na konkrétnim prikladu, jelikoZ obecné reSeni rovnice s absolutni hodnotou by

nebylo dostate¢né ndzorné. Uvedme tedy opét feseny piiklad.

Example 3.8.  Solve the equation |x — 1| + 2x = 4.

Solution: To wuse Definition 3.4 we need to know, when
the expression in absolute value is negative and when is
positive or zero.

x—1<0forx € (—o0;1)

x—12=0forx € (1;)
Solve the equation for x € (—o0; 1): use Definition 3.4
for absolute value.

—x+1+2x=4

x=3
Check if the solution belongs to the interval.
3¢ (—;1)

The equation has no root in this interval.
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Make the same steps for x € (1; ).
x—1+2x =4

The solution set is K = {g}
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4  Functions (Funkce)

Kapitola funkce nasleduje po kapitole rovnice a nerovnice (bezprostredné ¢i

s odmlkou v podobé€ jiného tématu). Pokud jsme tedy jiz metodu CLIL vyuZili

Ve vyuce rovnic a nerovnic, prirozené se nabizi jeji vyuZiti 1 v u¢ivu o funkcich,

jelikoz vyuZzijeme terminologii, se kterou jsme zdky jiz drfive seznamili.

Samoziejmé predchozi zavedeni anglické terminologie neni podminkou.

4.1 Introduction to Functions (ﬁvod k funkcim)

Zacneme definici funkce.

Definition 4.1. A function f from a set D to a set R is a correspondence,

or rule, that pairs each element of D with exactly one
element of R. The set D is called the domain of f, and

the set R is called the range of f.

A dale uvedeme vysvétleni pojm, které se v definici vyskytuji.

o

The domain of a function is the complete set of possible values of the
independent variable.

The range of a function is the complete set of all possible resulting
values of the dependent variable after we have substituted the domain.
Functions are denoted by letters of a combination of letter, such as
f,g orlog.

If x, is an element of the domain of a function f, then f(x;), read “f
of x,,” is the element in the range of f that is associated with x,, written
f(x0) = yo.

The process of determining the value of f(x) is called evaluating the

function f at x.
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Example 4.1.

Solution:

For the function f defined by f(x)=x%—2x+ 3,
evaluate f(—1), f(3), f(5), f(10).

To evaluate the function we substitute the independent

variable with given values from the domain.

fF(-1D)=(-1)2—-2(-1)+3=1+2+3=6
f(3)=32-2-3+3=9-6+3=6
f(5)=52-2-5+3=25-10+3 =18
£(10) =102 —2-10+3 = 100 — 20 + 3 = 83

Example 4.2.

Solution:

b)

Identify which of the following equations define y as
a function of x:

a) 4y?+8x =16,

b) 3y +7x3+9 = 2x,

c) x+2y==6.

To identify which equation define y as a function of x we
need to get the dependent variable y alone on the left side

of the equation.

4y? = 16 — 8x
y?=4-2x
y=+V4d—2x

The right side of the equation is +v/4 — 2x. That means it
produces two different values for each value of x.
Therefore, according to Definition 4.1, this equation does
not define y as a function of x.

3y =2x—7x3-9

y = gx — §x3 -3

The right side of the equation is gx — §x3 — 3 which is
a unique real number for each value of x. Therefore, this

equation defines y as a function of x.

23



Because the right side of the equation, 3 — g, is a unique

real number for each value of x, this equation defines y as

a function of x.

4.2 Graphs of Functions (Graf funkce)
Definition 4.2. The graph of a function f in the coordinate plane Oxy is
the set of all points X[x, f(x)] where x is an element

in the domain of f.

Jelikoz jsme funkci v kapitole 4.1 definovali jako predpis, ktery pfifazuje
kazdému x z defini¢niho oboru funkce pfifazuje pravé jedno y = f(x) z oboru
hodnot, uvedeme také pravidlo, jak poznat, zda je dany graf grafem funkce.

V anglictiné jej vyjadfuje tzv. The Vertical Line Test for Functions.

Theorem 4.3. A graph is the graph of a function if and only if no

vertical line intersects the graph at more than one point.
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Example 4.3. Use the Vertical Line Test to find out which

of the following graphs are graphs of functions.

a)

b)

25



Solution:

Example 4.4.

The graph a) is the graph of a function because every
vertical line intersects the graph in at most one point.

The graph b) is not the graph of a function since we can
find some vertical lines which intersect the graph in more
than one point.

The graph c) is the graph of a constant function which is
a special type of a function (we are talking about this

function later in part 4.3).

Determine the domain and the range of the function with

the following graph:

y
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Solution:

Example 4.5.

Solution:

The domain 1is the set of all possible values
of the independent variable x. That means we read
the values on the axis x. An empty point means the value
is not an element of the domain, a full point,
on the contrary, means the value is an element
of the domain. The domain of the function is
x € (—4;0) U (1;5).

The range is the set of all possible resulting values of the
dependent variable after we have substituted the domain.
That means we read the values on the axis y. The range
of the function is y € (—2; 3)

-3

Determine the domain of the function f:y = z:

The domain is the set of all possible values that we can
substitute x for. As for the given function f, it contains
a fraction. We know that the denominator cannot be equal
to zero which means:
x+2+0
x + =2
The only value we cannot substitute x for is —2. Then

the domain of the function is D(f) = R\{—2}.

4.3 Linear Function (Linearni funkce)

Definition 4 .4.

A linear function is a function that can by represented by
an equation of the form
y=ax+b

where a and b are real constants.
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A special type of linear functions is a linear function with a =0, i.e.,
represented by an equation of the form

y=>b

that is called a constant function.

A linear function with b = 0 is called direct proportion and is represented
in the form

y = ax.

The graph of a linear function is a nonvertical straight line, the graph
of a constant function is a horizontal line, the graph of a direct proportion is
a nonvertical straight line including the point 0[0; 0].

The other way around, every nonvertical straight line is the graph of a linear

function.

4.3.1 Increasing and Decreasing Function (Rostouci a Kklesajici funkce)
Nejprve definujeme funkci rostouci a klesajici na celém defini¢nim oboru:
Definition 4.5. If a and b are elements of the domain of a function f, then

f is increasing on D(f) if f(a) < f(b) whenever a < b,
f is decreasing on D(f) if f(a) > f(b) whenever a < b.
A déle definujeme funkci rostouci a klesajici na intervalu:
Definition 4.6. If a and b are elements of an interval I that is a subset
of the domain of a function f, then
f is increasing on [ if f(a) < f(b) whenever a < b,
f is decreasing on [ if f(a) > f(b) whenever a < b.
V souvislosti s funkci klesajici a rostouci definujeme také funkci prostou:
Definition 4.7. A function f is a one-to-one function if no two elements
of the domain of the function correspond to the same
element of the range of the function.
This means that for every value of x, we get a unique value of y = f(x).
Pravidlo, které urcuje, zda je funkce prostd, se v anglictin€é nazyva

The Horizontal Line Test.
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Theorem 4.8.

If any horizontal line intersects the graph of a function
at most once, then the graph is the graph of a one-to-one

function.

4.3.2 Properties of Linear Functions (Vlastnosti linearnich funkci)

U linedrnich funkci miZeme snadno urcit, zda je funkce rostouci ¢i klesajici

na celém svém definiénim oboru v zavislosti na koeficientu a.

Theorem 4.9.

A linear functiony = ax + b
is increasing if a > 0,
is decreasing if a < 0,

is not a one-to-one function if a = 0.

Pro smérnici pfimky v grafu linearni funkce plati:

Theorem 4.10.

Example 4.6.

Solution:

The slope a of the line passing through the points
P;[x1; y1] and P,[x,; y,] with x; # x; is given by

fl) — fC)

Xy — X1

Sketch the graph of the function f:y = 2x + 2.

To sketch the graph of a linear function we need to know
at least two points of the graph. The first step is to make
a table with chosen values of the independent variable x

and determined values of the dependent variable f(x):

x| 01
yi2|4

Since we know the graph of a linear function is a line
and to draw a line two points are sufficient, we can sketch

the graph in the coordinate plane:
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Example 4.7.

Solution:

Decide whether the following functions are increasing

or decreasing:

a) fiiy=2x-3,

b) f:y=-9x +4,

c) fi3ry=-—4

Use Theorem 4.9.

a) a > 0 means the function f; is increasing,

b) a < 0 means the function f, is decreasing,

¢) a = 0 means the function f3 is a constant function.
This type of function is neither increasing nor

decreasing, it is not a one-to-one function.
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4.4

Quadratic Functions (Kvadratické funkce)

Definition 4.11. A quadratic function is a function that can be represented

Theorem 4.12.

by an equation of the form

y=ax*+bx+c
where a, b and c are real numbers and a # 0.
The graph of a quadratic function is a parabola.
The parabola is symmetric with respect to the axis of the
parabola. The parabola opens up if a > 0, and it opens

downifa < 0.

2 : 1.2

Example 4.8.  Sketch the graph of the following functions f:y = x2,
g:y=—x% hy=2x? iy=-2x2, jiy =5x%,
kiy =— % x? in the same coordinate plane.

Solution: First we start with making tables with several values
of the independent and the dependent variables for each
function.

fx—3—2—1—0,500,5123
y| 914 |1/025(0(025|1(4|9
x|-3|-2|-1|, =05 (0] 05 1|12 |3
g
y|-9(—-4|-1,-025|0|-025|-1|—-4|-9
hx—3—2—1—0,500,5123
y|18| 8|2 |05]0(05]2|8]|18
|lx] -3 |-2|-1]-05|0] 05 | 1| 2 3
i
y|(—-18|-8(-2|(-05|0|-05|—-2|—-8|—18
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x| -3|-2|-1| -05|0] 05 1 (2] 3
J
y|45| 2 (05(0125]0(0,125|0,5|2|4,5
-3 |-2] -1 -05 |0 0,5 1 2 3
-45|-2|1-05|-0,1250|-0,125| -0,5| -2 | —4,5

All the functions given are quadratic functions in the form
y = ax?. As we can see from the tables, all the graphs are
parabolas symmetric with respect to the axis y with vertex
V[0;0]. According to the Theorem 4.12 the parabola
opens up or down based on a > 0 or a < 0. Now we can

sketch the graphs.

14
12

10

32



Example 4.9.

Solution:

We can also say that the bigger the absolute value
of the coefficient |a| is the narrower the parabola is.
The domain of all the functions is R. The range is (0; o)
for functions with a > 0 and (—o0; 0) for functions with

a<o.

Sketch the graph of the following functions: f:y = x2,
g:y=x*—2, h:y=x*+1 in the same coordinate
plane.

From Example 4.8 we have already known the graph
of the function f:y = x2. To sketch the graphs of the

other two functions we start with making tables for them.

-2|-1|-051] 0 0,5 1 (23

2 |-1|-175|-2|-175|-1|2]|7

x|-3|-2|-1{-05(0] 05 |1]2]| 3

10| 5|2 12511252510

For every x € R the function g(x) = f(x)—2 and
h(x) = f(x) + 1. That means the shape of all the graphs
are exactly the same, only their position relative to the
origin differs. The graphs of g(x) and h(x) are called
vertical transitions of the graph of f(x).

The graphs of the given functions are following.
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We should mention the vertical transitions that we used in Example 4.9.
Theorem 4.13. If f is a function and c is a positive constant, then
y=f(x)+c is the graph of y = f(x) shifted up
vertically ¢ units.
y = f(x) —c is the graph of y = f(x) shifted down

vertically ¢ units.

Example 4.10. Sketch the graph of the function f;: y = (x + 1)2.
Solution: First we start with a table for the function f;.

x|—4|-3|-2|-15|-1|-05]0|1]|2
yl 9410250 (025|1|4]|9

f

Then the graph is following.

34



As we can see, the shape of the graph of the function f; (x) in Example 4.10
is the same as the shape of the graph of the function f from the Examples 4.8 and
4.9, where each point is shifted horizontally to the left. This is called a horizontal
translation of the graph of f(x).

Theorem 4.14. If f is a function and c is a positive constant, then
y=f(x+c) is the graph of y = f(x) shifted left
horizontally ¢ units.
y=f(x—c) is the graph of y = f(x) shifted right
horizontally ¢ units.

To sketch the graph of a quadratic function in the general form (as defined

in the Definition 4.11) we need to find the standard form of the quadratic function.

Theorem 4.15. Every quadratic function f:y = ax? + bx + ¢ can be
written in the standard form

f:y=a(x—h)*>+k witha # 0.
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Example 4.11.

Solution:

The graph of f is a parabola with vertex V[h;k].
The parabola is symmetric with respect to the vertical axis

of the parabola x = h.

Sketch the graph of the function f:y = x? — 2x + 3.

Then determine the properties of the function f .

We need to find the standard form of the function:
fiy=(x—-1)?2+2.

Now we can sketch the graph step by step. At first, we

sketch the graph fi:y =x%. Then we can use

the horizontal ~ transition to sketch the graph

of fo:y = (x—1)2. And finally, we use the vertical

transition to sketch the graph of the given function

fry=(x-1)?+2.

y

6

From the graph of f we can determine the properties.
The domain of the function is R as there is no value that

the independent variable cannot be substituted for.
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The range is (2;00). The function f is decreasing
on (—oo0; 1) and increasing on (1;). According
to The Horizontal Line Test the function f is not
a one-to-one function because we can find a horizontal

line that intersect the graph at more than one point.

37



S  Plane Geometry (Planimetrie)

Planimetrie byva ve stfedoSkolském ucivu zafazovana zpravidla do prvniho

nebo druhého roc¢niku. Vzhledem ke svoji ndzornosti je vhodnym tématem

pro vyuku metodou CLIL.

5.1 Basic Geometric Figures (Zakladni geometrické utvary)

Vyklad planimetrie zaCneme zavedenim zakladnich geometrickych ttvard,

jako je primka, usecka, thel a dalsi.

Definition 5.1. Two distinct points determine one, and only one, straight

line.
D
@
p A C B
O O O

Figure 5.1: Straight Line

We usually label a point with a capital letter, a line with lowercase letter

or two capital letters (representing two points on the line).

Dile zavedeme vzdjemnou polohu bodu a primky, polopfimku a tdsecku.

O

The points A and B lie on the line p. We also say the line p passes
through points A and B, or that the line p contains points 4 and B.
The notationis A € p, B € p.

The point D does not lie on the line p. We also say that the line p does
not contain the point D. The notation is D & p.

Any point that lies on a straight line divides the line into two opposite
half lines (also called rays).

»= For example, in the Figure 5.1, there we can see the point C
between the points A and B. The point C is called the common
origin of half lines — CA and — CB.

A line segment AB (where A # B) is the intersection of half lines AB
and BA.
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* The points A and B are called the endpoints.
= All the other points on the line segment AB are called the
interior points.

o The length of the line segment AB is the distance between the points
A and B, which is a unique positive real number for each line segment.
The notation is |[AB| = d(4, B).

* Two line segments are identical if both of them are of the same
length.
* The sum of two line segments with lengths a and b is a line
segment with length a + b.
* The subtraction of two line segments with lengths a and b
(a > b) is a line segment with length a — b.
Definition 5.2. Any straight line in a plane divides the plane into two
opposite half planes and the line is the common edge
of the half planes.

5.1.1 Angles (Uhly)
Definition 5.3. An angle is a part of a plane formed by two half lines with

/

a common origin.

B

Figure 5.2: Angle AVB
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5.1.2

O

O

O

We usually label angles with lowercase letters of the Greek alphabet.
The half lines VA and VB are called the arms of the angle AVB.
The point V is called the vertex of the angle AVB.
All the points that do not lie on the arms of the angle are called interior
points.
An angle greater than 0° and less than 180° is called a convex angle.
* An acute angle is less than 90°.
* The right angle is exactly 90°.
* An obtuse angle is greater than 90° and less than 180°.
A straight angle is exactly 180°.
An angle greater than 180° and less than 360° is called a reflex angle.

The full rotation is exactly 360°.

Relationship Among Two Lines (Vziajemna poloha dvou piimek)

O

Two distinct lines are called parallel if they have no points
of intersection.

Two distinct lines are nonparallel lines if they have exactly one point
of intersection.

Two parallel lines are identical if they have infinitely many points
in common.

A line is said to be perpendicular to another line if the two lines
intersect at a right angle.

* The perpendicular to a given line through a given point is unique.

Figure 5.3: Parallel lines
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Figure 5.4: Nonparallel lines

Figure 5.5: Identical lines
q

o\

Figure 5.6: Perpendicular lines

41



5.2 Triangle (Trojuhelnik)
Definition 5.4. A triangle ABC is the intersection of the half planes ABC,
BCA and CAB, where the points 4, B, C are distinct and
noncollinear (do not lie on the same straight line).

o The points 4, B, C are called the vertices.

O

The symbolic notation of a triangle is A ABC.

o The line segments AB = ¢, BC = a, CA = b are called the sides, a, b, ¢
are also the lengths of the sides.

o a,p,y are the values of the angles at vertices A4, B, C. The sum of the

interior angles is & + f +y = 180°.

o The sum o = a + b + c is the perimeter of the triangle.

C

Figure 5.7: Triangle ABC
Triangles can be classified according to:
1) the lengths of sides:
a) Scalene triangles have no equal sides and no equal angles.

b) Isosceles triangles have two equal sides and two equal angles.

The third side is called the base.

42



c) Equilateral triangles have three equal sides and three equal angles
(always 60°). Equilateral triangles are a special type of isosceles
triangles.

2) the values of angles:

a) Acute-angled triangles have all angles less than 90°.

b) Right-angled triangles have a right angle.

c) Obtuse-angled triangles have one angle greater than 90°.

For every triangle applies the triangle inequality:

Theorem 5.5. In any triangle, the sum of the lengths of any two sides is
greater than the length of the remaining side.

Theorem 5.6. The line segments with lengths a, b, c are the sides of
a triangle if and only if [b — c| < a < b +c.

Na zavér uvedeme dulezité body a tsecky v trojihelniku.

o Points A4, By, C; are the mid-points of sides a, b, ¢ (respectively), e.g.,

|4By] = B, C| =3 |AC].
o Line segments A,B;, B;C;, A, C; are called the midlines of the triangle.

*= Each midline is parallel to the side of the triangle midpoints

of which it does not connect. The length of the midline is half

the length of the parallel side. E.g., A;B; | AB,|A;B,| = % |AB].

o Line segments AA; = t,, BB, = t},, CC; = t. are the medians of the
triangle to the sides a, b, ¢ (respectively).

* The intersection of the medians is the centroid T'.

o Points Ay, By, C, are the feet of the altitudes (or heights). They are the
intersection of each side and the perpendicular to the side through the
opposite vertex.

o Line segments AA, = v,, BBy = vy, CCy = v, are the altitudes to the
sides a, b, ¢ (respectively).

= The intersection of the altitudes is called the orthocentre O.
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5.2.1 Circumscribed and Inscribed Circle (KruZnice opsana a vepsana)

Theorem 5.7.

Theorem 5.8.

All three perpendicular bisectors 0,4, 0y, 0. intersect in one
point that is the circumcentre S, .

A circumscribed circle k, is a circle that passes through
all three vertices of the triangle.

All three interior angle bisectors 0,, 0, 0,, intersect in one
point that is the incentre S,,.

An inscribed circle k, is a circle that touches all three

sides of the triangle.

5.2.2 Congruence of Triangles (Shodnost trojuhelnikii)

Definition 5.9.

Two triangles A ABC and A A'B'C’ are called congruent
if they can be transformed so that they fit exactly on each

other. The notation is A ABC = A A'B'C’.

We usually do not transform triangles to find out if they are congruent. We

use Triangle Congruence Postulates instead.

SSS Postulate.

ASA Postulate.

SAS Postulate.

If the three sides of one triangle are equal to the three
sides of another triangle, the triangles are congruent.
The acronym SSS stands for side-side-side.

If two angles and the included side of one triangle are
equal to two angles and the included side of another
triangle, the triangles are congruent. The acronym ASA
stands for angle-side-angle.

If two sides and the included angle of one triangle are
equal to two sides and the included angle of another
triangle, the triangles are congruent. The acronym SAS

stands for side-angle-side.
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SsA Postulate.

If two sides and the angle opposite the bigger side of one
triangle are equal to two sides and the angle opposite
the bigger side of another triangle, the triangles are
congruent. The acronym SsA stands for bigger side-

smaller side-angle opposite the bigger side.

5.2.3 Similarity of Triangles (Podobnost trojihelniku)

Theorem 5.10.

Triangles ABC and A'B’C’ are called similar if, and only
if there exists a positive real number k, so that,
for the corresponding sides, |A'B'| = k - |AB]|,
|B'C'| =k-|BC|, |C'A|=k-|CA|, or ¢ =k-c,
a'=k-a,b’" = k-b. The number k is called the length

ratio.

To find out if two triangles are similar, we use Triangle Similarity

Postulates.
AA Postulate.
SAS Postulate.
SSS Postulate.
5.2.4

If two angles of one triangle are congruent to two angles
of another triangle, the triangles are similar. The acronym
AA stands for angle-angle.

If an angle of one triangle is congruent to an angle
of another triangle and the lengths of the sides including
these angles are proportional, the triangles are similar.
The acronym SAS stands for side-angle-side.

If the lengths of corresponding sides of two triangles are
proportional, the triangles are similar. The acronym SSS

stands for side-side-side.

Euclidean Theorems, Pythagoras’ Theorem (Eukleidovy véty, véta

Pythagorova)

V této kapitole se budeme vénovat pravothlému trojihelniku.

Definition 5.11.

A right-angled triangle is a triangle with one right

interior angle.
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o The notation in a triangle ABC is usually following:
= The right angle lies at the vertex C.
* The sides CA and CB (i.e., sides including the right angle) are
called legs of the triangle ABC.
» The side AB (i.e., the side opposite the right angle) is called the
hypotenuse of the triangle ABC.
There are two Euclidean Theorems for right-angled triangle. English
translation of the Czech names of these theorems are “Euclidean Altitude Theorem”
and “Euclidean Leg Theorem”.

The notation of points and line segments is as in the following Figure 5.8.

C

Figure 5.8: Right-angled triangle ABC

Euclidean altitude theorem. In every right-angled triangle ABC
with the right angle at the vertex C, the square of the
altitude v, is equal to the product of the lengths of the line
segments AP = ¢, and PB = c,, where P is the foot
of the altitude v,:

V2 =c4Cy.
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Euclidean leg theorem. In every right-angled triangle ABC with
the right angle at the vertex C, the square of a leg is equal
to the product the hypotenuse and the adjacent line

segment of the hypotenuse:

a? =c-cg,
b? =c-¢,.
Pythagoras’ Theorem. In every right-angle triangle ABC with the

right angle at the vertex C, the square of the hypotenuse is
equal to the sum of the squares of both legs:
c? =a?+ b2
5.3 Circle, Disc (KruZnice, kruh)
Definition 5.12. A circle k(S; ) is the set of all points X in a plane that lie
in the same distance r from a fixed point S.
o A circle is determined by its centre S and radius 7.

o Aline segment SX (X is any point of the circle) is also called the radius.

k

Figure 5.9: Circle k(S;1)
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Definition 5.13. A disc K(S; r) is the region in a plane bounded by a circle.
A disc is said to be closed if it contains the circle that

constitutes its boundary, and open if it does not.

5.3.1 A Circle and A Straight Line (Pfimka a kruZnice)
The relationship among a circle and a straight line is determined by number

of their points of intersection.
o With no point of intersection, p; Nk = @, the line is called
an external line.
o With exactly one point of intersection, t N k = {T}, the line is called
a tangent to the circle. The point T is called a point of contact.
o With two points of intersection, p, N k = {A, B}, the line is called
a secant.
* The line segment AB is called a chord.
= A chord divides the circumference of the circle into two arcs.
If an arc contains the endpoints 4, B, it is called a closed arc, and
it is called an open arc if it does not.
= A chord that passes through the centre S is called the diameter
d,d = 2r,and it divides the circle into two semicircles.
All three possibilities of the relationship among a circle and a line are shown

in Figure 5.10.
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Figure 5.10: Relationship among a circle and lines

5.3.3 Two Circles (Dvé kruznice)
Two circles with different radius may have no, one or two points

of intersection.
o Two circles with the same centre S are called concentric circles.
» If they have the same radius S, the circles are identical.
= Concentric circles with different radii r; and r, have no point of
intersection. The part of a plane between two concentric circles
is called an annulus.
o Two circles with different centres S; and S, are called eccentric.
The relationship among two eccentric circles is one of the following.
» The circles lie outside each other if |S;S,| > r, + 1.
» The circles touch each other externally if |S;S,| =7, + 1.
» The circles intersect each other at two points if
Iry — 1| <1181 <71y + 15,
* The circles touch each other internally if |S;S,| = |r; — 13].

* One circle lies inside the other circle if [S;S,| < |, — 1y].
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5.3.4 Angles Subtended by An Arc (Uhly p¥islu$né oblouku kruZnice)

5.4

Definition 5.14. An angle whose vertex is the centre S of a circle
and whose arms pass through endpoints 4, B of an arc is
called an angle at the centre of the circle subtended by
the arc AB.

Definition 5.15. An angle whose vertex is a point on the circumference
of a circle and whose arms pass through endpoints 4, B
of an arc is called an angle at the circumference of the
circle subtended by the arc AB.

Theorem 5.16. The angle at the centre of a circle is twice the angle at the
circumference when both are subtended by the same arc.

o All angles subtended at the circumference by the same arc are equal.

o An angle subtended at the circumference by the smaller arc is an acute

angle.

o An angle subtended at the circumference by the greater arc is an obtuse

angle.

o Anangle subtended at the circumference by a semicircle is a right angle.

Thales’ theorem. The diameter of a circle always subtends a right angle to

any point on the circle.

Construction of a Triangle (Konstrukce trojuhelniku)

V této Casti kapitoly uvedeme pouze ilustracni priklady k nastinéni uZiti

anglické terminologie.

Example 5.1.  Given the line segment AB,|AB| = 6 cm, complete
the triangle ABC where a = 5 cm, t, = 5 cm.
Solution:
1) Analysis
We draw a sketch of the triangle ABC as if it has been
already solved and highlight what we know about the

triangle.
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We have the line segment AB, then we know
a = |BC| = 9 cm, so the vertex C lies on a circle k with
centre B and radius 1, = 5cm. And t. =|CC;| =5 cm,
therefore the vertex C also lies on a circle [ with centre C;

and radius r; = 5 cm.

=S

te > Stom

(\ Gew L, »

Figure 5.11: Triangle ABC (sketch)
2) Construction
1. construct C;; C; € AB, |AC,| = |C,B]|
2. circle k; centre B, radius r;, = 5 cm
3. circle [; centre C;,radius r; = 5 cm
4. vertex C; C €eknl
5. triangle ABC

51



o
Figure 5.12: Triangle ABC (construction)
3) Check
The vertex C is the point of intersection of circles
k(B;5 cm) and [(Cy; 5 cm), therefore it is the required
vertex of the triangle ABC.
4) Discussion

The task has two solutions.

Example 5.2. Given a =9cm, v, =4,5cm, t, = 2,5 cm, complete
the triangle ABC.

Solution:

1) Analysis

We start with placing the altitude BB, . The point B, is the
foot of the altitude v;,, so vertices A and B lie
on a perpendicular to the line segment BB, through B,.
Then we know a = |BC| = 9 cm and therefore the vertex

C lies on a circle k with centre B and radius 1, = 9 cm.
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The last vertex, A, lies on a circle [ with centre A; and
radius r; = t, = 2,5 cm, where A; is the midpoint of the

line segment BC.

Figure 5.13: Triangle ABC (sketch)

2) Construction

1.  place the altitude BB,; |BBy| = v;, = 4,5 cm
line p; p is perpendicular to BB, through the point B,
circle k; centre B, radius r,, = a = 9 cm
vertex C;C Ep Nk
point A,; A; € BC, |A;B| = |A.C]|
circle [; centre A, ,radius r; = t, = 2,5 cm

vertex A; A €pnl

® NS s~ WD

triangle ABC
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Figure 5.14: Triangle ABC (construction)

3) Check
The vertices A and C are points of intersection of the line
p and circles | and k (respectively), therefore they are
the required vertices of the triangle ABC.

4) Discussion

The task has four solutions.
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6  Stereometry (Stereometrie)

6.1 Solids (Télesa)

Nejprve uvedeme piehled zakladnich geometrickych téles, kterd zaci jiz

znaji. Jedna se tedy o opakovani uciva ze zdkladni skoly, pfi kterém mizeme

snadno zavést anglickou terminologii.

Name Figure Characteristics
I
! All six faces are identical
CUBE ,
! squares.
|
| It has six faces; the
CUBOID : opposite faces are
P . identical rectangles.
| Bases are identical
PRISM i polygons; other faces are
L parallelograms.
Bases are identical circles.
ROTATING It is the result of rotating
CYLINDER a rectangle about one of

its sides.
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All four sides are
TETRAHEDRON
triangles.
The base is a polygon,
PYRAMID other sides are triangles
that meet at the apex.
! It is the result of rotating
ROTATING .
; a right-angled triangle
CONE .
. 9 about one of its legs.

6.2 Parallel Projection (Volné rovnobézné promitani)

When we want to draw a three-dimensional object into a plane (in high-

school Maths), we usually use the parallel projection.

We draw projected objects into a projection plane and usually in a way that

a part of the object (e.g., a face or an edge) lies in the projection plane. Lengths

of line segments of the parts lying in the projection plane or parallel to it do not

change. Lengths of line segments perpendicular to the projection plane are reduced

to a half and these line segments are projected at an angle of 45°.

Parallel line segments with the same length are projected as parallel line

segments with the same length.

A figure that lies in the projection plane or in a plane parallel

to the projection plane is projected into an identical figure.
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6.3 Points, Lines and Planes (Body, primky a roviny)
Points, lines, and planes are subsets of the three-dimensional space.
o All points that lie in the same line are called collinear points.
o  All points that lie in the same plane are called coplanar points.
Theorem 6.1.  Through any two points there exists exactly one line.
Theorem 6.2. If a point 4 lies on a line p and the line p lies in a plane p,
then the point A also lies in the plane p.
If two distinct points lie in a plane, then the line containing
the points lies in the plane.
Theorem 6.3. Through any three non-collinear points there exists
exactly one plane.
Through a line and a point not-lying on the line there
exists exactly one plane.
Through two distinct lines there exists exactly one plane.
Theorem 6.4. A plane divides the three-dimensional space into two

half-spaces.

6.3.1 Relationship Among Two Lines (Vziajemna poloha dvou primek)

vvvvvv

bylo v roving, a proto je zaddouci pouzit alespon nacrtek, nebo 1épe prostorovy

model krychle.

phb---m-- L - - -

A B

Figure 6.1: Relationship among two lines
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o Two lines that lie in the same plane and do not intersect are called
distinct parallel lines. Lines p and q in Figure 6.1 are distinct parallel
lines.

= Two parallel lines that have infinitely many points
of intersection are identical lines.

o Two lines that lie in the same plane and have exactly one point
of intersection, are called concurrent lines. Lines p and r in Figure 6.1
are concurrent lines; their point of intersection is the point E'.

o Two lines that do not intersect and are not parallel (do not lie in the
same plane) are called skew lines. Lines g and 7 in Figure 6.1 are skew

lines.

6.3.2 Relationship Among A Line and A Plane (Vziajemna poloha pfimky a

roviny)
H G
p :
I
1
r E | F
I
I
I
I
DAmmmno s -
y o~
/
/7
/7
q A B

Figure 6.2: Relationship among a line and a plane
o If a line and a plane have exactly one point of intersection, they are
called intersecting. The line p and the plane ABC in Figure 6.2 are
intersecting, their point of intersection is the point C.
o If a line has no point of intersection with a plane, they are called

parallel. The line r and the plane ABC in Figure 6.2 are parallel.
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o If a line has at least two points in common with a plane, then they are

parallel, and the line lies in the plane. The line g lies in the plane ABC

in Figure 6.2.
6.3.3 Relationship Among Two Planes (Vzajemna poloha dvou rovin)
H G
I
I
I
E | F
I
I
I
I
I
DAmmmmm o e
/ C
/
7/
/
A B

p

Figure 6.3: Relationship among two planes
o Two planes are called parallel if and only if they do not have any points
of intersection or they have infinitely many points of intersection.
In that case they are identical. The planes ABC and EFG in Figure 6.3
are parallel.
o Two planes are called intersecting if and only if they have exactly one
line of intersection. The planes ABC and ACG in Figure 6.3 are

intersecting, their line of intersection is the line p = AC.
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6.3.4 Relationship Among Three Planes (Vzajemna poloha tii rovin)

H G
|
|
|
E IN F
” ________ e — — -
/I M
Ve
7 |
7 |
7 |
K I L
LEEEEEEEY L~
L C
7/
7/
7/
A B

Figure 6.4: Relationship among three planes

Relationship among three distinct planes may be one of the following:

O

If each two planes have no points of intersection, then all three planes
together have no points of intersection; they are parallel planes.
The planes ABC, KLM and EFG in Figure 6.4 are parallel.

Two planes are parallel and the third one intersects with both — this
plane is called a section plane. In Figure 6.4, the planes KLM and EFG
are parallel and the plane EHL is the section plane with lines
of intersection LM and EH (respectively).

Each two planes have the same line of intersection — the three planes
are intersecting with exactly one line of intersection. The planes KLM,
BCG and EHL in the Figure 6.4 are intersecting planes with the line
of intersection LM .

Each two planes have distinct lines of intersection that are parallel lines.
All three planes have no points in common. In Figure 6.4, the planes
ADH, KLM and EHL have lines of intersection KN, LM and EH that
are all parallel lines.

Each two planes have distinct lines of intersection that intersect in one

point — this point is a common point of all three planes. In Figure 6 .4,
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6.4

the planes ADH, DCG and EHL have exactly one point of intersection,

the point H.

Sections of Solids (lv{ezy téles)

Definition 6.5.

A section of a solid is its intersection with a plane.

When constructing sections of solid we use following theorems.

Theorem 6.6.

Theorem 6.7.

Theorem 6.8.

Example 6.1.

Solution:

A line segment that connects two points of a plane lies in
the plane.

Two parallel planes intersect the section plane in two
parallel lines.

If each two planes have a line of intersection and all three
planes have exactly one point in common, then all three

lines of intersection pass through the common point.

Construct a section of a cube ABCDEFGH by a plane Cl];
] is the midpoint of line segment AE and |Al|: |IB| = 3: 1.

1) Using Theorem 6.6, construct line segments I and IC (magenta

line segments).

2) Using Theorem 6.7, construct a parallel line to the line segment []

through the point C (blue line segment), and construct its

intersection with the line segment DH (the point K).

3) Using Theorem 6.6 again, construct a line segment JK (green line

segment).

4) The section is the polygon CIJK.
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Figure 6.5: A section of a cube ABCDEFGH by a plane CI]

Example 6.2.  Construct a section of a cube ABCDEFGH by a plane

XYZ; X 1s the midpoint of the edge AE, Y is the midpoint
of the edge AB and |CZ|: |ZG| = 2:1.

Solution:

1) Construct line segment XY (magenta line segment).

2) Construct a parallel line to the line segment XY through the point Z.
Construct its intersection with the line segment HG (the point [).

3) Construct the point 1 that is the point of intersection of lines DH
and /Z. This point lies in the same plane as the point X .

4) Construct a line through points 1 and X, and then its intersection
with the line segment EH (the point K).

5) Construct line segments KX, IK and IZ (red line segments).

6) Construct a parallel line to the line segment /K through the point Y
and its intersection with the line segment BC (the point L).

7) Construct the line segments LY and LZ (blue line segments).

8) The section is the polygon KIZLYX.
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Figure 6.6: A section of a cube ABCDEFGH by a plane XYZ.

Example 6.3. Construct a section of a regular quadrilateral pyramid
ABCDV by aplane XYZ; X is the midpoint of the edge AV,
|BY|:|YV| =7:1,|CZ|:|ZV| = 1: 3.
Solution:
1) Construct points of intersection of lines AB, XY (the point 1), and
BC,YZ (the point 2).
2) Construct a point of intersection of lines 12 and CD (the point 3).
3) Construct a line 3Z and its intersection with the line segment DV
(the point L).
4) The section is the polygon LXYZ.
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Figure 6.7: A section of a regular quadrilateral pyramid ABCDV
by a plane XYZ
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7  Complex Numbers (Komplexni ¢isla)

Ucivo komplexnich ¢isel neni zahrnuto v RVP pro stiedni Skoly. Napad
zafadit toto téma do této diplomové prace vzesel ze spoluprace s Gymnaziem Jiftho
Wolkera v Prostéjové, kde je kapitola komplexnich ¢isel zafazena do tematického
planu tetiho ro¢niku ctyfletého a sedmého ro¢niku osmiletého studia. V poslednich

letech je navic tato kapitola v septimé vyucovéna v anglickém jazyce.
7.1 Complex Numbers and Their Properties (Komplexni ¢isla

a jejich vlastnosti)

Vyklad komplexnich ¢isel zaindme motivaci k zavedeni odmocniny
ze zaporného Cisla. Budeme predpoklddat, Ze slovni zdsoba pro tento tvod je
v ramci této prace dostatecnd, a prejdeme rovnou k definici komplexniho ¢isla.

Definition 7.1. A complex number can be written in the form

a + bi
where a and b are real numbers (including 0) and i is
an imaginary unit; i> = —1. The number a is called
the real part, the number b the imaginary part.

Daile potiebujeme zavést s¢itani a nasobeni komplexnich ¢&isel.

Definition 7.2. The sum of two complex numbers a + bi and ¢ + di is

(a+bi)+(c+di)=(a+c)+ (b+d)i.
Definition 7.3. The product of two complex numbers a + bi and
c+diis
(a + bi)(c + di) = (ac — bd) + (ad + bc)i.
o The product of zero and any complex number is equal to zero.
Definition 7.4. Two complex numbers a + bi and ¢ + di are equal if and
only if their real parts are equal, a = c, and their
imaginary parts are equal, b = d.

o The notation of the complex domain is the letter C.
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7.1.1 Addition and Multiplication of Complex Numbers (S¢itani
a nasobeni komplexnich c¢isel)

The notation of a complex number z in the form a + bi is called

the algebraic form of a complex number z.

A number z = a + bi, where b # 0, is called an imaginary number. If

a = 0 then the number z is called a pure imaginary number.

Example 7.1.

Solution:

(3 +20)(1+i)+ (4 —

Write the algebraic form of the following number:
BG+201+)+ @A -1D@A+ 30).

When adding and multiplying complex numbers
in the algebraic form we use the same method as when
working with polynomials.

Start with multiplying the brackets.

DA +3i)) =B +3i+2i+2i%)+ (4+12i —i—3i?)
Use i = —1.

B+3i+2i+2i®)+(4+12i—i—-3i®) =(B3+5i—2)+ (4 +11i+3) =
= (14 5i) + (7 + 11i)

Definition 7.5.

Add the real parts and the imaginary parts as in
Definition 7.2.

(1 +5i)+ (7+11i) =8+ 16i

The algebraic form of the number given is 8 + 16i.

The subtraction z; — z, of complex numbers z; and z, is
the sum of the number z; and the opposite of the number
Zy:

Zl - ZZ = Zl + (_Zz).

o The opposite of a complex number z = a+ bi is the number

!

z' = —a — bi.

Theorem 7.6.

If the product of two complex numbers is equal to zero,

then at least one of the numbers is equal to zero.
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Theorem 7.7.  For any complex numbers z, z4, Z,

m+n

m = z™m*mn, (z12,)™ = z] 2%, (zmMm)n = zmn,

VA n

"z
o Powers of the complex unit are the following (k € R):
i =-1, i3 = —i, it=1

i4k+1 — i, i4k+2 — _1, idk+3 —

Example 7.2.  Solve i2 +i° +il% + i12 + i1* 4 j18 + {20,
Solution: Use the knowledge of powers of the complex unit.
i +1° + i + 112 + it +i'% +§20 =

=i + i4-+2 + i4--2+2 + i4-3 + i4-'3+2 + i4-4+2 + i4--5 —

=—1-1-14+41-1-1+1=-3.

Example 7.3.  Solve i3 -i7 -i% - il - 15 - j19 . 21,
Solution: Use the knowledge of powers of the complex unit.
13,57 .39 .11, 715 ,:19 , 321

11 r-r--1r--1 =

— {3+7+9+11+15+19+21 _ {85 _ j421+1 — §

7.1.2 Dividing Complex Numbers (Déleni komplexnich ¢isel)
Pro zavedeni déleni komplexnich &isel potiebujeme nejprve zavést pojem

¢islo komplexné sdruzené.

Definition 7.8. The complex conjugate of a complex number z = a + bi
is the complex number z = a — bi.

o We also call the numbers z and z associated.

Theorem 7.9. The product of a complex number z and its conjugate z
is a non-negative real number. The product equals zero
onlyif z = 0.

Definition 7.10. Dividing a complex number z; by a complex number

z, # 0 is the product of the number z; and the inverse

. z 1
of the number z,,i.e.,= = z; - —.
22 Z2
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Postup déleni komplexnich ¢isel demonstrujeme na prikladu.
Example 74. Dividez; =4+ 3ibyz, =2 +1.
Solution: Expand the fraction ?—fii by the complex conjugate

of the denominator.
4+31 (4+3D)(2-1)
2+1 Z+)2-1)
Multiply the brackets. According to Theorem 7.9,

the product in the denominator is a positive real number.

(4+3D2—-i) 8+2i—3i% 11+2i
Q+i)@2-i)  4-i¢ 5

The solution of the task is 15—1 + %i.

7.1.3 Absolute Value of a Complex Number (Absolutni hodnota
komplexniho ¢isla)

Definition 7.11. The absolute value of a complex number z is a number
Vzz,ie., |z| = Vzz.

o Ifz+#0,then|z| > 0.

o Ifz=0,then|z| =0.

o Ifz=a+ bi, then |z| = Va2 + b2.

Theorem 7.12. For any complex numbers z,, z, (z, # 0 for dividing):

|z125| = |21] - 1251,
2 _ |zl
Zy |Zz|.

Definition 7.13. A complex unit is a complex number whose absolute

value is 1.

Example 7.5. Determine the absolute value of z = 2 — 3i.

Solution: Use Definition 7.11.
lz| = /(2 —3D)(2+3i) =V4+9 =13.
The absolute value of z is V13.
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Example 7.6.  Solve ||3 +i|? + (3 +1)?|.
Solution: First determine the absolute value and the second power

of 3 +1.
13+i2+@+D2 = |(Vo+1) +9+6i+2| =19+ 1+9+6i—1]
Determine the absolute value of 18 + 6i.
118 + 6i| = /(18 + 61) (18 — 6i) = /182 + 62 = 6V10.
The solution of this task is 6v/10.

Definition 7.14. A complex plane (or Gauss plane) is a plane whose points
are identified by means of complex numbers.
Theorem 7.15. The absolute value of a complex number is the distance

of its point in the complex plane from the origin.

7.2 Equations on The Complex Domain (Rovnice v oboru
komplexnich cisel)

7.2.1 Linear Equations (Linearni rovnice)
Linedrnim rovnicim se vénuje kapitola 3.1 této prace. Pfi feSeni linearnich

rovnic v oboru komplexnich Cisel uzivime stejnd pravidla a postupy, pouze
pfidame pravidla pro pocitini s komplexnimi ¢isly, kterd jsou uvedena v této
kapitole. Uvedeme tedy pouze priklad feSeni linearni rovnice na mnoZiné

komplexnich Cisel.
1
1-i

Example 7.7.  Solve the equation 12_—+2iix +—=1.
Solution: Multiply the equation by (2 +1)(1 —1i).
A-2)1-Dx+12+D) =12+ —-1i)
Multiply the numbers in brackets.
(-1-3idx+2+i=2-2i+i+1
Subtract 2 + i from each side of the equation.
(-1-3i)x=1-2i

Divide each side of the equation by (—1 — 3i).
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1-2i

AT
Determine _11__2;1 using the method shown in Example 7.4.
o @-2(-1+3i)) S5+51 1 1

Y= i 3143y 10 22

The solution set of this equation is K = {% + %1}

7.2.2 Quadratic Equations (Kvadratické rovnice)

V tomto textu se omezime pouze na kvadratické rovnice s redlnymi
koeficienty feSené v oboru komplexnich ¢isel. Motivaci pro jejich feSeni v tomto
oboru je fakt, Ze kvadraticka rovnice nemé v oboru redlnych Cisel reseni, pokud je
jeji diskriminant zaporny (kapitola 3.3.2).

While solving quadratic equations with real coefficients on the complex
domain, we look for roots among the set of complex numbers. On the real domain,
we get two, one or no roots depending on the discriminant, whereas on complex
domain, we always get roots (one real double root, two real roots or two associated
complex roots).

Example 7.8.  Solve the equation 5x% — 2x + 1 = 0 on the real domain

and on the complex domain.

Solution: The discriminant is D = 4 — 20 = —16 < 0. That means

the equation has no real roots, but it has two complex roots
(that are associated).

Using i* = —1 we get —16 = 16+ i2. Its square root is
V16i2 = +4i. This means we can use the quadratic

formula.

2441 1 2
Y2 =" T5E5!

) . 1 2.1 2,
The solution set is K = {— ——=-+ —1}.
5 5’5 5
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Example 7.9.

Solution:

Solve the equation x? + 4 = 0 on the complex domain.
This equation is an incomplete quadratic equation without
linear term. There are two possible ways to solve this type
of equation.
The first way is by subtracting 4 from both sides of the
equation.
x% = —4 = 4i?
X1, = 20
The other way is by using the quadratic formula.
D =0-16 = 16i?
VD = t4i
ot4 = +2i
> T
The solution set is K = {—2i; 2i}.

X122 =

Let us show another way of solving a quadratic equation — by substitution.

Example 7.10. Solve the equation x? —4x +8 =0 on the complex

Solution:

domain.
Let us solve this equation by substitution.

(x—2)2-4+8=0

(x—2)?=-4
Substitute x — 2 = a.
a? =—4
a, = +2i

Substitute back for a = x — 2.
X1p — 2 =22
X1, =2+ 2i
The solution set is K = {2 — 2i; 2 + 2i}.
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8 Hodnoceni

Vzhledem k nastalym ne¢ekanym okolnostem a pandemické situaci nebylo
mozné realizovat praxi v plném rozsahu, a proto neprob¢hla pldnovana vyuka podle
vytvofenych materidld.

Pted uzavienim Skol ve Skolnim roce 2019/2020 probéhla pouze jedna
vyu€ovaci hodina s vyuZzitim textll vytvofenych v této praci, jejimz tématem bylo
feSeni kvadratickych rovnic s realnymi koeficienty na mnoziné komplexnich cisel
(kapitola 7.2.2). Text se ukéazal jako dostacujici pro vysvétleni latky a ilustraci
feSeni ptikladl, zbyld ¢ast hodiny byla vénovéana procviceni ptikladl. Piestoze
hodnoceni hospitujiciho kolegy bylo kladné, nelze zjedné vyucovaci hodiny
vyvozovat zavéry o celé této praci.

Ve skolnim roce 2020/2021 nebylo z ¢asovych a persondlnich divodii
mozné realizovat dal$i vyuku, a tak byly vytvofené materidly konzultovany alespon
distan¢ni formou s kolegou Ing. LukdSem Matouskem, MBA z Gymnazia Jitiho
Wolkera v Prostéjové. Podle jeho ndzoru je prace vytvotena logicky, obsahuje
stézejni kapitoly, které jsou na GJW v anglické matematice probirany (pfedevSim
funkce a komplexni Cisla), i nékteré kapitoly navic.

Materialy vytvofené v této praci budou zatazeny do vyuky sext a septim

od skolniho roku 2021/2022 celoro¢né.
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9 Zavér

Cilem diplomové prace bylo vypracovat texty pro vyuku stfedoSkolské
matematiky metodou CLIL. Podafilo se mi vytvofit materidly, které budu
od pfistiho Skolniho roku vyuZzivat ve své praci na Gymndziu Jifiho Wolkera
v Prostéjove.

V prvni ¢asti textu je metoda CLIL pfedstavena. Mym zdmérem nebylo
provést detailni rozbor metody a jejiho vyuziti, proto je tato ¢ast velmi stru¢na.

Hlavnim obsahem prace jsou kapitoly 3 az 7, jejichz ucelem je zavedeni
matematické terminologie, rozsifeni slovni zdsoby a predvedeni jejich uziti
pfi feSeni piikladi. S ohledem na zamyslené vyuziti textl ve vyuce neni ptedmétem
ani dokazovani matematickych vét a tvrzeni, a proto dikazy nejsou uvedeny.

Ptilohy pak zahrnuji slovnicky k jednotlivym kapitolam, stejné tak jako
pracovni listy pro zaky a jejich feSeni. Texty v celé praci jsou tvofeny tak, aby

mohly byt vyuzity jak vyu€ujicimi pro ptipravu vyuky, tak i zdky pro samostudium.
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P¥ilohy

Slovni zasoba — Matematicka terminologie

addition [o'd1fon] scitani
axes [ &eksiz] 0sy
axis [ &ksis] osa
dvourozmérna

coordinate plane

[kou'o:dmat plem]

soustava soufadnic

coordinate system

[kou o:dimat "sistom]

soustava soufadnic

definition [ defi'nifon] definice
denote [d1'nout] oznacovat
divide [dr'vaid] delit
if and only if [1f @nd "ounli 1if] | pravé tehdy, kdyz
multiplication [ maltipli kerfon] nasobeni
multiply [ 'maltr plar] (vy)nasobit
notation [nou 'terfon] zapis
origin [ 'prid3imn] pocatek
product [ prodakt] soucin
subtract [sob traekt] odecist
subtraction [sab trek/on] odcitani
sum [sAam] soucet
theorem [ Ororom] véta (matematickd)




Slovni zasoba — Rovnice a nerovnice

absolute value | [ '&bso lu:t 'valju:]| absolutni hodnota
constant [ 'konstont] konstanta
denominator [d1'npmi nerto] jmenovatel
distinct [dr'stigkt] odlisny
distributive [dr'stribjotiv] distributivni
equation [1'’kwerzon or -fon] rovnice
equivalent [1'kwrvalont] ekvivalentni
factor out [ fekto avt] vytknout
fraction [ freekfon] zlomek
check [tfek] zkouska, kontrola
inequality [, 1n1 kwoliti] nerovnice
linear [ 'lin1o] linearni
numerator [ njurmarerta(r)] Citatel
preserve [pr1'z3:V] zachovat
property [ propati] vlastnost
quadratic [kwi ' dradik] kvadraticky
reciprocal [r1's1prakal] pfevracend hodnota
reverse [r1'v3:s] obratit
root [ru:t] koten
satisfy [ 'seetrs fai] spliovat
solution [so'lu:fan] feSeni
solution set [so'lu:fon set] mnozina feSeni
solve [splv] (vy)fesit
statement [ 'stertmont] vyrok
substitute [ 'sabstr tju:t] nahradit
variable [ 'vearrabal] proménna




Slovni zasoba — Funkce

decreasing [d1'kri:sig] klesajici
dependent [di'pendant] zavisly
determine [d1't3:min] urcit

direct proportion

[dr'rekt or da1- pra'po:fon]

pfima iméra

domain [do'mein] defini¢ni obor
element [ ‘elimant] prvek
evaluate [1'vaelju ert] vyhodnotit
function [ fapkfon] funkce
graph [gra:f or graef] graf
horizontal [, hort ' zontol] vodorovny
increasing [ 'kri:sig] rostouci
independent [, ind1 pendant] nezavisly
intersect [ mto’sekt] protnout
parabola [pa'raebals] parabola
range [remnd3] obor hodnot
result [11'ZAlt] vysledek
slope [slovp] smérnice primky
value ['velju:] hodnota
variable [ 'veariobal] proménna
vertex [ 'v3:teks] vrchol
vertical ['v3:tikal] svisly




Slovni zasoba — Planimetrie

acute [o'kju:t] ostry (thel)
altitude ["eeltr tju:d] vyska
analysis [0 'nelisis] analyza, rozbor
angle [‘@ngal] uhel
angle bisector ['@ngoal bar, sekto(r)] osa uhlu
annulus [ ‘@enjulos] mezikruzi
arc [a:k] oblouk
arm [a:m] rameno (hlu)
centre [ 'senta] stred
centroid [ 'sentrord] téziste
circle ['s3:kol] kruznice
circumcentre [so kamfaorons] stted kruznice opsané

circumscribed circle

[ s3:kom'skrarbad 's3:kal]

kruZnice opsana

concentric [kon sentrik] soustfedné
congruence [ 'kopgruons] shodnost
construction [kon'strakfon] konstrukce
convex [ ' konveks] konvexni
diameter [dar' @emito] pramér
disc [disk] kruh
discussion [d1'skafon] diskuze
distinct [dr'stigkt] odlisny
eccentric [1k 'sentrik] nesoustfedné
edge [ed3] hranice
endpoint [endpomt] koncovy bod
equilateral [ 1:kwr ' leetoral] rovnostranny
external line [1k'st3:nal laim] vnéjsi piimka
foot [fot] pata (kolmice)
half line [ha:f lamn] polopiimka
half plane [ha:f plem] polorovina
hypotenuse [har potr nju:z] piepona
chord [ko:d] tétiva
identical [a1 dentikal] shodny, totozny
incentre [1n'sento(r)] stted kruznice vepsané

inscribed circle

[m’'skratbad ‘s3:kol]

vepsana kruznice

interior

[1n'trorio]

vnitini

intersection

[ mto'sekfon]

prasecik




rovnoramenny

isosceles [a1 spsali:z] (trojuhelnik)
leg [leg] odvésna (v trojuhelniku)
length [lend] délka
line segment [lamn "segmont] usecka
median [ 'mi:dion] téZnice
mid-point [ 'mid point] stied
midline [ 'mid lam] stiedni pficka
obtuse [ob'tju:s] tupy (thel)
origin [ 'pridzm] pocatek
orthocentre [0:000 senta(r)] ortocentrum
parallel [ peers lel] rovnobézny
perimeter [pa ' rimita] obvod
perpendicular [ p3:pon’dikjouls] kolmy
erpendicular 3:pen dikjule
’ 1:tr))isector [Illzall?sekta(rj)] 0sa strany
point [point] bod
radius [ 'rerdras] polomér
reflex [rE fleks] nekonvexni (thel)
respectively [T spektivii] v tomto poradi
scalene [skeili:n] ruznostranny (trojuhelnik)
secant [ 'si:kont] seCna
similarity [ s leerti] podobnost
straight angle [strert "@ngol] ptimy thel
straight line [strert lamn] pfimka
tangent [ 'teendzont] teCna
triangle [ 'trar, eengol] trojuhelnik
vertex ['v3:teks] vrchol




Slovni zasoba — Stereometrie

collinear [kou 'lmia(r)] lezici v jedné ptimce
concurrent [kon karant] riznobézné
cone [koun] kuzel
coplanar [kou 'plema(r)] lezici v jedné roviné
cube [kju:b] krychle
cuboid [kju:boid] kvadr
cylinder ['silinda] valec
half-space [ha:fspeis] poloprostor
line of intersection | [lam pv mto'sekfon] prasecnice
prism [ prizom] hranol
pyramid [ 'prromid] jehlan
rotating [rov "tertiy] rotacni
section ['sekfon] fez
skew [skju:] mimob¢zné
solid [ 'splid] téleso
tetrahedron [ tetra'hi:dron] Ctyfstén




Slovni zasoba — Komplexni ¢isla

algebraic | [, eld31 breuk] algebraicky
associated | [o'souf1,ertid] sdruzené
complex [ ' kompleks] komplexni
conjugate | [ kond3zu, gett] sdruzené
expand [1k'spaend] rozsitit
imaginary | [1' mad3mori] imagindrni
inverse [n'v3:s] inverzni
polynomial | [ poli' novmisl] | polynom, mnohoclen
power [ pave] mocnina
unit [ ‘ju:ntt] jednotka




Equations and Inequalities — Worksheet A

1) Fill in the missing parts.

a) A in one variable is an
that can be written in one of the forms ax +b >0, ax + b < 0,
ax+b =0, ax+ b <0, whereaand b are numbers, with
a+0.

b) Multiplying each side of an inequality by the same positive number
the order of the inequality.
c) The of a real number x, denoted , 1s the
non-negative value of x without regard to its
d) If D <O, then the quadratic equation has

2) Translate the words into Czech language as used in Maths.
addition —
fraction —

variable —
negative —
quadratic —
product —
divide —

3) Translate the words into English language as used in Maths.
mnozina feSeni —

nasobeni —
kladny —
koeficient —
soucet —
jmenovatel —
4) Solve on the real domain:

a) Tx+10-—x ==

b) 4(3x+5)>12—8x

c) 4(x+2)=8(x—-3)

d) 42x> —4x—-6=0

e) 4x? —12x — 40 = 0 (use Vieta’s formulas)

) 4x+|x—-3|=1




Equations and Inequalities — Worksheet B

1) Fill in the missing parts.

a)

b)

c)

d)

A linear equation in one variable is an equation that can be written

in the form where  and are  numbers,

with

Multiplying each side of an inequality by the same negative number
the order of the inequality.

A in one variable is an equation that can
be written in the standard quadratic form ax? + bc + ¢ = 0 where

a, b and c are numbers with
If D >0, then the quadratic equation has

2) Translate the words into Czech language as used in Maths.

root —

property —
1solate —

inequality —
check —
double root —

expression —

3) Translate the words into English language as used in Maths.

fesit —
nejmensi spoleény nasobek —
rovnice —
vytknout —
absolutni hodnota —
prevracend hodnota —

4) Solve on the real domain:

a)
b)
c)
d)
e)
f)

7 15 1
——x—8+—x=-
4 4 2

52x +3) <10+ 5x
3x—2)<6(x+4)

20x2—6x—8=0

3x2 + 9x — 54 = 0 (use Vieta’s formulas)
3x+|x—1| =4



Equations and Inequalities — Worksheet A (Solution)
1)

a) A linear inequality in one variable is an inequality that can be written
in one of the forms ax+b >0, ax+b <0, ax+b =0,
ax + b < 0, where a and b are real numbers, with a # 0.

b) Multiplying each side of an inequality by the same positive number
preserves the order of the inequality.

¢) The absolute value of a real number x, denoted |x|, is the
non-negative value of x without regard to its sign.

d) If D < 0, then the quadratic equation has no real root.

2)
addition — s¢itani
fraction — zlomek
variable — proménna
negative — zaporny
quadratic — kvadraticky
product — soucin
divide — délit

3)
mnozina feSeni — solution set
nasobeni — multiplication
kladny — positive
koeficient — coefficient
soucet — sum
jmenovatel — denominator

) k-
b) x € (—;+00)

4)

c) x € (—x;8)
0 =23
e) K=1{-2;5}

> =(-3



Equations and Inequalities — Worksheet B (Solution)

1)

2)

3)

4)

a) A linear equation in one variable is an equation that can be written
in the form ax + b = 0 where a and b are real numbers, with a #
0.

b) Multiplying each side of an inequality by the same negative number
reverses the order of the inequality.

c) A quadratic equation in one variable is an equation that can be
written in the standard quadratic form ax? + bc + ¢ = 0 where a, b
and c are real numbers with a # 0.

d) If D > 0, then the quadratic equation has two distinct real roots.

root — kofen

property — vlastnost

isolate — izolovat (osamostatnit)
inequality — nerovnice

check — zkouska

double root — dvojnasobny kofen
expression — vyraz

fesit — solve

nejmensi spole¢ny nasobek jmenovatelt — lowest common
denominator

rovnice — equation

vytknout — factor out

absolutni hodnota — absolute value

pfevracend hodnota — reciprocal

0 k=2
b) x € (—o0; —1)
c) x € (—10; +)

e
e) K=1{-6;3}

n k={]



Functions — Worksheet A

1) Fill in the missing parts.
a) The range of a function 1is the set of

of the

after we have substituted the domain.

b) A graph is the graph of a function if and only if no

intersects the graph at point.

c) If a and b are elements of the domain of a function f, then f is

on D(f) if f(a) > f(b) whenever a < b.

2) Translate the words into Czech language as used in Maths.

range —

direct proportion —

coordinate plane —

vertex —

shift down vertically —

3) Translate the words into English language as used in Maths.

nezavisle proménna —

vyhodnotit funkei —

konstantni —

prosta funkce —

posunout vpravo —

4) TIdentify whether the equation 3(y + 3) = % defines y as a function of x.

5) Determine the domain of the function f:y = X7
x(x+8)
6) Decide whether the function g: y = — g x + 7 is increasing or decreasing.

7) Sketch the graph of a function h: y = 2x? — 4x + 3. Then determine the

properties of the function h.



Functions — Worksheet B

1) Fill in the missing parts.
a) The domain of a function is the set of

of the

b) The in the coordinate plane Oxy is the

set of all points X[x,f(x)] where x is an element in the
of f.
c) If a and b are elements of the domain of a function f, thenf is
on D(f) if f(a) < f(b) whenever a < b.

2) Translate the words into Czech language as used in Maths.

domain —

straight line —

axis —

narrow —

shift left horizontally —

3) Translate the words into English language as used in Maths.
zavisle proménna —

definovat —

linearni —

smérnice —

posunout nahoru —

4) TIdentify whether the equation 4(y — 2) = y% defines y as a function of x.

2x-3
x(x-12)"

5) Determine the domain of the function f:y =

6) Decide whether the function g: y = gx — 6 is increasing or decreasing.

7) Sketch the graph of a function h: y = 3x? + 6x — 5. Then determine the

properties of the function h.



Functions — Worksheet A (Solution)
1)

a) The range of a function is the complete set of all possible resulting
values of the dependent variable after we have substituted the
domain.

b) A graph is the graph of a function if and only if no vertical line
intersects the graph at more than one point.

c) If a and b are elements of the domain of a function f, then f is
decreasing on D(f) if f(a) > f(b) whenever a < b.

2)
range — obor hodnot
direct proportion — pfima tmeéra
coordinate plane — dvourozmérna soustava soutfadnic
vertex — vrchol
shift down vertically — posunout dol
3)
nezéavisle proménna — independent variable
vyhodnotit funkei — evaluate a function
konstantni — constant
prosta funkce — one-to-one function
posunout vpravo — shift right horizontally
4) y = ++/11, this equation does not define y as a function of x.
5) D(f) = R\{-8;0}.
6) —g < 0, the function g is decreasing.
7) D(f) = R, H(f) = (1; ©) The function f is decreasing on (—oo; 1) and

increasing on (1; c0). The function f is not a one-to-one function.



Functions — Worksheet B (Solution)

1)

2)

3)

a)

b)

c)

The domain of a function is the complete set of possible values of
the independent variable.

The graph of a function f in the coordinate plane Oxy is the set of
all points X[x, f (x)] where x is an element in the domain of f.

If a and b are elements of the domain of a function f, thenf is

increasing on D(f) if f(a) < f(b) whenever a < b.

domain — defini¢ni obor
straight line — pfimka
axis — osa

narrow — Uzky

shift left horizontally — posunout vlevo

zavisle proménna — dependent variable
definovat — define

linearni — linear

smérnice — slope

posunout nahoru — shift up vertically

4) y=+% \E’ this equation does not define y as a function of x.

5) D(f) = R\{0;12}

6) % > 0, the function g is increasing.

7) D(f) = R, H(f) = (—8; o) The function f is decreasing on (—oo0; —1)

and increasing on (—1; o). The function f is not a one-to-one function.



Plane Geometry — Worksheet A

1) Fill in the missing parts.

a) Any straight line in a plane divides the plane into

b) The full rotation is
c) All three interior angle bisectors o, 0, Oy intersect in

that is the

2) Translate the words into Czech language as used in Maths.

acute angle —

perimeter —

equilateral triangle —

vertex —

perpendicular bisector —

3) Translate the words into English language as used in Maths.

polopiimka —

koncovy bod —

kolmé —

tupouhly trojuhelnik —

téznice —

4) What may be the relationship between two circles with different centres?
How many intersections do they have?

5) Givenb =7 cm,y = 30° v, = 5 cm, complete the triangle ABC.

6) Given the line segment AB, |AB| = 4 cm, complete the triangle ABC

where v, = 3cmand t, = 5 cm.



Plane Geometry — Worksheet B

1) Fill in the missing parts.

a) Two distinct points determine

b) A straight angle is
c) All three perpendicular bisectors o04,0p,0, intersect

that is the

2) Translate the words into Czech language as used in Maths.

convex angle —

straight line —

perimeter —

isosceles triangle —

altitude —

3) Translate the words into English language as used in Maths.
uhel —

usecka —

rovnobézné —

pravouhly trojuhelnik —

stfed strany —

4) What may be the relationship between a line and a circle? How many
intersections do they have?

5) Givenc =5cm, a = 55° v, = 3 cm, complete the triangle ABC.

6) Given the line segment AB, |AB| = 5 cm, complete the triangle ABC

where v, = 3 cm and v, = 4 cm.

in



Plane Geometry — Worksheet A (Solution)

1))

2)

3)

4)

5)

6)

a) Any straight line in a plane divides the plane into two opposite half
planes.

b) The full rotation is exactly 360°.

c¢) All three interior angle bisectors 04, 0g, 0, intersect in one point that

is the incentre S,,.

acute angle — ostry thel

perimeter — obvod

equilateral triangle — rovnostranny trojuhelnik
vertex — vrchol

perpendicular bisector — osa strany

poloptimka — half line, ray

koncovy bod — endpoint

kolmé — perpendicular

tupothly trojihelnik — obtuse-angled triangle

téznice — median
Circles lie outside each other (no point of intersection), external touch, two
points of intersection, internal touch, one circle lies inside the other circle
with no point of intersection.
1) place the side AC;|AC|=7cm, 2) <<ACX;|XACX|=30°,
3)p;pl|AC;d(p,AC) =5cm,4) B;B € CXNp,5) AABC.
1) p;pl|AB;d(p,AB) = 3 cm, 2) Cy;|ACG | = |G B|, 3) k;k(Cy;5 cm),
4)C;Ceknp,5 AABC.



Plane Geometry — Worksheet B (Solution)
1)
a) Two distinct points determine one, and only one, straight line.
b) A straight angle is exactly 180°.
c) All three perpendicular bisectors 04, 0p, 0. Intersect in one point that
is the circumcentre S,,.
2)
convex angle — konvexni hel
straight line — pfimka
perimeter — obvod
isosceles triangle — rovnoramenny trojuhelnik
altitude — vyska
3)
uhel — angle
usecka — line segment
rovnobézné — parallel
pravouhly trojuhelnik — right-angled triangle
stfed strany — mid-point of a side
4) External line (no point of intersection), tangent (one point of intersection —
a contact point), secant (two points of intersection).
5) 1) place the side AB;|AB|=5cm, 2) <BAX;|¥BAX|=55°,
3)p;vllAB; d(p,AB) =3 cm,4)C;C € AXNp,5) A ABC.
6) 1) CylACI=ICBl. 2) kik(Cur=I1ACl). 3) LI(44cm),
4) Ag; Ag € kNI, 5)m;m(Cy;3cm), 6) C;C €EmnBAy, 7) A ABC.



Stereometry — Worksheet A

1) Fill in the missing parts.
a) All points that lie in the same plane are called

b) Through a line and a point not-lying on the line there exists

c) Two planes are called intersecting if and only if they have

2) Translate the words into Czech language as used in Maths.
cylinder —
pyramid —

skew lines —
intersecting planes —
face of a cube —

3) Translate the words into English language as used in Maths.
kvadr —
promitani —
totozné piimky —
fez télesa —

rovnobézné roviny —
4) Given the cube ABCDEFGH, determine the relationship among:

H G
|
|
|
E i F M
N
|
I L
K I
Dg — -] R——
/7
, c
/7
/7
A B

a) lines CD and EH,

b) lines CN and DG,

c¢) lines GM and DH,

d) the line KL and the plane AFG,

e) the line DM and the plane FGN,

f) planes ADK and MNH.

5) Construct a section of a cube ABCDEFGH by a plane XYZ; X is

the midpoint of the edge GH, Y is the midpoint of the edge CG and Z is
the mid-point of the edge AE.



Stereometry — Worksheet B

1) Fill in the missing parts.
a) All points that lie in the same line are called

b) Through any three non-collinear points there exists

c) If aline has at least two points in common with a plane, then they
are , and the line

2) Translate the words into Czech language as used in Maths.
prism —

cone —

concurrent lines —
identical planes —

polygon —
3) Translate the words into English language as used in Maths.
krychle —
Ctyfstén —
rovnobézné riizné piimky —
ctytboky jehlan —
prasecnice —
4) Given the cube ABCDEFGH, determine the relationship among:
H G
d
I
I
E t
F
i !
I
! L
K o
, - - = A
4
4
A B

a) lines FH and BD,

b) lines CE and DG,

c¢) lines AF and BK,

d) the line LN and the plane KLM,

e) the line AM and the plane KFG,

f) planes BEG and CFH.

5) Construct a section of a cube ABCDEFGH by a plane XYZ; X is

the midpoint of the edge AD, Y is the midpoint of the edge DC and Z is
the mid-point of the edge FG.



Stereometry — Worksheet A (Solution)

1)

2)

3)

4)

5)

a) All points that lie in the same plane are called coplanar points.

b) Through a line and a point not-lying on the line there exists exactly
one plane.

c) Two planes are called intersecting if and only if they have exactly
one line of intersection.

cylinder — valec

pyramid — jehlan

skew lines — mimobézné piimky
intersecting planes — riznobézné roviny
face of a cube — sténa krychle

kvadr — cuboid

promitani — projection

totozné pfimky — identical lines

fez télesa — section of a solid
rovnob&zné roviny — parallel planes

a) skew lines,

b) intersecting lines,

c) distinct parallel lines,

d) the line and the plane are intersecting,
e) the line and the plane are parallel,

f) intersecting planes.

H X G
i N
L1 3\
1
E : F \\Y
I N
1
i 1
z 1
N
Ve _ -
0 N - K

\| /
\



Stereometry — Worksheet B (Solution)

1)
a) All points that lie in the same line are called collinear points.
b) Through any three non-collinear points there exists exactly one
plane.
c) If a line has at least two points in common with a plane, then they
are parallel, and the line lies in the plane.
2)
prism — hranol
cone — kuzel
concurrent lines — riiznobézné piimky
identical planes — totozné roviny
polygon — mnohotihelnik
3)
krychle — cube
Ctyfstén — tetrahedron
rovnobézné riizné piimky — distinct parallel lines
¢tytboky jehlan — quadrilateral pyramid
prasecnice — line of intersection
4)
a) distinct parallel lines,
b) skew lines,
¢) intersecting lines,
d) the line lies in the plane,
e) the line and the plane are parallel,
f) intersecting planes.
5)




Complex Numbers — Worksheet A

1)

2)

3)
4)
5)
6)
7)

Write the algebraic form of the following numbers:
a) (8+1)(3—2i)—(4+5)(1 —3i),
b) (6 + 31)(2 + 2i) + (3 — 4i)(7 — 5i).
Solve:
a) i°+17 +i +i'3 +i17 + %1 +i2° + i35,

b) i +iM0 + i +i'® + 12 +1i28 + 130 4138 4 i%2,

C) 12 'i7 '19'115 _il7 _127 'i30 'i33 _i42 'i44.

Divide z; = 6 + 2iby z, = 3 — 4i.
Determine the absolute value of z = 4 + 7i.
Solve ||4 — 2i|? — (4 — 2i)?|.

5—4i

3-i

Solve the equation %x + = 5 on the complex domain.

Solve the equation 6x2 + 14x + 10 = 0 on the complex domain.



Complex Numbers — Worksheet B

1)

2)

3)
4)
5)
6)
7)

Write the algebraic form of the following numbers:
a) (3+4i)(2—-5i)—(5-3i)(6+7i),
b) (4+5)@B+1)+ 1 —-i)(2—7i).

Solve:
a) i7 41741 +i21 +i27 + 31 4+ i35 + i3

b) i* +1i® +i'% +iM +i%0 + %2 +1%° + 3% + 138

c) i3-i5-i6-il0.{18.{21.26.{33 .37 . {40

Divide z; = 3+ 4iby z, = 4 — 6i.

Determine the absolute value of z = 3 + 8i.

Solve ||2 — 5i|? — (2 — 5i)?|.

Solve the equation 23_—+2iix + ::_2 = 3 on the complex domain.

Solve the equation 4x2 + 12x + 15 = 0 on the complex domain.



Complex Numbers — Worksheet A (Solution)

1)
a) 7—6i0
b) 7 — 25i
2)
a) 2i
b) -3
c) —1
3) 242
4) V65
5) Solve 8v5.
0 K= {2



Complex Numbers — Worksheet B (Solution)

1)
a) —25—24i
b) 2+ 10i
2)
a) —4i
b) 3
c) —i

3) —= 4+

4) V73

5) 10v29

6) K ={=-2i]



