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Abstract

This report presents the main results of the thesis titled Generation, Detection and Char-
acterization of Photonic Quantum States.

The presented results compare quantum non-Gaussian properties of single-photon
states produced by optical frequency conversion and radiative recombination in a quan-
tum dot. The primary concern is resilience against optical loss that is inevitable in all
real applications. Quantum non-Gaussianity is also measured using multiphoton states
composed of multiple heralded single photons generated by frequency conversion. An-
other quantum property is genuine n-photon quantum non-Gaussianity, which is in-
vestigated using multiphoton states with respect to optical loss and added noise.

Furthermore, the thesis presents a method of programmable intensity modulation
as a source of arbitrary classical photon statistics. The method includes calculation of
the respective intensity distribution.

The procedures employed in the thesis include constructing a source of correlated
photons based on frequency down-conversion. The source was used to obtain the res-
ults pertaining to multiphoton quantum non-Gaussianity. Next, a counting model of
single-photon avalanche diodes is developed, both analytically and in simulation. These
results were used in measuring arbitrary photon statistics.

Keywords: quantum optics, photon statistics, quantum non-Gaussianity
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Preface
The thesis that is the subject of this report is the result of my post-graduate studies
at the Department of Optics at Palacký University. Its aim is to present new advances
in witnessing quantum properties of light and generating arbitrary classical photon
statistics. The thesis is based on four publications denoted in References under A1, A2,
A3, and A4. The first three have been peer-reviewed and published, while the last one
is under peer review at the time of writing. Here I aim to explain my involvement and
contribution to the presented work.

The experimental research into quantum non-Gaussianity began during my mas-
ter’s studies under the supervision of Miroslav Ježek.1 The subject of the thesis was
building a down-conversion source, which was incidentally used to measure the data
for the publication 2.

The research continued during the first year of my post-graduate studies under
Miroslav, when I visited the group of professor Gregor Weihs. In the mutual collabora-
tion of the theoreticians and experimentalist of our department in Olomouc, professor
Weihs’ group in Innsbruck and professor Glenn Solomon in Gaithersburg, quantum
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non-Gaussianity of multiple single-photon sources was evaluated.A1 I was responsible
for measuring the continuous-wave down-conversion data and during my stay in Inns-
bruck, I worked with Lorenz Butschek to measure the pulsed down-conversion data. I
was also responsible for writing the appropriate parts, synthesis of the results, editing
the manuscript and the submission process.

The project that followed is not included in this thesis. It was focused on bipartite
entanglement localisation with respect to the temperature of an incoherent environ-
ment (I. Straka, M. Miková, M. Mičuda, M. Dušek, M. Ježek, R. Filip, Sci. Rep. 5, 16721,
year 2015).

Lukáš Lachman and Radim Filip then developed a hierarchy of quantumnon-Gaussian
criteria that we experimentally tested on a new down-conversion source.A2 My task was
to construct the source, perform the measurement and process the data. I was also re-
sponsible for writing the appropriate parts, editing the manuscript and handling all sub-
missions. The results are considered theoretical and experimental by equal part, with
Lukáš and I being the graduate students chiefly responsible for the respective parts.

The last work on genuine quantum non-Gaussianity utilized the same multichannel
measurement scheme as the previous project.A4 My contribution again concerned the
source, measurement, data processing and writing the experimental part, while editing
and submission of the manuscript was the responsibility of Lukáš.

The last presented project started as an idea of Miroslav Ježek that was developed
by Jaromír Mika in his bachelor’s and master’s thesis under my supervision.3 After-
wards, Miroslav and I continued the work to produce a publication.A3 I was responsible
for building the setup, developing the numerical and driving methods, formulating the
detection model and calibrating the detectors, measuring and processing the data, and
writing the chief part of the manuscript.

All of the presented work was supervised by Miroslav Ježek, who has been closely
involved in all experimental and technical work, analyses of the data, discussions and
writing. I feel that his invaluable work and close involvement with my contributions
should be acknowledged here as well.

At the time of writing I can be contacted via the electronic addresses below. I wel-
come any feedback or questions that the reader may have; if only for the joy of someone
reading my thesis.

Olomouc
March 2019

Ivo Straka
ivo.straka@gmail.com
straka@optics.upol.cz

v

http://doi.org/10.1038/srep16721


1 Introduction
This report presents the main results of the dissertation titled Generation, Detection
and Characterization of Photonic Quantum States. It presents advances in recognizing
quantum non-Gaussian photonic states and in manipulating the photon statistics to suit
a predefined distribution.

Section 2 describes the experimental realization of a source of correlated photons.
This source is used to generate heralded single photons in sections 5 and 6. Section
3 provides the description of single-photon avalanche diodes that are used as detect-
ors. Their detailed description is needed particularly for verifying custom-generated
photon statistics in section 7. The section offers ways of modelling the detectors’ re-
sponse to photon statistics. Section 4 presents measurements of non-Gaussian light
produced on various physical platforms and its resilience against loss.A1 Section 5 tests
a new way of recognizing QNG that is optimized for multiphoton states.A2 Section 6
demonstrates witnessing of a more specialized quantum property called genuine quan-
tum non-Gaussianity that distinguishes non-Gaussian presence of a certain number of
photons.A4 Finally, section 7 practically treats the problem of generating arbitrary pho-
ton statistics.A3

2 SPDC source of photon pairs
This SPDC source was used in the experiments described in section 5 and published
in references A2 and A4. Moving this source to a mobile breadboard, including reas-
sembling and alignment, was the subject of a bachelor’s thesis by M. Neset.4

The source is based on collinear type-II down-conversion in a periodically poled
KTiOPO4 crystal (ppKTP). The crystal is 6 mm thick and comprises of three poling
domains, each approximately 1×1 mm wide. The poling periods are 9.900, 10.000, and
10.075 µm. The middle domain is used, as it offers optimal temperature tuning for the
pump at 405 nm. The optical setup is shown in Figures 1 and 2.

The experiment generates temporally correlated photon pairs that can be used a
heralded single-photon source. The two-photon interference5 is shown in Figure 3. The
corresponding biphoton spectral amplitude is shown in Figure 4.

3 Single-photon avalanche diodes (SPAD)

This section provides a general description of single-photon avalanche diodesB1 and
develops counting models that describe their operation.

SPADs are semiconductor avalanche diodes operated with a reverse voltage that is
above the breakdown voltage. Upon an absorption of a photon, an electron-hole pair
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Figure 1: Continuous-wave laser diode at 405 nm is used as pump. A rotational reflective attenu-
ator serves for adjusting pump power, while the reflected beam is coupled into a wavemeter. An
isolator prevents any reflections from entering the laser. A half-wave plate (HWP) rotates the
polarization to match the isolator and maximize transmission. Ellipticity of the beam is corrected
using a 200-mm cylindrical lens and two spherical lenses that serve as an expander (50 mm and
125 mm). Before coupling, a HWP rotates the polarization so that it matches the slow axis of a
polarization-maintaining fibre.
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Figure 2: The type-II collinear SPDC source using a periodically poled KTP crystal with a 10 µm
poling period. All optical inputs and outputs are coupled in single-mode polarization-maintaining
fibres. All components before the crystal are designed and coated for the pump wavelength 405
nm; all components afterwards are for 810 nm (the faces of the crystal are dual-band AR-coated).
A dichroic mirror allows a probing beam at 810 nm to enter the setup. The linear polarization
of the pump is rotated using a half-wave plate (HWP) onto a vertical polarization. A 100-mm
lens provides focusing into the nonlinear crystal. Afterwards, a cut-off filter removes most of
the pump. The down-converted signal and idler are collimated using a 150-mm lens. A HWP
is used for alignment and to match the frame of reference of the crystal to the polarizing beam
splitter (PBS). Further cut-off and band-pass filtering is carried out using additional filters. The
PBS separates signal and idler into two arms. One of them goes through a delay line, where a
motorized mirror serves as a back-reflector. A double pass through a quarter-wave plate (QWP)
makes sure that the delayed beam is transmitted through the PBS into the top arm. HWPs in
front of the fibre couplers serves to match the linear polarizations with slow-axis modes of the
fibres.
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Figure 3: The Hong-Ou-Mandel dip. The black curve represents the data and their statistical
error. The drift comes from systematic errors, most likely pump stability. HOM visibility = 98.9
± 0.2 % from data; the best fit of the models is 98 %. A perfect sinc-spectrum dip is shown
by the triangular purple dotted curve. Further augmentation by a band-pass filter is estimated
by the green dotted curve. The red dashed curve represents the numerical model based on the
interpolated spectral profile presented in Figure 4. The light-blue region designates the data range
that was the basis of the numerical model.
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Figure 4: The joint spectral amplitude numerically calculated from the HOM data. The
wavelengths are approximately correlated by (𝜆signal+𝜆idler)/2 ≈ 810 nm. Orange dots are the nu-
merical result and the red line is the interpolation of the central peak with side-artefacts cleaned
up.
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may be excited in the p-n junction of the diode. The work presented in this theses util-
izes silicon SPADs, which have optimal efficiency in the visible spectrum. All detected
signals were at 810 nm, where the typical efficiency of detecting a photon is 50–70 %.

Important aspects of SPADs include their temporal properties. The recovery time
𝜏𝑅 is a time period after each detection, when the SPAD is unable to detect another
photon. The relative time uncertainty of the output signal is called jitter, which is com-
monly defined as a FWHM of the detection-to-output time distribution. Typical values
for detectors in this work are in the order of fractions of a nanosecond. Dark counts
represent the ocurrence rate of background detections present without any incident sig-
nal. Values depend on the type of the SPAD and its age, in this work typically 10–500
counts per second. Another type of false counting arises from carriers trapped in en-
ergy levels close to the conduction band that represent impurities in the material. After
quenching and recovery, these carriers may cause an avalanche by themselves, result-
ing in a so-called afterpulse. Afterpulsing is expressed by a probability of occurrence
𝑝𝑎 and a temporal distribution. Photons arriving during recovery time also contribute
to afterpulsing, because the unquenched carriers they excite may cause an avalanche
immediately after the reverse voltage is applied. This adds to 𝑝𝑎 a factor that grows
linearly with the incident light intensity. In the literature, these events are referred to
as twilight pulses.

The following model presents modelling the probability distribution of the number
of detections in a fixed time window; usually referred to as counting statistics. The
basis of the model is a homogeneous Poisson point processB2 that is modified by con-
sidering basic detector imperfections – recovery time and afterpulses.B1 Let us work
with interarrival time Δ𝑡 = 𝜏𝑅 + 𝑡, which is the time interval between two successive
detections. The stochastic part 𝑡 has the probability density function

𝑃(𝑡) = 𝛼𝜆𝛿(𝑡) + 𝑎 [𝑒−𝜆𝑡 𝑝AP(𝑡) + (1 − 𝑝AP(𝑡))𝜆𝑒−𝜆𝑡] + (1 − 𝑎 − 𝛼𝜆)𝜆𝑒−𝜆𝑡. (1)

This model can be used to numerically simulate data for any event rate 𝜆. It was
used to provide all theoretical predictions of photon-number distributions that are used
in Chapter 7. Calibration results are shown in Figure 5.

The model also establishes an analytical correction for saturation of the detector
due to afterpulsing and dead time. The mean detection rate is

𝜆det = (1𝜆 −
𝑎
𝜆 ∫

∞

0
𝑝AP(𝑡) 𝑒−𝜆𝑡 d𝑡 + 𝜏𝑅 − 𝛼)

−1

. (2)

The required parameters 𝜏𝑅, 𝑎, 𝛼 and 𝑝AP(𝑡) can be established by direct measure-
ments. To obtain an analytical expression, themodel needs to be simplified to immediate
afterpulsing with probability 𝑝𝑎 ,

𝑝inter(𝑡) = 𝑝𝑎𝛿(𝑡) + (1 − 𝑝𝑎)𝜆𝑒−𝜆𝑡, 𝑡 ≥ 0. (3)

The counting distribution is then

4



𝑃0(𝑇) =
1 − 𝑝𝑎

1 − 𝑝𝑎 + 𝜆𝜏𝑅
𝑒−𝑀1 , (4)

𝑃0<𝑛<𝑁(𝑇) =
1

1 − 𝑝𝑎 + 𝜆𝜏𝑅

×
𝑛
∑
𝑘=0

(𝑛𝑘)𝑝
𝑛−𝑘
𝑎 (1 − 𝑝𝑎)𝑘[(𝑘 + 1 − 𝑝𝑎)𝒬𝑛+1

𝑘+1

−𝑀𝑛+1𝒬𝑛+1
𝑘 − (2𝑘 + (1 − 𝑘/𝑛) (1 − 𝑝𝑎))𝒬𝑛

𝑘+1

+ (𝑝𝑎𝑘/𝑛 + 2𝑀𝑛)𝒬𝑛
𝑘 + 𝑘𝒬𝑛−1

𝑘+1 − (𝑘/𝑛 +𝑀𝑛−1)𝒬𝑛−1
𝑘 ],

(5)

𝑃𝑁(𝑇) =
1

1 − 𝑝𝑎 + 𝜆𝜏𝑅
{−𝑀0

+
𝑁
∑
𝑘=0

(𝑁𝑘)𝑝
𝑁−𝑘
𝑎 (1 − 𝑝𝑎)𝑘[(𝑝𝑎𝑘/𝑁 + 2𝑀𝑁)𝒬𝑁

𝑘

− (2𝑘 + (1 − 𝑘/𝑁) (1 − 𝑝𝑎))𝒬𝑁
𝑘+1 + 𝑘𝒬𝑁−1

𝑘+1

− (𝑘/𝑁 +𝑀𝑁−1)𝒬𝑁−1
𝑘 ]} + 𝑁 + 1,

(6)

𝑃𝑁+1(𝑇) =
1

1 − 𝑝𝑎 + 𝜆𝜏𝑅
{𝑀0

+
𝑁+1
∑
𝑘=0

(𝑁 + 1
𝑘 )𝑝𝑁+1−𝑘

𝑎 (1 − 𝑝𝑎)𝑘[𝑘𝒬𝑁
𝑘+1

− ( 𝑘
𝑁 + 1 +𝑀𝑁)𝒬𝑁

𝑘 ]} − 𝑁,

(7)

where the terms𝑀 and 𝒬 are

𝑀𝑛 ≔ 𝜆(𝑇 − 𝑛𝜏𝑅), (8)

𝒬𝑛
𝑘 ≔ 𝑄𝑘(𝑀𝑛) = {

0 if 𝑘 = 0
𝑒−𝑀𝑛 ∑𝑘−1

𝑖=0 𝑀𝑖
𝑛/𝑖! if 𝑘 ≥ 1

, (9)

using parameters 𝜆 (incident rate), 𝑝𝑎 (probability of an afterpulse) and 𝜏𝑅 (recovery
time). The number of detections where the analytical expression changes is𝑁 = ⌊𝑇/𝜏𝑅⌋.
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In the limit of 𝑝𝑎 → 0, or 𝑝𝑎 ≡ 0 if one postulates 00 ≔ 1, the relations are
reduced to the form published by Müller for a dead-time-only process (equations (32)).6

To capture twilight pulsing, 𝑝𝑎 can be made a function of 𝜆.

200 kcps100 kcps

500 kcps 1 Mcps

1.5 Mcps

averaged data relative to simulation

data relative to simulation

Figure 5: The detectormodel compared tomeasured data for a constant intensity. The differences
in photon-number probabilities between data and a numerical simulation of model (1) are plotted
in orange including statistical errors of the data. Green points represent simulated data that share
the same interarrival time statistics with the measured data. This averages out any fluctuations
and for a homogeneous point process, both curves should be identical. However, green points
are generally closer to zero than orange points, which suggests the presence of fluctuations either
in the signal or in the behaviour of the detector. The parameters of the model were 𝜏𝑅 = 23 ns,
𝑎 = 0.0235, 𝛼 = 2 ns, and 𝜆 was taken so that the mean number of detections was the same as
in the data. The model is shown to be accurate with deviations in the order of 10−4.
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4 Quantum non-Gaussian light

This section is based on the publication by Straka and colleagues (2014).A1

Photonic Fock statesB3 represent an essential resource that allows harnessing the
quantum properties of light. There are several quantum characteristics that such states
possess that can be experimentally recognized. Nonclassical states, by definition, go
beyond the description of classical optical theory. Any state that cannot be expressed
as a statistical mixture of coherent states (displaced vacuum states) is nonclassical.7,8

One can go a step further and consider a convex mixture of Gaussian states (squeezed
and displaced vacuum states). A quantum state incompatible with any such mixture is
quantum non-Gaussian.9

Quantum non-Gaussianity (QNG) is a quantum property that can be recognized in
single photons that exhibit a positive Wigner function. There are several ways of wit-
nessing this property2,9–13 and it has been positively recognized on a number of physical
systems.2,14–16 This work follows the experimental proof by Ježek and colleagues2 by
exploring the properties of QNG depth for various physical platforms. Single photons
were produced by frequency conversion of continuous and pulsed light, and recombin-
ation of excitons in a semiconductor quantum dot. The split-detector approach allows
estimation of a lower bound on the QNG depth.

The QNG witness approximation was formulated by Lachman and Filip.A1 In the
Fock basis, let 𝑃𝑛 denote the probability of 𝑛 photons. Let 𝑃2+ = 1 − 𝑃0 − 𝑃1 quantify
the undesirable multi-photon contribution. The idea of the QNG witness is to conser-
vatively estimate 𝑃1 and 𝑃2+ so that they unequivocally prove QNG by passing extremal
values of Gaussian mixtures.2 Such a threshold can be expressed parametrically,2 but in
the limit of a lossy, high-quality single photon sources 𝑃2+ ≪ 𝑃1 ≲ 0.1 an approximation
can be used,17

𝑃2+ < 2
3𝑃

3
1 . (10)

A nonclassicality condition in the same approximation is 𝑃2+ < 1
2
𝑃21 , which is less

strict.18 To analytically evaluate the QNG depth, the approximation 𝑃2+ ≈ 𝑃2 ≪ 𝑃1 is
used. The subsequent transmittance necessary to preserve QNG is then bounded by

𝑇 > 3
2
𝑃2+
𝑃31

. (11)

This proves to be a good estimate for the QNG depth for realistic single photon sources,
as evident from the presented data. This figure can be also directly measured using
attenuation in the experiment.

In this work, three different systems were used to generate single-photon states.
Of these, two were based on spontaneous parametric down-conversion (SPDC) in a
nonlinear crystal. The third system was an InAs/GaAs single quantum dot.
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Figure 6: The autocorrelation measurement scheme. A single-photon state is heralded by the
trigger photon and subjected to attenuation. 𝑝1 and 𝑝2+ are estimated using the Hanbury Brown–
Twiss setup.2

The first SPDC source (located in Olomouc) was based on a 2-mm-thick BBO crystal
in a type-II collinear configuration that was operated in the continuous-wave (cw) re-
gime. Here, the pump power was 90 mW while its wavelength was 405 nm. Correlated
photons were spectrally filtered to a bandwidth of 2.7 nm.1,2 The second SPDC source
(located in Innsbruck) produced entangled photon pairs. It contained a 15-mm-long
type-II ppKTP nonlinear crystal embedded in a Sagnac-type interferometer loop.19 This
source was pumped by a 2-ps pulsed laser light of 404 nmwavelength and 80 µW power
per loop direction. The quantum dot sample contained low density self-assembled
InAs/GaAs quantum dots embedded in a planar microcavity. The excitation light was
derived from a tunable Ti:sapphire laser that could be operated in picosecond-pulsed (82
MHz repetition rate) or continuous-wave mode.20 Two data sets were generated with
this system, one in resonant two-photon excitation using the pulsed mode and the other
in above-band continuous-wave mode.

The measurement scheme was a triggered autocorrelation shown in Figure 6. Vari-
able attenuation was introduced by moving a blade in the beam. Data acquisition was
carried out by a time-to-digital converter which stored arrival times of every detection
event. The trigger detector conditioned the detections in the signal arm: any detection
within a coincidence time window centred around a trigger detection was considered
a coincidence. From these, the probabilities 𝑝0, 𝑝1, 𝑝2+ were calculated, which are es-
timators of 𝑃0, 𝑃1, 𝑃2+.2 These parameters allow constructing the witnesses for NC and
QNG states.
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Figure 7: Estimated probabilities of heralded single-photon states on a log-log scale. Each series
represents various attenuations of a particular state. Full diamonds denote the cw SPDC source:
orange – coincidence window 2 ns; red – low pump, coincidence window 2 ns. Cyan triangles
denote the pulsed SPDC source. Square markers denote the quantum dot: purple squares – above-
band excitation, cw pump; blue squares – resonant excitation, pulsed pump. The dot-dashed lines
represent theoretical prediction of attenuation from the initial point. The dashed red line is the
limit of dark counts for the red attenuation data. The solid black and blue lines represent NC and
QNG witnesses, respectively. Error bars in this figure have been slightly changed with respect to
the presentation in reference A1, where a naïve approach was mistakenly used. The change is,
however, cosmetic and the results remain unchanged. Here, error bars represent Bayesian 68%-
confidence intervals stemming from statistical counting errors. Horizontal error bars are smaller
than plot points.
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In Figure 7, the measurement results obtained from all three single-photon sources
are compared. For the pulsed SPDC source (cyan triangles) the estimated QNG depth is
14.5 dB; the experimentally confirmed value is 10.8 dB. The cw SPDC source measured
with 2-ns coincidence window (orange diamonds) yields a theoretical depth of 19.6 dB
and a proven depth of 17.9 dB. Red diamonds also stand for the cw SPDC, but with re-
duced pump power to bring down multi-pair contributions to a level comparable with
the quantum dot source. The expected depth is 31.8 dB while the measured value is
18 dB. The most attenuated state also visibly approaches the dark count limit of the
detectors and so, further attenuation would be meaningless. The state generated by a
quantum dot excited above-band (purple squares) shows only nonclassicality and can-
not be well compared to SPDC states. With resonant pulsed excitation (blue square), the
quantum dot state exhibits QNG character and the theoretical depth is 5.6 dB. Empty
blue squares show additional quantum dot states measured with different collection effi-
ciencies. However, in order to measure the QNG depth directly here, the measurement
time here would exceed the stability of the system.

5 Multiphoton states

This section is based on the publication by Straka, Lachman, and colleagues (2018).A2

The QNG criterion discussed in the previous chapter is universal for all quantum
states, however it is suitable primarily for recognizing QNG in single-photon states. In
this chapter, a multichannel detection scheme will be used to conveniently recognize
QNG in multiphoton states.

The detector splits incoming light evenly to multiple separate single-photon binary
detectors, as depicted in Figure 8. The detector has 𝑛+1 channels, fromwhich 𝑛 particu-
lar channels are selected. Let us denote the probability of coincident detections on these
channels 𝑅𝑛. The probability of all channels registering photons is 𝑅𝑛+1. For light with
small mean number of photons, the sufficient condition for QNG can be approximated
by

(𝑅𝑛)
𝑛+2 > 𝐻4

𝑛(𝑥) [
𝑅𝑛+1

2(𝑛 + 1)3 ]
𝑛
, (12)

where 𝐻𝑛(𝑥) is the maximum value of a Hermite polynomial among such values of
𝑥 ∶ 𝐻𝑛+1(𝑥) = 0.

Multiphoton states were produced by mixing 𝑛 single-photon states together inco-
herently using time multiplexing. The resulting multi-mode state is subjected to con-
dition 12, where all detectors are considered binary within the measurement window.
The source of single photons is described in section 2. The heralding rate was set to
about 650 kHz, which corresponds to the maximum data flow allowed by the coincid-
ence electronics. 𝑛 successive time windows were taken, in which a single photon was
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Figure 8: A general proposal of the experimental QNG witness. Top: multiphoton light is collec-
ted and brought to a balanced multichannel detector, where coincidences 𝑅𝑛, 𝑅𝑛+1 are compared
to the QNG threshold. Bottom: the detector consists of 10 silicon single-photon avalanche di-
odes (SPAD) and a balanced array of polarizing beam splitters (PBS) and half-wave plates (HWP)
to control the splitting ratio. The half-wave plates can be adjusted to split the light equally to any
number of selected channels, so there is no need to physically add or remove SPADs.
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D2

D3

(a) (b)

Figure 9: QNG tests for heralded 1-9 photons. (a) Example for 𝑛 = 2. Red line represents the
QNG criterion, while dashed grey line is its approximation (12). The blue point represents the
measured state and the dotted blue line is the path of the point if the state becomes further atten-
uated. For the sake of visualising attenuation for all data, let us denote 𝐷𝑛, 𝐷𝑛+1 as the horizontal
and vertical log-distances between a measured point and the QNG threshold. (b) The distances
𝐷𝑛 and 𝐷𝑛+1 are plotted for measured points as well as for predicted attenuations. Reaching the
point of origin at zero means that QNG is no longer recognizable. Dotted paths represent atten-
uation with steps of 0.5 dB per dot. Note that these steps are not the same size for all 𝑛. The
number of steps on each path is proportional to QNG depth. For QNG depth values, see Figure
10.

heralded, and were joined into a single temporal detection unit. The positions of these
respective time windows were heralded by a detector in one of the SPDC modes.

A multichannel detector was built by Josef Hloušek; a network of polarizing beam
splitters and half-wave plates to construct a balanced 1-to-(𝑛 + 1) splitter. The design
is equivalent to the one depicted in Figure 8, but a tree structure was used instead of
a linear one. In each arm, a silicon single-photon avalanche diode (SPAD) was placed
as a detector. Even though each SPAD has different efficiency, it is sufficient to adjust
the beam splitter network so that the responses of all detectors are balanced. This way,
the measured state is merely subjected to additional loss, but that does not create any
false positives in QNG witnessing.2 The total number of channels was 10; one SPAD
was additionally used as a heralding detector.

Data acquisition employed two time-to-digital converters, each having 8 channels
with the resolution of 81 ps/time bin. Since 11 channels were needed in total, two
modules were used and synchronized with a shared periodic signal at 100 kHz. This fre-
quencywas chosen to compensate themeasured relative clock drift 105 time bins/second.

The estimated mean numbers of photons were up to 5, if the detector efficiency is

12



Figure 10: Table of QNG depths (in dB). The horizontal axis shows the number of single-photon
states that comprise the measured state. The vertical axis represents the order of the QNG cri-
terion used to measure the state (𝑛 in equation (12)). The diagonal represents the data being
shown in Figure 9. Solid-colored tiles represent points with positively measured QNG despite
statistical uncertainties. For points above the diagonal, the depth estimates are conservative and
lower than the actual QNG depth, because 𝑅𝑛+1 is no longer caused solely by noise. The upper
white region represents combinations of measured states and criteria that did not show QNG.
Orange stripes denote measurements where statistical uncertainty intersects with the QNG cri-
terion border, making the result inconclusive. Data in the grey region contain no detections at
all.

taken into account, which was ≈ 50%. However, no correction has been done in the
data, and the results represent direct witnessing of QNG using a lossy detector. In this
regime, witnessing the negativity of the Wigner function would not be possible.

The measured states are very robust against optical loss, withstanding up to 5-20
dB of attenuation before their QNG character becomes undetectable. In previous work,
it was demonstrated that this QNG depth can be precisely predicted.A1

In Figure 10, QNG depths of various multi-photon states are shown, as measured
using multiple QNG criteria. Here, each multi-photon state is positively detected with
at least one order of the QNG criterion.
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6 Genuine QNG

This section summarizes the results reported by Lachman, Straka, and colleagues (2018)A4.
The proposed genuine 𝑛-photon quantum non-Gaussianity – GQNG(𝑛) – represents

a hierarchy of quantum properties that rule out any mixtures of Gaussian-transformed
superpositions of Fock states up to 𝑛−1.A4 Namely, the property of the 𝑛th order states
that 𝜌𝑛 ≠ ∫𝑃(𝜓𝑛) |𝜓𝑛⟩⟨𝜓𝑛|, where |𝜓𝑛⟩ = 𝑆(𝜉)𝐷(𝛼)∑𝑛−1

𝑘=0 𝑐𝑘 |𝑘⟩.
Using the detection approach from section 5, sufficient criteria were formulated for

GQNG as well by Lachman and Filip.A4 They can be found numerically, while for low
number of photons the approximation of the 𝑛th order readsA4

𝑅𝑛+1 ≲
(1 + 𝑛)2𝑛(2 + 𝑛)2(1 + 𝑛)!𝑅3𝑛

18𝑛2(𝑛!)3 . (13)

To witness this property, a multi-mode approach based on SPDC was used, as de-
scribed in section 5. In addition, the sensitivity of genuine QNG to incoherently added
noise was explored, which was supplied by an external laser diode. The schematic of
the measurement is depicted in Figure 11.

The results shown in Figure 12 exhibit genuine QNG up to order 𝑛 = 3. This was
achieved by reducing SPDC gain (pump power) to a point where multiphoton contribu-
tions are sufficiently low, but the overall rate allows measuring statistically significant
results over the course of a few hours.

The results also provide an insight of how other multiphoton states fare in criteria
that do not correspond to their heralded number of photons. In the data, only states
with the number of photons higher than the order of the criterion provided statistically
significant results. All of these states (numbered points in Figure 12) are located outside
the genuine QNG witness region.

The results additionally show the effect of an incoherently added noise. In a commu-
nication line, such noise could be coupled from external sources and would decrease the
recognizability of quantum properties. The noise signal was provided by an attenuated
laser diode coupled by an imbalanced beam splitter into the experiment. By controlling
the intensity, the portion of additional noise was varied, resulting in a shift along the
vertical axis in Figure 12. The shift of the points in the horizontal axis is caused by un-
wanted back-reflections in the optical setup resulting in noise leakage into the heralding
arm.
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Figure 11: A schematic of the measurement. Temporally correlated photon pairs are produced
by SPDC in a nonlinear crystal. An attenuated laser beam is incoherently mixed into one of the
arms and serves as a source of excess noise. 𝑛 time windows with heralded single photons are
collected and measured on a balanced multichannel detector.
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Figure 12: Data measured for various number of heralded photons (blue circles) with respect to
three orders of genuine QNG (orange regions). All points were measured with identical SPDC
parameters, meaning identical single-photon states that constituted the multiphoton states. Es-
timated depth of genuine QNG for 1–3 heralded photons are respectively 36 dB, 6.3 dB and 0.6 dB.
Square points represent added Poissonian noise with mean number of photons 𝑛 = 4 × 10−5,
2 × 10−4, 1 × 10−3.
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7 Generating arbitrary classical photon statistics

This chapter is based on the publication by Straka and colleagues (2018).A3

The following work introduces a device based on acousto-optical modulation that
can be programmed to perform arbitrary intensity modulation. This can be used as a
source of light with programmable photon statistics and also for simulation of transmis-
sion fluctuations in communication channels.21–24 Additionally, a new method is pro-
posed to obtain the distribution of optical intensity from an arbitrary photon-number
distribution. An experimental demonstration is given, covering several statistics includ-
ing Poisson, various super-Poisson, thermal, log-normal, bimodal, and uniform distri-
butions. The generated statistics are characterized using a time-multiplexed photon-
number-resolving detector and compared with theoretical expectations. Among the
demonstrated features are faithful tail behaviour of photon statistics and producing
highly bunched light. The proposed generator is also readily extensible to the pulse
regime or other techniques of modulation.

If a photon statistics 𝑝𝑛 is given instead of the intensity distribution 𝑃(𝑊), Mandel’s
formula needs to be inverted. There are several different approaches found in the liter-
ature,25–28 but here full inversion to this ill-posed problem is not needed. The photon
statistics to be generated is always specified up to a certain 𝑛max. Because the number
of discrete values of intensity 𝑊𝑖 is 𝑁𝑊 = 128 in the experiment, Mandel’s formula
becomes a linear matrix transformation

𝑁𝑊

∑
𝑖=1

𝐴𝑛𝑖𝑃𝑖 = 𝑝𝑛 (14)

with 𝑃𝑖 = 𝑃(𝑊𝑖) being the probability vector and 𝐴𝑛𝑖 = 𝑒−𝑊𝑖𝑊𝑛
𝑖 /𝑛! a known trans-

formation matrix. If the right side 𝑝𝑛 is given, the task is to find the solution vector 𝑃𝑖 .
Considering normalization, the problem has a form

⎛
⎜
⎜
⎝

𝐴0,1 … 𝐴0,𝑁𝑊
⋮ ⋱ ⋮

𝐴𝑛max,1 … 𝐴𝑛max,𝑁𝑊
1 … 1

⎞
⎟
⎟
⎠

⎛
⎜
⎜
⎝

𝑃1
𝑃2
⋮
𝑃𝑁𝑊

⎞
⎟
⎟
⎠
=
⎛
⎜
⎜
⎜
⎝

𝑝0
𝑝1
⋮

𝑝𝑛max

1

⎞
⎟
⎟
⎟
⎠

, 𝑃𝑖 ≥ 0 ∀𝑖. (15)

To avoid the ambiguity of defining a metric, only precise solutions are considered.
In practical terms, this means an upper limit on 𝑛max and classical photon statistics.
In order to solve a linear system, a Python-implemented non-negative least squares
(NNLS) algorithm was used, as published by Lawson and Hanson.B4 This proved to be
an efficient method of finding a precise solution. When defining the photon statistics,
𝑛max was always kept sufficiently low and 𝑊max chosen such that the solution would
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Figure 13: The scheme of the generator. Light from a superluminescent diode (SLED) is sent
through an acousto-optical modulator (AOM), and the first diffraction order is coupled into a
single-mode fibre and detected on a silicon single-photon avalanche diode (SPAD). The AOM is
fed from a harmonic signal generator through a programmable attenuator with a parallel 7-bit
interface connected to a microcontroller board.

be exact within machine precision. Because the matrix rank is 𝑛max + 2, the solution
vector 𝑃𝑖 typically exhibits the same number of non-zero elements.

The experimental setup (see Figure 13) employed a superluminescent diode due to
its long-term power stability better than 10−4 (QPhotonics QSDM-810-2). It was centred
around 810 nm and coupled to a single-mode fibre. Light was decoupled into free space
and sent through an AOM (Brimrose TEM-125-10-800). The first diffraction order was
collected into a single-mode fibre and measured. The AOM was driven by a 125-MHz
harmonic signal generated in a harmonic signal generator and passed through a digital
step attenuator (Mini-Circuits ZX76-31R75PP+). The attenuator was controlled by an
ARM microcontroller (Arduino Due) through a 7-bit parallel interface.29 There were
128 attenuation levels separated by 0.25 dB with a switching speed below 0.5 µs. The
specified responses are 300 ns for the attenuator and 150 ns for the AOM. The diffracted
optical intensity was approximately linear with respect to the RF signal power.

Detection was performed by a silicon single-photon avalanche diode (SPAD, Excel-
itas SPCM CD3543H). The width of the detection window 𝑇 was 10 µs, which is much
larger than the recovery time of the SPAD (23 ns), so that the SPAD can distinguish the
number of photons incident during the detection window. Data were collected using
an electronic time-to-digital converter with a timing resolution of 156 ps (UQDevices
UQD-Logic-16).

The intensity modulation was a stepwise sequence of intensity levels and fully con-
trolled by the microcontroller. The sequence was random with a user-specified stat-
istical distribution implemented by an integrated hardware random number generator.
The modulation period was 1 ms, which is much longer than the detection window. To-
gether with fast level switching, the optical intensity in each detection window can be
considered constant so that the response of the detector can be modelled. The overall
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model of the data is then a statistical mixture of constant-intensity models with weights
specified by 𝑃𝑖 , just like the intensity itself.

The detection model has to take into account all relevant imperfections of the de-
tector.B1 Some have no impact on the measurement. Finite detection efficiency is simply
included in the overall attenuation. Background counts are very low and contribute to
an offset in intensity, which is accounted for in calibration. However, the effects of re-
covery time and afterpulsing have a measurable effect on the detected photon statistics.
The model used here is discussed in section 3.

All of these effects can be measured, simulated for each intensity𝑊𝑖 and the result
compared to measured data. It was found that for constant intensities (Poisson light),
the measured photon statistics differs from the predicted model by less than 6 ⋅ 10−4
for each 𝑝𝑛. All of the data that use NNLS inversion have accuracy comparable to this
systematic error. Figures 14 and 15 present various generated photon statistics.

One approach is to take a specified photon statistics 𝑝𝑛 and perform the NNLS in-
version to obtain an intensity distribution. This inversion-approach is universal and
does not require any prior knowledge or decomposition of 𝑃(𝑊). The other method
(intensity-approach) is simply implementing a given intensity distribution. In that case,
both limited dynamic range and finite sampling need to be accounted for. The data
show that both approaches can lead to accurate results (see Figures 14, 15 and Table 1).

For the measured data, the accuracy of the generated photon statistics needs to
be evaluated. A detection model is employed that arises from the intensity statistics
𝑃(𝑊) and models the SPAD response to any intensity𝑊. If 𝑃(𝑊) was obtained by the
inversion-approach, which provides exact solutions up to 𝑛max, accurate photon statist-
ics is expected only up to 𝑛max. Beyond that, high accuracy of the model is achieved if
the photons statistics has already been covered enough, that is if∑𝑛max

𝑛=0 𝑝𝑛 → 1.
To show the difference between model and data, individual differences 𝛿𝑝𝑛 are plot-

ted in Figures 14 and 15. For quantification of the overall difference between the two
probability distributions, a very conservative definition was chosen: total-variation dis-
tance Δ. It is defined as the maximum difference between probabilities of any possible
set of samples {𝑛} ⊆ ℕ0. The distances for most photon statistics, and therefore max-
imal deviations in generated probabilities, are in the order of Δ ∼ 10−3 (see Table 1).
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Figure 14: Generated Bose-Einstein statistics. Additional information in Table 1. Orange bars
represent the expected model. Note that the model is not strictly equal to theoretical 𝑝𝑛, because
it includes SPAD recovery time and afterpulses. Squares represent measured data. The difference
between them, 𝛿𝑝 = 𝑝data − 𝑝model, is represented by blue points on a magnified scale. Lighter
points and striped bars represent values beyond 𝑛max. a – c: Bose-Einstein statistics. NNLS was
used to calculate 𝑃 (𝑊). d: typical shape of the autocorrelation function 𝑔(2). e, f: Bose-Einstein
statistics. Intensity was modulated with negative exponential distribution.
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Figure 15: Miscellaneous generated photon statistics (continuing from Figure 14). Additional
information in Table 1. For brevity, a normally distributed variable 𝑋 with mean 𝑋0 and vari-
ance 𝜎2 is denoted as 𝑋 ∼ 𝒩(𝑋0, 𝜎2). a, b: desired statistics are based on log-normal intensity
distributions. NNLS inversion was used to calculate 𝑃(𝑊). c: same as a, but using log-normal
modulation in intensity. d: a uniform distribution 𝑝 = 1/21. NNLS inversion used. e: a mix-
ture of 1/4 Bose-Einstein statistics with ⟨𝑛⟩ = 1 and 3/4 normally convoluted Poisson statistics
(𝑊 ∼ 𝒩(6, 0.52)). NNLS inversion used. f: a mixture of two convoluted Poisson statistics,
𝑊 ∼ 2/3 𝒩(1.5, 0.252) + 1/3 𝒩(7, 0.252). NNLS inversion used.
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Figure 16: Measured log-normal distribution log-𝒩(2, 12) with pronounced heavy-tailed beha-
viour. Black points denote experimental data and the orange curve is the theoretical expectation.
Orange area denotes statistical confidence region of 2𝜎, so approximately 95 % of all data should
be within. For this measurement, the modulation period was 2 ms. The detection window was
extended to 200 µs to avoid detector saturation for high photon numbers. Measurement time was
1000 s.

1

356

autocorrelation data
g(2)

delay (ms)

Figure 17: The maximum measured autocorrelation value that is achievable using the device in
its present form; the result of a two-detector coincidence measurement. Blue curve represents
data for a coincidence window of 10 ns, delay values were sampled by 10 µs and the uncertainty
is lower than the thickness of the curve. The shape corresponds to stepwise intensity modulation
with 1-ms period. The signal was a random mixture of two intensities with count rates on each
detector approximately 3 Mcps (probability 𝑝 = 6.6 ⋅ 10−4) and 2 kcps (probability 1 − 𝑝). The
intensities were chosen such that dark counts and recovery time of the detector would have the
smallest effect on the superbunching.
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statistics quantity 𝑛max 𝑊max Δ [×10−3]
B–E(1) 𝑛 10 15 1.4
B–E(1) 𝑊 – 13 1.9
B–E(2) 𝑛 10 15 1.0
B–E(2) 𝑊 – 20 3.3
B–E(10) 𝑛 10 20 0.6

log-𝒩(1, 0.52) 𝑛 15 20 2.0
log-𝒩(1, 0.52) 𝑊 – 30 1.3
log-𝒩(2, 12) 𝑛 15 30 1.4
log-𝒩(2, 12) 𝑊 – 500 14.7

1
4
B–E(1) + 3

4
𝒩(6, 0.52) 𝑛 15 15 3.1

1
3
𝒩(1.5, 0.252) + 2

3
𝒩(7, 0.252) 𝑛 13 15 2.1

uniform(0, 20) 𝑛 10 20 1.9

Table 1: Results for generated photon statistics. Data shown in Figs. 14, 15 and 16. Quantity
denotes the physical quantity specified. For number of photons 𝑛, NNLS inversion was used
to obtain 𝑃(𝑊), and for intensity 𝑊, distribution 𝑃(𝑊) was given directly. 𝑛max represents the
upper limit on the given probability space and 𝑊max is the maximum intensity. Δ is the total-
variation distance. Definitions of statistical notations follow. B–E(⟨𝑛⟩): Bose–Einstein photon
statistics or negative exponential intensity distribution, where ⟨𝑛⟩ = ⟨𝑊⟩. 𝒩(⟨𝑊⟩, 𝜎2): normally
distributed intensity with mean ⟨𝑊⟩ and variance 𝜎2, or the corresponding photon statistics. log-
𝒩(⟨ln𝑊⟩, 𝜎2): log-normal distribution of intensity or the corresponding photon statistics. The
moment parameters are the same as for the normal distribution, except here they pertain to ln(𝑊).
uniform(𝑛1,𝑛2): uniform photon statistics 𝑝𝑛 = 1/(𝑛2 − 𝑛1 + 1) for 𝑛1 ≤ 𝑛 ≤ 𝑛2.
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8 Conclusion
The thesis covers generation of photonic quantum states in two main areas: producing
a heralded number of photons and generating arbitrary photon statistics. The results
furthermore address detection and characterization of the photonic states by witness-
ing quantum non-Gaussianity, verifying generated photon statistics and modelling the
counting response of single-photon avalanche diodes.

First, multiple single-photon sources were subjected to QNG analysis. The results
show very different values of QNG depths among states that are all nonclassical. Al-
though the statistical differences between single-photon states generated by various
platforms are known, the results offer new insight into fundamental importance of such
differences. The QNG depth offers a way to quantify how resilient these states are in
optical applications that involve loss. The resilience is considered in regard to QNG,
which is a fundamental quantum property of all Fock states that needs to be maintained
among experimentally generated states of sufficient quality. This motivation concerns
multiphoton states as well. The results show that multi-mode states generated by SPDC
exhibit QNG despite the systematic noise and optical losses present in both generation
and detection. The detected photon statistics was found to be very similar to statistics
of attenuated Fock states; the extra noise however still limited the recognizability of
quantum non-Gaussian properties.

The QNG results were analyzed in terms of experimental parameters. For SPDC,
continuous-wave pump was shown to produce lower multiphoton noise than pulsed.
There is also an optimal heralding time window maximizing QNG depth that depends
on detector characteristics. When compared to a quantumdot, SPDC can generatemuch
more robust states at present, but its noise is fundamentally unavoidable. Additionally,
reducing the noise simultaneously reduces the generation rate. Quantum dots are not li-
mited by this trade-off and further improvement of the technical aspects of quantum dot
sources could lead to single-photon states more robust than those generated by SPDC.

Heralded multiphoton states were also shown to exhibit genuine n-photon quantum
non-Gaussianity, which is tied to a certain maximum number of photons enveloped by
Gaussian transformations. Although these states might possess positive Wigner func-
tion due to excess optical loss, they exhibit quantum properties that actually go beyond
the negativity of the Wigner function. In fact, the presented methodology is capable
of recognizing very subtle differences that distinguish vastly dissimilar quantum states
like attenuated Fock states |𝑛⟩ and (𝑛 − 1)-photon Gaussian mixtures.

The thesis furthermore presented a generator of arbitrary classical photon statistics
than can be fully programmed by the user. Various statistics were generated including
Poissonian, super-Poissonian, thermal, and log-normal. Very high generation accuracy
𝛿𝑝𝑛 < 10−3 was reached, which corresponds to the accuracy of the detection mechan-
ism. An efficient inversion method was proposed to turn an arbitrary photon statistics
into an optical intensity distribution. The concept of the generator can be extended to
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any form of intensity modulation with possible increases in speed and range of gener-
ated statistics by orders of magnitude. The generator can also be straightforwardly used
in a pulsed regime to produce single-mode states with given statistics. Another use is
stochastic loss modulation to simulate realistic transmission channels. As an experi-
mental advance, the proposed method of modulation is capable of putting out bunched
light with much higher intensity than the conventional rotating glass approach.

In the course of solving these projects, experimental methods were developed and
described in sections 2 and 3. A source of correlated photon pairs was constructed, cha-
racterized and used for the QNGmeasurements. The counting response of silicon single-
photon avalanche diodes was theoretically modelled both analytically and in simulation.

In conclusion, the presented results contribute to methods of generating and char-
acterizing both non-classical and classical light. QNG and genuine QNG witnessing
can aid with experimental development of single- and multiphoton sources, where the
current state-of-the-art easily satisfies nonclassicality, but is still significantly limited
in terms of the Wigner function negativity. The arbitrary-photon-statistics methodo-
logy currently represents themost accurate and tunable engineering of photon statistics
and can be used to simulate communication channels, calibrate the response of photon-
number-resolving detectors, or probe physical phenomena sensitive to photon statist-
ics. The SPAD counting models extend the currently published counting models that
are used to predict the measured number of detections as a function of the incident rate.
This could also advance detector calibration and inferring the properties of the optical
signal based on the measured data.
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Souhrn v českém jazyce

Disertační práce předkládá výzkum v oblasti detekce kvantové negaussovskosti světla a
rovněž generace obecné statistiky fotonů. Jako první jsou uvedeny výsledky srovnáva-
jící kvantově negaussovské vlastnosti jednofotonových stavů produkovaných různými
fyzikálními systémy. Při analýze rozpoznatelnosti těchto vlastností vzhledem k optic-
kým ztrátám se ukázalo, že jednofotonové stavy z různých platforem, vykazujíce shod-
ně neklasičnost, se už diametrálně liší v negaussovskosti. Vzhledem k tomu, že obou
zmíněných vlastností je nutné dosáhnout při generaci ideálního jednoho fotonu, jsou
uvedené poznatky uplatnitelné ve vývoji jednofotonových zdrojů.

V další části jsou uvedeny výsledky měření kvantové negaussovskosti pro vícefoto-
nové stavy. Tyto stavy byly generovány spojením několika jednofotonových stavů gene-
rovaných optickou frekvenční konverzí. Kvantová negaussovskost byla demonstrována
až pro 9 fotonů s realistickými ztrátami a šumem, což dokazuje využitelnost metody k
vývoji vícefotonových stavů.

Jako další vlastnost byla ověřena vícefotonová ryzí negaussovskost, která je schopna
rozpoznat přítomnost určitého minimálního počtu fotonů i přes obálku gaussovských
transformací. U této metody se ukázalo, že dokáže rozeznat stavy velmi podobných
statistických vlastností, které se však diametrálně liší svým charakterem.

Disertace dále uvádí metodu programovatelné intenzitní modulace jako zdroj světla
s nastavitelným klasickým rozdělením počtu fotonů. Byla navrhnuta metoda výpočtu
odpovídajícího intenzitního rozdělení a generováno několik klasických fotorozdělení.
Navrhovaná metoda je schopna dosáhnout vysokého dynamického rozsahu i vysoké
míry shlukování. Využití může nalézt u simulace komunikačních kanálů nebo měření
odezvy nelineárních systémů včetně kalibrace detektorů citlivých na statistiku dopada-
jícího světla.

Metody využité při řešení práce zahrnují konstrukci zdroje korelovaných fotonů,
jenž byl využit pro dosažení uvedených výsledků. Dále byl vyvinut model čítací odezvy
jednofotonových lavinových diod, a to v numerické simulaci i analyticky. Prezentované
výsledky rozšiřují stávající modely a mohou přispět k přesnější kalibraci odezvy jedno-
fotonových lavinových diod.


	Preface
	Introduction
	SPDC source of photon pairs
	Single-photon avalanche diodes
	Quantum non-Gaussian light
	Multiphoton states
	Genuine qng
	Generating arbitrary classical photon statistics
	Conclusion
	References
	List of publications

