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Abstract 
T h e thesis deals w i t h the s imu l a t i on of e lectronic c i rcu i ts . It describes the C a p a c i t o r Subst i 
t u t i o n M e t h o d ( C S M ) to t r ans form electronic c i rcu i t s in to electr ic c i rcu i t s w h i c h can then be 
solved us ing numer i c a l methods , name ly the M o d e r n Tay lo r Series M e t h o d ( M T S M ) . T h i s 
m e t h o d is d i s t ingu i shed by au tomat i c order se lect ion, h a l v ing the step size as requi red and 
the wide area of s t ab i l i t y accord ing to the order . W i t h i n the thesis, spec ia l ized p rogram
m i n g equ ipment to solve o rd ina ry different ia l equat ions us ing M T S M was created by the 
au thor of the thesis, w i t h many improvements to the a l gor i thms (compared to T K S L / 3 8 6 ) . 
These a l gor i thms involve the s impl i f i ca t ion of generic expressions in to po l ynomia l s , para l -
l e l i za t ion independent of the in tegra t ion m e t h o d etc. T h i s software runs on a L i n u x server 
w h i c h communica te s us ing the T C P / I P stack. T h e equ ipment was successfully used to 
s imulate V L S I c i rcu i t s whose so lu t ion by C S M was m u c h faster and more memory-eff icient 
t h a n the state-of-the-art S P I C E . 

Abstrakt 
D i s e r t a č n í p r á c e se z a b ý v á s i m u l a c í e l e k t r o n i c k ý c h o b v o d ů . Pop i su je m e t o d u k a p a c i t o r o v é 
subst i tuce ( C S M ) pro p ř e v o d e l e k t r o n i c k ý c h o b v o d ů n a e l e k t r i c k é obvody, j e ž m o h o u b ý t 
n á s l e d n ě ř e š e n y p o m o c í n u m e r i c k ý c h me tod , z e j m é n a M o d e r n í m e t o d o u Tay lo rovy ř a d y 
( M T S M ) . T a t o m e t o d a se o d l i š u j e a u t o m a t i c k ý m v ý b ě r e m ř á d u , p ů l e n í m k r o k u v p ř í p a d ě 
p o t ř e b y a r o z s á h l o u o b l a s t í s t ab i l i t y pod le z v o l e n é h o ř á d u . V r á m c i d i s e r t a č n í p r á c e by lo 
au to rem disertace v y t v o ř e n o s p e c i a l i z o v a n é p r o g r a m o v é v y b a v e n í pro ř e š e n í o b y č e j n ý c h 
d i f e r e n c i á l n í c h rovn ic p o m o c í M T S M , s m n o h a v y l e p š e n í m i v a l gor i tmech (v p o r o v n á n í 
s T K S L / 3 8 6 ) . T y t o a l gor i tmy z a h r n u j í z j e d n o d u š o v á n í o b e c n ý c h v ý r a z ů na po l ynomy , pa-
ra le l i zac i n e z á v i s l o u n a i n t e g r a č n í m e t o d ě a tp . Tento software b ě ž í n a l i n u x o v é m serveru, 
k t e r ý komun iku j e p o m o c í p ro toko lu T C P / I P . T o t o v y b a v e n í by lo ú s p ě š n ě p o u ž i t o pro s imu
l ac i V L S I o b v o d ů , j e j i c h ž ř e š e n í p o m o c í C S M by lo z n a č n ě r y c h l e j š í a s p o t ř e b o v á v a l o m é n ě 
p a m ě t i n e ž state-of-the-art S P Í C E . 
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p r o x i m a t i o n c an mode l the lengths of the t rans ient responses. T h e C a p a c i t o r Subst i 
t u t i o n M e t h o d ( C S M ) is descr ibed i n Sect ion 3.2. 

- The proposed method should be efficient. 
T h i s hypothes is is c lear ly answered i n C h a p t e r 4. It c an be seen f rom the results , that 
the proposed C S M is m u c h faster (much more t h a n lOOOx) and more memory-eff icient 
t h a n the state-of-the-art S P I C E . 

5.2 Research contribution 

D u r i n g m y doc to r a l studies , I deve loped p r o g r a m m i n g equ ipment for so lv ing systems of 
o rd ina ry different ia l equat ions [16] w h i c h is further be ing improved a n d also adap ted for 
educa t iona l purposes (it is used i n the course H i g h Per formance C o m p u t a t i o n s 2 at the 
Facu l t y of In fo rmat ion Technology , B r n o Un ive r s i t y of Technology) . 

I deal t w i t h the s imu l a t i on of electric a n d e lectronic c i rcu i t s , w h i c h led to the proposa l 
of the Capac i t o r Subs t i t u t i on M e t h o d ( C S M ) . I s imu la ted var ious e lectronic c i rcu i t s us ing 
th i s m e t h o d , s t a r t ing w i t h the basic C M O S gates ( inverter, N A N D , N O R , see Sec t ion 3.2) 
and X O R (Sect ion 3.2.4), further latches a n d flip-flops a n d finally an adder (Sect ion 4.1) 
and a mu l t i p l i e r (Sect ion 4.2). 

Fu r the r , I created spec ia l ized software for s imu la t ing V L S I , w h i c h was used for the 
s imu l a t i on of re la t ive ly large V L S I c i rcu i t s by C S M . T h e compar i son of my approach to 
the state of the art is conv inc ing : up to a 16kb adder w i t h 1332 536 t rans is tors (300 366 
logic gates) was successfully s imu la ted i n less t h a n four minutes ; S P I C E was unable to 
solve even sma l l V L S I c i rcu i t s - a l k b adder w i t h 83 256 trans is tors (18 766 logic gates) -
i n a reasonable t ime . T h e exper iments were per formed i n Sect ion 4.1.6. 

I also successfully used C S M for the s imu l a t i on of sequent ia l logic c i rcu i t s represented 
by a mu l t ip l i e r . F i r s t , I cons t ruc ted the basic elements requ i red for the cons t ruc t ion of 
the mu l t i p l i e r us ing B o o t h ' s a l g o r i t h m w i t h the C M O S logic gates proposed i n Sect ion 3.2. 
T h e n , I connected t h e m together to form the whole mu l t ip l i e r . T h e created c i r cu i t is qu i te 
comp l ex a n d the process of i ts mode l ing can serve as an example for mode l ing larger and 
more comp lex V L S I c i rcu i t s such as microprocessors . T h e mu l t i p l i e r is thorough l y ana lyzed 
i n Sect ion 4.2 a n d the results of the exper iments are shown i n Sect ion 4.2.4. 

T h e m a i n ideas of the thesis were pub l i shed at the pres t i g ious 3 I E E E In te rna t iona l 
Conference on H i g h Per formance C o m p u t i n g & S i m u l a t i o n ( H P C S 2017 ) 4 a n d accepted by 
the scientific communi t y . 

5.3 Future research 
T h e thesis out l ines the poss ib i l i t ies of V L S I c i rcu i t s s imu l a t ion . Re l a t i v e l y large c i rcu i ts 
c an be s imu la ted a n d future research can focus on mode l ing a basic C e n t r a l Process ing 
U n i t ( C P U ) w i t h basic operat ions s imula ted . A f t e r mode l ing a basic C P U , a more complex 
C P U m o d e l c an be proposed . Such an extensive m o d e l consists of b i l l ions of trans is tors ; 
therefore, a supercompute r w i l l have to be invo lved . 

2http://www.fit. vutbr.cz/study/courses/VNV/index.php.en 
3 h t t p : //portal, core.edu.au/conf-ranks/?search=hpcs&by=all&source=C0RE2017 
4 Kocina , F. ; Kunovsky, J . : Advanced V L S I Circuits Simulation. In Proceedings of the 15th International 

Conference on High Performance Computing h Simulation. Institute of Electrical and Electronics Engineers. 
2017. 

Chapter 1 

Introduction 

M a n y rea l -wor ld prob lems lead to large systems of o rd ina ry different ia l equat ions ( O D E s ) . 
These systems cannot be solved ana ly t i ca l l y ; therefore, numer i ca l methods are invo lved . 
M a n y numer i c a l methods exist , differ ing i n complex i ty , accuracy, speed and flexibility. 
Some methods can be subs t i tu t ed us ing super ior var iants , whi le others are used together 
w i t h more sophis t ica ted op t im iza t ions for a specific purpose . 

In th is thesis, some methods are ment ioned , bu t the m a i n subject of interest is a very 
precise, fast a n d flexible m e t h o d that uses the Tay lo r series. T h e m e t h o d can solve m a n y 
techn ica l in i t i a l -va lue prob lems . T h i s m e t h o d is used i n the software I deve loped to compute 
large systems of different ia l equat ions. T h e software runs on a L i n u x server, accept ing the 
tasks us ing the T C P / I P stack. 

T h e m a i n par t of the thesis is devoted to e lectr ic/electronic c i rcu i t s s imu la t ion . T h e elec
t r i c c i rcu i t s discussed con ta in on ly resistors, capac i tors a n d coi ls , whi le e lectronic c i rcu i ts 
also inc lude semiconductors l ike diodes a n d t rans is tors . B o t h the d iode a n d the t rans is tor 
are represented us ing the i r exponent i a l character is t ics . T h e C a p a c i t o r Subs t i t u t i on M e t h o d 
( C S M ) developed is used for the s imu l a t i on of t rans is tors . Fu r the r , the s imu l a t i on of var ious 
e lectronic components is proposed . 

C S M is m u c h faster a n d more memory-eff ic ient t h a n the state-of-the-art S P I C E . Re l a 
t ive ly large V e r y Large-Sca le Integra t ion ( V L S I ) c i rcu i t s (over a m i l l i o n trans is tors) have 
been successfully s imu la ted i n less t h a n four minutes . F o r example , mu l t ip l e -b i t adders and 
mu l t ip l i e r s are used. These c i rcu i t s are s imu la ted us ing b o t h C S M a n d S P I C E and the 
results are compared . T h e s imu l a t i on of the mul t ip l i e r s is re la t ive ly s low when compared 
to the adders, since more a l gor i thmic cycles have to be s imula ted . 

1.1 Motivation 

T h e s imu l a t ion of e lectronic c i rcu i t s is s t i l l a cha l lenging p r o b l e m . T h e s imu l a t i on of V L S I 
c i rcu i t s is comp l i c a t ed a n d t ime-consuming us ing the ex i s t ing software, w h i c h impl i es i n 
convenience for everyday usage. T h i s is due to the precise s imu l a t i on of the i n d i v i d u a l 
t rans is tors tha t is per formed . T h i s s imu l a t i on uses a large amount of resources. 

A n o t h e r approach to the s imu l a t i on of electronic c i rcu i t s is to consider p r i m a r i l y the 
steady state of the t rans i s tor a n d the l eng th of the trans ient response. T h e rest of the 
behav ior (and possible errors) c an be ignored . T h e approach benefits f rom the fact that 
most of the t ime on ly the length of the trans ient response is requi red and i t is irrelevant 
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tha t the error d u r i n g the trans ient response is re la t ive ly h i gh . T h i s approach is the m a i n 

subject of the thesis. 

1.2 Aims 
T h i s thesis deals w i t h three research hypotheses : Chapter 5 

T h e equat ions descr ib ing an electronic c i r cu i t can be sys temat ica l l y created. 

T h e t rans is tors c o u l d be replaced by R C c i rcu i t s . Conclusion 
T h e proposed m e t h o d shou ld be efficient. 

In th is thesis, I discussed the s imu l a t i on of e lectronic c i rcu i t s . F i r s t , I descr ibed several 
numer i c a l methods used for so lv ing systems of o rd ina r y different ia l equat ions ( O D E s ) , but 
I m a i n l y focused o n the M o d e r n Tay lo r Series M e t h o d ( M T S M ) , w h i c h is very accurate , 
fast a n d flexible. 

T h e m a i n par t of the thesis dealt w i t h so lv ing e lectronic c i rcu i t s . T h e C a p a c i t o r Sub
s t i t u t i on M e t h o d ( C S M ) was in t roduced a n d C M O S gates ( inverter , N A N D , N O R ) were 
s imula ted . T h e n more comp lex c i rcu i t s were mode l ed us ing the C M O S gates: X O R , an 
77-bit D shift register, a complement ing c i rcu i t , a T flip-flop a n d a two- input n -b i t m u l t i 
plexer. F r o m the c i rcu i t s prev ious ly created, large c i rcu i t s were cons t ruc ted : a mu l t ip l e -b i t 
adder a n d a mu l t ip l i e r . 

T h e proposed m e t h o d can be easi ly para l l e l i zed since a l l logic gates are independent 
whi le no swi tch ing occurs ; therefore, I separated the equat ions represent ing the electronic 
c i rcu i t s , merg ing together approx ima te l y a thousand O D E s 1 . T h i s approach appeared to be 
the most efficient one. Moreove r , the s imu l a t i on can be d i s t r i bu t ed among more computers 
on c o n d i t i o n that the c o m m u n i c a t i o n bus is reasonably fast. T h e acce lerat ion of the para l l e l 
approach compared to the sequent ia l approach is qui te considerable . 

C S M was successfully used for the s imu l a t i on of V L S I c i rcu i t s : mu l t ip l e -b i t adders 
(a comb ina t i ona l logic c i rcui t ) a n d mul t ip l i e r s (a sequent ia l logic c i rcui t ) were s imula ted . 
T h e s imu l a t i on us ing C S M was compared to the state-of-the-art sys tem ( S P I C E ) a n d the 
accelerat ion is qui te impress ive : C S M is capable of so lv ing more t h a n a m i l l i o n transistors 
i n less t h a n 4 minutes , whi le S P I C E is unable to solve i t w i t h i n 24 hours ; therefore, S P I C E 
is unusable for th is purpose . T h e results of the exper iments are presented i n Sect ion 4.1.6 
and Sect ion 4.2.4. 

5.1 Aims achieved 

T h i s thesis dealt w i t h three research hypotheses : 

- The equations describing an electronic circuit can be systematically created. 

T h e deta i l ed assembl ing of O D E s is presented i n C h a p t e r 3. T h e basic C M O S logic 

gates are ana l yzed a n d mode led . T h e generic a l g o r i t h m is i n t roduced i n Sect ion 4.3. 

- The transistors could be replaced by RC circuits. 

Yes , the opera t ion of the trans is tors can be app rox ima t ed by R C c i rcu i t s . T h i s ap-

*It would be inefficient to simulate each logic gate separately. 
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4.3.1 G e n e r a t i n g O D E s 

T h e a l g o r i t h m for the cons t ruc t ion of O D E s is s t ra ight forward : each non-zero l ine of the 
adjacency m a t r i x defines the inpu t s for the opera t ion . F o r example , the penu l t imate l ine de
scr ibes a t h r e e - i npu t 9 N O R : x, y, z are the inputs ; the equat ions are generated consecut ive ly 
and the current for three inpu t s is: 

i = jr • (u - u c i - uc2 ~  UC3 ~  UC^&) • 

the three O D E s for the three input s : 

t 1 1 (. 1 
u a 

= c T ' 

1 , <'. 1 
u'c2 

K~Ry 
• « c 2 

1 , ('. 1 
u'c3 = <*•' \ Rz 

"C i ( 0 ) 

u O 2 ( 0 ) 

u O 3 ( 0 ) 

and the O D E for the ou tpu t : 

1 

C4r>6 Rx • Ry • Rz 

(4.20) 

(4.21) 

•»C456J , » O 4 5 6 ( 0 ) = 3.3. (4.22) 

T h e cons t ruc t ion of the equat ions cor respond ing to the other l ines is ana log ica l . 

Chapter 2 

Differential—Algebraic Equations 

A large number of techn ica l p rob lems can be descr ibed us ing a sys tem of o rd ina ry different ia l 
and algebraic equat ions [10, 11]. These systems can be forma l l y w r i t t e n as 

•''1 

. . . ,Wn,Xl,. . .,Xm), Wl(t0) 

n), Wn(to) fn(wi, 

. , Wn, Xl, . •,xm) 
(2.1) 

Xm = g m ( w l i • • • i w n i xli • • • i xm) 

cons is t ing of n o rd ina r y different ia l equat ions a n d m a lgebraic equat ions. Few systems can 
be solved ana ly t i ca l l y ; therefore, numer i ca l me thods are most c o m m o n l y used to f ind the 
so lu t ion [6, 9]. 

2.1 Numerical methods 
Var ious numer i c a l methods c an be used to solve o rd ina ry different ia l equat ions ( O D E s ) . 
T h e me thods for so lv ing algebraic equat ions are not ment ioned since they are not requi red 
for the proposed m e t h o d of so lv ing e lectronic c i rcu i t s . 

In i t ia l -va lue prob lems descr ibed by O D E s can be solved us ing m a n y different methods . 
L e t (2.2) specify the in i t i a l -va lue p rob l em . 

y' = f(t,y), y(t0) = yo (2.2) 

T h e n the p rob l em can be solved by a numer i ca l m e t h o d - several methods are ment ioned 
i n the fo l lowing subsect ions. 

2.1.1 E u l e r m e t h o d 

T h e s implest numer i c a l m e t h o d for so lv ing o rd ina ry different ia l equat ions is the expl ic i t 
E u l e r m e t h o d . It is a specia l f o rm of the exp l i c i t Tay lo r m e t h o d of the first order : 

9 The number of non-zero elements on the line defines the operation arity. Vn+1 — IJn ~\~ h • f{tn, yn)- (2.3) 
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T h e s imp l i c i t y of the E u l e r m e t h o d unfor tuna te l y impl i es very low accuracy. Step 
size h has to be sma l l for more precise results and the m e t h o d is comple te l y unusable for 
st iff systems. T h e circ le test c an be used as an easy demons t r a t ion of the poor prec i s ion of 
the E u l e r m e t h o d : 

y" = -y, y(0) = 0, y'(0) = 1. (2.4) 

F i g u r e 2.1 shows the p r o b l e m c l e a r l y 1 . Some drawbacks of the exp l i c i t E u l e r m e t h o d can 
be removed by the imp l i c i t fo rm of the E u l e r m e t h o d [15]. 

2 I i i i i i i i 1 2 

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 

(a) Euler method (b) Exact solution 

F i gu re 2.1: C i r c l e test 

Table 4.9 summar izes the results of para l l e l s imu l a t ion . Pa r a l l e l s imu l a t i on by S P I C E 
is not i nc luded since the chosen imp l emen ta t i on does not suppor t i t . T h e last c o l u m n of 
the table conta ins the acce lerat ion of para l l e l to seria l s imu l a t ion . 

# bits M E M [ M B ] T i m e [s] A c c e l e r a t i o n 

16 1.59 15.48 3.8127 

32 3.14 61.00 4.6716 

64 5.71 178.37 6.4023 

128 11.38 712.17 7.6167 

256 22.47 2534.44 10.2791 

Table 4.9: Pa r a l l e l s imu l a t ion 

T h e compar i son of C S M a n d S P I C E is shown i n Tab le 4.10. It is ev ident tha t C S M 
runs m u c h faster t h a n S P I C E a n d is capable of so lv ing larger c i rcu i t s w i t h low m e m o r y 
overhead. 

# bits Seria l Para l l e l 

16 3.0454 11.6111 

32 4.6001 21.4898 

64 > 75.6581 > 484.3864 

Tab le 4.10: Acce l e r a t ion of C S M compared to S P I C E 

4.3 Generic CMOS circuits 

2.1.2 R u n g e K u t t a m e t h o d s 

R u n g e - K u t t a methods are c o m m o n l y used for so lv ing in i t i a l -va lue prob lems . These methods 
are often chosen i n m a n y techn ica l branches , m a i n l y for so lv ing non-st i ff prob lems . T h e 
next value is ca lcu la ted by 

ORD 

Un+1 = Wih (2.5) 
i = l 

where weights Wi are constant a n d coefficients k-L are ca lcu la ted by (2.6); func t ion /(£,y] is 
the r ight side of the solved o rd ina ry different ia l equat ion . 

h = hn • f \tn + OiK, Vn + J2 Pii kij ( 2- 6) 

Weights Wi, vector a a n d m a t r i x /3 determine a specific m e t h o d - they are often der ived 
f rom the Tay lo r series [2, 3]. Step size hn can be var iable , bu t th i s is rare. T h e fo l lowing 
four th-order m e t h o d (2.7) appears to be the most frequent (w i th constant step size h), 

dependency of y on y with step size 0.05 is shown. 

Gener i c C M O S c i rcu i t s can be descr ibed us ing an adjacency m a t r i x . T h e m a t r i x is sparse 
and can be au tomat i c a l l y t r ans formed in to a sys tem of O D E s descr ib ing the e lectronic 
c i r cu i t us ing C S M . F o r example , the adjacency m a t r i x a n d the vector of operat ions for 
three- input X O R fol low. 

(0 
0 0 0 0 0 0 0 0 0 0 \ / X 

0 0 0 0 0 0 0 0 0 0 0 y 
0 0 0 0 0 0 0 0 0 0 0 z 
1 1 0 0 0 0 0 0 0 0 0 t 
0 0 1 1 0 0 0 0 0 0 0 I 
0 1 1 0 0 0 0 0 0 0 0 u = T 
1 0 0 0 0 1 0 0 0 0 0 I 
1 0 1 0 0 0 0 0 0 0 0 T 
0 1 0 0 0 0 0 1 0 0 0 I 
1 1 1 0 0 0 0 0 0 0 0 I 

v ° 0 0 0 1 0 1 0 1 1 ° ) V I 

(4.19) 

T h e l ines of m a t r i x A cor respond w i t h the l ines of vector u . T o o b t a i n the inpu t s for an 
opera t ion , m a t r i x - v e c t o r m u l t i p l i c a t i o n is per formed . 
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registers a n d the two's complement of the mu l t i p l i e r is ca lcu la ted a n d s tored i n the register. 
T h e other phases (which are pe r formed n-t imes) a lways consist of three snbphases: 

1. F r o m two L S B s of the m u l t i p l i c a n d , the type of ope ra t ion is de t e rmined (00 and 11 
mean no opera t ion , 01 a d d i t i o n a n d 10 subt rac t ion ) . 

2. T h e mu l t i p l i e r (or its complement i n the case of subtrac t ion) is added to the result 
and s tored i n the a l ternate result register. T h i s phase takes longer t h a n the others, 
depend ing on the adder delay. 

3. If the opera t ion was to a d d or subtrac t , the a l ternate result register is chosen as the 
mu l t i p l i e r result ( and the adder input ) by s tor ing the value of the T flip-flop into the 
de lay ing register. If th is is not the last phase, the m u l t i p l i c a n d a n d the result are 
shif ted one b i t r ight . 

T h e result of the ca l cu l a t ion per formed , w h i c h is g iven i n the last l ine of Tab le 4.6, is the 
two's complement of 

-0.10000110101011101101100011011016 

tha t corresponds w i t h the correct result of (4.18). 

4.2.4 E x p e r i m e n t s 

Table 4.7 summar izes the parameters for i n d i v i d u a l test cases. Fast adder a n d complement 
c i rcu i t s were used a n d the s imu l a t i on t ime was chosen appropr i a t e l y to solve the whole 
m u l t i p l i c a t i o n process. T h e penu l t imate c o l u m n (conta in ing the mu l t i p l i e r delays i n the 
number of t ime segments) determines the s imu l a t ion t imes . T h e last c o l u m n conta ins the 
scale of the in tegra t ion [14]. 

# bits # transistors # gates # O D E D e l a y SI 
16 6190 1169 4264 51 L S I 
32 12274 2324 8461 132 L S I 
64 24456 4625 16853 260 L S I 

128 48812 9236 33642 645 L S I 

256 97538 18449 67218 1285 V L S I 

Tab le 4.7: B o o t h ' s mu l t i p l i e r - parameters 

T h e results of ser ia l s imu l a t ion are g iven i n Tab le 4.8. T h e last three l ines of the S P I C E 
results are incomple te since S P I C E runs longer t h a n a d a y 8 . 

C S M S P I C E 

# bits M E M [MB] T i m e [s] M E M [ M B ] T i m e [s] 

16 1.34 59.02 24.54 179.74 

32 2.88 284.97 55.27 1310.88 

64 5.46 1141.98 - > 86400 

128 11.12 5424.41 - > 86400 

256 22.17 26051.81 - > 86400 

81 day = 86 400 s 

Table 4.8: Ser ia l s imu l a t i on 

see [4, 20]. 

fci = h-f(tn,yn) 

fc2 = h- f \ tn + ^ h , y n + ^ h 

h = h-f(tn + h,,yn + h2^ (2.7) 

ki = h- f(t„ + h,yn + k3) 

yn+i = yn + g [h + 2k2 + 2fc 3 + kij 

2.1.3 M o d e r n T a y l o r Ser ies M e t h o d 

T h e M o d e r n Tay lo r Series M e t h o d ( M T S M ) uses not on ly the first der ivat ive for ca l cu l a t ing 
the next value, but also higher der ivat ives . These der ivat ives are obta ined by consequent 
different iat ing the prev ious der ivat ives (the r ight side of the equa t ion is the first der ivat ive) 
[1, 17]. T h e value i n every po in t is ob t a ined by the i r comb ina t i on (2.8). 

Vn+1 

O B D N 

V{n]K 
(2.8) 

In pract ice , i t is imposs ib le to use an inf ini te s u m of M T S M terms. T h e number of terms 
is de t e rmined by the order of the m e t h o d (ORDn). C o n t r a r y to the prev ious methods , it 
is possible to choose any order: the higher the order chosen, the more accurate the so lu t ion 
ca lcu la ted . T h e M T S M order changes au tomat i c a l l y du r i ng the ca lcu la t ion ; the ca l cu l a t ion 
i n the current t ime step ends w h e n the s topp ing rule is met : the absolute values of three 
successive M T S M terms are less t h a n the requi red accuracy (EPS) . A l t h o u g h higher orders 
a l low the use of a bigger step size, mu l t ip l e -prec i s ion a r i thmet i c has to be often used i n 
tha t case; otherwise , the results w o u l d not be accurate . 

2.2 Transformation into basic operations 

U s i n g the au tomat i c t r ans fo rmat ion , each e lementary func t ion can be t rans formed in to 
basic operat ions - add i t i on , sub t r ac t ion , m u l t i p l i c a t i o n a n d d i v i s i on . T h e d iv i s ion can be 
replaced by the mu l t i p l i c a t i on ; moreover , the sub t r a c t i on can be replaced by the a d d i t i o n 
w i t h the oppos i te s ign of the second argument (it can be per formed ei ther v i a m u l t i p l i c a t i o n 
by —1 or us ing an una r y minus ) . 

2.2.1 T r a n s f o r m a t i o n i n t o t h e m i n i m a l f o r m 

N o w we have on ly add i t ions a n d mu l t ip l i c a t ions , so i t is poss ible to use the commuta t i ve , 
the d i s t r ibu t ive a n d the associat ive laws to rearrange an express ion into i ts m i n i m a l fo rm . 
T h e fo l lowing express ion is t aken as an example . 

u = (x + 2y) • (x - 2y) (2.9) 
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T h e express ion is parsed in to the syn tax tree i n F i gu re 2.2. 

T h e t r ans fo rmat ion begins by de t e rmin ing the opera t ion i n the root node - m u l t i p l i 
c a t ion , so the t ransformat ions are per formed on the left a n d r ight ch i ld ren nodes a n d the 
result is a m u l t i p l i c a t i o n by terms (using the d i s t r ibu t ive law): 

(x + 2y) • (x - 2y) x-x + x- (-2y) + 2y • x + 2y • (-2y). (2.10) 

N o w the express ion c an be rearranged (using the commuta t i v e law) a n d var iables can be 
merged (using the associat ive l aw a n d express ing mu l t ip l i c a t ions as exponen t i a t i ons ) 2 : 

x-x + x- (-2y) + 2y • x + 2y • (-2y) 

2.2.2 M i n i m a l f o r m 

x 2 - 4 • y 2. (2.11) 

T h e proposed a l g o r i t h m leads to the un ique m i n i m a l fo rm i f the result is sorted (assigning 
indices to var iables) , coefficients a\ are non-zero, at most one p roduc t is empty (n^ = 0), 
no var iable is repeated w i t h i n any t e r m a n d no p roduc t is dup l i c a t ed . T h e f inal m i n i m a l 
fo rm is descr ibed by a p o l y n o m i a l (2.12). 

i=l j=l 

04 e R\ {0}, Vij e Var (2.12) 

It is a common formula (a + b) • (a — b) — a — b . 

4.2.3 V e r i f i c a t i o n 

F i r s t , the correct ope ra t ion of the mu l t i p l i e r was verif ied. T h e m u l t i p l i c a t i o n (4.18) was 
performed (the numbers were generated r andomly ) . 

-0.10011010000101111011101011001006 • 0 .110111111100000100000010000101U (4.18) 

- O . l O O l l O l O O O O l O l l l l O l l l O l O l l O O l O O f c is l O l l O O l O l l l l O l O O O O l O O O l O l O O l l l O O f c i n two's 
complement . T h e pa r t i a l results of the a l go r i thm are shown i n Tab l e 4.6. 

# E x t e n d e d m u l t i p l i c a n d Resu l t 
1 I N I T 00000000000000000000000000000000 
2 101100101111010000100010100111000 00000000000000000000000000000000 

3 110110010111101000010001010011100 00000000000000000000000000000000 
4 111011001011110100001000101001110 11001000000011111011111101111010 

5 111101100101111010000100010100111 11100100000001111101111110111101 

6 111110110010111101000010001010011 11110010000000111110111111011110 

7 111111011001011110100001000101001 00110000111100100011100001110100 

8 111111101100101111010000100010100 00011000011110010001110000111010 

9 111111110110010111101000010001010 11010100010011000100110110010111 

10 111111111011001011110100001000101 00100010000101100110011101010001 
11 111111111101100101111010000100010 11011001000110101111001100100011 
12 111111111110110010111101000010001 00100100011111011011101000010111 

13 111111111111011001011110100001000 00010010001111101101110100001011 
14 111111111111101100101111010000100 00001001000111110110111010000101 

15 111111111111110110010111101000010 11001100100111110111011010111101 

16 111111111111111011001011110100001 00011110001111111111101111100100 

17 111111111111111101100101111010000 00001111000111111111110111110010 

18 111111111111111110110010111101000 00000111100011111111111011111001 

19 111111111111111111011001011110100 00000011110001111111111101111100 

20 111111111111111111101100101111010 11001001111100111011111100111000 
21 111111111111111111110110010111101 00011100111010100010000000100001 

22 111111111111111111111011001011110 11010110100001001100111110001011 

23 111111111111111111111101100101111 11101011010000100110011111000101 
24 111111111111111111111110110010111 11110101101000010011001111100010 

25 111111111111111111111111011001011 11111010110100001001100111110001 

26 111111111111111111111111101100101 00110101010110001000110101111110 

27 111111111111111111111111110110010 11100010101111000000011000111001 

28 111111111111111111111111111011001 00101001010011100100001110100010 
29 111111111111111111111111111101100 00010100101001110010000111010001 

30 111111111111111111111111111110110 11010010011000110101000001100011 

31 111111111111111111111111111111011 11101001001100011010100000110001 
32 111111111111111111111111111111101 00101100100010010001010010011110 

33 111111111111111111111111111111110 10111100101010001001001110010011 

Tab le 4.6: B o o t h ' s mu l t i p l i e r - p a r t i a l results 

T h e i n i t i a l i z a t i on is the first phase of the a l g o r i t h m - the result registers, the T flip-flop 
and the de lay ing one-bit register are zeroed; then , the inpu t values are s tored i n appropr i a te 
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T flip-flop 

T h e result and an ope rand of the adder used to a d d or subt rac t the mu l t i p l i e r are kept i n 
a pa i r of 77-bit registers a n d after every requi red a d d i t i o n (some segments do not require 
an add i t ion) the funct ions of the registers are toggled to avo id copy ing the result . T h e 
master -s lave T flip-flop serves th is purpose . It is der ived f rom the master -s lave J K flip-flop 
where b o t h inpu t s are e i ther zero or one. T h e func t ion is descr ibed by (4.16). 

Q = Q t (ŘĚŠ t T t q t CLK t En) 

Q = ŘĚŠ t O t ( T t q t CLK t En) 

(4-16) 

q = q t (ŘĚŠ t O t CLK) 

q = RĚŠ t q t (Q t CLK) 

M u l t i p l e x e r 

A two- input 77,-bit mu l t ip l exe r (i. e. the mu l t ip l exe r w i t h cont ro l b i t c se lect ing f rom two 

77-bit inputs) is used for select ing the appropr i a te register con ta in ing the result of the 

m u l t i p l i c a t i o n ; another mu l t ip l exe r is used for the se lect ion of the second adder i npu t . T h e 

func t ion of the mu l t ip l exe r is descr ibed by (4.17). 

n = ( č t a * ) t ( c t w ) (4-17) 

4.2.2 M u l t i p l i e r c o m p o n e n t s 

T h e components used for the mu l t i p l i e r cons t ruc t ion are: 

- an (77, + l ) - b i t D shift register for the m u l t i p l i c a n d ; 

- an 77,-bit D register conta in ing the mul t ip l i e r ; 

- an n -b i t accelerated comp lement ing (two's complement ) c i rcu i t ; 

- an 77-bit D register conta in ing the complemented mu l t ip l i e r ; 

- two 77-bit D shift registers for the result ( toggled to avo id copying) ; 

- a one-bi t T flip-flop for the decis ion w h i c h result register is used; 

- a one-bi t de lay ing D register to store the dec is ion w h i c h result register is used; 

- a two- input 77,-bit mu l t ip l exe r select ing the r ight result register (also the first adder 

input ) ; 

- an X O R dec id ing whether to swi tch between the result registers (based on two L S B s 

of the mu l t i p l i c and ) ; 

- a two- input 77,-bit mu l t ip l exe r for the se lect ion of the second adder i npu t (the mu l t ip l i e r 

or the complemented mu l t ip l i e r ) ; 

- an 77,-bit C L A adder . 

Chapter 3 

Solving Electronic Circuits 

T h i s chapter focuses on e lectronic c i rcu i t s . These c i rcu i t s con ta in not on ly resistors, ca
pac i tors a n d coi ls , but also semiconductors . 

3.1 Approaches to VLSI simulation 

In th is sect ion, the approaches to V e r y Large-Sca le Integra t ion ( V L S I ) s imu l a t ion are brief ly 

discussed. T w o different approaches are ment ioned - S P I C E and F O S . 

3.1.1 S P I C E 

S P I C E is w ide l y used for ana log c i rcu i t s s imu l a t i on since i t can compute the fu l l large-s ignal 

behav ior of a rb i t r a r y c i rcu i t s . S P I C E uses a few numer i c a l methods for numer i ca l integra

t i on . T h e N e w t o n in tegra t ion m e t h o d is su i table for finding the so lu t ion of c i rcu i t s w i t h 

non- l inear elements. T h e sparse m a t r i x m e t h o d is used to save memo ry by s tor ing on ly 

non-zero elements. T h e imp l i c i t in tegra t ion m e t h o d is used to integrate the different ia l 

equat ions tha t describe the c i r cu i t reactances. 

N u m e r i c a l in tegra t ion is necessary for ana log c i rcu i t s s imu l a t ion . S P I C E uses second 

order in tegra t ion methods . M o s t S P I C E imp lementa t ions fol low Berke ley S P I C E a n d pro

v ide two forms of second order imp l i c i t in tegra t ion : Gea r a n d t r apezo ida l . T r a p e z o i d a l 

in tegra t ion is b o t h faster a n d more accurate t h a n Gear ; however, t r apezo ida l in tegra t ion 

can cause numer i ca l art i facts . These art i facts manifest themselves as an osc i l l a t ion a round 

the precise so lu t ion i n each t ime step. See [7] for more in fo rma t ion . 

3.1.2 F O S 

V L S I c i rcu i t s were i n i t i a l l y s imu l a t ed i n Fast O D E Solver ( F O S ) [16], w h i c h was p r i m a r i l y 

designed for the so lu t ion of general O D E s w i t h the integrated suppor t of a rb i t r a r y prec i s ion 

a r i thmet i c . F O S suppor t s several numer i ca l methods i nc l ud ing M T S M , w h i c h is used i n 

the thesis. 

Gene r a l O D E s do not need to be reassembled very often. In contrast , the O D E s de

sc r ib ing V L S I c i rcu i t s have to be reassembled frequently. F o r example , the O D E s i n (3.1) 

have to be reassembled whenever the inpu t changes f rom true to false a n d vice versa. U s i n g 

selective reassembly, the c o m p u t a t i o n was accelerated 20-50 t imes . D u e to th is accelerat ion, 

i t was possible to s imulate the 512-bit adder (a lmost V L S I ) i n approx ima te l y 90 minutes . 
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A s th i s acce lera t ion was not sufficient, a spec ia l ized sys tem was developed for V L S I s imu
l a t i on . T h a n k s to th is sys tem, a c i rcu i t w i t h over 1 m i l l i o n t rans is tors was s imu la ted i n 
approx ima te l y 180 minutes us ing 7.5 G B of R A M . 

T h e three-address ins t ruc t ions tha t accelerate the c o m p u t a t i o n i n F O S were further 
o m i t t e d because of h i gh memory usage. C S M produces a sys tem of l inear O D E s ; each 
M T S M t e r m is ca lcu la ted f rom the prev ious t e rm . T h a n k s to th i s approach , the ca l cu l a t ion 
of the same sys tem now uses less memory - less t h a n 320 M B ( in contrast to the previous 
7.5 G B ) - a n d moreover , i t is faster. W h e n ca l cu l a t ing the voltage M T S M terms, on ly 
one a d d i t i o n a n d two mu l t ip l i c a t ions are used. W h e n ca l cu l a t ing the M T S M terms of the 
current , the number of add i t ions is the same as the number of inputs . 

3.2 Capacitor Substitution Method 

In th is sect ion, the C a p a c i t o r S u b s t i t u t i o n M e t h o d ( C S M ) is i n t roduced . It is a sophis t i 
ca ted a p p r o x i m a t i o n of e lectronic c i rcu i t s cons i s t ing of C M O S trans is tors by electr ic c i rcu i ts 
tha t consist on l y of capac i tors a n d resistors. These c i rcu i t s are su i table for further s imula
t i o n . 

T h e general purpose t rans is tors N 3 3 0 6 M a n d P 3 3 0 6 M were chosen for s imu l a t ion . T h e 
cor respond ing S P I C E mode ls of these t rans is tors f o l l o w 1 . 

1 .MODEL N3306M MMOS VTO-1.824 RS= 1.572 RD=1.436 IS-1E- 15 KP-. 1233 
2 + CGS0= 28E-12 CGDO -3E-12 CBD=35E -12 PB=1 
3 .MODEL P3306M PBOS VT0--2.875 RS = 5 .227 RD = 7.524 IS-1E -15 KP- . 145 
4 + CGS0 = 28E-12 CGDO -3E-12 CBD=35E -12 PB-1 LAMBDA=6.67E -3 

T h e behav ior of S P I C E mode ls was t aken as the reference ou tpu t . T h e basic logic gates 
are mode l ed us ing C S M as descr ibed be low. 

3.2.1 C M O S i n v e r t e r 

F i g u r e 3.1a presents the scheme of a C M O S inverter . T h e inverter consists of P M O S and 
N M O S trans is tors . T h e func t ion of th is scheme can be demons t ra ted by the electr ic c i rcu i t 
i n F i gu re 3.1b. T h i s logic gate is necessary for A N D a n d O R gates cons t ruc t ion when D e 
M o r g a n ' s laws cannot be used - for example , i n the case of C L A (see next chapter ) . 

H 

H 
• Out U \[ = • Out 

(a) Electronic circuit (b) Electric analogy 

F i g u r e 3.1: Inverter [211 

1Retrieved from http://www.datasheetarchive.jp/. 

i n p u t of the master R S l a t ch a n d Q{ a n d Q,L are the master state values. T h e var iables of 
the slave R S l a t ch are denoted by the lower case. 

T h e register can be shif ted by s igna l Sh, w i t h the shift be ing per formed i n two steps: 
first, the master R S l a t ch loads the value f rom a higher b i t 6 and then the slave R S l a t ch 
loads the value of the master R S l a t ch i n the negat ive ha l f of the c lock - th is avoids double 
shift . 

Two's complement 

Two ' s complement is used for the sub t r a c t i on of the mu l t ip l i e r . C o m m o n l y , i t is per formed 
by an invers ion a n d an a d d i t i o n of one [19]. A bet ter approach is to start f rom the least 
s ignif icant b i t ( L S B ) , leav ing a l l zeros in tac t up to the first one - other b i ts are i n v e r t e d . 7 

T h e la t ter a l g o r i t h m suffers f rom the same p r o b l e m as the adder - s low ca r ry p ropa 
ga t ion . A s i n the case of the adder, a p ropaga t ion c i rcu i t c an be cons t ruc ted - the Invert 
L o o k - a h e a d ( I L A ) . I n th is case, the ca r ry remains one f rom the first non-zero ca r ry - the 
carr ies are ca lcu la ted by (4.11). 

C l = c 0 V x0 

c2 = c i V x\ 

c 3 = c 2 V x2 

C 4 = C 3 V XS 

A f t e r subs t i tu t ing c;, (4.12) is der ived . 

c i = c 0 V x0 

c 2 = c 0 V x0 V x\ 

C 3 = co V x0 V x\ V x2 

C 4 = C Q V XQ V X\ V X2 V X 3 

B y t r ans forming (4.12) to use on ly basic C M O S gates, (4.13) is ob ta ined . 

(4.11) 

(4.12) 

Cl = c 0 I x0 

c 2 = c 0 I x0 I Xl 

C3 = CO I XQ I XI I X2 

(4.13) 

c 4 = c 0 I x0 I Xl I x2 I x3 

A s i n the case of the adder, another type of acce lerat ing c i r cu i t is requi red - the Invert 
L o o k - a h e a d U n i t ( I L U ) . It combines the inpu t values i n the same way as I L A , bu t the input 
values of th i s c i r cu i t are ca lcu la ted by 

G = X! V x2 V x3 V x4 

or by (4.15) us ing the basic logic gates. 

G = i i J. a:2 I ^3 J- ^4 

(4.14) 

(4.15) 

T h e n an acce lerat ing tree is establ ished: the lowest level consists of I L A s a n d the other 
levels of I L U s (grouping four un i t s f rom the nearest lower level) . 

BThat is Qi+i for all bits save the most significant bit (MSB). M S B uses its own value qi. 
7 Tl ie idea uses the fact that all zeros are inverted into ones and when one is added they become zeros 

again and the zero which arose from the first one is changed into the overflowed one. 
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# bits Seria l Para l le l 

16 2.3077 4.7368 

32 3.7320 10.3429 

64 5.9744 23.7755 

128 9.5493 43.3810 

256 30.4183 185.0127 

512 64.1298 451.7500 

1024 > 1729.0374 > 14794.5205 

Table 4.5: Acce l e r a t ion of C S M compared to S P I C E 

T h e results achieved show that the s imu l a t ion by C S M is m u c h faster t h a n S P I C E for 

larger c i rcu i t s . It takes more t h a n a day to s imulate t h e m us ing S P I C E . 

4.2 Multiplier 

Besides add i t i on , m u l t i p l i c a t i o n is another i m p o r t a n t a r i thmet i c opera t ion . T o ca lculate 

any M T S M t e r m of any O D E i n the au tonomous form ( t ransformed by the au tomat i c 

t r ans format ion) , on l y a d d i t i o n a n d m u l t i p l i c a t i o n are necessary. 

4.2.1 B o o t h ' s a l g o r i t h m 

B o o t h ' s a l g o r i t h m is fast a n d uses on ly the operat ions a d d i t i o n a n d b i t shift . T h e pr inc ip le 

is discussed i n [8]. 

D shift register 

T h e mu l t i p l i e r stores numbers i n D shift registers [12]. These registers consist of D flip-flops; 

a master-s lave D flip-flop is used for our purposes since i t performs sh i f t ing i n a safe manner 

(single D flip-flop requires very careful t i m i n g [18]). T h e func t ion of a n 77,-bit D shift register 

is descr ibed by (4.10). 

Si = x{ t En t Wr 

Ri = S i t En t Wr 

Di = RES t qi+i t Sh t CLK 

Qi = Si t Di t Qi 

Qi = ŘĚŠ t Ri t Qi t (Di t Sh t CLK) 
(4.10) 

di = RES t Qi t Sh t CLK 

Qi = S, t di t qt 

q{ = RES t Ri t Qi t (di t Sh t CLK) 

T h e register can be asynchronous ly filled w i t h number x i f enab led by signals En a n d Wr 

(para l le l i npu t ) . T h e register can be asynchronous ly reset by s igna l RES. Di is a negated 

L o g i c a l one is represented by h i gh voltage (3.3 V for recent C M O S t r ans i s to r s 2 ) ; log ica l 

zero is represented by low voltage (0 V ) . T h e behav ior of the inverter is as fol lows: 

- i f A = 1, the P M O S t rans i s tor (upper one) is c losed a n d the N M O S is open; 

- i f A = 0, the P M O S t rans i s tor is open a n d the N M O S is c losed. 

T h e cor respond ing S P I C E mode l of the inverter is shown as the abbrev i a t ed S P I C E 

net l is t be low (the capac i tor smooths the ou tpu t ) . 

1 Vdd 1 0 DC 3.3 
2 Ri 2 1 0 . 1 
;i * A = 1 , 0 
1 V3 3 0 PWLC0 
5 * not(A) 
6 M4a 4 ; 
7 M4b 4 
8 C4c 4 

3.3 le-07 3.3 le-07 0 2e-07 0) 

P3306M 
N3306M 

F igu re 3.2 shows the ou tpu t of the inverter us ing S P I C E . T h e inpu t is log ica l one i n 
the in te rva l t £ ( 0 , 1 0 - 7 ) [s] a n d log ica l zero otherwise . T h e expected result is: i f i n p u t A 
is log ica l one, then Out corresponds to log ica l zero; i f i n p u t A is log ica l zero, then Out 
corresponds to log ica l one. 

3 

2.5 

2 

1.5 

1 

0.5 

0 
b 10 lb xl0-8[5] 

F igu re 3.2: Inverter - S P I C E [V] 

T h e curve i n F i gu re 3.2 is s imi l a r to the curve for charg ing the capac i tor . T o develop 

the subs t i tu t ing c i r cu i t , the basic concept f rom electr ic c i rcu i t s s imu l a t i on is used. E a c h 

t rans i s tor shou ld be subs t i tu t ed by a capac i tor w h i c h has the i n p u t voltage appropr i a te to 

the state of the t rans is tor . 

W h e n the t rans i s tor is c losed, the capac i tor has to charge; when the t rans i s tor is open, 
the capac i tor has to discharge. T h e inpu t voltage c an be cont ro l l ed by sw i tch ing the values 
of resistors, R L for an open t rans i s tor a n d R H for a closed t rans is tor . T h e values of the 
resistors are denoted as R A , R^, RB o r Rg depend ing on the value cont ro l l ing the sw i t ch . 
Therefore , the subs t i t u t ion i n F i g u r e 3.3 is per formed . 

The value depends on the logic used. 
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Out 

F i g u r e 3.3: Inverter - subs t i tu t ed by C S M 

If i n p u t A is log ica l o n e 3 , the P M O S t rans is tor is c losed - the upper par t of the c i rcu i t 
is swi tched into the high-res is tor b ranch (w i th R H ) ~ a n d the N M O S t rans i s tor is open -
the lower par t is swi tched into the low-res istor b r anch (w i th R L ) - T h e sys tem of O D E s 
(3.1) for th is regular e lectr ic c i r cu i t can be cons t ruc ted (the first a lgebraic equa t ion is i n 
exp l i c i t form; therefore, value i can be used d i r ec t l y i n other equat ions) ; capac i tor C\ is 
precharged to avo id a considerable i n i t i a l t rans ient response. 

1 / 

w 
(U - uc, 

1 
(i 1 

r % 
i 

d  1  

Č 2 ' 

"C i ( 0 ) 

ucb(O) 

3.3 

0 

(3.1) 

Paramete r s R{, C i , C 2 , - R l a n ( i -Rff can be de te rmined us ing the M A T L A B func t ion 
g r e y e s t . T h i s func t ion can est imate the parameters of l inear mode ls to cor respond w i t h 
the S P I C E mode l . T h e sys tem is descr ibed by 

x = Ax + Bu 

y = Cx + Du 
(3.2) 

where I E is a vector of var iables , A is a J a cob i an ma t r i x , B is a ma t r i x/vec to r of constants , 
u is a vector/sca lar of inpu t s a n d C a n d D define how to evaluate ou tpu t value y. T h e 
expressions i n (3.3) descr ibe the t rans ient response of the inverter when togg l ing the ou tpu t 

3 That is more than half the nominal voltage value. 

T h e results of the ser ia l s imu l a t i on of C L A adders are shown i n Tab le 4.3 (the S P I C E 
s imula t ions r u n n i n g longer t h a n a d a y 5 were t e rm ina t ed before the end - i t is i rre levant 
how long they run) . T h e results show the m em ory usage (denoted as M E M ) a n d the t ime 
c o n s u m p t i o n (T ime) depend ing on the number of b i ts ( # b i t s ) . 

C S M S P I C E 

# bits M E M [MB] T i m e [s] M E M [ M B ] T i m e [s] 

16 0.30 0.39 5.51 0.90 

32 0.55 0.97 10.73 3.62 

64 1.33 1.95 20.52 11.65 

128 2.37 4.77 39.85 45.55 

256 4.95 9.61 79.27 292.32 

512 9.84 22.26 159.46 1427.53 

1024 19.45 49.97 - > 86400 

2048 38.96 127.99 - > 86400 

4096 77.99 271.23 - > 86400 

8192 155.99 630.67 - > 86400 

16384 312.03 1316.48 - > 86400 

Table 4.3: Ser ia l s imu l a t ion 

T h e results of the para l l e l s imu l a t i on are shown i n Tab l e 4.4. S P I C E is o m i t t e d as 
the chosen imp l emen t a t i on does not suppor t para l l e l compu t a t i on . T h e results show that 
the m e m o r y c o n s u m p t i o n remains a lmost the same as i n the ser ia l s imu l a t ion . T h e t ime 
c o n s u m p t i o n is cons iderab ly lower. T h e decrease i n the acce lerat ion ra t io for 4096 b i ts and 
more is p robab l y caused by sma l l caches. 

# bits M E M [ M B ] T i m e [s] A c c e l e r a t i o n 

16 0.30 0.19 2.0526 

32 0.82 0.35 2.7714 

64 1.34 0.49 3.9796 

128 2.63 1.05 4.5429 

256 5.20 1.58 6.0823 

512 10.09 3.16 7.0443 

1024 19.89 5.84 8.5565 

2048 39.23 14.50 8.8269 

4096 78.40 33.36 8.1304 

8192 157.30 85.95 7.3376 

16384 313.01 217.61 6.0497 

Table 4.4: Pa r a l l e l s imu l a t ion 

Table 4.5 shows the acce lerat ion of the ser ia l a n d para l l e l computa t ions achieved by 
C S M compared to S P I C E . 

51 day = 86 400 s 
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4.1.5 Sca le o f i n t e g r a t i o n f rom log ica l zero to log ica l one. 

T h e size of an e lectronic c i rcu i t is de te rmined by the scale of in tegra t ion . It is classified 

differently by var ious authors - accord ing to [14], the m a i n categories are: 

- Smal l -Sca le Integra t ion (SSI) - less t h a n 10 logic gates; 

- M e d i u m - S c a l e Integra t ion (MSI ) - 10 to 1 000 logic gates; 

- Large-Sca le Integra t ion (LSI) - up to 10 000 logic gates; 

- V e r y Large-Sca le In tegra t ion ( V L S I ) - more t h a n 10000 logic gates. 

Some authors [5] even define a fifth category: U l t r a Large-Sca le Integra t ion ( U L S I ) . H o w 

ever, U L S I is c o m m o n l y i nc luded i n V L S I by other authors . 

4.1.6 E x p e r i m e n t s 

T h e exper iments were per formed on our research server 3 . A l l s imu l a t i on t imes were chosen 

careful ly to a t t a i n a f inal s teady state. T h e exper iments were pe r formed us ing S P I C E 4 and 

C S M ; spec ia l ized software was deve loped for the V L S I s imu l a t i on (see Sect ion 3.1.2). 

Tab le 4.2 summar izes the parameters for i n d i v i d u a l test cases. T h e mu l t ip l e -b i t adders 

w i t h C L U + C L A trees were used for s imu l a t ion . T h e first c o l u m n (denoted as hr) shows 

the tree heights, the second one the number of b i t s , the next co lumns conta in the number of 

t rans is tors , logic gates a n d o rd ina ry different ia l equat ions respect ive ly a n d the last co lumns 

con ta in the delays i n mul t ip l e s of basic logic-gate delays (these determine the s imu l a t i on 

t imes) a n d the scale of the in tegra t ion . T h e number of b i ts used is p r o p o r t i o n a l to the tree 

height . T h e even rows con ta in the parameters of adders w i t h ha l f C L A s , as not a l l carries 

are required . 

# bits # transistors # gates # O D E D e l a y SI 

2 16 1272 286 922 11 M S I 

3 32 2568 581 1865 15 M S I 

3 64 5176 1166 3754 15 L S I 

4 128 10376 2341 7529 19 L S I 

4 256 20792 4686 15082 19 L S I 

5 512 41608 9381 30185 23 L S I 

5 1024 83256 18766 60394 23 V L S I 

6 2048 166536 37541 120809 27 V L S I 

6 4096 333112 75086 241642 27 V L S I 

7 8192 666248 150181 483305 31 V L S I 

7 16384 1332536 300366 966634 31 V L S I 

Table 4.2: C L A adder - parameters 

T h e interest ing th ing is tha t the number of o rd ina r y different ia l equat ions is smal ler t h a n 

the number of trans is tors . T h i s is caused by merg ing para l l e l capac i tors . 

3 2 x Intel Xeon E5-2630v2 (2.6 GHz , 6/12-core, 15 M B cache), 32 G B R A M 
4 NGSpice v26.1 with default settings 

\ C2Rt C2RHRi J \ C2Ri ) 

C = ( 0 1 ) D = 0 (3-3) 

x = (  U c > ) u = 1 
V  uc2 J 

F i g u r e 3.4a shows the so lu t ion of (3.1) for parameters U = 3.3 V , Ri = 0.120792 O , 

C\=C2 = 3.851953 • 1 0 - 9 F , RL = 0.601435 H , R H = 1 0 1 0 H . If i n p u t A is log ica l one (i. e. 

0 ns < time < 100 ns) , then Out corresponds to log ica l zero; if i n p u t A is log ica l zero 

(100 ns < time < 200 ns) , t hen Out corresponds to log ica l one. F i gu re 3.4b ( so lut ion by 

S P I C E ) is i nc luded for compar i son . 

(a) C S M [V] (b) S P I C E [V] 

F igu re 3.4: Inverter - so lu t ion 

T h e error of the a p p r o x i m a t i o n is shown i n F i gu re 3.5. T h e a p p r o x i m a t i o n error is re la t ive ly 

h i gh (over 1 V ) du r i ng the trans ient response, bu t the most impor t an t fact is tha t i t is low 

i n the stable state. 

_ 

1 
0 5 10 15 xl0- 8[s] 

F igu re 3.5: Inverter - a p p r o x i m a t i o n error [V] 

T h e t rans ient responses for C S M a n d S P I C E cor respond quite we l l . T h e difference between 

responses is caused by the a p p r o x i m a t i o n . T h e impor t an t aspect is tha t the resu l t ing values 

after the trans ient response a n d the lengths of the transient responses are s imi la r . 
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3.2.2 C M O S N A N D 

T h e scheme of C M O S N A N D is shown i n F i g u r e 3.6a and the func t ion of th is e lectronic 
c i r cu i t is exp la ined i n F i gu re 3.6b. T h i s logic gate forms the cornerstone of compute r logic; 
any logic func t ion can be cons t ruc ted us ing on ly N A N D s (w i th D e M o r g a n ' s laws) . T h e 
N A N D consists of two para l l e l P M O S trans is tors a n d two serial N M O S trans is tors . 

» 1 0 
Out U Out 

(a) Electronic circuit (b) Electric analogy 

F i g u r e 3.6: N A N D [21] 

T h e N A N D log ica l i npu t s are g iven i n Tab l e 3.1. A s ment ioned earl ier , they cont ro l the 
values of resistors (depending on opening/c los ing the t rans is tors i n the e lectronic c i r cu i t ) . 
T h e t ime d o m a i n is d i v i d e d in to equal ly long segments. 

A 1 1 0 0 
B 1 0 0 1 

Table 3.1: N A N D - input 

C M O S N A N D can be solved us ing the following S P I C E net l is t (abbrev ia ted form): 

1 Vdd 1 0 DC 3.3 
2 Ri 2 1 0.1 
3 * A = 1, 1 , 0 , 0 
4 V3 3 0 PWL(0 3.3 le-07 3.3 le-07 0 2o-07 0) 
5 * B = 1, 0, 0, 1 
6 V4 4 0 PWL(0 3.3 5e-08 3.3 5e-08 0 1.58-07 0 1.58-07 3.3 2e-07 3.3) 
7 * nandCA, B) 
8 M5a 5 3 2 2 P3306M 
9 M5b 5 4 2 2 P3306M 
10 M5c 5 3 6 6 N3306M 
11 M5d 6 4 0 0 N3306M 
12 C5e 5 0 lp 

T h e t r ans fo rmat ion of N A N D is ana log ica l to the t r ans format ion of the inverter . T h e 
on ly difference is tha t it consists of two pa i rs of t rans is tors . It is shown i n F i gu re 3.7. 

us ing N A N D a n d N O R gates a n d inverted ; the p ropaga t ion delay of c; remains 2 logic gates 
as i t is ca lcu la ted by (4.7) - us ing D e M o r g a n ' s laws. 

ci = s ö t (PO t c 0) 
C2 = si t (pi t so) t (pi t PO t co) 
C3 = 52 t (P2 t Si) t (P2 t Pi t SO) t (P2 t Pi t P0 t C 0) 

C4 = S3 t (P3 t 52) t (P3 t P2 t Si) t (P3 t P2 t Pi t So) 
t (P3 t P2 t PI t P0 t c 0) 

(4.7) 

To evaluate the carries more quick ly , another t ype of e lectronic c i r cu i t is requ i red -
C a r r y L o o k - a h e a d U n i t ( C L U ) . It combines the values i n the same manner as C L A , but its 
i n p u t values are ca lcu la ted by (4.8). 

G = <?3 V (ps A g2) V (p3 A P2 A g\) V (ps A p2 A p\ A g0) 

P = P 3 A P2 A pi A po 
(4.8) 

A g a i n , i t can be t rans formed into the equivalent fo rm w i t h basic C M O S logic gates us ing 
D e M o r g a n ' s laws. 

G 

P 

S3 t (P3 t S2) t (P3 t P2 t Si) t (P3 t P2 t Pi t So) 

P3 t P2 t P I t PO 

(4.9) 

T h e acce lerat ing c i r cu i t takes the fo rm of a tree w i t h C L A s on the lowest level a n d C L U s 
on the other levels. 

Table 4.1 shows tha t the l eng th of the t rans ient response of a 64-bi t adder is cons iderab ly 
shorter . F o r more in fo rma t ion , see [19]. 

t [10~ 7 s] Resu l t 

0.0 1111111111111111111111111111111111111111111111111111111111111111 

0.2 1111111111111111111111111111111111111111111111111111111111111111 

0.4 1111111111111111111111111111111111111111111111111111111111111111 

0.6 1111111111111111111111111111111111111111111111111111111111111110 

0.8 1111111111111111111111111111111111111111111111111111111111111110 

1.0 1111111111111111111111111111111111111111111111111111111111110000 

1.2 1111111111111111111111111111111111111111111111111111111111110000 

1.4 1111111111111111111111111111111111111111111111111111111011100000 

1.6 1111111111111111111111111111111111111111111111111110110011000000 

1.8 1111111111111111111111111111111111111111111111101000100000000000 

2.0 1111111111111110111111111111111011111111111011000000000000000000 

2.2 1111111111101100111111101110100011101110110000000000000000000000 

2.4 1110111011000000111011001000000011101000100000000000000000000000 

2.6 1100100000000000110000000000000010000000000000000000000000000000 

2.8 1000000000000000000000000000000000000000000000000000000000000000 

3.0 0000000000000000000000000000000000000000000000000000000000000000 

Table 4.1: C L A adder - t ransient response 
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propagates s lowly t h rough a l l 1-bit adders, resu l t ing i n the 16-bit adder carry. T h e result 
overflows - denoted by square brackets , see (4.3). 

l l l l l l l l l l l l l l l l i , + 1 [1]0000000000000000 6 (4.3) 

T h e s i t ua t ion is shown i n F i gu re 4.1. A l l b i t s of the 16-bit adder are set t o zero after 
the corresponding trans ient response. 

F i gu re 4.1: C a r r y p ropaga t ion [V] 

4.1.4 C L A a d d e r 

T o avo id a s ignif icant delay of the adder (especial ly for mu l t ip l e -b i t numbers ) , a specific 
c i r cu i t - C a r r y L o o k - a h e a d ( C L A ) - can be cons t ruc ted [19]. It uses values g$ (generate) 
and pi (propagate) , ca lcu la ted by (4.4). 

at V bi 
(4.4) 

(4.5) 

P a r t i c u l a r carr ies can be ca l cu l a ted us ing (4.5). 

c i = 50 V (po A c 0 ) 

C2 = 51 V (pi A c i ) 

C 3 = 92 V ( p 2 A c 2 ) 

C4 = 53 V ( p 3 A c 3 ) 

A f t e r subs t i tu t ing carr ies c i , ci a n d C 3 , (4.6) is ob ta ined . 

c i = 50 V (po A c 0 ) 

C2 = 51 V (pi A 50) V (p i A po A co) 

C 3 = 52 V (p 2 A 51) V (p 2 A p i A 50) V (p 2 A p i A po A c 0 ) 

C 4 = 53 V (P3 A 52) V ( p 3 A p 2 A 51) V ( p 3 A p 2 A p i A 50) 
V (P3 A p 2 A p i A po A c 0 ) 

T h e p ropaga t ion delay of the C L A is 3 logic gates i f A N D a n d O R are used. In case of 
N A N D a n d N O R gates 2 , the propaga t ion delay is 4 logic gates - gi a n d pi are ca lcu la ted 

(4.6) 

N A N D s and NORs are commonly used in electronic circuits (each gate consists of four transistors, see 
Figure 3.6a and 3.11a). 

O u t 

F igu re 3.7: N A N D - subs t i tu ted by C S M 

Capac i to r s C\ a n d Ci are para l le l ; therefore, they can be merged in to one capac i tor 

C 1 2 = C i + C 2 ; see F i g u r e 3.8. 

: C i R H 
1 

K L ^ _ Cj : Ci2 R H 

F i g u r e 3.8: N A N D - merg ing capac i tors 
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T h e c i r cu i t i n F i gu re 3.7 is descr ibed by (3 .4) 4 ; capac i tor C\i is precharged to a t t a i n 
the i n i t i a l value of zero. 

i = 
1 

Ri 
(li - UCl2 - UCs - M C 4 ) 

u'c12 = 
l 

C l 2 
UC12{0) = 3.3 

u'c3 = 
1 

ÖT 
= 0 

u'd = 
1 

Či' 
" o 4 ( 0 ) = 0 

Chapter 4 
(3.4) 

VLSI 

T h e so lu t ion for the values f rom Tab le 3.1 is shown i n F i g u r e 3.9. T h e trans ient responses 
i n b o t h figures beg in at 50 ns a n d 150 ns. T h e c i r cu i t t r u l y behaves l ike the N A N D gate 
and the result us ing C S M is aga in v i r t u a l l y ident ica l to the result ob ta ined us ing S P I C E ; 
a l l t rans ient responses reach a steady state by 50 ns. 

(a) C S M [V] (b) S P I C E [V] 

F i g u r e 3.9: N A N D - so lu t ion 

T h e error of the a p p r o x i m a t i o n is shown i n F i g u r e 3.10. 

V e r y Large-Sca le Integra t ion ( V L S I ) c i rcu i t s t yp i c a l l y compr ise hundreds of thousands of 
trans is tors o n a ch ip . T h e y can be assembled on ly f rom C M O S N A N D s or N O R s 1 as b o t h 
gates can form any log ica l opera t ion . Therefore i t is possible to s imulate V L S I c i rcu i ts 
us ing the C S M descr ibed above. M o r e about V L S I design can be found i n [14]. 

4.1 Adder 

A d d i t i o n is a basic a r i thmet i c opera t ion . It is a very sui table opera t ion for the s imu l a t i on 

of V L S I c i rcu i t s , as i t is easi ly scalable. 

4.1.1 H a l f a d d e r 

T h e half adder has on ly two inpu t s ( summands) . It can be used for the ca l cu l a t ion of the 
least s ignif icant b i t ( L S B ) of mu l t ip l e -b i t adders w i t h o u t an i n p u t carry. T h e ou tpu t and 
the ca r ry are ca lcu la ted by (4.1). 

output = X ® V 

-r-
carry = x Ay = x J y 

10" [5] 

F i g u r e 3.10: N A N D - a p p r o x i m a t i o n error [V] 

4U = 3.3 V, Ri = 0.120792 S2, Ci = C2 = C3 = Ct= 3.851953 • 10" 9 F , C12 = C1 + C2, R L = 0.601435 f i , 
RH = 10 1 0 S2 

4.1.2 F u l l a d d e r 

T h e fu l l adder has three inpu t s - two summands a n d an i n p u t carry. T h e expressions i n 
(4.2) are used for ca l cu l a t ing the ou tpu t a n d the carry. 

output = x © y © co 

carry = (x A y) V (x A cg) V (y A Co) 

= (x t V) t (x t Co) t (V t c 0 ) 

(4.2) 

4.1.3 T r a n s i e n t r e s p o n s e 

T h e t r a d i t i o n a l r ipp le -car ry adder has a disadvantage - i t takes a long t ime to propagate the 
ca r ry to 1-bit adders represent ing more signif icant b i ts when ca l cu la t ing the sum. A s s u m i n g 
a 16-bit adder and the inpu t s 1111111111111111& a n d 1, the ca r ry of the least signif icant b i t 

1 Although it is better to use both types of gates and an inverter. 
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t [ K T 7 s] x y R e s C S M [V] S P I C E [V] 

0.99 0 0 0 0.000000 0.000000 

1.99 0 i 1 3.299943 3.299999 

2.99 1 0 1 3.299959 3.299999 

3.99 1 1 0 0.001769 0.0(  

Tab le 3.3: X O R 

X O R wi th three inputs 

T o const ruct a fu l l adder , three- input X O R s are required . A l t h o u g h two X O R s cou ld be 
used, i t is ra ther useful to have X O R w i t h three i n p u t s 6 . E q u a t i o n (3.8) describes the 
three- input X O R der ived f rom the C o n j u n c t i v e N o r m a l F o r m ( C N F ) . 

x ® y © z = ((x A y) A z) A ((y A z) A x) A ((x A z) A y) A (x A y A z) (3.8) 

E q u a t i o n (3.9) is aga in obta ined f rom (3.8) us ing D e M o r g a n ' s laws. T h e N O R opera tor 
is k n o w n as Pe i rce ' s ar row (denoted as \) [13]. No t e tha t b o t h t a n d I are assumed to be 
non-associat ive i n our fo rma l sys tem - the parentheses de l im i t separate logic gates; tha t 
is, a 3- input N O R is used to evaluate the last parenthesis a n d a 4- input N O R is used to 
summar i ze the pa r t i a l results . 

x ®y e z = ((x t y) i z) I ((y f z) I x) 1 ((a; f z) I y) I (x i y 1 z) (3.9) 

Tab l e 3.4 summar izes the results near the end of each t i m e segment (eight segments i n 

tota l ) . 

t [10" 7 s] X y z Res C S M [V] S P I C E [V] 

1.49 0 0 0 0 0.000030 0. I 

2.99 0 o 1 1 3.199193 3.198240 

1. 19 1) i 0 1 3.297346 3.299999 

5.99 0 i 1 0 0.000276 0.000001 

7. 1!) 1 0 0 1 3.203977 3.203666 

S.99 1 0 1 0 0.000276 0.000002 

10. 1!) 1 1 0 0 0.000133 0.000019 

11.99 1 1 1 1 3.201614 3.203512 

Table 3.4: X O R w i t h three inpu t s 

T h e ou tpu t values of C S M and S P I C E cor respond qui te we l l . T h e behav ior of a three- input 

X O R is correc t l y ana lyzed . 

'The three-input XOR delay is shorter than the delay of two XORs and fewer basic logic gates are used. 

3.2.3 C M O S N O R 

T h e scheme of C M O S X O R is shown i n F i g u r e 3.11a a n d the func t ion of this e lectronic 
circuit is expla ined in F igure 3.11b. S im i l a r l y to the N A N D gate, n i l other logic gate's can 
be cons t ruc ted us ing on l y N O R gates. T h e N O R consists of two ser ia l P M O S transistors 
and two para l l e l N M O S transistors . 

Ri I i i 

(a) Electronic circuit (b) Electric analogy 

F i gu re 3.11: N O R [21] 

T h e N O R logica l inputs are g iven i n Tab l e 3.2. T h e t ime d o m a i n is spl i t in to equa l ly 

long segments. 

A 0 1 1 0 
B 0 0 1 1 

Tab le 3.2: N O R - i npu t 

T h e abbrev ia ted S P I C E net l is t of C M O S N O R follows. 

I Vdd 1 0 DC 3.3 
2 
: i 

Ri 2 1 0.1 
* A = 0 , 1 , 1,0 

1 V3 3 0 PWL(0 0 5e-08 0 5a-08 3.3 1.6a-07 3.3 1.5e-07 0 2e-07 0) 
5 * B = 0 , 0 , 1 , 1 
i : V4 4 0 PWLÍ0 0 le-07 0 la-07 3.3 2e-07 3.3) 
V * nor(A, B) 
s 

!) 
II) 

M5a 6 3 2 2 P3306H 
M5b 5 4 6 6 P3 30 6K 
M5c 5 3 0 0 N3306M 

11 M5d 5 4 0 0 N3306H 
12 C5e 5 0 lp 

T h e t r ans format ion of C M O S N O R is shown i n F i gu re 3.12. Capac i to r s C3 a n d C4 are 

para l le l ; therefore, one capac i tor C 3 4 = C 3 + C4 is used i n equat ions. 
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O u t 

F i g u r e 3.12: N O R - subs t i tu t ed by C S M 

T h e c i r cu i t i n F i g u r e 3.12 is descr ibed by equat ions (3 .5) 5 ; capac i tor C 3 4 (merged f rom 

C3 a n d C4) is precharged. 

uC3i 

1 (if - uCl - uc? 
Ri 

(if - uCl - uc? - « C 3 4 ) 

1 (•
 1 \̂ 

C~i' 

1 ÖT 

1 \ 
•"C34 ) 

u c i ( 0 ) = 0 

ucM = 0 (3.5) 

T h e so lu t ion for the values f rom Tab l e 3.2 is shown i n F i g u r e 3.13. T h e transient 

responses beg in at 50 ns a n d 150 ns. T h e c i r cu i t t r u l y behaves l ike the N O R gate. 

''Parameters are the same as for (3.4), capacity C34 — C 3 + C4. 

(a) C S M [V] (b) S P I C E [V] 

F i gu re 3.13: N O R - so lu t ion 

T h e error of the a p p r o x i m a t i o n is shown in F i g u r e 3.14. T h e a p p r o x i m a t i o n error du r i ng 

the t rans ient response now exceeds even 2 V ; bu t as a l ready s ta ted , it is on ly a m i n o r 

p rob l em. 

<l(r 8[s] 

F igu re 3.14: N O R - a p p r o x i m a t i o n error [V] 

3.2.4 X O R 

X O R can be cons t ruc ted us ing the basic C M O S logic gates descr ibed above (inverters, 

N A N D s a n d N O R s ) . T h e X O R is used i n adders. E q u a t i o n (3.6) is i n the D i s junc t i ve 

N o r m a l F o r m ( D N F ) . 

x 0 y = (x A y) V (x A y) (3.6) 

Log i c gates A N D a n d O R are c o m p o u n d gates ( add i t iona l inverters are required) , but 

i f D e M o r g a n ' s laws are used, the express ion i n (3.7) is acqu i red tha t uses the s implest 

logic gates w h i c h c an be cons t ruc ted in e lectronics . T h e Sheffer stroke (denoted as j~) [13] 

is a log ica l opera t ion equivalent to the negated con junc t i on opera t ion , N A N D . 

x e y = t (xty) (3.7) 

Table 3.3 summar izes the results near the end of each t ime segment. T h e last two 

co lumns con ta in the ou tpu t voltages of the c i r cu i t represent ing X O R solved by C S M and 

S P I C E , respectively. 
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