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THE CORE PROBLEM ---
ANALYSIS, PROPERTIES, AND
BEHAVIOUR

ABSTRACT

A wide range of problems arising in real-world applications
needs to be solved as linear approximation problems, since
they might contain some errors in data. This thesis focuses
on solving such problems with the method of the total least
squares and the reduction to the so-called core problem
within, which is briefly recapitulated in Part |. Although the
core problem concept brought important results on solvabil-
ity of the vector right-hand side problem, it is not completely
true for the problem with matrix right-hand side as the core
problem within may not have a TLS solution. Therefore, this
thesis aims to examine the ‘internal structure’ of the matrix
right-hand side core problems as well as to ‘look around’ this
problem in order to find possible generalizations.

In Part Il we build general algebraic framework, which en-
ables to interpret the core problem reduction as the orthogo-
nal projection from the set of general approximation problems
onto the set of core problems and partially open the question
of the core problem (de)composition and (ir)reducibility.

Part Il extends the core problem theory with three possi-
ble generalizations, namely we present the core problem re-
ductions within the linear approximation problem with tensor
right-hand side, the bilinear problem with matrix right-hand
side and the multilinear problem with tensor right-hand side.
The text of this thesis is complemented by copies of the rel-
evant published articles of the applicant.

Keywords: linear approximation problem; total least squa-
res; core problem; core problem reduction; orthogonal trans-
formation; matrix right-hand side; problem (de)composition;
irreducible problem; tensor; tensor right-hand side; bilinear
problem; multilinear problem
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NOTATION & ABBREVIATIONS

RmX?’L

le X XMy
0O, O,

U, U,

M, M(R)

semi-rings of positive and non-negative integers
field of real numbers

field of complex numbers

field of real or complex humbers; either F =R orF = C
vector space of real vectors of length n

vector space of real m-by-n matrices

vector space of real k-way tensors

group of orthogonal matrices, ditto of dimension m
group of unitary matrices, ditto of dimension m

the set of all real matrices

the set of all core problems

the set of all general (linear approximation) problems
transposition of the vector v (treated as n-by-1 matrix)
transposition of the matrix M

Hermitian transposition of the matrix M; M" = MT
inverse of the matrix M

Moore-Penrose pseudoinverse of the matrix M
range of the matrix M

null-space of the matrix M

dimension of linear vector space ¥

similarity relation

orthogonality relation

2-norm of the vector v

Frobenius norm of the matrix M

determinant of the square matrix M

rank of the matrix M

jth largest singular value of the matrix M

identity matrix, ditto of order m

m-by-n zero matrix

zero tensor of order k

number (entry) that may be zero as well as nonzero
number (entry) that is nonzero
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M&®N Kronecker product of matrices M and N

M@ N 2-by-2 (block) diagonal matrix with M and N on diagonal
diag(M, N) 2-by-2 (block) diagonal matrix with M and N on diagonal
diag,(7T,N) analogy of diag for tensors of order k

T ¢-mode matricization of the tensor T

Mx, T ¢-mode matrix-tensor product; (M x, T){ = M7
(My,...,M|T) lineartransformation of 7; (M, ..., My|T) = My xy... Mypx, T
SVD singular value decomposition

HOSVD high-order SVD (Tucker decomposition)

TC Tucker core from the Tucker decomposition

TLS total least squares (minimization, solution, etc...)

NGN non-generic (TLS approach, solution, etc...)

CP core problem

CPr¢ the ¢th core problem property

CPR core problem reduction

CPC core problem complement

GP general (linear approximation) problem

TA tuple alignment (set of conditions on dimensions)

™ tuple matricization (mapping from .#°¢ to .#)

1T tuple transformation (group of allowed transformations)
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INTRODUCTION

Linear approximation problems, which can be seen as problems contam-
inated by some errors in data, have been intensively studied during last
decades as they very often yield from some real-world applications. Since
such problems cannot be solved without some corrections, some appropri-
ate method (very often a kind of the least squares methods) has to be used.
We are in particular interested in solving such problems in the sense of the
total least squares (TLS), but other orthogonally invariant optimizations are
also relevant. The TLS method allows to correct the right-hand side (ob-
served data) of the problem, as well as the system matrix (the mapping) in
order to achieve the solution of the modified problem and consequently the
approximate solution of the original problem. The simplest variants of such
problems are linear approximation problems with single (or vector) right-
hand side and with multiple (or matrix) right-hand side, respectively. For
the above mentioned approximation problems there exist a lot of theory in-
cluding the algorithms and solvability analysis, e.g., in [2] some aspects in
solvability analysis for TLS problems for the vector right-hand side case can
be found, or in [30] both vector and matrix right-hand side cases are stud-
ied. However, there were still many things unclear — the main difficulty of
the TLS approach is the fact that some problems may not have a solution;
see [5]. Note that although the TLS theory was studied since 1980s, it is
still in the interest of many research directions. For example TLS minimiza-
tion with arbitrary unitarily invariant norms is studied in [32]; conditioning
of the TLS is studied in [13], [19], or [35]; different computational methods
are studied, see [31] for quantum algorithm, or [33] and [36] for randomized
algorithms. Here we are interested in the so-called core problem within the
TLS minimization.

The core problem concept introduced by Paige and Strakos (see [22])
brought important insight to the solvability of problems with vector right-
hand side case. The core problem is defined as a minimal dimensioned sub-
problem of the original problem containing all the necessary and sufficient
information for finding the solution of the whole problem, which moreover
can be reached by orthogonal transformations. The key property of the core
problem within problems with vector right-hand side is that it always has the
unique TLS solution (see [22]). Representation of this TLS solution (of the
core problem) in the context of the original problem then depends on its
properties. In this way the core problem allows to explain when the original
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problem has TLS solution and when does not.

Successively, the core problem concept was generalized for the prob-
lems with matrix right-hand sides (see [6] and [7]) including the analysis of
solvability (see [4]) of core problems with multiple right-hand sides in the
TLS sense. It was shown that, contrary to the single right-hand side case,
a core problem with multiple right-hand sides may not have a TLS solution.
The straightforward question: ‘Why is it so?’ led to the natural considera-
tion of directions of further research. The first one is to look inside the core
problem and to try to find some internal structure, the second one is to look
at the core problems from the wider context and try to find possible ways of
further generalization. Both of these ways are covered in this thesis.

This thesis is organized in three main parts, after this Introduction Part |
summarizes basics about linear approximation problems and the well-known
facts and results about the total least squares (TLS) methods (in particular
Chapter 1 discusses the so-called vector and matrix right-hand side prob-
lems, Chapter 2 then formulates an interesting open question related to the
matrix right-hand side core problems while motivating two ways of the fur-
ther analysis). Parts Il and Il then represent these two ways that we call:
the inner and the outer view — looking inside and around the core problems,
respectively. The thesis is enclosed by Conclusion and a brief curriculum
vitee of the applicant.

Part Il consists of three chapters: Chapter 3 analyzes several algebraic
structures in the set of all matrices related to direct summation and orthogo-
nal transformations in order to introduce useful concepts, notation, and ter-
minology. Chapter 4 then generalizes these concepts to tuples of matrices
and so-called aligned tuples — tuples that can be matricized in a nontrivial
way and also orthogonally transformed in this matricized form. Chapter 5
finally applies these concept to special cases of aligned tuples — data ma-
trices [B, A] of linear approximation problems AX ~ B. This enables to better
understand (de)composing and (ir)reducibility of core problems.

Part lll consists of four chapters. Chapter 6 briefly recapitulates the rela-
tionships (in terms of generalizations and specializations) among individual
linear approximation problems. The remaining three chapters discuss (the
linear approximation problem, the TLS minimization, the core problem re-
duction and its properties for) the individual formulations: Chapter 7 for the
tensor right-hand side case; Chapter 8 for the bilinear case with matrix right-
hand side; and Chapter 9 for the k-linear case with tensor right-hand side.

Each of the individual parts ends with the copy of related published works
of the applicant: Part | is enclosed by a very brief two-pages contribution
which represents rather minor result (but anyway related to the topic). The
main results are presented in four papers enclosing Parts Il (one paper) and
Il (three papers).
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PART I

BASIC LINEAR
APPROXIMATION
PROBLEMS AND
THE TOTAL LEAST
SQUARES METHOD
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1 INTRODUCTION TO LINEAR
APPROXIMATION PROBLEMS

Linear approximation problems appear in many real-world applications, see
for example [28], [29]. They typically have the form of a ‘system of linear
equations’ but without the solution in the classical meaning, i.e., the equality
cannot be reached as the right-hand side is not in the range of the system
matrix. Thus, it does not represent a linear system in fact, but the problem
has to be treated via some kind of minimization process — usually some form
of least squares technique; see [18], [1], [3, Chaps. 5 and 6]. Here we focus
on the so-called total least squares (TLS) minimization; see for example [2],
[30], [3, Sec. 6.3]. The so-called core problem reduction (CPR) is a well-
established concept for solving the linear approximation problems by using
the TLS method in the simplest case; see [21], [22].

In this chapter we start with a brief recapitulation of the theory. We in-
troduce the TLS formulation for the simplest (hamely the vector right-hand
side) linear approximation problem and describe the reduction of the orig-
inal problem to the core problem within. We remind how the core problem
concept clarified the solvability of the TLS problem in the vector right-hand
side case. We also briefly recapitulate and point out difficulties of its most
straightforward generalization — the matrix-right hand side case.

1.1 PROBLEM WITH SINGLE (VECTOR)
RIGHT-HAND SIDE

The simplest case of linear approximation problems is a problem with a vec-
tor on the right-hand side, i.e.,

Az ~ b, AeR™™" beR™ suchthat b¢ R(A). (1.1)

The last condition simply says, that there is no vector x for which Az = b.
This may happen, e.g., due to contamination of real application data [b, A] by
some errors. Instead, we seek for some ‘completely different’ z, that allows
to equalize the left- and right-hand sides at least approximately. The way
of the approximation, however, needs to be specified; for example, one can
minimize the 2-norm of residuum b — Az, yielding the ordinary least squares
solution.
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111 Total least squares and its orthogonal invariance

By solving the linear approximation problem (1.1) in the sense the total least
squares (TLS) we mean solving the following minimization problem

min||[ ¢ | E ] subjectto  (b+g) € R(A+ E). (1.2)
E,g

Then by the TLS solution we mean any vector z1 s such that
(A+ E)zris = (b+g). (1.3)

Since the Frobenius norm is orthogonally invariant, Paige and Strakos (see
[21], [22]) pointed out that any orthogonal transformation of the problem
does not affect the solution in the following sense.

First, let us denote by

O, ={PcR™™ . p~l = pT} (1.4)

the set of all orthogonal matrices of order m. For any two orthogonal matri-
ces P € 0,, and Q € O, the original problem Ax ~ b can be transformed into
a tilded one _

AT = (PTAQ)(Q"z) ~ (PTb) = b,

where A = PTAQ, 7 = Q"z and b = P"b; equivalently

0[] - (] (2] )

Let for the given A and b exist E = E(A,b), g = g(A,b) satisfying (1.2), and
therefore also x5 = TLS(A, ) satisfying (1.3). Then, by the multiplication of
the equality (1.3) by P and @

(P A+ E)Q) (Qams) = (PTb+9)).

we immediately get £ = PTEQ = E(Ab), § = PTg = g(A,b), and Fris =
Q"zrs = TLS(A4,b) for the tilded problem. It follows directly from the fact

T e[

Consequently, if the original problem Az ~ b has a TLS solution, then the
tilded (orthogonally transformed) problem also has a TLS solution, and there
is a simple relation between them; see the following diagram:

Tl &Il =

Av~b  +— A7 = (PTAQ)(Qz)~ (PTb) = b
\J \J

~ T
TTLS — T1Ls = Q' T1LS-

20



11.2 Core problem within Az ~ b

Paige and Strakos in [22] further introduced the so-called core problem con-
cept. This enabled to divide the problem into two subproblems by using the
orthogonal transformation above, such that the only one of them contains
the relevant and all the necessary data to find the solution of the original
problem.

The orthogonal transformation realized by P € O,, and @ € O, applied
on the original problem represented by [b, A] yields the tilded problem [b, A]
in the following block form

[Z‘Z}ZPT[MA}{HL}:V&

Here only the subproblem Az, ~ b; heeds to be solved (as the second part
Asoe &~ 0 Obviously has trivial solution).

Such transformation always exists (see [22]), provided the other matrix
Az might be degenerated (or trivial, or empty), i.e., it may have no columns,
or no rows (or both). The first subproblem obtained by such transformation
which has minimal dimensions among all suitable orthogonal transformations
is called the core problem. The corresponding orthogonal transformation
(realized by P and Q) is called the core problem revealing transformation.

The core problem A;,z; ~ b; complies with a bunch of interesting prop-
erties, namely (see [22], [11]):

All 0
0 Ay, } . (1.5)

*(CP1) The matrix A;; € R™*" is of full column rank equal to n.
(CP2) The vector b; € R™ is nonzero.

*(CP3) The scalars u]b; € R are nonzero (where u; are the left singular vectors
of A])), fori=1,....m.

(CP4) The matrix [by, A11] € R™ @+ is of full row rank equal to .

(CP5) The scalars e]v, € R are nonzero (where e, is the first Euclidean vector
and v, are the right singular vectors of [b;, Ay4]), for¢=1,..., 7,7+ 1.

(CP6) Singular values of the matrix A, are simple.
(CP7) Singular values of the matrix [b;, A;,] are simple.

Among all the properties, there are two particularly notable things. First:

The minimality of the subproblem A,,z, ~ b, is equivalent to (CP1) A (CP3)

see for example [4]. Another very important property is that:

The core problem Az, ~ by always has the unique TLS solution ;1.5

see [22]; in [11, Appendix A] this property is listed as (CP8).
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If the original problem Ax ~ b also has the unique TLS solution zt_s, there
is a straightforward relation between them through the transformation. See
the following diagram:

{ {
T1,TLS
TTLS — 1718 = Ql7TLS, TTIs = Q1 { 0 ]

Here
P=[P P, P eR™™ Q=@ @], Q eR™.

Matrices P, and ), reduce (or restrict) the original problem to the core prob-
lem within. Thus, P, and @, represent the core problem reduction (CPR).

Since we are able to switch between z; 1.5 and x1.s by using just the @,
matrix:

The core problem contains all the necessary and sufficient information

for solving the original problem (see also [22]); at least in the case, when the
original problem has the unique TLS solution, as we have just shown. A brief
discussion about the general case follows in the next section.

Finally, note that the core problem revealing transformation (P, Q) or the
core problem reduction (P, Q1) can be obtained by using the singular value
decomposition (SVD) of the matrix A, which is useful mainly for the theoret-
ical analysis, or computed by Golub—Kahan iterative bidiagonalization of the
matrix [b, A], both ways have been presented already in [22].

11.3 TLS solution of Ax ~ b and the non-generic approach

The standard approach to the analysis of the solvability of TLS problems
including results on the necessary and sufficient condition for the existence
of the solution can be found in the classical paper [2]. Namely, it is shown
there that for the given A and b the TLS solution may not exist, and if it does,
it may not be unique. In the case of non-uniqueness, we usually want to
choose one particular, typically (but not necessarily) the minimal in the 2-
norm.

These issues were further developed in [30], here the authors among
other things introduce the so-called non-generic approach for the problems
with no TLS solution. It basically represents replacing the TLS minimization
(1.2), equivalently formulated as

rBi? I[g|E ]| subjectto  Jz : (A+E)r=b+yg,

by another similar optimization problem. That is essentially the same mini-
mization but with additional constrain

. . —1
TBI?H[Q‘EMF subjectto  Jz : (A+E)x=b+g A { . ]L"i/k,
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where 7, is a span of right singular vectors of [b, A] corresponding to k& small-
est (distinct) singular values of [b, A]; see [30] for details.

Note that the individual singular values may be of higher multiplicities, so
dim(¥;) > k in this formulation. Moreover, if the (k + 1)th singular value is
multiple, the above given non-generic minimization either has no solution,
or it has infinitely many solutions; in the latter case we again want to choose
one particular, typically (but not necessarily) the minimal in the 2-norm.

Further note that the original TLS minimization can be seen as the non-
generic minimization with £ = 0. This motivates a kind of iterative process
usually called the classical TLS algorithm: In the kth step, it tries to solve
the non-generic minimization with ¥, and if there is no solution, it moves to
(k + 1)th step; see [30] or [5].

Consequently, the approximated TLS or non-generic (NGN for short) so-
lution of Ax = b is reached by depth-first searching the following decision-
tree:

Ar =~ b
{
Yes <« |Does it have the TLS solution?| — No
| |
Is the TLS solution unique? Is the NGN solution unique?
\J \J \J \J
Yes No Yes No
T = ITLS T € {:B'n_s} T = TNGN x € {SENGN}

Recall that in the cases of non-uniqueness we have to decide somehow,
which solution to choose.

11.4 Solving of Az ~ b by core problem reduction

The linear approximation problem Ax = b can be via the core problem reveal-
ing transformation (1.5) structured such that

w11t - [

Since its solvability in the TLS sense strongly relies on the properties of the
SVD of [b, 4], the core problem concept brought some insight to it. The SVD
of the whole matrix consists of the SVDs of the individual blocks of the right-
most block-diagonal matrix. Specifically, the set of singular values (including
multiplicities) of [b, A] is the union of such sets for [b;, A;;] and A,,. Possible
TLS solvability and uniqueness of the solution then depends on the occur-
rence of the smallest singular value in these two blocks. In particular (see
the original paper [22]):

Au 0
0 Agg '

* omin(As2) > omin([b1, A11]) <= TLS solution of (1.1) exists and is unique,
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* Omin(As2) = omin([b1, A11]) <= TLS solution of (1.1) exists, but not unique,
* Omin(As2) < omin([b1, A11]) <= TLS solution of (1.1) does not exist,

where onin denotes the smallest singular value of the given matrix.

Following diagrams illustrate the relations of the results when solving the
TLS of the original problem, and with the use of core problem reduction with
respect to four possible situations (see the decision-tree in the previous sec-
tion) — there exists unique, or non-unique TLS solution, or unique or non-
unique non-generic solution of the original problem.

We start with the first two cases, i.e., we assume that Az ~ b has a TLS
solution, i.e.,

Umin([b, A]) = Umin([bh All]) < Umin(A22)

(recall that CPR stands for the core problem reduction; note that these dia-
grams are rotated by 90° in comparison to the previous one in Section 1.1.2):

o There exists the unique TLS solution of Ax ~ b.

Ar~b TLs, r1Ls unique
1 CPR )

TLS
Az = by — Z1,TLS

o There exists a hon-unique TLS solution of Az ~ b.
TLS .
Az~ b — {z7s} non-unique
1 CPR 1 chooses the min. 2-norm

TLS
Anz = b — Z1,TLS

The first diagram is already derived in Section 1.1.2, the other one follows
from the properties of the core problem (in particular from a property analo-
gous to (CP3): all right singular vectors of [b;, A;;] has nonzero first compo-
nent); see [22]. The important thing is that the CPR chooses automatically
the TLS solution minimal in the 2-norm.

If the TLS solution of Az ~ b does not exist, i.e.,

Umin([b> A]) = Umin(A22) < Umin([b1>A11])>

the non-generic approach is used, see [30]. We again distinguish two pos-
sibilities:

e There exists a unique non-generic solution in AX ~ B.

NGNTLS

Ar ~b ——— xNeN  UNique
1 CPR )
Anz = by E) Z1,TLS
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o There does not exist a unique non-generic solution in Az ~ b.

NGNTL .
Ar ~b TN, {anen}  non-unique
1 CPR 1 chooses the min. 2-norm
TLS
Ajjxy = by — Z1,TLS

The mechanisms here are very similar to the previous two cases. For detailed
explanation we again refer to the original paper [22].

Consequently, instead of reaching the approximate TLS or NGN (mini-
mum 2-norm) solution of Az ~ b by the decision-tree from Section 1.1.4, we
can follow much simpler way

CPR TLS T
Ar =~ b — Aul’l ~ bl —  T1TLS — T = Q |: LTLS :| .

1.2 PROBLEM WITH MULTIPLE
(MATRIX) RIGHT-HAND SIDE

The straightforward generalization of a single right-hand side linear approx-
imation problem is a multiple (or matrix) right-hand side problem,

AX ~ B, AcR™" BeR™ suchthat R(B) € R(A); (1.6)

see [30]. It can be motivated, e.g., by the need to solve several (vector
right-hand side) problems with the same system matrix, but different right-
hand sides simultaneously. For instance, consider a problem with a time-
dependent right-hand side

A,Cl?j%bj, bj:b(tj)> J:172>>da

for applications see, e.qg., [28], [29].

1.2.1 TLS solvability of the problem with multiple right-hand
sides

The TLS minimization (1.2) can be easily generalized for problem (1.6) as

ryi(r; Il |G ]; subjectto  R(B+ E) CR(A+G). (1.7)
The solvability analysis is even more complicated than in the single right-
hand side case (and it is out of the scope of this work). The results on solv-
ability established in classical works [2] and [30] were supplemented in [5],
see also [34]. In particular, in [5] all linear approximation problems (1.6) are

sorted into four classes according to their solvability properties.
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This classification is based on dimensions, multiplicities of singular values
of [B, A] € R™*("+9) and ranks of specific blocks of matrix V of right singular
vectors of [B, A]. Briefly (suppose for simplicity m > n + d), let

[B,A] = USVT, where = d'ag(al’d“’““d) e R™H)  (18)

be the SVD of [B, A]. Let numbers ¢ (0 < ¢ <n)ande (1 < e < d) denote the
left and right multiplicities, respectively, of o,,,4, i.€.,

On—q > Opn—q+1 = "+ = Opyl = *** = Onte > Optetl- (19)

(q + e)-tuple singular value

Then V' can be divided in the following blocks whose ranks determine the
classification

Vit Vi Vig Hd
V = ) 110
{%1 Vao %3} }n ( )
N N N~

n—qgqgt+ed—e

Note that if ¢ = n or e = d, then o,,_, Or 0,441, respectively, does not exist
and matrices [5;] or [&2], respectively, have no columns. In particular for
d = 1, when the matrix right-hand side problem is effectively reduced to the
vectorone, e =d = 1.

All linear approximation problems AX ~ B can be now sorted into follow-

ing classes:

F if rank([Vi2, Vi3]) = d (the so-called generic problem), with three sub-
classes:

J1 if rank(Vis) = e (and thus rank(Vi3) = d — e),

Fo if rank(Vi5) > e and rank(Vy3) = d — e, and

F3 if rank(Vi3) < d — e (and thus rank(Vy,) > e);
note that ¥ = 7, U F, U F3; and

S if rank([Vi2, Vi3]) < d (the so-called non-generic problem).

Clearly, in the vector right-hand side case, where Vi3 has no columns (so it
is always of the full column rank 0), the problems can belong only to 7, or S.
In [5] it is shown that:

AX ~ B has a TLS solution if and only if it belongs to F, U F,

besides problems in 7 U S do not have a TLS solution. It is in particular
interesting, because the classical TLS algorithm (briefly mentioned in Sec-
tion 1.1.3) can be extended for the multiple right-hand side problems (see
[30]), it is commonly used, and it is commonly believed, that it calculates
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the TLS solution for all the class F problems (that is why these are called
generic, and the other non-generic). In [5] it is further shown, that the clas-
sical TLS algorithm moreover reaches the TLS solution only for sub-class F;
problems. The approximate solutions calculated for 7, and F; problems are
rather non-generic solutions. Very simple modification of the classical TLS
algorithm that reaches TLS solution (at least some, not necessarily the one
with minimal norm) also for sub-class F, problems has been proposed in the
proceedings paper [12]; see the included copy at page 35.

1.2.2 Core problem

Analogously to the single right-hand side case, orthogonal transformations
of (1.6) do not change the norm in (1.7). In matrix right-hand side case it is
executed by orthogonal matrices (P, Q, R) € O,, x O, x Qq4, such that

[E,Z]:PT[B,A]H g} _ {% 8“40“ AOQQ}. (111)

The subproblem A, X;; = B; having the minimal dimensions among all such
transformations is again called the core problem, as it is introduced in [6]. It
again has a lot of interesting properties, e.qg.:

*(CP1) The matrix A;; € R™*" is of full column rank equal to n.

«(CP2) The matrix B, € R™*4 js of full column rank equal to d.

*(CP3) Matrices U/ B, € RF:<d gre of full row rank equal to 1;, Where columns
of U; represent basis of: either the left singular subspace of A,; corre-
sponding to the ith largest singular value, for i = 1,...,&; or the null-
space of AT, fori=¢ + 1.

We particularly mention these three, because:

The minimality of subproblem A, X, ~ B, is equivalent to (CP1)-(CP3)

but all of the properties (CP1)-(CP7) can be generalized from the vector, to
the matrix right-hand side case; see [11, Appendix A]. For example:

(CP4) The matrix [By, A1) € R™ ™) is of full row rank equal to .

(CP6) Multiplicities of singular values of the matrix A,; are bounded by d.

(CP7) Multiplicities of singular values of the matrix [B;, A;;] are bounded by d.
Most of the theoretical results are again based on the SVDs (see [6]) which
is not suitable for actual computations. The generalization of the procedure

for the core problem extraction based on the Golub-Kahan bidiagonalization
can be found in [7].
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Although the theory can be nicely generalized from the single right-hand
side setting, the most interesting result related to core problems and TLS
cannot be generalized. It was shown that:

The core problem A, X, ~ B; may not have a TLS solution

the (CP8) property generalizes as: if A1 X1, ~ By hasa TLS solution, thenitis
unique; see [4]. This fact served as the main motivation for further research
in different directions which will be covered in following parts of this thesis.
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2 MOTIVATION FOR TWO
DIRECTIONS OF RESEARCH

The last chapter ended with the main motivation for this whole thesis. The
matrix right-hand sided core problem may not have a TLS solution. The ob-
vious questions are: ‘Why is it so?’ or more precisely: ‘What does it mean,
e.g., in terms of data Aand B (or A, and B;)?’, 'What is wrong with the data?’
or ‘Can we somehow identify such problems?’ There are two usual and very
natural directions of research in such situation:

e To look inside the core problem. Try to find some potential internal
structure of the core problem and study it from this perspective.

» To look at the core problems from the outside, in a wider context, i.e.,
look at more general settings.

Both of these ways are studied in this thesis, the ‘inner view’ in Part |l (see
page 37; see also page 81 for the main already published results), the ‘outer
view’ in Part Il (see page 109; see also page 139 for the main already pub-
lished results).

2.1 INNER VIEW --- LOOK INSIDE
THE CORE PROBLEM

Since studying the internal structure of a core problem (with matrix right-
hand side) seems to be too technical in the general case, the ‘reverse-engi-
neering strategy’ can be useful, i.e., to take some existing core problems and
use them as building blocks; see also Figure 2.1. This approach was already
successfully applied and resulted in the so-called composed (or reducible)
core problems; see [4]. Part Il of this thesis formally introduces algebraic
structures with which we work — including general algebraic principles and
properties of composing (sets of) matrices as well as the connection to the
context of linear approximation problems. Eventually, results on solvability
of composed problems are presented, some parts were already published in
[10] (see page 83).
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Figure 2.1: Exploring internal structure of the matrix right-hand side core
problem — some core problems can be after a suitable orthogonal transfor-
mation decomposed into two (or more) fully independent core subproblems.

2.2 OUTER VIEW --- LOOK AROUND
THE CORE PROBLEM

The other direction covers several ways of generalizations of the matrix
case: namely the tensor right-hand side TLS problem, the bilinear TLS prob-
lem, and their unification — the general multilinear (or k-linear) TLS prob-
lems; see also Figure 2.2. This direction is covered in Part Il of this thesis.
All three generalizations have already been published in a series of papers,
the tensor case in [8] (see page 141), the bilinear case in [9] (see page 167),
and the multilinear case in [11] (see page 187).
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Ay

Figure 2.2: Sequence of generalizations (or specializations) of linear approx-
imation problems: the vector right-hand side problem Axz ~ b (top line), the
matrix right-hand side problem AX =~ B (second line), the tensor right-hand
side problem A x; X ~ B (third line, right), the bilinear matrix right-hand side
problem A X Al ~ B (third line, left), and the multilinear (k-linear, here with
k = 3) tensor right-hand side problem (A, Ay, A3|X) ~ B (last line).
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MINOR PUBLISHED RESULTS
RELATED TO THE PART I

1. 1. Hnétynkovd, M. Plesinger, and J. Zakovd, Modification of TLS algo-
rithm for solving F, linear data fitting problems, Proceedings in Applied
Mathematics and Mechanics 17 (1) (2017), pp. 749-750.

https://doi.org/10.1002/pamm.201710342
See also page 35, or reference [12].
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Modification of TLS algorithm for solving />, linear data fitting problems

42, wokok

Iveta Hnétynkova*, Martin Plesinger>**, and Jana Zakova

! Charles University, Faculty of Mathematics and Physics, Ke Karlovu 3, 121 16 Praha 2, Czech Republic
2 Technical University of Liberec, Department of Mathematics, Studentskd 1402/2, 461 17 Liberec, Czech Republic

It has been proved that the classical TLS algorithm fails to construct a TLS solution of linear data fitting problems AX ~ B
that belong to the class F». It will be shown how to modify this algorithm in order to reach a TLS solution. Such solution is
not necessarily the minimum 2-norm or Frobenius norm one. A few ideas how to decrease its norm are briefly discussed.

© 2017 Wiley-VCH Verlag GmbH & Co. KGaA, Weinheim

1 Classification of TLS problems
We are interested is solving a linear approximation problem by using the total least squares (TLS) minimization, i.e.,

AX ~ B, AeR™" X ecR"™ BecR™ with m>n+d, R(B)ZR(A), ATB#0, )
min [|[G, E]||r subjectto R(B+ G) CR(A+ E). )

Any matrix Xrrg satisfying (A + E)Xtrs = B + G for the minimizer [G, E] is called the TLS solution. Analysis of such
problems can be based on the (economic) singular value decomposition (SVD)

[B,A] =UxVT, UeR™ O 5 —diag(oy,09,...,0n4q), V € ROTDx(n+d),

see [1-3,6-8], see also [4,5]. Let z be the number of distinct singular values of [B, A]. Denote their multiplicities by m,

t =1,...,z Leto,y; be the kth largest singular value with the multiplicity mj, = ¢ + e so that 0,,_q > 0y_gq4y1 =
St = Opgl = 0 = Opte > Optet1. According to [3], consider the following notation of sub-matrices and sub-columns of
V € RO+d)x (n+d)
V= Vit Vie Vis | _ [ Viy - VL] _ w1 - viasa | } d 3)
Vor Vag Va3 Vog - V5, Va1 ottt Vagntd |} oM

where V11 € R>*("=9) V), € R*a) Yy € RPXUE=0) ) e R*™e ¢ =1, z;and vy € RE j=1,...,n+d.
Thus in particular Vi5 = V1/,k = [U1,n—g+1s - - - s U1 ,n+e] 18 the sub-block corresponding to oy, 1.

Analysis in [3] divides problems (1) into several classes based on the properties of the blocks in (3). If rank([V12, Vi3]) = d,
then (1) belongs to the set F (corresponding to generic problems in [6]). Otherwise it belongs to the set S (nongeneric
problems in [6]). The set F is futher divided into three mutually disjoint subsets, 7 = F; U Fa U F3, where:

o If rank(Vi2) = e Arank(Vi3) = d — e, then (1) belongs to Fi;
o ifrank(Vi2) > e Arank(Vis) = d — e, then (1) belongs to Fa;
e ifrank(Via) > e Arank(Vis) < d — e, then (1) belongs to Fs.

The problem (1) has a TLS solution if and only if it belongs to Fy U Fo, i.e. rank([Vio, Vi3]) = d Arank(Vi3) = d — e. The
minimum Frobenius and 2-norm TLS solution of F7-problem takes the well-know closed-form

Xris = —[Vea, Vas][Vaa, Vaa] ', )

where T denotes the Moore—Penrose pseudoinverse. However, this is not true for the F,-problems; see [3]. Note that for
problems in 3 and S the TLS solution does not exist.

2 Modification of the TLS algorithm

The problem (2) is typically solved by the classical TLS algorithm (see [6, pp. 87-88], [3, p. 767]). This algorithm seeks for
the largest £ so that rank([V ,, ..., V{ .]) = d, and gives the output approximation in the form

XOUT = _[‘/2/,27 BN} ‘/;,z][vf,lv cees Vll,z]T' (5)

* Corresponding author: e-mail iveta.hnetynkova@miff.cuni.cz
** E-mail martin.plesinger@tul.cz
*** E-mail jana.zakova@tul.cz

(© 2017 Wiley-VCH Verlag GmbH & Co. KGaA, Weinheim
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750 Section 17: Applied and numerical linear algebra

If (1) belongs to F, then [Via, Vis] = [V{ ..., V{.] is of rank d, whereas rank of Viz = [V} ,;,..., V] ] € R¥x(479),
e > 1, is always smaller. Thus £ = k and the right-hand sides of (4) and (5) coincide. However, (5) represents a TLS
solutions only for F;-problems, since a TLS solution of F>-problems can not be expressed in this form; see [3]. Here (5) can
be understood only as a nongeneric-like solution of (2). For S-problems, [V}2, Vi3] is always rank-deficient and thus ¢ < k.

These results reveal that it is necessary to modify the TLS algorithm in order to construct a TLS solution for F,-problems.
Based on [3], determination of a TLS solution requires to find an orthogonal matrix in the orthogonal group O(s) = {Q €
Rs*s: QT = Q1}, s = g + e, such that [V15Q, Vi3]0, I4]T € R?*4 is invertible. Then the matrix

1
Xous =@ Vel | [, | (W@ Vil 1) ]) ©

represents the corresponding TLS solution. Denote Q) and Q[?! the matrices corresponding to the minimum Frobenius
and 2-norm TLS solution, respectively. For F;-problems, Q1] = Q!? and this matrix can be obtained explicitly by a (left-
right-reordered) LQ decomposition of V12, or implicitely by the Moore—Penrose pseudoinverse of [Vi2, Vi3] in (4). However,
for Fo-problems Q] and Q? may be different. Their determination would require searching at least the whole special
orthogonal group SO(s) defined as the largest connected subgroup of Q(s) (since (6) is independent on the sign of det(Q));
see [3]. This is for larger s computationally unfeasible. In order to construct some (not necessarily minimum norm) TLS
solution, we reduce the search set. First, we replace O(s) by its subgroup of permutation matrices P(s) = {II € {0, 1}°*,
nr = H’l}, i.e., the smooth minimization is replaced by a discrete minimization of the size s! with s = ¢ 4+ e. Now we are
able to construct a TLS solution. For the F>-problem, there always exist e columns of V12 such that

0
V1211, Vi3] { I, } = [[Ul,n7q+7r(q+1)7"~7vl,n7q+7r(q+e)] 7V13] e R4 ©)

is invertible, where the permutation 7(-) (realized by II), selects the above mentioned e columns. Clearly, this selection is
done only among columns satisfying v1,n—q+; & R(Vi3), j = 1,...,¢ + e, which simplifies the discrete minimization. The
modified TLS algorithm is then given in Algorithm 1.

Algorithm 1 F;-adaptation of the TLS algorithm
00 Input A, B,m,n,d; compute SVD [B, A] = UV and identify q, e, Vag, mu, k, 2, Vl’t

01 If rank([Vis, Vis]) = d then problem is of first class (F), also called generic problem R
02 If rank(V13) = e and rank(Vi2) = d — e then problem is of class F; E =
03 Output Xout = X115 = —[Vaz, Vas][Viz, Vi3]T, the minimum Frob. and 2-norm TLS solution 'g g‘ 5
04 elseif rank(V13) = e and rank(Vi2) > d — e then problem is of class F> = .= S
05 Find the set of all columns of V;5 satisfying vy ,,_q1; = Vise; & R(Vi3) 7 g é
06 Select some subset of e of them—TIet it contains the jjth, joth, .. ., and j.th columns of V35 = B g" =
07 Find a permutation matrix IT so that VioII = [..., 01 n—qijis V1n—qjos - - - > V1n—qtje) Tg 2 = f::
08 Output Xpo.our = Xrus = —([VaoIL, Vas][ ;) 1) ([Va2IL, Vas][ ;1) =", some TLS solution o= ||| 8
09 elseif rank(V13) < e then problem is of class F3 °8 o g
10 Output Xout = —[Vag, Vas][Viz, Vi3], the nongeneric-like solution E £ é é
_— s »

11 elseif rank([Vi2, Vi3]) < d then problem is of second class (S), also called nongeneric problem
12 Find £ (€ < k) so that rank([V{ ,, ..., V{ .]) = dand rank([V{ ,, ..., V] ]) <d
13 Output Xoyr = —[V4,,..., V5 1[V{,,...,V{_]i, the so-called nongeneric solution

To get a TLS solution reasonably close to the minimum norm solution, the selection of e columns in the line 06 needs
to be specified. Here we can employ ideas used originally, e.g., in the proof of Theorem 3.6 in [6], or in Section 3.4 of [3].
The selection needs to maximize the Frobenius norm of the invertible matrix (7) and at the same time keep it enough far from
being singular. Thus we have to focus on columns vy, 4 ; with larger norms and smaller inner products among themselves,
and with the columns of V;3. Further study is however out of the scope of this contribution.
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3 SELECTED BASIC ALGEBRAIC
STRUCTURES PRESENT IN THE
SET OF ALL MATRICES

In this chapter we aim to review some basic algebraic structures that are
present in the set of all matrices and introduce corresponding notation. That
would allow us to further introduce some kind of arithmetics based on the
direct sum, which will be useful (in the next Chapter 4) for the description
of the inner structure of linear approximation problem and core problems
specifically.

3.1 VECTORS SPACES, GROUPS, AND
OTHER SETS OF MATRICES

First, we briefly remind some of the very basic concepts. We do it in partic-
ular because we need to carefully include the trivial cases — matrices with
no columns or rows; see the discussion below (1.5). Therefore, we start by
denoting

N={1,2,3,...} and Ny=NuU{0}

the sets of all positive and nonnegative integers, respectively.

In the text we deal in general with m-by-% matrices with entries from some
given set S. The set of all such matrices is denoted as usual by S™*. In
order to do some reasonable arithmetics with such matrices, S use to be an
underlying set of some algebraic ring, at least. If S is an underlying set of
some algebraic field, let say I, then F™** forms the linear vector space over
this field.

In the introductory Part |, we always consider real matrices, so there is
F = R — the field of real numbers (reals for short). However, it is worth to
note here that all the theory there can be straightforwardly reformulated for
complex matrices and vectors, and for complex linear approximation prob-
lems. The same would be true in the rest of the text. More specifically, we
mostly consider R, and possible extensions to complex numbers C are com-
mented; other underlying sets S or algebraic fields F different from R or C
are not appropriate, and thus not considered in this text.

39



311 Vector spaces of empty matrices

Vector spaces of real matrices R™** are usually considered such that m, k €
N; note that the zero matrix (the neutral element w.r.t. summation in R™**)
we denote by 0,, .. As already suggested, it will be useful for us to deal also
with matrices with zero number of rows or columns, i.e., we allow m, k € Nj.
In other words, we also consider an infinitely many degenerated (or trivial)
vector spaces, each containing only one neutral element — the empty matrix
— and the zero matrix at the same time,

R™ = {Omo}, Omo=| |, R”"={00x}, Opx=] J. (31)

Among these degenerated spaces
R>? = {000},  0o0 =] (3.2)

is particularly important.

Note here that we often write the zero matrix simply by 0, i.e., without
specification of its dimensions. We specify them only if it is necessary for
understanding, or if the matrix is empty.

31.2 Arithmetics of empty matrices

The standard matrix arithmetics can be straightforwardly extended to the
empty matrices. In particular, for M € R™*¥,

MOro = 00, 0OomM =00k, 00s050=000, 0mm000% = Omp, (3.3)

where 0, € R™* is the m-by-k zero matrix.
Furthermore, matrix M € R™** trivially cannot be changed neither by
concatenation with an empty matrix of suitable dimensions

S I B vl (3.4

and thus nor by the block-diagonal composition (first and last case) and
block-antidiagonal composition (middle cases),

M _ M| _ Ooo | _ | Oop

T S T R Y R T R
——— ~———
diag(M, 0o,) diag(0o,0, M)

Note that the block-diagonal composition is often called the direct sum of
matrices.
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3.1.3 .#: The set of all matrices

The title of this chapter mentions the set of all matrices. By this we refer to
the set
M=AR)= | ] R (3.6)
m,k€Ng
i.e., the set of all real matrices, including empty matrices. Similarly .#(C),
A (F), and . (S) denote sets of all complex matrices, matrices over field F,
and set S, respectively.

3.1.4 Groups of orthogonal (and unitary) matrices

Further, we will require to work with a special sort of square invertible ma-
trices called the orthogonal matrices; see (1.4). Recall that

P € R™™ js orthogonal — p~l=pT (3.7)

or, equivalently, PPT = I,, = PTP. Just to be sure, here PT denotes the
matrix transposed to P and I,, stands for the m-by-m identity matrix. Note
that in the case of complex field (and that is one of changes that we need
to implement when translating Part | to complex numbers) we need to deal
with the so-called unitary matrices,

P € C™™ js unitary — P~ =PH (3.8)

or, equivalently, PPH = I,, = P"P. Here P" = (P)T = (PT) denotes the
complex conjugate transposition (bars denote the complex conjugation).

The sets of all orthogonal and unitary matrices of the given fixed size m,
denoted usually

0,, C Rmx™ and u,, C cmm,

form together with the matrix multiplication the so-called orthogonal and
unitary groups, respectively. If the size of the orthogonal, or unitary matrix
P is not specified, we write simply P € Q, or P € U, respectively.

In the case m = 0, we consider

@0 - U(] - ROXO - {0070}.

This might be a bit disturbing to the reader, because the empty matrix 0
is the zero of the vector space F°*°, but it plays also the role of the neutral
element within the multiplicative group. But it is perfectly fine because the
identity matrix I,, with m = 0, i.e., of order zero, satisfies I, = 0y,. (Note
this situation is analogous to algebraic rings, where the zero 0 and the unit
1 elements are the same 0 = 1. Such so-called zero-rings contain only one
element.) Now it would be no surprise, that we consider

det(0070) - 1

for convenience.
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3.2 DIRECT SUMMATION MONOID (., o)

The direct sum of two matrices (or the block-diagonal composition, as al-
ready mentioned) is defined as

M, O

Ml@MQE|: 0 M2

} =M e R™F, (3.9)

where Mj € ijij,j =1,2, M e Rka, and m = my + mo, k =k + ko.
One can see that the direct sum @ is a binary operation on the set .#
satisfying a lot of obvious and useful properties:

(S1) Trivially, the set .# is closed w.rt. @ (which is, in fact, already hidden
in the term operation), i.e.,

® M — M.
(S2) The direct sum is associative, i.e.,
VM, My, My € A, (M & My)® M= M & (My® M)

that allows us to write simply M; & M, & Ms.
(S3) There is a neutral element w.r.t. @ within .# (see (3.5)), i.e.,

000 € A, VM e #, MD0o=M=000dM.

(S4) The direct sum is clearly not commutative up to some special cases.
For example if at least one of these cases occurs:

hd Ml == M21
o M; = 0oy,
o My = 00,0,

o M, = 0m1,k1 and My = 0m27k2,
then M1 @ M2 - M2 @ Ml-

Consequently, .# together with & form an algebraic structure specified in
the following proposition that we have just proved:

Proposition 1. Let .# be the set of all matrices over the real numbers (3.6)
and let & : . #* — .« be the direct summation defined on .# by (3.9). Then
the ordered pair

(A, D)

forms the structure of non-commutative monoid.
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3.21 Direct summation and empty matrices

Let us also mention that the admission of having the matrix with the zero
number of columns or rows enables us to introduce following identities ex-
tending the neutrality property (S3). Having M; € R™>kt and M, being an
empty matrix, in particular M, = 0,,,0 € R™2*?, the direct sum takes the form

M
My @ My = M; @ 0y 0 = {0 1k } {z;’ (3.10)
Ky

in the other case M, = 0y, € RO**2

M, ® My =M, ® 00,k2 = [ M, 0m1,k2 } }ml'
ky ko

Similarly it behaves when M; is an empty and M, a general matrix.
Combining the previous two identities together with the associativity (S2),
we see

VMy € A, (My®0m,0) D00k =M B (Omyo P 0ky) = My D 0y ks
consequently giving
01,0 @ 00,%5 = Ormg ks = 01000,k = 001y @ Oray 03 (312)
see also (3.3) for the second and (S4) for the third equality. Finally note that

Oml,O SY) Omg,O = 0m1+m2,0 and 00,]#31 SY) 00,]#32 = 00,k1+k2' (313)

3.2.2 Direct sum of subsets of .7/

The direct sum can be simply generalized so that it performs on the whole
sets. Suppose .#,, .#, C .# are nonempty. Then we can define the direct
sum

%1 @%QZ{Ml@MQ : M1€%1, MQE%Q}Q%. (314)

Apparently,
MPB MM,

i.e., the set .# is closed w.r.t. the direct sum; see (S1). Furthermore, since
the empty matrices are within ., it is easy to show that

MD M= M. (3.195)
It trivially comes out from the fact that
VME%, HMl,MQ E%, M:Ml@Mg (316)

complemented with the fact that the matrix 0,, € R°*° plays the role of the
neutral element w.r.t. @; see property (S3). To show (3.16) we can take
M, = M, My = 0o, OF Vice versa.
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3.3 ORTHOGONAL EQUIVALENCE &
OUOTIENT SET .7/.

Consider two matrices of the same dimension M, L € R™* c .#. The fol-
lowing definition introduces an equivalence relation on the set .#.

Definition 1 (orthogonal equivalence). We say that L is orthogonally equiv-
alent to M, if there exist orthogonal matrices P € O,, and S € O, such that

L=PTMS, (317)

shortly L ~ M.
Itis easy to verify that this relation really is an equivalence. It clearly satisfies
the following properties:
VK,L,M e A,

(reflexivity) M =1"MI ~ M,

(symmetry) L=P'MS~M <= M=PLS"=(P")TLST)~L,

(transitivity) K =P/LS,~L & L=P/MS, ~ M —

K = PJ(P]MS,)S; = (PyPy)TM(S,S,) ~ M,

since the set of orthogonal matrices of the given order together with matrix
multiplication form a group.

3.31 Equivalence classes

Using this equivalence relation, we can establish equivalence classes in a
standard way such that

(M].={Le.# : L~M} (3.18)

Clearly, since the equivalence is defined with the use of a multiplication by
square matrices, if M € R™** then [M]. C R™**.

Remark 1. Employing the singular value decomposition (SVD), we can ex-
press M as the product of a diagonal matrix 3 and two orthogonal matrices
U e, andV e Q, such that

M=UZV", e, YL=UMV (3.19)

We see that ¥ ~ M, and thus we can take X as the natural representative of
the class [M]...

In other words, any equivalence class [M]., M € R™* c ., is uniquely
given by the dimensions and singular values of M, i.e., by the triplet

(1. [or(00). 02030, 01)] ).

where o;(M) denotes the jth largest singular value of M.
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3.3.2 Classes of empty & zero matrices

Since each of the degenerated spaces always consists of the only (empty)
matrix, the corresponding class also contains the only matrix, i.e.,

[000)~ = {000} =R, [00]~ = {Omo} = R™, 0]~ = {0os} = R
Further, the classes corresponding to nonempty, but zero matrices
[OmJg]N = {POmJgST = OmJg . Pe @m, S e ©k} = {OmJg} - Rka

always contain the only matrix as well.

3.3.3 Quotient set

Consequently, .# can be decomposed into mutually disjoint classes of equiv-
alence yielding a quotient set

M. = {[M]N LM ///} (3.20)

Since the set of singular values of the direct sum is the union of sets
of singular values of individual summands, we can combine both concepts
together. It allows us to modify the binary operation — the direct sum — for
the quotient set; and then form the quotient monoid.

3.4 QUOTIENT MONOID (.7/..E)

The binary operation on the quotient set .# /.. dealing with the (representa-
tives of) equivalence classes can be defined as

(M) B [Ms). = [M; & My)... (3.27)
Similarly as before, this operation has a lot of important properties:
(S1) Again, the set .7/ is clearly closed w.r.t. B, i.e.,

B (M) — M.
(S2) The operation B is associative, i.e., V[M;]., [Ma]., [Ms]. € 4.

(Id). B ML) ) 8 M) = [My & My B [Ms).
= [(My & M) & M;].. = [My & (Mz & Ms)]
= (M) B My & Myl = (M) 8 (Mo B [Ms).)

that allows us to write simply [M;]. B [Ms]. B8 [Ms]..

45



(§3) There is a neutral element [0o,]. within .7 /., i.e.,
VIM|.e ], [M].B[0pp]~=[M @ 00p|~=[M]-,

and similarly from the other side.
(S4) Contrary to @, the operation H is commutative.

To show the commutativity consider first, for the given fixed splitting
n = n; + ny, the following bijection f,,, ,, on R"*"

0 In2
fm,nz : G’_>fn1,n2(G) = |:I 0 :|G> fmnz fnzm

Clearly, for m = my + my, P € O, if and only if f,,, .,(P) € O,,; and
similarly for k = k; + ko, S € Oy if and only if fi, x,(S) € Oy.
Thus, we have V[M,]..,[M,]. € 4 .

.~ ossg— [ 815 nsco
~{ G| 7 Q]fkm( )i PSEO

A2 51T B2 ) meeo
e, SIS R ) nseo

:{PT{A? ]\041]5 : P,Se@}:[Mg@Ml]Nz[Mz]NBH[Ml]w

N~ Y~ Y~ =

Consequently, .# /.. together with B form an algebraic structure specified in
the following proposition that we have just proved:

Proposition 2. Let .# /.. be the quotient set (3.20) of .# andlet® : (A4 ].)> —
M /.. be the direct summation defined on .# /.. by (3.21). Then the ordered
pair

(A |, 8)

forms the structure of commutative monoid.

3.41 Remarks on connection of both monoids & notation

The (commutative) monoid (.#/.,H) from Proposition 2 can be seen as the
quotient monoid of the (non-commutative) monoid (.#, &) from Proposition 1
modulo the orthogonal equivalence ~, i.e., symbolically

B=a/., (# .8 =a).. (3.22)
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Further, since the structure is associative and commutative, we can sim-
ply write

n

(M) = FH M)

/=1
in order to sum up several summands [M,]. € .# /.. Finally, we use

(M].On=[M].B[M].B - B[M.;

~
(- J

n times

analogous notation M @ n can be used alsoforM ¢ M & --- @& M.

3.4.2 Note on further relation between ¢ and H

Recall that the binary operation & can be applied on any two (honempty)
subsets of .Z. The equivalence classes (3.18) are (honempty) sets, therefore
it can also be applied on them. Since this action is defined entry-wisely, we
get the following relations. Let

[Mjl = {PJTMij D P, 5;€0}, j=1,2,

then
PIM,S 0 .
[Ml]w@[Mg]N:{{ LA P;MQSJ . P, S; €0, g:1,2}, (3.23)
but
(M, © Ms]. = {PT { ]‘041 ]\042 ] S : PSe @}. (3.24)

We see that generally
[Mi]~ @ [Ms]. C [Mi]. B [Mo]

and one could ask whether these two sets are the same.

Lemma1. Let M; e R™*% C .#, j =1,2. Then
[Mi]~ & [Ma] = [Mi]~ B [Ma]y
if and only if at least one of the following three assertions is true

(I) my =k = 0, i.e., M, = 0070 € ROXO;
(”) me = ko =0, i.e., My = 0070 S ROXO;
(iii) M1 == Omhkl and M2 == 0m27k2.

Note that the items in previous lemma are not disjoint. For example the
case M; = M, = 0y belongs to all of them.
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Proof. The proof is in one direction trivial: If M; = 0y, then [M;]. = {000},
M, @ M, = M,, and thus also [M;]. & [Ms].. = [M,].; on the other hand [M;].H
(M) = [My & Ms]. = [Ms].. Similarly it works if M, = 0p. Finally, if both
matrices are zeros, then M; @ My = Oy, m = my + ma, k = k1 + ko, is also
a zero matrix, and the class [0,, x| contains the only matrix for any m and k;
see Section 3.3.2.

The other direction is a bit more complicated: Recall M; € R™i*%i, j = 1,2,
and note that the entries of the first set (3.23) have the form

(PL@® Py)T (M @ M,)(S; @ S,)
while entries of the other set (3.24) have the form
PT(M, @ M,)S.

We use three different ways of argumentation to prove the other implication
for (in general 16) different nonzero patterns of the vector of dimensions
[my, k1, mo, ks] € N§. For this purpose we denote by

0 the zero entry,
@ the entry that may be zero as well as nonzero, and
& the nonzero entry.

The first way to reach equality of both sets is to guarantee that

VP e O, dP;€0,;,, j=1,2 P=P &P,

and at the same time VS € Q,, 35,€0y, j=12, S=5&5,.
This happens only if m; = 0 or m, = 0, and at the same time k;, =0 or k, =0,
yielding four possible combinations:

e my =k =0,i.e., M; =0y, covering patterns [0,0,0, Q] and case (i);

e my=ky=0,i.e., My =0y covering patterns [©,©,0,0] and case (ii);

e my =ky=0,i.e., My =0, and My = 0,,, 0 COvering patterns [0, 0, Q. 0];

e my =k =0,i.e., M; =0,,0and My = 0y, covering patterns [©, 0,0, ?].
Thus, now we have actually covered in total 9 out of 16 patterns. The first

two combinations cover cases (i) and (ii) of the lemma, respectively, and the
latter two belong to the case (iii).

The second way to reach equality of both sets is to guarantee that both
sets have only one element — the empty matrix. This means that (M; &
M,) € R™** has either no rows (i.e., m = 0) or no columns (i.e., k = 0). Since
m = my + mo and k = k; + ko, this happen only if my = my =00r k; = ky = 0.
In other words:

e my =my=0,i.e., M, =00, and M, = 0y, covering patterns [0,0,0,Q];
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o k1 =ky=0,i.e., M; =0,,,0and M, = 0,, o covering patterns [©,0,0,0].

The second way covers 7 patterns but only 2 are new; so we have covered
in total 11 out of 16 patterns now. Since here we play only with empty, i.e.,
zero matrices, all these patterns belong to the case (iii) of the lemma.

For the third way it is important, that we have already exhausted all the
patterns where two or more entries of [my, k1, ma, k2| are zeros. Thus, only

[V ., o, b, [, O b, ], [T b (& & O, where &>0,

remain to explore (representing actually five remaining patterns). Thus, it is
safe to consider m = m; + mo > 0and k = k; + ko > 0. Hence, in (see (3.24))

PT|:M1 0 }S:{XH X12:| }ml
0 M, Xo1 Xo }mz
S~
k1 ko

at least one of the blocks X, and X5, is nonempty (has at least one row and
at least one column). Recall that orthogonal matrices P and S can represent
permutation of rows and columns. If at least one of the matrices M; and
M, contains at least one nonzero entry, there always exist such permutation
matrices P and S that (one of) the nonempty blocks X, and X5, contain that
nonzero entry. Since the off-diagonal blocks are always zero in (3.23), we
conclude that neither M, nor M, can contain nonzero entries. Thus, both A/
has to be zero matrices, which belong in the case (iii) of the lemma. O

3.5 PARTIAL ORDERING OF BOTH SETS
--- POSETS (#,<) AND (.#/.,C)

The size of matrices, or classes of matrices — more precisely, the dimen-

sion of linear vector space whereto they belong is hondecreasing along with

direct summation. Even more, if we omit the neutral element 0,4 or [0g]~,

the dimension is strictly increasing. This allows us to define a very natural
partial ordering on .

L=<M — Y, Zed, M=YSL®Z, (3.25)
and similarly

e LMIffLM&L#M(i.e., Y #0po0r Z +# 000);
o L= Miff M < L;
o L= MIiff M < L;
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etc. Since the other binary operation B is commutative, the definition of
ordering on . /... is even simpler:

L. EM]. <= 3Zl.e/., [M].=[L.B[Z]., (3.26)
and similarly
o (L. C [M]Liff [L]. E [M]. & [L]. # [M]. (i.e., [Z]. # [0oo]~);
o (L]~ 2 [M]iff [M]. E [L].;
o [L]. T [M] iff [M]. € [L].;
etc. Both relations are clearly linked together
LM — [L]. C [M].,

the converse of this implication is not true, in general.
It is easy to verify that both relation ‘<’ and ‘C’ really form the partial or-
dering. In particular < satisfies the following properties:
VK,L,M e A,
(reflexivity) M < M,
(weak antisymmetry) L<M&M <L = L= M,
(transitivity) K X L& LM — K <X M,
and similarly C satisfies the following properties:
VK], [L]s, [M]. € A,
(reflexivity) [M]. C [M].,
(weak antisymmetry) [L]. C [M]. & [M]. C [L]. = [L]. = [M].,
(transitivity) [K]. C [L]. & [L]~ C [M]. = [K]. C [M]..

Consequently, .# and .# /.. together with < and C form structures specified
in the following proposition that we have just proved:

Proposition 3. Let .# be the set of all matrices over the real numbers (3.6),
let .# /.. be the quotient set (3.20) of .#, modulo the orthogonal equivalence
~ (3.17), and let < and C be binary relations defined on .# and .# /.. by (3.25)
and (3.26), respectively. Then the ordered pairs

(#,=) and  (A/.,C)
form partially ordered sets (posets for short).

3.51 Remark on connection of both posets

The poset (.#/..,C) from Proposition 3 can be seen as the quotient poset of
the poset (.#, <) from Proposition 3 modulo the orthogonal equivalence ~,
i.e., symbolically

C==/., (M| C) = (M, <)/~ (3.27)
Compare with Section 3.4.1.

50



3.5.2 Who precedes whom?

The first relation L < M simply says that the matrix L forms a block on the
block-diagonal of the block-diagonal matrix M, nothing more, nothing less.

The second relation C says essentially the same, but up to an orthogonal
transformation. To be more specific, let us consider

LeR™  s=rank(L) < min(n,t),
M e R™*  r=rank(M) < min(m, k).

Employing the SVDs of L and M (see also Remark 1) we get: [L]. C [M]. if
and only if

(i) The set of s nonzero singular values of L (including the multiplicities)
form a subset of the set of » nonzero singular values of M (including
the multiplicities).

(ii) Dimensions of null-spaces of L, M, LT, and M satisfy

dimN(L) =t —s <k —r=dimWN(M)),
dmN(L) =n—s<m—r=dimWN(HM")).

3.6 MATRIX AND QUOTIENT POMONOIDS
--- AN ANALOGY TO (N,-,|)

Now we are ready to put all the previous observations (see Propositions 1,
2, and 3) together. We formulate the following proposition:

Proposition 4. Let .# be the set of all matrices over the real numbers (3.6),
@ the binary operation (3.9), and < the binary relation (3.25) defined on .# .
Let .# /. be the quotient set (3.20) of .#, B the binary operation (3.21), and
C the binary relation (3.26) defined on .# /.. Then the ordered triplets

(A, ®,%) and  (A/..HE)
form the structures of non-commutative and commutative, respectively, par-

tially ordered monoid (pomonoids for short).

3.6.1 Remarks on connection of both pomonoids & naturals

The (commutative) pomonoid (.#/..,H, C) from Proposition 4 can be seen as
the quotient pomonoid of the (hon-commutative) pomonoid (.#,®, <) from
Proposition 4 modulo the orthogonal equivalence ~, i.e., symbolically

(M|, B,C) = (H,®,2)/~. (3.28)

Compare with Sections 3.4.1 and 3.5.1.
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The structure of pomonoids is particular interesting, especially in the sec-
ond case, where the binary operation is commutative. An analogous struc-
ture can be found, e.g., in positive integers (natural numbers), where the
pomonoid (N, -, | ) consists of the set of naturals N, their standard multipli-
cation -, and the ‘to be a divisor’ relation |.

It is easy to see that the similar role as the number onein (N, -, |), is here
played by the neutral entries of monoids, i.e.,

VM € %7 00,0 = M> V[M]N € %/fw [OO,O]N C [M]N

Much more interesting question can be (see also Section 4.3):

Which entries play the role of primes?

3.6.2 What are the irreducible entries?

The ‘prime-like’ entries are usually called irreducible in different kinds of
analogies of prime factorizations. The ‘prime-like factorization’ itself is then
called the irreducible representation.

It is easy to see that the irreducible representation of M € R™** in .# (in
factin (., ®, <)) means to find the maximal number of matrices M, € R™¢*ke,
¢=1,2,...,n with dimensions as small as possible, such that

M:diag(Ml,Mg,...,Mn) :Ml@MQ@@Mn

The descriptive characterization of irreducible objects w.r.t. < seems to be
superfluously technical in general. Attempts of such characterization usu-
ally end up with programmers-like approaches, or with laconic constructive
assertion: The irreducible object is a matrix, that is not a direct sum of other
two matrices distinct from 0, . On the other hand, decomposing the matrix
itself is not so important for us.

Much more important is the irreducible representation w.r.t. C. Itisin fact
done by the SVD; see Remark 1. Clearly for M € R™**, we get

min(m,k) [0170]N ] (m — k) if m>k
(M= | HH loe(M)] | BS [00]~ ifm==k . (3.29)
=1 [001]~ B (k—m) ifm<k

Note that in case m = k it is even not necessary to apply [0y o]~ as it is trivial
(similarly as the multiplication by 1 in N). In the other two cases, decompos-
ing the empty matrices

[0¢,0]~ = [010]~ [, [00.n]~ = [001]~ En,

brings nothing especially interesting, thus might not be necessarily done.
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4 EXTENSION TO TUPLES OF
MATRICES & MATRICIZATIONS
OF TUPLES

It seems that in the previous chapter we have just reinvented the notation
for the SVD, butin much worse and less transparent way. And that is exactly
what we did. But the reason, why we did it in so detailed way, is that our goal
is to generalize these concepts, the terminology, and notation to tuples of
matrices.

Let us consider the Cartesian product of a bunch of copies of the set .7,
i.e., the Cartesian (or outer) power

M= {(My, My,..., M) : My e R™*M 5 =1,2... (}. (4.1)
Entries of such set are ordered (-tuples of matrices, ( € N. These can be

naturally seen as vectors of length ¢ over .#, or, if { = ux, p,x € N, as u-by-x
matrices over .#. From this point of view .Z¢, .#""* C .#(.#) = # (4 (R)).

4.1 TUPLES AS OUTER POWERS OF
SIMPLER POMONOIDS

Now we can extend the binary operation ¢, the partial ordering =<, and the
orthogonal equivalence relation ~ to .#¢, and also the other binary operation
M and partial ordering C to the other Cartesian product (.7 /.)¢.

411 The outer power of (.7, D, <)

Let first
o (M) — #¢ and  =<¢ on.#°¢

be a binary operation and a binary relation defined such that

(Lyi,...,Le) @ (My,...,M¢) = (L ® My, ..., Le © M)
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and

(L, ...y Le) =S (My, ..., M)

Y, Zyjed, M;=Y,&L;®Z;, j=1,...,(,

IV, .., Y, (Za,. ., Z) € M,
(My,...,M:)=(Ya,...,Y) & (La,...,Lo) @& (Zy,..., Z¢),

—
—

respectively. It is easy to see that all the required properties (the associa-
tivity of ¢, the existence of neutral entry (0, . ..,000) W.r.t. ©¢; and also the
reflexivity, weak antisymmetry, and transitivity of <¢) are satisfied. Thus, we
get the following proposition:

Proposition 5. Let .#¢ be the Cartesian power defined in (4.1), ®¢, the binary
operation, and <¢ the binary relation defined on .#¢ as above. Then the
ordered triplet

(A 85, <)

forms the structure of non-commutative pomonoid.

41.2 The outer powerof (.7 /. ,H, )
Similarly we can define a relation ~¢ on .#¢ as follows
(Ly,...,Le) ~¢ (M, ..., M) — Li~M;, j=1,...,¢C

and show that this relation is reflexive, symmetric, and transitive, and thus
it is an equivalence — also called the orthogonal equivalence. Then we can
define the equivalence classes and the quotient set (the set of the classes),

[(Ml, o ,Mc)} and S,

~

respectively. Clearly

[(Ml,...,Mc)} :([Ml]w,...,[MC]N> andthus  .#</ .« = (/..

~<

Further, we extend the binary operation & and the binary relation C component-
wisely to

B (#/)) — (#).)  and  CF on (/L)

similarly as in Section 4.1.1. Finally, we get the following proposition:
Proposition 6. Let (.#/.)¢ be quotient set of .#*¢ (4.1), B the binary op-
eration, and C¢ the binary relation defined on (.#/.)¢ as above. Then the

ordered triplet
(/)" B8, )

forms the structure of commutative pomonoid.
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41.3 Remarks on connections among all pomonoids

Since the (non-commutative) pomonoid (.#Z°¢, ®¢, <¢) from Proposition 5 is
the natural Cartesian power of the (non-commutative) pomonoid (.Z,®, <)
from Proposition 4, we can write symbolically

(¢, 8, =0) = (M, &, %) (4.2)

see Section 4.1.1.

Similarly the (commutative) pomonoid ((.#/..)¢, 8¢, C¢) from Proposition 6
is the natural Cartesian power of the (commutative) pomonoid (.#Z/.,H,C)
from Proposition 4, we can write symbolically

(A ))" BB C) = (M ], B, ) (4.3)
see Section 4.1.2. Using the already introduced notation (3.28), we obtain
(A )), B CC) = (A, 0,2) /) ; (4.4)

see Section 3.6.1.

Finally, note that the (non-commutative) pomonoid ((.#/.)¢, B¢, C¢) from
Section 4.1.2 can be seen as the quotient pomonoid of the (commutative)
pomonoid (.#Z¢, ®¢, <¢) from Section 4.1.1 modulo the orthogonal equivalence
~, i.e., symbolically

B =e., E=xY., ((A))SESEY) = (a8 20/ (45)

Compare with Sections 3.4.1, 3.5.1, and 3.6.1.
Consequently, putting (4.4), (4.5) and (4.2) together yields

((%7 D, j)/fv)c = ((%/N)C> EEK? EC) = (%C> @C> jc)/fv = ((%7 D, j)c)/fv ) (4.6)

i.e., a sort of commutativity relation between the quotient (modulo the or-
thogonal equivalence) reduction and the Cartesian power.

4.2 ALIGNMENTS, MATRICIZATIONS,
& TRANSFORMATIONS OF TUPLES

As one can see, the straightforward extension to tuples of matrices brings
nothing especially new. All the things (derivations and definitions) are done
component-wisely, independently for each member of the tuple.

Therefore, we first restrict the variability of tuples by some additional con-
ditions — the tuple alignment, i.e., we focus on some subsets of (4.1). Then
we introduce the tuple matricization. Finally, we also restrict the variability
of allowed orthogonal transformations.
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4.21 Tuple alignment

To simplify the exposition, we explain these concepts on a particular example
(to do it in full generality is out of the scope of this text). Consider, e.qg.,

M= {(My, My, My, My) = My e R™0 i} (4.7)

By tuple alignment (TA) we understand any given set of conditions on di-
mensions m; and k; of the tuple, e.g.,

TA:{ml—mQZO,m1+m3—m4:0, k1+1€2—]€3:0} (48)

These conditions clearly relate the individual members of the tuple — in our
example we see that (among others) the first two matrices M; and M, must
have the same number of rows. The set of all tuples satisfying all these
conditions is denoted

My C M (4.9)

4.2.2 Tuple matricization

By matricization of a tuple we understand any given mapping from the set
of tuples of matrices (or its subset) back to the set of matrices. This allows
us to deal with tuples as with standard matrices. The alignment of the tu-
ple, moreover, allows us to concatenate individual members of the tuple in
specific ways. Following our example (4.7)-(4.9) we can consider

™ : At — (4.10)

that acts, e.qg.,
TM( (03, My, My, M) ) = { %gM—l ’ M, ] — M e R™H (411)

Wherem:m1+m3:m2+m3:m4,k:k1+k2+k4:kg+k4.

It is easy to see that the quadruple (M, M, M3, M) can also be consid-
ered as the partitioning of M. Moreover (since .# contains also empty ma-
trices), any matrix M can be partitioned in this way. For our purpose it is,
however, more suitable to choose the way of alignment and matricization,
not the way of partitioning.

Note that the matricization (or partitioning) in this example is ‘incompati-
ble’. For our purpose (the core problem analysis) we need to work only with
‘compatible’ matricizations — the individual blocks appear in regular rectan-
gular ‘matrix-like’ grid, e.g.:

1 )

Ms M,
M, M, M, |, [ M, M ], butalso { ]

M} 0
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etc. Furthermore, note that without any alignment conditions, i.e., with
TA=0, weget sy =. ;="
One of possible matricizations can be then realized by the direct summation

M,
TM((Ml,...,M<)>:Ml@---@Mgz :

we call it trivial matricization.

4.2.3 Tuple transformation

By tuple transformation induced by the already given alignment TA and ma-
tricization TM we understand binary relation ~r on ./, defined for

S =(Ly,...,Le), M= (My,..., M) € .My
such that

St = (2~<zm A TM(L) ~ TM() ) (412)

This relation is an algebraic equivalence on ./%,.
Let us clarify this on our example (4.7)—-(4.11): Recall that

St M = £ =g(M) = (PIMLS), PIMLS,, PYM;Ss, PIMLS,),

where
PjE@mj, SjE@kj, 71=123,4,

and mappings ¢ (orthogonal transformations) given by these eight matrices
represent elements of the group

G = (@m1 x ©k1> x (@m x @,Q) x (@m x @k3) x (@m x %).

Replacing this group by any of its subgroup P causes the modification of the
equivalence relation (formally from ~* to, let say ~p), but it stays an algebraic
equivalence, since the subgroup is still a group; see the proof in Section
3.3). (Note that in general this replacement also causes increasing number
of classes, and decreasing number of elements within a class.)

The other part of the definition of the newly introduced relation (4.12)
says

TM(£) = TM(g(M)) ~ TM(M),
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i.e., the matricizations of the original and transformed tuple are orthogonally
equivalent. The matricization, therefore, dictates the structure of the new
equivalence

Mi _ P1TM252’P1TM151 .
{ Ly ‘ b } B { P?;rMs(Sz @ Sh) (P © P3)" MyS,
Sy 0 0 (413)
_{PIT . HMM—lMALHOQ Sy 0}
M3

- T
0 B 0 0 S,

We immediately see that some of the orthogonal groups O.. must be re-
placed in the product G by their proper subgroups:

my+mg=my € TA — O, isreplaced by O,,, x O,,,,
ki + ke =ks € TA — Oy, isreplaced by Oy, x Oy,.

Moreover, some of the orthogonal groups Q... that appear more than once in
G represent in fact the same instance of the group, i.e., the corresponding
orthogonal matrices appear in more than one products:

my =my € TA — P, isreplaced by P,
my+mg=my €TA — P, isreplaced by P, @ P,
ki + ke =Fks € TA — Ss is replaced by S; @ S,.

Any of these replacements reduce G to some of its proper subgroup. We
denote the remaining subgroup symbolically

TT =TT(TA, TM); (4.14)

in our example, this subgroup is isomorphic to
P = (©m1 X @m3> X (@k1 x Oy, X @k4>.

Since (4.14) is the subgroup of G, the binary relation ~+1 represents an alge-
braic equivalence on ./;,.

4.3 CLASSES AND POMONOIDS OF
ALIGNED TUPLES

At the end of this chapter, we just briefly mention how the general con-
cepts work in the context of aligned tuples — we will follow our example
(4.7)-(414). For £ and M € .#7,:

» The equivalence class has the form

[i)ﬁ] = {(PlTMlsl, PlTMQSQ, P?;I-Mg(Sg ) Sl)) (Pl ) Pg)TM4S4> :

~TT

P €0, P,€0,,, Si €0, S0y, Si¢ @k4}.

58



o The direct sum of two aligned tuples results again in an aligned tuple

Ly® M, | Ly & M,
Ls @ Ms

TM(L &' M) = ’L4@M4].

Clearly if, e.g., L; and L, have the same number of rows, M; and M,
have the same number of rows, then also L, & M, and L, ® M, have the
same number of rows, etc.

o The ordering works fully the same as for general tuples; using the pre-
vious item, we see that, e.g., M <* (£ @* M) and £ <* (£ a* M).

Now we are able to build up pomonoids
(%ﬁ/\’@c’jc) and (//Z'IQA/NTT>BE‘C>EC)'

The second one can again be seen as the quotient pomonoid of the first one,
modulo the modified orthogonal equivalence ~1r.

The key question is:

Which entries are irreducible (prime-like) entries in these pomonoids?

especially in the second one. This question is very general, seems to be very
difficult to answer, and definitely is out of the scope of this text. In the next
chapter we focus on the simplest case of aligned tuples — the row-aligned
pairs of aligned matrices.
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5 CLOSER LOOK AT
ROW-ALIGNED PAIRS OF
MATRICES

From this moment on, we focus on the simplest nontrivial case of aligned
tuple —the aligned pair. Since this work is motivated by linear approximation
problems AX ~ B (1.6), we slightly modify our notation: instead of M; and
M, we will use A and B, respectively, in particular

M*={(A,B) : AcR™*" BeR"*},

Both matrices must have (in accordance to our problem, and without loss of
generality) the same number of rows m = m4 = mgp, i.e.,

TA = {ma — mp =0} . (5.1)

The matricization then simply concatenates both matrices — we choose
(again in accordance to our convenience, and without loss of generality) the
‘reverse’ order

T™((A4,B) =[B A]eR™, k=d+n (5.2)

The tuple transformations (actually pair transformations) induced by this
alignment and matricization take the form

R 0
0 Q

where (P,Q, R) € O,, x 0, x Q4 recall Section 1.2.

TT: [B A] ~P'[B A}{ }:[PTBR PTAQ |,  (5.3)

5.1 GP: THE SET OF ALL GENERAL
PROBLEMS

We are studying general linear approximation problems of the form AX ~ B
and we are solving them by orthogonally invariant minimization (the TLS
method in particular). This means that we are interested exactly in the aligned
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ordered pairs up to the orthogonal transformation. Thus, the set of such
problems fits exactly to the set

GP = My rr s (5.4)
where TA is given by (5.1) and TT by (5.3)

5.1.1 Simplification of notation for general problems

Because the length of tuple, its alignment, matricization, and thus also trans-
formations are fixed since this moment, we simplify the notation a bitin order
to make the text more transparent. In particular we will :

» refer to the classes of orthogonally equivalent pairs directly by their
representatives,

» omit the superscript 2 in direct summation or ordering signs, and

» omit the subscript 11 in equivalence sign,

i.e., for example

(AB)| 2 AB)]|  =[(AnB)] B [(45.8)]

~TT ~TT ~TT

will be simply written as

(An, Bo) C (A, B) ~ (A,, B,) B (Ag, Bg).

5.1.2 Composition of general problems

The most important manipulation with problems for us is the composition of
problems realized by the direct summation

B : GP? — GP. (5.5)

Note that we will also use this binary operation sign in a less rigorous way.
Let

A;X; ~ B, A; e R X, e RW*%4 ) B e R™*%,

be two linear approximation problems, i.e., (A;, B;) € GP, j = «, 8. Except for
the standard usage

Y

(Aes Bl 8 (A, Bg) = ({ f(l)a f(l)ﬁ ] ’ { % 595 D ’ (5:0)

we also use it directly for matricizations (which is a bit conflicting with some
of the previous notation, but — as we believe — understandable), i.e.,

A, 0
0 Aﬁ]' (5.7)

B, 0

(5. 4 )B[8s 40]=] 5 0
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Occasionally we use it also for the whole approximation problems

{AaXazBa}BH{ABXBQBB}:{{%Q EB}X%{B;Q E(f)a”' (5.8)

Note that X does not have to be equal to the direct sum of X, and Xj in
general; see [4, Section 5.2, Example 5.4]

5.1.3 Note on composition of degenerated problems

Recall that the set of all matrices contain also empty matrices (i.e., with zero
number of rows or columns). Problem that consists of at least one empty
matrix is called degenerated. Now we briefly look what happens when we

are composing problems that may be degenerated. Two most interesting
cases are:

o Ifng=0,i.e. Az =0y, ,, then

Ba 0 Aa ma+m do+d Nea
(B0 418 (5 4] =] g A | e Romimoraiinn,
o Ifds =0,i.e., Bg=0y,,, then
Ba Aa 0 ma+m da+(na+n
[Ba Aa}EE‘[Bﬁ Aﬁ}:|:0 0 AB]ER( Fmp) X (dat(natng)),

The full list of compositions regarding degenerated problems can be found
in Table 5.1 (page 67).

5.2 CP: THE SET OF ALL CORE
PROBLEMS

By core problem we understand any linear approximation problem AX ~ B
i.e., (A, B) € GP satisfying conditions

*(CP1) The matrix A is of full column rank.
+(CP2) The matrix B € R™* is of full column rank.

*(CP3) Matrices U B are of full row rank, where columns of U; represent ba-
sis of: either the left singular subspace of A corresponding to the ith
largest singular value, fori = 1,...,¢; or the space N (AT), fori = ¢ + 1.

We denote the set of all core problems CP. Clearly

CP C GP (5.9)
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is a proper subset of the set of all general problems; i.e., there are linear
approximation problems that are not core problems.

Note that from (CP1)-(CP3) other properties of core problems can be
derived, particularly useful will be:

(CP4) The matrix [B, A] is of full row rank.
(CPB) Multiplicities of singular values of the matrix A are bounded by rank(B).
See [6], [7], or [11, Appendix Al.

5.2.1 Core problem reduction

The core problem theory (see in particular [22], [6]) says, that for each linear
approximation problem

AX ~ B, Ae ]Rmxn7 X e ]Rnxcl7 Be Rmxd’
there always exist orthogonal matrices P € O,,, Q € 0O,, and R € Oy, such

that R 0 By 0] A 0
1 11
PT[B A}{OQ]:[O ol o Aﬂ], (5.10)

i.e.,

[Au 0]{)(11 X12]%_B1 0]

0 Ay Xo1 X9 0 0
ie.,
AnXn = By, AnXip~0, ApXyn =0, AxnXypn =0,

where

AnXn = By, A e R™7 Xy € ng, By € Rme7
is the core problem. Thus, for any (A4, B) € GP

By 0|Ay 0
[BA}N{O 0] 0 Am}'

We use the notation suitable for matrix right-hand side case (see [6]) here,
but the vector right-hand side case Az ~ b (see [22]) represents only a spe-
cial case with X = [z] € R™!, B = [h] € R™*?,

b1 AH 0 o Bl Om,O All 0
0| 0 Ap | | 0 Opmol| 0 Ay |’

and B, = [b;] € R™*!. The core problem is given uniquely up to an orthogonal
transformation, i.e., up to the equivalence ~, i.e.,

V(A, B) e GP : 3!(A11,B1) GC]P),
see again [22], [6]. We call this mapping the core problem reduction
CPR : GP — CP, (5.17)

(5 a)=[bA]~|

and symbolically write as

CPR([B A])=[Bi Au] o [B A] T

[ B, Ay .
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5.2.2 Note on degenerated core problems

Since GPP contains also the degenerated problems, it is necessary to look
how the core problem reduction performs on them. In most cases of degen-
erated problems, one or a combination of conditions (CP1), (CP2), and (CP4)
(on full column or row ranks of matrices Ay, By, and [By, Ay1]), and once also
(CP6) (on multiplicities of singular values of A;;) imply that CPR results in the
fully degenerated (i.e., with no rows and no columns in the system matrix as
well as in the right-hand side) core problem

[ Bi| A1 | = 000 | 0o | € CP.

The list of all degenerated problems and results of CPRs (including the key
properties (CP/) that clarifies the result) can be found in Table 5.2 (page 67).

However, there is one degenerated problem that is not reduced to the
fully degenerated one by the CPR, in general. Let

AeR™O B € R™, r = rank(B).
Consider SVDs of both matrices, the first one is rather formal
A=UsSAV), Us=1,€0,, Xi=0,0cR™ Vy=00,¢Qy,

the otheris

Bl Or,d—r

Om—r,r Om—r,d—r

B:UBZBV;, UBE@m, Y= ERde, VBE@d,

and the diagonal matrix with (nonzero) singular values
B, e R™" is square invertible.

Then for P =Up, Q = V4 = 00, and R = Vp we get

(BT~ [B]A]] G o |=vaBl0m] [ o | =12 0u]

0 @ 0  Oopo
— Bl Or,d—r OT,O — Bl Or,d—r All OT,O
Om—r,r Om—r,d—r Om—r,O Om—r,r Om—r,d—r Om—r,O A22

where A;; = 0,0 € R and Ay = 0,,,_,.0 € RM=7)x0,

Obviously, this transformation (according to the structure of the result)
formally resembles the core problem revealing transformation. It remains to
verify, whether [B;, A},] satisfies the properties (CP1)-(CP3):

o Matrix A;; is the empty (zero) matrix, it has rank(4;;) = 0 and zero
columns, i.e., it is of full column rank: (CP1) holds.

e Matrix B, is square invertible, i.e., it is of full column rank: (CP2) holds.
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e The SVD of Ay; = 1,0, 0570 is analogous to the SVD of A; A;; has no
singular values, the whole R" is the null-space of A, and columns of
U, = I, represents its basis. Since B; is invertible, then U/ B, = I,B, =
B, is of full row rank: (CP3) holds.

Consequently, any square invertible matrix B, of order r together with empty
matrix A;; = 0, represent a core problem. Since square invertible matrix is
characterized by nonzero determinant, we may define the whole set

{(An,Bl) €GP : Ay =0, B € R, det(B) £0, r € NO} cCP (512)

of degenerated core problems. Since det(0y) = 1, the set contains also the
fully degenerated core problem for » = 0. Note that nontrivial degenerated
core problems are also observed in paper [4, Theorem 3.2].

5.2.3 Composition and core problem reduction —they prop-
erties and interplay

Now we have two important tools to work with approximation problems: the
composition B (5.5) and the core problem reduction CPR (5.11). It would be
useful to look on its interplay.

First of all, the composition is defined on the set of all problems GP, but
it can be applied also on its proper subset of core problems CP. It has been
shown (see [4, Theorems 3.1 and 3.2]) that

B : CP? — CP. (5.13)

In other words the set of core problems is closed w.r.t. the composition.
More specifically

(At1,0, Bia)s (A11g, Big) €CP <= (Ai1,0:Bio) B (4113, Big) € CP;

naturally, including the degenerated core problems.

Secondly, the core problem reduction is also defined on the whole set of
all problems GPP and can be restricted to the proper subset of core problems
CP. From the properties of core problems and the construction of the re-
duction (see [22], [6]), however, follows that the core problem reduction of
a problem which already is a core problem is trivial. In other words

CPR : CP —s CP, (5.14)

is the identity mapping
V (A1, B1) € CP : CPR((AH, Bl)> — (An, B)). (5.15)

From this point of view:

The core problem reduction is an orthogonal projection from GP onto CP
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Table 5.1:

dimensions of A;, B;, j = «, 3, being (non)zero.

All possible shapes of [B,, A.] B [Bs, Ag] according to different

zero dims. || no | My =0 mg =0 me =mg =0
no o z%, o /(1)[, [0 Bs|0 As] [Ba 0] As 0] [ O Oogy | Oom O, ]
no =0 e 1_(9)[, /(1)[, [0 Bs|As] [ Ba 0]0] [ Onae Ooy | Oy |
S [ 2 . A | [0 ByJ0]  [Ba 0|4c] | [ Oow Ongy |00, ]
4, =0 e ] |t A ot ol | Lo 00,
dy=0 %‘1 /2)‘1 fﬁ [0]0 A5 ] [ Ba|Aa 0] [ 004a [ 00 Ooins ]
=m=0 | |0 g [0 5] [B. 0] [ 00, G0, ]
do =dg=0 _%a /(1)5 [0 As] [ Aa 0] [ Oome 0oy, |
o= du = 0 5|4 ] [ B 45] [o]0] [ 00, | 00, ]
my = dy = [ Be | A | [o]o] [ B.| A ] [ 00 | 00, ]
= dy = 0 e (0] 4] [Bu|0] [ O | Ou, |
ns=dy =0 B¢ [Bs]0] [0] 4] [ 0 | O, ]
o ) "
fad[,:j% ]_(Q)a ] O, B, 0o.d,,
e d[,:ja = /?[, Ag O s 0o,
ilﬁdﬁ:ija() %a Omgna A, Oo.n,
i) I ) B R

Table 5.2: All possible shapes of [B, A] and CPR([B, 4]) = [B1, A11] accord-
ing to different dimensions of A and B being (non)zero. Below most of the
reductions we mention the key property (CP/) to get the result.

zero dims. || no | m =0
no [B1A] =5 [BilAu] | [O0a |00 ] gorgs [ 000 oo ]
n=0 [ B 0mo] = [Bi[0mo] | [00a]000] g7 [ O00|000]
d=0 | T0u01AT 5 (000 0ho ] | [ 00|00 ] -5 [ 0o 0o ]
n=d=0 | [0no|0mo] ca? [ 000000 ] | [ 000|000 ] < [ 000000 ]
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A real interplay of both tools can be obtained, when we start combining
them, i.e., when we consider a core problem reduction of a problem compo-
sition. We formulate it via a commutative diagram in the following theorem.

Theorem 1. Let (A,, B,) and (Ag, Bs) be two general problems from GP. Then

(Aqa, Ba) — (A11,0, Bia)
! !
(Aa» Ba) B (45, B)) = (A11a, Bia) B (Ar1g, By ) (5.16)
T T
(Ap, Bg) =22, (A11,6, Big)

i.e., composition of two problems and core problem reductions commute.
Note that the assertion of the previous theorem can also be rewritten as
CPR([ Bo Aa ]B[ By As])=CPR([ B. A, ])BCPR([ By 451]).
Proof. The outer way (first reduce, then compose): The core problem reduc-

tion of general problems (A;, B;) results in (A4, ;, By ;) satisfying (CP1)-(CP3),
Jj = a,p, i.e., there exist orthogonal matrices P;, ;, and R; such that

[ B 4 ]~P[B Aj}{Rj 0 ]Z{Bl’j O‘An’j " ]

0 Qj 0 0] 0 Ay,
Composition of both core problems then yields
Bla 0 Alla 0
Bi. An. |B[Bs A = : , ,
[ Bio Aua JB[ By Aug)=| B gl Ape O

which is a core problem by (5.14).
The inner way (first compose, then reduce): Composition of (4;, B;) yields

B, 0 |A, O
(B, A.|®] B, Ag}:[o alh Aﬁ]. (517)

This composition is orthogonally equivalent to
R, 0 0 O
(P, 0] [B. 0|A, 0 0 Rg| 0 O
0 P 0 Bz| 0 Ag 0 0 [Qa O
0 0|0 Qg

_ [ PIB,R, 0 PTA.Q. 0
I P]BgRg 0 PjA3Qp

N B 0 A 0
0 { 0 0] 0 { 0" Azzﬂ]
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Bl,a 0 0 0 AlLa 0 0 0

_ 0O 0 0 0 0 A, 0 0

=1 0 0Bs 0 0 0 Ans 0 (5.18)
000 0 0| 0 0 0 Ay

Consider a permutation matrix of the following form and recall its action

I 000 ) I 000 | )
H:OOIO HQ?:OOIO Q?:Q
01 00|’ [ ) 07 00| & VA
000 I & 000T1I]|]< &

where identities in II are of given suitable dimensions. Note that IT and II"
have the same block structure (and thus also same structure of action). Fur-
ther note that matrix II is orthogonal so IIII" = II'II = 1.

By employing three of such matrices Ilp, IIy, and Iz, we get a problem
orthogonally equivalent to (5.18) while permuting rows and columns of (5.18)
as follows

Bio O 0 0] A1 0 0 0
T 0 0 0 0 0 Aga 0 0 IIr| O
P10 0 Big 0| 0 0 Ans O 0 |Ig
0 0 0 0| O 0 0 Axppg
(B, 0 0 0|Ay. O 0 0
_ 0 Big 00 0 Ajs 0 0
o 0 0 00 0 0 Azz,a 0 (519)
0 0 00| O 0 0  Agpgp

[ Bi. 0 Ane 0
_ { (1) BLB] 0 { 61 Allﬂ} ) 0 .
0 0 0 M

Consequently, the composition (5.17) is orthogonally equivalent to the last
problem in (5.19), which has the structure of (5.10). Thus,

Bi, O
0 DBig

All,a 0
0 All,ﬁ

could potentially be a core problemiif it satisfies (CP1)-(CP3). And we already
know it does as it is the same problem that we get by the outer way. O
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5.3 DE-COMPOSING (CORE) PROBLEM
INTO IRREDUCIBLE
REPRESENTATION

Now we are ready to start to talk about our ultimate goal — in fact reversing
the process of composing problems, i.e., to decompose the given problem.
We want to decompose it as much as possible, i.e., into parts that are no
further decomposable, or in other words, that are irreducible, or ‘prime-like’
entries in the pomonoid GP.

Note that while composing, dimensions of the resulting problem are sums
of respective dimensions of individual subproblems. Thus, having a given
problem its dimensions cannot decrease by its composition with another one
— but some of them, even all of them may stay the same, if we compose our
problem with the fully degenerated one (000,000). This fully degenerated
problem w.r.t. composition plays similar role as number one w.r.t. multiplica-
tion — it is the neutral entry.

While reversing the composition we, therefore, ignore the (always avail-
able) possibility of decomposing given the problem to itself and (00, 00,0)
(similarly as we ignore the multiplication by one in the prime decomposition).
In other words, we consider only nontrivial decompositions, i.e., on the set

GP\ { (0,0, 000) }.
Let us introduce for (A, B) € GP, A € R™*", B € R™*4, quantity
D : GP — Ny, ’D((A,B)) —m+n+d, (5.20)
which moreover satisfies
9((4,B) =0 = (4 B)=(0no,0)
Thus, © is positive on GP\ {(09,000)}. Consequently, nontrivial decomposi-

tion of
(A, B) — (Aa, Bo) B (Ag, Bg),

where A; € R™*", B; € R™i*4, j = «, 3, is always followed by strict decrease
of quantity D, i.e.,

o(4,B) >2((4;,B)),  j=ap.

Therefore, any sequence of decompositions is finite, so it ends with prob-
lems that are not further decomposable, i.e., they are our irreducible entries.
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5.3.1 Step I: Revealing core problem B, A;;] as decomposi-
tion
Comparing the result of composition of two problems (5.7),

B, 0 |Ay 0
0 [Bs]| 0 Az

[ Ba Ao JB[ Bs A ] =

with the core problem revealing transformation (5.10),
R 0] [B 0]A; O
0 Q| | 0 [0]] 0 Ap]l’
we immediately see that revealing the core problem essentially does a de-
composition

(B A] ~ [B An] B [0, mea An]. (5.21)
A ~ ~ /

CPR([B A]) cpc([B 4])

(B A]~PT[B A}{

We call the other problem the core problem complement (CPC for short).
Note that in the standard single right-hand side case (i.e., with nonzero b),
d = d = 1and the complement is degenerated with empty right-hand side.

5.3.2 Stepll:Note on decomposition of the core problem com-

plement [0, .., 5, A
The decomposition of the core problem complement (Aj,, B,) is rather trivial,
because it has zero right-hand side B, = 0,, ., 3- Recallthat Ay € R,

and denote for simplicity y=m —m,v=n—-7,6 =d — d.
The complement can always be decomposed into two degenerated prob-
lems (see (3.11)),

CPC([B A])=[ 04 An]~[00s 0o ] B[04 An].  (5.22)

The first one has no rows, the second has empty right-hand side with no
columns. (If d = d, this decomposition is not necessary, because the first
problem is fully degenerated.)

The subproblem [0,,, As,] can further be decomposed (see (3.29)) as fol-
lows

min(u,v) { 0#_1,70 0#_1,70 :| if w>v
[ 0o Az | ~ Hﬂ [ 010 0u(Az) | | H 000 Ooo | fu=v,

=1 |: 0070 0071,_# :| if nw<v

(5.23)

where o,(Ay) denotes the (th largest singular value of Ay, including multi-
plicities and zero singular values. (If x = v, the last problem is again fully
degenerated and can be ignored.)
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5.3.3 Step lli: Extracting degenerated component [B; 3, O (]
from the core problem

Recall that the core problem might be composed while some of its compo-
nents might be degenerated (see(5.12) or [4, Theorem 3.2]), i.e.,

CPR([B A])=[B1 An]~[Bia Ane]B[ By Omyol. (524)

Equivalently, there exist orthogonal matrices P;, Q,, Ry, such that

Ri 0 Bia 0 | Ana Om

; 1 . 1,a o a0

P] [ B App } { 0 O ] - { 0 DBig 0 Orzs.0 ] (5.25)
B Bl,a 0 All,a -
- 0 DBig 0 .

Dimensions of matrices are Ay, € R™7, By € R™, Ay, € R™* (7 = 7,),
B; € R™m=*d= and B, 4 is square invertible matrix of order mgs. (If ms = 0, then
By 5 = 00 and the g-component is fully degenerated.)

To extract the degenerated subproblem we employ the SVD of B, =
USVT. It can be written in the form of the direct sum of SVDs of B;; =
UV, j = a, B, as follows

.
[ Bia 0 ], U, 0 Yo 0 Us 0
BI_PI{ 0 BLB]RI_(PI{O UBD{O Eﬁ](Rl{O UBD'

. AN J
-~ ~~ ~"

U X V

From the property (CP2) of core problems we know that %, ¥,, and X5 are of
full column rank; moreover, since B, s is square invertible, 35 is, too. Then

T T
= (n 1)) (o) [

We see that this matrix contains information only form the a-component;
the degenerated subproblem, i.e., the s-component is completely dampen
in the result. More precisely, the result still depends on the orthogonal matrix
@)1 (one of the matrices from the block-partitioning revealing transformation
(5.25)), however, it only mixes columns of the result together, i.e., the 2-
norms of individual rows of the result are independent on ;. Consequently,

U;[All,aQ-lr :|

0 Iy 0 %4

Ut B, AH}{V o}z{za 0 !

We see that the singular values of B, 5, the right-hand side of the degen-
erated subproblem correspond to the zero rows in matrix UT A;,. But we do
not have any a-priori information about which singular value of B; belongs
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to the a- and which to the 3-component, i.e., we do not have the SVD in this
particular form of the direct sum.
Thus, consider (rather general) SVD of B; in the standard form, i.e.,

B1 _ UEVT, N — I: d|ag(al(%l)v~_«_.703(Bl)) :| ’ Ul(Bl) > ... Z UE(BI) > 07
m—d,d
recall that B, is of full column rank. Then

vV 0

o8 anl|

}:[zwun}.

Let ¢ € {1,2,...,d} and let o,(B;) be such singular value for which
el (UTAn) = uj An = Oz, (5.26)

i.e., the fthrow of UT A,, is zero; here ¢, denotes the /th Euclidean vector and
uy, = Ue,y. Consider the permutation matrix

Iy 0 0
M= 0 0 1]eR>
0 I, 0

that moves the last entry to the /th position when applied from the left on a
vector of length s (i.e., I}, moves the (th entry to the last position). Then

diag(0'1<Bl), . ,O'g_l(Bl)7 O'[+1(B1), R ,O’E(Bl)) 037171
H%,ZEHE,Z = Om—E,E—l Om—da ,
0131 o¢(Bh)
and clearly
UIAH i [ U1A11 |
uj 4 An uy_Avy
L (UTAn) = | uj,An | = up An
UTm—1A11 U%_lAn
ulTAU . L 017 J
Finally,

T VIil;, 0
<UHm7g) [ Bl All } |: Od,E I—:| = [ HTm7£ZH37€ HTWJ(UTAH) }

has the structure of the form (5.25) (see the boxes above), with orthogonal

matrices P, = Ullyy, Q1 = I, Ry = VIIg,. Clearly, we can do the same job
for all ¢ (1 < ¢ < d), for which (5.26) holds, but this is not enough.

73



Let the ¢th singular value be of multiplicity ¢, i.e.,
0¢—1(B1) > 04(By) = -+ = 0py4—1(B1) > 004(B1).
Let further

T T -
rank ([ Upy « vy Upgt—1 :| A11> =7 <t where [ Upy « vy Upgt—1 :| A € R>™,

Then there exist orthogonal matrix ¥ € O(t) such that

vl ([ Upy . oy Uppp_1 }TA11> = { % } ., Where & eR™" (5.27)

Ot—T,ﬁ

is of full row rank. Note that ¥ can be obtained, e.g., by the QR decomposi-
tion of [uy, ..., up 1] A1 Consequently

[ UIAH i
.
T a0 0 |0 U1 An
It O 0 0 v 0 0 &
0 0 Im_y_ti1 d—f—t41 t—m7
0O O 0 I T 4
Uy 4A11
i U Ary

simply because the t-by-t block of ¥ multiplied by U™ and ¥ from the left and
right, respectively, is effectively scalar matrix o,(B;)I;. Again we can do such
modifications for all multiple singular values, and then again permute all the
copies of these singular values corresponding to zero rows down.

This brings us to an algorithm, how to decompose the given core prob-
lem to the let say proper part and the maximal degenerated subproblem. By
the ‘properness’ of the first part we mean that it does not contain any fur-
ther nontrivial degenerated subproblem. This algorithm proceeds as follows
(written in pseudo-code and assuming exact arithmetic):

@1 Compute the standard SVD of By, i.e., B, = UXV.

02 Compute UTAy;.

@3 Do (5.27) for all blocks corresponding to multiple singular values.

@4 Find indices ¢ (1 < ¢ < d) of all zero rows in modified matrix UT A;;.

@5 Remove rows with indices ¢ from modified UT A;;, what remains is A, .
06 Remove rows and columns with indices ¢ from 3, what remains is B ,.

@7 Form a diagonal matrix from the removed singular values to get B; 3.
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Remark 2. Note that the core problem revealing transformation of a problem
(B, A] (5.10) with full column rank B has the (slightly simpler) form

rto a1 82

All 0
0 Ay |’

Extracting the maximal degenerated subproblem from the core problem [By, A1]
(5.25) has the form

T Rl 0 Bl,a 0
Pl[Bl AH}{O O, = 0 Big

All,a
0 .

One could easily spot an analogy in structures of blocks in both equalities.
The only difference seems to be the exchanged roles of the system matrix
and right-hand side.

5.3.4 SteplV:Note ondecomposition of the degenerated com-
ponent [B; 3, 07 ]

Now we decompose the degenerated core problem

|: Bl,ﬁ OWB,O :| 9

which is similar to the decomposition of the core problem complement (see
Section 5.3.2). It is so simply because of the analogy mentioned in the last
remark. But now the decomposition is even simpler because [B, g, 0m;, 0] =
B, g is the square invertible matrix. Thus, we get

Mg
[ Big Oms0 } ~ (Hﬂ [ o¢(B1g) O }) . (5.28)

(=1

5.3.5 Step V: Decomposing the proper part of core problem
[B1.4, A11,.] — examples of irreducible core problems

Till this moment we did all the easy job. It remains to analyze possible de-
composability of the proper core problem [B; ., A11..] (i.e., such core problem
that already does not contain any degenerated component). We know that
it has some finite irreducible representation due to the strict decrease of the
quantity (5.20) while decomposing. However, this question seems to be still
very difficult to answer.

We start with the description of core problems that are clear or known for
being irreducible. There are two specific classes of irreducible core prob-
lems:
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« Incompatible single right-hand side CPs (m =7+ 1 and d = 1)

by |01 w1 | 1
b1 02 2 P2
[ Bra Ana ]~ o ~ RN ,
br1 Oq orw  Yn
i bzy12] 0 O ... O | i ry1 |

where b, ; # 0foralltsand o, > 02 > ... > o > 0in the first, and ¢; > 0,
1, > 0 for all ts in the second representation.

o Compatible single right-hand side CPs (m =7n and d = 1)

b1 | o1 e1 |
bay 02 P2 Yo

|:Bla All,a}w . . ~ . 5
bﬁl On Pr ¢ﬁ

where b,; # 0 foralltsand o, > oy > ... > o > 0in the first, and ¢, > 0,
1, > 0 for all ts in the second representation.

In both cases the irreducibility follows immediately from the fact that d = 1.
Clearly, nonnegative integer partitioning of d = d, +d; always yields one d; =
0, i.e., the jth component is degenerated with empty right-hand side, i.e., it
is fully degenerated (see Table 5.2). Therefore, any decomposition of such
problems would be trivial [B;, A11] = [B1, A11]8][00,0, 00,0, but we are interested
only in the nontrivial decompositions. (Note that these two representations
are originated in the core problem revealing by the SVD of the system matrix,
and by the (generalized) Golub—Kahan iterative bidiagonalization; see [22].)

The straightforward question, whether there exist irreducible core prob-
lems with d > 1, was positively answered in [4, Exampe 4.5], where it is
shown that

3 -1 3 |v3 V3
[ Bio Ana ] 1 2 -3 -1 |Vv3 —V3
1,a 1l,a | — 4 2 \/g \/g 1 -3

L]LV3 =33 1

is actually the core problem and it is irreducible. The irreducibility is there
proven by exhausting all possibilities, i.e., essentially by considering all pos-
sible dimensions of potential subproblems and searching the whole corre-
sponding orthogonal group.

Clearly, this approach can be applied also to other particular problems
(with concrete numbers) with similar structure (i.e., having the same dimen-
sions, the same multiplicities of singular values, etc.). However, it seems that
the analysis of such problem with similar structure is untreatable in general.

Consequently, we leave questions of decomposability of proper core prob-
lems, and of characterization of general proper irreducible core problem
open. We are going to focus on them in future research.
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5.3.6 Summary of steps |-V

In steps (particularly) I-1V we have shown, that for any A € R™*", B € R™*¢,
there exist orthogonal matrices P’ € O,,, Q' € O,,, R’ € O,,,, such that

R 0 Biow 0 0]Ans. 0
PT[B A}{O Q,}: 0 Big 0 0 0 |,
0 0 0] 0 Ay

where

» the proper core problem A, ,, B; is of minimal dimensions,

» the degenerated core problem right-hand side matrix B, s is of maximal
dimensions and square invertible,

e and the core problem complement system matrix Ay, is of maximal di-
mensions.

In the terms of decomposition (see (5.21), (5.24), (5.28), (5.22), and (5.23))

[B A}N[Bl,a All,a:| \

d

E=! [ Opa—a Yoo }

the core
problem

EE

[ 00(B1g) 019 })

~
Il

1

7\

e
ko
S
min(m—m,n—m) e E
o
B Hﬂ [ 010 0¢(A22) } % £
=1 s 2
. o Q
[ Opn—mm)—(n—m).0 Om—m)—(n-myo | If m—"m > n Q %
H n — O
n

n_
000 Ooo | ifm-m=n-—
n_

| 000 Oo,(n—m)—(m-m) | ifm—-—m < )

We also know, that the proper core problem [B, ., A11.4] can be further de-
composed and this decomposition is finite.

5.4 NOTE ON TLS SOLVABILITY IN
THE CONTEXT OF COMPOSITIONS

Finally, we would like to briefly note on the TLS solvability in the context of
(core) problem (de)composition. The most important results in this direction
are mentioned in papers [5], [4], and [10] (the copy of the latest one follows
this section).
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The TLS minimization is orthogonally invariant, which is why we are work-
ing with orthogonally equivalent classes of problems, but it is hot composi-
tion invariant. In particular, the core problem reduction more-or-less com-
mutes with the TLS minimization (up to the ‘detail’ that it has to be replaced
by the non-generic approach for problems from classes 7, F3, and S); see
Section 1.2 and papers [5] and [4]. However, as a consequence, the basic
decomposition to the core problem and the core problem complement is al-
ways useful when searching for the TLS solution. That is so simply because
the core problem complement system matrix Ay, can always be ignored in
the minimization as it has no impact on the solution anyway.

On the other hand, the decomposition of the core problem itself and the
TLS minimization does not commute at all: TLS minimization is essentially
driven by the singular values of the extended matrix [B, 4], i.e., when ap-
plied on the composed problem, it deals with all the components at the same
time, in general. Respectively, it depends on the mutual distribution of sin-
gular values of the individual components — but this might be completely
random, especially when the components are in some real-world problem
originated in completely different uncorrelated phenomenons. This may re-
sult, e.g., in full damping or regularizing-out some components with suffi-
ciently small singular values (and consequently the norm; in comparison to
other components); see [4, Example 5.3]. The other way summarized by:

First decompose, then solve, and finally compose solutions

may therefore end up with completely different answers; see [4] and [10].
Two of the previous results or observations may be, however, useful in
the context of this ‘first decompose, then solve’ reasoning:

» The degenerated subproblem [B, g, 0, o] Within the core problem (see
Section 5.3.3) represents a ‘pure residuum’. There is clearly no way
to approximate the square invertible matrix B; s by columns of zero
(moreover empty) system matrix Om,o. The only available choice for
the corresponding approximate solution clearly is the empty (and thus
also zero) matrix 0z,

e On the other side of solvability spectrum, there are the compatible
components within the proper core problem (see the second class of ir-
reducible core problems in Section 5.3.5). Such problems can be solved
in the classical sense. Consequently, contrary to the previous item,
these problems do not contribute to the residuum at all. Moreover,
since such problem is still the core problem (satisfying in particular
(CP1) and (CP4) properties), its system matrix is always square invert-
ible and, thus, its solution is always unique.

How such subproblems affect the TLS solution of a composed problem,
while solving it at once (i.e., not component-wisely), is not fully clear. As

78



already mentioned, it is strongly influenced by the interplay of singular val-
ues of the individual components. The analysis of such interplay of several
components w.r.t. the TLS solvability was preliminarily studied in particular
in our paper [10]; see the included copy at page 83.
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Abstract. Linear matrix approximation problems AX ~ B are often solved by the total
least squares minimization (TLS). Unfortunately, the TLS solution may not exist in general.
The so-called core problem theory brought an insight into this effect. Moreover, it simplified
the solvability analysis if B is of column rank one by extracting a core problem having
always a unique TLS solution. However, if the rank of B is larger, the core problem may
stay unsolvable in the TLS sense, as shown for the first time by Hnétynkova, Plesinger,
and Sima (2016). Full classification of core problems with respect to their solvability is
still missing. Here we fill this gap. Then we concentrate on the so-called composed (or
reducible) core problems that can be represented by a composition of several smaller core
problems. We analyze how the solvability class of the components influences the solvability
class of the composed problem. We also show on an example that the TLS solvability class
of a core problem may be in some sense improved by its composition with a suitably chosen
component. The existence of irreducible problems in various solvability classes is discussed.
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1. INTRODUCTION

1.1. The core problem theory. Let us consider a linear approzimation problem
(1.1) AX ~ B, where A€ R™*" Be R™* X ¢ R"*?

are matrices representing the system matrix of a discretized model, observation ma-
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trix of measurements (together forming the data matrix [B, A]), and the matrix
of unknowns, respectively. For simplicity we usually assume R(B) € R(A) and
R(B) € N(AT), otherwise the problem has either a solution in a classical sense
AX = B with X = A'B, or the column spaces of both matrices are orthogonal
ATB = 0 and it makes no sense to approximate columns of B by columns of A,
(where R(K), N(K), and KT denote respectively the range, null-space, and Moore—
Penrose pseudoinverse of K).

The core problem theory developed in [8], [4], [5] gives the following. For ev-
ery (1.1), there exist orthogonal matrices P € R™*™ PT = p~L Q ¢ R™»*"
QT =Q ', Rec R¥™ RT = R1 50 that

Air O ] [Xn X12] N [31 0

1.2 PTA TXR)= = (PTBR),
) raguetxm= N 0 TR < [t < et
with conforming partitioning of matrices (i.e., in particular, A;; and B; have the

same number of rows) satisfying the following three conditions:

(CP1) The matrix A1 is of full column rank.

(CP2) The matrix By is of full column rank.

(CP3) Let Ay have ¢ distinct nonzero singular values with multiplicities p; and
pier1 = dim(N(A47;)), and let U} be matrices having orthonormal bases of
left singular vector subspaces of A;; as their columns.

The matrix (U]{)TBl is of full row rank pj for j =1,...,§+ 1.

In [8] and [4], it was shown, that (CP1)-(CP3) are equivalent to the minimality
of [B1, A11] (and maximality of Ass) over all orthogonal transformations giving the
same zero-nonzero block structure of the system and observation matrices. Note
that [8] focuses on the case d = 1, i.e., when B and therefore also By are vectors,
while [4] focuses on the matrix right-hand side case d > 1. The minimally dimen-
sioned subproblem

(13) A11X11 ~ Bl

is called the core problem (within (1.1)) and (1.2) is the core problem revealing
transformation.

1.2. The total least squares minimization. Problems of the form (1.1) are
solved in many applications by using plenty of different approaches, usually based
on least squares techniques. Total least squares (TLS) minimization represents one
of them. It typically seeks for

. i E j B CR(A+E
(1.4) GER’”XI;H,IEER’”X“H[G’ llF subject to R(B+ G) C R(A+ E)
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(where | K||r denotes the Frobenius norm of K). Then any matrix X 'S satisfying
(A+ E)X™S =B +aG

is called the TLS solution of (1.1).

The TLS problem differs from the basic (ordinary) LS in including a correction F
of the model matrix A into the minimization formulation. Problems, for which
a TLS solution represents better approximation than a LS solution have been widely
discussed in the literature in the past decades. A nice overview can be found, e.g.,
in [10], Chapter 1.2 or [7]. For example, the TLS approach is advantageous in
classical errors-in-variables (EIV) models, where the aim is to reveal the existing
unknown model (representing relations between variables) from its approximation A
rather than obtaining a precise approximation of X, or in cases where model errors
are significantly larger than observation errors. The TLS method is applied (under
various names) in areas such as experimental modal analysis, system identification,
signal processing, image processing or chemometrics, see [7] for references, where LS
often fails to give reliable approximations.

However, allowing corrections of A in (1.4) has significant impact on the solvability
of the minimization problem. While LS solution always exists (and one can uniquely
select a solution with minimum norm), this is no longer true for TLS. The existence
and uniqueness of X ™5 has been analyzed in many papers starting from [1], [10], [12],
[13], and in particular [14]. Moreover, the so-called nongeneric solution was defined
in [10] for cases where the standard TLS solution does not exist or is complicated to
construct (as revealed and explained later in [3]). The question of TLS solvability
of a general problem (1.4) was finally resolved in [14] and [3]. In particular, [3]
introduced a novel full classification of problems (1.1) with respect to their TLS
solvability. The problems (1.1) are there divided into four solvability classes and for
each of them the (non)existence and (non)uniqueness of the TLS solution is proved.
Thus, the solvability class of a given problem reveals how its approximate solution
can be computed, and what is the meaning of this solution in terms of the original
data.

The TLS minimization (1.4) employs the Frobenius, i.e., orthogonally invariant
norm, and the core problem revealing transformation (1.2) is an orthogonal trans-
formation. Thus the TLS minimizations applied to the original and transformed
problems result in the same minima (up to the transformation). Taking into ac-
count the zero blocks in the transformed right-hand side (1.2), it is reasonable to
put Xi2 = 0, Xo1 = 0, Xo2 = 0. Consequently, using the core reduction as a sort
of preprocessing of the data A, B, it is obvious that we in fact need to solve the
single nontrivial and typically smaller subproblem—the core problem (1.3). The link
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between the TLS solution of the core problem and the TLS or non-generic solution of
the original problem if d = 1 was explained in [8]. There it was also proved that the
core problem with d = 1 is always uniquely TLS solvable. For problems with d > 1,
the first attempts of clarification were published in [2]. In particular it was shown
that if d > 1, the core problem may stay unsolvable in the TLS sense. However, com-
plete classification of core problems with respect to their solvability is still missing.
Such knowledge would indicate in which cases the core reduction simplifies the solv-
ability of the TLS problem, and clarify the meaning of the TLS solution of the core
problem with respect to the original data. Thus we study this open question here.

1.3. Contribution of this work. In this paper we present some further pieces of
the missing mosaic. We show which solvability classes are possible for core problems
with d = 2 and d > 2, resulting in full solvability classification of core problems
with respect to the number of their right-hand sides. Then we concentrate on the
so-called composed (or reducible) core problems introduced in [2]. Such problems
can be equivalently represented by a composition of several (in some sense block
independent) core problems of smaller dimensions. Assuming the solvability classes
of the components are known, we analyze feasible solvability classes of the resulting
composed problem. We also show on an example that the TLS solvability of a core
problem may be in some sense improved by its composition with a suitably chosen
component. For completeness, examples of irreducible problems in various solvability
classes are presented.

The text is organized as follows. Section 2 recapitulates the TLS classification, the
previous TLS solvability results for core problems, and the core problem composition.
Section 3 gives the full solvability classification of core problems with respect to the
number of their right-hand sides. Section 4 analyzes solvability classes in the course
of core problems composing. Section 5 comments on the irreducible core problems,
and Section 6 concludes the paper.

2. RECAPITULATION OF KNOWN RESULTS

2.1. Classification of TLS problems. First of all we briefly recall the above-
mentioned full classification of problems with respect to their TLS solvability devel-
oped in [3]. It employs the singular value decompositions (SVD) of the data matrix
[B, A] € R™*(+d) (we assume m > n + d for simplicity; in the other case one can
add zero rows to the data matrix, which is equivalent to adding (n + d) — m zero
singular values). Let

diag(o1,...,0n+d)

R™X (n+d)
0 © ’

(2.1) [B,A] =UXVT, whereX =
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let ¢ (0< g<n)ande (1<e<d)bethe left- and right-multiplicity of 41, €.g.,

(22) Op—q > Op—q+l = --- =0On41 = ... = Opte > Ontetl

(g + e)-tuple singular value

in the typical case (if ¢ = n or e = d, then 0,4 Or 0pteq1 do not exist, respectively).
The classification is then based on ranks of individual blocks of V,

. v= L b el

—~
n—qq+ed—e

(if ¢ = n or e = d, then [V;3, VJE]T or [Vi5,V55]T have no columns, respectively).
Then (1.1) with the minimization (1.4) belongs to the class:
F if rank([Via, Vi3]) = d (so-called generic problem), in particular to its sub-class:
F1 if rank(Vis) = e,
Fo if rank(V12) > e and rank(Vi3) =d — e, or
F3 if rank(V13) <d-—e (i.e., F=FLUFU .7'—3); or
S if rank([Vi2, Vis]) < d (so-called non-generic problem).

The problem has a TLS solution if and only if it belongs to F; U Fa, as shown in [3].
Thus problems in F3US (i.e., even the generic problems in F3) have no TLS solution.
This classification has been recently extended to TLS formulations with an arbitrary
unitarily invariant norm in (1.4), see [11].

Note that the so-called classical TLS algorithm (see [10], [3]) returns the TLS
solution only for problems from F;, moreover it always returns the solution minimal
in both the Frobenius and spectral norms. For problems from F3, the algorithm
requires a small modification (see [6]), but it is not able to return the minimal norm
solution in general.

2.2. Solvability of core problems. The key result proved in [8] for d =1 is the
following: The core problem with single right-hand side has always the unique TLS
solution X{JS. Moreover, its back-transformation X = Q [(XELS)T, O}T R" (since
d =1, R becomes equal to 1 or —1) is the (unique or minimum norm) TLS solution
of the original problem (if it is TLS solvable), or the so-called (unique or minimum
norm) nongeneric solution (otherwise).

In the context of solvability classification, it was shown in [3] that a problem
AX ~ B with a single right-hand side belongs either to F; or &, and the core
problem A1; X711 ~ B; with a single right-hand side belongs always to F1. (Recall
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that all problems in F; are TLS solvable, whereas in S they are not.) Note that
in [2] it was also shown that any core problem (ie., with d = 1 as well as d > 1)
in Fi has a unique TLS solution.

Since the solution of the original problem and the core problem within are closely
linked, authors of [8] say that for d = 1 the core problem contains only the neces-
sary and all the sufficient information for solving the original problem in the TLS
sense. Therefore, the transition from the original general problem (GP) to the core
problem (CP) is called the core problem reduction. To simplify the exposition, we
schematically describe this by the diagram:

core problem
_—

(2.4) (GP,1,Fy or S) (CP,1,F1),

reduction
where the first component of each triplet identifies whether we deal with general or
core problem, the second component specifies the number of its right-hand sides d,
and the last component denotes its solvability class. In the general case d > 1, such
scheme takes the form:

core problem

(2.5) (GP, d, any class) (CP,d,unknown class), d>d>1,

reduction

since nothing is known about the resulting class of the core problem.

2.3. Composing of core problems. In [2], it was shown that we can compose
the core problems as follows. If Aglf X fll) ~ By), l = «, B, represent two core problems
(i.e., each satisfies (CP1)—(CP3)), then the problem

Al o B o
(2.6) A1 X1 = (PT [ 1 ] Q) X~ (PT [ ! ] R) = Bi,
0o AW 0o BY

where P, ), R are orthogonal matrices, also satisfies (CP1)—(CP3) and therefore
represents a core problem. We call such a core problem composed or reducible.
Schematically, we describe the composition by the sign “BH” with the particular
summands indexed by small Greek letters from the beginning of the alphabet.

The relationship between X f?), X 1(? ), and X1, is not clear, except for some special
cases. In particular, it was shown by examples in [2] that there exist two components
such that

(2.7) (CP,1,F1)a B (CP,1,F1)g = (CP,2,F1) or (CP,2,F,) or (CP,2,S).
Further, there exist three components such that
(2.8) (CP,1,F1)o B (CP,1, F1)g B (CP, 1, F1)y = (CP, 3, F3).
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Thus the core problem with d > 1 can belong to any of the four solvability classes.
Note that not every core problem with d > 1 can be written as a composition of single
right hand-side core problems. In [2], an example of irreducible F» core problem was
presented.

Even though we have excluded compatible problems (i.e., with R(B) C R(A)) and
“fully incompatible” problems (i.e., with R(B) C N (AT), or equivalently R(B) L
R(A) or ATB = 0), a component of a core problem can still have such properties. If
we try to find the core problem within a fully incompatible problem, we see that B;
is square invertible, and formally A;; has no columns, i.e., the data matrix takes the
form [Bi1, A11] = Bi. Such degenerated core problem can play a role of a component
(which cannot be approximated and only increases the residual) in a composed prob-
lem. The degenerated component is always of F;. For illustration, we give examples
of the proper incompatible, compatible, and degenerated core problems (or their com-
ponents) A;; X1, &~ By, A;; € R™*? B; € R™*?, with d = 1. Their so-called SVD
forms always look like

by S1
b1 | <1
b 1
n | e
[B1, Al = | ; : . , and [b1],
bn S ' '

b [0 0 ... 0 bn on

respectively, where b; # 0 and ¢; > g1 > 0. Clearly m = n + 1, n, and 1 in these
three respective cases, and n = 0 in the last one.

3. SOLVABILITY CLASSES OF CORE PROBLEMS WITH RESPECT TO THE NUMBER
OF THEIR RIGHT-HAND SIDES

The single right-hand side core problem always belongs to the class Fi, see [8].
Examples of 5, and S core problems are in (2.7) built up from two single right-hand
components, whereas F3 core problem in (2.8) is built up from three, see [2]. This
motivates a question whether the number of right-hand sides d restricts the available
classes of core problems not only for d = 1 but also for d > 1. We analyze this below.

3.1. Core problems with two right-hand sides. The following theorem gives
all possible classes for d = 2.

Theorem 3.1. Let A1 X1, ~ By, B; € R™*¢, be a core problem with d = 2 right-
hand sides. Then the core problem belongs to the class Fi, Fo, or S. Equivalently,
the core problem with d = 2 cannot belong to the class Fs.
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Proof. Recalling that there exist composed core problems with d = 2 in Fi,
Fo, and S (see (2.7)), we only need to exclude Fs.

Assume by contradiction that there exists a core problem with d = 2 in F3. The
classification is based on the ranks of blocks of V' (see (2.3)), and the class F3 is
characterized by rank([Vi2, Vi3]) = d and rank(Vi3) < d — e, where e (1 < e < d) is
the right-multiplicity of the singular value o,41. Since d = 2, we have e € {1,2}.
The inequality rank(Vi3) < d — e = 2 — e then implies that

(31) e=1, rank(Vlg) =0, and Vi3€ R2x1,

Because the number of columns of Vi3 is equal to the sum of multiplicities of singular
values strictly smaller than o,,, 1, we see that there is only one simple (possibly zero)
singular value with this property, i.e., 0,,41 > 0p42 = 0. Here we need to use another
property of core problems that has not been mentioned yet:

(CP5) Let [B1, Aq1] have x distinct nonzero singular values with multiplicities o;
and gy41 = dim(N([By, A11])), and let V] be matrices having orthonormal
bases of left singular vector subspaces of [By, A11] as their columns.

The leading d x p; submatrix of Vj' is of full column rank o; for j =
1,...,x, X+ 1; see [5] and [2].

We see that [V5, Vo5] ™ is one of the matrices V;, and Vi3 is one of the d x g; blocks.

Therefore, Vi3 has linearly independent columns, i.e., is of rank one which is in

contradiction with (3.1). O

Note that in the case of composed core problem (i.e., having two single right-hand
side components), this theorem directly implies that, schematically:
V(CP,1,F1)a, V(CP,1,F1)g,

(CP,1,F1), B (CP,1,F1)s = (CP, 2, Fy), (CP,2,F3), or (CP,2,S),

or equivalently
(CP,1,F1)o B (CP,1,F1)p # (CP,2, F3).

3.2. Core problems with three and more right-hand sides. First we prove
a theorem stating that it is always possible to compose a general core problem with
a single right-hand side component without changing the solvability class.

Theorem 3.2. Let AgoloXﬁ‘) ~ Bﬁa), Aﬁ‘) € RmaXna, B§a> € RMeXda he g core
problem (that will serve as a component) and let it be in the classC € {Fi1, F2, F3,S}.
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Then there exists a single right-hand side component Ag?Xl(f ) & B§B ), Aﬁ) €
RmeX"1p B§B> € R™s*1 such that the composed core problem

AP o B 0
AnXxp= (P77 H Xu~ (P77} R)=B
1nXn ( [ 0 A® Q)X 0o BY 11,
is also in the class C.

Schematically: V(CP,d,,C)q, 3(CP, 1, F1)g such that
(CP,da,C)o B (CP, 1, F1)p = (CP,ds + 1,C),

where C € {Fy, Fa, F3,S}.

Proof. Let UEO‘), i=1,...nq + dqo, be the singular values of the a-component
[B; (o) Agoﬁ] Denote q;, ¢; the left- and right-multiplicity of the singular value of inter-
est, i.e., 07(“11 Construct a core problem representing the S-component [B§B ), Agﬁ”]
arbitrarily with the only restriction that

B
07(1;+1 = 07(10;)+1

Since dg = 1, the singular values of the S-component are simple and thus the left-

and right-multiplicity of aff; )+1 is g¢ = 0, eg = 1. Then in the partitioning of the

VO matrix from the SVDs of the extended matrices, we get
Vl(a) — [Vl(la) , V1(2a) , V1(3a)] } da, VI(B) — [Vl(lﬁ) V(B)] } 1
—— ——  —— H/—/
Na — o o+ €a dy — €4 ng 1

here V1 ) does not exist (it has zero columns). Moreover, V(B ) = v%ﬁ 72 41 # 0. Then,
similarly to (3.3),

v o
Vii,Vig, Viz] = R
[Vi1, Vg, Vis] 0 V1(B)
a a @ \Illl
—R Vi v o V1(3 ) T
- (8) (8)
o vl o v®| o -
Clearly,
(@)
V 0 o
rank(Vj2) = rank (RT [ 102 8) ]) = rank(V,$") + 1,
Uling+1
V(a) (@)
rank(Vi3) = rank (RT [ 15 ]) =rank(V}3 "),
and rank([Vig, Vis]) = rank([V;$", V&) +
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where Vig € R0+ 14 ¢ RO*(d-¢) =, +1, d—e=do—e€q S0 e =eq+1, and
g+e=(qq+eq+1s0q=q, Thusthe a-component [B§a), Aﬁ”] and the composed

core problem [Bi, A11] are of the same class. O

Consequently, applying the theorem to examples of core problems with d = 2
from [2], see (2.7), we find there exist core problems with d = 3 in Fy, > and S.
Recalling the example (2.8), we see that for d = 3 there exist core problems in all
four solvability classes. For d > 3, we can proceed analogously giving full solvability
classification summarized in Table 1. Note that for any given d > 1 and any feasible
class, we can find a composed core problem having only single right-hand side com-
ponents. This result is interesting in view of the fact that any core problem with
d =1 belongs to Fi (the set of problems having always the TLS solution).

d Classes
1 Fi —_ = —
2 Fi Fo — S

3 and more Fi Fo F3 S

Table 1. Core problem with d right-hand sides belongs to one of the following classes.

3.3. Note on composing identical components. In general, it is not known
what is the relation between the class of a composed problem and the classes of its
components. Now we show that when a core problem is composed with itself, the
solvability class cannot change. The theorem gives another way how to construct
composed core problems in selected classes.

Theorem 3.3. Let A1 X1 ~ By be a core problem. If it is composed of two
(or more) identical components AY' XY ~ B\"), then the core problem and its
component belong to the same class.

Schematically:

V(CP,dw,C)a, (CP,dy,C)o B (CP,dy,C)a = (CP,2d,,C),
k
and thus also @(CP,dQ,C)a = (CP, kd,,C),
where C € {F1, Fa, F3,S}.
Proof. The statement holds trivially for compatible and degenerated compo-
nents. Therefore, we focus on the proper incompatible components. Recall that
B™ o o |4y o o elo
[Br,Aul=P"| 0 . 0o | 0 . 0 [0 Q]
o o B 0 o AY
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=P' I, B | I, A% [*\72]

where “®” denotes the Kronecker product; A( ) € R XM B(a> € RMexda p =
kne, m = kma, and d = kd,. Consider the full SVD (B{*) A<a>] U@ @) ()T
with square U(® and V(%) with partitionings
(3.2) v = | Fa o Vi) = (v, v v

V, }na

as in (2.3). This immediately gives the SVD of the composed problem in the form

T (a) T
[B1, An) = (PT(Iy © UC)I) (I7 (I, © $(@) ) <[§ I g] [221‘20‘)] q;) ,

Vv

where II and ¥ are permutation matrices sorting the singular values in the nonin-
creasing order on the diagonal of 3. Since the permutations realize the commutation
of the Kronecker product

o' (1, @ 2w = 2@ @ 1,

where ¥ is square, we have simply II = WU, see [9]. Note that multiplicities of all
singular values are in the composed problem k-times larger than in its component.

(@)

Let us focus on V' and denote v, the jth column of Vl( ). Then we get

(3.3) Vi = [Vi1,Vi2, Vis| = R™ (I}, © V™)
_RT[Ik®'U()Ik®’U() Ik@“nam ].

Clearly, the dimensions of V;; in (3.3) are k-times larger than the dimensions of Vigm
n (3.2). From the structure of the last matrix, and since R is orthogonal, we see
that

rank(Vj;) = rank(RVj;) =k - rank(Viga)),

i.e., also the ranks of V;; are k-times larger than the ranks of Vig.a>.

Since the solvability classification is based on multiplicities of singular values, ranks
and sizes of the blocks (in particular on the relations between these quantities), and
all these quantities are in the composed problem just k-times larger, the component
and the composed problem must belong to the same class. |

Theorems 3.2 and 3.3 formulate basic relations between solvability classes in the
course of core problems composing in two special cases. Further results are given in
the next section.
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4. SOLVABILITY CLASSES IN THE COURSE OF CORE PROBLEMS COMPOSING

In all cases discussed previously (see Theorems 3.2 and 3.3, and examples (2.7)),
a composition of core problems leads to a composed problem with the same or worse
TLS solvability on the scale

F1 (the best)—Fo—F3—S (the worst).

Recall that F; problems always have a TLS solution (that can be computed by
the classical TLS algorithm), and core problems have a unique TLS solution; F»
problems also have a TLS solution (that cannot be simply computed by the classical
TLS algorithm); F3 problems are still generic, but they have no TLS solution; and S
problems are nongeneric and have no TLS solution. Such scale naturally corresponds
to “removing the linear independence” from the upper right corner of V' (see (2.3)
and the classification below) and motivates the question whether the composition
always worsens the TLS solvability. First we build up an illustrative example, then
some general statements follow.

4.1. Does the composition always worsen the TLS solvability? The fol-
lowing example illustrates that composition of core problems can counter-intuitively
improve the TLS solvability class. First, we give a particular example of an F;
single right-hand side core problem. Then we start to compose it to obtain more
complicated problems.

Example 4.1. Consider the approximation problem
(4.1) [Zi] TR [jll)js] , where a; > b >0,
s =sin(p), ¢ =cos(p), ¢ # ink, k € Z.

0 c —s]t
B(l) A(l) = arc ars -1 ay
1B, Aui] —bis  bc 1o blls ¢
is in principle the SVD of the extended matrix. Since m; = 2, n; = 1, d; = 1, so

USRH = b; is simple, so ¢ = 0, ¢; = 1, and Vl(l> = [¢, 8], Vi2 = [s], and Vi3 has no

Then

columns. Consequently (4.1) is of class F; and has a unique TLS solution.

To show that (4.1) is a core problem, we need to verify that it satisfies (CP1)—
(CP3). Clearly Aglf as well as BY) are of full column rank, i.e., (CP1) and (CP2)
hold. Employing the SVD

o 1 as —be]\ [V@T TR o
All_( (als>2+(blc>2[bzc zD[ 0 [
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it is easy to see that both

1 2 12
W)TBY = ( [al$]>B§l) __ (af = bi)es ’
(a;s)2 + (bjc)? [ bic (a;15)2 + (bic)?

(Ué)TBY) _ ( 1 [7610])351) _ 72albl
(a15)? + (bic)? | ws (a;s)? + (bic)?

are (one-by-one) full row rank matrices, i.e., (CP3) is satisfied. Consequently (4.1)
is a core problem of the class Fj.

Now we take two particular choices of the parameters a;, b; in the example above,
such that the composition of (4.1) with a single right-hand side degenerated compo-
nent results in a core problem in § and Fi, respectively.

Example 4.2. Consider the core problem (4.1) with | = «, a, = 3 and b, = 2.
Consider the core problem (4.1) with | = 8, ag = 5, bg = 1. Compositions of
these problems with the same degenerated component [B\", 4{7] = [BY)] = [4]
(belonging also to F1), gives composed core problems with the following SVDs

T3 0[3s7 10 1 o1 14|00y r0|c]|-51"
(4.2) —25 0|2 =100 1llo|3]oll1]0] 0] ,
Lo 4|0o] [1 0 o] lo]o Lo|s]| ¢ ]
5 0557 11 0 01 r5|0|lo7re|lo|=s7"
(4.3) ~1s 0|lel =100 1|!0|4 of1| o] .,
Lo 4|0o] [o 1 ofJLlojo|1]Lls|o]f ¢

respectively. The partitioning (2.3) of the matrices V is suggested by the lines. Then
(4.2) is of class S, while (4.3) remains in the class Fj.

Thus we have two proper incompatible core problems (both with d = 2) which we
now compose together.

Example 4.3. Consider the core problems (4.2) and (4.3). Their composition
results in a composed core problem with the following extended matrix and its SVD:

[ 3c 0 3s '|
[Bf)‘) 0 A ] 25 0 2
Bn] = | B 0 0 4 0
b [ B 0 AP 5¢ 0 5s
0o BY 0 ~1s 0 le
0 4 0
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I 010 7T[5]0 01T ¢ —s 1"
00 1 0|4 0 1 0
_ 1 0 0 410 O c —s
1100 03 0 1 0
0 0 1 0|lo 2 0|s ¢
10 1 0] Lolo 1] Ls|o0 ¢ |

The partitioning (2.3) of V is again suggested by the lines. Clearly, we got a core
problem with d = 4 that is of the class Fs3.

If we denote problems (4.2) and (4.3) as - and e-component, respectively, the
composition above can be schematically expressed as follows:

((CP,1, F1)a B (CP,1, Fy),) B ((CP, 1, F1)s B (CP, 1, F1),) = (CP,4, F3).
(CP,2,8)s (CP,2, F1).

Now we look at the whole process the other way. Having in hand a problem of
the class S (i.e., nongeneric one), its composition with a suitable F; problem may
result in a problem in F3 (i.e., it becomes generic). This can be seen as a form of
correction, or improvement of the J-component in terms of TLS solvability classes.
Such improvement can be done in general, which will be investigated in the next
section.

Remark 4.4. Since the core problems composition is associative and commu-
tative (up to a permutation of components), the problem from Example 4.3 can also
be expressed as follows (classes of the intermediate problems or components can be
seen directly by crossing out suitable rows and columns of the SVD in Example 4.3):

(CP747‘F3) = ((CP, lafl)a Hﬂ (CP7 lafl)ﬁ) Hﬂ ((CP? 17-7'—1)7 Hﬂ (CP7 17-7'—1)7)

(CP727-7:1)0¢EE|B (CPaQa]:l)'yEEl'y
= ((CP,1,F1) B (CP,1, F1)s B (CP,1,F),) B(CP, 1, F1),

CP737 S)aEElBEEl'y
CPa 17 ]:1)7 tH (CP7 17 -7:1)7) HH(CP’ 17 fl)ﬁ

(CP737]:3
= ((CP,1,F)s B (CP,1,F,

(CP, 3, F1) ey

(
= ((CP’ 17-7:1)a & (

af~yHy

)
), B (CP, 1, F1),) B(CP, 1, F)a.

The first and the last row show that a composition of two F; (in the first row one
proper incompatible and one degenerated; in the last row two proper incompatible)
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components may result in an F3 problem. Recall that for two single right-hand side
(i.e., F1) components, such composition is not possible (see Theorem 3.1 and the
comment below), and therefore it was not observed in [2].

4.2. Improvement of nongeneric problems. The following theorem shows
that it is always possible to move a nongeneric (i.e., class S) core problem to the
class of generic problems by composing it with another problem representing a sort
of correction of the measured data, see Example 4.3.

Theorem 4.5. Let AP X% ~ B{*) A(®) ¢ gmaxna B® ¢ Rmaxda be a core
problem (that will serve as a component) and let it be in the class S. Then there
exists a component Agff)Xff) ~ B§B>, Aﬁ) € Rmexms, B§B) € R™#*ds such that the
composed core problem

A(a) 0 B(a) 0
A11X11 = (PT [ 1 :| Q) X11 ~ (PT [ L :| R) = Bll,
0o AY o BY

is in the class F = F1 U Fa U F3.
Schematically: Y(CP,dq,S)q, 3(CP,dg,C)s so that
(CP,dn,8)a B (CP,dg,C)g = (CP,dy + dg, F),

where C € {.7'—1,.7'—2,.7'—3,8} and F = FL U F U F3.

Proof. Let [B*, AlY)] = @@ y(@)T be the SVD with the partition-
ing (2.3) of V(®). Further, let

o>l > 50l

Na—qa?
be the singular values of Vl(la ). Let k be the number of distinct singular values
k
of Vl(lo‘> with the multiplicities o;, j =1,...,k; i.e,, Y 0j = Na — ¢o. Consider also
j=1
a partitioning of Vl(la ) with respect to these multiplicities,

Vi = (VL VS VL] € RIaX(mamae) - wigh V) € Rdaxes

being of full column ranks. Since the a-component is nongeneric, i.e., of class S,
Vi, V1(3a>] has linearly dependent rows. Let ¢t be defined so that

(4.4) rank ([V{7), VT Vi VY V) ) = da,  and
rank ([Vi{{) - VL V) VS0 ) < da.
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Now we construct a suitable S-component. Consider an arbitrary S-component
such that it belongs to F; (thus [Vl(f >,V1(3B >] € R%*ds ig square invertible and
qg =0) and

(8)
ng+1

(@) (@)

g 014 tor—141 = = Ooittoi14or

=0

i.e., the eg-tuple singular value of the S-component corresponding to Vl(zﬁ ) is equal
to the gs-tuple singular value of the a-component corresponding to Vl(ff 2 Then the
block V; € R ("+4) with d = d, + dg, n = na + ng, from the SVD of the composed
problem takes the form

[Vl(laiﬂ Tt 1(10‘271 0
Vi=|Vi1, Vi, Vi3] = ' '
1= Vi1, Va2, Vi3] [ 0 v®
« « « « (e \II
‘ V1(1,2 (() ) [V1(1,2+17 Tt Vl(l,l)c]7 V1(2 )7 V1(3 ) 0 ] = I
B
0 VY 0 vy "

ot +eg (0t41 + ..+ 0k) + (do + ga) + (dp — €p)

To align the blocks suggested by the vertical lines with the partitioning [V11, Vi, Vi3],
(a) 0

the (n+1)st (i.e., the dth last) column of V] has to be in [Vn*t ) ] Equivalently
0 Vi

d=dao+ds > (0t4+1+ ...+ oK) + (da +qa) + (dsg —€p), ie.,
eg > (0e41+ -+ + 0k) + Ga-

Recall that also eg < dg, see (2.2)—(2.3). Thus, put

eg=(0t4+1+ ...+ 0k) +qo+1, and
dg=(0t41+...+tor)+qg+14+4A, A=0.

Then Vl(gﬁ) € R%*A and Vi3 € R(datds)x((err1t . Fer)+(dataa)H(ds—es)) = Rax(d=1)
We see that blocks are aligned and the (n + 1)st (dth last) column of V; is exactly
the last column of Vi5. Since (4.4) is of full row rank d, and [Vl(f ), V1(3B >] is square

invertible of rank dg,

[V12 V13] = [Vl(lo"z 0 [Vl(lofzﬂ’ e "Vl(loj’)“]’vl(;)’VI(ga) : ] [I ]
’ o v 0 1A U5

is also of full row rank d = d, + dg, and thus the composed problem is of class F.
It remains to show that there always exists a S-component satisfying all the re-
quested properties. We take the simplest one,

(4.5) B, A = (B{"] = Ué?l...wt,l+1Igt+1+...+ek+qa+1,
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i.e.,,ng = 0 (it is a degenerated component), mg = dg = eg = (gt41+. . .+ 0k)+qa+1,

B _ (B a
A =0, and Ufw)ﬂ = a§ ) = U{gll---"’gt—l"’l
from the SVD of [B;B ), Agfi)] contains only the block V1(2B ) (the other blocks have no

rows or columns, see (2.3) and the classification below). Moreover, V(%) = Vl(zﬁ ) =

with the multiplicity eg. The matrix v

Toi1+...+ortqa+1 is Obviously square invertible. O

Note that we proved slightly stronger variant of Theorem 4.5. Instead of looking
for a general [-component, we restricted ourselves first only to the class F7, and
then only to the degenerated (class F1) components. However, such restriction was
used only for simplicity and it is not necessary (see in particular Example 4.3).

Recall further the definition of ¢ in (4.4). Instead of ¢, we may use any o, and
Vl(lof )T, 1 < 7 < t, in the roles of g; and Vl(lof 2 for the construction of a S-component
in the proof. In particular, we may simply use a degenerated S-component in the
form! [B{", 49) = [B?)] = 6{*)I,,_ ;1 instead of (4.5). Our choice in (4.5) is in
some sense the minimal one (since ¢ is maximal among all 7’s, A = 0 is minimal
among all A’s, and both minimize the dimensions of the S-component).

Moreover, the resulting composed problem has in its SVD the block Vi3 that
contains [V12a V1(3a)] as a submatrix. Since [Vl(za), V1(3a>] € Rdax(dataa) g >0, has
linearly depeondengc) rows and the number of its columns is larger than or equal to the
[Vf;‘) Vi) ]
and in particular Vi3 have linearly dependent columns. Consequently, the prol())lem

number of columns, it has also linearly dependent columns. Thus also

composed in the proof above does not belong to the classes F; and F5. We actually
proved that, schematically:
V(CP,dw,S)a, 3 (CP,dg, F1)s so that

(CP,da,S8)a B (CP,dg, Fi)g = (CP,dw + dg, F3),

where the S-component is degenerated. This motivates a general result as follows.
Let us return back to the original, less restricted case: If we compose the a-
component of the class § with an arbitrary S-component so that the resulting com-

(a) (@) /(e
posed problem is in F, then (see in particular (4.4)) [Vbl,t] and [Vlo2 Vlg ] have

to be submatrices of [Vi2, Vi3]. Since the singular value corresponding to Vl(ff 2 is

o (a) yr(a)
strictly larger than the singular value corresponding to Vl(2 ), [V12 V103 ] is a sub-

matrix of Vi3. Consequently (as discussed above), if the composition results in an

! Note that the so-called TLS algorithm when applied to the composed problem with this
choice of a S-component returns a zero output.
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F problem, it always belongs to F3. The classes F; and F» are not available. We
formulate this observation as a corollary.

Corollary 4.6. Let AgoloXl(?) ~ B§a> be a core problem in the class S, and let
Ag?Xl(f )~ B§B ) be an arbitrary core problem. Their composition cannot result in
a problem in the class Fi or Fo.

Schematically: V(CP,dy,S)q, Y(CP,dg,C)g,
(CP,dn,S)a B (CP,dg,C)g # (CP,dy + dg, Fi1), (CP,dy + dg, F2),

where C € {F1, Fa, F3,S}.

In other words, we are able to move a class S (nongeneric) problem to the class F3
(generic, but without a TLS solution), but no better result is achievable by employing
the approach above. The TLS solvability of a nongeneric core problem cannot be
improved by its composition with another core problem.

4.3. Available and unavailable classes. Table 2 summarizes all the known
available compositions of two core problems in terms of classes, see (2.7), Theo-
rems 3.3, 3.2, Example 4.3, and Remark 4.4.

B J1 Fo F3 S

Fi Fi, Fa, Fz,or S * sym. sym. sym.
Fa2 Fo Fa sym. sym.
F3 F3 F3  sym.
S FzorS ™ S *

Table 2. List of known available compositions of two core problems (components) in terms
of classes. Stars (x) denote cases where all four possible results have been analyzed
(cf. Table 3). The table is symmetric.

On the contrary, at the end of the previous section we have found for the first
time a combination (of classes of components and a class of the resulting composed
problem) that is not achievable. Consequently, it is clear that all 40 combinations
are not available for core problem compositions. The following theorems discuss two
more such cases. First we prove the assertion of Corollary 4.6 also for F3 problems.
Then we show that a combination of two S class core problems results in a composed
problem belonging again to S.

Theorem 4.7. Let AY XY ~ B{") be a core problem in the class Fs, and let
Ag?Xl(f )~ B§B ) be an arbitrary core problem. Their composition cannot result in
a problem in the class Fi or Fo.
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Schematically: V(CP,dq, F3)a, V(CP,dg,C)g,
(CPadaaf3)a tH (CP,dﬁ,C)ﬁ 7é (CP,da + dﬁa]:l)a (CP,da +d57]:2)7

where C € {Fy, Fa, F3,S}.

Proof. Firstof all note that the assertion is trivially true for F3 problems which
are composed, and contain an S component (use Corollary 4.6 and the associativity
of core problem composing). Now consider a general F3 problem as the a-component
with partitioning of the matrix of right singular vectors as usual. Then the blocks
of V1% = [V, V5 VY] € Ritax(natde) gatisfy:

[V V)] € Rdex(dataa) g of full row rank do, and

V1(3a> € Réax(da=ea)  has linearly dependent columns (and rows, e, > 1).
Recall that Vl(za ) corresponds to the singular value 07(10;) 1 with multiplicity qq + eq.
Consider also the SVDs of the S-component and of the composed core problem, in
particular the matrices Vl(m € R¥sx(ms+ds) and Vi = [Viy, Vig, Vig] € RIX(ntd),
Clearly,
[ 1() 0 ]\I,:[Vﬁ) V1(2) V1(3) 0

i= \
1 0 VI(B) 0 0 0 VI(B) ?

where the permutation matrix ¥ sorts the singular values originated in both com-
ponents into nonincreasing order. Thus ¥ does not change the ordering of columns
of V; originated in one particular component, it only interlaces them with the columns
originated in the other component.

Assume that the composed problem is in the class F. Then [Vig, Vig] is of full
row rank. Since the a-component is of F3 and V1(3a> has linearly dependent rows,

[Vl(();) Vig ) ] is a submatrix of [Vi2, Vi3]. Thus 0,41 (the singular value correspond-
ing to the Vi3 block of the composed problem) satisfies oy,41 = op_+1. Since V1(3a )
corresponds to singular values strictly smaller than o1, [Vl(ga) ] is a submatrix of
Vi3. Since V1(3a> has linearly dependent columns, V3 has linearly dependent columns

as well. Consequently, the composed problem cannot belong to F; or Fo. |

Theorem 4.5, Corollary 4.6, and Theorem 4.7 together are of particular impor-
tance. They show that while class S problems can be moved to F5 (but no better
improvement is possible), F3 problems cannot be improved further. Consequently,
the set of F3 and S core problems is in some sense closed with respect to compositions
with core problems from other classes. This indicates that the distinction between
F3 and S problems is rather artificial, as it originated in the generic—nongeneric
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classification introduced in [10]. Recall that in both F3 and S, the TLS solution
does not exist. Now we show that the class S is closed in a slightly weaker sense.

Theorem 4.8. Composition of two (or more) class S core problems always results
in a class S problem.

Schematically: V(CP,dq,S)a, V(CP,dg,S)s,
(CP,dn,S)a B (CP,dg,S)s = (CP,dy +dg,S),
or equivalently
(CP,dn,8)a B(CP,dg,S)s # (CP,do + dg, F), F=F1UJFUFs.

Proof. Let Agll)Xfll) ~ BY), Aglf € Rmuxm BY) € R™x*d for | = o, B be two
core problems in the class S. Consider their SVDs [B{", A{)] = UOxO (V)T with
the partitionings

V(l> v O 07y
VO[] = [ b b J k9D <
3

We are interested in the singular values afp 11>l = a, 8. There are two cases: Either

flo‘)H = affﬁl, or a( ) 11> a(m (the third case 07(1 )+1 < affj)ﬂ is essentially the

same as the second, only with the exchanged roles of a- and (- components).
Case 1. Let 07(10;)“ = afféll. Then the SVD of

B o |4aY o 1[R]|O0
[Bl’ All] - PT |: 1 0 :| |: :|

o BP0 o AP||o]q

gives V' with the structure
(@) (@) (@) Y1
V 0 |V 0 |V 0
_ pT | V11 12 13 dx (n+d
Vl =R [ 0 V(B) 0 V(B) 0 V(B):| I €R X )’

11 12 13 Vs

where n = no +ng, d = do + dg. It remains to verify whether the vertical lines

correspond to the partitioning of Vi = [Vi1, Via, Vi3] with respect to 0,41, i.e.,
whether o, is the singular value 07(1 ) 1= Opt1
. ) d v o
Since V,; € R4*(m=a) e have 101 - € R?*(n=4a=45)_ Because q; > 0,
11

we have n — go — gg < n+1, i.e., the (n + 1)th column of V; does not belong to the

122

102




(@)

first block. Similarly, from V1(3l> € RIx(di—e) we get [V1§ V?B)] € RIx(d—ea—eg),

Because ¢; > 1, then d > d — e, — eg, i.e., the (n + 1)th column (which is actually
also the dth last column of V1) does not belong to this last block.

Consequently, ,4+1 = 07(10;)“ = Uff?ﬂ and it has multiplicity ¢ + e, where ¢ =

Ga + qp is its left-, and e = e, + ep is its right-multiplicity. Since both [Vl(zm, V1(3l>]
for I = a, 3, have linearly dependent rows, [V11, V2] has linearly dependent rows as

well, i.e., rank([Vi1, Vi2]) < d. Finally, the composed problem is of the class S.

Case 2. Let aff(i) 1> aff? 1 1- Then the SVD of the extended matrix gives V' with

much more complicated structure of V;. Here the relations between ag} ), e ,aff?

and aff(i) 1 have to be taken into account. In particular there may be singular values

(@)

strictly larger than, equal to, and smaller than o, 7

1~ To reflect this, we introduce
the formal partitioning

V) = VIR VIR Vi € weos)

without specifying the dimensions of the individual blocks. Then

\
v o = |

B
0 Vl(lB)

I

Vil 0o 00 ][
0 Vi vy vy I o

but the partitioning suggested by the vertical lines may not correspond to the parti-
tioning of V4 = [Vi1, Vig, Vi3] with respect to o,,4+1. However, the number of columns
of the first suggested block is less than, or equal to n — ¢, — g3. Since q; > 0, we
have n — g — g3 < n+1 and thus the (n + 1)st column of V] is either in the second,
or in the third of the suggested blocks. The matrix [Via, Vi3] is then in general a
submatriz of the matrix formed by the last two suggested blocks.

Since [Vl(za ), V1(3a>] has linearly dependent rows, the matrix formed by the last two
suggested blocks has linearly dependent rows, i.e., it is of the rank strictly smaller
than d. Therefore, any of its submatrices is of rank strictly smaller than d, and in
particular rank([Vi1, Vi2]) < d. Thus the composed problem is of class S. |

Table 2 of known available compositions of core problems (in terms of classes)
can now be complemented by a list of known unavailable compositions in Table 3,
see Corrolary 4.6 and Theorem 4.8. Both tables together indicate combinations that
require further investigation.
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H F1 Fa F3 S

Fi — Sym. sym. Sym.

Fo sym. sym.

F3 Fiand Fo  Fpand Fo Fp and Fo sym.

S Frand Fo * Frand Fp Fpand Fy JFi, Fo, and F3 *

Table 3. List of known unavailable compositions of two core problems (components) in
terms of classes. Stars (x) denote cases where all four possible results have been
analyzed (cf. Table 2). The table is symmetric.

5. EXISTENCE OF IRREDUCIBLE CORE PROBLEMS IN VARIOUS CLASSES

All particular examples of core problems discussed in the previous sections (e.g.,
when filling up Table 2) have been composed from single right-hand side components.
However, in [2] it was shown that there exists an irreducible (nondecomposable) core
problem with d = 2 in F». For completeness, we show by examples that there exist
irreducible core problems with d = 2 also in F; and S. Recall that an F3 problem
with d = 2 does not exist, see Table 1.

Consider three problems A1 X; ~ By, Aj; € R¥™*2, B; € R*¥2
given in forms of SVDs of their extended matrices:

Example 5.1.

r4 0]o0]o7 F—1 3‘\/§ V3 T
0o 3(oflol]1] 3 1 |V3|-V3
(5.1) [B1, A1 =14 —
0 ol2]l0({31v3 V3|1 3
L0 ofof1l] V3 —V3|-3| 1 |
3]0 oo -1‘ -3 V3| V31
012 ofo 113 -1 V3|-V3
(5.2)  [B1,Aul=1L -
olo 2]0{{31v3| v3 1 3
L0]0 Of1] V3| —v3 =3 1_
-4 0007 'ﬁﬁ‘o‘o
0o 3lofo|l]|1]-1 1 1|1
. By, Ayl =1 -
(5:3) [1’“]400202 o [v2]v2
Lo 0|01l =11

The second problem has already been presented in [3] and [2], it is included for com-
pleteness. Note that the matrix of the left singular vectors may be chosen arbitrarily,
we use Iy for simplicity. The partitioning of the right-most matrices of the right sin-
gular vectors corresponds to (2.3). Clearly, the problems above belong to the class
F1, Fa, and S, respectively.
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Now we show that they represent core problems. Since all three matrices [B1, A11]
are of full column rank, A;; and B; are also of full column rank. Thus the problems
satisfy (CP1) and (CP2). Matrices A;; have simple singular values

1
§1,2:§\/25:|:3\/§, §1,2=\/4i%ga =|/>+

respectively. It is easy to find their left and right singular vectors (e.g., by using
MATLAB with Symbolic Math Toolbox)?, and to verify that (CP3) is satisfied as
well. Consequently, all problems represent core problems with the SVD forms

bin biafsi O

bar ba2 [ 0
5.4 > >0
( ) ba bz | 0 O ;o S1 > 62 s
bar ba2 [ O O

where the only two free parameters (up to sign changes) are hidden in:

> the transformation of the right-hand side B; = By G, by some orthogonal matrix
GE = G;ll € R?*2; and

> the choice of the orthonormal basis (let it be stored in the columns of the ma-
trix U}) of the two-dimensional N'(AT,), i.e., U; = UG, GT = G7' € R**2,

Both of them involve the left bottom block of (5.4), in particular

(5.5) [b31 bs2

] = (U5)TBy = GL((U3)" B))GE.
bar  ba2

It remains to show that the problems are irreducible. In general, if a core problem
is composed, its SVD form must be composable from SVD forms of its individual
components. Recalling that any single right-hand side component in the SVD form
has the right-hand side with all entries being nonzero (see [8]), the right-hand side of
a composed core problem in the SVD form (5.4) must be orthogonally transformable
to a chess-board-like pattern of zero and (strictly) nonzero blocks. Consequently,
if [B1, A11] is composed then there exist orthogonal matrices (elementary Givens
rotations) G, and Gg transforming (5.5) to a chess-board structured (ﬁé)Tél Since
(5.5) is of full row rank (see (CP3)), the only possibility is to (anti)diagonalize it.
bs1 532]

But with diagonal (ﬁé)TEh (5.5) in principle represents an SVD of [ e b
a1 baz

2 See for example the code included as supplementary material to [2]. MATLAB codes for
verification (by numerical and symbolic calculation) for all three problems are on request
freely available by the authors.
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Calculation of this SVD therefore fixes the free parameters represented by G, Gg.
Application of these matrices to the whole (5.4) then either reveals the chess-board
structure, if the problem is composed, or not, if it is irreducible. Now it is easy to
verify that neither of the three problem is composed.

There is no systematic method for the construction of irreducible core problems
with the given number of right-hand sides in the given class. However, the examples
above support the expectation that there exist irreducible core problems in all classes
for any d > 3.

6. CONCLUSIONS

In this paper, we have investigated solvability classes of core problems within linear
approximation problems with multiple observations. We have presented the full
solvability classification revealing that, in particular, the core problem with two right-
hand sides cannot be in the class F3. Then we have concentrated on the relations
between solvability classes while core problems composing. It has been shown that
any nongeneric (class S) problem can be moved to generic (class F3) by employing
a particular data correction represented by a composition with a single right-hand
side core problem. However, the TLS solution of the corrected problem still does
not exist. We have shown that the set of core problems without a TLS solution (i.e.,
F3US) is closed with respect to composing its elements with components from other
classes. Moreover, the set of core problems in the class S is closed with respect to
composing its elements together. Finally, we have presented examples of irreducible
core problems with two right-hand sides in all available classes.

The main results are summarized in Tables 1, 2, and 3. Results can be divided
into four types of assertions (C € {Fy, Fo, F3,S}):

Existential (based on examples)

A(CP,dy, F1)a, 3(CP,dg, F1)p: (CP,dw, F1)a B (CP,dg, F1)s = (CP,do+dg, F1).
A(CP,dw, Fi)a, 3(CP,dg, Fi)g: (CP,du, Fi)a B (CP,dg, Fi)g = (CP,da+dg, F2).
A(CP,dw, Fi)a, 3(CP,dg, Fi)g: (CP,du, Fi)a B (CP,dg, Fi)g = (CP,da+dg, F3).
A(CP, do, Fi)a, 3(CP,dg, Fi)s: (CP,du, Fi)a B (CP,dg, Fi)g = (CP,do+dg,S).

Semi-general
V(CP,do,C)a, 3(CP,1,F1)p: (CP,dq,C)a B (CP,1, F1)s = (CP,do+1,C).
V(CP,do,S)a, I(CP,ds, F1)p: (CP,da,S)a B (CP,dg, F1)s = (CP,do+dg, F3).

General (positive)
V(CP,dq,C)a: (CP,dy,C)q B (CP,dq,C)o = (CP,2d,,C).
V(CP,da,S)a, V(CP,ds,S)p: (CP,da,S)a B (CP,dg,S)s = (CP,do+ds, S).
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General (negative)

v

CP, 1,.7'—1)0” V(CP, 1,.7'—1)52 (CP, 17-7:1)a H (CP, 1,.7'—1)5 7& (CP, 2,.7'—3).

(
V(CP,do, F3)a, V(CP,dg,C)p: (CP,dw,S)a B(CP,dg,C)s # (CP,da+dg, F1).
V(CP,do, F3)a, V(CP,dg,C)p: (CP,dw,S)a B(CP,dg,C)s # (CP,da+dg, Fa).
V(CP,da,S)a, Y(CP,dg,C)g: (CP,dq,S)a B (CP,dg,C)s # (CP,da+dg, F1).
V(CP,du,S)a, V(CP,ds,C)a: (CP,dy,S)a B(CP,ds,C)s # (CP,do+dg, F2).

We see that the TLS solvability of a core problem is strongly influenced by compos-

ing, and till now, it is not clear how to detect the possible (ir)reducibility in general.

Therefore, understanding the properties of the composed problems is important for

the analysis and solution of TLS problems in general.
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GENERALIZED
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6 POSSIBLE WAYS OF MATRIX
RIGHT-HAND SIDE PROBLEM
GENERALIZATION

In this part we present several ways of possible generalizations of matrix
right-hand side linear approximation problems as we have already outlined
in Chapter 2 and sketched in Figure 2.2. The directions of generalization (or
specialization when looking from bottom to top) can be seen in the following
scheme

Ar ~b where A e R™" x e R" beR™
1
AX ~ B where A c R™" X ¢ R4 B ¢ R™*4
N\
A c R™mxn X c Rnxdgxmxdk B c Rmxd2><~~~><dk
~ T ~ ) )
A X1 X~ B) ALXAR ~ B { AL c Rmxn,AR c Rdxc’ X e Rnxc’ B e Rmxd

N
Mg XNg _
(A1, As, ..., Ax| X) = B, where {ASER , fors=1.2,...k

N1 XngX--Xn mq Xmag X---Xm
X el . BeR k,

Namely, the problem with tensor right-hand side (third line left) is covered in
Chapter 7, the bilinear problem with matrix right-hand side (third line right) is
covered in Chapter 8, and the most general multilinear (or k-linear) problem
with tensor right-hand side (fourth line) is covered in Chapter 9.

Note here that when working with tensors we use the notation estab-
lishedin [14] and [15]. The above (in the third line) mentioned product A, x ;X
of the matrix A; = (a;;) € R™*" and the tensor X = (z;, 4, ;,) € R >m2x >
in sth mode is defined as

Ns
(As Xs X)il,...,is_l,i,is+1 ..... i = g —1 Qi * Ty ,oig 1 iy 1yemeife *

Then the other product (in the fourth line) of a tensor with more matrices of
suitable dimensions is defined analogously, and denoted

(Al,Ag,...,Ak|X) :Al X1 (Ag X9 ( X—1 (Ak Xk.)() ))
Each of Chapters 7-9 introduces the particular linear approximation prob-

lem including the formulation of TLS minimization, then introduces the core

M


file:///x/~n

problem within, and the way how it was derived. We also point out impor-
tant properties of core problems and note on available results on solvability.
The results on this topic have already been published in a series of papers,
whose copies are included in the end of this part.
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/ PROBLEM WITH TENSOR
RIGHT-HAND SIDE

The most straightforward way to generalize problems with vector and matrix
right-hand sides is by adding dimension. This means that there will be a
tensor on the right hand-side and therefore also a solution of the problem will
be a tensor. Such problems arise in various applications such as 3D imaging
problems, time-dependent 2D problems, or models arising from linearization
of problems depending on several parameters; see for example [23], [20],
[24]. Results connected to this topic are published in [8]; see also the copy
enclosed on page 141.

/7.1 PROBLEM FORMULATION AND THE
TLS MINIMIZATION

First, we formulate the problem. By linear approximation problem with tensor
right-hand side we mean

A X1 X ~ B, Ae Rmxn’ X e Rnxdgxmxdk’ B e Rmxdgx...xdk; (71)

see [8]. By solving such problem in the TLS sense we mean, analogously to
previous simpler cases (see Chapter 1), solving the minimization problem

1
FE e Rmxn (72)

subject to J A s € R*2xde - (A4 B xq Xps = B+ G.

We call it the TLS problem with tensor right-hand side. Note that we use the
tensor norm as it is defined in [15], i.e.,

m do d L
||g||5(222912112 ..... zk) )

i1=lis=1  ip=1

which is a straightforward generalization of the 2-norm of a vector, or Frobe-
nius norm of a matrix.
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Remark 3 (on TLS solvability). Let us define the matricization of a tensor T €
Rt jn mode s — simply the matrix Tt € Risx(A7/%) where Ay = T[}_, t,,
containing the s-mode fibres (the generalization of the concept of rows and
columns) of tensor T, as columns, in the inverse lexicographical order w.r.t.
their multi-indices; see [15]. Then, in particular

(Agxs X)) = A, X and |G = (1G] ks

see [15]. Consequently, TLS minimization (7.2) can be fully re-formulated in
matrix fashion. Moreover, (7.2) is equivalent to

1
; Rmxigzx » (Ilgll2 + ||E||%>2 subject to R((B + g){l}) C R(A+ E);
 Rrxdax-
E e R

or even to
min I[G E]

G € Rmx(Bs/m)
E e Rm*n

|, subjectto R(BW+G)CR(A+ E);

see also [8]. Note that the last one is the very standard matrix right-hand
side TLS formulation (1.7). This allows to switch between the tensor and the
fully matricized formulations. Therefore, all the results on TLS solvability and
the whole TLS solvability analysis can be directly adopted from the matrix
to the tensor right-hand side case.

/7.2 CORE PROBLEM WITHIN Ax; X =B

Since the TLS minimization (7.2) for the tensor right-hand side problem (7.1)
uses orthogonally invariant norms, we can apply an orthogonal transforma-
tion realized by (k + 1) orthogonal matrices

(P,Q,Rg,...,Rk)E@mx@nx@d2 X"'X@dk,

so the minimization in (7.2) stays unchanged. This transformation leads to
the modified problem

(PTAQ) X1 (QT>R-2|->>RZ|X) ~ (PT>R-2|->>RZ |‘8) (73)

The goal is to find such an orthogonal transformation that the modified
problem has a block diagonal structure (tensors illustrated as being of order
three for clarity)

@b

Ay 0 AR I A
{ 0 Azz} 1 ‘5:‘1212,3‘54‘3?92 ~ 0) (7.4)
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The original problem is, therefore, partitioned into 2* subproblems, in partic-
ular,

A X1 X1 = By, Ay eR™T, X4 € Rmaﬂ'"xak, B, € RWXEQX"'XE]“>
and
Auy %1 Xigyoie 20, (iay.. i) € ({1,2}’“1 \(1,..., 1)),
Agg X1 Xojy 4o =0, (Jo,- .-, k) € {1,2}F7L.
The only subproblem we need to solve is the first one; the others obviously
have zero solutions. The first subproblem with minimal dimensions (among

all possible orthogonal transformations yielding this block structure) is called
the core problem; see [8].

/7.3 CORE PROBLEM REDUCTION FOR
AXl.XFUB

The core problem reduction within the problem with the tensor right-hand
side was published in [8] (notation in the paper differs from the notation here;
we prefer simplicity in the paper, whereas consistency among individual re-
ductions here). It generalizes the procedure of the core problem reduction
for matrix right-hand side problems; see [6]. In the following text we sum-
marize four basic steps of the reduction:

» Right-hand side preprocessing (Section 7.3.1).

o Transformation of the system matrix (Section 7.3.2).

 Partitioning and transformation of the right-hand side (Section 7.3.3).
o Final permutation (Section 7.3.5).

The reduction uses the SVD of the system matrix A and the Tucker de-
composition (or HOSVD standing for the high-order SVD, which is a gener-
alization of SVD for tensors) of the tensor of the right-hand side B; see [25],
[26], [27]; we also refer to [15], where is a great review of the arithmetics
of tensors and tensor decompositions. The Tucker decomposition of the
right-hand side tensor B € R™*%>*d tagkes full and economical forms

7.5
:(R/1>R/2>>R;g‘BTC) ( )

Here
ry = rank (B, s=1,2,...,k,
are ranks of individual s-mode matricizations. Matrices
R, = [R,,R!]€Q,, R,ecR™"mM,
and R,=[R.,,R!|€Q,, R,cR*", s=2,...,k
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moreover, all R, (i.e., s = 1,2,..., k) are square orthogonal matrices of left
singular vectors from the SVDs of B*} and R/ contain only vectors corre-
sponding to nonzero singular values. Finally, Br¢ is the so-called Tucker core,
and diag, realizes the block diagonal composition of the given two tensors
of order £ along the k-dimensional diagonal. (Note that the term Tucker core
is not related to the core problem terminology.)

7.31 Preprocessing of a right-hand side

In the first step we use matrices R, and R, from the Tucker decomposition
of tensor B (7.5) in order to transform the original problem (7.1) to

Axy (I, Ry,...,RL|X)=(AR],....R{|X)~ (I,,R},...,R; | B). (7.6)

This allows us to split the original problem to 2*~! subproblems. Only the
first subproblem has nonzero right-hand side — the Tucker core — and thus
needs to be solved, i.e.,

Ax, X' =B, (7.7)

where
B = (InRy,....,R|B) = (R, 1ny,.... I, | Brc) € R™*"*™*™ and
X'= (L, Ry ,... R X) e R,

The remaining (2¥~1 — 1) problems have zero right-hand sides and therefore
also zero solutions. Matrices B'*}, i.e., s-mode matricizations of the right-
hand side tensor B’ are of full row rank equal to rs having mutually orthogonal
rows for all s = 2,...,k, thanks to the Tucker decomposition.

7.3.2 Transformation of the system matrix

In the next step we aim to transform the system matrix to a simpler (diagonal)
form. We use the SVD of the matrix A4, i.e.,

A=UxVT, UeQ, XeR™" Ve,
Let A have ¢ distinct nonzero singular values
o1 > 09> >0¢ >0,
and let y;, i =1,...,&, be their multiplicities, i.e.,
3

> pi =rank(A).

=1
Further, denote

pes1 = m — rank(A) = dim(N(A")),  ver1 = n — rank(A) = dim(N(A)).
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Thus

Y= diag(allm s Oelpe s Ougyy very ) (7.8)
The SVD is then used to transform problem (7.7) so that
(UTAV) x; (VT 5, X))~ (UT x1 B)), 7.9)

by X1 y ~ f,
with diagonal system matrix, and where

y:VT Xl‘)(/ = (VT>IT2>"'>IT1€‘X/) = (VT>R/2T>...,R;€T‘X) ER”XMX"'XW,
F=UT x1 B = (UT’IM,...,IT]C ‘B’) — (UT>R/2T,...,R;€T ‘B) € RMXT2X Xk

7.3.3 Partitioning and transformation of the right-hand side

In the next step we will transform the right-hand side while preserving the
already achieved diagonal structure of the system matrix. The goal of this
transformationis to get as many zero blocks (in the form of whole zero fibres)
in the right-hand side tensor as possible. In order to do that, we consider
the following partitioning of F w.r.t. multiplicities of singular values of 4, i.e.,

F
Fh— | | ermx@s/m) where  F, e REX(AF/m),

Fe
Fe

fori =1,...,¢,¢+ 1, and where Az = m - [[}_, 7. Recall that all the other
matricizations of tensor F, i.e.,

Flsh ERTSX(AI/TS), s=2,...,k,

are of full row rank equal to r, having mutually orthogonal rows (due to the
right-hand side preprocessing). Let

n; = rank(F;)
and consider (semi-economical) SVDs

©;

O#i—ﬁiﬁi

FZ:LZ[ }W;T,

where
L, eO

and where, in particular:

T XTis A T
w0 EREXE W € R(AF/M)¥E;

e O, is diagonal invertible of order 7;, and
W/ have orthonormal columns, i.e., W/TW/ = I,
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fori=1,...,§&+ 1.

Define orthogonal matrices

LU = d|ag(L1, e ,Lg, L€+1) € ©m>
LV = diag(Ll, R ,Lg, L,§+1) € ©n>

Since (7.8), we get
LLSLy =%,

so the problem (7.9) can be further transformed, while preserving diagonal
system matrices, to

(LLELy) x1 (Ly, x1 Y) = (L], x1 F),

(710)
by X1 Z H,

with diagonal system matrix, and where

Z :L-\r/ X1 Y= (L-‘F/,Im,...,]m ‘y) c Rnxmx...Xm’ and
H :L-[rj le: (L-(rbITzw--aIrk ‘f) € Rmxrgx...xm.

7.3.4 Note on structure of the right-hand side

It would be useful to look at the structure of the new right-hand side of (7.10).
Clearly,

LIF

Hi = (L(TJ X1 ]:){1} — L(TJ]:{l} — e R™*(Ax/m)

TLgFg
L§+1F£+1
has block-rows

.
LTF, = { 0. ] = { i ] € Ruix(Bn/m),

O#i_ﬁivA}_/m O#i_ﬁivA}'/m

with zz; nonzero and mutually orthogonal rows (followed by 1; —7i; zero rows).
Consequently, since the full row rank matrix

H, € RF*Bn/m)
is a block-row in 1-mode matricization of tensor #, this tensor contains blocks
H; € RF<T>m - suchthat  H' = H,

followed by zero blocks 0,, 7, rs,....., fOri =1,...,& &+ 1.
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7.3.5 Final permutation

Now we want to aggregate the relevant information revealed in the nonzero
blocks of the right-hand side H to get the block structure as in (7.4). To
achieve that we need to find permutation moving the nonzero block #;, i.e.,
nonzero block-rows H; of #1} up while moving the zero block-rows down. It
can be realized by the permutation matrix

7] 0 0 | Imo—ﬁl ] 0 0
he—Tg
IE& 1 0
i 0 0| 0 ) 0 0 [I“§+1_E§+1 ]
since

(I, i H)W =11, H

H, T
Oﬂl_ﬂpA’H/m H,
) : {1}
:H-II-J [ Hg 1 = H€ = |: 0 lil :| 5
Opse—ig,A0¢/m He m=m, A /m
H§+1 | Or—m Agy/m
| 0#§+1—ﬁ§+17AH/m

where m = Zf;l ;. We see that we interpret the upper nonzero part of the
tensor (11}, x; H) as
Bl c Rmxrgx~~~><rk’

i.e., the core problem right-hand side tensor; see (7.4).

The multiplication of the whole approximation problem ¥ x; Z ~ #H by the
permutation matrix I1}; in the first mode, i.e., the application of II]; from the
left on its 1-mode matricization 221} ~ #{1},

(I, %1 (2 xq 2)W =11,(2 x, 2) =12zt = 1 o) 2™ ~ 1] 7,

results in shuffling the diagonal structure of the system matrix . In order
to keep the system matrices as much diagonal as possible — in particular
block-diagonal with diagonal blocks — we need another permutation matrix
that compensates the action of the first permutation as much as possible. It
is easy to see that such matrix is

fml 0 ] ,0 ] 00

HvE = E@n
]| o )0
0 0 0 L.,

119



Then

Ay
I}, Sy = diag( diag(o1 s, - 0k, Op 0
7.11)
. Ay 0 (
?|ag(01]#1_ﬁ1, T ’Uﬁlﬂé_ﬁé’ 0/‘§+1_ﬁ§+17yﬁ+12> = |: 011 Ao :|
A22

is the wanted block-diagonal structure; see (7.4).

7.3.6 Summary of the reduction

Let us summarize the whole reduction. Starting with (7.1) we proceed: right-
hand side preprocessing (7.7), transformation based on SVD of the system
matrix (7.9), right-hand side decomposition (7.10), and final permutation. In
total we get

(@LLuT) ALty ) o (L LIVT), RE, . Y| )

.....

An 0 =~ .
|: 0 A22 :| ><1 X ~ dlagk(Bl, Om_m7d2_a2 dk—ak)’

the core problem revealing transformation (7.3), (7.4). Clearly,
P=ULyll;, and Q= VLI,

and

The minimality of this construction is discussed in [8]; see also [6].

Remark 4. Note that the matrices R, = [R., R!] originated in the right-hand
side preprocessing stay unchanged during the rest of the whole process.
However, till this moment we worked only with their parts R.; nhow we use
the whole orthogonal matrices. It was only in order simplify the exposition.
Using the parts causes the reduction of the right-hand side tensor while
omitting all the zero 1-mode fibres; these are, however, not influenced by
the first orthogonal matrix. Now we want to describe the whole orthogonal
transformation.
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/7.4 PROPERTIES OF CORE PROBLEM
WITHIN Ax; X ~B

The above described core problem reduction guarantees the following prop-
erties of the core problem

An x1 Xia = By

within the linear approximation problem with tensor right-hand side (see [8]):

*(CP1) Ay € R™ ™ is of full column rank equal to 7.

*

(
(
(

«(CP2) B} € Ré-*(25:/d:) are of full row rank equal to d,, for s =2, ... k.

CP3) UTBY e RFE*(2s:/™ are of full row rank equal to 1z,, fori = 1,...,&,€+1.
CP4) [Bf}, Ayy] € R™x(+4s,/m) s of full row rank equal to m.

Recall that we denote Az, = m - H’;ZQ dy, and columns of U; form the basis
of the ith left singular vector subspaces of A;; (including the null-space of
Al). Among the above listed properties of the core problem, the first three
asterisked are in fact equivalent to the minimality of such subproblem. Note
that the core problem has a bunch of further interesting properties; see in
particular [8] and also [11, Appendix A].

Remark 5 (on TLS solvability). Here we are in a very specific situation —
the TLS minimization for the tensor right-hand side problem is equivalent
to the TLS minimization of its matricized version; see Remark 3. Thus, we
may consider core problem reductions of both, the tensor problem and its
matricized counterpart, schematically:

CPR
Ax1 X =B — An x1 Xa =By

(de)matricization |

CPR
[

AX ~BWU =B An Xy~ By

Obviously, we can try to close the loop in this diagram and to consider two
matrix right-hand side problems:

e the matricized & then reduced By, A1),
« and the reduced & then matricized B, Ay,

and the straightforward question will be, whether both are the same.

First, from properties (CP1) and (CP3) of the matrix and of the tensor
right-hand side problems we easily get that both problems share the same
system matrix A, (up to possible orthogonal transformation). However, the
right-hand sides are in general different. The reason is simple: the core
problem reduction in the tensor settings needs to keep the tensor structure
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of the right-hand side. In particular, it cannot reduce all the 1-mode fibres
of B to the linearly independent set of size d, because the total number of
remaining fibres needs to be the product of (k — 1) (rather general) natural
numbers dy, i.e., in general
k
d<]]de

(=2

Compare (CP2) properties for both core problems (we reformulate the first
one using transposition):

(CP2) Bl € R™™ js of full row rank equal to d.
(CP2) B € R&=x(25,/d:) are of full row rank equal to d,, for s =2,... k.

Comparing both transformations (1.11) and (7.3) we can immediately see that
both right-hand sides are the same (up to an orthogonal transformation)
when

R=R;,® --® Ry,

i.e., when the matrix R from the standard matrix core problem reduction has
this special so-called Kronecker product (denoted by ®) structure.
Consequently, in terms of ordering (see Chapters 4 and 5),

B, C Bi{l}, and [31 Aqy } C [Bil} Aqy }

In other words, the tensor core problem Ay, x, X..1 ~ B, can be further re-
duced after matricization in general. Since the true (final) matrix core prob-
lem A, X, =~ B, may belong to any of the TLS solvability classes F,, F,, Fs,
and S (see [5], [4], and [10]), we presume the same behaviour of the tensor
right-hand side core problem in general.
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8 BILINEAR PROBLEM WITH
MATRIX RIGHT-HAND SIDE

In some real applications problems with bilinear models naturally arise (see
[16] and [17] for the problem formulation and their application). Results con-
nected to this topic are published in [9]; see the copy enclosed on page 167.

8.1 PROBLEM FORMULATION AND THE
TLS MINIMIZATION

Let us introduce the approximation problem with a bilinear model and matrix
right-hand side

ALXAL~ B, AL € R™™ Ag € R, X € R™¢, B ¢ R™*¢: (8.1)

see [9]. The TLS minimization can be generalized as follows

e L5 ]
G c Rmxd ER 0 I
E € Rm>n (8 2)
ER c Rdxc )

subject to I X7is €R™C ¢ (AL + E) X1is (AR + ER)" = (B+G),

see [9]. We call it the bilinear TLS problem with matrix right-hand side.

Remark 6 (on TLS solvability). In this case, even though there are no tensors
in the game and it is fully matrix formulated, the TLS solvability analysis for
the matrix right-hand side problems as presented in [5] cannot be simply
used. Some analogy or generalization of solvability classes Fi, F, F3, and
S, has not been studied yet (up to the knowledge of the author).

On the other hand, some results in this direction (however discussed from
the more practical computational point of view) are already presented in the
works [16] and [17].
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8.2 CORE PROBLEM WITHIN A;XAL~B

Making use of the orthogonal invariance of the norm in the TLS minimization
(8.2), we can transform the problem (8.1) with four orthogonal matrices

(P,Q,R,K) € 0, x0, x0, x 0,4
such that
(PTALQ) (Q"XR) (RTARK) ~ (P'BK), (8.3)

and the minimization in (8.2) stays unchanged.
The goal is to find such orthogonal transformation yielding a block diag-
onal structure of the problem

|:AL,11 0 ] |:X11 X12:| |:AR,11 0 }Tz{Bl 0] (8.4)
0 AL Xo1 X 0  Ara 0 0] '

The original problem can be, therefore, partitioned into four subproblems, in
particular,

A nXnAgy =~ B, Al € R™T, Agy € R, Xy e RTC, By € R™
and
T T T
AL,11X12AR722 ~ 0, AL,22X22AR722 ~ 0, AL,22X21AR711 ~ 0.

The only subproblem we need to solve is the first one; the other three ob-
viously have zero solutions. The first subproblem with minimal dimensions
(among all possible orthogonal transformations yielding this block structure)
is called the core problem; see [9].

8.3 CORE PROBLEM REDUCTION FOR
T ~

The core problem reduction within the bilinear problem with the matrix right-
hand side was published in [9] (notation in the paper differs from the notation
here; we prefer simplicity in the paper, whereas consistency among individ-
ual reductions here). It generalizes the procedure of the core problem re-
duction for matrix right-hand side problems; see [6]. The procedure now
consists of only three steps:

o Transformation of the system matrices (Section 8.3.1).

» Partitioning and transformation of the right-hand side (Section 8.3.2).

o Final permutation (Section 8.3.4).

The right-hand side preprocessing is not necessary here, it is done implicitly.
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8.3.1 Transformation of the system matrices

First, we want to transform the matrices A, and Ag to the diagonal forms.
Therefore, we start with their SVDs, i.e.,

A =03V, U, €0, XeR™" V €0,
Ag = UpVVg, Ug€eQ WeR¥™ VieO..
Let A, and Ag have ¢ and ¢ distinct nonzero singular values, respectively,
o1 > 09> >0 >0, and Py > Py > > >0,
andlet u;,i=1,...,¢ and §;, j =1,...,¢, be their multiplicities, respectively,

ie.,
3 ¢

> pi=rank(A), and ) 4; =rank(Ag).

i=1 j=1
Further, denote

pies1 = m — rank(Ay) = dim(N(A])), ver =n —rank(A4y) = dim(N(AL)),
dcr1 = d —rank(Ag) = dimM(N(AR)),  Yes1 = ¢ — rank(A4g) = dim(N(4g)).
Thus,
Y= diag<UIIM1 s Oedue s Opgy vy )7 (8.5)
U =diag(yils, . -\ Ucls. s Osyyimvess )-
Using the SVDs, the problem (8.1) is transformed to

(UTAV) (VX WR) (VR ARUR) ~ (U] BUR),

8.6
YYUT &~ F (8.6)

with diagonal system matrices, and where

Y = VX Vi € R™, and  F =U'BUg € R™,

8.3.2 Partitioning and transformation of the right-hand side

In this step we want to preserve the achieved diagonal structure of system
matrices, but also get as many zero rows and columns in the right-hand side
as possible. In order to do that, we consider the partitioning of ' w.r.t. mul-
tiplicities of singular values of A, and Ag, i.e.,

Fip - Fi¢  Figa
F = : .. : : c Rmxd’ Where E,j c R/Lixéj’
Fero oo Feeo Feen
F£+1,1 e F£+1,C F{—i—l,(—l—l
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fori =1,...,&,¢(+1and j = 1,...,¢(,¢ + 1. For simplicity we denote the
block-rows and block-columns

Fij

Fiy= [ Firy o Fig, Fiopn | €REXY Fy = 3 e R0,
Fe;
Feivj

Let

fi; = rank(F; ) and 0; = rank(Fy ;)
and consider (semi-economical) SVDs

O,

R,j°
Oi 71,7,

Fix = L, { } W', and  Fy,;= WFlt,j[ Or; 05,53, |Ln

where
Li; €0y, O € RFF W, e R™M,
Lrj € Os, Ogy € R Wy € R™,
and where, in particular:
e O, Og; are diagonal invertible of order 1, §;, respectively, and

o W/, Wy, have orthonormal columns, i.e., W’[Z.W(’i =1z, W{jWF’{’j =I5,

fori=1,....,§,(+1andj=1,...,(,(+ 1.
Define orthogonal matrices

Lig=diag(Liy, .-, Lig, Ligr1) € Oy,
Liy=diag(Liy, ..., Lig L,.,) € Oy,
Lpy = diag(Lry, ..., Lre, Lre41) € Og,
Lpy =diag(Lry,-- -, Lre, I,,) € O,

Since (8.5), we have
LIySLiy=% and  Li,VLgy = V.

Thus, with the use of these matrices the problem (8.6) can be further trans-
formed, while preserving diagonal system matrices, to

(LI,UELL,V) (LE,VYLR,V) (LE,V‘I’TLR,U) ~ (LE,UFLR,U)>

8.7
SZU" ~ H, (87)

with diagonal system matrices, and where

Z=L{,Ylgy € R™,  and H=L] FLpy € R™.
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8.3.3 Note on structure of the right-hand side

It would be useful to look at the structure of the new right-hand side of (8.7).
Clearly,

L FiaLey -+ L{ FicLpg L 1 Ficp1lresn
H=1L] ,Flpy = : : 5
’ TLE,gFmLR,l e TLE,gFacLR,c TLE,5F5,4+1LR,<+1
Ll Ferialry o L Fericlre L gy Fericilrer

has block-rows and block-columns

1T
@L,ZW L,Z’

T
)u‘l_ﬁwd

T T i
] Lru, LiyFx jLr; = LL,U[ WeOr; Ons, 5, |

With_ﬁi nonzero and mutually orthogonal rows (followed by p; —7i; zero_rows),
and ¢, nonzero and mutually orthogonal columns (followed by 4, — 0; zero
columns), respectively. Thus

H, . 0— - -
J :0;—0; X3
Hir%5=0% ) H; j € RF0,

1 —Ti;,0 O#i —7i,05 =0

T —
L] F; ;L = { .

Moreover, note that block-rows and block-columns

Hy;

_ CH1% : E41 T,
[ Hi,b s >Hi7(j> Hi7(:+1 € R#iX(ijl 5])7 ) € R(Zizl #i)X5]>
He;
Heia,

are of full row rank, having mutually orthogonal rows fori =1,...,¢,£+1, and
of full column rank, having mutually orthogonal columns for j =1,...,¢(,(+ 1.

8.3.4 Final permutation

Now we again want to aggregate the relevant information revealed in the
nonzero blocks of the right-hand side H. This can be done by a pair of per-
mutation matrices

Iz 0 i
[ 01 :| 0 0 [Iﬂl—m :| 0 0
HL U = ]E 0 S ©m>
0 [ Oé } 0 0 [Iﬂg—ﬁg } 0
- I 1} - [ 0 }
i 0 0 [ 0 0 0 Tug i —mgpr ]
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Iry = 0 [I%} 0 0 {1 0 ] 0 € Oq,
0 d¢—9¢
0O --- 0 [IXCH} 0 0 {1 o }
i 0 S¢4170¢+1 | |
since
[ [ Hia 0]  [Hy 0] [ Higa 0] 7
| 0 0 | 0 0 0 0
M oHey =Ty | [ Hey 0] [Hee 0] [ Heenn 0] |Hev
| 0 0] | 0 0 | 0 0
Hepan O Heae O Hepaomn 0O
0 0 0 0 0 0
i H1,1 Hl,(j H1,¢+1 i
- Om,d—a Bl Om —d
= Hg,l ce H&C H&C-i—l = |: 0 —_ 0 i; - :| ’
Hepin oo+ Hepro Hepron T e
L Om—m,d—a Om—m,d—a .

where m = S/ i, and d = > 571 5;. We see that we interpret the leading

1=

principle nonzero submatrix of (I , H1lr ;) as
Bl c Rmxﬁ’

i.e., the core problem right-hand side matrix; see (8.4).
Similarly as in the tensor right-hand side case (see Section 7.3.5), multi-
plication of the whole approximation problem by both permutation matrices

(I ;%) Z (V' ry) ~ 1] gy

results in shuffling the diagonal structure of the system matrices ¥ and V. In
order to get matrices in block-diagonal form with diagonal blocks we employ
two other permutation matrices

I 0 i
'] o [, ] 00
Il y = ; . : € 0,,
o %] o P
0 g~
] 0 0 0 I,

128



HR VvV = I € ©C'
0 [ Ec} 0 0 0
0 L5, 3,
|0 0 0 0 I, |
Then, similarly as in (7.11),
A 0 A 0

T — L,11 T — R,11

HL’U 2y = { 0 AL 22 ] ’ HR’U Vilry = { 0 AR 22 ]

is the wanted block-diagonal structure; see (8.4).

8.3.5 Summary of the reduction

Let us summarize the whole reduction. Starting with (8.1) we proceed: trans-
formation based on SVD of the system matrix (8.6), right-hand side decom-
position (8.7), and final permutation. In total we get

(M LT U AL (Vike Ty ) (I L WD) X (VeleyTlay) )

(MR LRy V) AR (UrLeoTlee) ) = (UL L0y UT) B (UsLeoTia) ).

0 AL 0  Aro 0 0
the core problem revealing transformation (8.3), (8.4). Clearly,

{AL,H 0 ]X{AR,H 0 ]T%{Blo]’

P=UL gl y, Q=WLyl vy, R=WLgyllry, and K = UrLgyllgy,

and
£+1 ¢ C+1
m=> [, n=Y M, d=Y_ 04, and z=> 4
i=1 i=1 J=1 J=1

The minimality of this construction is discussed in [9]; see also [6].

8.4 PROPERTIES OF CORE PROBLEM
WITHIN A, XAl~B

The above described core problem reduction guarantees the following prop-
erties of the core problem

T ~
AL,llelAR711 ~ Bl

within the bilinear problem with matrix right-hand side (see [9]):
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x(CP1) AL 1, € R™7™ is of full column rank equal to 7z, and
Ar11 € R4<E is of full column rank equal toe.
*(CP2) B U, € R™<% are of full column rank equal to d,forj=1,....(,C+1.
«(CP3) U,B; € RF:*4 are of full row rank equal to i, fori=1,...,&,€ + 1.
(CP4) [By, AL11] € R™ ™+ is of full row rank equal to 7, and

(BT, Ar11] € R™>@M) is of full row rank equal d.

Columns of U, ; form the basis of the ith left singular vector subspaces of
A 11 (including the null-space of A[H), and columns of Ug; form the basis
of the jth left singular vector subspaces of Ag;; (including the null-space of
Al ). Three properties which are asterisked are again in fact equivalent to
the minimality of such subproblem. For more interesting properties of the
core problem see in particular [9] and [11, Appendix Al.

Remark 7 (on TLS solvability). The bilinear (core) problem with matrix right-
hand side is a matrix approximation problem (there are no tensors of higher
orders), however, the TLS theory for such problems is (up to the knowl-
edge of the author) not done yet; see also Remark 6. Consequently, we
do not know whether such core problem does or does not have the (pos-
sibly unique) TLS solution. TLS solvability is analyzed only (i) ford = ¢ =1
— the vector right-hand side problems (see [2], [22]); and (ii) for d = ¢ with
Ar = I, and with fixed Er = 044 — the matrix right-hand side problems (see

[30], [5]).
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9 MULTILINEAR (OR k-LINEAR)
PROBLEM WITH TENSOR
RIGHT-HAND SIDE

The most general variant of linear approximation problems can be achieved
by the combination of the two preceding cases, where there is a tensor right-
hand side and multilinear mapping. This yields in the k-linear problem with
tensor right-hand side. Related results have been recently published in [11];
see also the enclosed copy on page 187.

9.1 PROBLEM FORMULATION AND THE
TLS MINIMIZATION

By the k-linear approximation problem we understand
(A1,..., Ax | X) = B, Ag € RMXMs X e R B e RM7>me - (9.1)

where s = 1,...,k; see [11]. By solving such problem in the TLS sense, i.e., by
the TLS method, we understand solving the following minimization problem

. o .
gogmn L, (19 + 3 )’

El E lexnl
) (9.2)

E, € Rk X1k
subject to AXrs e R"X - (Ay+ By, ..., Ak + By | Xrs) = B+ G.

We call it the k-linear TLS problem with tensor right-hand side.

Remark 8 (on TLS solvability). Similarly to the bilinear case (see Remark
6), results on TLS solvability generalizing the classification from [5] are not
known to the author. The question of TLS solvability of bilinear and k-linear
TLS problems remains open. It is, however, out of the scope of this thesis.
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9.2 CORE PROBLEM WITHIN
(Ay,...., Ay| X) ~ B

When we want to extract the core problem within k-linear problem (9.1), we
again seek for orthogonal transformation, now realized by 2k orthogonal ma-
trices

(P1,Q1,..-, P, Qr) € Oy, xOpy X --- X Oy, x O,

The corresponding TLS minimization stays unchanged under transformation

(PrA@r, -, P | (@ QLX) = (P, P | B) (9.3)

due to the orthogonal invariance of the employed norms.

The goal is to find such orthogonal transformation yielding a block diag-
onal structure of the problem (tensors illustrated as being of order three for
clarity)

A 0 A 0 AR A ~ B0 (9.4)
0 A |’ 0 Ao ;5:\%12‘35;\1222 ~ 0 0 D |-\

The original problem is, therefore, partitioned into 2¢ subproblems, in partic-
ular,

(Arars - Agan | X 1) = By, A € RTX s Xy 4 € RV TR B @ R

where s =1,...,k, and

(A17i1i1> cee 7Ak7ikik | Xlllk) ~ 07 (i1> cee 721?) € ({17 2}k \ (17 sy 1))

The only subproblem we need to solve is the first one; the others obviously
have zero solutions. The first subproblem with minimal dimensions (among
all possible orthogonal transformations yielding this block structure) is called
the core problem; see [11].

9.3 CORE PROBLEM REDUCTION FOR
(Ay,...., Ay| X) ~ B

In this section we summarize the process of core problem reduction for the
multilinear problem with tensor right-hand side. This reduction was already
published in [11] (notation in the paper differs from the notation here; we pre-
fer simplicity in the paper, whereas consistency among individual reductions
here). It generalizes the procedure of the core problem reductions published
in [8] (see Section 7.3) and in [9] (see Section 8.3). The procedure again con-
sists of three steps:
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o Transformation of the system matrices (Section 9.3.1).
 Partitioning and transformation of the right-hand side (Section 9.3.2).
e Final permutation (Section 9.3.4).

The right-hand side preprocessing is again done implicitly.

9.3.1 Transformation of the system matrices

Similarly to the bilinear problem, we start with SVDs of all system matrices
and we transform them into diagonal forms, i.e.,

A, =UX, V], U, €0, X,ecR™ " VcQ,, for s=1,... k.
Let A, have & distinct nonzero singular values
Os1 > Os2 > -+ > 05¢, >0,

and let ;. , is = 1,..., &, be their multiplicities, i.e.,

£

> e, = rank(Ay).

is=1
Further denote
fhsgp1 = ms — rank(Ay) = diM(N(A])), Vg, 41 = ns — rank(A,) = dim(N(4y)).
Thus

Zs — diag(o’s,llys,l S ey 057631 0

lu‘S’ﬁs ?

for s=1,...,k. (9.5)

Hs,gs+15Vs,E5+1 ) )

Employing these SVDs, the original problem (9.1) is transformed to

(vTams,.. . UTAV: [ (VT W &) ) ~ (0T UT | B),
(Z1,.... 5% | Y) =~ F,

(9.6)

with diagonal system matrices, and where

y:(vlT,.._’VkT‘X) ERnlx...Xnk’ and
f:(UI,,UI;r‘B) € RMX X

9.3.2 Partitioning and transformation of the right-hand side

In this step we again want to transform the right-hand side tensor such that:
we preserve the achieved diagonal structure of system matrices, and we also
get as many zero blocks (in the form of whole zero fibres) in the right-hand

133



side tensor as possible. In order to do that, we consider the partitioning of
F w.r.t. multiplicities of singular values of A,, i.e.,

Fs,l

Flsb = ‘ e RMex(AF/ms) - where  F,
Fie,
Fs,§s+1

8,15 A s
c RHs X(AF/m )’

7is

fori,=1,...,&,6&+1ands=1,...,k and where Ay = [[,_, m,. Tensor F is,
therefore, partitioned into a grid of

(E+1) X - X (& +1)

sub-tensors
fih"',ik € R‘ul’ilxmx‘uk’ik>

foris=1,...,&,&+1and s =1,... k. (Matrix F;;, contains s-mode fibres of
all sub-tensors F;, .. ;, with the sth index fixed to the value i,, sorted in the
inverse lexicographical order w.r.t. their multi-indices.) Let

;. = rank(Fy;,)
and consider (semi-economical) SVDs
O, T
Fsvis = Lsyis |: 0 jﬂs _ :| W/s,is7
)ufs,is_)u‘s,isuu‘s,is

where
L, € (O)#is’ Os, € RFsvis XHasis W;,is € R(Af/ms)xﬁs’is>
and where, in particular:
* O,;, are diagonal invertible of order 7, ; , and
« W/, have orthonormal columns, i.e., W[, W/, = Iz,
foriz=1,....&.¢6+1lands=1,... k.
Define orthogonal matrices
Liy =diag(Lsa, ..., Lse,, Lsg.41) € Oy,
Lyy =diag(Lsy, - Logs Lo y) € Oy,

Since (9.5),
Ly S Lyy =3, for s=1,...,k,

the problem (9.6) can be further transformed, while preserving diagonal sys-
tem matrices to

(LI,UZhLLv, . ,LLUszk,V ‘ (LI,V, . >LZ,V ‘ y)) A (LI,U> . ’LZ,U ‘ F),
(21,...,2k‘g) ~H,
with diagonal system matrices, and where
Z= (LIV, . ,L;V V) e R and
H=(Lly,. ..,Liy|F)eRmxxm,

(9.7)
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9.3.3 Note on structure of the right-hand side

It would be useful to look at the structure of the new right-hand side of (9.7).
Employing the s-mode matricization (see [15]), we get

HE =], Fl ((Lk,U ® @ Lepip) ® (Ls1p @+ ® Ll,U))

(. J

A, € 6A].—/ms

T
L37£s+1F87£S+1

where ® is the Kronecker product. This matricization has block-rows of the
form
) T
Li; Foi, = s Wi, As
’ /‘s,is_ﬁs,ist}_/ms
with 7, ; nonzero and mutually orthogonal rows (followed by ., — 7, ;, zero
rows), for all s =1,... k. In terms of the grid of sub-tensors we get

T T A
(Ll,ip s >Lk,ik ‘ ‘Filw' ik ) = dlagk(Hilw" Vik ) 0#1,i1 R RIERSI LR —ﬁk,ik)’

where

ﬁ . ><...><ﬁ .
Hi1,~~~,ik € RFbi ki,

Moreover, note that a matrix formed as block-row of s-mode matriciza-
tions of all #,, ... ;. tensors with the given fixed value i, of the sth index is
of full row rank equal to 7., having mutually orthogonal rows, for all i, =
1,.... 6. & +lands=1,... k.

9.3.4 Final permutation

Similarly as in previous two cases (see Sections 7.3.5 and 8.3.4). Tensor H
(of dimensions x*_ m,) consists of the regular grid of sub-tensor (of dimen-
sions x*_, i, ;.) with nonzero leading principal parts H,, ... ;,, (of dimensions
x¥_,1, ;.); illustration for s = 3:

ik

N

(L-lr,iy

T T _
L2,i27 L3,i3 ‘ fi17i27i3) -

o D

0
-[i1,i27i3
0

© O

9

The final step collects all the blocks H;, ... ;, together in the leading principal
corner of the whole tensor, while forming B; there. It is again realized by
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permutation matrices I, ;y =

[ | I, 0 -
|: 0’1:| 0 0 |:I/"‘s,1_ﬁs,1:| 0 0
0 [Iﬁs,ss} 0 0 [ 0 } 0
0 I I"Ls’ﬁs_ﬁs’ﬁs
0 0 |:Fs,§s+1:| 0 0 [ 0
L 0 Tusegr1-Tsgar1 ]

of order m,, fors=1,...,k. Then

where m; = Zf:;l fis ;.- The leading principal block

B, € R0 X X7,

is the core problem right-hand side tensor; see (9.4).

Application of all these permutations on the whole approximation problem
again shuffle diagonality of all system matrices X;. Their structure cannot be
fully restored in general, but they can be permuted into block-diagonal form
with diagonal blocks — again by employing permutation matrices

B A P o0
HS,V: h : E©ns
i) o P
Ps,&s™Hs,Es
i Cen 0 0 Cen 0 IVs,§s+1 ]

Then similarly as in (7.11)
A 0
T — s,11
1_Is,U 25 H&V - |: 0 AS722 :|

is the wanted block-diagonal structure; see (9.4).

9.3.5 Summary of the reduction

Let us summarize the whole reduction. Starting with (9.1) we proceed: trans-
formation based on SVD of the system matrix (9.6), right-hand side decom-
position (9.7), and final permutation. In total we get

((HI,ULI,UUDAl ViLiyIiy), ., (IR gy Lg UL Ax (ViLy 1y y)

(@l 2V, v ) ) = (2L 0D o nf 0] |5)
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ie.,

Ain 0 A 0 A
< |: 0 A1,22 :| Y |: 0 Ak,22 :| ‘X> ~ dlagk(81>0m1—m1 ..... mk—mk),

the core problem revealing transformation (9.3), (9.4). Clearly,
PS = UsLs,UHs,Ua and Qs = V;L&Vns’\/, for S = 1, ceey k’,

and
o1

&
Me=Y M, and m,=> @, for s=1.. .k

is=1 is=1

The minimality of this construction is discussed in [11]; see also [6].

9.4 PROPERTIES OF CORE PROBLEM
WITHIN (Ar,... Ay X)~B

The procedure of the core problem reduction again guarantees the proper-
ties of core problem
(A111, -, Apn | X 1) = Ba,

within k-linear problem with tensor right-hand side (see [11]), fors =1,..., k:

x(CP1) A1 € R™*" are of full column rank equal to 7.

*(CP2-3) U;iSBi{S} € R ¥(85:/M2) gre of full row rank z,; , fori, =1,...,&,,& + 1.

(CP4) [BI) A, 1] € RM=xTst8s,/m2) gre of full row rank equal to m,.

Recall that Ap, = H’;Zlmg, and columns of U, ;, form the basis of the i th left
singular vector subspaces of 4,1, (including the null-space of Al ;). Again,
the two asterisked properties are equivalent to the minimality of such sub-
problem. For further properties of this core problem see in particular [11].

Remark 9 (on TLS solvability). Discussion about potential TLS solvability of
such core problem is fully open, since the TLS theory for multilinear approxi-
mation problem is (up to the knowledge of the author) not done yet; see also

Remark 8. It is done only (i) for k = 1 (or equivalently dy, = --- = d;, = 1) — the
vector right-hand side problems (see [2], [22]); and (ii) for k = 2 (or equiva-
lently dy = --- = d, = 1) With mg = ns, Ay = I,,,, and with fixed Ey = 0,,,,,, —

the matrix right-hand side problems (see [30], [5]).
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sides. Finally, relations between the matrix and tensor core
problem are discussed.
© 2018 Elsevier Inc. All rights reserved.

1. Introduction

Let % and ¥ be finite-dimensional linear (vector) spaces over the same field F. Typ-
ically % and ¥ are spaces of column vectors or matrices over the field of real (R) or
complex (C) numbers. Let A € Z(%,V) be a linear mapping, A: % — ¥, with the
range Z(A) ¢ ¥. Consider the approximation problem

A(x) ~ b, where  ze%, be?V (1.1)

are the unknown vector and the right-hand side (observation) vector, respectively. As-
sume that b ¢ Z(A), i.e., the problem does not have a solution in the classical meaning.
If the data A and/or b are contaminated by errors, various data correction techniques
are used to solve (1.1). The total least squares (TLS) approach is very general, since it
allows for corrections in both A and b by seeking for a perturbation (or correction) g of
the right-hand side b, and for a perturbation (or correction) £ of the mapping A so that

min I(g,E) ]« subject to  (A+&E)(z) =b+yg, (1.2)
€
cess (U V)

where | - |4 denotes some norm in ¥ x ZL(%,¥), and (A + E)(z) = A(z) + E(x).
Note that &, the search set for the mapping perturbation &£, is either the whole space
L(U,V), or its proper subspace (or submanifold) depending on the problem (1.1). Any
vector & which solves the perturbed problem (1.2) is called the TLS solution. In the case
that the TLS solution is not unique, we are often interested in the solution minimal with
respect to some norm | - | in %.

The TLS (and also closely related orthogonal regression and errors-in-variables model-
ing) has been widely used to solve problems (1.1) in two most common forms: The single
and multiple right-hand side problems, where b is either a column vector or a matrix, and
A is a matrix; see for example [35, Chap. 1], [33], or [34]. It is well known that even in the
single right-hand side case the TLS problem may not have a solution; see the analysis
in [4], [35] and also [5, Chap. 6.3]. The so-called core problem theory introduced in [21]
provided an alternative view on TLS problems by showing how redundant and irrelevant
data can be removed from 4 and b. This allowed to clarify why TLS problems may not
have a solution and what is the meaning of the nongeneric solutions defined in [35]. The
solvability analysis of the multiple (matrix) right-hand side case started in [35] has been
complemented in [7]. Recently, also generalization of the core problem theory has been
derived in a sequence of papers [9], [10], [6]. However, many questions still remain open.
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In many practical cases the problem underlying (1.1) (and therefore also its solu-
tion) depends on one or more parameters that impose some further structure into the
data; see for example [23] where the mapping depends on a vector of parameters, or
[18] where the right-hand side depends on time. TLS problems originated in noise and
error-contaminated dynamical systems (see [25]) naturally depend on time; dynamical
systems depending on more parameters can be found, e.g., in the Oberwolfach collection
[16]. Assume the simplest case, where the right-hand side vector b depends on several
(let say k —1) parameters s, A3, ..., Ax. Bach of the parameters \; is sampled in some
region of interest to d; samples and we have in hands the observation b on the regular
Cartesian grid of these samples. If b is an m-vector, the whole set of observations form
a k-way tensor B, a hyperblock of entries of dimensions m x da x -+ x dj;; see for example
[13] or [12] for the same approach in a different context. This yields naturally a problem
(1.1) of the form

A(X)= Ax; X » B, (1.3)

where A is a matrix, X and B are tensors of unknowns and right-hand sides, respectively,

and “Xl”

stands for a matriz-tensor product that will be specified later in section 3.1;
see (3.2). (Note that, for a general linear approximation problem A(X') ~ B the mapping
may also be a tensor of appropriate dimensions; analysis of this general case is however
out of the scope of this paper and will be presented elsewhere.) The problem (1.3) can
be trivially reshaped (matricized) into a matrix problem, and solved by standard matrix
methods including the TLS. However, in this paper we show mathematically that leaving
the tensor structure (imposed by the parameters) of the data may not be appropriate.

Overview of our contributions: We formulate the TLS minimization within (1.3) in
a tensor form. We show that although the basic TLS solvability results can then be
obtained directly by matricization of (1.3), this is not true for the core problem repre-
senting the necessary and sufficient information within (1.3). By employing the so-called
Tucker decomposition of the right-hand side tensor B, we prove that there always exists
the tensor shaped core problem that preserves the imposed structure. We develop an ex-
plicit unitary transformation revealing this tensor core problem. Then we show that the
tensor core problem is in general different from its counterpart obtained from the matri-
cization of (1.3). Finally, the results are extended to problems with even more structured
right-hand sides called the coupled TLS problems. This formulation could be appropriate
for example when the observations are not available for the full Cartesian grid, and the
missing columns are avoided, e.g., by cutting the incomplete hyperblock into some set
of its mutually disjoint subtensors. Presented results may be useful in solving of approx-
imation problems with structured right-hand sides, where the least squares techniques
are heavily employed (see, e.g., [27]). Since the introduced tensor formulation covers also
the formulations analyzed previously, we believe it can help with understanding of some
of the open questions related to standard TLS problems.
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The organization of the paper is the following. Section 2 briefly summarizes the clas-
sical (vector and matrix right-hand side) TLS formulations. Section 3 recalls some basic
definitions related to tensors. Section 4 introduces the tensor right-hand side TLS prob-
lem and derives the tensorized core reduction while proving the existence and uniqueness
of the obtained core problem. Section 5 generalizes the results to the coupled TLS
problem—a set of several problems with the same matrix A and different tensor right-
hand sides. Section 6 compares the ordinary and tensor core problem. Section 7 concludes
the paper.

Throughout the paper I, (or just I) denotes an £x/ identity matrix and ege) (or just e;)
its ith column; Og¢ (or just 0) denotes an £ x  zero matrix; and M7, M* = M', Z(M),
and A4 (M) denote the transposition, the Hermitian conjugation, the range, and the
null-space of a matrix M, respectively. Further, M ® K denotes the Kronecker product
of matrices where m; j, the (¢, j)th entry of M is replaced by the block m; ; K.

2. Classical TLS formulations

In the classical setting, the mapping A is represented by a (generally rectangular) ma-
trix A called the system (or model) matriz. We consider two cases of problems depending
on the number of observations being available for this model.

2.1. Single right-hand side problem

The simplest case of (1.1) is the single right-hand side problem of the form
. -1
Az ~ b, or, equivalently, [b,A] [ - ] ~ 0, (2.1)

where A e F™*" 1 e F", and b € F™. Here (1.2) is typically considered as

min Ilg, E1ll 7 subject to (A+E)x=b+g, (2.2)

EeFmxn

i.e., the correction matriz [g, F'] is minimized in the Frobenius norm.

Golub and Van Loan gave the sufficient condition for the existence of the unique TLS
solution of (2.1)—(2.2) in [4]. Van Huffel and Vandewalle further extended the analysis
and obtained the necessary and sufficient condition for the existence of any (possibly
nonunique) TLS solution. They also introduced the concept of the nongeneric solution
for the case when the TLS solution does not exist; see [35, Chap. 3].

The analysis was complemented by the so-called core problem transformation in [19],
[20], and in particular [21]. Since the Frobenius norm in (2.2) is unitarily invariant, the
original problem (2.1) can be transformed to

Az = (P*AQ)(Q*z) ~ (P*b) =1, (2.3)
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where P~' = P*, Q7' = Q* are unitary matrices; or, equivalently,

ey ols D e

Paige and Strako$ showed in [21] that there always exist P and @ giving

X

0 A][Zl

e

(2.5)

[’b\’A\]:P*[b’A][(l) g]z[bol

A11 0
0 A’

where [b1, A11] has minimal and Ass maximal dimensions over all unitary transfor-
mations yielding the block structure (2.5). Combining (2.4) and (2.5), together with
conformal partitioning of T = [2], the original problem splits into two independent
subproblems

A11131 N b1 and AQQJJQ N O, (26)

where only the first needs to be solved, since x5 = 0.

The first problem Aj1x1 ~ by is called the core problem. It is given uniquely (up to
an unitary transformation) and it has several interesting properties; see [21]. First of all,
the core problem always has the unique TLS solution. Moreover, its back-transformation

x:Qf:Q[?] (2.7)

represents either the unique TLS solution of (2.1) if it exists, or the minimum norm TLS
solution if (2.1) has more than one TLS solutions, or the (minimum norm) nongeneric
solution if (2.1) does not have a TLS solution. In this way, the core problem reduction
allows to extract the necessary and sufficient information for solving the original problem
into a typically smaller core problem. The core problem concept also helps to explain
the meaning of the nongeneric solution; see [21].

2.2. Multiple right-hand side problem

In the case that multiple observations are available, (1.1) takes the form of the multiple
right-hand side problem

-I
AX ~ B, or, equivalently, [B,A] [ Xd] ~ 0, (2.8)

where A e F™ " X e F"™*? and B e F™*<, Here (1.2) becomes
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Gréﬁiﬁd I[G, E]|r subject to (A+E)X =B+G, (2.9)
EeFmXxn
i.e., the correction matriz [G, E] is minimized in the Frobenius norm.

Such approach was studied by Van Huffel (see [31], [32]), Van Huffel and Vandewalle
(see [35, Chap. 3]), Wei (see [38] and [39]), and many others. The necessary and sufficient
condition for the existence of the TLS solution of (2.8)—(2.9) was given in [7]; see also
[8] and [11].

The generalization of the core problem concept was then derived in the series of papers
[9], [10], and [6] (see also the first attempts in [1], [2], [24], and [22]). Since the norm
used in (2.9) is unitarily invariant, the original problem (2.8) can be transformed to

A%

(P*AQ)(Q*XR) ~ (P*BR) = B, (2.10)

where P71 = P*, Q7! = Q*, R™! = R* are unitary matrices. In [9] it has been shown, that
there always exist P, @, and R giving

S R 0 B 0]A;y 0
[B,A]:P*[B,A][O Q]z[ol O‘ O“ AQQ], (2.11)

where [Bi, A11] has minimal and As; maximal dimensions over all unitary transforma-
tions yielding the block structure (2.11). Conformal partitioning of X = [ﬁ; 22] splits

the original problem into four independent subproblems
AnXi~» B and AniXi2~0, AgXo~0, AxpXs w0, (2.12)

where only the first needs to be solved, since Xi5 = 0, X217 = 0, Xo2 = 0. The first
problem A11 X711 » By called the core problem is again given uniquely (up to an unitary
transformation).

It is worth to recall that the multiple (as well as the single) right-hand side approx-
imation problem represents a core problem if and only if it satisfies the following three
characteristic properties (see [9, section 4]):

(CP1) The matrix Ay is of full column rank.

(CP2) The matrix Bj is of full column rank.

(CP3) Let Ajq have € distinct nonzero singular values with multiplicities p; and pes1 =
dim(N (A7), and let U; be matrices having orthonormal bases of left singular
vector subspaces of Ay; as their columns.

Then the matrices U B; are of full row rank p;, fori=1,...,&,£+ 1.

These imply several other properties (see [10] and [6]), among others:

(CP4) The extended matrix [B1]A11] is of full row rank.
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Note that some questions related to the TLS solvability in the multiple right-hand side
case still remain open. For example, the multiple right-hand side core problem (contrary
to the single right-hand side one) may not have a TLS solution or the TLS solution may
not be unique; see [6].

2.3. Note on general unitarily invariant norms

The minimization in (2.2) and (2.9) can be considered also in other unitarily invariant
norms. Ranks of the correction matrices are in both cases bounded by the number
of columns in the corresponding right-hand sides, i.e., 0 < rank([g,E]) < 1 and 0 <
rank([G, E]) < d, respectively. Consequently, [g, F] has at most one nonzero singular
value making minimizations in (2.2) for all unitarily invariant norms conceptually the
same. However, in the multiple right-hand side case, at most d singular values of [G, E]
might be nonzero. Thus, various unitarily invariant norms in (2.9) generally lead to
different minimization (e.g., employing only the largest singular value for the spectral
norm | -||2, or all nonzero singular values for the Frobenius norm |- | r, etc.; see also [26,
Chap. I1.3] and [37]). The classification of TLS problems with respect to an arbitrary
unitarily invariant norm has been introduced recently in [17] and [36].

3. From matrix to tensor setting

Now we repeat basic tensor notation useful in the following derivations. By a tensor

of order k we understand a k-way (k > 1) array of dimensions ni,ng,...,ng (n; > 1,
j=1,2,...,k),

T e Fruxmexxmnk with entries €, 4, ixs (3.1)
where F equals R or C. Its individual indices (or directions, or ways) 1,2,...,k are called

modes; see, e.g., [15], [14]. The one-way and two-way tensors are called simply vectors
and matrices, respectively.

Denote n = H;?:l n; the total number of entries of 7. Three important types of sub-
arrays of a tensor are:

Fhxe-xxnpxlx-x1 callod the p-mode fibers, trivially isomorphic with

» n/n, subarrays in
vectors of length ny, (the fibers of a two-way tensor are called the columns and rows);

o n/(nyn,) subarrays in F1xDxnpxbexbxamuxbed ealled the (p,u)-modes slices, triv-
ially isomorphic with n,-by-n, matrices (the slices of a three-way tensor are called
frontal, lateral, and horizontal);

o n, subarrays in Fraxexnp-1xlxnpiax-xnk called the p-mode co-fibers, trivially isomor-

phic with (k - 1)-way tensors.
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3.1. The matriz-tensor product and the tensor norm

For the tensor T € Fm*n2X"*"k and a matrix S € F"»*"» the p-mode matriz-tensor
product® is defined as the k-way tensor

Z=9 X 7— € FReX X Mp-1 XMpXTpy1 Xeoo XMk
(3.2)

. . Np
with entries Ziqig,ie = Z 1 bt i 1,01 sk T Siprar s

i.e., a p-mode fiber of Z is obtained by multiplication of S by a p-mode fiber of 7, where
the fibers are handled as vectors; see, e.g., [3], [27]. Multiplication by S, € F*"¢ in all
modes £ =1,2,...,k is for simplicity denoted as

[T |S1,S2,...,Sk] = Sk xg (- x3 (S2 x2 (S x1 T)) ). (3.3)

If all S;’s are invertible, (3.3) can be seen as a linear transformation of T.
For a norm of 7 we consider

m1=($ 8 ) 5.9

11=1142=1 ip=1

a straightforward generalization of the Euclidean vector and Frobenius matrix norm:;
see [15]. Clearly, (3.4) is unitarily invariant, i.e.,

HTH = HQP Xp TH = H HT| Q1,Q2,.. ~an]]H’ for Q; = Q;_)la p=12,... .k
3.2. The matricization and the vectorization

Let T be the tensor (3.1) and let Z = {r1,72,...,7r}, € = {c1,¢2,...,cc} be sets of
indices so that Zu% ={1,2,...,k} and Zn€ =@ (i.e., k=R+C),and ry <79 <--- < TR,
c1 < cg < -+ <c¢e. Then the matrix

R c
T# = lrreeral epretie where np =[], ne,, ne=[]lne. (35
which contains ¢;, ;,.... 4, in rows with multiindices (i, ..,%r,, %, ) and in columns with
multiindices (icg, .- -, %cy,%e, ), both sorted in the lexicographical order, is called the ma-

tricization of T; see, e.g., [15], [27, Chap. 3.1.2]. Clearly, T# = (T%)T. We are particularly
interested in the so-called:

o {-mode matricization or unfolding, where Z = {{}, € ={1,...,k} ~ {{}, and

T ¢ prex(nine) (3.6)

! We use the product x, with reversed order of operands in comparison to the standard notation given in
[3], to keep consistent ordering of objects in equations Az~ b, AX ~ B, and A x; X ~ B.
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diags(T,8) = | T,

Fig. 1. The direct sum of two three-way tensors 7 and S.

contains all the ~-mode fibers of T as columns (recall that n = I’I;Zl n;);
o wvectorization, where Z = {1,2,...,k}, € = @, usually denoted by

vee(T) = Th2 -kt e et (3.7)
which stores all the entries of 7 in one long vector.

The tensor Z = S x, T (see (3.2)) can be rearranged by matricization 2{P} = § 7P},
Similarly, for (3.3) we have in general

[7151, 82, k)7 = (Sry ® - ® 8y, ® Sy, ) T (S @+ ®Se, ®5,)T,  (3.8)
and in particular
vec([T | S1,52,--.,5k]) = (S, ® - ® Sa ® S1) vec(T), (3.9)
where ® is the Kronecker product of matrices.
3.8. The concatenation and the direct sum

Let Ty € Frvemprxaexmpaxne g = 1. £ be a set of k-way tensors of the same

dimensions in all modes except for the pth mode. Then the k-way tensor
T= [T, o Tely € Bt whore 0= %5, (310)

satistying 7} = [(T,;") T, (T,7)7,..., (’Tg{p})T]T, is called the (p-mode) concatenation
of tensors 7T;. The concatenation represents a direct sum of tensors in one mode; here
the p-mode.

A direct sum in all modes of two k-way tensors 7 and S of dimensions n; and m;,
respectively, j =1,2,... k, is denoted by

diag, (T,8) = T @ 8 e F(narma)x(narma)xx(np+my) . (3.11)

see also Fig. 1. In the case of two-way tensors (matrices) we use diag(T, S).
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3.4. The Tucker decomposition
Let o = rank(7 1) be the ranks, and
T Uz Ve, U =[U), U] e Fme . U e B Uy = U Y,

the singular value decompositions (SVDs) of the f~-mode matricizations of 7. Since the
last (¢ — 0¢) rows of U; T are zeros, the transformation [T'|Us,Us,...,U;] yields
nonzero entries only in the leading principal subtensor

Teore = [T UL U™, ... U "] € Forxe2xxer (3.12)

called the Tucker core’ of T; see [28], [29], [30]; see also [15, Sec. 4.1] and [27, Chap.
3.1.2]. The uniquely given size of the Tucker core rank(7) = (01, 02, .- ., 0r) is called the
multilinear (or vector) rank of T see, e.g., [15, Sec. 3]. Finally,

T = Hdiagk(ﬁorea O) | Ula UQa e Uk]] = [[7730“? | Ulla Uéa R Ullc]] (313)

is called the (full and economic, respectively) Tucker decomposition of T. It can be seen
as a generalization of the (full and economic) SVD to tensors, but the Tucker core is in
general full.®

4. TLS with tensor right-hand side

In this main part of the paper we first generalize the TLS formulation to problems
with a tensor right-hand side and discuss its solvability. Then we derive the core problem
transformation. We consider a linear approximation problem

Axi X~ B, where AeF™" XeFmrdzxxde e pmxdaxxdy, (4.1)
see also the illustration in Fig. 2.
4.1. Definition and basic solvability result

We introduce the following definition.

Definition 4.1 (TLS with tensor right-hand side). Let A x; X ~ B be the approximation
problem (4.1). The minimization problem

2 Similarity in the terminology “ Tucker core” and “core problem” is just a coincidence, it does not refer
to any relation between these two concepts.

3 A two-way tensor (i.e., a matrix) with the (full and economic) SVD T = ULV * = U'S'V'*, S = diag(X’, 0),
has the Tucker decomposition of the form T = [Z|U, V] = [Z'|U’, V7], i.e., & = [T |U*, V"], and the Tucker
core equals ¥ = [T|U"*, V'T].
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— AN A
a[pai
a7

Fig. 2. Illustration of linear approximation problems with a matrix A and various right-hand sides. Left:
The vector (single) right-hand side. Middle: The matrix (multiple) right-hand side. Right: The tensor (of
order 3) right-hand side.

min (IGI1? + | E|%)? subject to (A+E)x1 X=B+G  (4.2)
g € medszxdk
E E ]men

is called the tensor right-hand side TLS.

Since the matricization represents only a reshaping of the array,
1 1
UG1?+1E1)2 = (1™ + |E3)2 = 1[6™, Ellr.

Thus we can immediately formulate a trivial but important theorem relating the tensor
right-hand side TLS problem with a particular matrix right-hand side TLS problem.

Theorem 4.2. Let (}.1)-(4.2) be a tensor right-hand side TLS problem. Consider the
matriz right-hand side TLS problem (2.8)—(2.9) with

7L X T X k
X=axWer, B=B", G=¢WeF™, and d=[]_,d;, (4.3)

i.e., X, B, and G are obtained as 1-mode matricizations of tensors X, B, and G, re-
spectively. Then these two TLS problems are equivalent in the sense that X represents
a TLS solution of (2.8)-(2.9) if and only if X represents a TLS solution of (4.1)-(4.2).
Moreover, | X|r =|X]|.

The theorem directly implies that the basic results on the existence and uniqueness of
minimal corrections E and G, and of the TLS solution X obtained previously for matrix
right-hand side TLS problems (see the summary in section 2) can be transferred through
the equivalent formulation also to the tensor case. Moreover, the minimum F-norm TLS
solution of the matrix formulation (2.8)—(2.9) with (4.3) equals the TLS solution of the
tensor formulation (4.1)—(4.2) minimal in the tensor norm (3.4). Consequently, from
the TLS-solvability point of view, problems with tensor right-hand side behave the same
way as the matrix right-hand side problems. However, generalization of the core problem
concept is significantly more complicated. First we derive the tensor core problem, its
relations to matrix core problem is discussed in section 6.
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4.2. Revealing the core problem

Now we derive the reduction. Basic structure of the individual steps is similar to
multiple right-hand side core problem determination in [9], but requires special attention.
Since both the matrix Frobenius norm and the tensor norm (3.4) in (4.2) are unitarily
invariant, the original problem (4.1) can be transformed to

Axy X=(P*AQ) x1 [X|Q*,R5,...,R;] ~ [B| P*,R;,...,R}] = B, (4.4)

where P71 = P*, Q7' = Q*, R;' = R}, j=2,...,k are unitary matrices.” We are looking
for a transformation giving

(4.5)

[B|P*,R;...., R;] = diag, (B1.0), p*AQE[An o]’

0 Ay

where both B; and A;; have minimal dimensions over all unitary transformations yielding
the block structure (4.5), and the 1-mode fibers of B; are of the same length as columns
of Ai;. For such transformation, conformal partitioning of X would split the original
problem to 2¥ subproblems

Ay xy X~ By, Anoxa Xy, i 0,
Aggxy Aoy, 1~0, Agoxy Aoy, i, ~0, (4.6)
(igy... i) € {1,2}*Y (ia,...,ix) # (1,...,1),

where only the first called the tensor core problem needs to be solved, since the others
have trivial solutions. We reveal the core problem in four subsequent steps described in
the following sections:

4.2.1 Preprocessing of the right-hand side;
4.2.2 Transformation of the system matrix;
4.2.3 Transformation of the right-hand side;
4.2.4 Final permutation.

4.2.1. Preprocessing of the right-hand side
Let (01,02, ...,0;) = rank(B) be the multilinear rank of B, and

B = [diagy, (Beore,0) | R1, Ra, - - -, Ri] = [Beore | R, Ry, -« -, R (4.7)

4 Here we are not fully consistent with the core problem revealing transformation introduced for the
matrix right-hand problems. The transformations of X and B in (2.10)—(2.11) become in the tensor notation
X = [X|Q*,(R)*] and B = [B| P*,(R)*], respectively. In particular, R becomes R; see (3.3) and also the
footnote 3 on page 250.
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be its Tucker decomposition, i.e., Beore € [Fo1%02% X0k Then

with conformal partitioning of the tensor of unknowns (as before) splits the original
problem to 257! subproblems. Only the first subproblem

A X1 y ~ C, (49)
where

C=[B|Ln, Ry ,....R.] = [Beore | Ry, Isy, - -, I, ]| € ™02 X%k and

* ) (4.10)
Y= [[X|In,Ré ,.,.’R;C E]anézx...x(;k’

has a nonzero right-hand side and thus needs to be solved. The other subproblems have
trivial solutions. Moreover, /-mode matricizations of the right-hand side C for £ =2,... k
are of full row rank having mutually orthogonal rows.

4.2.2. Transformation of the system matriz
Consider the SVD of A,

A=UXV", UeF™™ XN eR™" Ve, (4.11)
where U* =U™!, V* = VL. Let A have ¢ distinct nonzero singular values
o1 >02>~-~>J§>0, (4.12)

and let my, £ =1,...,&, be their multiplicities, i.e., Zgﬂ my = rank(A). Further denote
mes1 = m —rank(A) = dim(A(A*)), and ng1 = n -rank(A) = dim(.4'(A)). Then

Y= diag(alfml,agfmz, ey J&Img,om&hn&l). (413)

The problem (4.9)—(4.10) can be transformed to

(UAV)x1 2= x1 Z~ F, (4.14)
where
F=[C|U* Is,,...,15,] =[B|U*,R,",...,R,"] and (415)
Z=[V|V* Ls,,.... I5] = [X|V* Ry ,...,R.].
All /-mode matricizations of F for £ = 2,...,k are of full row rank having mutually

orthogonal rows. The system matrix on the left of (4.14) is diagonal.
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4.2.8. Transformation of the right-hand side
Now we focus on the 1-mode matricization of the right-hand side. From (4.14) we
obtain

sz o ;U _ el 2 U*B{l}(R_;C(X) ®R_é)’ (4.16)

where F{!} has d = (I'I;ZQ J;) columns. In order to get as many zero rows in the right-hand
side as possible (while preserving the diagonal structure of the system matrix) we consider
the following partitioning

.

F 2 [FIT,FQT,...,FQ,FQI] , where F,eF™*4  ¢=12. .. .¢6+1.  (4.17)
Let pg = rank(Fy). Consider the SVD of Fy in the form

Fy=8,0,W;,  SpeFmeme @, eR™He T, e FPHe, (4.18)

where S; = S;! is square unitary, ©, is of full column rank, and W, has mutually
orthonormal columns, i.e., W W, =1,,,£=1,2,...,& &+ 1. Consider unitary matrices

SU Ediag(sl,SQ,...,Sg,S§+1), SV Ediag(Sl,Sg,...,Sg,]n&l). (4.19)
Since S;ESy = X (see (4.13)), the problem (4.16) can be transformed to
(S5Sv)(Sy 2t =5(87 21 ~ (S 7, (4.20)

while preserving the diagonal structure of the system matrix. The right-hand side is then

T
)

SuFM =[(STP) T (S5F) s (SEFe)T, (S Fenn) |
where

Hy

Omz-#zyd

SZF@ = @gWZ = [ ], with Hye Frexd, (4.21)
Thus the right-hand side has the full row rank and mutually orthogonal rows.
Consequently, in the tensor notation, the problem (4.14)—(4.15) is transformed to

(S;}U*AVSV) X1 [[Z|S;},L;2, ...,L;k]] N [[.7:|Sé,152, ...,L;k]]. (4.22)
N— ——

b))

The right-hand side tensor [F|S{;,Is,,...,I5.] is the 1-mode concatenation of & + 1
tensors Fy € F4x92% %% gatisfying ]—'2{1} = S} Fy (see (3.10)), i.e., it contains these tensors
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%
Y, ——
}111

}Mz

Y rank(A)

} e

me

3
w
3

}N§+1 mes1 = dim(A(A4"))

Fig. 3. The structure of the right-hand side tensor [F|S{;, Is,, ..., I5,] of (4.22), for k = 3. The tensor contains
nonzero and zero blocks concatenated along the 1-mode fibers. Each nonzero block Hy, £=1,2,...,§,&£+1,
contains py linearly independent and mutually orthogonal horizontal slices (1-mode co-fibers in general).

as blocks concatenated along the 1-mode fibers. Each F, block, ¢ = 1,2,...,&,& + 1,
contains two subblocks

Hy e R0 and (e Fmempe)xdaxxds (4.23)

concatenated along the 1-mode fibers. The first subblock satisfies Hy = Hél} and it is
formed by p linearly independent and mutually orthogonal 1-mode co-fibers; see Fig. 3
for illustration of the structure of the right-hand side. Note that 0 < s < min{my, d} and
0 < (my — pe) < my, thus in particular one of the subblocks (4.23) may have no co-fibers.

4.2.4. Final permutation

Now the aim is to find a permutation of (4.22) in order to get the block structure
(4.5). The permutation is given by the structure of (non)zero blocks in the right-hand
side. Such permutation moves the nonzero blocks of the tensor [F|S{, Is,, ..., Is,] (or
block-rows of the matrix S;;F {1}) up along the 1-mode fibers while moving the zero
blocks (or block-rows) down. It can be realized by the permutation matrix

el 0 o [0 0 0
Iy = 0 [Igg ] () 0 [Im:_% ] 0 )
0 0 [Iu(g)+1 ] 0 0 Im£+10—y.5+1:|

since
nr(s: 1 T T T T T R
DSy FMY = [H] HY - HE HEy Oamy] o where p= Y5 e (4.24)

Because the permutation I is applied on the whole problem (4.22) from the left, the
blocks in the system matrix can be permuted in an inconvenient way. This can be fixed
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by a second permutation applied from the right to get the block structure (4.5) of the
system matrix, i.e.,

[] o [l ] 0 0
IIy = 0 [1‘65] 0 [Imf_ué] o I’
0 0 0 0 In,,,

recall that ng,q = n —rank(A). Then
I, (SiU* AV Sy) Iy = diag( diag(011,, 020, -0 lue, Ope. 0
N— ————
) A
1 Ay 0 ] (4.25)

diag(01 Ly 02 Lons s+ Ol e Omers-pesmesn) ) = [ o i,

A22

is the required block form.
4.8. Summary of the transformation

Let us briefly summarize the steps of the core problem revealing transformation:

Ax1 X ~» B (see (4.1)),
Axy [X| Lo Ry R ~ [B| L R . R (see (4.8)),
(U*AV) xq [X|V*,R},...,Rf] ~ [B|U*,R;,...,R;] (see (4.14)),
—
—Z

(S[’}ESV) X1 [[X|S\*/V*aR§aaRlz]] N [[B|S5U*aR§aaR]:]] (See (420))a
(LS ) <y [X IS5V RS, ... R ~ [BIILS5U* Ry, ..., Ri] (see (1.25)).

Consequently, the original problem (4.1) is transformed by the unitary transformation
(4.4) into a problem

—_

A ® B
((USuT)* AV SyITy)) % [X|Q* R, ., Rl = [BI P*, Ry, Byl (4.26)
N—— N———
P Q

where R; = [R};, R} ] are unitary matrices containing the left singular vectors of matriciza-
tions BUY j=2,... k, i.e., from the Tucker decomposition of B (see (4.7)~(4.10)); U, V
are unitary matrices containing the left and right singular vectors of A (see (4.11)—(4.13));
Sy, Sy are direct sums of unitary matrices containing the left singular vectors of F;, ma-
trices (see (4.19)—(4.18)); and IIy, IIy are permutations revealing the block structure.
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The transformed system has the following system matrix

A= (W (S5U* AV STy ) = [

b))

(4.27)

A11 0
0 Ay

where Ay € RPY = 25:11 Wey V=L — fesr), Ao € Rm=mx(n=v) 416 defined by (4.25).
The tensor right-hand side is

B = diagy,(B1,0), where By =[Hi,Ha,..., He, Hes1]1 € B2k (4.28)

i.e.,, By is the concatenation of the tensors H, (see (4.23)) along 1-mode fibers. The
following definition formally introduces the tensor core problem.

Definition 4.3 (Tensor core problem (TCP)). The subproblem
A xa X1~ By

(see (4.6)) is called the tensor core problem (TCP) within a linear approximation problem
Axy X » B (see (4.1)), if A1; and By are minimally dimensioned (and Ass maximally
dimensioned) subject to the unitary transformation
A 0
[B|P*,R;, ..., Ri] = diag; (B1,0), P"AQ=|"" :
0 A

where P* = P71, Q* = Q™' R} = R;', j=2,... . k; cf. (1.5).

The above described construction gives a tensor subproblem having the following
properties:

(CP1) The matrix Ay is of full column rank.

(CP2) The j-mode matricization Bij Vs of full row rank, or equivalently, all j-mode
co-fibers of B are linearly independent, j =2,... k.

(CP3) Let Ajq have & distinct nonzero singular values with multiplicities p; and pesq =
dim(N (A7), and let U; be matrices having orthonormal bases of left singular
vector subspaces of Ay; as their columns.

Then the matrices Ui*Bil} are of full row rank p;, fori=1,...,6, &+ 1.

The following theorem states that the subproblem obtained by the construction above
represents the core problem. We give the theorem without a proof since it can be de-
rived fully analogously to the proof for the matrix right-hand side case in [9, Sect. 4.1,
pp. 926-929], based on the properties (CP1)—(CP3).
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Theorem 4.4 (TCP revealing transformation). The unitary transformation developed in
section 4.2 and summarized in (4.20)—(4.28) is the core problem revealing transforma-
tion, i.e., the system matriz A11 € R¥Y and the right-hand side tensor By € Fr*02x 0k
form the core problem

A xi Xiq, 1% By

within A x; X ~ B. For an arbitrary unitary transformation of the form (4.5), yielding
the same block structure with Ay, € F™Y and By € ]Fﬁxg'zx”'x‘sk, it holds that

<, V<D, 5j§?ij, ji=2,... k.

Note that the above obtained tensor core problem generalizes the SVD form of the
matrix core problem; see [9].

5. Coupled TLS problems with tensor right-hand sides

The vector, or matrix, or tensor right-hand side TLS problem, and also the concept
of the core problem within can be in the fully analogous way extended also to a set of
coupled linear approximation problems

Ax; XD~ B® where t=1,2,...,7 (5.1)

and A e Fn x®) ¢ ]P‘"Xd(;)x"'x’igt), B ¢ Frxds”xxdil) pe right-hand side tensors
of each of these problems may be of different orders (including the second and the first
order tensors, i.e., matrices and vectors, respectively), and different dimensions except
for the first one. Therefore, neither the right-hand sides B nor the solutions X*) can
be concatenated into one big tensor, in general.

Definition 5.1 (Coupled TLS problems). Let Axy X~ B® +=1,2,... 7 be the set of
approximation problems (5.1). The minimization problem
1
2
min (S 16D1P) + |EJF | subject to
g(l) c ]F7n><d(2 )><~~><d§€1)
: (5.2)
G7) ¢ prxds” )

E e Fm™n
(A+E)x; XD =M 1g® 19 . 7

is called the coupled TLS problem.

Employing the matricizations of all the right-hand sides, the coupled problem can be
rearranged while putting everything together into one big matrix problem
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A[(X(l)){l}, (X (X(T)){l}] ~ [(B(l)){l}’ (B (B(T)){l}]_ (5.3)

Note that each block (B(t)){l} may have a different number of columns. Then the solution
of the coupled problem can be found in the same way as shown in section 4.1; see in
particular Theorem 4.2. The concept of the core problem can be introduced analogously;
cf. Definition 4.3.

Definition 5.2 (Coupled core problem). The set of subproblems
All X1 Xl(,tl) ..... INB?)’ t:1,2,...,7',

is called the coupled core problem within (5.1) if A1; and BY) are minimally dimensioned
(and Aso maximally dimensioned) subject to the unitary transformations

. . s . An 0
[BO| P (RP),..., (RD)] = diag,, (B{,0), P AQE[ o Am], (5.4)

where P* = P71, Q* = Q7Y (R{)* = (R{")™!, j=2,... .k, t=1,2,...,7. (Note that P
and @ are independent on ¢.)

The construction described in sections 4.2.1-4.2.4 can also be generalized to coupled
TLS problems. We start with the Tucker decomposition of all right-hand side tensors
while forming the tensors C(*) as in (4.10). Then, using the SVD of A we get right-hand
sides F(V) as in (4.15). Partitioning of

[(]:(1)){1}’ (F@OYym (]:(T)){l}]

to block-rows with vertical dimensions given by the multiplicities of the singular values of
A and the dimension of the null-space of A* (see (4.17) and Fig. 3), with the subsequent
SVDs of these blocks (see (4.18)) allows us to assemble the Sy and Sy matrices in the
same way as in (4.19). The final permutation (see section 4.2.4) reveals the block struc-
ture (5.4) simultaneously, i.e., for all t =1,2,...,7 at the same time. Such construction
yields the set of subproblems, which has the minimality property mentioned above, and
therefore represents the coupled core problem.

6. Discussion and comparison of the results
It is particularly interesting to compare the results of sections 4.2 and 4.3 with those
obtained previously for the matrix right-hand side problems in the view of the relation

given in section 4.1 (see Theorem 4.2). The TLS problem with the tensor right-hand side

Axy X~ B can always be matricized as Axt » gl (6.1)
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and instead of the tensor minimization (4.2) the matrix minimization (2.9) can be con-
sidered. Theorem 4.2 says that both approaches yield mathematically the same minima
and the same TLS solution(s), up to the 1-mode matricization.

The core problem point of view, however, reveals some differences. Let

[B|P*\R;,....R] = diagy(B1,0),  PrAQ=| 1 ° (6.2)
0 Ay
be the tensor core problem within A x; X ~ 5, and
- B, 0 e~ _[An 0
P R=|"! PraQ=|"1" 2 .
0 o} @ 0 A (6:3)

the matriz core problem (see section 2.2) within the matricized problem AX{1} ~ B},
Since the (same) SVD of A, A = UXV™ appears in both core problem revealing trans-
formations and the projections of the 1-mode fibers of B and the columns of B{'} onto
the left singular vector spaces of A are the same, the only important difference appears
in the right-hand side preprocessing.

Recall that 1-mode fibers of F (see (4.15)) represent linear combinations of the
columns of the above mentioned projections U* B}, The number of linearly independent
1-mode co-fibers of its subtensors F; (see (4.17)) is clearly the same as the number of the
linearly independent rows of Fy = F, Z{l}. Therefore, the choice of Sy (see (4.18)—(4.21)) is
independent on the choice of the unitary matrices R; performing the linear combinations
of 1-mode-fibers of B in j-modes, j =2,...,k (see (4.15)), and on the unitary matrix R
performing combinations of columns of U*B{} in revealing of (6.3). Thus, the matrices
Su, Sy, the subsequent permutations ITy;, ITy,, and also the blocks Ay, Ass are in both
transformations (6.2) and (6.3) the same, i.e., in particular Aqq = Aj; and Ags = Ags.
Consequently, also the length of 1-mode fibers of B; equals to the number of rows of Bj.
Thus, in general, the most important difference (originated in the preprocessing) is in
the number of individual right-hand sides. In particular, the number of 1-mode fibers of
B; (i.e., the number of columns of Bfl}) may differ from the number of columns of Bj.
Clearly, the right-hand sides satisfy

B (R e oTG) = [Bi.0]R".

Consequently, both core problems are the same (after reshaping the tensor by the 1-mode
matricization) if and only if

R, ®--® Ry = ReF™, where d= H?:z dj, (6.4)

i.e., if and only if the preprocessings of the right-hand sides of the two problems in (6.1)
yield the same result. The following examples illustrate the situation where the core
problems are equivalent (see Example 6.1) and different (see Example 6.2).
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Example 6.1. Consider an approximation problem A x; X ~ B, where A ¢ R**3,
rank(A) =3, and

1100 0 1 0(0 O
820010 ’ B — 0 1]0 O
o 1o O 0 0|1 O
0g 1 0 00 1

Since B, B{% and B3} are of full row rank, B is the Tucker core by itself. The
matricized problem AX™} ~ B{1} has full column rank right-hand side matrix B{}.
Therefore, the right-hand side preprocessing is not present in the tensor, as well as in
the matrix core problem reduction. Let A= UXV " be the SVD of 4, i.e. ¥ e R**3 and U,
V' are unitary matrices. Following the tensor reduction derived in the previous sections,
we obtain

Apxy Xiaa~By, A=Y, Bi=U"x;B, and Ro=R3=1I, R3®Ry=1I,.
Applying the reduction to the so-called SVD form (see [9]), we get
AnxVsBY An=x, B =UTBY, and R=1I.

We see, that R3 ® Ro = R and thus the core problem of the matricized problem is the
matricized tensor core problem. This clearly implies that the approaches based on tensor
core reduction and based on matricization lead to the same result.

Example 6.2. Consider an approximation problem A x; X ~ B, where A € R**3
rank(A) =3, and

T o | 0010[0000[100O0[00O0O
g L g gy |00 00[0001[0000/0100
1700 d o 1000[{0000/000O0[0000O
S N SR 0000/0100[0000/0000D0

Since the tensor is so-called super-symmetric, all three matricizations give the same
matrix B = B2} = B} of full row rank. Thus B again represent the Tucker core by
itself. Let A= UXVT be the SVD of A. Similarly as in Example 6.1, the tensor reduction
gives

Apnxi Xy~ By, A =%, Bi=U'x;B, and Ry=R3=1I;, R3®Ry=Iq.

However, considering the approach based on matricization, the right-hand side B{"} has
to be preprocessed as follows
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2: 0 0 o0][o o 2% olo oo o0]2: 0000 0 00
gt 0 22 0o offoo o 0[0 00 2= 0 00002 00
o0 0 10|/t 0 o olooo oflo o0o0o0|l0 0 00
0o 0 01|]loo o olo10 oo o0o0o0|l0 0 00

C (RI)T

Consequently, the reduction to the SVD form gives
Alle{l} ~ Bil}’ A = ¥, Bil} — UTC, and R = [RI’RII]’ R—l _ RT ¢ R16x16

From the pattern of (non)zero entries of R, it is visible that R cannot be written as
a Kronecker product of two matrices of order four, i.e., R3 ® Ry # R. In summary, the
approaches based on tensor core reduction and based on matricization are not equivalent
here.

Recall that the core problem is unique up to a unitary transformation. Thus we are
interested in the dimensions of the core problem and not necessarily in the particular
entries of A1y and B;. The previous discussion implies the following corollary.

Corollary 6.3. Let A x; X ~ B be a linear approximation problem with the tensor
right-hand side and AX ~ B, X = X1, B = B its matricized counterpart. Let
A1 x1 Xy~ By and Klle ~ By be the core problems within the two formulations, where
P, Q, Ro,...,Ry and P, Q, R are the unitary matrices of the respective core problem
revealing transformations.

Then Ay and ;fu are always of the same dimensions. However, B and By are of
the same dimensions if and only if the matriz R ® - ® Ry is a unitary transformation
of the matrix R.

In summary, for tensor right-hand side problems we can choose between two core
approaches:

e keeping the tensor structure while revealing the tensor core problem, or
e matricization while revealing the matrix core problem.

The principal difference can also be illustrated in Fig. 3. In the matricized problem,
the unitary transformation R performs linear combinations of all 1-mode fibers while
preserving the Frobenius norm of the horizontal slices (in general 1-mode co-fibers). In
the tensor setting, unitary transformations R;, j = 2,3, perform linear combinations of
1-mode fibers that belong only to frontal or lateral slices (in general (1,7)-mode slice),
respectively, while preserving the Euclidean norm of j-mode fibers. We see that revealing
the core problem while preserving the tensor structure is significantly more constrained.
The condition (6.4) is in general rarely satisfied.
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Analogously, the coupled core problem within (5.1) can be compared with its matrix
counterpart within (5.3). The core problems are the same (after reshaping the tensor by
the 1-mode matricization) if and only if

diag (R,E?@ ~oR"Y RPe-eR?,... ,Re® Rgf’) = Re T (6.5)

where d= Z;l Hfiz d§.t).
Consequently, a corollary analogous to Corollary 6.3 can be formulated also for the
coupled problem.

In general, the application of the core problem reduction on a problem with highly
structured right-hand side restricts the possibilities for choosing the unitary matrix R.
In both cases above we require R to belong into some subgroup of the whole unitary
group U(d) of degree d.

Recall that the core problem within the matrix (multiple) right-hand side approxi-
mation problem (see section 2.2) may not have a TLS solution, contrary to the vector
(single) right-hand side case. The possible nonexistence of the TLS solution is closely
related to the structure of the right-hand side as it has been recently shown in [6]. We
see, that further increasing the order of the right-hand side tensor from a matrix (i.e.,
two-way tensor) to a general k-way tensor does not change the behavior of the TLS for-
mulation from the solvability point of view. It involves only the size of the core problem
within.

7. Conclusions

We have introduced the definition of the TLS problem within approximation problems
with (single or multiple) tensor right-hand sides allowing to apply directly the results
on the existence and uniqueness of the TLS solution available for the standard matrix
right-hand side problems. We have proved that, on the other hand, the necessary and
sufficient information for solving the tensor right-hand side problem and its matricized
counterpart can be different. We have shown that there exists the minimally dimen-
sioned core problem within the TLS problem with a tensor right-hand side, by deriving
the core reduction transformation. The tensor core problem is, in general, larger than
the core problem within the matricized problem, since it respects the structure given by
the multiway configuration of the original tensor right hand-side. This work represents
the first step towards investigation of fully tensorized (general or structured) linear ap-
proximation problems of the form A x.. X ~ B, where all A, X, and B are tensors of
higher orders and “x..” a tensor-tensor product in appropriate modes. Since the tensor
formulation covers also the formulations analyzed previously, we believe the results can
be used in further analysis of single and multiple right-hand side TLS problems.
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1. Introduction

One of the typical tasks arising in the area of data fitting is the solution of linear
approximation problems with a matrix model and a matrix (or so-called multiple) right-
hand side,

AX~B, AeF™" BeF™ (1.1)

where F = R or F = C. When the errors are present both in the model A and the
observations B, the total least squares (TLS) method is preferred, which however yields
several principal difficulties (see [23], [26], [27], [28], [6], [5]). In particular, the TLS
problem may not have a solution or the solution may not be unique; see [2] for the
(so-called single right-hand side) case d = 1 and [28], [5], [9] for the general case. The
core reduction developed in [18] for d =1 and in [7], [8], [4] for d > 1, allows to extract the
necessary and sufficient data from A, B by employing a specific unitary transformation
on the original problem. This approach does not (except of reducing the dimensions of
the problem) necessarily simplify the solvability of the approximation problem, since the
resulting (typically small dimensional) core problem still may not have a solution. The
existence of the (unique) TLS solution is ensured only in the single right-hand side case,
i.e., when d = 1. Moreover, such solution (for d = 1) can be unitarily transformed back
to obtain the (minimum norm) TLS solution of the original problem if it exists, or the
so-called (minimum norm) nongeneric solution (otherwise); see [18].

The right-hand side matrix B arises essentially in two different ways. Either the
columns of B represent d individual observations (for example when the observation
depends on a parameter that can be sampled), or B is a single observation of the matrix
form; see, e.g., [21], [22] for particular applications. If the observation depends on several
parameters, their sampling leads to a set of observations forming a structured (typically
tensor) right-hand side. A TLS formulation and core reduction for such problems have
been proposed and analyzed recently in [10]. In this paper, we consider the observation
to be a matrix and concentrate on the model setting.

The fundamental difficulty of TLS (not present in other formulations such as ordinary
LS) is possible nonexistence of the solution. Situations where this happens were fully
classified in the paper [5] revealing that the problem lies in the fact that the search set
for the corrections of the data B, A is too limited. To see this, note that in (1.1) our
goal is in fact to find a single matrix pre-image X of the single matrix observation B.
Generally, X and B could be linked through a linear model A(X) ~ B, where A is a
general linear mapping from a space of matrices to another space of matrices. Thus A
can be represented by a four-way array, i.e., a fourth-order tensor. The problem (1.1) is
then just a special case of this setting. Since the model is here represented by a single
matrix A, TLS framework allows only matrix corrections of both A and B.

In this paper we try to better understand the above described limitations, in partic-
ular in the context of the core problem theory. We consider several generalizations of
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the setting of the original model such that defining a natural generalization of the TLS
minimization for the related approximation problem results in enrichment of the search
space for the model corrections. First, we analyze a bilinear model appearing in various
applications (see [13], [14]) and the corresponding TLS minimization. We derive the core
reduction for the bilinear model, which is the main result of this paper. Further, the ex-
tension to a higher Kronecker rank model (i.e., sum of bilinear models) is noted. Recall
that models of the Kronecker rank two appear, e.g., in connection with Sylvester or Lya-
punov equations, etc. Then, approximation problems with a fully tensorized model are
considered. Here we show that the search set is so rich that the approximation problem
can be transformed (through vectorization) into a single right-hand side approximation
problem. This allows to apply the core reduction available for single right-hand side prob-
lems directly, and therefore simplify the solvability classification. Relationships among
individual generalizations are discussed.

In general, we consider a linear mapping A : % — ¥ between finite-dimensional
linear vector spaces % and ¥ over the same field F, i.e., Ae L (%, V) being the set of
all such mappings, with the range Z(A) ¢ ¥. The linear approzimation problem

A(x) ~ b, where be? but b¢Z(A) (1.2)

is replaced by the TLS minimization

min [(g,E)]%  subject to  (A+E)(x)=b+yg, (1.3)
gev

EeEcL(U V)

where &, the correction of our model is taken from some search set &, that may be
in general a subspace or submanifold of .Z (%, ). Here || - |4 denotes some norm in
¥V x L(%,V). We consider the Euclidean and Frobenius norms of vectors and matri-
ces, respectively, and their natural extension to tensors. However, any general unitarily
invariant norm (see [19, Chap. I1.3], [25], [15], [24]) can be considered for the (unitary)
core problem transformation and subsequent reduction.

This paper is organized as follows. Section 2 recapitulates TLS formulations for prob-
lems with a matrix model and various objects (vectors, matrices, and tensors) on the
right-hand side. Section 3 is the key part introducing and analyzing problems with var-
ious generalizations of the model setting. Section 4 concludes the paper.

Throughout the paper I, (or just I) denotes an £x £ identity matrix and ege) (or just e;)
its ith column; Oy ¢ (or just 0) denotes an £ x & zero matrix; and M7, M*=M", Z(M),
and A4 (M) denote the transposition, the Hermitian conjugation, the range, and the
null-space of a matrix M, respectively. Further, M ® K denotes the Kronecker product
of matrices where m; ;, the (7,7)th entry of M is replaced by the block m; ;K. For a
tensor T e Fn1xm2xxnk e consider three types of subarrays:
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o n/n, subarrays in F 1 bxmexbaoexd

called the p-mode fibers, trivially isomorphic with
vectors of length n, (the fibers of a two-way tensor are called the columns and rows);

o n/(nyn,) subarrays in |2 xbxmpxbexdxnuxbxexl cqlled the (p,u)-modes slices, triv-
ially isomorphic with n,-by-n, matrices (the slices of a three-way tensor are called
frontal, lateral, and horizontal);

o ny subarrays in FX -0 DMpemi called the p-mode co-fibers, trivially isomor-

phic with (k- 1)-way tensors.

Note that arranging of all the p-mode fibers into one matrix 77} ¢ Frex ([ n)/me) iy
a lexicographical order w.r.t. multiindices (ig,...,%p+1,%p-1,-..,%1) is called the p-mode
matricization of tensor T; see, e.g., [12], [20, Chap. 3.1.2].

2. Preliminaries

In the classical setting, the mapping A is represented by a single matrix A called the
system (or model) matriz. The structure of the right-hand side depends on the number
of observations being available for this model, and, in particular, on the number of free
parameters involving the observations. Now we summarize basic TLS formulations and
the corresponding core theory studied previously.

2.1. TLS formulations for various right-hand sides

In the simplest case of (1.2), we have just one observation forming an m-vector. The
so-called single (or vector) right-hand side problem then takes the form

Ax~b, where AeF"™", xeF", beF™ (2.1)

If the observation depends, e.g., on one free parameter, considering d samples of its value,
we obtain d vectors forming a matrix. This so-called multiple (or matriz) right-hand side
problem takes the form

AX ~B, where AeF™" XeF™! BeF™ (2.2)

) )

In the case of (k- 1) free parameters, having dj,1 samples of the value of the jth

parameter, observations made on a full Cartesian grid of sampled parameters form a
k-way tensor. This tensor right-hand side problem takes the form

Ax1 X~ B, where AecF™" X eFnxdexxde e pmxdaxxde (2.3)
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Here S = M x; T denotes the ¢-mode matriz-tensor product.' In other words, the f-mode

fibers of the tensor S are obtained as matrix-vector products of the matrix M with

¢-mode fibers of T, where the fibers are handled as column vectors; see, e.g., [1], [20].
The respective TLS minimizations (1.3) are considered as:

min [[g,E]|r subject to (A+E)x=b+g, (2.4)
EcF™" geF™
min I[G,E]|r subjectto (A+E)X=B+G,  (2.5)
EeF™" GeF™
min (BlF+ IG|2)? subject to (A+E)x, X =B+G. (2.6)
k

Ee ]men g c ]med2><~~><
)

Here the norm |7 of a tensor 7 is the natural extension of the Euclidean and Frobenius
norms of a column vector and a matrix, respectively, i.e., |7 is the square-root of sum
of squares of entries of T; see [12]. We call it simply the tensor norm.

Note that if the observations in (2.3) are not available for the full Cartesian grid, it
is possible to reformulate the approximation problem as a set of coupled TLS problems
with several differently structured right-hand sides and the same matrix; for more details
see [10].

2.2. The core problem transformation

Based on the unitary invariance of the Euclidean, Frobenius, and tensor norms, the
so-called core problem theory was developed for the vector right-hand sides problems
(2.4) in the works [16], [17], [18]; for the matrix right-hand sides problems (2.5) in [7],
[8], and [4]; and for the tensor right-hand sides problems (2.6) in [10]. It was shown
that in these three respective cases there exist: A pair of unitary matrices P € F™*™,
Q € F™™; a triplet of unitary matrices P e ™™, Qe F™" ReF%9 and a (k+1)tuple

of unitary matrices P e F™*™ Qe F™" R, ¢ F4xdi j=2 ... k,so that

—~ . 1 0f_ b | Ay 0 )
ma-roa|y o= %1 L 21)
ma-realy o [5 o4 L] 25)

and

! In the literature, this product is usually defined in the opposite order (as the tensor-matrix product
X x1 A). We deviate here from this convention in order to stay notationally consistent through the formu-
lations of linear approximation problems in (2.1)—(2.3).
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B = Ry xi (- x3 (R3 x2 (P* x1 B)) ) = diag, (B1,0),

An 0 ] (29)

;{:P*AQE[ 0 Ag

where diag, (--+) forms a k-way block diagonal tensor, a direct sum of its k-way tensor
arguments. Corresponding transformations of the unknown objects,

T=Q'z, X=Q'XR,  X=Rjx; (- x3(Rsx2(P"x1X))),

together with conformal partitionings

’x‘:[””] )?:[X“X”], X=[Xi lij=12j=12_k (210
To Xo1 Xoo

separate the original problems (2.1)-(2.3) into two, four, and 2* independent subprob-
lems, respectively. Then

Anzy oby,  Agwa » 0 (2.11)
AnXin~ By, AnXiow~0, AxpXs~0, AxnXow~0; (2.12)

and

Anxi X, a~Bi, Ainxa X, ®

,,,,,,

Ao x1 Xa iy, i ® 0,

..... ik

(2.13)

where (ig, . ..,ix) € {1,2}*7! but (dg,...,ix) # (1,...,1). Clearly, in all three cases only
the first problem needs to be solved, all the other have zero solutions.

Moreover, the unitary matrices P, @, R, R;, j =2,...,k, can always be chosen in such
a way that:

(CP1) The matrix Aqq € F# is of full column rank v.
(CP2) The vector by € F* is nonzero.
e The matrix By € F#*® is of full column rank §.
e The tensor B; € F#*02% X0k Jhag j-mode matricizations Bij} of full row rank &; (or
equivalently, all j-mode co-fibers of By are linearly independent), for j =2,... k.

Let A;; have ¢ distinct nonzero singular values with multiplicities p; and pgyq =
dim(N(A7;)), and let U; be matrices having orthonormal bases of left singular vector
subspaces of A1y as their columns. Then:

(CP3) The p1 =...= e = pgs1 = 1 and Uj'by € F are nonzero, for i =1,...,&,6+1.
e The matrices U} By € F#*? are of full row rank p;, fori=1,...,& €+ 1.
k
e The matrices Ui*Bil} e Fri*(5-2%) are of full row rank p;, for i=1,...,&, &+ 1.
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The subproblems
Apnzy b, AnXuw~By, and Appxi &g, 1% B (2.14)

satisfying (CP1)—(CP3) are called the single (or vector), multiple (or matrix), and tensor
right-hand side core problem within (2.1)—(2.3), respectively. The core problem is always
given uniquely up to a unitary transformation, because such transformation does not
change its fundamental properties (CP1)-(CP3). In other words, in the vector right-
hand side case, the particular core problem matrix [b1, A;1] has to be seen only as a
representative of the set of all possible matrices

{[51,;{11] : A = PiALQr, b =Prby, Pr=Pr QIZQII}

representing the same core problem. Similar result holds in the matrix and tensor right-
hand side case.

Properties (CP1)—(CP3) imply a lot of important properties of core problems, in
particular, the core problems are the smallest (in terms of dimensions) subproblems that
can be obtained by unitary transformations giving the block partitionings of the form
(2.7)-(2.9). Zero solutions of the other subproblems in (2.11)—(2.13) together with the
smallest size of core problems indicate that the core problems contain all the sufficient
and only the necessary information for solving the original problems (2.1)—(2.3). Further
(CP1)-(CP3) imply, e.g., that:

(CP4) Matrices [b1, Ay1], [B1, A1), and [BI, Ay1] are of full row rank p.

In the case of matrix right-hand side, multiplicities of singular values of A1; and [B1, A11]
are bounded by 4, etc.

It is necessary to emphasize that for the core problem with a single right-hand side,
the properties (CP1)—(CP3) allow to prove that its always uniquely TLS solvable (see
[18]). Let z1,1Ls be the uniquely given TLS solution of the core problem. Combining
(2.7) with (2.10) (left equation) we get that the vector

T = Q[J?LOTLS]

is the TLS solution of the original problem (2.1) with minimum 2-norm (if such a so-
lution exists), or the nongeneric solution with minimum 2-norm otherwise (see [23] for
the definition of the nongeneric solution). In this way the core reduction simplifies the
analysis and solution of TLS problems with d = 1. Note that for problems with a matrix
or tensor right-hand side (see [4] and [10]) the core problem may stay unsolvable in the
TLS sense.

173



8 I. Hnétynkovd et al. / Linear Algebra and its Applications 577 (2019) 1-20

3. Tensor models

Let us consider the matrix (multiple) right-hand side linear approximation problem
A(X) = AX ~ B (sce (1.2) and (2.2)) with the linear mapping A : F™*? —s Fmxd,
Ae Z(Fm™d Fm™*d) The vectorization of the matrices X and B rearranges

AX ~B to (I ® A) vec(X) »~ vec(B), (3.1)

where ® is the Kronecker product, and vec(X) stacks the columns of X in one long
column vector. The corrected problem (A+ E)X = B+ G (see (1.3) and (2.5)) then
becomes

(18 (A+E))vee(X) = vec(B +G),

( (IeoA)+(I®FE) ) vec(X) = vec(B) + vec(G).

A £

The mapping-perturbation £ follows the Kronecker-product structure of A.

Thus, for the matrix right-hand side TLS problem (2.5), the search-set & for the
data corrections (see (1.3)) is restricted to an (mn)-dimensional proper subspace of
Z(F™d F™*d) isomorphic to the vector space F™™ (and the subspace {[;® F : E ¢
F7m} of F(md*(d)) - Ag discussed already in [5], this restriction is the key factor lim-
iting the TLS solvability of (2.2).

One way to overcome this fundamental difficulty is to allow for more general correc-
tions of the given data. Thus here we study several generalizations of the TLS problem
(2.5) relaxing the restrictions by enriching the search-set. First, we consider a bilinear
model and derive a generalization of the core reduction for this case. A note on models
with higher Kronecker rank represented by sums of bilinear models follows. Finally, full
tensor models are described; see the illustration in Fig. 1.

We show that in the case of full tensor model, the approximation problem can be
interpreted (employing the vectorization similarly as in (3.1)) as the standard vector
(single) right-hand side problem. There the solvability is simpler, better understood and
the solution can be constructed through the unique (and always existing) solution of
its core problem. Consequently, the enlargement of the search set & from the smallest
(corresponding the standard matrix right-hand sided models (2.5)) to the largest (cor-
responding to the full tensor models) is accompanied by improving the TLS solvability
properties of the approximation problems themselves, and also the core problems within.

3.1. Generalization to bilinear model

One of the simplest generalizations of the mapping is a modification of (3.1) to

Ae XAy~ B or (Ax ® Ag) vec(X) = vec(B) (3.2)
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Fig. 1. Illustration of linear approximation problems with the matrix right-hand side with differently struc-
tured mapping. Left: The model is realized by the only matrix (highly structured tensor mapping). Right:
The model is fully general, i.e., realized by a general tensor of fourth-order.

for a vectorization of X € F™¢ and B ¢ F™*¢. The mapping is realized by a pair of
matrices Ag € F™" and Ay € F?. Such problems have been studied, e.g., in [13,
Sect. 3] or [14]. A generalization of the TLS formulation is straightforward.

Definition 3.1. Let A¢ XA}, ~ B be an approximation problem (see (3.2)). The mini-
mization problem
min .
G € ]mec E{R O
E£ e Frmxn
E{R € chd

subject to  (Ae + Ee)X (A + Ex)* =(B+G) (3.3)

F

is called the TLS problem with a bilinear model and a matrix right-hand side.

The vectorization and the corresponding rearranging then reveals the structure of the
corrected problem,

(Aot + Bx) ® (Ag + Be) ) vee(X) = vee(B + G),

(A ® Ac) + (Bor ® Ao )+ (A ® Bg)+(Em © Eg) ) vec(X) = vee(B) +vec(G).  (3.4)
A £

One can see that the mapping-perturbation £ now has a significantly more complicated
Kronecker-product structure. With d > 1, the search-set & (see (1.3)) is restricted to
an (mn + cd)-dimensional proper submanifold of & (F™*? F™*¢) homeomorphic to the
vector space F™" x F4 = {(Eg, Ey) : Eg¢ € F™" Eg € F*?}. Note that the TLS
solvability of (3.2)—(3.3) is under investigation.

Motivated by the core reduction for problems with a matrix model and matrix right-
hand side [7], we want to generalize the core problem concept to (3.2). Let us consider
the following unitary transformation

AeX A% = (P*AcQ)(Q*XR)(R*ARK) ~ (P*BK) = B, (3.5)
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where P71 = P*, Q7' =Q*, K' = K*, R™' = R* arc unitary matrices. We are looking
for matrices

By 0 Ag11 0 An1n 0O
P*BK = P*A = ’ K AxR = ’
[0 0]’ =@ [ 0 A»:m]’ " [ 0 Amna)’

where By, Ag 11, As,11 have minimal dimensions over all unitary transformations yield-
ing the same block structure. Conformal partitioning of X then would split the original
problem to four subproblems

*
Ae X115 11~ B

(3.6)
and  Ag 11 X12A45 0070, AgoaXo1Aj 11 %0, Ag 2 XopAfy 09 #0,

where only the first needs to be solved, since X715 = 0, X217 =0, X22 = 0. The following
definition formally introduces the desired core problem.

Definition 3.2. The subproblem
Aeg 11 X145 11~ By

(see (3.6)) is called the core problem within a linear approximation problem A XAy ~
B (see (3.2)), if Ag 11, An 11 and Bp are minimally dimensioned (and Ag 22, Ax 22
maximally dimensioned) subject to the unitary transformation

By 0 Ag11 0 Anx11 0O
P*BK = P*A = ’ K *AxR = ’
[ 0 0 ] ’ /QQ [ ] ’ R [ 0 A{RQQ 5

where P* =P 1, Q*=Q ', K*=K ', R* =R\.
We show that such core problem can be revealed in three subsequent steps:

3.1.1 Transformation of the system matrices;
3.1.2 Transformation of the right-hand side; and
3.1.3 Final permutation.

Note that in the standard matrix (multiple) right-hand side case an extra step of right-
hand side preprocessing is required; see [7]. This part can be skipped here since the
transformation of B is realized implicitly during the other steps. We now describe the
process in detail.

3.1.1. Transformation of the system matrices
We start with modification of the model matrices to simplest, in particular diagonal,
forms. Consider the SVDs of Ag and Ay,
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Ae =UeXVE,  Ug € ™™ S eR™™ VoeF™",

(3.7)
Ap =UnWVg,  Un eF°, WeR™ Vg e F&Y

where U} = Ugt, V& = Vil, Ug = Uy, Vit = Vir'. Let Ag and Ay have € and ¢ distinct
nonzero singular values

o1>02>>0:>0 and Y1 > Pg > > P > 0, (3.8)

and let m;, i = 1,...,&, and ¢;, j = 1,...,( be their multiplicities, respectively, i.e.,
5, m; = rank(Ag) and Z§=1 ¢; = rank(Ag). Further denote mei1 = m — rank(Ag),
ngs1 =n —rank(Ag), cco1 = ¢ —rank(Am), and desr = d - rank(Ag ). The problem (3.2)
can be then transformed to

(UsAVe)Z(Vi AjyUn) = XZUT » F, where F=U{BUy, Z=ViXVx. (3.9)
Both system matrices are now diagonal.

3.1.2. Transformation of the right-hand side
Next, we need to get as many zero rows and columns in the right-hand side as possible,
while preserving the diagonal structure of the system matrices. Consider the partitioning

F171 F1,§+1
F= . . : ,  where FiyjeFmixcj, (3.10)

Feoyno o Fepien

1=1,2,...,6,&+1,j=1,2,...,(,(+ 1. Denote u; and y; ranks of individual block-rows
and block-columns of F', respectively. Consider the following two sets of SVDs

* i XM 4 i X [ X
[Fi,1,~~~,Fi,g+1]=S£,i®£,iW£,i, Se; e FMX™i Qg e R™X M Wa, e FOH,

s
5]
* mx i i XC 4 CiXCj
= S,;Om i Wat ;o S €F™, Onj e R1 Wiy j e F*,

Fein,j

where S% ; = Sgh, Wi j= Wg;fj are square unitary matrices, Og¢ ; is of full column rank

i, O j is of full row rank ;, and Wy ;, S ; have mutually orthonormal columns, i.e.,
* . .

Wi Wei=1,, Sy ;S j =1,;. Define unitary matrices

SU = diag(Sgyl,...,Sgyg,Sgng), SV Ediag(Sgyl,...,Sgyg,]n&l),

(3.11)
WU = diag(mel, ey meg, me@.l), WV = diag(mel, ey meg, Id<+1 )
Since S;ESy = ¥ and W, ¥Wy = U, the problem (3.9) can be transformed to
(SHESV ) (S5 ZWV ) (WU TWe) = (S5 ZW )07 = (SpFWy),  (3.12)
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while preserving the structure of system matrices, and producing the right-hand side

SeF1aWsa o 0 SeiF1cniWacn
Sy FWy = : :
SgenFeriaWon - Sg e FencriWaen
The matrices
F17‘7
Sz,i [Fi,la R Fi,C+1] = ®£7iW§7i and mej = S{R,jeik,j
Ferrg

have p; nonzero and mutually orthogonal rows (followed by m; — y; zero rows), and ~;
nonzero and mutually orthogonal columns (followed by ¢;—~; zero columns), respectively.
Thus

Hi,j Omivcj —j

Mg =[5 Omi_llivcj_'}/j

SEJF'L‘JW{R,]‘ = [O ] s Hi,j € Fpix’}/j, (313)

and also [H;1,...,H;cs1] and [HL,...,H;IJ]T are of full row rank, having mutually
orthogonal rows.

3.1.3. Final permutation

Finally, we construct permutation matrices in order to aggregate the relevant informa-
tion revealed in the nonzero blocks of the right-hand side, while still keeping the system
matrices as diagonal as possible. Let us consider two pairs of permutation matrices

%] o o |[,0] 0 0
e =l | [I‘(f] 0 0 [sz_ug] 0 ;
0 0 I:IH(5)+1 ] 0 0 Im£+10—u£+1 ]
5 I PR o0
S AT AR
0 0 0 0 jn&1

and Il 17, Ilgs v ; the second pair is fully analogous to the first, but with ms, ns, us, and
&s replaced by cs, ds, vs, and (s, respectively.

Recall that the steps (3.9) and (3.12) together transform the original problem (3.2)
to
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(SpUgAcVeSv)(Sy Ve XV Wy ) (Wi Vg A UnWo ) » (SpUe BUxWy ). (3.14)
[ S — —_—

b il
Then

Aen

L (SHUEAeVeSy)e y = diag( diag(o1 Ly, 0914, -, 0L, Oper0) 5

. Agnn 0
dlag(aljml—ulaJQImg—Hza'~~aafjmg—ﬂaaOm£+1—ﬂs+1,n§+1) )E[ 0 Agon s

Ag 22
Ax 11

L3 o (W5 Us At Vo Wy v = diag( diag(¥1 Ly, lss - YLy, Oocs)

. Axn1i O
dlag(wqu—’hvaICz—’Yz’ EERR wCICC—’Yc’ Od<+176<+1—’7~:+1) ) = [ ’

0 Axro2
A 20
and
H171 H17C+1 0
0% (SHUSBUs W)y = | F 3 Hle| B0 (3.15)
SUWPUYeBYRWUERU = v Hepen 00 0] )
0 0 0

3.1.4. Summary of the transformation
The whole core problem reduction can be summarized in the following key steps:

AcXAL ~ B (see (3.2)),
(UgAeVe)(VaX Vi) (U ArVir)* » UgBUn  (see (3.9)),
—_— — e — ~——

by Z LG F
—— —~—

(SHESv) (SyZWy)(WrUWy)* ~ SiFWy (see (3.12), (3.14)),
(IL§ X1 v ) (1§ S5 ZWy Ilw v ) (I, o Wl v )* w 10 S FWollw o,

Ag1r 0 X1 X12:||:A3q711 0 ] [Bl O]
0 Aol Xan Xo 0 Afo 0 0o}

A comparison with (3.5) gives the transformation matrices
P= UESUngyU, Q = VQSVHEJ/, K= UmWUHQ{U, and R = VDWWVHXR,V~

Moreover, the constructed problem has several notable properties:
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(CP1) Matrices Ag 11 and A, 11 are of full column rank.

(CP2-3)? Let Ag 11 have £ distinct singular values with multiplicities p; and pe.1 =
dim(4" (A% 1,)), and let Ug; be matrices having orthonormal bases of left
singular vector subspaces of Ag 11 as their columns.

Let A, 11 have (¢ distinct singular values with multiplicities v; and ¢4 =
dim(A"(Ag 11)), and let Un ; be matrices having orthonormal bases of left
singular vector subspaces of Ag 11 as their columns.

The matrices Ug ; By are of full row rank pi, i=1,2,...,§,§+1, and B1Un ; of
full column rank v;, j=1,2,...,(,{+1; see (3.15).

These properties further imply in particular:
(CP4) Matrices [B1,Ae 11] and [BY, Ax 11] are of full row rank.

Note that in the standard matrix right-hand side case, the preprocessing ensures
that Bj is of full column rank (possibly having mutually orthogonal columns). Here we
obtained By with block-columns having this property; the size of these block-columns
is given by the multiplicities of singular values of Ag. Clearly, by considering ¢ = d and
Ax = Iy we get the standard preprocessed core problem within Ae X AJ = Ae X1y =
AeX ~ B asin [7].

In [7, Sect. 4.1, pp. 926-929], it was shown that for the matrix right-hand side case
the properties (CP1)—(CP3) imply the minimality of the obtained subproblem and thus
ensure that the transformation is the core reduction. The following theorem summarizes
analogous result for the transformation derived above. The proof is a generalization of
the proof from [7], thus we omit it here.

Theorem 3.3. The unitary transformation developed in sections 3.1.1-3.1.3 is the core
problem revealing transformation, i.e., the system matrices Ag 11, Am,11 and the right-
hand side matriz By form the core problem

Aeg 11 X145 11~ By
within Ac XAy ~ B.

Consequently, for the approximation problems with multiple observations on bilinear
models, we are able to extract necessary and sufficient information analogously as in [7]
for matrix models. It is worth to note that similarly as in the matrix case, the existence
of a TLS solution of the core problem given in Theorem 3.3 is not ensured; see [4] or [11]
for the detailed analysis of solvability of matrix core problems.

2 The properties (CP2) and (CP3) (see section 2.2, or [7, p. 925], or [4, p. 864]) here coincide while being
denoted (CP2-3) both together.
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3.2. Note on models with higher Kronecker rank

The next step in generalization of problems (3.1) and (3.2) (while further enlarging
the search-set) can be considering a sum of several bilinear models

Me

L —_
AceX Ao~ B, or  (Y(Ans®Agy))vee(X) ~ vee(B), (3.16)
£=1

=1

after a vectorization of X € F™*? and B € F™*¢. The mapping is realized by L pairs of
matrices Ag ¢ € F™*" and Am g € Fe*? simply saying it is of Kronecker rank L.

Problems (3.2) and (3.16) differ only in the number of summands on the left-hand
side. Thus, a TLS problem can be defined analogously to the Definition 3.1. On the other
hand, the generalization of the core problem reduction is questionable, since for L > 2 the
left (and also right) matrices Ag ¢ (As ¢) have in general no common singular vectors, i.e.,
no common SVD. For L = 2 one could consider the so-called generalized SVD (GSVD)
(see, e.g., [3, Sect. 6.1.6, pp. 309-311]) which delivers a common SVD-like decomposition
of a pair of matrices, e.g., in the form Ag; = U131V ™! and Ag s = UV 1. However,
the common factor V' is not unitary and thus it does not preserve the (Frobenius) norm
used in the minimization in the TLS formulation.

We see that the generalization of the core reduction would require for example some
symmetry to be present in (3.16). This is the case when the problem contains only
two summands on the left-hand side (L = 2) with two pairs of matrices conjugated to
each other (possibly up to a sign) or, moreover, with two of them being identities. This
includes in particular the cases

AX+XM* =~ B, AX + XA* ~ B, AXM*+ MXA* ~ B, (3.17)
AXM*+X ~ B, AXA*+X ~ B, AXA*+ MXM* ~ B, ’
i.e., the problems resemble the Sylvester, Lyapunov, or generalized Lyapunov equation
in its continuous or discrete form.

3.3. Generalization to full tensor model

Now we turn to a fully general linear mapping A € Z(F™9, F™*¢) represented by
a tensor of fourth order. Consider a general linear approximation problem (1.2) of the
form

Axaa,02)X~B,  where  AeF™o™d X eF™d  BeF™c  (3.18)
and the product x((s.4),(1,2)) means that the third- and fourth-mode fibres of the object

on its left are multiplied with the first- and second-mode fibres of the object on its right,
respectively. Then (3.18) can be rewritten in the componentwise notation as
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d (n,d)
Qi jl - Th ™ b; g, or > Akl C T ® b
1 (k,1)=(1,1)

or employing multiindices (7, ) and (k,!) sorted in the lexicographical order. The last no-
tation is in fact the standard matrix-vector product of a matrix A{12} e F(m)x(7d) haying
entries a; jy, (k) on the (4,7)th row and (k,1)th column, the so-called {1,2}-modes ma-
tricization of the tensor A, and the long vector vec(X) € F(*® having entries T(1)-
Consequently, we formally get

A2 vee(X) » vee(B). (3.19)

All previously discussed approximation problems are special cases of (3.19). A com-
parison of (3.19) with (3.1), (3.2), and (3.16) reveals that in those cases, the fourth-order
tensor A has a specific structure, namely

L
AP - Te@ A, or Ax®Age, or ZAm7g®A£7geF(mc)x("d).
=1

Furthermore, in the important cases of Sylvester-like or Lyapunov-like problems (3.17),
we have

AL (1o A)+(Mel), (IoA)+(AeI), (MoA)+(AeM),
(MeoA)+(IeI), (AeA)+(I®I), (A®A)+(MeM).

Obviously, the tensors A above are highly structured and symmetric. This structure can
also be seen by using the {1,3}-modes matricization of A, i.e., a; ,; is in the matrix
AtL3E e pmm)x(ed) placed in the (4, k)th row and (j,1)th column. Then

L
A3 = vee(A) vee(I)T,  vec(Ag)vec(An)*, Y. vec(As,e) vec(An )*,
¢=1

which is a rank-one matrix for problems (3.1) and (3.2), and at most rank L matrix for
problem (3.16). Similarly, for the Sylvester-like and Lyapunov-like problems (3.17) the
matrix is of rank at most two.

Concerning the TLS definition for (3.2) introduced in Definition 3.1 (and its anal-
ogy for (3.16)), it is important to note that whenever X is multiplied from both sides,
the componentwise corrections of the individual matrices Ag, A, Ags, Anm ¢ do not
represent direct componentwise corrections of the tensor; see in particular (3.4). For ex-
ample, based on the {1,3}-modes matricization one can see, that the correction in the
case (3.2)—(3.4) represents a rank-three update of the tensor A. We now follow a different
idea, where such restrictions on corrections allowed for the model are not present.
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3.3.1. TLS definition and basic solvability results
The following definition introduces a TLS formulation for the general problem (3.18).

Definition 3.4. Let A x((34),(1,2)) X # B be an approximation problem (see (3.18)). The
minimization problem

min (|G + [€])F  subject to (A+E) (a2 X =B+CG  (3.20)
GE]P‘mXC
EEmecand

is called the full-tensor-mapping TLS problem with a matrix right-hand side.

In the definition above, the search-set & of the mapping-perturbation & (see (1.3))
covers the whole space Z(F"*¢, F™*¢), contrary to the cases discussed in the previous
sections. This fact is particularly important, because the richness of the set & allows us to
reshape (3.18) based on (3.19) into a vector (single) right-hand side problem representing
the simplest and well studied case of TLS problems.

Theorem 3.5. Let (3.18)—(3.20) be a matriz right-hand side TLS problem with a general
tensor mapping. Let (2.1)-(2./) be the corresponding vector right-hand side TLS problem
with

AEA{I,Q}’ EEE{LQ} E]F(mc)x(nd)’ xEVeC(X) E]Fnd’

(3.21)
and b=vec(B), g=vec(G)eF™

i.e., A is the {1,2}-matricization of A, and x, b, and g are vectorizations of matrices X,
B, and G, respectively. Then these two TLS problems are equivalent, i.e., x represents a
TLS solution of (2.1)-(2.4) if and only if X represents a TLS solution of (3.18)—(3.20).

Proof. Since matricization and vectorization represent only a reshaping of arrays, we only
focus on the minimization. The search-set for mapping perturbations covers the whole
space of all linear mappings in both cases. Since the norm is in both cases essentially the
same, we directly get

Ilg: E1le = (lgl3 + | EIF)? = (lvec(@) 3 + €02 3)7 = (IGIF + [€]*)=
which finishes the proof. O

Note that an analogous result can be formulated in a slightly more general way. If the
search-set & for the mapping-perturbation £ in (1.3) covers the whole space of all linear
mappings £ (% ,?¥), then the TLS problem can be reformulated as a vector (single)
right-hand side problem (2.1)—(2.4).

Consequently, basic solvability results available for vector right-hand side TLS prob-
lems (see, e.g., [2], [23]) can be transferred to TLS problems defined in Definition 3.4 for
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full tensor models and a matrix right-hand side. For the vectorized problem (3.19), there
is also a core reduction available with the resulting core problem having the unique TLS
solution; see [18]. Note that there are questions related to the meaning of the vectorized
core reduction if the original problem has some structured form, as indicated by the
analysis in [10] for problems with structured right-hand sides.

3.3.2. Relation of generalization approaches

In the view of Theorem 3.5, it is interesting to observe that the problem (3.18) with
the full tensor mapping can be always rewritten to the form (3.16) with a sum of bilinear
models.

Let us consider the (1,3)-modes slices of A € Fm*<mxd i (cd) subarrays
n Fmxm<l Denote A, ., € F™" a matrix trivially isomorphic with the (j,1)th
(1,3)-modes slice, j = 1,2,...,¢,1=1,2,...,d. Then the matricization A} represents
a two-way array of these matrices

A:,l,:,l A:717:7d c d () (d)T
1,2} _ . . . _ (¢ exd
ARB = Z”ZI( Mji® Ayig), Mji=el?ef® eR,
A'c'l A'c'd J=E

©5Cyey Gy

(©)

where e, stands for the ith Euclidean vector of length /, i.e., the ith column of I,. Thus

the problem A x((3.4),(1,2)) X ~ B can be, after a vectorization

c d
A2 yee(X) » vee(B), reshaped back to Z Z el XM~ B, (3.22)
j=1i=1

We see that (3.22) has now the same structure as (3.16) with L = cd, Ag, being
(1,3)-modes slices of A, and Agp  forming the Euclidean basis of F*?. This links the
full tensor problem (3.18) back to the structured problem (3.16).

However, there is a substantial difference between the approach represented by a
subsequent generalization of the TLS formulations from (3.1), through (3.2), to (3.16),
and the TLS formulation represented by Definition 3.4. Following (3.22), the corrected
system (3.20) is reshaped from

c d
(.A+ 5) X((374)7(172)) X~ (B + G) to Z Z RN + E%j#yl)XMj—'l,—l N (B + G)
j=11=1

Thus here the mapping-perturbation & affects only the matrices on the left of X, on
the contrary to formulations analyzed in sections 3.1 and 3.2. We see that this last TLS
formulation does not follow the nested structure of the previous generalizations. On the
other hand, the search-set & now covers the whole space .Z (F™*4, F™*¢).
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4. Conclusions

We have shown that the standard matrix right-hand side TLS problem AX ~ B,
where the model is realized by a single matrix A (i.e., by the “one-side-product”), can
be extended in several ways. First, we considered the bilinear model represented by a
pair of matrices, defined a straightforward TLS minimization problem and derived the
core reduction for this case. Generalization to problems with a sum of bilinear models
was discussed. Then, a fully general tensorized model was introduced allowing to reshape
(vectorize) the problem to a single right-hand side approximation problem. Thus, some
of the TLS solvability results available for d = 1 can be adopted to this generalization.
The whole analysis shows how the properties of the model (mapping) influence the TLS
minimization for the corresponding approximation problem. In particular, it was proved
that the presented enlargements of the search set & for the model corrections result in
changes in the TLS solvability of the approximation problems (and the same holds for
their core problems). This work, together with the results obtained in [10], represents
another step towards investigation of a fully tensorized (general as well as structured)
linear approximation problem

A X ((5=t41,00,8),(1,00,8)) X & B,

where the model A and the unknowns X are s-way and k-way tensors, respectively,
multiplied in ¢ modes, ¢ < min{s,k}, and the right-hand side B is a (s + k — 2t)-way
tensor.
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KRYLOV SUBSPACE APPROACH TO CORE PROBLEMS WITHIN
MULTILINEAR APPROXIMATION PROBLEMS: A UNIFYING
FRAMEWORK*

IVETA HNETYNKOVA', MARTIN PLESINGER!, AND JANA ZAKOVA#?

Abstract. Error contaminated linear approximation problems appear in a large variety of
applications. The presence of redundant or irrelevant data complicates their solution. It was shown
that such data can be removed by the core reduction yielding a minimally dimensioned subproblem
called the core problem. Direct (SVD or Tucker decomposion-based) reduction has been introduced
previously for problems with matrix models and vector, or matrix, or tensor observations; and also
for problems with bilinear models. For the cases of vector and matrix observations a Krylov subspace
method, the generalized Golub-Kahan bidiagonalization, can be used to extract the core problem.
In this paper, we first unify previously studied variants of linear approximation problems under the
general framework of a multilinear approximation problem. We show how the direct core reduction
can be extended to it. Then we show that the generalized Golub—Kahan bidiagonalization yields the
core problem for any multilinear approximation problem. This further allows one to prove various
properties of core problems, in particular, we give upper bounds on the multiplicity of singular values
of reduced matrices.

Key words. (multi)linear approximation problems, error-in-variables modeling, total least
squares, core problem, orthogonal transformations, Krylov subspace methods

MSC codes. 15A06, 15A18, 15A21, 15A24, 65F20, 65F25
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1. Introduction. During the last decades, wide attention has been given to the
analysis and solution of linear approximation problems contaminated by errors in the
data. Generally, they can be formulated as

(1.1) AX)~B, AcL(U. V), XeU, BeV,

where A: % — ¥ is a given linear mapping (model) between two finite-dimensional
inner-product spaces % and ¥ over the field of real numbers (generalization to com-
plex numbers is straightforward). The right-hand side B represents an observation,
or a collection of observations. When it is not contained within the range of the
mapping, B ¢ Z(A), only an approximate solution can be constructed.

Vector (or single) and matriz (or multiple) right-hand side problems (1.1) have
been studied for a long time; see especially [8], [41], [39], or [40] for the analysis and
[30], [25], [32] for applications. Tensor right-hand side formulations typically origi-
nate in problems where A(-) naturally outputs multidimensional data. This covers
three-dimensional imaging problems, time-dependent two-dimensional problems, or
models arising from linearization of problems depending on several parameters; see,
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for example, [9], [30], [25], [32]. Problems with natural bilinear structure of the map-
ping A(-) give rise to (1.1) with bilinear models and, typically, a matrix right-hand
side; see [22], [23] for applications.

The individual linear approximation problems can be derived one from the other
by subsequent generalization (downwards) or restriction (upwards) in the following
way:

(1) Ax=b where AeR™ " xeR" beR™,
!
(ii) AX ~ B where A€R™n X cRnxd B e Rmxd,
SN

doX---xd, doX---xd,
AGRmxn,XGRnX 9 X+ X k7B€RnL>< 9 X+ X K

S ~ T~
(iif), (iv) A x; X =~ B, ALXAp~B {AL cR™*" AR € RIXe, X ¢ R7*¢, B ¢ RM*d,

where (i) and (i) are the vector and matrix right-hand side problems, and (iv) has
the bilinear model. In the tensor observation problem (iii), B,X are k-way tensors
and x stands for the standard 1-mode matrix-tensor product; see [21], [17], or (2.1).

1.1. The total least squares method. The principal difficulty with solving
(1.1) is the presence of errors in the data that typically results in the observation B
not being contained in %Z(A). In order to find a meaningful approximate solution,
we search for data corrections giving a modified compatible problem. To guarantee
the optimality in some sense, selected minimality properties of the correction norms
are prescribed, leading to methods widely known as least squares techniques. These
include basic least squares (LS), total least squares (TLS), mixed LS-TLS, data LS,
and regularized LS; see [10], [41] for an overview and references; see also [26] and [27].
Extending the basic LS from the case (i) to more general (ii)—(iv) is straightforward,
since LS assumes errors only in the right-hand side and the constructed corrections
of individual observations collected in B or B are independent; see [41]. However,
this is not true for methods correcting both the model and the observation, as proved
already in [8] for the widely used TLS. This complicates analysis and solution of TLS
problems within (ii)—(iv).

For (i), TLS has been studied since the seventies; see [6], [4], [8], [36], [41]. It can
be formulated here as

(1.2) min||[g, E]| subject to b+g€ Z(A+E),

where Z(-) is the matrix range. Equivalently, TLS searches for z, such that
(A+ E)z, =b+g. The norm here and throughout the paper refers either to the
FEuclidean norm of a vector, the Frobenius norm of a matriz, or their generalization
to tensors: the square root of the sum of squares of all tensor entries. Note that other
norms can also be relevant; see for example [24] and [42] for the TLS with a general
unitarily invariant norm. In the case (ii), TLS takes the form

(1.3) min|[G, E]|| subject to 2(B+ G)C R(A+ E).

Extensive analysis can be found in particular in the influential book [41]; see also [37],
[38], [39], [40]. Problems with more than one solution were studied in [44], [45]; for
an extension to the mixed LS-TLS minimization see [29]. The full analysis of TLS-
solvability was given later in [47] and [14]; see also [42]. For some recently proposed
novel approaches we refer the reader to randomized algorithms [46], [48], or quantum
algorithms [43], [49]. The TLS theory for problems (iii)-(iv) has not been addressed
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in full generality yet. Results for (iii) show that it is not essentially different from (ii)
from the TLS perspective; see [30], [25], [32], and also [17]. Some TLS analyses for
(iv) can found in [22] and [23].

Note that formally (ii)—(iv) can be rewritten into single right-hand side problems
using vectorization (see [21]). Denote by vec(X) a vector obtained by stacking the
columns of the matrix X below each other. Similarly vec(X') stacks all 1-mode fibers
of the tensor X' (ordered in the inverse lexicographical order w.r.t. their multi-indices)
in a long vector; see [21]. The linear mappings A(-) in (ii)—(iv) have, respectively,
the following structure,

(1.4) Li®A, Ig,®---®1;,®A Ar® AL,

where I, are ¢-by-{ identity matrices and ® is the Kronecker product; see [21]. The
matrices in (1.4) are then multiplied by vec(X) in (ii) and (iv), or vec(X) in (iii).
This reveals how the structure of the search set for the correction £(-) is restricted
to the given structure of the mapping A(-) in TLS. Clearly, £(-) has the form

I4®E, Iy, ® @14, 9F

n (ii)—(iii), respectively. Although we search for E in all of R”*", from the perspective
of the abstract setting (1.1), only a proper subspace of £ (%, V') is involved. Similarly,
the correction (Et, Er) of the pair of matrices (Ay,, Ag) in (iv) is sought in the whole
R™*" x R4*¢. The corresponding mapping correction, however, takes the form

(AR®EL)+ (Er® AL) + (Er ® EL),

i.e., it lives within a proper submanifold of £ (% ,¥’). This gives another viewpoint
on difficulties related to extending TLS to more general problems; see [17] and [18]
for more details.

1.2. The fundamental core reduction. In addition, it is well known [8] that
even the simplest TLS minimization problem (1.2) may not have a solution for the
given data. Besides the nontrivial solvability analysis referred to previously, an im-
portant original contribution to this area is represented by a series of papers [26], [27],
[28]. Here the authors introduce the so-called core problem concept for problems (i).
They prove, that there always exists a subproblem Aj;;x; ~ b; called the core problem
within Az =~ b that contains all the necessary and only the sufficient information for
solving the original problem. The core problem can be revealed by a specific orthogo-
nal (SVD-based) transformation and has a lot of interesting properties. In particular,
it always has a unique TLS solution. Moreover, after its back-transformation we get
either the TLS solution of the original problem (if it exists) or the so-called nongeneric
solution defined in [41] (if the TLS solution does not exist), both minimal in the norm;
see [28]. Consequently, the core problem concept significantly simplifies and clarifies
the TLS theory in the case (i). Furthermore, the core reduction can also be achieved
iteratively by a well-known Krylov subspace procedure: the Golub-Kahan (sometimes
also called Golub-Kahan-Lanczos) iterative bidiagonalization [5], as proved in [28].
Note that there are also other relevant ways of extracting the core problem, e.g., by
employing randomized algorithms in the context of ill-posed data; see [48].

This fundamental data reducing concept was generalized to (ii) in a series of
papers [15], [16], [13], giving the definition of the core problem, the SVD-based core
reduction, the iterative scheme based on the band generalization of the Golub—Kahan
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iterative bidiagonalization, and finally basic results relating the structure of the core
problem to the classification with respect to the TLS solvability. Recently, the core
problem definition and the SVD-based core reduction have also been extended to (iii)
and (iv); see [17], [18]. An iterative scheme for core reduction in the cases (iii) and
(iv) has not been introduced yet.

1.3. Content and contribution of this work. In this paper, we unify and
generalize the problems (i)—(iv) under a k-linear approximation problem with a tensor
right-hand side. We extend the core reduction to this problem and describe the core
problem properties (in particular the defining minimality conditions); see section 2.
We briefly recapitulate how the Golub-Kahan iterative bidiagonalization and its band
generalization provide core reduction for problems (i) and (ii); see section 3. Then,
we show that the band bidiagonalization running k-times in parallel reveals the core
problem within any k-linear approximation problem (including (iii) and (iv)); see
section 4. The proof of the minimality is provided in section 5. Further properties
of core problems extending previous results on basic approximation problems (i)—(ii)
are analyzed.

Note that we strictly assume the exact arithmetic. Our goal is to demonstrate
that it is in principle possible to reduce maximally the given data by an iterative core
reduction provided by a generalized Golub-Kahan bidiagonalization. Computational
aspects of the considered method must also be studied. However, they are beyond
the scope of this analytical work.

2. Core problem within general multilinear approximation problem.
First, we introduce a unifying multilinear approximation problem. Then, the core
transformation for (i)—(iv) and its properties will be summarized. Finally, we extend
the results to the multilinear case.

Let us start with the basic tensor-related notation adopted from the review paper
[21]; see also [2], [20], [19]. Let A; = (a; ;) € R™*" be a matrix and X = (x;, 4, ;,) €
R7™1%n2X XNk g kway tensor. The s-mode matrix-tensor product A, x4 X is defined
entrywise as

Ns
(2.1) (As X X)is e sivirrois = D Qi * Tiyo a1 gt
=1
As a shorthand for the multiplication of X’ by several matrices Ag, s =1,2,...,k, in
all the different modes (so called multilinear transformation of X'), we use
(22) (AI,AQ,. 7Ak|.)(‘) IAl X1 (A2 X9 ( e Xk—1 (Ak Xk X) ))

The s-mode matricization of X refers to a matrix X} € R%*(A/m) where A =
H?:l ng, that collects all the s-mode fibers (columns for s =1, rows for s =2, etc.) of
X as columns in the inverse lexicographical order with respect to their multi-indices.
Then (2.1) can be rewritten by using the standard matrix multiplication as

(2.3) (A x, X) s =4, xts},

The vectorization of X' similarly refers to a vector vec(X') € R® that collects all the
entries of X' in the inverse lexicographical order with respect to their multi-indices.
By employing the vectorization, (2.2) can be rewritten as

(2.4) vec(Ar, Ag, . AR X) = (A ® - @ Ay ® Ay) vee(X);

compare with (1.4).

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.

190




Downloaded 02/02/23 to 85.70.210.30 by Vaclav Alt (alt.vaclav@gmail.com). Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

CP WITHIN MULTILINEAR APPROXIMATION PROBLEMS 57

2.1. k-linear approximation problem and TLS. Consider the k-linear ap-
proximation problem with a tensor right-hand side

A €R™ XM fors=1,2,...,k,

(V)(A17A27~~~7Ak|X)sz where {XGRnlxn2X"'Xnk,BGR"“X"”X'"X"W.

Clearly, (v) covers all the previous formulations (i)—(iv) as special cases. For Ay =
I, ..., Ax = I the k-linear problem reduces to A; x; X &~ B. On the other hand, for
k =2 it reduces to (Ay, A2 | X') = B, where X and B are tensor of order two (matrices),
and

vec(Ay, Ag | X) = (A2 ® Ap) vec(X) = vec(A; X AT).

The TLS minimization problem can be defined for (v) as

k 3
min <||g||2+2||Es||2> st. 3X. : (A1 +E1L A+ Es,..., A+ Ei | X.) =B+G;

s=1

i.e., in cases (ili) and (iv) corrections only to (A,B) and (Ar, Ar, B) are considered.
Now we aim to generalize core reduction to (v).

2.2. Core revealing transformation for (i)—(iv). The core revealing trans-
formation (CRT) for (i)—(iv) is realized by orthogonal matrices that we denote P, Q,
M (possibly with subindices My, ..., M}), and K. In paticular, in [28] it was shown
that V(A,b), 3(P,Q):

Az~b L (PTAQ) (QTx) ~ (PTh)
——— N N

A @’ b

and the transformed problem is block-structured as follows:

All 0 T bl
[ ~ —
(2.5) Ax—[ 0 22}[I2}~[0}_b.

The original problem is therefore split into two subproblems
Allxl ~ bl and AQQIQ ~ 07

where only the first one needs to be solved (as, trivially, zo = 0). If the first sub-
problem has minimal dimensions (over all such block-structure revealing orthogonal
transformations), it is called the core problem. Such a minimally dimensioned sub-
problem always exists, as shown in [28]. Note that the transformation may exist in
a degenerated (or trivial) form while yielding formally an empty matrix Ay with no
Tows or no columns in some cases.

In [15], it was similarly shown for (ii) that V(A, B), 3(P,Q, M):

AX~B L (PTAQ)QTXM)~ (PTBM)

and

(2.6) An O X1 Xio ~ By 0
’ 0 Ay Xo1 Xoo 0 0|
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The problem (iii) was analyzed in [17] giving that V(A, B), 3(P,Q, Ma, ..., My):
Ax i X~B L (PTAQ) x1 (QT,M],..., M | X)~ (PT,M],..., M |B)

and (illustrated for k= 3)

A A U
2.7) An 0 i e | | B 0
) 0 A V4 &o12y, Xoog | 7| 40 40

Finally, [18] derived for (iv) that V(Ar, Ar, B), 3(P,Q, M, K):
AXxAT~B 5 (PTALQ)QTXM)(MTALK)~ (PTBK)

and

28) Ar 1 0 X Xio Aﬁ,n 0 ~ By 0
’ 0  Apo Xo1 Xao 0 ARQQ 0 0]

Analogously to the case (i), the original problems (ii)—(iv) are split by these trans-
formations into four, 2¥ (eight in the above illustrated case), and four subproblems,
respectively. Only the subproblem with the nonzero right-hand side has to be solved.
If it has minimal dimensions, it is called the core problem. Consequently, core prob-
lems in the cases (i)—(iv) are subsequently

~ ~ ~ T o
A1 ~ by, AnXn = By, App X1 X111 = Bi, AL,llelAR711~Bl~

2.3. Necessary and sufficient conditions for the minimality. First it would
be useful to specify dimensions of individual objects in the core problems above. Let

Ay, A R Ag 11 e R b e R™, By e R™XY By @ RTXdxxdi

i.e., we use the same letters for the individual dimensions of core problems as for the
original problems (see the schema in section 1), but overlined. For the core problems
within (i)—(iil), we assume that

Ay has € distinct nonzero singular values with multiplicities 7;, i =1,...,¢&,

and iz, | = dim(A” (AT})), where .#/(-) is the null-space. For the core problem within
(iv), we similarly assume that

Ay, 11 has € distinct nonzero singular values with multiplicities fi;, i =1,...,¢,
ARr,11 has ¢ distinct nonzero singular values with multiplicities 7;, j=1,...,(,

and iz, ) = din1({/V(AI7n))7 and 7z, = dim({/V(ARH)) (note that one of the null-
spaces may be trivial). Further, let

U, € Rmxﬁl, ULJ‘ c Rmxﬁl, and URJ c Rdx%

be matrices having orthonormal bases of left singular vector subspaces of Ay, Ay, 11,
and AR 11, respectively, as their columns, i =1,... EE+1,5=1,....,(,C+1.

Now we are ready to explore the core problem properties. We focus on the neces-
sary and sufficient conditions for the minimality realized by a set of full column/row
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rank conditions; see [15]. We first show them for the matrix right-hand side prob-
lem (ii). Then we briefly discuss how they change for (i), (iii), and (iv). The full
list of known properties can be found in the papers [28], [15], [16], [17], [18], and is
summarized in Appendix A.

THEOREM 2.1. Let AX ~ B be a linear approximation problem and A1 X1 ~
B a subproblem within, obtained by an orthogonal transformation yielding the block
diagonal structure (2.6). The subproblem has minimal dimensions (i.e., represents the
core problem), if and only if the following three conditions are satisfied:

(CP1) The matriz A1 € R™*™ is of full column rank equal to T.
(CP2) The matriz B; € R™ 4 is of full column rank equal to d.
(CP3) Matrices U] By € RE: X4 are of full row rank equal to Ti;, i=1,..., &, €+ 1.

For the proof, see [15, section 4.1].

Clearly, the problem (ii) becomes (i) when d = 1. Then for the core problem,
d = 1. Consequently the condition (CP2) is reduced to by # 0 and (CP3) to u] by #0,
where u; are left singular vectors of A;1, i=1,...,7 (while also implying £ =7 and
7i; =1 for all i); see [28].

The tensor right-hand side problem (iii) reduces back to (ii) for k¥ =2. Thus the
matrices B and By in the case (i) can be seen as a tensor of the second order. In this
sense

B =B, and B =5

Then (CP2) says that B{*} € R is of full row rank and (CP3) says that UJ B{'! €
R7:*4 are of full row rank. To generalize (CP1)-(CP3) to (iii), i.e., to a tensor of the
order k, only (CP2) needs to be modified to the following form: Matrices

BiS}GRESX(A/ES)7 s=2,...,k,

are of full row rank equal to ds, here A =7 - Hll_f:z dy; for more details see [17].

Finally, the problem (iv) reduces back to (ii) when ¢ =d, A;, = A, and Ag = I,
and analogously for the core problem within. From the SVD perspective, the case
(ii) core problem is in fact the case (iv) core problem, where Ag 11 = I3 has only one
nonzero singular value with the multiplicity d and dim(.4" (ARH)) =0. Thus { =1,
71 :E, and URJ = IE’ i.e.,

BiUp, =B

To generalize (CP1)—-(CP3) to (iv), i.e., to the bilinear problem, (CP1) needs to be
extended so that both matrices Ar, 11 and Ag 11 are of full column rank. (CP2) needs
to be modified to the following form: Matrices

BilUr; €R™5,  j=1,....¢,(+1,

are of full column rank equal to 77;. In (CP3) we only formally replace matrices U;
by Uy,;; for more details see [18].

2.4. Extension to k-linear problems. Motivated by the previous derivations,
we look for orthogonal matrices Py € R™=*"Ms Qg , € R"*"= ¢=12, ... k, realizing
the orthogonal transformation of the multilinear problem (v) in the form
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(A17A27...,Ak|X)zB ER_T_>

(PrA1Qu Pl 4sQs, ... PI AL | (@1.QF, .. QLX) ) ~ (PLPY,.... Pl |B)
N — N———— N——

A Al A X' B
such that

Q

0 Aso
B' = diagy,(By,0), By € R™XT2xX XM

29) A'S:[A*“ 0 } Ag i ERTXTe 0 s=12 ..k,

Here diagg(---) denotes a (block) diagonal tensor of order k with the arguments
(treated also as kth order tensors) on its diagonal and the zero there represents a zero
tensor of suitable dimensions, i.e., 0 € R(m1=m1)x(ma=m2)x--x(mr=mx) The original
problem would then be split into 2¢ subproblems

Bl lf’Ll:’LQ::’LkII,
(Al,i1i17A2,i2i27 R | Xirio.in) R { 0 otherwise
9

where is € {1,2} for s=1,2,...,k.

Since the k-linear approximation problem (v) represents a generalization of both
(iii) and (iv), the core transformation can be constructed by combining strategies used
for (iii) and (iv) in [17] and [18]. The basic steps are the following: The right-hand side
preprocessing (used also in the iterative approach in section 4); the transformation
of the system matrices As by employing their SVDs; the transformation of the right-
hand side tensor; and the final permutation. Since the complete transformation, even
in the cases (iii) and (iv), is very technical, we defer the description of our iterative
procedure to section 4.

Now we provide the definition of the core problem.

DEFINITION 2.2 (core problem). Let (A1, As,..., Ax|X) = B be a k-linear ap-
prozimation problem and

(2.10) (A111, 4211, A1 | X111) = By

a subproblem within, obtained by an orthogonal transformation yielding the block di-
agonal structure (2.9). If the subproblem has minimal dimensions, then we call it the
core problem.

In order to formulate a result generalizing Theorem 2.1, we introduce some SVD-
related notation. We assume that

Ag 11 has £, distinct nonzero singular values with multiplicities Hsis ts=1,... o

and fi,z |, = dim({/V(AIH)) for s =1,2,...,k (note that &k — 1 of the null-spaces
may be trivial). Further, let

U, i, € RMsXHais is=1,....6,&+1, s=1,2,....k,

be matrices having orthonormal bases of left singular vector subspaces of A as
their columns. Now we formulate necessary and sufficient conditions for minimality.

THEOREM 2.3. Let (A1, Ag,...,Ar|X)~ B be a k-linear approzimation problem
and (A1, 4211, ..., Ak11 | Xi1..1) = B1 a subproblem within, obtained by an orthog-
onal transformation yielding the block diagonal structure (2.9). The subproblem has
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minimal dimensions (i.e., represents the core problem), if and only if the following
two conditions are satisfied:
(CP1) Matrices As11 € R™*™ are of full column rank equal to M, s =
1,2,.... k.
(CP2)-(CP3) Matrices UL—SB?} € RF=.ie X(A/T) gre of full row rank equal to Ts iy
where z‘s‘:1,2,...,§s,§s+1, s=1,2,... k.
Note that here A = szl M.

Note that any further orthogonal transformation of the subproblem (2.10) al-
ready satisfying (CP1) and (CP2)—(CP3) does not affect these properties, since they
are orthogonally invariant. The proof for (v) is a generalization of the proofs for
(i)—(iv). First, we show that there exists a transformation yielding the block-diagonal
structure (2.9) determining the subproblem (2.10) satisfying the CP properties; see,
in particular, [18, sections 3.1.1-3.1.3]. Then, we prove minimality of its dimensions;
see [15, section 4.1].

Proof. Employing the full SVDs of the original matrices Ay = UsXV,T allows us
to write the approximation problem as

(UL VT,. L URSe Vi | X) = B,
i.e., after the vectorization and employing the mixed (Kronecker-matrix) product
property
(Up @ QU@ @81 (Vi ® - @ V1) Tvee(X) & vec(B).

This further gives an orthogonally transformed problem

(B1,.., Sk | V)= F, where Y=(V,....,ViI|X), F=(UT,...,U}|B);

compare with [18, section 3.1.1].

Let A, and thus also X4 have & distinct nonzero singular values with multiplicities
fisinsis =1,..., &, and let pg ¢ 41 =dim(A (AT)). Note that Y5F! =m,. Then we
partition the tensor F into a (§1 +1) X (§2+1) X - x (& + 1) grid of subtensors

Fir gy ERFVIT BRI =1 g €41, s=1,2,.. k.
Now we proceed with a joint Tucker-like decomposition of each of them. In particular,
the matricization

Fls} ¢ gmax(@/m.),

where A = Hif:l my, is accordingly partitioned into s + 1 block-rows, with individual
rows corresponding to the s-mode cofibers of F. Let W, ;, be the orthogonal matrices
of order p;, with the left singular vectors obtained from the SVDs of the individual
block-rows. Further, let

WS,EB = diag(Wsylv s 7W57557W5755+1) € Rmsxmsv
Wlsy@ = diag(Wsyl, e 7WS,557[ns—rank(AS)) e R XN,
Then

]:1-171-27,,, e = (Wl,il 5 W271‘2, ey Wk‘,ik diagk(’;'-lihib... ,ik,0)> s
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where

o i iy X iy X X m i
Hllyb,"'ﬂk ERM 2 ky HPs.i, < fhsjigs

are, in fact, our joint-Tucker-like decompositions. This further leads to an orthogo-
nally transformed problem

(B1,. k| 2) M, where Z=(W]g,... . W/ V), H=W]g.... . W g|F).

Since the matrices Wy ;_ are originated in the SVDs of block-rows, the first 7z, ; rows
in the i,th block-row HI*} are linearly independent; compare with [18, section 3.1.2].

The final step is the permutation, that collects all the blocks H;, 4, ... s, together
in the leading principal corner of the tensor, while forming there B;. Application of
this permutation to matrices X4 separates A, 11 and A 22; compare with [18, section
3.1.3]. This separation can be done clearly such that all the zero columns of ¥ stay
as the last columns, and thus A, 1; have linearly independent columns, i.e., (CP1) is
satisfied. Moreover, the orthonormal bases of left singular vector subspaces of A 11
are formed by a Euclidean vector and thus (CP2)-(CP3) is satisfied by construction.

It remains to show the minimality. Consider another orthogonal transformation
yielding the block-diagonal structure (2.9) with subproblems of dimensions

As,ll c IRmSXnS7 A5722 c IR(mS—mS)X(ns—ns)7 Bl cR™ Xg X X,

Clearly, the transformed right-hand side always has zero projections into all left sin-
gular vector subspaces corresponding to the blocks ;1\5722. Recall that we did the
splitting in the first part of the proof by employing the SVDs of block-rows of the
s-mode matricization of F. Thus we minimize the number of nonzero rows in the
corresponding matricization of H (because the number of nonzero rows is equal to the
rank of the block-row) and maximize the number of zero rows. Thus singular values
of A; 22 form a subset of singular values of A, 2. Consequently,

~

rank(Asyn) Z rank(Asyn) =M.

Therefore ;1\5711 cannot have fewer columns (and smaller rank) than ms. Moreover,
if ;1\5711 contains some extra singular value in comparison to A 11, ;1\5711 has larger
dimensions then A, ;; and the right-hand side has zero projection in the respective
singular vector subspace, thus (CP2)—-(CP3) is violated. If the multiplicity of some
singular value in A, 1 is larger then in Ay ;;, then again A, ;; has larger dimension
then A;1; and the subproblem can be further transformed so that the right-hand
side projection into the corresponding singular vector subspace contains zero s-mode
cofibers (rows in the s-mode matricization). Thus again (CP2)-(CP3) is violated. 0O

Since the core problem is defined up to an orthogonal transformation, employing
the SVD of A, 11 = US[EOS]VST7 where X is square invertible (guaranteed by (CP1)),
we can do the following transformation:

UTBI, A, 1) diag(1,V) = UT B, A, 11 V] =

(] ES }ﬁs
UIESHBF} 0 Vilte — T

This yields a block upper antitriangular matrix with full row rank blocks on the
antidiagonal (® is an unimportant nonzero submatrix). The full row rank of the
nonzero block of the last my —ny = dim(A"(As11)) =Tz 11 >0 rows is guaranteed
by (CP2)—(CP3). Thus we obtain that:
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(CP4) Matrices [BI™, A, 11] € R7x 48/ are of full row rank equal to
s=1,2,...,k.
Compare this with analogous properties of problems (i)—(iv); cf. (CP4) in Appendix A.

3. Iterative core reduction for problems (i)—(ii). The CRTs (2.5)-(2.8)
and (2.9) can be constructed using the SVD and the Tucker decomposition, the high-
order variant of the SVD; see [28], [15], [16]. The resulting core problems have nice
structure (e.g., system matrices Aq; are typically diagonal). However, calculation of
the SVD and Tucker decompositions is computationally expensive. Core problems
can also be obtained iteratively. We summarize the technique for problems (i)—(ii)
and explain the influence of starting vectors.

3.1. Golub—Kahan bidiagonalization and its band generalization. The
core problem in the vector right-hand side case Ax ~ b is reachable by the Golub—
Kahan (GK) iterative bidiagonalization of A starting with the vector b/||b||; see [28].
For this three-term recurrence algorithm, the computation terminates when one of the
two normalization coefficients computed in each iteration is zero. The system matrix
Aj; then has a bidiagonal form, e.g.,

GK
A = A= s & s

+ 1[0

where “&” denotes nonzero entries (the other entries are zeros); boxed zero denotes
the zero normalization coefficient.

In the matrix right-hand side case, the core problem is extracted by the band
generalization of GK (BGGK) [7] of A. The iterations need to be started with an
orthonormal basis of the range of B; see [1] and, in particular, [16] for a detailed
explanation and description of the algorithm. BGGK produces a band diagonal matrix
Aj; with d =rank(B;) =rank(B) diagonals. During the process the current width of
the band is subsequently reduced as individual underlying Krylov subspaces become
A-invariant. This effect is called the (upper or lower) deflation. After d deflations, the
core problem is separated. The process can also be viewed as a block generalization
of GK, where the nonzero entries in the standard GK are replaced by lower trianglar
matrices in the column echelon form (in the block-superdiagonal) and upper triangular
matrices in the row echelon form (in the block subdiagonal). See an example with
d=4:

L JRCERCERCER J

[cla|lc c»

BGGK
—_—

33 *
L IRCARCIE J

L JR<IRC<IR J
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where “©” denotes entries that may be zero as well as nonzero; boxed zeros denote
the individual deflations. The vertical and horizontal lines separate the individual
blocks computed in the iterates of the block algorithm.

3.2. Impact of choice of starting vectors. In the case (i), GK iteratively
(column-by-column) builds up the matrices P and @ from (2.5). The first column
of P is the starting vector p; = b/y1, where 73 = ||b||. The first column of @ is
q1 = ATp1/ay, where ag = || ATp;||. Then the process continues as

(3.1) PV < Agj—1 — pj—10G-1, llp;ll =1, v; >0,

(3.2) gjo + ATpj — qj1, llg;ll=1, aj >0,

for j =2,3,... till separating the core problem. The remaining columns of P and @
can be chosen arbitrarily such that P and @ are square orthogonal (for determination
of the core problem they are in fact not needed). Then

lloll e
0 Y2 Q2
PTlb, Al diag(1,Q)= | . ||[PTAQ|= vs |
: 3 :
0
giving schematically the structure of core data (2.5):
(&
s &
bAl 5 [y An)= s &
s &
&

For problems (ii) with B of full column rank Bjorck [1] proposed to use the basis
of Z(B) obtained by the thin QR decomposition of B as the starting set of vectors
for BGGK. This concept can be simply generalized to any B € R™*¢ d = rank(B),
by employing two subsequent QR’s. In particular, in [16] it is proposed to do first the
full LQ decomposition of B (the full QR decompostion of BT) to get the orthogonal
matrix M (see (2.6)). Thus

B=LM"=[L',0)MT, where M '=M"eR™® and L'eR™

is a full column rank matrix in the lower triangular column echelon form. Then the
approach of Bjorck can be applied to L. The thin QR decomposition yields

L'=PT, where PgeR™4 PLP =L and IeR™

is square invertible in the upper triangular form. The d columns of P, 5 then form
the orthonormal basis of Z(B) used for starting BGGK. Altogether we have

B=P,;[[,00MT and  PT'[B,A]diag(M,Q)= [g 8“ PTAQ},
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giving schematically the structure of core data (2.6), e.g.:

& Q
Fy

r3A
333
rT3I I P

[clac

BGGK
—_—

[B,A] [B1,Aun] =

*» 33
L JRCERCEE 4

[o]
»
(VAR

I [o] & ]

Note that the first full LQ decomposition is in [15], [16], [17] called the right-hand
side preprocessing since it precedes the main iterative part of BGGK, while yielding
the nice band-diagonal shape of the resulting problem [Bj, A11]. However, since the
matrix multiplication is associative, it does not need to be done as the first step.

On the other hand, the actions of the involved algorithms are not commutative.
Starting with the thin QR decomposition of B, B =P, U, we get in general another
basis of #Z(B) and a full row rank upper triangular U in row echelon form. The
subsequent LQ decomposition of U gives U = [[',0]M T and can be done ex-post_as
postprocessing. The main difference of the “tilded” decomposition B = ]3113 [f,O]M T
is that T is an upper but T is a lower triangular invertible matrix (decompositions of B
in these two forms are also traditionally called the URVT and ULVT decompositions;
see [3], [11], [31]). Then, for example:

L JECEECEE J

SIS *
ECEECHE J
S »

*

BGGK
—_—

I AP

[B,A] [B1, A1l =

T3P

[0]

Fy

(VAR 3

O 0 &

[o] [o] » =
& &

Fy

In general, any basis ]31@ of Z(B) can be used for starting BGGK, and any decom-
position of the form B = ]31@ [f,O]J\/J\r , where Tis square invertible, can used for the
same purpose. A subsequent QR or LQ decomposition of T again yields a decompo-
sition of B in the URVT or ULVT form, respectively. Naturally, also the SVD of B
can be used, but this would result in higher computational cost.

Note that a different set of starting vectors (different orthonormal basis of Z(B))
can drive BGGK for the given fixed [B, A] into differently shaped [Bi, Ai1], since
deflations may occur in different iterations. However, from the conditions (CP1)-
(CP3) it follows that the final dimensions of the core data A;; € R™*™ and B, € R™*4
are independent of the choice of the starting set. Consequently, the same holds for
the total number of upper and lower deflations

#upper def’'s=m -7 and # lower def’s = (7 + d) — ;

see [16] for details.
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4. Iterative core reduction for problems (iii)—(v). In this section we gen-
eralize BGGK to problems (iii)-(v). First note that for (iii) and (v), we have to
preprocess a tensor right-hand side. For this purpose, we employ the standard Tucker
decomposition; see [33], [34], [35]; see also [21].

Let B e R™1*m2X"XMk he g tensor of multilinear rank
(4.1) rank(B) = (r1,72,...,7%), ie,  r;=rank;(B)=rank(BUY)

for j=1,2,...,k. Denote A = H?:l my and consider the SVD of the jth matricization
in the following form:

(4.2) BUY = U]'EjV]T cR™ ><(A/nl;)7 Uj=[U';,U";] eR™ xm; U'; eR™ xrj
Then
(4'3) BTCE(U/I,U'%—,...,U’{|B)eRnxrzx---xrk

is the so-called Tucker core of the tensor B (the terminology is not related to the core
problem terminology in this paper) and

(4.4) B=(U'1,U"s,...,U'|Brc) = <U17U27~~~7Uk|diagk(BT070)>

are the economic and full Tucker decompositions of B, respectively. Alternatively
other variants of the Tucker decomposition then the SVD based can be used. We
mention this in the last subsection.

4.1. BGGK for tensor right-hand side problems. We are looking for an
iterative BGGK-based process such that

Ax;1 X=B reduces to Ay X1 Xyq 1=~ DBy

The matricization of A x; X ~ B transforms the problem into a matrix right-hand
side one

Ax &l

The CRT thus becomes the transformation for the problem (ii), however, with an
additional constraint. In particular,

(PTAQ)QT XM M)~ (PTBM M)  with M=My®--® M,
i.e., M is a Kronecker product with orthogonal factors; see [17, eq. (6.4)].
To find it, we start with the Tucker decomposition (4.1)—(4.4) of B € Rm>d2xxdi

We need to link the individual objects in the decomposition to the orthogonal trans-
formation (2.7). First,

P, =U" e R™™, rp =rank(B1)

play the role of the starting vectors of BGGK and form the first part of the orthogonal
transformation matrix P. Then,

M]' EU]'I[U/]',U”]']GRdJXdJ, U/]' GRdjxajy aj Erj:rank(lg{j})v J=2,...,k,
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are the other right-hand side transformation matrices, where Ej denote the latter
dimensions of By, j=2,...,k; see core problem properties in section 2.3 or Appendix
A. The Tucker core Brg € R *%>Xdk of B forms the main (nonzero) part of By.

Having orthonormal starting vectors Pp.., = U’y, we can now run BGGK as in
the previous section to get (2.7). Schematically, e.g., for k=3 and r; =4

QP
Q?QVOVO »
quvvv (VAR ]
\VA\VIV) Q0 9
BGGK Q0|9
(45) (B,A) E— (Bl,A11)= AR s (VARV}
& O 0O &
& O O
& QO

Here the upper 4 x3 x 2 part of the tensor B; (filled with hearts) is the (full multilinear
rank) Tucker core Brc of the original B, concatenated in the first mode by a zero block
of appropriate size; 0 € R —"1)xd2Xxdk in general. After a vectorization the core
problem takes the form

where the first vertical line separates the individual frontal slices of B;. Note that
applying BGGK directly to [B{!}, A] would yield the full column rank right-hand side
By, representing a factor of Bfl} = BIJ\/J\'— for some M € RATi=2 de)xry MTM = L.

IABABA
IABABA
IABABA
IABABA
IABABA
IABABA

(4.6) B, A=

L /RCRCRCE J
L RCRCRCE J
L RCRCE J
ACRCE

4.2. BGGK for bilinear problems with a matrix right-hand side. In case
(iv) the whole setup is different. The linear mapping is represented by two matrices
and we are looking for a process such that

ALXAﬂ ~B reduces to AL711X11A£711 ~ Bj.

We now show that this can be achieved via appropriate preprocessing of B followed by
two independent BGGK processes for Ay, and AR, respectively. Even though the der-
ivations are based on Householder reflection matrices, computation of BGGK iterates
can be realized by band (block) tridiagonalization using the well-known equivalence
of these approaches; see section 3.1.

We start with the SVD of the right-hand side. Let rank(B) =7 and B=UXVT €
R™*4 with the partitioning

(4.7) U= [U/,U”] eRmxm7 U’ eRmxr7 V= [V’,V”] c Rdxd7 Ve Rdxr7

and ¥ = diag(¥,0), where X' € R"*" is square, diagonal, and invertible. Consider
the extended data matrix

B AL (e+m)x(n+d)
(4.8) [AE 0 }GR
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and apply the following transformation
(4.9)
Y 0 U'TAL
} diag(V, 1) = 0 0 Ut AL
V' TAR)T (V"TAR)T 0

B A

diag(U, I.)T [
( ) A£ 0

This block structure is particularly advantageous, since it now allows us to treat the
two parts involving Ay, and Ar independently.

To transform the part of (4.9) corresponding to Ay, we first find a Householder
matrix Hy,; such that the first row of

(U'TAp)Hr,;  and thus also (U7 Ap)Hy,

is zero except for the first entry. Then we apply a Householder matrix Hy, 2 so that
the same holds for the first column of

H (U TALHL ).

Similarly, to transform the part of (4.9) corresponding to Ar we first apply a House-
holder matrix Hg,; that zeros out the entries in the first row of

(V'TAR)Hgr,  and thus also (VT Ar)Hg,

except for the first one. Then we apply a Householder matrix HR » so that we get the
same for the first column of

Hio(V'" ArHr.1).

The whole orthogonal transformation is then

I. 0 o 1" Y 0 U'T Ay I. 0 0
0 Hpp O 0 0 Ut AL 0 Hgrz O
0 0 Hg, (V'TAR)T (V”TAR)T 0 0 0 Hy,
b3 0 U'T ALHy
= 0 0 HT,U"TALHy
HE (VT AR)T HE, (V"7 AR) T Hr 0

After several steps, the transformation matrices applied from the left and right have
the forms

diag(l, HLoHy 4Hypg -+, HriHr3Hrs -+ ),

(4.10) :
diag(l,, HroHraHrye -+, Hu1HysHyp -+ ),

respectively.
In summary, BGGK of the extended data matrix (4.8) splits equivalently into two
independent BGGK processes. Schematically:
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B AL BGGK By Avu
[Aﬁ 0} [Aﬂ,u 0 }
is equivalent to
B,AL] 29°%, [BLi,Avy], where By=[BL;,0]  and

(4.11) BGGK

]
[BT,Ar] == [Br.,Ag1i], where Blz[Bng]

Note that By computed for (4.8) has some extra zero rows and columns in compar-
ison to the right-hand sides produced in separate processes (4.11); see the following
example with r =rank(B) =4:

. . )
) O &
& VARV
3 VO &
(1.12) [Afln ALO,H}: & Z g g
’ 3
O O O|S
& 00 &
i &0 & |

Further note that since we started with the SVD of B, the nonzero full rank block
of Bj is square diagonal and equal to ¥’. Different initial decompositions of B may
result in different full rank blocks, but with the same singular values (see section 3.2).

It remains to specify the orthogonal transformation matrices in (2.8). Comparing

PTBK PTA,Q] [P 0] [ B A ][K 0
MTALK 0 |70 M| | AL o 0 Q

and (4.9) combined with (4.10) gives

I 0 0
P 0 u v’ o r
[ 0 M } = [ 0 0 I } 0 HpoHp,Hyg - 0 ;
0 0 Hgr1Hr3zHgrs -
I 0 0
K 0 | VAR VAL r
[ 0 Q}:[ 0 0 I } 0 HproHgr4Hgre - 0
n 0 0 HyaHygHys -

Consequently, the starting vectors for the two independent BGGKs in (4.11) are
Pl:r =U’ and Kl:r = Vly

respectively.

4.3. BGGK for k-linear problems with a tensor right-hand side. In the
general k-linear case, we wish to design a process such that

(AI,AQ,...,A]C|X)%B reduces to (A1,117A2,117~~~7Ak~,11|X11,,,1)z81~
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This can be done by a straightforward combination of approaches from sections 4.1
and 4.2. We start with the Tucker decomposition of the tensor B € R™1*maxxmk
as in section 4.1. Let

rank(B) = (r1,72,...,7k) and B=(U"1,U's,...,U'k| Brc)

(see (4.1)—(4.4)), i.e., the columns of U’y € R™=*"s represent an orthonormal ba-
sis of Z(BY}) for s = 1,2,... k. Following a similar argument as that in section
4.2, the whole k-linear BGGK splits into k standard BGGKs started with different
matricizations of B. Schematically,

BGGK
(B7A17A27~~~7Ak~) —_— (817A1,117A2,117~~~7Ak~,11)7

where By € R™1XM2X XMk gplits to

(BW Ay LN [Bi1, A1), where  BIY =Bl,11\/4\1r7
(4.13) B3 Ay) P55 [ByyApn), where  BY =By M],
(B, 4, 29K [Br1, Ak,11), where  B{" = B, M],

for some J/\ZS e R(A/ma)xra A = Hif:lm[, J/\Z'—J\/J\S =1, fors=1,2,... k.
More precisely, the individual BGGK processes start with orthonormal bases of
ranges of the particular matricizations of B. Thus

p— ! p— ! = !
Pl,l:r‘l =U 1 P2,1:r2:U27 ey ]Dk,l:r;€ =U ks

where Ps, s =1,2,...,k, play roles of the orthogonal matrices from the CRT (2.9).
Splitting the full k-linear process to the k standard BGGKs (4.13) results in right-
hand sides matrices B, ; having full column rank, i.e., we naturally removed all the
nonzero but linearly dependent fibers that may be present in the Tucker core (see the
last paragraph of section 4.1), and zero fibers that may be present in the tensor By
(similarly as zero columns and rows may appear in (4.11)).

To clarify the exposition, consider the example for £ = 3, with the core problem
right-hand side B; € R™®*% and with the Tucker core Brc = Bi,rc € R¥*3%2 (filled
with hearts):

(B1,A1,11,42,11,A311) =

[/ B, ’
& Flo o e .
VRV v »
9@ VRV 0 &
VRV v 0 &
MY S IRVARR VIR } B BRVARR VIR } ,
0 *» 0 &
a0 0 & FYVIVIRNY s O
& 0O 0 LI
s 0
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Here
(4.14)
[ 0 © (VERVERV
[VARVIRV 0 VARVINV)
-9 o0 VIV v e RT<GY)
[VARVIRY VIRV c?
[0 9 0 © VAKVERVIRY
@ vvooo&voovo 5x(7-4)
Bi"=lo oo o VRN €R )
'vvooo VIRVIRV 0 VRV
g _| 9900 VARVIRV) oo e RHX(T5),
1 0 0, 0 O

are clearly not of full column ranks 4, 3, and 2, respectively. Recall J/\ZS matrices
n (4.13), see also (4.6). The vertical lines in matricizations separate the individual
frontal, transposed frontal, and transposed lateral slices of Bj, respectively.

4.4. Note on QR-based variant of Tucker decomposition. For matrix
right-hand side problems (ii), the decompositions of the URVT or ULVT forms (i.e.,
consecutive LQ and QR, or QR and LQ decompositions) can be used to preprocess
B under a lower computational cost than with the use of SVD; see section 3.2. From
the tensor point of view, we in fact obtain a QR decomposition in the first and second
mode, respectively. Similarly, preprocessing of B can be improved.

Consider for simplicity a tensor of a small order, e.g., B = (b;, i,,i;) €
k = 3. Recall how the matricization works on this example, i.e., how the individual
entries are rearranged:

8x5x4
R 9

blll e b151 b112 e b152 b113 e b153 b114 e b154

B = R R T ST e R

L b811 o b851 b812 e b852 b813 e b853 b814 e b854 i

the individual blocks are (1,2)-slices called for k =3 frontal slices;

blll e b811 b112 e b812 b113 e b813 b114 e b814

B2 = S S T o c R5*(8"

| bist -++ bss1 | bis2 - bss2 || bisz - bss3 || bisa o bssa |

the individual blocks are (2,1)-slices, i.e., here transposed frontal slices, and

bi1n -+ bsi1 || biar - o bgar || bis1 - bss
B3 | . O Coe | erx®)
bita - bsir || biza - -+ bgay || bisa - besa
the individual blocks are (3,1)-slices, i.e., here transposed lateral slices.

Further note that if B has zero cofibers in the £ mode (i.e., zero rows after un-
folding into the ¢-mode matricization), then application of a matrix in 7 mode (7 #¢)
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does not affect these zero cofibers. We illustrate this by employing QR decompositions
on our example. First consider that, e.g.,

rank(B) = (rank(s{l}) , rank(B(2}) | rank(B{}) ) =(4,3,2).

Let B} = Q1 Ry, where Q7' = QT € R8%8, be the QR decomposition and, e.g.,

& O 0 9 Q9 9 9 9 ©
0 & O 0 9|9 v
00 & 9 9|9 v
(4.15) Ri=10 0 0 & 9|9 9 9 9 © .
0 0|0 0
0 0|0 0

By rearranging R; back into the original shape we get a tensor R satisfying RP} =Ry
and B=(Q; X1 R1. Next consider the QR decomposition of

4 00 0[0 - 0| © © 9|0 - 0
© 4 0 0 0 Q0
RP-lo o & 0 9 9 e,

0O 9 0 & 0 0
QO 9 9 90 - 0|9 9 © 9|0 - 0

ie., RI? = QuR,, where Q51 = QI € R%*, and, e.g.,
4 9 0 9]0 « 0| © © ©[0 - 0
0 & 0 © woiflo “od

(4.16) Ro= 0 0 &« 9|0 - 0|2 @ @ 9|0 - 0 ,
0 00 0|0 — 0]J]0 0 0 0[]0 ~ 0O
0 0 0 0’0 -OHOO 0 0’0 -OH

and R, satisfying R = Ry and Ry = Qs x» Ry, ete.
We see that for B € R >"2% X"k with the rank(B) = (11,72, ..., 7)) any sequence
of k QR decompositions in k distinct modes, e.g.,

QR in mode i3 QR in mode ig QR in mode i3 QR in mode iy,
B Ry, R, o Ri,

actually produces a QR-like Tucker decomposition
B= Qil Xiy (le Xiy ( © X (Qlk Xige le) Tt ))7
where R}, has a block diagonal structure
Ry, = diagy(Ry,1c,0), and Ry pc € RMXT2X T

is of full multilinear rank.

Since the R factor of a QR decomposition is in upper triangular row echelon
forms, this structure is also visible on the core Ry rc. However, it is clearly affected
only by the last QR decompostion, as illustrated in Figures 4.1 and 4.2.
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mode 3

[ille

Fi1G. 4.1. Structure of a Tucker core (here k =3 and r1 = r2 = ry) obtained by a sequence
of QR decompositions. The last QR decomposition is in the mode i, =1 (left), 2 (middle), and 3
(right); one fiber in the respective mode is visualized. The upper triangular matriz R;, is considered
to be in the same form as in (4.15), (4.16), i.e., with an invertible upper triangular block of the size

Fic. 4.2. Similar illustration as in Figure 4.1. The upper triangular matrices R;, are considered
to be in a more general row echelon form.

5. Properties of subproblems obtained by BGGK. It remains to show
that the subproblems extracted by the methods described in sections 4.1, 4.2, and 4.3
represent the core problems. We prove this by showing that they satisfy the necessary
and sufficient conditions (CP1)-(CP3); see sections 2.3 and 2.4, and, in particular,
Theorem 2.3.

THEOREM 5.1. Consider the problems

A X1 X111~ By,

T
AL,llelARJl NBh
(A1,117A2,117~~~7Ak~,11|X11...1) ~ B

obtained by the BGGK-based methods described in sections 4.1, 4.2, and 4.3, respec-

tively. These problems satisfy the defining conditions (CP1)—~(CP3). Thus they rep-
resent core problems within the given data.

Proof. Since the matrices of the reduced problems

A, Ar1, AR, A1, A2a1, -en, Aot
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are in a lower triangular column echelon form with no zero columns, they are of full
column rank. Thus (CP1) is satisfied for all of them.

Now consider the tensor right-hand side problem (iii). Since we started the com-
putation with the Tucker decomposition of B, B; is the Tucker core Brc of B with
the first-mode fibers prolonged with zeros,

1
BV = [ Bra } :

and other dimensions unaffected. Thus Bf]’ } , J=2,...,k are of full row rank and
consequently (CP2) holds.
To verify (CP3) for (iii) and (CP2)—(CP3) for (iv) and (v), we first point out that

T T T T T T
A11A117 AL,llALle AR,llAR7117 A1,11A17117 A2,11A27117 ey Ak‘,llAk7117

are square, symmetric positive semidefinite matrices with a specific structure of non-
zero entries called wedge-shaped matrices; see [16, Lemma 4.6] for the definition and
details. Wedge-shaped matrices generalize the Jacobi tridiagonal matrices and have
various interesting properties [12]. In particular,

o A1 A]| is r;-wedge-shaped, where 7| = rank; (B);

e Ap 1147 1 is r-wedge-shaped, where r =rank(B);

e Ar114p 1 is r-wedge-shaped, where r = rank(B); and

. A5711A1—711 is re-wedge-shaped, where ry =ranks(B), s=1,2,... k.

A multiplicity o(A) of a real (and here nonegative) eigenvalue A of a r-wedge-
shaped matrix © € R"*™ is bounded by &, o(\) < &; see [16] and [12]. Let Zy € R"*¢()
be a matrix of g(A) linearly independent eigenvectors of © corresponding to A. Then
the upper k-by-p(A) block of Zy, i.e.,

[1.,0]T Z e RF>*e()

is of full column rank; see [12, Corollary 5].

Now the eigenvalues of AHAT1 are squares of singular values of Aj;, and the
corresponding eigenvectors are left singular vectors of Aq;. The condition (CP3) for
(iii) requires that U Bfl} are of full row rank for all i’s. Since here U; = Z) (originated
in A AT}) and BEY =[] with full row rank W equal to 71, (CP3) holds.

Analogously, we can prove (CP2)-(CP3) for (iv). Using similar arguments to
the above, here Ur; = Z, (originated in AL,llA};H), Ur,; = Zx (originated in
Ar11A% 11), and B = %8] and ¥ € R™" are invertible. Consequently, Uy ; By
and UgijI are of full row rank for all ¢’s and j’s and (CP2)—-(CP3) is satisfied.

Finally, in (v) we get Us; = Z, (originated in A;AT). Furthermore, st} =
with the matrix W having full row rank equal to s, s =1,2,...,k. Thus UIiSBfS}
are of full row rank for all i5’s and s’s and (CP2)-(CP3) holds. 0

The banded shape of the reduced problems determined by the described methods
allows to formulate further properties of core problems. Note that the following
theorem holds for core problems in general, i.e., it is not restricted to subproblems
obtained by BGGK.
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THEOREM 5.2 (property (CP6)—(CP7)). Consider the core problems

A X1 X111~ By,

T
AL,llelARJl NBh
(A1,117A2,117~~~7Ak~,11|X11...1) ~ B

obtained by the orthogonal transformations (2.7), (2.8), and (2.9), respectively. Then
the multiplicities of singular values of the matrices

o Ay; are bounded by r1 =rank;(B1);

e Ap 11 and Ag 1 are bounded by r =rank, (B);

e A, 11 are bounded by rs =ranks(By).

The multiplicities of singular values of the extended matrices
. [Bil},An] are bounded by r1 =rank; (B;);
e [By,Ar11] and [BLAR,H] are bounded by r =rank, (By);
. [Bis},Asyn] are bounded by rs =ranks(B).

Proof. The proof again employs properties of wedge-shaped matrices. The first
part follows directly from the fact that A3 AJ} is an rj-wedge-shaped matrix (and
similarly for the other cases); see in particular [16, Lemma 4.6 and Corollary 4.3] or
(12, Corollary 5].

The second assertion is a bit more complicated. Consider first the extended
matrix [Bfl},Au], where rank(Bfl}) = r (the other cases are analogous). The LQ
decomposition of Bfl} gives Bfl} =[L,0]QT, where L is lower triangular in the column
echelon form with the full column rank r, and QT = Q~*. Then [L, A1;] can be seen
as an extended matrix of a core problem within some matrix right-hand side problem
(ii). Thus it satisfies the properties (CP6)—(CP7) given in [16, Lemma 4.6] and [13,
Theorem 2.2]; see also Appendix A. Since

(B, Au) = [ [£,0] | Au ] diag(QT, D).

the assertion holds for all nonzero singular values. Finally, since the extended matrix
is of full row rank (see the property (CP4)) it has no zero singular value. u]

6. Conclusion. In this paper we have introduced core problems within general
multilinear approximation problems with a tensor right-hand side, and specified their
defining properties. We described iterative methods providing core reduction of data
for particular multilinear problems including the general one. This reduction can
always be obtained by combining a specific preprocessing of the right-hand side data,
followed by a series of independent block (or band) GK bidiagonalization processes
applied on selected parts of the model and observation set. Properties of the reduced
data ensure their minimality and uniqueness up to an orthogonal transformation.
These results demonstrate that it is in principle possible to reduce maximally the
given data by a procedure based on Krylov subspace projections. Computational
aspects of the presented algorithms are behind the scope of this analytical paper and
remain for future research.

Appendix A. The list of core problems properties. In addition we list all
the already known core problem properties for the problems (i)—(iv); for the details
see [28], [15], [16], [17], and [18], respectively. We use the notation introduced in
section 2.3. The properties that together form the necessary and sufficient condition
for the minimality are asterisked.
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(i) The vector right-hand side core problem Ai;x =~ by; see [28]:

*(CP1) The matrix Aj; € R™*™ is of full column rank equal to 7.

(CP2) The vector by € R™ is nonzero.

*(CP3) The scalars u] b; € R are nonzero (where u; are the left singular vectors
of All) for i = 1, RPN 7T

(CP4) The matrix [by, A11] € R™* D is of full row rank equal to 7.

(CP5) The scalars e] v, € R are nonzero (where e; is the first Euclidean vector
and v, are the right singular vectors of [by, A1) for £=1,...,m,n+ 1.

(CP6) Singular values of the matrix Ay; are simple.

(CP7) Singular values of the matrix [by, A1) are simple.

(CP8) It always has a unique TLS solution.

(ii) The matrix right-hand side core problem A3 X1 =~ By; see [15], [16]:
*(CP1) The matrix A1 € R™*™ is of full column rank equal to 7.
*(CP2) The matrix By € R™* is of full column rank equal to d.
*(CP3) Matrices U] By € R7:*4 are of full row rank fi;, for i=1,...,§,€+ L.
(CP4) The matrix [By, A11] € R™*(™+4) js of full row rank equal to .
(CP5) The leading pricipal d x ¢ blocks of V; are of full column rank r, (where
columns of V; span either the right singular vector subspace
corresponding to the /th strictly largest nonzero singular value of By, A11],
or A ([By, Au))). _
(CP6) Multiplicities of singular values of A;; are bounded by d.
(CP7) Multiplicities of singular values of [By, A;;] are bouded nby d.
(CP8) If it has a TLS solution, then it is unique.
(iii) The tensor right-hand side core problem Ay; X1 Xi1..1 ~ By; see [17):

*(CP1) The matrix A1 € R™*7 is of full column rank equal to 7.

*(CP2) The tensor By € R™*d2xxdk (where A =7 - H?:z dy) has the s-mode
matricization st} € Re:x(A/ds) of full row rank equal to ds (or,
equivalently, all s-mode cofibers of B; are linearly independent) for
s=2,...,k.

*(CP3) Matrices UZTBP) € REX(A/™) are of full row rank i; for i =1,...,&,&

+1.
(CP4) The matrix [B{*, Ay;] € RTXT+A/M) is of full row rank equal to 7.
(iv) The bilinear core problem Ay, 11X11A4R,11 =~ By; see [18]:
*(CP1) The matrix Ay, 13 € R™*™ is of full column rank equal to 7.
The matrix Ag 11 € R?*C is of full column rank equal to ¢.
*(CP2) Matrices B1Ug,; € R™*7i are of full column rank T d=12,... ,C,CH1.
*(CP3) Matrices Uyl ; By € R7*? are of full row rank i;, i =1,2,...,&,+ 1.
(CP4) The matrix [By, Ar 11] € R™*(@+d) ig of full row rank equal to 7.
The matrix [BY, Ag,11] € R¥*(+™ i of full row rank equal d.
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CONCLUSIONS

In this thesis we have studied linear approximation problems of different
forms, the core problems within them, and partially also their solvability in
the TLS sense. The main motivation for us is that the core problem with
matrix right-hand side may not have a TLS solution.

In Part I we have built up very general and robust algebraic framework
enabling to handle and study internal structure of core problems with ma-
trix right-hand sides. That led us to some rather simple or partial, but any-
way interesting results — for example the interpretation of the core prob-
lem reduction as the orthogonal projection from the set of all linear approx-
imation problems onto the set of core problems, or the commutation of the
core problem reduction with the problem composition (see Section 5.2.3).
It also allowed us to formulate and partially also answer the question on ir-
reducible representation of linear approximation problem (in terms of com-
position) (see Section 5.3.6). As a by-product we have described in details
how to extract the degenerated component (that can be seen as the part
of the problem that only increases residuum) from the core problem (see
Section 5.3.3). Our journey into the internal structure of core problems is
complemented by already published work [10] (see page 83) that analyzes
the evolution of TLS solvability of core problems while composing.

There are, however, two main open questions related to the results pre-
sented in Part Il. First, it is still not clear how the irreducible representation
of the proper core problem looks like (our partial answer to the irreducible
representation is related to its easier part); it is also not clear how the gen-
eralirreducible core problem (possibly with given number of right-hand sides
d > 2) looks like. The second open question relates to our work [10], where
we analyze only a few selected combinations; further combinations or more
sophisticated analysis is missing.

In Part lll we did in particular the analysis of the existence and uniqueness
of the core problem within three different (but related) linear approximation
problems: problems with tensor right-hand side, bilinear problems with ma-
trix right-hand side, and multilinear problems with tensor right-hand side. All
of them can be seen as generalizations of the matrix right-hand side prob-
lem (and generalizations or specializations of themselves). All three core
problem reductions are also already published in [8] (see page 141), [9] (see
page 167), and [11] (see page 187), respectively. The core problem reveal-
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ing orthogonal transformation is in all three cases essentially done via the
SVD of the mapping (which is either a single matrix, or Kronecker product of
matrices). In the last paper we also propose the Krylov subspace approach
based on the band generalization of the Golub-Kahan iterative bidiagonal-
ization (which in fact can be due to the specialization directly applied on all
three cases); this is, however, not in the main interest of this thesis.

Note that there are interesting and important open questions related to
Partlll, too. In particular, the TLS solvability theory for bilinear and multilinear
problem is not fully resolved yet, up to our knowledge (see Remarks 6 and 8).
Both approaches can be also combined and one could ask about irreducible
representations of these generalizations (note that our algebraic framework
is already fully prepared for the bilinear problems). These open questions
will be addressed in the future work.
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