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ABSTRACT 

The sphere-plate contact under normal and tangential load in water was studied. As a source 

of shear oscillation the acoustic resonator (a quartz crystal microbalance - QCM) was used. 

The contact of a sphere with the surface of resonator induces a shift of resonance frequency and 

bandwidth. The dependence of the frequency shift �f and bandwidth shift �� on the amplitude 

of oscillation were measured. With increasing amplitude, a decrease in �f and an increase in ��

were observed. This behaviour is characteristic for partial slip. Applying the Cattaneo-Mindlin 

model, the contact radius and the friction coefficient were calculated. The contact radius 

in the limit of small amplitudes increases with increasing normal load. For this dependency, 

the data fit well to the JKR model. The friction coefficient is of the order of unity, as it should 

be. It slightly decreases with increasing external normal force, which can be explained with 

an adhesive force contributing to the total normal force. The formalism yields two separate 

values for friction coefficient, the first is derived from the frequency shift and the second is 

derived from the shift in bandwidth. These two values agree with each other within ± 20 % for 

experiments in liquids, while they differ by about a factor of two for experiments with 

hydrophilic surfaces in air. This is tentatively explained with capillary forces. The discrepancy 

points to a shortcoming of the Cattaneo-Mindlin theory. 

KEY WORDS 

contact mechanics 

sphere-plate contact 

partial slip, microslip 

quartz crystal microbalance (QCM) 

Cattaneo-Mindlin model  

JKR model 
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ABSTRAKT  

Byl studován kontakt mezi koulí a deskou pod tangenciálním zatížením ve vod�. Jako zdroj 

st�ižných kmit� byl použit akustický rezonátor (k�emíkové mikrováhy – QCM). Kontakt koule 

s povrchem resonátoru indukuje zm�nu resonan�ní frekvence a ší�ky pásma. Byla m��ena 

zm�na frekvence �f a zm�na ší�ky pásma �� v závislosti na amplitud� oscilací. S rostoucí 

amplitudou docházelo k poklesu �f a r�stem ��, což je chování typické pro parciální skluz. 

Díky aplikaci Cattaneo-Mindlinova modelu byl vypo�ítán kontaktní polom�r a t�ecí koeficient. 

Kontaktní polom�r p�i nízké amplitud� stoupal p�i zv�tšujícím se normálovým zatížením. Tato 

závislost se dob�e shodovala s JKR modelem. T�ecí koeficient se nacházel v odpovídajícím 

rozsahu. P�i zvyšování externí normálové síly, docházelo k nepatrnému snižování hodnoty 

t�ecího koeficientu. Toto chování je vysv�tleno p�ísp�vkem adhezivních sil k totální normálové 

síle. Výpo�tem byly získány dva typy t�ecích koeficient�, první ze zm�ny frekvence �f a druhý 

ze zm�ny ší�ky pásma ��. Tyto dv� hodnoty se spolu shodovaly z ± 20 % pro m��ení provád�ná 

ve vod�, zatímco pro dv� m��ení provád�ných na hydrofilním povrchu ve vzduchu se lišila. 

Tento nesoulad poukazuje na nedostatek Cattaneo-Mindlinovy teorie a mohl by být vysv�tlen 

p�ítomností kapilárních sil. 

KLÍ�OVÁ SLOVA 

kontaktní mechanika 

kontakt koule s deskou 

parciální skluz, mikroskluz 

k�emíkové mikrováhy (QCM) 

Cattaneo-Mindlin�v model 

JKR model 
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1 INTRODUCTION 

Contact mechanics deals with deformation of bodies, stress distribution, adhesion, capillary 

forces and is close connected with tribology.[1–3] In the last few years, contact mechanics, 

as well as other technologies, focuses on micro and nano-scale. Studies of micro-contacts has 

been interesting from engineering point of view as well as for medicine and biotechnology.  

In medicine, the contact mechanics was employed for the studies of biotribology of articular 

cartilage,[4] and in biotechnology, for investigation of microbial tribology of biofilms.[5] Contact 

mechanics has also found inspiration in nature. For instance, the gecko has microfibrils on its 

feet. These microfibrils have a strong adhesion force to the surface. As a result of these 

adhesion, gecko can easily climb the walls made of varied materials. This phenomenon is based 

on contact splitting, i.e. one large contact is divided into plenty of small contacts.[6] Production 

of materials with a surface which is capable of presenting reusable dry adhesion could be used 

in many applications, from tapes up to wall-climbing robots.[7]

In engineering, the contacts under tangential load have been in focus of interest, because 

the tangential contact is not as well understood as contact under normal load. Nevertheless, 

the tangential load occurs in many engineering devices which operate under the vibration or 

rolling, e.g. bearings, where the tangential load leads to friction and fretting wear.[8]

Focus of this thesis was the studies of contacts under tangential load, when transition 

between stick and slip occurs. In this transition the centre of contact area stick while the edge 

of contact area slides. This phenomenon is called partial slip and is related to friction, wear and 

crack propagation. 

The aim of the thesis was to answer following questions: 

• Does partial slip occur in water? 

• Is there any difference between partial slip in water and in air? 

• Which of the models for partial slip fit better – Cattaneo-Mindlin or Savkoor? 

• Is the condition of equality for friction coefficients µ�f and µ�� fulfilled? 

• Which of the models for dependence of contact radius on normal force is in better 

accordance – Hertz or JKR?  

• How is partial slip influenced by particles’ size? 

• How is partial slip influenced by varied surface? 
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2 THEORETICAL PART 

2.1 Contact mechanics 

The description of behaviour of bodies which are in contact is a big field of interest for 

current engineering. The contact between two bodies causes the stress at the interface between 

them, which can lead to friction, fretting wear and up to fractures. Contact mechanics uses 

complex mathematical models for the description of contacts. These models describe contacts 

between varied bodies such as two spheres, a sphere and a flat surface, two cylinders or a cone 

and a flat surface, etc. Each of these contacts displays a different shape of contact area. 

For instance, the contact area of spheres-sphere contact or sphere-plane contact is a circle, 

whereas for two cylinders it is a line.  This thesis will focus on sphere-plane contact.[1–3]

2.1.1 Non-adhesive contacts – Hertz model 

The first publication about contact mechanics was written by Heinrich Hertz in 1882.[9]

The Hertz model predicts a behaviour of two elastic bodies which are in normal contact (contact 

under normal load) but without the influence of adhesive forces and friction.[2]  

Fig. 1 Hertz contact (drawn according to Ref.[1]) 

If a rigid sphere with radius RP is in contact with an elastic flat surface, the contact area forms 

a circle with the radius a. This contact radius depends on the applied normal force F⊥ and 

the elastic properties of the material as[1]

3

1

*4

3
�
�

�
�
�

�
= ⊥

E

RF
a P  (1) 

where E* is an effective modulus. This effective modulus combines elastic properties of the two 

materials.  E1 and ν1 describe elastic modulus and Poisson’s ratio for the sphere and E2, ν2 for 

the material of the surface.[3]
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The penetration depth d depends on the contact radius as[1]  

PR

a
d

2

= . (3) 

The distribution of normal stress p is described by the following equation[1]
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where p0 is the normal stress in the centre of the contact area and r is the distance from this 

centre. That means that the normal stress on the edges of the contact area goes to zero and 

the maximal normal stress occurs in the centre of the contact area and is represented by[1]

3
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0
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�
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EF
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π
. (5) 

The Hertz model assumes no friction and adhesive force in contact. Yet, this is only true for 

normal contact of bodies with the same elastic properties because they deform in the same way. 

For bodies with different elastic properties in normal contact, the relative tangential 

displacement leads to transverse expansion of the bodies and it causes frictional stress.[1]

2.1.2 Adhesive contacts – JKR model 

Adhesive forces are weak forces, short distance interactions between atoms or molecules of 

bodies, such as van der Waals forces. These forces are very strong between two smooth 

surfaces. However, real surfaces are not homogenous and adhesive forces are significantly 

reduced by already-present fractures and roughness of the surface.[1]

The adhesive force between solid bodies was calculated by Bradley in 1932. [10] For bodies 

in direct contact, the equation has the following form[1]

Padh RF γπ4−=  (6) 

In the early 1970s, Johnson, Kendall and Roberts modified the Hertz theory and formulated 

a new model including adhesive forces, called JKR model.[11]

Fig. 2 JKR contact - (a) contact radius (b) pull-off force (drawn according to Ref.[1]) 
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They found out that contacts under high loads correlate with Hertz theory, but contacts under 

low loads have larger contact radii than Hertz predicted and for separation of bodies a negative 

load (pull-off force) is needed.[1,11]  

PA RF γπ∆−=
2

3
 (7) 

( ) ( )
3

1

2

*
363

4

3
�
�

�
�
�

�
∆+∆+∆+= ⊥⊥ PPP

P RFRRF
E

R
a γπγπγπ  (8) 

where �γ is the surface energy. When γ = 0, then the equation turns into simple Hertz model 

(equation 1).  

Since then varied models of adhesive contact have been described by Derjaguin, Muller and 

Toporov[12], Tabor[13], Maugis[14], and the like, but these models are beyond the scope of this 

thesis. 

2.1.3 Friction 

Friction is a part of everyday life. Friction accompanies walking, driving, writing with 

a pencil, etc.[15] as well as technological processes using abrasive techniques. Maximum friction 

is achieved intentionally only in a few cases such as contact between tires and a road during 

braking. In the majority of cases, mainly in engineering, there is an effort to suppress this 

friction because it leads to dissipation of energy and causes wear and fractures.[1] Friction was 

first studied in the Renaissance Period by Leonardo da Vinci. He developed the first friction 

laws in which the  frictional force is proportional to normal force and does not depend on 

the contact surface.[1,15]

Fig. 3 Leonardo da Vinci's drawing of friction[16]
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Over the time this law was forgotten and in 1699 Amontons rediscovered it. It is for this 

reason that this law is known as Amontons’ law. 80 years later, Coulomb verified Amontons’ 

result and defined the difference between static and kinetic friction.[1,15]

Static friction Fs and kinetic friction Fk are given as 

⊥= FF ss µ  (9) 

⊥= FF kk µ  (10) 

where µs is the static friction coefficient and µk is the kinetic friction coefficient. Both friction

coefficients are independent of the normal force and the contact area. They depend on 

the properties of material and µs is higher than µk.[1,17] In engineering, lubricants are added for 

decreasing the friction coefficient, thereby the friction and fretting wear are reduced.[18]

The problem of micro-contact under tangential load will be discussed later in chapter 2.3.1. 

2.2 Quartz crystal microbalance 

Quartz crystal microbalance (QCM) is a mass sensing device which contains an acoustic 

resonator based on a piezoelectric effect. This resonator is composed of a crystalline quartz disk 

with two electrodes. The quartz is in � modification.[19]

Fig. 4 Quartz crystal microbalance[20]

The piezoelectric effect is a reversible process of electro-mechanical coupling. 

The alternating electric current passes through the electrodes and causes a mechanical 

deformation as a result of the piezoelectric properties of the crystal. If the frequency of 

the alternating field is equal to the resonant frequency of the crystal, resonance occurs. This 

deformation causes a polarization of the crystal surface. Due to polarization, electric current is 

generated and can be subsequently detected.[19]
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The excited crystal can oscillate in the following modes. 

Fig. 5 Oscillation modes of quartz crystal – flexure, extensional, face-shear and thickness shear mode [20]

In this work, AT-cut quartz crystal was used. AT-cut crystal utilizes thickness shear mode 

of oscillation and its resonance frequency is only slightly influenced by variable temperature.[19]

Fig. 6 AT-cut of quartz crystal[21]

The fundamental frequency fF is determined by the thickness dq of the crystal.[20]

2

λ
=qd  (11) 

q

qq

F
d

cc
f

2
==

λ
 (12) 

The λ is the wavelength. The cq is the speed of sound of quartz. 

Furthermore, the crystal oscillates at the fundamental frequency and also at other frequencies 

– so-called harmonics – which are close to the integer multiples of the fundamental frequency. 

The electrical signal can be measured only for odd harmonics which cause a polarization of 

the surface. Even harmonics cannot be measured because of their symmetry. Induced charge 

on crystal surfaces has the same sign and, therefore, the crystal cannot be polarized.[20]

As mentioned above, due to this polarization, electric current is generated. With impedance 

analysis, one can measure the conductance which is a function of frequency. The conductance 

curve is fitted with a resonance curve. Among the fit parameters which characterize 

the resonance are frequency f and bandwidth �. The bandwidth � terms half-width at half-

maximum of the resonance frequency and is used for quantification of energy dissipation.[22]
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2.2.1 Measurement of thickness of films with QCM 

As described in the previous chapter, the resonance frequency is inversely proportional to 

the thickness of the crystal. When the crystal surface is coated with polymer layer, then 

the resonance frequency is shifted to lower values because the wave travels extended distances 

through the crystal. The models, which describe this behaviour differ in terms of the kind of 

deposited layer.  

In 1959 Sauerbrey published a paper where he described the effect of thin rigid layers 

deposited on QCM. Sauerbrey observed that the shift of frequency to lower values is directly 

proportional to the mass of film mf (equation 13) and determines measurable limit of QCM up 

to 10-10 kg.[20,23] QCM has become a very sensitive weighing method and hence it is called 

microbalance. The frequency shift and the deposited mass are related as 

qeff

F

f
ZA

fn
mf

22 ⋅
−=∆  (13) 

The n is the order of overtone, Aeff  = 33·10-6 m2 is an effective area and Zq = 8.8·106 kg·m-2·s-1

is an acoustic impedance of the quartz. If the density of deposited film ρf  is known, the thickness 

of the layer can be calculated as[24]

fF

q

fn

fZ
d

ρ⋅⋅

∆⋅
−=∆

22
 (14) 
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Fig. 7 Sauerbrey model (drawn according to Ref. [20]) 
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Further, Kanazawa et al. described a model for liquids and viscoelastic layers. In this model, 

the resonance frequency shifts towards lower values for frequencies as for Sauerbrey’s rigid 

layer. However, bandwidth increases because of large energy dissipation.[25,26]
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Γ< Γ

water

air

∆f

Γ

C
on

du
ct

an
ce

 [
m

S
]

Frequency [MHz]

Γ

Fig. 8 Kanazawa model (drawn according to figure created by Rebekka König and Ref.[24]) 

2.2.2 QCM as a biosensor 

The high accuracy of weighing of QCM is mainly used to measure the adsorption of 

molecules on the surface. This is widely employed in biotechnology. QCM is used for studies 

of all kinds of biomolecules immobilization and interactions e.g. protein-protein, protein-

carbohyrdate, protein-oligonucleotide, enzyme activity, small molecule-receptor interaction, 

etc. Further QCM can be used for detection of bacteria, studies of cell, their attachment, 

adhesion, proliferation or forming of biofilm. QCM has become a powerful bioanalytical tool 

for the last few years.[27]
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2.3 Measurement of contact mechanics with QCM  

QCM is widely used for measuring the thickness of applied layers. Nevertheless it is also 

possible to measure the behaviour of contacts. There are two phenomena. The first is for small 

particles (size under 50 µm) tightly attached to the crystal. In this case this particle increases 

the mass of the resonator, thereby the resonance frequency decreases according to Sauerbrey’s 

equation.[28]

The second phenomenon was observed by Dybwad in the mid-1980s for large spheres.  

Dybwad observed that for contact of these particles with the surface of the resonator, 

the resonance frequency was shifted to higher values. He explained this phenomenon as 

a mechanical model of coupled resonators. The behaviour of the resonance frequency 

corresponds with the behaviour of spring, which is characterized by a spring constant. 

The spring constant is also called contact stiffness κ. The heavy particle is held in place by 

inertia. With a tangential force (crystal oscillation) applied, the particle exerts the restoring 

force, which causes an increase in the stiffness of the coupled resonators and this leads to 

an increase in resonance frequency.[29]  

Increase in bandwidth is caused by energy dissipation, because the acoustic wave radiates 

into the sphere. This radiation can be depicted in the mechanical model by adding a dashpot 

parallel to the spring.[28]  

5.0002 5.0003 5.0004

Γ< Γ

Γ

loadedunloaded

∆f

C
on

du
ct

an
ce

 [
m

S
]

Frequency [MHz]

Γ

Fig. 9 Dybwad model (drawn according to Ref.[20]) 



Theoretical part 

  

18 

In this thesis, the model of Small Load Approximation (SLA) is used for the description of 

changes in frequency and bandwidth caused by stress on the quartz surface. It is possible to use 

SLA for each linear model described above and also for nonlinear behaviour – which will be 

described below – if the change in frequency is much smaller than fundamental frequency. [20]

SLA model will not be discussed in detail because it is beyond the scope of this thesis. For 

a detailed description of SLA see Ref.[22]. 

2.3.1 Partial slip 

Previous models are based on absolutely smooth and frictionless contact. Upon contact of 

two bodies under tangential load, tangential stress must be taken into account.[1]

At first, the contact under tangential load without sliding will be described.  If these bodies 

tightly adhere – for instance, when they are glued together – there is no sliding between them 

under tangential displacement. The stress distribution is depicted in Fig. 10. The normal stress 

σ⊥ is maximal in the centre of contact area, and towards edges approaches zero like in Hertz 

model (chapter 2.1.1). Yet, as a consequence of tangential load, tangential stress σ|| at the edges 

of contact area goes to infinity.[1] 

Fig. 10 Tangential contact without slip - stress distribution (drawn according to Ref.[1]) 

The stiffness of contact κ  is given as [1]

aG *2=κ , (15) 

where G* is an effective shear modulus. This modulus is a combination of elastic properties G1, 

G2, ν1 and ν 2 of two elastic bodies, and is given as[1]

2

2

1

1
* 4

2

4

21

GGG

νν −
+

−
= . (16) 

The shear modulus G is related to extensional modulus E by the following equation[1]

( )ν+
=

12

E
G  (17) 
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Contacts which do not stick together so tightly undergo sliding at the edges of contact area, 

while the centre of contact sticks in the same place. This phenomenon is called partial slip or 

microslip.[1]

Fig. 11 Sticking and sliding zone in tangential contact (drawn according to Ref.[1]) 

There are two different theories which describe partial slip – Cattaneo-Mindlin model[30] and 

Savkoor’s model.[31] Cattaneo-Mindlin model assumes standard macroscopic friction in 

the sliding zone (equation 10). It means the tangential stress σ|| is proportional to normal 

stress σ⊥.[30] �

⊥= µσσ   
||

 (18) 

The stress distribution is a combination of known distributions and is illustrated in Fig. 13a.[1]

Cattaneo-Mindlin model predict tangential displacement of sphere relative to surface as 

a function of tangential load.[30] In contact mechanics, these force-displacement relations often 

are nonlinear.  The equations 19 and 20, which are derived from CM model, show linear 

dependence of frequency shift �f and bandwidth shift �� on amplitude of quartz oscillation u0. 

The connection between force-displacement relations and dependence of �f and �� on u0 is 

illustrated in Fig. 12. �f is proportional to the ratio of tangential force and displacement at 

the turning point and �� is proportional to area inside the loop divided by u0
2.[32]

Fig. 12 Force-displacement diagram of partial slip[20]
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Equations of this dependence are derived from Cattaneo-Mindlin model.[32]  
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np is number of spheres, n is the order of overtone, Aeff is the effective area and Zq is 

the acoustic wave impedance of AT-cut quartz, κ is contact stiffness and µ is friction 

coefficient. According Cattaneo-Mindlin model the friction coefficient from frequency shift µ�f

should be equal to the friction coefficient from bandwidth shift µ��. If the friction coefficient 

goes to infinity, the partial slip does not occur.[32]

Following equation 15, the Mindlin contact radius of contact area is given as[1]

*2G
aMindlin

κ
=  (21) 

Savkoor’s model assumes constant tangential stress σ|| in the sliding zone, which is often 

obeyed on the micro-scale[31] (Fig. 13b). Equations for frequency and bandwidth shift as 

a functions of amplitude calculated from Savkoor’s model show quadratic dependence[32] (Fig. 

14). 
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Fig. 13 Stress distribution of partial slip according to (a) Cattaneo-Mindlin and (b) Savkoor (drawn 
according to Ref.[1, 32]) 
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Fig. 14 Difference in dependence of frequency shift and bandwidth shift on amplitude of oscillation 
between Cattaneo-Mindlin model and Savkoor’s model (drawn according to Ref.[32]) 

2.3.2 Gross slip 

With increasing tangential load, the sliding zone of contact expands. At critical points, this 

expansion leads to sliding of the whole contact. This phenomenon is called gross slip. Fig. 15 

shows force-displacement diagram and dependence of �f and �� on u0. At the critical point, 

�� decreases, which is denoted as the transition of partial slip to gross slip.[20,32]

Fig. 15 Force-displacement diagram of gross slip[20]

2.3.3 Viscoelastic contact 

For small contacts or larger contacts at small amplitudes, partial slip can be suppressed. 

These contacts are termed viscoelastic. The behaviour of these contact is linear. The transition 

of linear behaviour to nonlinear behaviour (partial slip) is characterized by a critical amplitude 

ucr.[32,33]

Suppression of partial slip for small contacts is interesting in engineering processes because 

partial slip leads to fretting wear. Due to this, protection against fretting wear could be solved 

by contact splitting.[32]



Theoretical part 

  

22 

Fig. 16 Force-displacement diagram of viscoelastic contact[20]

2.3.4 Shake-down and shake-up  

One reason of apparently nonlinear behaviour of contact is that the contact changes in 

the time because of aging (temperature, abrasion, etc.).[20]

During periodic plastic deformation, the decrease in energy dissipation after few cycles can 

be observed.[34] This phenomenon is called shake-dow. In the frictional contact, the shake-down 

can be a consequence of abrasion caused by repetitive sliding. The frictional forces decrease 

and due to smoother surface the adhesion is stronger.[1,32] According to these claims, the partial 

slip should occur only in few loading cycles and after that the contact is stabilized throughout 

the contact area.[35] The opposite of shake-down is a phenomenon that might be called shake-

up where energy dissipation increases during the time[20] (Fig. 17, Fig. 18 and Fig. 19). 

Fig. 17 Force-displacement diagram of shake-down and shake-up[20]

Fig. 18 Bandwidth shift in time after a step in amplitude[20]
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Fig. 19 Stress-strain curves[20]
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3 EXPERIMENTAL PART 

3.1 Materials and methods 

3.1.1 Facilities 

Quartz crystal microbalance – parameters: 

• 5 MHz 

• Thickness 330 µm 

• Width 2.54 inch  

• Front electrode 13 mm, back electrode 6 mm 

• With golden electrodes (unknown) 

• With silica surface and titanium electrodes (Maxtec, USA) 

Holder – home-built 

Humidity and temperature sensor (Testo, AG, Lenzkirch) 

Network analyser (Agilent, Malaysia) 

Analytical balance (Sartorius, Göttingen) 

Spin coater (Laurell, USA) 

Stereoscope (Will-Wetzlar, Germany)  

UV ozone cleaner (BioForce Nanoscience, USA) 

3.1.2 Chemicals 

Poly(methyl metacrylate) – PMMA 

3.1.3 Other material 

Borosilicate spheres (Fischer glass, Germany) 

Metal plates – home-build (brass, ∅ 6 mm, 0.5 g per piece)  

Superglue (UHU) 
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3.2 Procedure 

The experiment is based on measuring of shift of the resonance frequency �f and bandwidth 

�� which is caused by contact of three spheres with quartz surface. These changes in resonance 

frequency of QCM are detected by impedance analyser. 

3.2.1 Preparation of a plate with spheres 

 Spheres with a diameter of 2 mm and 1 mm were used. These spheres were glued to 

the metal plate to prevent rolling around on the crystal surface (Fig. 20).  

Various kinds of glues were tried. Finally, the superglue was chosen. The superglue is 

composed of cyanoacrylate, which polymerizes in presence of water (humidity in air)[36] and is 

waterproof. Resistance to water is important for the measurement.  

Fig. 20 Metal plate with glass particles 

3.2.2 Coating of crystal 

Two types of crystal coating were used. The first coating was a silica coating. This crystal 

already displayed this surface modification when it was purchased.  

The second type of coating was PMMA. PMMA was prepared by Rebekka König. Glass 

transition temperature of PMMA was Tg = 99.9 °C (literature value Tg = 104.85 °C, calculated 

by Fox equation [37]). The solution of PMMA in 2-butanone was used. The solids content of 

the pure PMMA in solution was around 3 %. This coating was applied to the crystal with gold 

electrodes by using a spin coater. A drop of PMMA solution was applied on the crystal surface. 

Coating by spin coater was carried out at 6000 rpm for one minute. Subsequently, the coated 

crystal was dried in a drier at 110 °C over night. The thickness of PMMA was measured with 

QCM according to Sauerbrey equation. The thickness of PMMA was around 255 nm.  
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3.2.3 Improvement of holder 

For better reproducibility, a new holder of QCM was created (Fig. 21). This holder keeps 

particles on the same place and protect against breaking of contact, which is very important for 

the experiment. 

    
Fig. 21 Improved home-built holder 

3.2.4 Experiment performance 

The crystal was mounted in the holder. By ramping the applied voltage up and down, 

the amplitude of oscillation was gradually increased and subsequently decreased (twice). 

The shift of resonance frequency and bandwidth was determined by impedance analyser. 

At first, the reference resonance frequency of bare crystal without particles was determined. 

In the experiments in water, the frequency and bandwidth shift of the crystal covered by water 

(1 ml) were determined. Subsequently, the plate with particles was placed onto the crystal (Fig. 

22). The dependence of frequency and bandwidth shift on amplitude of oscillation was 

observed. Gradually, for each measurement, the normal force was increased by adding of 

weight of 0.5 g, 1.0 g, 1.5 g, 2.0 g and 2.5 g. The weight of the plate itself was 0.5 g. This means 

that the final values of applied mass were from 0.5 g to 3.0 g.  

The applied drive level for excitation of amplitude was varied from -15 dBm to +10 dBm, 

for measurements in air and from -15 dBm to +16 dBm for measurements in water. dBm is 

a logarithmic scaling of watts, where 0 dBm correspond to 1 mW and 20 dBm correspond to 

10 mW. 

Fig. 22 Scheme of experiment[20]
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Experiments were performed under different condition, as shown in Tab. 1. The basic 

experiment was carried out with particles with a diameter of 2.2 mm in diameter on the silica 

surface. In the next experiment, the particle size was varied. Also, spheres with a diameter of 

1 mm were used on silica surface (in the thesis, the expressions 2 mm particles and 1 mm 

particles will be used which mean diameter of particles). Finally, the experiment was perform 

again with 2 mm particles, but on the PMMA.   

Tab. 1 Varied conditions 

Particle diameter
[mm] 

Surface 
SiO2 PMMA 

2.2 air/water air/water
1.2 air/water — 

3.2.5 Shake down and shake up measurements 

The experiments for shake-down and shake-up were performed in the same way as 

experiments for partial slip, but the �f and �� dependent on u0 were observed over time. In other 

words, 100 points of �f and �� for one amplitude was taken and after the amplitude was 

changed. This experiment was carried out only with 2 mm spheres on silica surface in air and 

in water. 
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4 RESULTS AND DISCUSSION  

4.1 Partial slip in water 

The fundamental goal of this work was to find out whether the partial slip occurs in water or 

not. The occurrence of partial slip in water was confirmed and was further studied by other 

measurements and comparison to the corresponding calculations.  

Fig. 23 and Fig. 24 show examples of measurement in air and water. Following the Fig. 12 

from chapter 2.3.1, one can find an agreement between results and theory. In air, the partial slip 

was observed for all types of particles with applied mass around 1.5 - 3.0 g. For smaller loads 

0.5 g and 1.0 g, there was a transition from partial slip to gross slip. With the increasing mass, 

the transition was shifted to the higher amplitude (from 10 nm to 17 nm) up to point of 

vanishing of these transition. This was expected because, with an increase in normal load, 

the stiffness increases and the contact becomes more stable. This results correspond with 

previous results mentioned in Ref.[20]. 
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Fig. 23 Measurements in air (2 mm particles on silica surface) 

Measurements in water differ from experiments in air. First of all, one can see a big damping 

caused by water which causes a negative frequency shift and a large increase in bandwidth. 

This behaviour is predicted by the Kanazawa model (chapter 0). Secondly, there was no gross 

slip observed in water. This could be also explain as a result of damping. In air, the transition 

from partial slip to gross slip was seen for higher amplitudes above 10 nm, but in water the 

amplitude reaches only 7 nm.  
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Fig. 24 Measurements in water (2 mm particles on silica surface) 

Two models for partial slip were described – Cattaneo-Mindlin and Savkoor. For all data 

the Cattaneo-Mindlin model fits better than Savkoor model. This also corresponds with 

the previous result in Ref.[20]. The agreement with Cattaneo-Mindlin is interesting, because 

this model assumes standard macroscopic friction in the sliding zone, but the contact area is 

in micro-scale range. The explanation is not clear, probably the nanoroughness plays a role.[32]

In some measurements the plateau occurs at small amplitudes. This corresponds to the linear 

behaviour of viscoelastic contact. The transition from viscoelastic behaviour to partial slip is 

also discussed in Ref.[33] The plateau occurs because the tangential stress in the contact without 

slip never go to infinity in real contacts due to a ring-shape region close to the edge.[32]
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Fig. 25 Plateau (2 mm particles on silica surface) 
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4.2 Application of Cattaneo-Mindlin model for partial slip 

As an example of data evaluating (Fig. 26), 2 mm particles on silica surface in water was 

chosen. The dependence of frequency shift on amplitude of motion was measured for varied 

mass m. From these data, the offset and the slope were taken. In order to obtain the slope, some 

of the first and last values had to be discarded because of plateau. Following equations 19 of 

Cattaneo-Mindlin model, the contact stiffness was calculated from the offset. 
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Using the contact stiffness, the contact radius was calculated according to equations 16, 17, 

21 and plotted against mass m. The values of E and ν for the calculation were estimated 

as E = 70 GPa and ν = 0.17.[38] These values are for fused silica, the thin layer on the surface 

was neglected. 

From slopes, two friction coefficients were calculated and plotted against mass m. The first 

friction coefficient µ�f was calculated from the slope of dependence of �f on u0. 

( )

⊥∆
∆

⊥
∆

⊥

=

=

−=∆

FZAn

n

slope

FZAn

n
slope

u
FZAn

n

ZAn

n
uf

qeff

p

f

f

qeff

p

f

qeff

p

qeff

p

32

1

32

322

2

2

2

2

0

2

220

κ

π
µ

µ
κ

π

µ
κ

π
κ

π

 (25) 

The second friction coefficient µ�� was calculated from theslope of dependence of �� on u0.  
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As it was stated in chapter 2.3.1, these friction coefficients should be equal 

in Cattaneo-Mindlin model, this means their ratio should be 1. 
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Fig. 26 Evaluation procedure 
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The evaluation was carried out for nine measurements which were performed under the same 

conditions – crystal surface, particle size and environment e.g. a total of nine measurements of 

2 mm particles on silica surface in water. The graphs are included in the appendix. 

These nine curves were averaged and compared with other measurements which were 

performed under varied conditions as given in Tab. 1 in chapter 3.2.4. 

4.3 Application of models for dependence of contact radius on the normal force 

The curves of �f and a depend on u0 obtained with the previous procedure were compared 

with standard contact models. At first the Hertz, model was applied. For calculation of contact 

radius predict by Hertz (equation 1), the values of E and ν were estimated like in the previous 

chapter. Fig. 27 shows that there are substantial discrepancies between the experimental data 

and the Hertz model. 
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Fig. 27 Comparison with Hertz model 

The next step was applying JKR model on the experimental data (Fig. 28). For these 

calculations, not the contact radius but the value of the frequency shift at low amplitude (offset) 

was taken. There is no difference in the shape of curves because �f is directly proportional to 

a. By fitting the JKR function to the dependence of �f on applied mass, the parameters E* and 

γ were obtained as fit parameters.   
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Fig. 28 Fitting by JKR model 

All nine curves were fitted by JKR and nine values for the parameters E* and γ were obtained. 

The mean values for E* and γ were calculated (Tab. 2). The same procedure was used for five 

other measured combinations (Tab. 1). In other words, six mean values of E* and γ were 

obtained for all varied combinations. The values confirm the first estimation of E* = 70 GPa. 

There is considerable scatter, but still both parameters E* and γ  are in the expected range. 

Tab. 2 Means values of E* and γ and their standard deviations 

Surface Particles diameter [mm] Environment E* [GPa] γ [N/m] 

SiO2 2.2 Air 106.8 ± 33.8 0.246 ± 0.218
SiO2 2.2 Water 76.7 ± 36.5 0.159 ± 0.157
SiO2 1.2 Air 67.3 ± 16.7 0.127 ± 0.199
SiO2 1.2 Water 60.1 ± 22.2 0.205 ± 0.279

PMMA 2.2 Air 77.4 ± 31.4 0.035 ± 0.047
PMMA 2.2 Water 61.3 ± 24.6 0.068 ± 0.130
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4.4 Comparison of results obtained under varied conditions 

The following results were obtained by averaging of nine curves of experiments performed 

under the same conditions. In this chapter, the dependences of �f, µ�f, µ�� and ratio of µ�f and 

µ�� on applied mass will be discussed and compared with measurement which were performed 

under varied condition (Tab. 1, chapter 3.2.4). 

4.4.1 Contact radius 

Fig. 29 depictes the dependence of �f at low amplitude on applied mass. The frequency shift 

of 1 mm particles is smaller than the one obtained with 2 mm particles. This was expected 

because the contact radius of a sphere with 1mm diameter should be smaller than that of 

a sphere of 2 mm. The �f of 2 mm spheres on silica surface and PMMA are similar under 

smaller load. Under larger load, the increase in �f for spheres on PMMA surface is slightly 

higher than for silica surface. The polymer surface is softer than silica surface. Under larger 

load, the spheres on PMMA could go deeper into the polymer layer, thereby the contact radius 

is larger. It also might be influence of averaging, because the measurements on PMMA showed 

worse reproducibility, which was presumably caused by hydrophobicity of PMMA. 
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Fig. 29 Dependence of frequency shift on applied mass for varied combinations (without standard 
deviations for better clarity) 

In Fig. 29, the error bars were discarded for better clarity. Fig. 30 shows separated curves 

with error bars which represent standard deviations of means values. 
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The most surprising result has been a higher frequency shift in water than in air for 

corresponding measurements. The expectation was higher �f in air as a consequence of an effect 

of capillary forces which have no influence in water. The explanation of higher frequency shift 

in water is not clear. The possible explanation is illustrated in Fig. 31. Because of 

high-frequency oscillations (5 MHz), the contact is rolling but water cannot be squeezed out of 

place closed to the contact area and it leads to an apparent increase in the contact area. At this 

point, there is not a detailed model, which would support this hypothesis. 

Fig. 31 A sketch of how a squeeze flow of water at the edge of a contact might increases the effective 
contact stiffness, when measured at 5 MHz 
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4.4.2 Friction coefficient 

The dependence of µ�f and µ�� on applied mass displays downward curves (Fig. 32 and Fig. 

33). For the explanation, the measured friction coefficient is viewed as an apparent friction 

coefficient µapp, which is defined as 

ext

app
F

F
||=µ  (27) 

The Fext is the external normal force – in this case the added weight. The Fext together with 

the adhesive force Fadh is a part of total normal load F⊥tot. (equation 28). The Fadh is shown 

in equation 6.  

adhexttot FFF +=⊥ .  (28) 

The relation between the real friction coefficient µ and the measured apparent friction 

coefficient µapp is derived from Amontons’ law of friction. 
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If the condition of Fadh < Fext is met, the increase in Fext causes decrease in µapp. 
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Fig. 32 Dependence of friction coefficient from frequency shift on applied mass for varied 
combinations (without standard deviations for better clarity) 
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Fig. 33 Dependence of friction coefficient from bandwidth shift on applied mass for varied 
combinations (without standard deviations for better clarity) 

Fig. 34 shows the dependence of ration of µ�f and µ�� on applied mass. As described before, 

this ratio, according Cattaneo-Mindlin model, should be 1. The values of the ratios are nearly 

constant or slightly decreasing around 1 except for measurements for spheres of 2 mm and 

1 mm diameter on silica surface in air. Values of these ratios lie around 1.7.  This is caused by 

µ��, which is for both types of measurement very high, in opposition to µ�f. This could be caused 

by other interface processes of dissipation which may be related to capillary forces.  
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As well as in the case of comparison of contact radii, the error bars were discarded from 

Fig. 32, Fig. 33 and Fig. 34 for better clarity. Fig. 35 shows separated curves with the error 

bars which represent the standard deviations of the means values. 
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4.5 Evaluation of shake-down and shake-up  

Through experiments, which are described in chapter 3.2.5, the dependences of ��

on the time t for varied amplitude were obtained. The aim of this evaluation was to find out 

the occurrence of shake-down and shake-up, in other words, to determine which of these 

phenomena is observed more often. For explanation of data evaluation, one example of 

experiment was taken (2 mm sphere on silica surface in water loaded by 3.0 g). For increasing 

amplitude, the slope of dependences of �� on the time was taken (Fig. 36).  
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Fig. 37 Occurrence of shake-down (points under dashed line) and shake-up (points above dashed line) 

The measurement performed with 2 mm particles on silica surface in air and water show that 

both phenomena occur equally often. It does not correspond with previous observing. 

A previous experiment for smaller particles in the air showed more often shake-down than 

shake-up.[32] An explanation for this behaviour was not found. 
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5 CONCLUSION 

The current thesis focused on sphere-plate contact in water studied with high frequency shear 

oscillations. Under this condition, the sphere-plate contact undergoes partial slip.  

The Cattaneo-Mindlin model was applied on results obtained because it fits better than 

the Savkoor´s. From the point of view of Cattaneo-Mindlin model, the contact radius and 

the friction coefficient were calculated.  

The measurements of these contacts were performed in air and in water and, from their 

comparison, differences were determined. In case of air as the environment, the partial slip 

traversed to the gross slip at an amplitude of 10 nm for load 0.5 g and 1.0 g. At higher loads 

the gross slip was not observed. On the contrary, in water as an environment, the transition from 

partial slip to gross slip was not seen due to damping of oscillation; the oscillation reached only 

7 nm and that was not likely to be sufficient for gross slip. 

  Appling the Cattaneo-Mindlin model, the friction coefficients from frequency shift and 

bandwidth shift were calculated. It was found that the friction coefficient decreases in relation 

to an increase in applied mass. This behaviour can be explained with an adhesive force 

contributing to the total normal force. This causes that the apparent friction coefficient is 

inversely proportional to external forces (equation 29). 

The ratio of µ�f and µ�� should be equal to 1 according to Cattaneo-Mindlin model. This 

condition is approximately fulfilled in four cases. However, for the case of silica surface, these 

ratios lie around 1.7. In this case the other interface processes of dissipation as a capillary forces 

come into play.  

The calculated contact radius was compared with JKR and Hertz models. The comparison 

showed that JKR model corresponded better than Hertz model. Fitting by JKR to dependence 

of contact radius on applied mass, E* and γ were obtained as fit parameters. Both parameters 

E* and γ  were in the expected range. 

The comparison of averaged contact radii, which were measured under varied conditions, 

showed a larger contact radius in water than in air. The explanation is not clear, although 

a possible hypothesis is mentioned in chapter 4.4.1. 

The measurements for 2 mm particles were performed on two different surfaces. One was 

a hydrophilic SiO2 surface and the second a hydrophobic PMMA surface. Variation of these 

surfaces did not have a distinctive influence on measurements. Nevertheless, the samples 

measured on PMMA surface in water showed worse reproducibility because of the repulsion 

between water and hydrophobic surface.  
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In order to find shake-down and shake-up, additional experiments were carried out.  

These experiments shows that occurrence of shake-down and shake-up is observed equally 

often. This result is in discrepancy with previous results and it necessary to perform other 

experiments in future research. 

In long-term perspective, these findings could be useful for studies of attachment and 

detachment of cells on the surface and their possible detection by QCM. 
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7 LIST OF ABBREVIATIONS 

e.g. for example 

Fig. Figure 

JKR   Johnson, Kendall and Roberts 

PMMA  poly(methyl metacrylate) 

SLA small load approximation 

QCM  quartz crystal microbalance 
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8 LIST OF SYMBOLS 

a contact radius 

aHertz contact radius according to Hertz model 

aJKR contact radius according to JKR model 

aMindlin contact radius according to Cattaneo-Mindlin model

Aeff effective area of quartz crystal 

cq speed of sound of quartz 

d penetration depth 

dq thickness of the quartz crystal 

E Young’s modulus (elastic modulus) 

E* effective Young’s modulus 

f resonance frequency 

fF fundamental frequency 

F⊥ normal force 

F⊥tot. total normal force 

F|| tangential force 

FA pull-off force 

Fadh adhesive force 

Fext external force 

Fk kinetic friction 

Fs static friction 

G shear modulus 

G* effective shear modulus 

m mass 

n order of overtone 

np number of spheres 

p distribution of normal stress 

p0 normal stress in the centre of contact area 

r distance from centre of contact area 

RP radius of sphere 

t time 

Tg glass transition temperature  

u0 amplitude of oscillation 
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ucr critical amplitude  

Zq acoustic impedance of the quartz 

∆d thickness of the film deposited on quartz 

∆f frequency shift 

∆Γ bandwidth shift 

Γ bandwidth (half-width at half-maximum of the resonance frequency) 

γ surface energy 

ε strain 

κ contact stiffness 

λ wavelength 

µ friction coefficient 

µapp apparent friction coefficient 

µk kinetic friction coefficient 

µs static friction coefficient 

µ�f friction coefficient calculated from frequency shift 

µ�� friction coefficient calculated from bandwidth shift 

ν Poisson’s ratio 

σ stress 

σ⊥ normal stress 

σ|| tangential stress 

ρf density of deposited film 

τ0 Tresca friction (τ0 = 0) 



Appendix 

49 

9 APPENDIX 

Dependence of frequency shift at low amplitude on the applied mass 
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Dependence of friction coefficient calculated from frequency shift on the applied mass 
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Dependence of friction coefficient calculated from bandwidth shift on the applied mass 
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Dependence of friction coefficients on the applied mass 
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