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THE CORE PROBLEM - - -
A N A L Y S I S ; PROPERTIES; AND 
BEHAVIOUR 

ABSTRACT 

A w i d e range of p rob lems ar is ing in rea l -wor ld app l ica t ions 
needs t o be so lved as l inear approx ima t ion p rob lems, s ince 
they migh t con ta in some er rors in da ta . This thes is f ocuses 
on so lv ing such p rob lems w i t h t h e m e t h o d of t h e to ta l least 
squares and t h e reduc t ion to t h e so -ca l led co re p rob lem 
w i th in , w h i c h is br ie f ly recap i tu la ted in Part I. A l t hough the 
core p rob lem c o n c e p t b rough t impo r tan t resul ts on so lvab i l 
i ty of t h e vec to r r i gh t -hand s ide p rob lem, it is not comp le te l y 
t rue fo r t h e p rob lem w i t h matr ix r i gh t -hand s ide as t h e core 
p rob lem w i th in may not have a TLS so lu t ion . There fo re , th is 
thes is a ims t o examine t h e 'internal structure' o f t h e matr ix 
r i gh t -hand s ide core p rob lems as wel l as t o 'look around' th is 
p rob lem in o rder t o f i nd poss ib le genera l i za t ions . 

In Part II w e bui ld genera l a lgebra ic f r amework , w h i c h e n 
ables t o in te rpre t t h e core p rob lem reduc t ion as t h e o r t h o g o 
nal p ro jec t ion f r o m t h e set of genera l app rox ima t ion p rob lems 
on to t h e set of co re p rob lems and part ia l ly open t h e ques t ion 
of t h e core p rob lem (de )compos i t i on and ( i r ) reducib i l i ty . 

Part III ex tends t h e core p rob lem t h e o r y w i t h th ree poss i 
ble genera l iza t ions , namely w e present t h e core p rob lem re 
duc t i ons w i th in t h e l inear approx imat ion p rob lem w i t h tensor 
r i gh t -hand s ide, t h e bi l inear p rob lem w i t h matr ix r i gh t -hand 
s ide and t h e mul t i l inear p rob lem w i t h tenso r r i gh t -hand s ide. 
The tex t of th is thes is is c o m p l e m e n t e d by cop ies of t h e re l 
evant pub l i shed ar t ic les of t h e app l ican t . 

K e y w o r d s : l inear approx ima t ion p rob lem; to ta l least s q u a 
res; co re p rob lem; core p rob lem reduc t i on ; o r t hogona l t r a n s 
fo rma t i on ; matr ix r i gh t -hand s ide; p rob lem (de )compos i t i on ; 
i r reduc ib le p rob lem; tensor ; tensor r i gh t -hand s ide; bi l inear 
p rob lem; mult i l inear p rob lem 
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M © TV 2-by-2 (b lock) d iagona l matr ix w i t h M and N on d iagona l 
d iag (M, N) 2-by-2 (b lock) d iagona l matr ix w i t h M and N on d iagona l 
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SVD singular va lue decompos i t i on 
HOSVD h igh -o rde r SVD (Tucker decompos i t i on ) 
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INTRODUCTION 

Linear approx ima t ion p rob lems, w h i c h can be seen as p rob lems c o n t a m 
ina ted by some errors in da ta , have been in tens ive ly s tud ied du r ing last 
d e c a d e s as t hey very o f t en y ie ld f r o m some rea l -wor ld app l i ca t ions . Since 
such p rob lems canno t be so lved w i t h o u t some co r rec t i ons , some a p p r o p r i 
a te m e t h o d (very o f t en a k ind of t h e least squares me thods ) has to be used . 
We are in par t icu lar in te res ted in so lv ing such p rob lems in t h e sense of t he 
to ta l least squares (TLS), but o the r o r thogona l l y invar iant op t im iza t ions are 
also re levant . The TLS m e t h o d a l lows t o co r rec t t h e r i gh t -hand s ide (ob 
served data) of t h e p rob lem, as wel l as t h e sys tem matr ix ( the mapp ing) in 
order t o ach ieve t h e so lu t ion of t h e mod i f i ed p rob lem and consequen t l y t he 
approx ima te so lu t ion of t h e or ig inal p rob lem. The s imples t var iants of such 
p rob lems are l inear approx imat ion p rob lems w i t h s ingle (or vec to r ) r igh t -
hand s ide and w i t h mul t ip le (or matr ix) r i gh t -hand s ide, respect ive ly . For 
t he above men t i oned approx ima t ion p rob lems the re exist a lot of t h e o r y i n 
c lud ing t h e a lgo r i thms and solvabi l i ty analys is , e.g., in [2] some aspec ts in 
so lvabi l i ty analys is fo r TLS p rob lems for t h e vec to r r i gh t -hand s ide case can 
be f o u n d , or in [30 ] bo th vec to r and matr ix r i gh t -hand s ide cases are s t u d 
ied . However , t he re we re stil l many th i ngs unclear — t h e main d i f f i cu l t y of 
t he TLS app roach is t h e fac t t ha t some p rob lems may not have a so lu t ion ; 
see [5 ] . No te tha t a l t hough t h e TLS t h e o r y w a s s tud ied s ince 1980s, it is 
stil l in t h e in terest of many research d i rec t ions . For examp le TLS min im iza
t ion w i t h a rb i t ra ry uni tar i ly invar iant no rms is s tud ied in [ 3 2 ] ; cond i t i on ing 
of t h e TLS is s tud ied in [13] , [19], or [ 3 5 ] ; d i f fe ren t compu ta t i ona l m e t h o d s 
are s tud ied , see [31] fo r q u a n t u m a lgo r i t hm, or [33 ] and [36 ] fo r randomized 
a lgor i thms. Here w e are in te res ted in t h e so -ca l led core p rob lem w i th in t he 
TLS min imiza t ion . 

The core p rob lem c o n c e p t i n t roduced by Paige and St rakoš (see [22]) 
b rough t impo r tan t ins ight t o t h e solvabi l i ty of p rob lems w i t h vec to r r igh t -
hand s ide case . The core p rob lem is de f i ned as a minimal d imens ioned s u b -
p rob lem of t h e or ig inal p rob lem con ta in ing all t h e necessary and suf f ic ient 
in fo rmat ion fo r f i nd ing t h e so lu t ion of t h e w h o l e p rob lem, w h i c h moreover 
can be reached by o r t hogona l t r ans fo rma t ions . The key p rope r t y of t h e core 
p rob lem w i th in p rob lems w i t h vec to r r i gh t -hand s ide is t ha t it a lways has t he 
un ique TLS so lu t ion (see [22 ] ) . Representa t ion of th is TLS so lu t ion (of t he 
core prob lem) in t h e con tex t of t h e or ig inal p rob lem t h e n d e p e n d s on its 
p roper t ies . In th is w a y t h e core p rob lem a l lows t o exp la in w h e n t h e or ig inal 
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prob lem has TLS so lu t ion and w h e n d o e s not . 
Success ive ly , t h e core p rob lem c o n c e p t w a s genera l i zed fo r t h e p r o b 

lems w i t h matr ix r i gh t -hand s ides (see [6] and [7]) inc lud ing t h e analys is of 
so lvabi l i ty (see [4]) of co re p rob lems w i t h mul t ip le r i gh t -hand s ides in t h e 
TLS sense. It w a s s h o w n tha t , con t ra ry to t h e s ingle r i gh t -hand s ide case , 
a core p rob lem w i t h mul t ip le r i gh t -hand s ides may not have a TLS so lu t ion . 
The s t ra igh t fo rward ques t i on : 'Why is it so?' led t o t h e natural cons ide ra 
t ion of d i rec t ions of f u r t h e r research . The f i rs t one is t o look ins ide t h e core 
p rob lem and to t r y t o f i nd some internal s t ruc tu re , t h e second one is t o look 
at t h e core p rob lems f r o m t h e w ide r con tex t and t r y to f i nd poss ib le w a y s of 
f u r t he r genera l i za t ion . Both of t hese w a y s are cove red in th is thes is . 

This thes is is o rgan ized in t h ree main par ts , a f te r th is In t roduc t ion Part I 
summar izes bas ics abou t l inear approx ima t ion p rob lems and t h e w e l l - k n o w n 
fac ts and resul ts abou t t h e to ta l least squares (TLS) m e t h o d s (in par t icu lar 
Chap te r 1 d i scusses t h e so -ca l led vec to r and matr ix r i gh t -hand s ide p r o b 
lems, Chap te r 2 t h e n fo rmu la tes an in teres t ing open ques t ion re lated t o t h e 
matr ix r i gh t -hand s ide core p rob lems wh i le mot i va t ing t w o w a y s of t h e fu r 
ther analys is) . Par ts II and III t h e n represent t hese t w o w a y s t ha t w e cal l : 
t he inner and t h e ou te r v iew — look ing ins ide and a round t h e core p rob lems, 
respect ive ly . The thes is is enc losed by Conc lus ion and a br ief cur r i cu lum 
vitae of t h e app l ican t . 

Part II cons is ts of t h ree chap te rs : Chap te r 3 ana lyzes several a lgebra ic 
s t ruc tu res in t h e set of all mat r i ces re la ted t o d i rec t summat i on and o r t h o g o 
nal t r ans fo rma t ions in o rder to i n t roduce useful c o n c e p t s , no ta t ion , and te r 
mino logy. Chap te r 4 t h e n genera l izes t hese c o n c e p t s t o tup les of mat r i ces 
and so -ca l l ed a l igned tup les — tup les tha t can be mat r ic ized in a nontr iv ia l 
way and also o r thogona l l y t r a n s f o r m e d in th is mat r i c i zed f o r m . Chap te r 5 
f inal ly app l ies t hese c o n c e p t t o specia l cases of a l igned tup les — da ta m a 
t r ices [B, A] o f l inear approx ima t ion p rob lems AX « B. Th is enab les t o be t te r 
unde rs tand (de )compos ing and ( i r ) reducib i l i ty of co re p rob lems. 

Part III cons is ts of four chap te rs . Chap te r 6 br ie f ly recap i tu la tes t h e re la
t ionsh ips (in t e r m s of genera l i za t ions and spec ia l izat ions) a m o n g ind iv idual 
l inear approx imat ion p rob lems . The remain ing th ree chap te rs d iscuss ( the 
l inear approx ima t ion p rob lem, t h e TLS min imiza t ion , t h e core p rob lem re 
duc t i on and its p roper t ies for) t h e ind iv idual fo rmu la t ions : Chap te r 7 fo r t he 
tensor r i gh t -hand s ide case ; Chap te r 8 fo r t h e bi l inear case w i t h matr ix r igh t -
hand s ide; and Chap te r 9 for t h e ^ - l inear case w i t h tenso r r i gh t -hand s ide. 

Each of t h e ind iv idual par ts ends w i t h t h e c o p y of re lated pub l i shed wo rks 
of t h e app l icant : Part I is enc losed by a very br ief t w o - p a g e s con t r i bu t ion 
w h i c h represents ra ther minor result (but anyway re lated t o t h e top i c ) . The 
main resul ts are p resen ted in four papers enc los ing Parts II (one paper) and 
III ( three papers ) . 
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PART I 

BASIC LINEAR 
APPROXIMATION 
PROBLEMS AND 
THE TOTAL LEAST 
SQUARES METHOD 

1 7 
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1 INTRODUCTION TO LINEAR 
APPROXIMATION PROBLEMS 

Linear approx ima t ion p rob lems appear in many rea l -wor ld app l i ca t ions , see 
for examp le [ 28 ] , [ 29 ] . They typ ica l ly have t h e f o r m of a 'system of linear 
equations' but w i t h o u t t h e so lu t ion in t h e c lassical mean ing , i.e., t h e equa l i ty 
canno t be reached as t h e r i gh t -hand s ide is not in t h e range of t h e sys tem 
matr ix . Thus , it does not represent a l inear sys tem in fac t , but t h e p rob lem 
has t o be t r ea ted via some k ind of min imiza t ion p rocess — usual ly some fo rm 
of least squares t echn ique ; see [18], [1], [3 , Chaps . 5 and 6 ] . Here w e focus 
on t h e so -ca l led total least squares (TLS) min imiza t ion ; see for examp le [2 ] , 
[ 3 0 ] , [3 , Sec. 6.3] . The so-ca l led core problem reduction (CPR) is a w e l l -
es tab l i shed c o n c e p t for so lv ing t h e l inear approx ima t ion p rob lems by using 
t he TLS m e t h o d in t h e s imples t case ; see [21], [ 22 ] . 

In th is chap te r w e s tar t w i t h a br ief recap i tu la t ion of t h e theo ry . We i n 
t r o d u c e t h e TLS fo rmu la t ion fo r t h e s imples t (namely t h e vec to r r i gh t -hand 
side) l inear approx ima t ion p rob lem and desc r i be t h e reduc t ion of t h e o r i g 
inal p rob lem t o t h e co re p rob lem w i th in . We remind h o w t h e core p rob lem 
c o n c e p t c lar i f ied t h e solvabi l i ty of t h e TLS p rob lem in t h e vec to r r i gh t -hand 
s ide case . We also br ie f ly recap i tu la te and point out d i f f icu l t ies of its mos t 
s t ra igh t fo rward genera l i za t ion — t h e mat r i x - r igh t hand s ide case . 

1 . 1 PROBLEM WITH SINGLE [VECTOR] 
RIGHT-HAND SIDE 

The s imples t case of l inear approx imat ion p rob lems is a p rob lem w i t h a v e c 
tor on t h e r i gh t -hand s ide, i.e., 

Ax « 6 , A e l m x n , beRm such tha t b^TZ{A). (1.1) 

The last cond i t i on s imply says, t ha t t he re is no vec to r x fo r w h i c h Ax = b. 
This may happen , e.g., due to con tam ina t i on of real app l i ca t ion da ta [b, A] by 
some er rors . Ins tead, w e seek for some 'completely different' x, t ha t a l lows 
to equal ize t h e le f t - and r i gh t -hand s ides at least approx imate ly . The w a y 
of t h e approx ima t ion , however , needs t o be spec i f i ed ; fo r example , one can 
min imize t h e 2 -norm of res iduum b - Ax, y ie ld ing t h e ord inary least squares 
so lu t ion . 
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1.1.1 Total least squares and its orthogonal invariance 
By so lv ing t h e l inear approx imat ion p rob lem (1.1) in t h e sense t h e to ta l least 
squares (TLS) w e mean so lv ing t h e fo l l ow ing min imiza t ion p rob lem 

m i n i n g ] sub jec t t o (b + g) e TZ(A + E). (1.2) 

Then by t h e TLS so lu t ion w e mean any vec to r X T L S such tha t 

(A + E)xjls = (b + g). (1.3) 

Since t h e Frobenius no rm is o r thogona l l y invar iant , Paige and St rakoš (see 
[21], [22] ) po in ted ou t tha t any o r t hogona l t r ans fo rma t i on of t h e prob lem 
does not a f fec t t h e so lu t ion in t h e fo l low ing sense. 

First, let us d e n o t e by 

{Pe p-1 = P1} (1.4) 

t he set of all o r t hogona l mat r i ces of o rder m. For any t w o o r t hogona l ma t r i 
ces P eOm and Q e O n , t h e or ig inal p rob lem Axmb can be t r a n s f o r m e d into 
a t i l ded one 

Ax = (PJAQ)(QJx) « (PJb) = b, 

w h e r e A = PJAQ, x = QJx and b = PJb; e q u i v a l e n t s 

[b\A] 
-1 
x 

P1 [b\A] 
' 1 0 
0 Q 

' i 0 
0 Q 1 

-1 
X 

0. 

Let for t h e g iven A and b ex ist E = E(A, b), g = g(A, b) sa t is fy ing (1.2), and 
the re fo re also X T L S = TLS(A, b) sa t is fy ing (1.3). Then , by t h e mul t ip l i ca t ion of 
the equa l i ty (1.3) by P and Q 

P\A + E)Q) ( Q T * T L S ) = (P^b + g))., 

w e immed ia te l y ge t E = PJEQ = E(A,b), g = PJg = g(A,b), and X T L S = 

QJXJLS = T\-S(A,b) fo r t h e t i l ded p rob lem. It fo l lows d i rec t l y f r o m t h e fac t 
tha t 

[g\E] P1 [g\E] 
' 1 0 
0 Q . 

[g\E] 

Consequen t l y , if t h e or ig inal p rob lem Ax ^b has a TLS so lu t ion , t h e n t he 
t i lded (o r thogona l l y t r ans fo rmed) p rob lem also has a TLS so lu t ion , and the re 
is a s imple re lat ion b e t w e e n t h e m ; see t h e fo l l ow ing d iag ram: 

Ax w b <—> Ax = (PJAQ)(QJx) w (PJb) = b 
I I 

XJIS < > XJIS = QJxjiS. 
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1.1.2 Core problem within Ax « b 
Paige and St rakoš in [22] f u r t he r i n t roduced t h e so -ca l led core problem c o n 
cep t . This enab led to d iv ide t h e p rob lem into t w o subp rob lems by using t he 
o r thogona l t r ans fo rma t i on above , such tha t t h e on ly one of t h e m con ta ins 
t he re levant and all t h e necessary da ta t o f ind t h e so lu t ion of t h e or ig inal 
p rob lem. 

The o r t hogona l t r ans fo rma t i on real ized by P e O m and Q e On app j ied 
on t h e or ig inal p rob lem represen ted by [b, A] y ie lds t h e t i l ded p rob lem [b,A] 
in t h e fo l low ing b lock f o r m 

[b\A]=PJ[b\A] 
' 1 0 ' h An 0 

0 Q \ 0 0 A22 _ (1.5) 

Here on ly t h e subp rob lem A11x1 « bi needs to be so lved (as t h e second par t 
A22x2 ~ 0 obv ious ly has tr iv ia l so lu t ion) . 

Such t rans fo rma t i on a lways ex is ts (see [22 ] ) , p rov ided t h e o the r matr ix 
A22 m igh t be d e g e n e r a t e d (or t r iv ia l , or e m p t y ) , i.e., it may have no co lumns , 
or no rows (or bo th ) . The f i rs t subp rob lem ob ta ined by such t rans fo rmat ion 
w h i c h has minimal dimensions a m o n g all su i tab le o r t hogona l t rans fo rma t ions 
is ca l led t h e core problem. The co r respond ing o r t hogona l t rans fo rma t ion 
(real ized by P and Q) is ca l led t h e co re p rob lem reveal ing t r ans fo rma t i on . 

The core p rob lem A11x1 « bx comp l ies w i t h a bunch of in teres t ing p r o p 
er t ies , namely (see [22 ] , [11]): 

*(CP1) The matr ix An e R m x n is of full column rank equal t o n. 

(CP2) The vec to r &i e Rm is nonzero . 

* (CP3) The scalars ujh e R are nonzero (where ut are t h e left s ingular vec to rs 
of AU, for m. 

(CP4) The matr ix [bu Au] e M m x(™ + 1) is of full row rank equal t o m. 

(CP5) The scalars e[ve e R are nonzero (where el is t h e f i rs t Eucl idean vec to r 
and ve are t h e r ight s ingular vec to rs of [6i, A n ] ) , for £= 1,... ,n,n + 1. 

(CP6) Singular va lues of t h e matr ix Au are s imple. 

(CP7) Singular va lues of t h e matr ix [bi, An] are s imple. 

A m o n g all t h e p roper t ies , t he re are t w o par t icu lar ly no tab le th ings . First: 

The minimality of the subproblem A11x1 « &i is equivalent to (CP1) A (CP3) 

see for examp le [ 4 ] . Ano the r ve ry impo r tan t p rope r t y is tha t : 

The core problem Anxl « bi always has the unique TLS solution xljTiS 

see [22 ] ; in [11, A p p e n d i x A] th is p rope r t y is l isted as (CP8). 
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If t h e or ig inal p rob lem Ax « b a lso has t h e un ique TLS so lu t ion £ T L S , t he re 
is a s t ra igh t fo rward re lat ion b e t w e e n t h e m th rough t h e t rans fo rma t i on . See 
the fo l low ing d iag ram: 

Ax « b —• A n x i = (P 1

TAg 1)(gJx) « = 61 

I I 

^ T L S ^ — • £ I , T L S = QI^TLS, ^ T L S = g 

Here 

P=[P1 P2], Pl e M m x ™, Q=[Qi Q 2 ] , Qie M n x " 

Matr ices P1 and <2i reduce (or restr ic t ) t h e or ig inal p rob lem t o t h e core p r o b 
lem w i th in . Thus , Pi and Ql represent t h e core p rob lem reduc t ion (CPR). 

Since w e are able t o sw i t ch b e t w e e n xi J L s and X T L S by using jus t t h e Qx 

matr ix : 

The core problem contains all the necessary and sufficient information 

for so lv ing t h e or ig inal p rob lem (see also [22 ] ) ; at least in t h e case , w h e n t he 
or iginal p rob lem has t h e un ique TLS so lu t ion , as w e have jus t s h o w n . A br ief 
d iscuss ion abou t t h e genera l case fo l lows in t h e next sec t ion . 

Finally, no te t ha t t h e core p rob lem reveal ing t rans fo rma t i on (P, Q) or t he 
core p rob lem reduc t ion (Pi, QA can be ob ta ined by using t h e singular value 
decompos i t i on (SVD) of t h e matr ix A, w h i c h is usefu l mainly for t h e t h e o r e t 
ical analys is , or c o m p u t e d by Go lub -Kahan i terat ive b id iagona l iza t ion of t h e 
matr ix [b, A], bo th w a y s have been p resen ted a l ready in [22 ] . 

1.1.3 TLS solution of Ax « b and the non-generic approach 
The s tandard app roach t o t h e analys is of t h e solvabi l i ty of TLS prob lems 
inc lud ing resul ts on t h e necessary and suf f ic ient cond i t i on fo r t h e ex is tence 
of t h e so lu t ion can be found in t h e classical paper [2 ] . Namely , it is s h o w n 
the re tha t fo r t h e g iven A and b t h e TLS so lu t ion may not exist , and if it does , 
it may not be un ique. In t h e case of non -un iqueness , w e usual ly w a n t t o 
choose one part icular , t yp ica l l y (but not necessar i ly ) t h e minimal in t h e 2 -
norm. 

These issues we re f u r t he r deve loped in [ 3 0 ] , here t h e au tho rs a m o n g 
o the r th ings in t roduce t h e so-ca l led non -gener i c app roach for t h e p rob lems 
w i t h no TLS so lu t ion . It basical ly represents rep lac ing t h e TLS min imizat ion 
(1.2), equ iva len t ly f o rmu la ted as 

min || [ g | E ] || F sub jec t t o 3x : (A + E)x = b + g, 

by ano the r similar op t im iza t ion p rob lem. That is essent ia l ly t h e same min i 
miza t ion but w i t h add i t iona l cons t ra in 

min || [ g | E ] || F sub jec t t o 3x : (A + E)x = b + g A 
-1 
x 

22 



w h e r e % is a span of r ight s ingular vec to rs of [b, A] co r respond ing to k sma l l 
est (d is t inct ) s ingular va lues of [b, A}; see [ 3 0 ] fo r deta i ls . 

No te tha t t h e ind iv idual s ingular va lues may be of h igher mul t ip l ic i t ies, so 
d i m ( ^ ) > k in th is fo rmu la t i on . Moreover , if t h e (k + l ) t h s ingular value is 
mul t ip le , t h e above g iven non -gene r i c min imiza t ion e i ther has no so lu t ion , 
or it has inf in i te ly many so lu t ions ; in t h e lat ter case w e again w a n t t o choose 
one part icular, t yp ica l l y (but not necessar i ly ) t h e min imal in t h e 2 -norm. 

Fur ther note tha t t h e or ig inal TLS min imiza t ion can be seen as t h e n o n -
gener ic min imiza t ion w i t h k = 0. This mot i va tes a k ind of i terat ive p rocess 
usual ly ca l led t h e c lassical TLS a lgo r i t hm: In t h e fcth s tep , it t r ies to solve 
t he non -gener i c min imizat ion w i t h % , and if t he re is no so lu t ion , it moves to 
(k + l ) t h s tep ; see [ 3 0 ] or [ 5 ] . 

Consequen t l y , t h e app rox ima ted TLS or non -gene r i c (NGN for shor t ) s o 
lut ion of Ax pa b is reached by d e p t h - f i r s t search ing t h e fo l low ing dec i s i on -
t ree : 

Ax ~ b 
I 

Yes <- Does it have t h e TLS solut ion? -»• No 

Is t h e TLS so lu t ion unique? Is t h e NGN so lu t ion unique? 

-i" -i" -i" \-
Yes No Yes No 

x = xjLS x e {XJIS} X = XUGU x e { X N G N } 

Recall t ha t in t h e cases of non -un iqueness w e have t o d e c i d e somehow, 
w h i c h so lu t ion t o choose . 

1.1.4 Solving of Ax « b by core problem reduction 
The l inear approx ima t ion p rob lem Ax ^b can be via t h e core p rob lem revea l 
ing t rans fo rma t i on ( 1 . 5 ) s t ruc tu red such tha t 

PJ [b\A] 
' 1 0 ' 6i An 0 
_ 0 Q \ 0 0 A22 _ 

Since its so lvabi l i ty in t h e TLS sense s t rong ly rel ies on t h e p roper t i es of t he 
SVD of [b, A], t h e core p rob lem c o n c e p t b rough t some ins ight t o it. The SVD 
of t h e who le matr ix cons is ts of t h e SVDs of t h e ind iv idual b locks of t h e r igh t 
mos t b lock -d iagona l matr ix . Speci f ica l ly , t h e set of s ingular va lues ( inc luding 
mul t ip l ic i t ies) of [b, A] is t h e union of such sets for [&i, A n ] and A22- Possib le 
TLS solvabi l i ty and un iqueness of t h e so lu t ion t h e n d e p e n d s on t h e occu r 
rence of t h e smal lest s ingular va lue in t hese t w o b locks . In par t icu lar (see 
the or ig inal paper [22 ] ) : 

• crm\n(A22) > crmjn([&i, An]) TLS so lu t ion of (1.1) ex is ts and is un ique, 
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• o-min(A22) = crmin([6i, A n ]) -<=>- TLS so lu t ion of (1.1) ex is ts , bu t not un ique, 

• crm-m(A22) < crmin([&i, A n ]) -<=>- TLS so lu t ion of (1.1) d o e s not exist , 

w h e r e amin d e n o t e s t h e smal lest s ingular value of t h e g iven matr ix . 
Fol lowing d iag rams i l lustrate t h e re lat ions of t h e resul ts w h e n so lv ing t h e 

TLS of t h e or ig inal p rob lem, and w i t h t h e use of core p rob lem reduc t ion w i t h 
respec t t o four poss ib le s i tuat ions (see t h e dec i s i on - t ree in t h e prev ious sec 
t ion) — the re ex is ts un ique, or non -un ique TLS so lu t ion , or un ique or n o n -
un ique non -gene r i c so lu t ion of t h e or ig inal p rob lem. 

We s tar t w i t h t h e f i rs t t w o cases , i.e., w e assume tha t Ax ^ b has a TLS 
so lu t ion , i.e., 

am\n([b,A]) = <7mjn([&i, An]) < 0-min(A22) 

(recall t ha t CPR s tands for t h e core p rob lem reduc t i on ; no te tha t t hese d ia 
g rams are ro ta ted by 9 0 ° in compar i son t o t h e prev ious one in Sect ion 1.1.2): 

• There ex is ts t h e un ique TLS so lu t ion of Ax « b. 

Ax pa b 
| CPR 

AnXi ~ b\ 

• There ex is ts a non -un ique TLS so lu t ion of Ax « b. 

T L S 

Ax « b —> {XILS} non -un ique 
I CPR t chooses t h e min. 2-norm 

A n x i « 6i —> X I J L S 

The f i rs t d iag ram is a l ready de r i ved in Sect ion 1.1.2, t h e o the r one fo l lows 
f rom t h e p roper t i es of t h e core p rob lem (in par t icu lar f r o m a p rope r t y ana lo 
gous t o (CP3) : all r ight s ingular vec to rs of [&i, A n ] has nonzero f i rs t c o m p o 
nent ) ; see [22 ] . The impo r tan t t h ing is tha t t h e CPR chooses au tomat ica l l y 
t he TLS so lu t ion minimal in t h e 2 -norm. 

If t h e TLS so lu t ion of Ax « b does not exist , i.e., 

{[b, A]) = am in(A2 2) < crmin([6i, An]), 

t he non -gene r i c app roach is used , see [ 3 0 ] . We again d is t ingu ish t w o p o s 
sibi l i t ies: 

• There ex is ts a un ique non -gene r i c so lu t ion in AX « B. 

Ax pa b 
| CPR 

AnXi ~ b\ 

TLS 
> X T L S un ique 

X 
TLS 

->• Z I T L S 

N G N T L S 

> X N G N un ique 
X 

TLS 
> XIJLS 
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• There d o e s not exist 

Ax pa b 
| C P R 

AnXi ~ b\ 

The mechan i sms here are very similar t o t h e prev ious t w o cases . For de ta i led 
exp lanat ion w e again refer t o t h e or ig inal paper [ 22 ] . 

Consequen t l y , ins tead of reach ing t h e app rox ima te TLS or NGN (min i 
m u m 2-norm) so lu t ion of Ax « b by t h e dec i s i on - t ree f r o m Sect ion 1.1.4, w e 
can fo l low much s impler way 

Ax ~ b -^^> AuXi ~ bi -^A- xijis —> x = Q 

1 . 2 PROBLEM WITH MULTIPLE 
[ M A T R I X ] RIGHT-HAND SIDE 

The s t ra igh t fo rward genera l i za t ion of a s ingle r i gh t -hand s ide l inear app rox 
imat ion p rob lem is a mul t ip le (or matr ix) r i gh t -hand s ide p rob lem, 

AX ^ B, A e Rmxn, B e Rmxd such tha t n{B) % TZ(A); (1.6) 

see [ 3 0 ] . It can be mo t i va ted , e.g., by t h e need t o so lve several (vector 
r i gh t -hand side) p rob lems w i t h t h e same sys tem matr ix , bu t d i f fe ren t r igh t -
hand s ides s imul taneous ly . For ins tance , cons ide r a p rob lem w i t h a t i m e -
d e p e n d e n t r i gh t -hand s ide 

AXJ « bj, bj = b(tj), j = 1, 2,..., d; 

for app l i ca t ions see, e.g., [ 28 ] , [ 29 ] . 

1.2.1 TLS solvability of the problem with multiple right-hand 
sides 

The TLS min imiza t ion (1.2) can be easi ly genera l i zed fo r p rob lem (1.6) as 

min || [ E | G ] | | sub jec t t o K(B + E) c n(A + G). (1.7) 

The solvabi l i ty analys is is even more comp l i ca ted t han in t h e s ingle r igh t -
hand s ide case (and it is ou t o f t h e scope of th is w o r k ) . The resul ts on so lv 
abi l i ty es tab l i shed in c lassical w o r k s [2] and [30 ] we re s u p p l e m e n t e d in [5 ] , 
see also [ 3 4 ] . In part icular , in [5] all l inear approx ima t ion p rob lems (1.6) are 
so r t ed into four c lasses acco rd ing t o the i r so lvabi l i ty p roper t ies . 

a un ique non -gene r i c so lu t ion in Ax « b. 

N G N T L S ) { X N G N } non -un ique 
t chooses t h e min. 2-norm 

TLS 
> XIJLS 

Zl,TLS 
0 
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This c lass i f i ca t ion is based on d imens ions , mul t ip l ic i t ies of s ingular values 
of [B, A] e M m x («+ d ) ( and ranks of spec i f i c b locks of matr ix V o f r ight s ingular 
vec to rs of [B, A]. Br ief ly (suppose fo r s impl ic i ty m>n + d), let 

[B, A] = UEVT, w h e r e £ 
d i a g O i , . . .,an+d) 

o 
DTOX (n+d) (1.8) 

be t h e SVD of [B, A]. Let numbers q (0 < q < n) and e (1 < e < d) d e n o t e t he 
left and right multiplicities, respect ive ly , o f an+1, i.e., 

&n—q ^* @n—q-\-l a n+e > cr n+e+l • (1.9) 

(g + e)- tuple s ingular value 

Then V can be d i v ided in t h e fo l low ing b locks w h o s e ranks de te rm ine t h e 
c lass i f ica t ion 

V Vn 

V21 

Vl2 

v22 v23 

} d 
} n (1.10) 

n-qq+ed-e 

Note tha t if q = n or e = d, t h e n an-q or an+e+ll respect ive ly , d o e s not exist 
and mat r i ces [ ^ ] or [ ^ ] , respect ive ly , have no co lumns . In par t icu lar for 
d ' ' l , w h e n t h e matr ix r i gh t -hand s ide p rob lem is e f fec t i ve ly reduced t o t h e 
vec to r one , e = d = l. 

All l inear approx imat ion p rob lems AX « B can be now so r ted into f o l l ow
ing c lasses: 

T if r a n k ( [ V 1 2 , y 1 3 ] ) 
c lasses: 

d ( the so -ca l l ed generic p rob lem) , w i t h t h ree sub-

J"i if rank(V"i 2) = e (and t hus rank(V"i 3) = d-e), 
F2 if rank(Vi2) > e and rank(V"i 3) = d-e, and 
Ti if rank(V"i 3) < d-e (and t hus rank(V"i 2) > e); 

note tha t 7 = 7X u T2 u J " 3 ; and 

5 if rank([Vi2, V13\) < d ( the so -ca l led non-generic p rob lem) . 

Clearly, in t h e vec to r r i gh t -hand s ide case , w h e r e V13 has no co lumns (so it 
is a lways of t h e ful l co lumn rank 0), t h e p rob lems can be long only t o Tx or S. 

In [5] it is s h o w n tha t : 

AX m B has a TLS solution if and only if it belongs to T\ u T2 

bes ides p rob lems in F3 u S do not have a TLS so lu t ion . It is in par t icu lar 
in te res t ing , because t h e c lassical TLS a lgo r i thm (br ief ly men t i oned in Sec
t ion 1.1.3) can be e x t e n d e d for t h e mul t ip le r i gh t -hand s ide p rob lems (see 
[30 ] ) , it is c o m m o n l y used , and it is c o m m o n l y be l ieved , t ha t it ca lcu la tes 
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t he TLS so lu t ion for all t h e c lass 7 p rob lems ( that is w h y t hese are ca l led 
gener ic , and t h e o the r non -gene r i c ) . In [5] it is f u r t he r s h o w n , t ha t t h e c las 
sical TLS a lgo r i thm moreover reaches t h e TLS so lu t ion only for sub -c lass T\ 
prob lems . The approx ima te so lu t ions ca lcu la ted for T2 and F3 p rob lems are 
ra ther non -gene r i c so lu t ions . Very s imple mod i f i ca t ion of t h e c lassical TLS 
a lgor i thm tha t reaches TLS so lu t ion (at least some, not necessar i ly t h e one 
w i t h min imal norm) also fo r sub -c lass T2 p rob lems has been p roposed in the 
p roceed ings paper [12]; see t h e inc luded copy at page 35 . 

1.2.2 Core problem 
Ana logous ly t o t h e s ingle r i gh t -hand s ide case , o r t hogona l t rans fo rma t ions 
of (1.6) d o not c h a n g e t h e norm in (1.7). In matr ix r i gh t -hand s ide case it is 
execu ted by o r t hogona l mat r i ces (P,Q,R) e O m x O n x Odl such tha t 

[B,A] = PT[B,A] 
' R 0 " " B1 0 An 0 

0 Q . 0 0 0 A22 _ (1.11) 

The subp rob lem AnXn = B1 hav ing t h e minimal d imens ions a m o n g all such 
t rans fo rma t ions is aga in ca l led t h e core p rob lem, as it is i n t roduced in [6 ] . It 
again has a lot of in te res t ing p roper t ies , e.g.: 

*(CP1) The matr ix An e RM X N is of full column rank equal t o n. 

*(CP2) The matr ix Bl e RM X~ D is of full column rank equa l t o d. 

* (CP3) Mat r i ces UjB1 e R 7 1^ are of full row rank equal t o JLU w h e r e co lumns 
of Ui represent basis of: e i ther t h e left s ingular subspace of Au c o r r e 
spond ing t o t h e ith largest s ingular va lue, for % = 1,... ,£; or t h e nu l l -
space of A\x, fo r % = £ + 1. 

We par t icu lar ly men t ion t hese th ree , because : 

The minimality of subproblem AnXn « B1 is equivalent to (CP1)-(CP3) 

but all o f t h e p roper t i es (CP1)-(CP7) can be genera l i zed f r o m t h e vector , t o 
the matr ix r i gh t -hand s ide case ; see [11, Append i x A ] . For examp le : 

(CP4) The matr ix [Bu An] e M™x(™+ )̂ is of full row rank equal t o m. 

(CP6) Mul t ip l ic i t ies of s ingular va lues of t h e matr ix An are b o u n d e d by d. 

(CP7) Mul t ip l ic i t ies of s ingular va lues of t h e matr ix [Bu Au} are b o u n d e d by d. 

Most of t h e theore t i ca l resul ts are aga in based on t h e SVDs (see [6]) wh i ch 
is not su i tab le fo r ac tua l c o m p u t a t i o n s . The genera l i za t ion of t h e p rocedure 
for t h e core p rob lem ex t rac t ion based on t h e Go lub -Kahan b id iagona l iza t ion 
can be found in [7 ] . 
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Al though t h e t h e o r y can be nicely genera l i zed f r o m t h e s ingle r i gh t -hand 
s ide se t t i ng , t h e mos t in te res t ing result re la ted to core p rob lems and TLS 
canno t be genera l i zed . It w a s s h o w n tha t : 

The core problem AnXn « B1 may not have a TLS solution 

t he (CP8) p rope r t y genera l izes as: if AnXn « B1 has a TLS so lu t ion , t h e n it is 
un ique; see [ 4 ] . This fac t se rved as t h e main mot i va t ion for f u r t h e r research 
in d i f fe ren t d i rec t ions w h i c h wil l be cove red in fo l low ing par ts of th is thes is . 
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2 MOTIVATION FOR TWO 
DIRECTIONS OF RESEARCH 

The last chap te r e n d e d w i t h t h e main mot i va t ion for th is who le thes is . The 
matr ix r i gh t -hand s ided co re p rob lem may not have a TLS so lu t ion . The o b 
v ious ques t ions are: 'Why is it so?' or more prec ise ly : 'What does it mean, 
e.g., in terms of data A and B (or An and Bx)7, 'What is wrong with the data?' 
or 'Can we somehow identify such problems?' There are t w o usual and very 
natural d i rec t ions of research in such s i tua t ion : 

• To look ins ide t h e core p rob lem. Try t o f i nd some potent ia l in ternal 
s t ruc tu re of t h e core p rob lem and s tudy it f r o m th is pe rspec t i ve . 

• To look at t h e core p rob lems f r o m t h e ou ts ide , in a w ide r con tex t , i.e., 
look at more genera l se t t i ngs . 

Both of t hese w a y s are s tud ied in th is thes is , t h e 'inner view' in Part II (see 
page 37 ; see also page 81 for t h e main a l ready pub l i shed resul ts) , t h e 'outer 
view' in Part III (see page 109; see also page 139 fo r t h e main a l ready p u b 
l ished resul ts) . 

2 . 1 INNER VIEW - - - LOOK I N S I D E 
THE CORE PROBLEM 

Since s tudy ing t h e internal s t ruc tu re of a core p rob lem (w i th matr ix r igh t -
hand side) seems t o be t o o techn ica l in t h e genera l case , t h e 'reverse-engi
neering strategy' can be usefu l , i.e., t o take some ex is t ing core p rob lems and 
use t h e m as bu i ld ing b locks ; see also Figure 2.1. This app roach w a s a l ready 
success fu l l y app l ied and resu l ted in t h e so -ca l led c o m p o s e d (or reducib le) 
core p rob lems ; see [ 4 ] . Part II of th is thes is fo rmal ly i n t roduces a lgebra ic 
s t ruc tu res w i t h w h i c h w e w o r k — inc lud ing genera l a lgebra ic pr inc ip les and 
p roper t ies of c o m p o s i n g (sets of) mat r i ces as wel l as t h e connec t i on t o t he 
con tex t of l inear approx ima t ion p rob lems . Eventual ly, resul ts on so lvabi l i ty 
of c o m p o s e d p rob lems are p resen ted , some par ts we re a l ready pub l i shed in 
[10] (see page 83 ) . 
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0 

0 Bf 

(a) 

t o r thogona l t rans fo rma t ion 

All 0 

0 Aß) 

t 
e 

(de )compos i t i on 

Figure 2.1: Explor ing internal s t ruc tu re of t h e matr ix r i gh t -hand s ide core 
p rob lem — some core p rob lems can be a f te r a su i tab le o r t hogona l t rans fo r 
mat ion d e c o m p o s e d into t w o (or more) fu l ly i ndependen t co re subp rob lems . 

2 . 2 OUTER VIEW - - - LOOK AROUND 
THE CORE PROBLEM 

The o the r d i rec t ion covers several w a y s of genera l i za t ions of t h e matr ix 
case: namely t h e tenso r r i gh t -hand s ide TLS p rob lem, t h e bi l inear TLS p r o b 
lem, and the i r un i f i ca t ion — t h e genera l mul t i l inear (or fc-linear) TLS p r o b 
lems; see also Figure 2.2. This d i rec t ion is cove red in Part III of th is thes is . 
All t h ree genera l i za t ions have a l ready been pub l i shed in a ser ies of papers , 
t he tenso r case in [8] (see page 141), t h e bi l inear case in [9] (see page 167), 
and t h e mul t i l inear case in [11] (see page 187). 
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Figure 2.2: Sequence of genera l i za t ions (or spec ia l izat ions) of l inear app rox 
imat ion p rob lems: t h e vec to r r i gh t -hand s ide p rob lem Ax & b ( top l ine), t he 
matr ix r i gh t -hand s ide p rob lem AX « B ( second l ine), t h e tensor r i gh t -hand 
s ide p rob lem A x1 X « B ( th i rd l ine, r ight ) , t h e bi l inear matr ix r i gh t -hand s ide 
p rob lem ALXA\ « B ( th i rd l ine, le f t ) , and t h e mul t i l inear ( /Hinear, here w i t h 
k = 3) tenso r r i gh t -hand s ide p rob lem (A1,A2,A3\X) « B ( last l ine). 
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MINOR PUBLISHED RESULTS 
RELATED TO THE PART I 

1. I. Hnětynková , M. Plešinger, and J. Žákova, Modification of TLS algo

rithm for solving T2 linear data fitting problems, Proceed ings in App l ied 
Mathema t i c s and Mechan ics 17 (1) (2017), pp. 7 4 9 - 7 5 0 . 

h t t p s : / / d o i . o r g / 1 0 . 1 0 0 2 / p a m m . 2 0 1 7 1 0 3 4 2 

See also page 3 5 , or re fe rence [12]. 
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PAMM • Proc. Appl. Math. Mech. 17, 749750 (2017) / DOI 10.1002/pamm.201710342 

Modification of TLS algorithm for solving Ti linear data fitting problems 

Iveta Hnětynková
1

*, Martin Plešinger
2

**, and Jana Žákova2*** 
1 Charles University, Faculty of Mathematics and Physics, Ke Karlovu 3, 121 16 Praha 2, Czech Republic 
2 Technical University of Liberec, Department of Mathematics, Studentská 1402/2, 461 17 Liberec, Czech Republic 

It has been proved that the classical TLS algorithm fails to construct a TLS solution of linear data fitting problems AX PS B 
that belong to the class T2. It will be shown how to modify this algorithm in order to reach a TLS solution. Such solution is 
not necessarily the minimum 2norm or Frobenius norm one. A few ideas how to decrease its norm are briefly discussed. 

© 2017 Wiley-VCH Verlag GmbH & Co. KGaA, Weinheim 

1 Classification of TLS problems 
We are interested is solving a linear approximation problem by using the total least squares (TLS) minimization, i.e., 

A I M B , A G R m y n , X G R n y d , B G R m y d , with m > n + d, TZ{B) g 11(A), AT B 0, (1) 

m i n | | [ G , £ ; ] | | F subjectto 1Z(B + G) C 1Z(A + E). (2) 

Any matrix X T L s satisfying (̂ 4 + E)XTLg = B + G for the minimizer [G, E] is called the TLS solution. Analysis of such 
problems can be based on the (economic) singular value decomposition (SVD) 

\B, A] = UT.V1 

U e T>mX (n+d) : d iag fa , 02, .. .,on+d), V G R("+<<> X <"+<<>; 

see [1 3 ,6 8 ] , see also [4,5]. Let z be the number of distinct singular values of [B, A}. Denote their multiplicities by mt, 
t = 1,... ,z. Let <T n +i be the fcth largest singular value with the multiplicity mj, = q + e so that on_q > crn_q+i = 
• • • = on+i — • • • = ""n+e > ""n+e+i According to [3], consider the following notation of submatrices and subcolumns of 

V--
V i i 
Í21 

X 12 

v22 

Via 
Vx 

VI,i 
Vi.i 

Vl,l 
"2,1 

Vl,n+d 
V2,n+d 

,1 

where Vu G Rd><<"«), V12 G R d x<«+< !), V13 G = 1. 

(3) 

n + d. 
Thus in particular V12 = V{k = [vi,nq+i,..., Vi)U+e\ is the subblock corresponding to on+i. 

Analysis in [3] divides problems (1) into several classes based on the properties of the blocks in (3). If rank([V 1 2 , V13]) = d, 
then (1) belongs to the set T (corresponding to generic problems in [6]). Otherwise it belongs to the set S (nongeneric 
problems in [6]). The set T is futher divided into three mutually disjoint subsets, T = T\ U T2 U Ta, where: 

• If rank(V 1 2 ) = e A rank(V 1 3 ) = d — e, then (1) belongs to Fx, 
• if rank(V 1 2 ) > e A rank(y 1 3 ) = d — e, then (1) belongs to T2\ 
• if rank(Vi2) > e A rank(Vi3) < d — e, then (1) belongs to Ta. 

The problem (1) has a TLS solution if and only if it belongs to F\ U T2, i.e. rank([Vi2, V13]) = dl\ rank(Vi3) = d — e. The 
minimum Frobenius and 2norm TLS solution of J^problem takes the wellknow closedform 

Xrv \V22,V2a\Wi2,Vi, (4) 

where T denotes the MoorePenrose pseudoinverse. However, this is not true for the J^problems; see [3]. Note that for 
problems in Ta and S the TLS solution does not exist. 

2 Modification of the TLS algorithm 

The problem (2) is typically solved by the classical TLS algorithm (see [6, pp. 8 7  8 8 ] , [3, p. 767]) . This algorithm seeks for 
the largest f. so that r ank( [V 1 ' f , . . . , V[ ]) = d, and gives the output approximation in the form 

* O U T = -Wl., V'][V[,,V[J. (5) 

* Corresponding author: email iveta.hnetynkova@mff.cuni.cz 
** Email martin.plesinger@tul.cz 
*** Emailjana.zakova@tul.cz 
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750 Section 17: Applied and numerical linear algebra 

If (1) belongs to T, then [V 1 2 , V13] = [V(tk,...,V{J is of rank d, whereas rank of V13 = [V[ik+1,...,V[J £ Rdx<-d-e\ 
e > 1, is always smaller. Thus (. = k and the right-hand sides of (4) and (5) coincide. However, (5) represents a TLS 
solutions only for J7!-problems, since a TLS solution of J^-problems can not be expressed in this form; see [3]. Here (5) can 
be understood only as a nongeneric-like solution of (2). For <S-problems, \V\2, V13] is always rank-deficient and thus £ < k. 

These results reveal that it is necessary to modify the TLS algorithm in order to construct a TLS solution for J^-problems. 
Based on [3], determination of a TLS solution requires to find an orthogonal matrix in the orthogonal group O(s) = {Q S 
Rsxs . qt = Q - I ^ S = q + E > S U C H T H A T [V12Q, V13}[0,Id]T G R d y d is invertible. Then the matrix 

(6) 

represents the corresponding TLS solution. Denote Q l F l and Q ' 2 ' the matrices corresponding to the minimum Frobenius 
and 2-norm TLS solution, respectively. For JVproblems, Q ' F ' = Q ' 2 ' and this matrix can be obtained explicitly by a (left-
right-reordered) LQ decomposition of V12, or implicitely by the Moore-Penrose pseudoinverse of [V12, V13] in (4). However, 
for J^-problems Q [ F ' and Q ' 2 ' may be different. Their determination would require searching at least the whole special 
orthogonal group SO(s) defined as the largest connected subgroup of O(s) (since (6) is independent on the sign of det(Q)): 
see [3]. This is for larger s computationally unfeasible. In order to construct some (not necessarily minimum norm) TLS 
solution, we reduce the search set. First, we replace O(s) by its subgroup of permutation matrices P(s) = {II € { 0 , 1 } S X S , 
n T = n - 1 } , i.e., the smooth minimization is replaced by a discrete minimization of the size s! with s = q + e. Now we are 
able to construct a TLS solution. For the JVproblem, there always exist e columns of V12 such that 

= [ [»>l,n-8+7r(8+l), • • • , "l.n-g+Trfa+e)] . V13] £ K d X d (7) 

is invertible, where the permutation tt(-) (realized by n), selects the above mentioned e columns. Clearly, this selection is 
done only among columns satisfying vi<n-q+j 0 H(Vi3), j = 1, . . . , q + e, which simplifies the discrete minimization. The 
modified TLS algorithm is then given in Algorithm 1. 

Algorithm 1 J^-adaptation of the TLS algorithm 

00 Input A, B, m, n, d\ compute S V D [B, A] = UT,VT and identify q, e, Vap, mt, k, z, V[t 

01 If rank( [V12, V13]) = d then problem is of first class (J 7), also called generic problem 
02 If rank(V 1 3 ) = e and rank(V 1 2 ) = d — e then problem is of class T\ a 0 
03 Output X O U T = ^ T L S = — [V22 > V23] [V12, V13] ^, the minimum Frob. and 2-norm TLS solution 0 ' 1 
04 elseif rank(Vi 3 ) = e and rank(V 1 2 ) > d — e then problem is of class Ti bii CN 

O 
05 Find the set of all columns of V12 satisfying Vi)U-q+j = V\ie.j 0 Ti-{V\z) in = í 
06 • Select some subset of e of them—let it contains the j i th, j2th, . . . , and j,,th columns of V12 >H = 
07 Find a permutation matrix n so that V ^ n = [..., vi<n_q+j1, «i,ti-<j+jj2 > • • • > vi,n-q+j,] tí C 

u 
t i l U 

•S 08 Output X F 2 . O U T = XThS = -(lV22U,V23]l°i])(lV12U,V13]ll])-\some TLS solution [Eo _n 
II Ř 

09 elseif rank(Vi3) < e then problem is of class T3 
0 
u 

0) 
"ob t

10 Output X Q U T = — [V22> V23] [V12, ^13]^, the nongenericlike solution _n 
11 elseif rank([Vi2, V 1 3 ] ) < d then problem is of second class (<S), also called nongeneric problem 
12 Find £(£<k) so that rank( [ V{t,V{J) = d and rank( [ V / ^ , . . . , V{J) < d 
13 Output X Q U T = — Wit> • • • > ^2,2] Win • • • i Vi,z}<!' m e socalled nongeneric solution 

To get a TLS solution reasonably close to the minimum norm solution, the selection of e columns in the line 0 6 needs 
to be specified. Here we can employ ideas used originally, e.g., in the proof of Theorem 3.6 in [6], or in Section 3.4 of [3]. 
The selection needs to maximize the Frobenius norm of the invertible matrix (7) and at the same time keep it enough far from 
being singular. Thus we have to focus on columns Vi)Uq+j with larger norms and smaller inner products among themselves, 
and with the columns of V\3. Further study is however out of the scope of this contribution. 
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3 SELECTED BASIC ALGEBRAIC 
STRUCTURES PRESENT IN THE 
SET OF ALL MATRICES 

In th is chap te r w e a im t o rev iew some basic a lgebra ic s t ruc tu res t ha t are 
present in t h e set of all mat r i ces and in t roduce co r respond ing no ta t ion . That 
w o u l d a l low us t o fu r t he r i n t roduce some k ind of a r i thmet i cs based on the 
d i rec t sum, w h i c h wil l be usefu l (in t h e next Chapte r 4) fo r t h e desc r ip t i on 
of t h e inner s t ruc tu re o f l inear approx ima t ion p rob lem and core p rob lems 
speci f ica l ly . 

3 . 1 VECTORS SPACES; GROUPS; AND 
OTHER SETS OF MATRICES 

First, w e br ief ly remind some of t h e very basic c o n c e p t s . We d o it in pa r t i c 
ular because w e need t o carefu l ly inc lude t h e t r iv ia l cases — mat r i ces w i t h 
no co lumns or rows ; see t h e d iscuss ion be low (1.5). There fo re , w e s tar t by 
deno t i ng 

N = {1,2,3,...} and N 0 = NU{0} 

t he sets of all positive and nonnegative integers, respect ive ly . 
In t h e tex t w e deal in genera l w i t h m-by-k mat r i ces w i t h en t r ies f r o m some 

g iven set §. The set o f all such mat r i ces is d e n o t e d as usual by § m x f c . in 
order t o d o some reasonab le a r i t hmet i cs w i t h such mat r i ces , § use t o be an 
under ly ing set of some algebraic ring, at least. If § is an under ly ing set o f 
some algebraic field, let say F, t h e n ¥ m x k f o rms t h e linear vector space over 
th is f ie ld . 

In t h e i n t roduc to ry Part I, w e a lways cons ide r real mat r ices , so the re is 
F = R — t h e field of real numbers {reals fo r shor t ) . However , it is w o r t h t o 
no te here tha t all t h e t h e o r y t he re can be s t ra igh t fo rward l y re fo rmu la ted for 
comp lex mat r i ces and vec to rs , and for comp lex l inear approx ima t ion p r o b 
lems. The same w o u l d be t rue in t h e rest of t h e tex t . More speci f ica l ly , w e 
mos t l y cons ider R, and poss ib le ex tens ions t o complex numbers C are c o m 
m e n t e d ; o the r under ly ing sets § or a lgebra ic f ie lds F d i f fe ren t f r o m R or C 
are not appropr ia te , and t hus not cons ide red in th is tex t . 
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3.1.1 Vector spaces of empty matrices 
Vector spaces of real mat r i ces R m x k are usual ly cons ide red such tha t m, k e 
N; no te t ha t t h e zero matr ix ( the neutra l e lement w.r.t. summat i on in Rmxk) 
w e d e n o t e by 0mjk. As a l ready s u g g e s t e d , it wi l l be usefu l fo r us t o deal also 
w i t h mat r i ces w i t h zero number of rows or co lumns , i.e., w e al low m, k e N 0 . 
In o the r w o r d s , w e also cons ide r an inf in i te ly many degenerated (or trivial) 
vec to r spaces , each con ta in ing only one neutra l e lement — t h e empty matrix 
— and t h e zero matr ix at t h e same t ime , 

nmxO {0m,0}, 0 m ,0 
nOxfc {Oo,fe}, 0 0,A; (3.1) 

A m o n g t hese d e g e n e r a t e d spaces 

M 0 X 0 = {00,o}, 0 0,0 (3.2) 

is par t icu lar ly impor tan t . 
No te here tha t w e o f ten wr i te t h e zero matr ix s imply by 0, i.e., w i t h o u t 

spec i f i ca t ion of its d imens ions . We spec i fy t h e m only if it is necessary for 
unde rs tand ing , or if t h e matr ix is emp ty . 

3.1.2 Arithmetics of empty matrices 
The s tandard matr ix a r i thmet i cs can be s t ra igh t fo rward l y e x t e n d e d t o t h e 
e m p t y mat r i ces . In part icular, fo r M e R m x k , 

M O fc.o — 0m o 0 0 , m M = Or 0,fc, Oo«Osn — Uo,rj; U m n U o h On 0m, nOr 0 m,k) (3.3) 

w h e r e 0mk e i raxfc i is t h e m-by-k zero matrix. 
Fur thermore , matr ix M e R m x k t r iv ia l ly canno t be c h a n g e d ne i ther by 

concatenation w i t h an e m p t y matr ix o f su i tab le d imens ions 

[M, 0. ra.O 
M 
Oo,fe 

M Oo,fe 
M 

[0 m , o ,M] (3.4) 

and t hus nor by t h e block-diagonal composition ( f i rst and last case) and 
block-antidiagonal composition (midd le cases) , 

" M M ' 
— M — 00,o " ' 00,o 

°o,o . . °o,o 
— M — 

M M 
(3.5) 

d i a g ( M , o0,o) d iag ( 0 0 , 0 ,M ) 

Note tha t t h e b lock -d iagona l compos i t i on is o f t en ca l led t h e direct sum o f 
mat r ices . 
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3.1.3 JC\ The set of all matrices 
The t i t le of th is chap te r men t ions the set of all matrices. By th is w e refer t o 
the set 

Jt = = (J R M X \ (3.6) 
m,fceNo 

i.e., t h e set of all real mat r i ces , inc lud ing e m p t y mat r i ces . Similar ly JK{C], 
JZ(W), and ^f(S) d e n o t e sets of all comp lex mat r i ces , mat r i ces over f ie ld F, 
and set §, respect ive ly . 

3.1.4 Groups of orthogonal (and unitary) matrices 
Further, w e wil l requi re to w o r k w i t h a specia l sor t of square invertible ma
trices ca l led t h e orthogonal matrices; see (1.4). Recall t ha t 

P e R m x m is o r t hogona l P" 1 = P T , (3.7) 

or, equ iva lent ly , P P T = lm = PJP. Jus t t o be sure, here PJ deno tes t he 
matr ix transposed t o P and lm s tands for t h e m-by-m identity matrix. No te 
tha t in t h e case of comp lex f ie ld (and tha t is one of changes tha t w e need 
to imp lemen t w h e n t rans la t ing Part I t o comp lex numbers ) w e need t o deal 
w i t h t h e so-ca l led unitary matrices, 

P e Cmxm is un i tary P" 1 = P H , (3.8) 

or, equ iva lent ly , P P H = Im = P H P . Here P H = (P)T = (PT) d e n o t e s t he 
complex conjugate transposition (bars d e n o t e t h e comp lex con juga t ion ) . 

The sets of all o r t hogona l and uni tary mat r i ces of t h e g iven f i xed size m, 
d e n o t e d usual ly 

O m c RM X M and U m c C m x m , 

f o rm t o g e t h e r w i t h t h e matr ix mul t ip l ica t ion t h e so-ca l led orthogonal and 
unitary groups, respect ive ly . If t h e size of t h e o r t h o g o n a l , or un i tary matr ix 
P is not spec i f i ed , w e wr i t e s imply P e O, or P e U , respect ive ly . 

In t h e case m = 0, w e cons ider 

O 0 = U 0 = M 0 x 0 = {00,0}. 

This migh t be a bit d i s tu rb ing t o t h e reader, because t h e e m p t y matr ix o 0, 0 

is t h e zero of t h e vec to r space F 0 x 0 , but it p lays also t h e role of t h e neutra l 
e lement w i th in t h e mul t ip l ica t ive g roup . But it is pe r fec t l y f ine because t he 
ident i t y matr ix lm w i t h m = 0, i.e., o f o rder zero, sat is f ies J 0 = 00,0- (Note 
th is s i tuat ion is ana logous t o a lgebra ic r ings, w h e r e t h e zero 0 and t h e unit 
1 e lemen ts are t h e same 0 = 1. Such so -ca l l ed ze ro - r ings con ta in only one 
e lement . ) N o w it w o u l d be no surpr ise, t ha t w e cons ider 

det(0 0 l 0) = 1 

for conven ience . 
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3 . 2 DIRECT SUMMATION MONOID ( ^ , e ) 
The direct sum o f t w o mat r i ces (or t h e block-diagonal composition, as al
ready men t ioned) is de f i ned as 

Mi © M 2 

Mi 0 

0 M 2 

mxk (3.9) 

w h e r e M,- e 1, 2, M e M m x f c , and m = m1+ m2l k = ki + k2. 
One can see t ha t t h e d i rec t sum © is a binary operation on t h e set 

sa t is fy ing a lot of obv ious and usefu l p roper t ies : 

(S1) Trivial ly, t h e set JC is closed w.r.t. 
in t h e t e r m operation), i.e., 

(wh ich is, in fac t , a l ready h idden 

(52) The d i rec t sum is associative, i.e., 

VMi, M 2 , M 3 e ^T, (Mi © M 2) © M 3 = Mi © (M 2 © M 3) 

t ha t a l lows us to w r i t e s imply M x © M 2 © M 3 . 

(53) There is a neutral element w.r.t. © w i th in JC (see (3.5)) , i.e., 

3 0 0 n e V M e MffiO, '0,0 M = 0 0,0 M. 

(S4) The d i rec t sum is c lear ly not commutative up t o some specia l cases . 
For examp le if at least one of t hese cases occu rs : 

• Mi = M 2 , 

• Mi = Oo,Oi 
• M 2 = Oo,Oi 
• Mi = 0mi,fei and M 2 = 

t hen Mi e M 2 = M 2 © M i . 

Consequen t l y , JC t o g e t h e r w i t h © f o r m an a lgebra ic s t ruc tu re spec i f ied in 
t he fo l low ing p ropos i t ion tha t w e have jus t p roved : 

P r o p o s i t i o n 1. Let Jt be the set of all matrices over the real numbers (3.6) 
and let © : Jf1 —> Jt be the direct summation defined on Jt by (3.9). Then 
the ordered pair 

( - # , © ) 

forms the structure of non-commutative monoid. 
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3.2.1 Direct summation and empty matrices 
Let us also men t ion tha t t h e admiss ion of hav ing t h e matr ix w i t h t h e zero 
number of co lumns or rows enab les us t o in t roduce fo l low ing ident i t ies ex
tend ing t h e neut ra l i ty p rope r t y (S3). Hav ing M1 e Rm^xk^ and M 2 be ing an 
e m p t y matr ix , in par t icu lar M 2 = 0 m 2 i 0 e Rm2X0, t h e d i rec t sum takes t h e fo rm 

Mi © M 2 = Mi © 0 "12,0 
Mi 

0"l2,fcl 
\ m i , (3.10) 
}m2 

in t h e o the r case M 2 = o 0 fc2 e ^ 0 x f c 2 

fci 
^- irnOxfcT 

0,fc2 

Mi © M 2 = Mi © 0 0 , f c 2 = [ Mi 0 m i j f e 2 ] }mi. 
(3.11) 

h k2 

Similar ly it behaves w h e n Mi is an e m p t y and M 2 a genera l matr ix . 
Comb in ing t h e prev ious t w o ident i t ies t o g e t h e r w i t h t h e assoc ia t i v i t y (S2), 

w e see 

VMi e JC, (Mi © 0 m 2 , 0 ) © 0 0 , f c 2 = Mi © ( 0 m 2 , 0 © 0 0, f c 2) = M1 © 0 m 2 , f c 2 , 

consequen t l y g iv ing 

0m 2,0 © Oo,fc2
 = 0m2,fc2

 = 0 M 2 , 0 Oo,fc2

 = Oo,fc2 © ^m2,0] (3.12) 

see also (3.3) for t h e second and (S4) fo r t h e th i rd equal i ty . Finally no te t ha t 

Omi,o © Om2io = O m i + m 2 i o and Oo^ © Oo,fc2 — Oo,fci+fc2- (3.13) 

3.2.2 Direct sum of subsets of 
The d i rec t sum can be s imply genera l i zed so tha t it pe r fo rms on t h e who le 
sets . Suppose JVU J£2 c Jt are nonempty . Then w e can de f ine t h e d i rec t 
sum 

Jt\ © Jt2 = {Mi © M 2 : Mi e Jtx, M2 e ^ 2 } c Jt. (3.14) 
Apparen t l y , 

^ © Jt c 

i.e., t h e set is c losed w.r.t. t h e d i rec t s u m ; see (S1). Fur the rmore , s ince 
the e m p t y mat r i ces are w i th in Ji', it is easy t o show tha t 

, / / = (3.15) 

It t r iv ia l ly c o m e s ou t f r o m t h e fac t t ha t 

V M e JZ, 3Mi, M 2 e ^ T , M = Mi © M 2 (3.16) 

c o m p l e m e n t e d w i t h t h e fac t t ha t t h e matr ix o 0, 0 e M 0 x 0 p lays t h e role of t he 
neutra l e lement w.r.t. ©; see p rope r t y (S3). To show (3.16) w e can take 
Mi M, M> o0,o, or v ice versa. 
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3 . 3 ORTHOGONAL EQUIVALENCE & 
QUOTIENT SET 

Cons ider t w o mat r i ces of t h e same d imens ion M, L e R m x k c JÍ. The f o l 
low ing de f in i t ion in t roduces an equivalence relation on t h e set JÍ. 

D e f i n i t i o n 1 (o r thogona l equ iva lence) . We say that L is orthogonally equiv
alent to M, if there exist orthogonal matrices P e Om and S e Ok such that 

L = PJMS, (3.17) 

shortly L~ M. 

It is easy t o ver i fy t ha t th is re lat ion really is an equ iva lence . It c lear ly sat is f ies 
t he fo l low ing p roper t ies : 

VK, L,M eJi, 

(ref lexiv i ty) M = I1 MI ~ M. 

( symmet ry ) L = PJMS ~ M M = PLS1 = (PJ)JL(SJ) - L, 

( t ransi t iv i ty) K = PjLSi ~ L & L = P]MS2 ~ M 

K = Pj{P1

2MS2)S1 = (P2P1)JM(S2S1) ~ M. 

s ince t h e set o f o r t hogona l mat r i ces of t h e g iven order t o g e t h e r w i t h matr ix 
mul t ip l ica t ion f o r m a g roup . 

3.3.1 Equivalence classes 
Using th is equ iva lence re lat ion, w e can es tab l ish equ iva lence c lasses in a 
s tandard way such tha t 

[M]„ = {LeJÍ : L ~ M}. (3.18) 

Clearly, s ince t h e equ iva lence is de f i ned w i t h t h e use of a mul t ip l ica t ion by 
square mat r ices , if M e Rmxk, t h e n [M\„ c R m x k . 

Remark 1. Employing the singular value decomposition (SVD), we can ex
press M as the product of a diagonal matrix £ and two orthogonal matrices 
U e O m and V e Ok such that 

M = UZV1, i.e., S = UJMV. (3.19) 

We see that £ ~ M, and thus we can take £ as the natural representative of 
the class [M]„. 

In other words, any equivalence class [M]„, M e R m x k c JÍ, is uniquely 
given by the dimensions and singular values of M, i.e., by the triplet 

m, k, <7i(M), <72(M), . . . (M) 

where <jj(M) denotes the jth largest singular value of M. 
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3.3.2 Classes of empty & zero matrices 
Since each of t h e d e g e n e r a t e d spaces a lways cons is ts o f t h e only (empty) 
matr ix , t h e co r respond ing c lass also con ta ins t h e on ly matr ix , i.e., 

[Oo,o]~ = {Oo,o} = M 0 x 0 , [0m,0]~ = {0m,0} = M m x 0 , [00lfc]~ = {00,fc} = R0xk. 

Further, t h e c lasses co r respond ing t o nonempty , but zero mat r ices 

[0m,k]~ = {PVm,kSJ = 0m,k : P e Om, S e Ok} = {0m,fc} c Rmxk 

a lways con ta in t h e on ly matr ix as wel l . 

3.3.3 Quotient set 
Consequen t l y , JC can be d e c o m p o s e d into mutual ly d is jo int c lasses of equ i v 
a lence y ie ld ing a quotient set 

Jtj^ = | [ M ] ^ : M e Jt\. (3.20) 

Since t h e set o f s ingular va lues o f t h e d i rec t sum is t h e union o f sets 
of s ingular va lues of ind iv idual s u m m a n d s , w e can c o m b i n e bo th c o n c e p t s 
toge ther . It a l lows us to mod i f y t h e b inary opera t ion — t h e d i rec t sum — for 
t he quo t ien t set ; and t h e n f o r m t h e quo t ien t mono id . 

3 . 4 QUOTIENT MONOID ( ^ , f f l ) 
The b inary opera t ion on t h e quo t ien t set Jt'/„ dea l ing w i t h t h e ( represen ta 
t ives of) equ iva lence c lasses can be de f i ned as 

[ M i ] „ ffl [M2]~ = [M i © M 2 ] ^ . (3.21) 

Similar ly as be fore , th is opera t ion has a lot of impo r tan t p roper t ies : 

(51) Aga in , t h e set JZj^ is c lear ly closed w.r.t. EH, i.e., 

ffl : (Jtj~f —• Jtj~ . 

(52) The opera t ion ffl is associative, i.e., V [A f i ] „ , [A f 2 ] „ , [A f 3 ] „ e Jtj^ 

([M^ ffl [M 2 ] J ffl [ M 3 ] „ = [M i © M 2 ] ^ ffl [ M 3 ] „ 

= [ (M i © M 2 ) © M 3 ] ^ = [M i © ( M 2 © M 3 ) ] „ 

= [ M i ] „ ffl [ M 2 © M 3 ] ^ = [ M i ] ^ ffl ( [ M 2 ] „ ffl [M 3 ] J 

tha t a l lows us to wr i t e s imply [ M ^ ffl [Af 2 ]~ ffl [ M 3 ] _ 
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(53) There is a neutral element [00,o]~ w i th in Jij„, i.e., 

V[M]„ G ̂ T / ^ , [M]„ BE! [00,o]~ = [M © 00,o]~ = [M]„, 

and simi lar ly f r o m t h e o the r s ide. 

(54) Con t ra ry t o ©, t h e opera t i on EB is commutative. 

To show t h e c o m m u t a t i v i t y cons ide r f i rs t , fo r t h e g iven f i xed sp l i t t ing 
n = n1 + n2l t h e fo l low ing b i jec t ion fnum on 

fni,ri2 • G 1 ^ fni,n,2V-*) 0 I "•2 
0 

G. fni,ri2 fm,ni-

Clearly, for m = m1 + m2l P e Om if and on ly if / m i , m 2 (P) e O m ; and 
simi lar ly fo r k = h + k2l S e O f c if and only if fkl,k2{S) e O f c . 

Thus , w e have V [A f i ] „ , [A f 2 ] „ e 

[Mi]„ EB [M2]„ = [Mi © M2] 

0 J, 
' m i 

rr\2 
0 

{fmi,1712 (-^>)) 
T r Mi 0 

0 M 2 

" Mi 0 

I 0 M 2 _ 
Mi 0 

fki,k2 ( 0 M 2 
fki,k2 ( 

S : P , S e 

w 0 

I V 
(p T 

" M 2 0 

I 0 Mi 

0 
Mi 0 
0 M 2 

S : ? , 5 G 

o 4 2 

0 4 2 

ikl o 

[M2 © Mi], 

S : P , S e O 

5 : P,S eC 

[M2]„ EB [Mi] 

Consequen t l y , Jt'/^ t o g e t h e r w i t h EB f o r m an a lgebra ic s t ruc tu re spec i f ied in 
the fo l low ing p ropos i t ion tha t w e have jus t p roved : 

P r o p o s i t i o n 2 . Let Jt j„ be the quotient set (3.20) ofJt and lets : (Jtj^f —> 
Jt be the direct summation defined on Jl'/„ by (3.21). Then the ordered 
pair 

forms the structure of commutative monoid. 

3.4.1 Remarks on connection of both monoids & notation 
The (commuta t i ve ) mono id (y#/L,EB) f r o m Propos i t ion 2 can be seen as t he 
quo t ien t mono id of t h e (non -commuta t i ve ) mono id (Jt, ©) f r o m Propos i t ion 1 
modu lo t h e o r t hogona l equ iva lence ~ , i.e., symbol ica l ly 

EB (j//~, ffl) = {Jt,®)j. (3.22) 
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Further, s ince t h e s t ruc tu re is assoc ia t ive and c o m m u t a t i v e , w e can s i m 
ply wr i te 

n 

e=i 
in o rder t o sum up several s u m m a n d s [M,-]̂  e Jtj^. Finally, w e use 

[M\„ • n = [M]^ ffl [M]„ ffl • • • ffl [M\„ ; 
V v ' 

n t imes 

ana logous no ta t ion M © n can be used also fo r M © M © • • • © M . 

3.4.2 Note on further relation between e and EB 
Recall t ha t t h e b inary opera t ion © can be app l ied on any t w o (nonempty ) 
subse ts of J£. The equ iva lence c lasses (3.18) are (nonempty ) se ts , the re fo re 
it can also be app l ied on t h e m . Since th is ac t ion is de f i ned en t r y -w ise l y , w e 
get t h e fo l l ow ing re lat ions. Let 

[Mj]„ = {P]M3S3 : Pj,Sj e O}, j = 1,2, 

t hen 

[Mi]„ © [M2] 
PjM^ 0 

0 P]M2S2 

but 
" Mi 0 

I 0 M 2 _ 
S : P,Se 

(3.23) 

(3.24) [Mi © M 2]^ 

We see tha t genera l ly 

© [M2]„ C [Mi]^ ffl [M2]„ 

and one cou ld ask w h e t h e r t hese t w o sets are t h e same. 

L e m m a 1. Let Mj e Rmixkj c JK, j = 1,2. Then 

[Mi]^ © [M2]„ = [Mi]„ ffl [M2]„ 

/f a n d only if at least one of the following three assertions is true 

(i) m1 = k1 = 0, i.e., Mi = o0,o e M 0 x 0 ; 

(//; m 2 = fc2 = 0, /'.e., M 2 = 00,o e M 0 x 0 ; 

(Hi) Mi = o m i i f c l a n d M 2 = o m 2 , f c 2 . 

Note tha t t h e i tems in prev ious lemma are not d is jo int . For examp le t he 
case M i = M 2 = o 0, 0 be longs t o all o f t h e m . 
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Proof. The proof is in one direction t r iv ia l : If M1 = 0 0, 0, t h e n [M^ = {0 0, 0}, 
M1®M2 = M2l and t hus also [Afi]„©[M 2]„ = [M2]^; on t h e o the r hand [M^lffl 
[M2]~ = [Mi © M 2]^ = [M 2]_ Similar ly it wo rks if M 2 = o0,o- Finally, if bo th 
mat r i ces are zeros, t h e n M1® M2 = om , f c l m = mi + m2l k = fa + k2l is also 
a zero matr ix , and t h e c lass [0m,fc]~ con ta ins t h e on ly matr ix fo r any m and k; 
see Sect ion 3.3.2. 

The o the r direction is a bit more c o m p l i c a t e d : Recall M , e RmJxkJ, j = 1,2, 
and no te tha t t h e ent r ies of t h e f i rs t set (3.23) have t h e f o r m 

( P i © P 2 ) T ( M i © M 2 ) ( , S i © > S 2 ) 

whi le en t r ies of t h e o the r set (3.24) have t h e fo rm 

P T (Mi ®M2)S. 

We use three different ways o f a rgumen ta t i on t o prove t h e o the r impl icat ion 
for (in genera l 16) d i f fe ren t nonzero pa t te rns of t h e vec to r o f d imens ions 
[mi, fa,m2, fa] e NQ. For th is pu rpose w e d e n o t e by 

0 t h e zero en t ry , 
V t h e en t r y t ha t may be zero as wel l as nonzero , and 
£ t h e nonzero en t ry . 

The first way t o reach equa l i ty o f bo th sets is t o gua ran tee tha t 

VP e O m , 3Pj e O m , , j = 1,2, P = Pi © P2, 
and at t h e same t ime VS e Ok, 3Sj e Okj, j = l,2, S = Sx® S2. 

This happens only if mi = 0 or m2 = 0, and at t h e same t ime fa = 0 or k2 = 0, 
y ie ld ing four poss ib le comb ina t i ons : 

• mi = fa = 0, i.e., Mi = 0 0, 0 cover ing pa t te rns [0,0, V, V] and case (i); 

• m2 = k2 = 0, i.e., M 2 = o 0, 0 cover ing pa t te rns p, V, 0,0] and case (i i); 

• mi = k2 = 0, i.e., Mi = Oo.fc! and M 2 = 0 m 2 i 0 cover ing pa t te rns [0, V, P,0]; 

• m2 = fa = 0, i.e., Mi = 0 m i ] 0 and M 2 = 00M cover ing pa t te rns [<?, 0,0, V]. 

Thus, now w e have actua l ly cove red in to ta l 9 ou t of 16 pa t te rns . The f i rs t 
t w o comb ina t i ons cover cases (i) and (ii) o f t h e lemma, respect ive ly , and t h e 
lat ter t w o be long t o t h e case (ii i). 

The second way t o reach equa l i ty o f b o t h sets is t o guaran tee tha t bo th 
sets have on ly one e lement — t h e e m p t y matr ix . This means tha t (Mi © 
M 2) e R m x k has e i ther no rows (i.e., m = 0) or no co lumns (i.e., k = 0). Since 
m = m1 + m2 and k = fa + k2l th is happen on ly if mi = m 2 = 0 or fa = k2 = 0. 
In o the r w o r d s : 

• mi = m 2 = 0, i.e., Mi = Oo.fc! and M 2 = 00,fc2 cover ing pa t te rns [0, V, 0, 
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• fci = k2 = 0, i.e., Mi = o m i ] 0 and M 2 = 0 m 2 i 0 cover ing pa t te rns 0, 0]. 

The second way covers 7 pa t te rns but on ly 2 are new; so w e have covered 
in to ta l 11 ou t o f 16 pa t te rns now. Since here w e play on ly w i t h emp ty , i.e., 
zero mat r i ces , all t hese pa t te rns be long t o t h e case (iii) o f t h e lemma. 

For t h e third way it is impor tan t , t ha t w e have a l ready exhaus ted all t he 
pa t te rns w h e r e t w o or more ent r ies o f [mi, fci, m 2, k2] are zeros. Thus , on ly 

[9,*,*,*], [ * , < ? , * , * ] , [ * , * , < ? , * ] , [ * , * , * , < ? ] , w h e r e * > 0; 

remain t o exp lo re ( represent ing actua l ly f i ve remain ing pa t te rns ) . Thus , it is 
safe t o cons ide r m = mi + m 2 > 0 and k = fa + k2 > 0. Hence , in (see (3.24)) 

-^12 

_ X2\ -^22 

"IT" 

}mj 
}m2 

at least one of t h e b locks X12 and X21 is n o n e m p t y (has at least one row and 
at least one co lumn) . Recall t ha t o r t hogona l mat r i ces P and S can represent 
pe rmu ta t i on of rows and co lumns . If at least one of t h e mat r i ces M1 and 
M 2 con ta ins at least one nonzero en t ry , t he re a lways exist such pe rmuta t ion 
mat r i ces P and S t ha t (one of) t h e n o n e m p t y b locks Xl2 and X2l con ta in t ha t 
nonzero en t ry . S ince t h e o f f -d iagona l b locks are a lways zero in (3 .23) , w e 
conc lude t ha t ne i ther M1 nor M2 can con ta in nonzero ent r ies . Thus , bo th Mj 

has t o be zero mat r i ces , w h i c h be long in t h e case (iii) o f t h e lemma. • 

3 . 5 PARTIAL ORDERING OF BOTH SETS 
POSETS (^, r<) AND ( ^ / . , p 

The size of mat r ices , or c lasses of mat r i ces — more precisely, t h e d i m e n 
sion of l inear vec to r space w h e r e t o t hey be long is nondecreas ing a long w i t h 
d i rec t summat i on . Even more , if w e omi t t h e neutra l e lement 00,0 or [00,o]~, 
t he d imens ion is s t r ic t ly increas ing. This a l lows us t o de f ine a ve ry natural 
partial ordering on Jt: 

L<M 3 F , Z e ^ # , M = Y © L® Z, (3.25) 

and simi lar ly 

• L^M iff L ^ M M (i.e., Y ^ 00,0 or Z ^ 00,0); 

• L y M iff M < L; 

• L y M iff M -< L; 
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etc. S ince t h e o the r b inary opera t ion EH is c o m m u t a t i v e , t h e de f in i t ion of 
order ing on Jt'/is even s impler : 

[L]„ E e ^7~, [M]„ = [L]„ EB [Z]„, (3.26) 

and simi lar ly 

• [L]„ c [M]„ iff [L]„ c & [£]~ ^ (i-e., [Z]„ ^ [o0,o]~); 

• [L]„ • [M]„ iff [M]„ E 
• [L]„ • [M]„ iff [M]„ c [L]„; 

etc. Both re lat ions are c lear ly l inked t o g e t h e r 

t he conve rse of th is imp l ica t ion is not t rue , in genera l . 
It is easy to ver i fy t ha t b o t h re lat ion and 'E' real ly f o r m t h e part ia l or 

der ing . In par t icu lar -< sat is f ies t h e fo l low ing p roper t ies : 

VK, L,M e J£, 
( ref lexiv i ty) M <M, 

(weak an t i s ymmet r y ) L ^ M & M < L L = M, 

( t ransi t iv i ty) K •< L & L ^ M =>- K <M\ 

and simi lar ly E sat is f ies t h e fo l low ing p roper t ies : 

( ref lexiv i ty) [M]„ E [M\~, 

(weak an t i symmet ry ) [L]„ E [M\~ & [M\~ E = [M]„, 

( t ransi t iv i ty) E & E [M]„ E [M]„. 

Consequen t l y , and ^ # / ^ t o g e t h e r w i t h ^ and E f o r m s t ruc tu res spec i f ied 
in t h e fo l low ing p ropos i t ion tha t w e have jus t p roved : 

P r o p o s i t i o n 3 . Let Jt be the set of all matrices over the real numbers (3.6), 
letJtj^ be the quotient set (3.20) of Jt, modulo the orthogonal equivalence 
~ (3.17), and let ^ and E be binary relations defined on Jt and Jt by (3.25) 
and (3.26), respectively. Then the ordered pairs 

{Jt, •<) and (je/„,Q 
form partially ordered sets (posets for short). 

3.5.1 Remark on connection of both posets 
The pose t {JC/„, E) f r o m Propos i t ion 3 can be seen as t h e quo t ien t pose t o f 
the pose t (Jt, <) f r o m Propos i t ion 3 modu lo t h e o r t hogona l equ iva lence ~ , 
i.e., symbol ica l l y 

E = d / ~ , (^/~,E) = (3.27) 
Compare w i t h Sec t ion 3.4.1. 
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3.5.2 Who precedes whom? 
The f i rs t re lat ion L < M s imply says t ha t t h e matr ix L f o r m s a b lock on t he 
b lock -d iagona l of t h e b lock -d iagona l matr ix M, no th ing more, no th ing less. 

The second relat ion c says essent ia l ly t h e same, but up to an orthogonal 
transformation. To be more spec i f ic , let us cons ider 

L e Rnxt, s = rank(L) < min(n, t), 

M e Rmxk, r EE rank(M) < min(m, k). 

Employ ing t h e SVDs of L and M (see also Remark 1) w e get : [L]„ c [M]„ if 
and on ly if 

(i) The set of s nonzero s ingular va lues of L ( inc lud ing t h e mul t ip l ic i t ies) 
f o r m a subse t o f t h e set o f r nonzero s ingular va lues of M ( inc luding 
the mul t ip l ic i t ies) . 

(ii) D imens ions of null-spaces of L, M, LJ, and MJ sat is fy 

dim(jV(L)) = t-s <k-r = dim(A/"(M)), 

dim(A/"(LT)) E E n - s < m - r E E dim(A/"(MT)). 

3 . 6 MATRIX AND QUOTIENT P0M0N0IDS 
- - - AN ANALOGY TO (N, •, |) 

Now w e are ready t o put all t h e prev ious obse rva t i ons (see Propos i t ions 1, 
2, and 3) toge ther . We fo rmu la te t h e fo l l ow ing p ropos i t ion : 

P r o p o s i t i o n 4 . Let J{ be the set of all matrices over the real numbers (3.6), 
© the binary operation (3.9), and ^ the binary relation (3.25) defined on Jt. 
Let JC'Ibe the quotient set (3.20) of Jt, EH the binary operation (3.21), and 
c the binary relation (3.26) defined on Jtj^. Then the ordered triplets 

( ^ , f f i , d ) and ( ^ r / ^ , f f l , p 

form the structures of non-commutative and commutative, respectively, par
tially ordered monoid (pomonoids for short). 

3.6.1 Remarks on connection of both pomonoids & naturals 
The (commuta t i ve ) p o m o n o i d (Jtl~, EH, c ) f r o m Propos i t ion 4 can be seen as 
the quo t ien t p o m o n o i d of t h e (non -commuta t i ve ) pomono id (y#,ffi,^) f r om 
Propos i t ion 4 modu lo t h e o r t hogona l equ iva lence ~ , i.e., symbol ica l l y 

G^r /~ , f f l ,E ) = © , : < ) / - . (3.28) 

Compare w i t h Sec t ions 3.4.1 and 3.5.1. 
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The s t ruc tu re of p o m o n o i d s is par t icu lar in te res t ing , espec ia l ly in t h e sec 
ond case , w h e r e t h e b inary opera t ion is c o m m u t a t i v e . An ana logous s t ruc 
tu re can be f o u n d , e.g., in pos i t ive in tegers (natural numbers ) , w h e r e t h e 
p o m o n o i d (N, •, |) cons is ts o f t h e set of natura ls N, the i r s tandard mul t ip l i 
ca t ion •, and t h e 'to be a divisor' re lat ion |. 

It is easy to see tha t t h e similar role as t h e number one in (N, •, |), is here 
p layed by t h e neutral entries o f mono ids , i.e., 

V M e J/, 00,o =< M, V[M]_ G JK/„, [00,o]~ E [M]„. 

Much more in teres t ing ques t ion can be (see also Sec t ion 4.3) : 

Which entries play the role of primes? 

3.6.2 What are the irreducible entries? 
The 'prime-like' en t r ies are usual ly ca l led i r reduc ib le in d i f fe ren t k inds of 
analog ies of pr ime fac to r i za t ions . The 'prime-like factorization' i tself is t h e n 
cal led t h e i r reduc ib le represen ta t ion . 

It is easy t o see tha t t h e i r reduc ib le represen ta t ion of M e M m x f c in JC (in 
fac t in (Jt, ©, <)) means t o f ind t h e max imal number of mat r i ces ME e M.™****, 

£ = l , 2,..., n w i t h d imens ions as small as poss ib le , such tha t 

M = d i a g ( . \ / , . M 2 , . . . , M N ) = Mi © M 2 © • • • © M N . 

The descriptive charac te r i za t ion of i r reduc ib le ob jec ts w.r.t. ^ seems t o be 
super f luous ly techn ica l in genera l . A t t e m p t s of such charac te r i za t ion u s u 
ally end up w i t h p rog rammers - l i ke app roaches , or w i t h laconic constructive 
asser t ion : The i r reduc ib le ob jec t is a matr ix , t ha t is not a d i rec t sum of o the r 
t w o mat r i ces d is t inc t f r o m 00,0- On t h e o the r hand , d e c o m p o s i n g t h e matr ix 
i tself is not so impor tan t fo r us. 

Much more impor tan t is t h e i r reduc ib le represen ta t ion w.r.t. c . It is in fac t 
done by t h e SVD; see Remark 1. Clear ly for M e M m x f c , w e ge t 

(min(m,fc) \ ( [0i,0]~ B (m - k) if 171 > k 

• [(Te(M)]^ J EH < \fm = k . (3.29) 
t=i ) { [00,i]~ B(k-m) if m < k 

Note tha t in case m = k it is even not necessary t o app ly [00,0]~ as it is tr iv ia l 
(similarly as t h e mul t ip l ica t ion by 1 in N). In t h e o the r t w o cases , d e c o m p o s 
ing t h e e m p t y mat r i ces 

[0t,o]~ = [°i,o]~ H t, [0o,n]~ = [0o,i]~ • n, 

br ings no th ing espec ia l ly in te res t ing , t hus migh t not be necessar i ly done . 
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4 EXTENSION TO TUPLES OF 
MATRICES 8 MATRICIZATIONS 
OF TUPLES 

It seems tha t in t h e prev ious chap te r w e have jus t re invented t h e nota t ion 
for t h e SVD, but in much w o r s e and less t ransparen t way . And tha t is exac t l y 
w h a t w e d id . But t h e reason, w h y w e d id it in so de ta i led way, is tha t our goal 
is t o genera l ize t h e s e c o n c e p t s , t h e te rm ino logy , and no ta t ion t o tup les of 
mat r i ces . 

Let us cons ider t h e Car tes ian p roduc t o f a bunch of cop ies of t h e set JCf 

i.e., t h e Cartesian (or outer) power 

jfi = {(MuM2,...,M<) : Mj G M.mjXkj, j — 1,2,..., (}. (4.1) 

Entr ies of such set are o rde red ( - t u p l e s of mat r i ces , ( e N. These can be 
natural ly seen as vec to rs of leng th ( over JZ, or, if ( = fin, / i ^ G N , as / x -by -K 
matr ices over JC. From th is po int o f v iew Jt^, JZ^XK c Jt{J£) = JZ(JZ(M)). 

4 . 1 TUPLES AS OUTER POWERS OF 
SIMPLER P0M0N0IDS 

Now w e can ex tend t h e b inary ope ra t i on ©, t h e part ia l o rder ing -<, and the 
o r thogona l equ iva lence relat ion ~ t o c , and also t h e o the r b inary opera t ion 
EH and part ia l o rder ing c t o t h e o the r Car tes ian p roduc t {Jt 

4.1.1 The outer power of (^#, ©, •<) 
Let f i rs t 

®c : {Jtc)2 — • ̂  and ^ on ^ 

be a b inary opera t ion and a b inary re lat ion de f i ned such tha t 

( L i , . . . , L c ) © c ( M i , . . . , M c) = (Li © M i , . . . , L c © M c) 
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and 

( L i , . . . , L c ) ^ {MU...,MC) 

3Yj, Zj e JČ, Mj = Yj ®Lj®Zj, j = 1,..., C, 

^ 3(Yl,...,Yc),(Zl,...,Zc)e^, 

(M1,...,MC) = (Y1,...,YC)&(Li,..., Lf) (Zx, . . . ,^) , 

respect ive ly . It is easy t o see t ha t all t h e requ i red proper t ies ( the assoc ia 

t iv i ty of © c , t h e ex is tence of neutra l en t ry (o0,0, • • •, 00,o) w.r.t. © c ; and also t he 
ref lex iv i ty , w e a k an t i symmet ry , and t rans i t i v i ty of ^ ) are sat is f ied . Thus , w e 
get t h e f o l l ow ing propos i t ion : 

P r o p o s i t i o n 5. Let^ be the Cartesian power defined in (4.1), © c, the binary 
operation, and ^ the binary relation defined on Ji^ as above. Then the 
ordered triplet 

( ^ c , © c , ^ c ) 

forms the structure of non-commutative pomonoid. 

4.1.2 The outer power of (>f/^,ff l ,Q 
Similar ly w e can de f ine a re lat ion ~ c on ̂  as fo l l ows 

( L 1 , . . . , L C ) ^ ( M 1 , . . . , M C ) Lj ~ Mj, J = 1,.-.,C 

and s h o w t ha t th is re lat ion is ref lex ive, symmet r i c , and t rans i t i ve , and t hus 
it is an equ iva lence — also cal led t h e orthogonal equivalence. Then w e can 
def ine t h e equ iva lence c lasses and t h e quo t ien t set ( the set of t h e c lasses) , 

(M1,...,MC)] and J? c/^, 

respect ive ly . Clear ly 

( M 1 , . . . , M c ) l = ([M1]„,...,[M<]J\ and t hus jp/^ = {Jt/^f. 

Further, w e ex tend t h e binary opera t ion EH and t h e binary re lat ion c c o m p o n e n t -

w ise ly t o 

EBC : ( M 7 ~ ) c ) 2 — > {JK/^f and c< on (Jtj^ 

simi lar ly as in Sect ion 4.1.1. Finally, w e get t h e fo l l ow ing propos i t i on : 

P r o p o s i t i o n 6 . Let (Jtjbe quotient set of ^ (4.1), EEK the binary op

eration, and c c the binary relation defined on { J i ' a s above. Then the 
ordered triplet 

forms the structure of commutative pomonoid. 
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4.1.3 Remarks on connections among all pomonoids 
Since t h e (non -commuta t i ve ) p o m o n o i d O f c , © c , ^ c ) f r o m Propos i t ion 5 is 
the natural Car tes ian power of t h e (non -commuta t i ve ) p o m o n o i d (*/#,©, 
f r om Propos i t ion 4 , w e can wr i te symbol ica l l y 

( ^ r c , f f i c , ^ c ) = ( ^ , f f i , d ) c ; (4.2) 

see Sect ion 4.1.1. 
Similarly t h e (commuta t i ve ) pomono id ( O f E E K , n<) f r o m Propos i t ion 6 

is t h e natural Car tes ian power of t h e (commuta t i ve ) p o m o n o i d (^#/^,ES,c) 
f r om Propos i t ion 4 , w e can wr i te symbol ica l l y 

( 0 ^ 7 ~ ) c , ffl<, C<) = M 7 ~ , EB, Q < ; (4.3) 

see Sect ion 4.1.2. Us ing t h e a l ready i n t roduced no ta t ion (3 .28) , w e ob ta in 

( M 7 ^ , EL*, C<) = ( ( ^T , ©, :<) / „ )< ; (4.4) 

see Sect ion 3.6.1. 
Finally, no te tha t t h e (non -commuta t i ve ) pomono id {{JCIJf, EEK, nf) f r om 

Sect ion 4.1.2 can be seen as t h e quo t ien t p o m o n o i d of t h e (commuta t i ve ) 
p o m o n o i d ( ^ f c , © c , ^) f r o m Sect ion 4.1.1 modu lo t h e o r t hogona l equ iva lence 
~ , i.e., symbol ica l ly 

fflc = © V . , = ^ , ( M 7 ~ ) c , fflc, E c ) = ( ^ c , © c , ^ c ) / ~ • (4.5) 

Compare w i t h Sec t ions 3.4.1, 3.5.1, and 3.6.1. 
Consequen t l y , pu t t i ng (4.4) , (4.5) and (4.2) t o g e t h e r y ie lds 

( ( ^ , ©, ^ ) / ~ ) c = ( M 7 ~ ) c , fflc, E c ) = M ^ , © c , ^ c ) / ~ = ( ( ^ r , ©, ^ ) c ) / ~ , (4.6) 

i.e., a sor t of c o m m u t a t i v i t y re lat ion b e t w e e n t h e quo t ien t (modu lo t h e or
thogona l equ iva lence) reduc t ion and t h e Car tes ian power. 

4 . 2 ALIGNMENTS; M A T R I C I Z A T I O N S , 
& TRANSFORMATIONS OF TUPLES 

As one can see, t h e s t ra igh t fo rward ex tens ion t o tup les of mat r i ces br ings 
no th ing espec ia l ly new. All t h e t h i ngs (der ivat ions and def in i t ions) are done 
c o m p o n e n t - w i s e l y , i ndependen t l y for each m e m b e r of t h e tup le . 

There fo re , w e f i rs t rest r ic t t h e var iabi l i ty o f tup les by some add i t iona l c o n 
d i t ions — t h e tup le a l ignment , i.e., w e focus on some subse ts of (4.1). Then 
w e in t roduce t h e tup le mat r i c i za t ion . Finally, w e also rest r ic t t h e var iabi l i ty 
of a l lowed o r t hogona l t rans fo rma t ions . 
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4.2.1 Tuple alignment 
To s impl i fy t h e expos i t i on , w e expla in t hese c o n c e p t s on a par t icu lar examp le 
(to d o it in ful l genera l i t y is out of t h e scope of th is t ex t ) . Consider , e.g., 

^ 4 = {(Mx, M 2 , M 3 , M 4) : Mj G W1^ C Jt) . (4.7) 

By tup le a l ignment (TA) w e unde rs tand any g iven set of cond i t i ons on d i 
mens ions nij and kj of t h e tup le , e.g., 

TA = { mi — m2 = 0 , m\ + m3 — m 4 = 0, k\ + k2 — k3 = 0 } . (4.8) 

These cond i t i ons c lear ly relate t h e ind iv idual m e m b e r s of t h e tup le — in our 
examp le w e see tha t (among o thers ) t h e f i rs t t w o mat r i ces M1 and M 2 mus t 
have t h e same number of rows. The set of all tup les sa t is fy ing all t hese 
cond i t i ons is d e n o t e d 

Jt$k c Jt\ (4.9) 

4.2.2 Tuple matricization 
By mat r ic iza t ion of a tup le w e unde rs tand any g iven mapp ing f r o m t h e set 
of tup les of mat r i ces (or i ts subset ) back t o t h e set of mat r i ces . This a l lows 
us to deal w i t h tup les as w i t h s tandard mat r i ces . The a l ignment of t h e t u 
ple, moreover , a l lows us t o c o n c a t e n a t e ind iv idual m e m b e r s of t h e tup le in 
spec i f i c w a y s . Fol lowing our examp le (4.7) - (4 .9) w e can cons ider 

T M ^TA (4.10) 

tha t ac ts , e.g., 

T M ( ( M 1 , M 2 , M 3 , M 4 ) ) = M2 I Mi 
M , 

M 4 M e nmxk (4.11) 

w h e r e m = m\+ m3 = m2 + m3 = m 4, k = k\ + k2 + fc4 = k3 + fc4. 
It is easy t o see tha t t h e quadrup le ( M i , M 2 , M 3 , M 4 ) can also be c o n s i d 

ered as t h e partitioning o f M . Moreover (s ince J£ con ta ins also e m p t y m a 
t r ices) , any matr ix M can be par t i t i oned in th is way . For our pu rpose it is, 
however , more su i tab le t o c h o o s e t h e w a y of a l ignment and mat r i c i za t ion , 
not t h e way of par t i t i on ing . 

No te tha t t h e mat r ic iza t ion (or par t i t ion ing) in th is examp le is 'incompati
ble'. For our pu rpose ( the core p rob lem analysis) w e need t o w o r k on ly w i t h 
'compatible' mat r i c iza t ions — t h e ind iv idual b locks appear in regular r e c t a n 
gular 'matrix-like' g r id , e.g.: 

Mi M 2 

M 3 M 4 

Mi 
M 2 

M 3 

[ M 2 Mi ] , bu t also 
M 3 Mj 
Ml 0 
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etc . Fur the rmore , no te t ha t w i t h o u t any a l ignment cond i t i ons , i.e., w i t h 

TA = 0, w e ge t JK^k = JK^ = Jt^. 

One of poss ib le mat r ic iza t ions can be t h e n real ized by t h e d i rec t summat ion 

T M ( ( M i , . . . , M c) = Mi © • • • © M c = 

w e call it t r iv ia l mat r i c i za t ion . 

4.2.3 Tuple transformation 
By tup le t rans fo rma t ion i nduced by t h e a l ready g iven a l ignment TA and m a 
t r ic iza t ion T M w e unde rs tand b inary re lat ion ~ T T on Jt^k de f i ned for 

£ = ( L 1 , . . . , L C ) , a« = ( M 1 , . . . , M c ) e^ T

c

A 

such tha t 

£ ~ T T 9 r t ( £ ~ c 9 r t A T M ( £ ) ~ TM(art) V (4.12) 

This re lat ion is an a lgebra ic equ iva lence on Jt^k. 

Let us c lar i fy th is on our examp le (4.7)-(4.11): Recall t ha t 

£ ~ 4 art ^ £ = g(M) = (PiTMi,Si, P 2

T M 2 S 2 , P3

TM3>S3, PjM.S^j, 

where 
P,-eO m , , SjeOkj, j = 1,2,3,4, 

and mapp ings # (o r thogona l t rans fo rmat ions ) g iven by t hese e igh t mat r i ces 
represent e lemen ts of t h e g roup 

G = (<D)mi x O f c l ) x ( o m 2 x O f c 2) x ( o m 3 x O f c 3) x ( o m 4 x O f c 4 ) . 

Replacing th is g roup by any of its subg roup P causes t h e mod i f i ca t ion of t he 
equ iva lence re lat ion ( formal ly f r o m ~ 4 t o , let say ~ P ) , but it s tays an a lgebra ic 
equ iva lence , s ince t h e subg roup is stil l a g roup ; see t h e proof in Sect ion 
3.3). (Note tha t in genera l th is rep lacement a lso causes increas ing number 
of c lasses, and dec reas ing number of e lements w i th in a class.) 

The o the r par t of t h e def in i t ion o f t h e newly i n t roduced re lat ion (4.12) 
says 

T M ( £ ) = TM(<7(art)) ~ TM(art) , 

Mi 

Mr 
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i.e., t h e mat r ic iza t ions of t h e or ig inal and t r ans fo rmed tup le are o r thogona l l y 
equ iva lent . The mat r i c iza t ion , the re fo re , d i c ta tes t h e s t ruc tu re of t h e new 
equ iva lence 

PjM2S2 | PlMiSi 
P 3 'M 3 ( ,S 2 ©Si ) (Pi 

0 
0 

^3 

M2 | Mi 
M s 

P3)JMAS4 

S2 0 
0 Si 
0 0 

0 
0 

(4.13) 

We immed ia te ly see tha t some of t h e o r t hogona l g roups 
p laced in t h e p roduc t G by the i r p roper subg roups : 

must be re-

mi + m 3 = m 4 e TA 
k1 + k2 = k3 e TA 

Dm 4 is rep laced by 
Dfc3 is rep laced by 

- "mi 
"fc, x 

X 'WI3 I 

Moreover , some of t h e o r t hogona l g roups O... t ha t appear more t han o n c e in 
G represent in fac t t h e same ins tance of t h e g roup , i.e., t h e co r respond ing 
o r thogona l mat r i ces appear in more t han one p roduc ts : 

mi = 

ki + k2 

m2 e TA 
m 4 e TA 

= fc3 e TA 

P 2 is rep laced by Pi, 

P 4 is rep laced by Pi © P 3, 

53 is rep laced by S1 © S2. 

Any of t hese rep lacements reduce G t o some of its p roper subg roup . We 
deno te t h e remain ing subg roup symbol ica l ly 

TT = TT(TA, T M ) ; 

in our examp le , th is subg roup is i somorph ic to 

(4.14) 

P "mi x I x Dkl X O f c 2 X O f c 4 

Since (4.14) is t h e subg roup of G, t h e b inary re lat ion ~ T T represents an alge
braic equ iva lence on J(^k. 

4 . 3 CLASSES AND P0M0N0IDS OF 
ALIGNED TUPLES 

At t h e end of th is chapter , w e jus t br ie f ly men t ion how t h e genera l c o n 
cep ts w o r k in t h e con tex t o f a l igned tup les — w e wil l fo l low our examp le 
(4.7)-(4.14). For £ and m e JZ^k\ 

• The equ iva lence c lass has t h e fo rm 

PK]~TT = { (PjM^, PXM2S2, P]M3(S2 © S,), (Pi © P 3) TM 4 >S 4) : 

Pi e O m i , P 3 e O m 3 , St e O f e l , S2 e O f c 2 , S4 e O f c 4 } . 
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The d i rec t sum of t w o a l igned tup les resul ts again in an a l igned tup le 

T M ( £ © 4 Tt) 
M2\L1® M i 

M? 
MA 

Clear ly if, e.g., Lx and L2 have t h e same number of rows, M i and M2 

have t h e same number of rows, t h e n also L1 © M i and L2 © M2 have the 
same number of rows, e tc . 

The o rder ing w o r k s fu l ly t h e same as for genera l tup les ; us ing t h e p re 
v ious i tem, w e see tha t , e.g., m ^4 (£ ©4 fm) and £ ^ 4 (£ © 4 att). 

Now w e are able t o bui ld up pomono ids 

( A C A > © C ^ C ) and 

The second one can again be seen as t h e quo t ien t p o m o n o i d of t h e f i rs t one , 
modu lo t h e mod i f i ed o r t hogona l equ iva lence ~ T T -

The key ques t ion is: 

Which entries are irreducible (prime-like) entries in these pomonoids? 

especia l ly in t h e second one . This ques t ion is ve ry genera l , seems to be very 
d i f f icu l t t o answer, and de f in i te ly is out of t h e scope of th is tex t . In t h e next 
chap te r w e focus on t h e s imples t case of a l igned tup les — t h e row-a l i gned 
pairs of a l igned mat r i ces . 
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5 CLOSER LOOK AT 
ROW-ALIGNED PAIRS OF 
MATRICES 

From th is m o m e n t on , w e f o c u s on t h e s imples t nontr iv ia l case of a l igned 
tup le — t h e a l igned pair. S ince th is w o r k is mo t i va ted by l inear approx imat ion 
p rob lems AX « B (1.6), w e s l ight ly mod i f y our no ta t ion : ins tead of M1 and 
M2 w e wil l use A and B, respect ive ly , in par t icu lar 

Jt2 = {(A, B) : A e Rm*xn, B e Rm*xd} . 

Both mat r i ces must have (in a c c o r d a n c e t o our p rob lem, and w i t h o u t loss of 
genera l i ty ) t h e same number of rows m = mA = mBl i.e., 

TA = {mA -mB = 0} . (5.1) 

The mat r ic iza t ion t h e n s imply c o n c a t e n a t e s bo th mat r i ces — w e choose 
(again in a c c o r d a n c e to our conven ience , and w i t h o u t loss of genera l i ty ) t he 
'reverse' o rder 

TM((A,BJ\ = [ B A ] e R m x k , k = d + n. (5.2) 

The tup le t rans fo rma t ions (actual ly pair t rans fo rmat ions ) i nduced by th is 
a l ignment and mat r ic iza t ion take t h e f o r m 

T T : [B A] ~ PJ [B A] ^ ° = [ PJBR PJ AQ ] , (5.3) 

w h e r e (P,Q,R) e Om x O n x Od; recall Sec t ion 1.2. 

5 . 1 GP: THE SET OF ALL GENERAL 
PROBLEMS 

We are s tudy ing genera l l inear approx ima t ion p rob lems of t h e f o r m AX « B 
and w e are so lv ing t h e m by o r thogona l l y invar iant min imizat ion ( the TLS 
m e t h o d in par t icu lar ) . This means t ha t w e are in te res ted exac t l y in t h e a l igned 

61 



ordered pairs up t o t h e o r t hogona l t r ans fo rma t i on . Thus , t h e set of such 
p rob lems f i ts exac t l y t o t h e set 

G P = ^ T

2

A / ^ T T , (5.4) 

w h e r e TA is g iven by (5.1) and TT by (5.3) 

5.1.1 Simplification of notation for general problems 
Because t h e leng th of tup le , i ts a l ignment , mat r i c iza t ion , and t hus also t r a n s 
fo rma t ions are f i xed s ince th is m o m e n t , w e s impl i fy t h e no ta t ion a bit in order 
to make t h e tex t more t ransparen t . In par t icu lar w e w i l l : 

• refer t o t h e c lasses of o r thogona l l y equ iva len t pairs d i rec t l y by the i r 
representa t i ves , 

• omi t t h e s u p e r s c r i p t 2 in d i rec t summat i on or o rder ing s igns, and 

• omi t t h e subsc r ip t T T in equ iva lence s ign , 

i.e., fo r examp le 

(Aa, Ba) c 2 

~ T T 

~(A,B) 
~ T T 

(Aa, Ba) EE!2 

~ T T 

(Aß,Bß) 

wil l be s imply w r i t t en as 

(A*, Ba) C (A, B) ~ (Aa, Ba) EE! (Aß, Bß). 

5.1.2 Composition of general problems 
The mos t impor tan t man ipu la t ion w i t h p rob lems for us is t h e compos i t i on of 
p rob lems real ized by t h e d i rec t summat i on 

EE! : G P 2 GP. (5.5) 

No te tha t w e wil l a lso use th is b inary opera t ion s ign in a less r igorous way . 
Let 

AjXj « Bj, Aj e RmJxnJ, Xj e W***, B, e W1^, 

be t w o linear approx imat ion p rob lems, i.e., (Aj, Bj) e GP, j = a, (3. Except for 
the s tandard usage 

(Aa,Ba)m(Ap,Bp) ( Aa 0 Ba 0 \ 
{ 0 Aß _ 0 Bß _ ) 

(5.6) 

w e also use it d i rec t ly for mat r ic iza t ions (wh ich is a bit con f l i c t i ng w i t h some 
of t h e prev ious no ta t ion , but — as w e bel ieve — unders tandab le ) , i.e., 

[Ba Aa]m[Bß Aß] 
Ba 

0 Aa 0 
0 Bß 0 Aß _ 

(5.7) 
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Occas iona l ly w e use it a lso for t h e who le approx ima t ion p rob lems 

AnXn « Bn \ ffl \ ApXp « 5 4 , 0 
0 A/3 

X Ba 0 
0 Bp (5.8) 

No te t ha t X d o e s not have t o be equal t o t h e d i rec t sum of Xa and Xp in 
genera l ; see [4 , Sect ion 5.2, Example 5.4] 

5.1.3 Note on composition of degenerated problems 
Recall t ha t t h e set of all mat r i ces con ta in also e m p t y mat r i ces (i.e., w i t h zero 
number of rows or co lumns) . Prob lem tha t cons is ts of at least one e m p t y 
matr ix is ca l led d e g e n e r a t e d . N o w w e br ief ly look w h a t happens w h e n w e 
are c o m p o s i n g p rob lems tha t may be d e g e n e r a t e d . T w o mos t in terest ing 
cases are: 

• If np = 0, i.e., Ap = om.tQ, t hen 

[Ba Aa ] ffl [ Bp Ap] = 

• \fdf} = 0, i.e., Bp = o m . i 0 l t hen 

[Ba Aa ] ffl [ Bp Ap] = 

Ba 0 Aa 

0 Bp 0 

Ba Aa 0 
0 0 AP. 

{ma+mp)x((da+dp)+na) 

{ma+mp) x (da+(na+np)) 

The ful l list o f compos i t i ons regard ing d e g e n e r a t e d p rob lems can be found 
in Table 5.1 (page 67) . 

5 . 2 CP: THE SET OF ALL CORE 
PROBLEMS 

By core p rob lem w e unde rs tand any linear approx ima t ion p rob lem AX « B 
i.e., (A, B) e GP sat is fy ing cond i t i ons 

*(CP1) The matr ix A is of full column rank. 

*(CP2) The matr ix B e M™ x ^ is of full column rank. 

* (CP3) Mat r i ces UjB are of full row rank, w h e r e co lumns of Ui represent b a 
sis of: e i ther t h e left s ingular subspace of A co r respond ing t o t h e i t h 
largest s ingular va lue, for % = 1,..., £; or t h e space N(AJ), for % = £ + 1. 

We d e n o t e t h e set of all co re p rob lems CP. Clear ly 

c <GP (5.9) 
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is a proper subse t of t he set of all genera l p rob lems ; i.e., the re are l inear 
approx imat ion p rob lems tha t are not core p rob lems. 

No te tha t f r om (CP1)-(CP3) o the r p roper t ies of core p rob lems can be 
de r i ved , par t icu lar ly usefu l wi l l be: 

(CP4) The matr ix [B, A] is of full row rank. 

(CP6) Mul t ip l ic i t ies of s ingular va lues of t h e matr ix A are b o u n d e d by rank(P). 

See [6 ] , [7 ] , or [11, Append i x A ] . 

5.2.1 Core problem reduction 
The core p rob lem theo ry (see in par t icu lar [22 ] , [6]) says, tha t for each l inear 
approx imat ion p rob lem 

AX ft B, A G Rmxn, X e Rnxd, B e Rmxd, 

t he re a lways exist o r t hogona l mat r i ces P e O m , Q e O n , and R e Odl such 
tha t 

P T [ B A] 

i.e., 

i.e., 

whe re 

" R 0 1 ' Pi 0 An 0 
0 Q 0 0 0 A22 _ (5.10) 

" An 
0 ' Xu Xn ' Pi 0 " 

0 A22 _ X2i X22 0 0 

AnXn « Pi , AnX12 ft 0, A22X21 ft 0, A22X22 ft 0, 

" Pi 0 An 0 
0 0 0 A22 _ 

AnXn ~ Pi, An e M m x n , Xn E Rnxd, B1 E Rmxd, 

is t he core p rob lem. Thus, fo r any (A, B) e GP 

[B A] 

We use t he no ta t ion su i tab le for matr ix r i gh t -hand side case (see [6]) here, 
but t h e vec to r r i gh t -hand s ide case Ax ft b (see [22]) represents on ly a s p e 
cial case w i t h X = [x]e P n x l , B = [b]e Wnxl, 

[B A]—[b A] 

and Pi = G R ^ x l . The core p rob lem is g iven un iquely up to an o r thogona l 
t r ans fo rma t ion , i.e., up to t he equ iva lence ~ , i.e., 

y(A,B) G GP : 3! (An, Pi) e CP; 

see again [ 22 ] , [ 6 ] . We call th is mapp ing t he core p rob lem reduc t ion 

CPR : GP —>> CP, (5.11) 

and symbol ica l l y w r i t e as 

C P R ( [ P A ]) = [Pn An] or [B A] [ B, Au ] . 

' 6i An 0 " Pi Ofnfl An 0 
0 0 A 2 2 . 0 0 A 2 2 . 
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5.2.2 Note on degenerated core problems 
Since CP con ta ins also t h e d e g e n e r a t e d p rob lems, it is necessary t o look 
how t h e core p rob lem reduc t ion pe r fo rms on t h e m . In mos t cases of d e g e n 
era ted p rob lems, one or a comb ina t i on of cond i t i ons (CP1), (CP2), and (CP4) 
(on ful l co lumn or row ranks of mat r i ces Au, B1, and [B1, An}), and once also 
(CP6) (on mul t ip l ic i t ies of s ingular va lues of An) imply t ha t CPR resul ts in t he 
ful ly d e g e n e r a t e d (i.e., w i t h no rows and no co lumns in t h e sys tem matr ix as 
wel l as in t h e r i gh t -hand side) co re p rob lem 

[B1\A11] = [ 00,o | 00,o ] G CP. 

The list o f all d e g e n e r a t e d p rob lems and resul ts of CPRs ( inc lud ing t h e key 
p roper t ies (CP£) tha t c lar i f ies t h e result) can be f o u n d in Table 5.2 (page 67) . 

However , t he re is one d e g e n e r a t e d p rob lem tha t is not reduced t o t he 
ful ly d e g e n e r a t e d one by t h e CPR, in genera l . Let 

A e Rmx0, B e Rmxd, r = r a n k ( 5 ) . 

Cons ider SVDs of bo th mat r ices , t h e f i rs t one is rather fo rmal 

A = UAZAVj, UA = ImeOm, E , = O m , 0 6 M r a x 0 , VA = 00fie®0, 

t he o the r is 

B = UBTIBVI, UB G OM, S B = 
Om—r,r ^m—r,d—r 

nmxd VR e 

and t h e d iagona l matr ix w i t h (nonzero) s ingular values 

B1 e Rrxr is square inver t ib le . 

Then fo r P = UBl Q = VA = 0 0 0 l and R = VB w e ge t 

[B\A]~pJ[B\A] R 0 

0 Q 
VB 0 

0 00,o 
[ | Om jo ] 

B\ §r,d-r 0r , 0 B\ §r,d-r An Orjo 
Om—r,r ^m—r,d—r Om—r,0 Om—r,r ^m—r,d—r 0 m - r , 0 A 2 2 

w h e r e An = 0rfi G Rrx0 and A22 = Om—r,0 G 
- r ) x O 

Obviously , th is t r ans fo rma t i on (accord ing t o t h e s t ruc tu re of t h e result) 
fo rmal ly resembles t h e core p rob lem reveal ing t r ans fo rma t i on . It remains to 
ver i fy , w h e t h e r [B1, An] sat is f ies t h e p roper t ies (CP1)- (CP3) : 

• Mat r ix An is t h e e m p t y (zero) matr ix , it has rank(An 
co lumns , i.e., it is of full column rank: (CP1) ho lds . 

= 0 and zero 

Matr ix Bi is square inver t ib le , i.e., it is of full column rank: (CP2) ho lds . 
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• The SVD of An = Ir 0rfi o J 0 is ana logous t o t h e SVD of A; An has no 
singular va lues, t h e who le W is t h e nu l l - space of A\x and co lumns of 
Ui = lr represents its basis. S ince Bl is inver t ib le , t h e n UjB1 = lrBl = 
£ 1 is of full row rank: (CP3) ho lds . 

Consequen t l y , any square inver t ib le matr ix Bl o f o rder r t o g e t h e r w i t h e m p t y 
matr ix An = Or,o represent a core p rob lem. Since square inver t ib le matr ix is 
charac te r i zed by nonzero de te rm inan t , w e may de f ine t h e w h o l e set 

{ ( A n , £ i ) e G P : Au = 0 r, 0, B1 e Wxr, d e t ( £ i ) ± 0, r e N 0 } c C P (5.12) 

of d e g e n e r a t e d co re p rob lems . Since det(0 o , o ) = l , t h e set con ta ins also t he 
ful ly d e g e n e r a t e d core p rob lem fo r r = 0. No te t ha t nontr iv ia l d e g e n e r a t e d 
core p rob lems are also o b s e r v e d in paper [4 , T h e o r e m 3.2] . 

5.2.3 Composition and core problem reduction — they prop
erties and interplay 

Now w e have t w o impo r tan t too ls t o w o r k w i t h approx ima t ion p rob lems: t h e 
compos i t i on EB (5.5) and t h e core p rob lem reduc t ion CPR (5.11). It w o u l d be 
usefu l t o look on i ts interplay. 

First o f all, t h e compos i t i on is de f i ned on t h e set of all p rob lems C P , bu t 
it can be app l ied also on its proper subse t o f core p rob lems CP . It has been 
s h o w n (see [4 , Theo rems 3.1 and 3.2]) t ha t 

EB : C P 2 —> CP. (5.13) 

In o the r w o r d s t h e set of core p rob lems is c losed w.r.t. t h e c o m p o s i t i o n . 
More spec i f ica l ly 

(An,a, B1>a), (An>fi, B1>p) G C P (An,a, B1>a) ffl (An,p, B1>p) e CP; 

natural ly, inc lud ing t h e d e g e n e r a t e d core p rob lems . 
Second ly , t h e co re p rob lem reduc t ion is also de f i ned on t h e who le set of 

all p rob lems C P and can be res t r i c ted t o t h e proper subse t o f core p rob lems 
CP. From t h e p roper t ies of core p rob lems and t h e cons t ruc t i on of t h e re 
duc t i on (see [22 ] , [6 ] ) , however , fo l l ows tha t t h e core p rob lem reduc t ion of 
a p rob lem w h i c h a l ready is a core p rob lem is t r iv ia l . In o the r w o r d s 

CPR : C P — • CP, (5.14) 

is t h e iden t i t y mapp ing 

V ^ n . S x ) e C P : C P R j V n , ^ ) ) = ( A n , S i ) . (5.15) 

From th is po int o f v iew: 

The core problem reduction is an orthogonal projection from GP onto C P 
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Table 5.1: All poss ib le shapes of [Ba,Aa] EB [BP,AP] acco rd ing t o d i f fe ren t 
d imens ions of Ajt Bjt j = a, (3, be ing (non)zero. 

zero dims. no ma = 0 ma = mp = 0 
Ba 0 Aa 0 
0 Bp 0 Ap no [0 Bp\0 Ap] [ Ba 0 | Aa 0 

na = 0 

np = 0 

dQ = 0 

(2V = 0 

Ba 

0 
Ba 
0 
0 

Bp 
Ba 

0 

0 

0 
Bp 
Aa 

0 
A Q 

0 

0 
Ap 
Aa 

0 
0 

Ap 
0 

0 B a | ] [Ba 0 | 0 ] [ 00,da %,dp Oo,ne 

0 B^|0] [ B a 0 | Aa ] [ \da Oo,na 

B/* | 0 Ap ] [ 0 | Aa 0 ] [ °0,d e Oo,na 

o|o 4, ] [ B Q | Aa 0 ] [ 00,da 

= tip = 0 

d Q = dp = 0 

na = da = 0 

rip = dp = 0 

na = dp = 0 

rip = da = 0 

Ba 0 
0 Bp 

Aa 0 
0 Ap 

0 Bp 

0 Ap 

Ba 0 

An 0 
0 

Bp 
B Q 

0 
BQ 
0 
0 
Bp 

0 
Ap 
Aa 

0 
0 
Ap 
Aa 

0 

B/* | Ap 

[ 0 | 0 ] 

[ 0 I Ap ] 

[ Bp\ 0] 

[ o | 0 ] 

B Q | A a 

B a | 0 ] 

O U a l 

Oo,de | Oo,nl3 

%,da | Oo,ne 

Oo,de I Oo,na 

"a = % 
= dQ =0 
na = np 
= dp = 0 
na = da 

= dp = 0 
np = da  

= dp = 0 

Bp 
BQ 
0 
0 

Ap 

o 

JmQ,da 

0ma 

BQ 

A,v 

%,dp 

%,da 

na = np = da 

= dp = 0 
0mQ,0 

™3 s

n " ma,0 On 

Table 5.2: All poss ib le shapes of [B, A] and CPR([B,A]) = [BuAu] a c c o r d 
ing t o d i f fe ren t d imens ions of A and B be ing (non)zero. Be low mos t o f t he 
reduc t ions w e men t ion t h e key p rope r t y (CP£) t o ge t t h e resul t . 

zero dims. no m = 0 

no CPR 
> [ B1 | An ] [ 0o,d 0o,n 

CPR 
> 

(CP1 &2) [ 0o,o 0o,o ] 

n = 0 [ 5 | 0m,0 ] 
CPR 

> [ Bi 0mj0 ] [ 0o,d o0,o; 
CPR 
(CP2)> [ 0o,o 0o,o ] 

d = 0 [ 0m,0 | A ] 
CPR 

{CP6)} [ 00,o | 00,o ] [ 0o,o 0o,n 
CPR 
(CP1) [ 0o,o 0o,o ] 

n = d= 0 [ 0mjo Omio i CPR 
J (CP4) 

>• [ 00,o 00,o ] [ 0o,o o0,o; 
CPR 

> 
trivial 

[ 0o,o 0o,o ] 
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A real in terp lay of bo th too ls can be ob ta i ned , w h e n w e s tar t comb in ing 
t h e m , i.e., w h e n w e cons ider a co re p rob lem reduc t ion of a p rob lem c o m p o 
s i t ion. We fo rmu la te it via a c o m m u t a t i v e d iag ram in t h e fo l low ing t h e o r e m . 

T h e o r e m 1. Let (Aa, Ba) and (Ap, Bp) be two general problems from GP. Then 

CPR (Aa, Ba) 
I 

(Aa,Ba)m(Aß,Bß) 
t 

(Ap,Bß) 

CPR 

,a ) 
I 

> 0<4ii,a) BljCl) EB (AUß, Biß) 
t 

(5.16) 

CPR (Anß,B 

I.e., composition of two problems and core problem reductions commute. 

Note tha t t h e asser t ion of t h e prev ious t h e o r e m can also be rewr i t t en as 

C P R ( [ 5 a Aa]m[Bp Ap ] ) = C P R ( [ Ba Aa ] ) EB C P R ( [ Bp Ap ] 

Proof. The outer way ( f i rst reduce , t h e n c o m p o s e ) : The co re p rob lem reduc 
t ion of genera l p rob lems {Aj,Bj) resul ts in (A11J,B1J) sa t is fy ing (CP1)- (CP3) , 
j = a, ß, i.e., t he re exist o r t hogona l mat r i ces Pjt Qjt and Rj such t ha t 

[B3 A3]~P][B3 A3] 

Compos i t i on of b o t h core p rob lems t h e n y ie lds 

[ Bha An,a ] EB [ Biß Anß } 

0 0 0 
0 Qi. 0 0 0 

Bi,a 0 
0 Biß 

An,a 0 
0 Anß 

w h i c h is a core p rob lem by (5.14). 

The inner way ( f i rst c o m p o s e , t h e n reduce) : Compos i t i on of (A,-, Bj) y ie lds 

(5.17) [Ba Aa]m[Bß Ap] 

This compos i t i on is o r thogona l l y equ iva len t to 

Ba 0 Aa 0 
0 Bß 0 Ap _ 

Pa 0 T Ba 0 Aa 0 
0 Pß. 0 Bß 0 Aß 

Ra 0 0 0 
0 Rp 0 0 
0 0 Qa 0 
0 0 0 Qß 

Pa Ba Ra 
0 PpBpRp 

PaAaQc 

0 

Bi,a 0 
0 0 0 

0 
Biß 0 

0 0 

PjApQp 

An,a 0 
0 A2Xa 

0 

0 
A l l , / 3 

0 A 22,(8 
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0 0 0 A\\,a 0 0 0 
0 0 0 0 0 A-22,a 0 0 
0 0 Bit/3 0 0 0 An,p 0 
0 0 0 0 0 0 0 ^22,/3 

(5.18) 

Cons ider a pe rmu ta t i on matr ix of t h e fo l l ow ing f o r m and recall i ts ac t ion 

" i 0 0 0 " * 
n = 0 0 I 0 n n = 0 0 0 n — n = 

0 i 0 0 
n 

0 0 0 / 0 

7 0 0 0 
0 0 / 0 
0 / 0 0 
0 0 0 / 

* 

w h e r e ident i t ies in n are of g iven su i tab le d imens ions . No te tha t n and n T 

have t h e same b lock s t ruc tu re (and t hus also same s t ruc tu re of ac t ion ) . Fur
ther no te tha t matr ix n is o r t hogona l so n n T = n T n = / . 

By emp loy ing th ree of such mat r i ces n P , UQl and URl w e ge t a p rob lem 
o r thogona l l y equ iva len t t o (5.18) wh i le pe rmu t ing rows and co lumns of (5.18) 
as fo l lows 

n 

0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 0 Bl,/3 0 0 0 0 
0 0 0 0 0 0 0 ^22,/3 

Bl,a 
0 0 0 0 0 0 

0 B\fi 0 0 0 0 0 
0 0 0 0 0 0 ^22 ,o 0 
0 0 0 0 0 0 0 ^22,/3 

Bl,a 

0 
0 

0 

0 

0 

An,a 
0 A l l , /3 

0 

0 
A. 22,Q 

0 

0 
0 

A. 22,/3 

(5.19) 

Consequen t l y , t h e compos i t i on (5.17) is o r thogona l l y equ iva len t t o t h e last 
p rob lem in (5.19), w h i c h has t h e s t ruc tu re of (5.10). Thus , 

Bl,a 

0 
0 All,a 

0 
0 

cou ld potent ia l ly be a core p rob lem if it sat is f ies (CP1)- (CP3) . A n d w e a l ready 
know it d o e s as it is t h e same p rob lem tha t w e ge t by t h e ou te r way. • 
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5 . 3 DE-COMPOSING [CORE] PROBLEM 
INTO IRREDUCIBLE 
REPRESENTATION 

Now w e are ready t o s tar t t o ta lk abou t our u l t imate goal — in fac t revers ing 
t he p rocess of c o m p o s i n g p rob lems, i.e., t o d e c o m p o s e t h e g iven p rob lem. 
We w a n t t o d e c o m p o s e it as much as poss ib le , i.e., in to par ts t ha t are no 
fu r the r d e c o m p o s a b l e , or in o the r wo rds , t ha t are i r reduc ib le , or 'prime-like' 
entr ies in t h e p o m o n o i d GP. 

Note tha t wh i le c o m p o s i n g , d imens ions of t h e resul t ing p rob lem are sums 
of respec t i ve d imens ions of ind iv idual subp rob lems . Thus , hav ing a g iven 
p rob lem its d imens ions canno t dec rease by its compos i t i on w i t h ano the r one 
— but some of t h e m , even all o f t h e m may stay t h e same, if w e c o m p o s e our 
p rob lem w i t h t h e fu l ly d e g e n e r a t e d one (00,o,00,o)- Th is fu l ly d e g e n e r a t e d 
p rob lem w.r.t. compos i t i on plays similar role as number one w.r.t. mu l t ip l i ca
t ion — it is t h e neutra l en t ry . 

Whi le revers ing t h e compos i t i on w e , the re fo re , ignore t h e (a lways ava i l 
able) poss ib i l i ty o f d e c o m p o s i n g g iven t h e p rob lem t o itself and (00,o,00,o) 
(similarly as w e ignore t h e mul t ip l ica t ion by one in t h e pr ime d e c o m p o s i t i o n ) . 
In o the r w o r d s , w e cons ider only nontr iv ia l decompos i t i ons , i.e., on t h e set 

GP\{(00,o,Oo,o)}. 

Let us in t roduce for (A,B) e GP, A e M m x n , B e Rmxd, quan t i t y 

D : G P ^ N o , ®((A,B)\ =m + n + d, (5.20) 

w h i c h moreover sat is f ies 

£ ((A, 5)) = 0 (A, B) = (00l0, 00lo). 

Thus, T> is pos i t ive on G P \ {(00,0,00,o)}- Consequen t l y , nontr iv ia l d e c o m p o s i 
t ion of 

(A,B) —• (Aa,Ba)m(Ap,Bp), 

w h e r e Aj e Rmjxnj, Bj e Rmjxdj,j = a, (3, is a lways fo l l owed by st r ic t dec rease 
of quan t i t y 2), i.e., 

There fo re , any sequence of d e c o m p o s i t i o n s is f in i te , so it ends w i t h p r o b 
lems tha t are not f u r t he r d e c o m p o s a b l e , i.e., t h e y are our i r reduc ib le en t r ies . 
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5.3.1 Step I: Revealing core problem [DL. An] as decomposi
tion 

Compar ing t h e resul t o f compos i t i on of t w o p rob lems (5.7), 

[Ba Aa ] EB [ Bp Ap] 

w i t h t h e co re p rob lem reveal ing t rans fo rma t i on (5.10), 

[B A ] ~ P T [ B A] 

Ba 0 Aa 0 
0 Bp 0 Ap 

' R 0 " " Pi 0 An 0 
0 Q . 0 0 0 A22 _ 

w e immed ia te ly see t ha t reveal ing t h e core p rob lem essent ia l ly does a d e 
compos i t i on 

[B A] ~ [ B , i n ] EH [ 0m_^d_-d A22 ] . (5.21) 
— — 

C P R ( [ P A ] ) C P C ( [ B A] 

We call t h e o the r p rob lem t h e co re p rob lem c o m p l e m e n t (CPC for sho r t ) . 
No te tha t in t h e s tandard s ingle r i gh t -hand s ide case (i.e., w i t h nonzero b), 
d = d=l and t h e c o m p l e m e n t is d e g e n e r a t e d w i t h e m p t y r i gh t -hand s ide. 

5.3.2 Step II: Note on decomposition of the core problem com
plement [0m_m4_-d, A22] 

The d e c o m p o s i t i o n of t h e co re p rob lem c o m p l e m e n t (A22, B2) is ra ther t r iv ia l , 
because it has zero r i gh t -hand s ide B2 = 0m_md_d. Recall t ha t A22 e R ™ - ™ > ™ - ™ ( 

and d e n o t e for s impl ic i ty [x = m-m,v = n -n, 5 = d -d. 
The c o m p l e m e n t can a lways be d e c o m p o s e d in to t w o d e g e n e r a t e d p r o b 

lems (see (3.11)), 

C P C ( [ B A ] ) = [ O^s A22 ] ~ [ Ooj 00,o ] EH [ 0M,0 A22 ] . (5.22) 

The f i rs t one has no rows, t h e second has e m p t y r i gh t -hand s ide w i t h no 
co lumns . (If d = d, th is d e c o m p o s i t i o n is not necessary , because t h e f i rs t 
p rob lem is fu l ly degenera ted . ) 

The subp rob lem [0 0̂, A22] can f u r t he r be d e c o m p o s e d (see (3.29)) as f o l 
lows 

/m\n(p,v) \ ( [ 0 ^ , 0 O ^ . ^ o ] if A* > v 

[ 0M,o A22 ] ~ [ J ] [ 0i,0 ae(A22) ] EB I [ 00,0 00,0 ] if /x = z/ , 
\ e=i / I t ° o , o Oor-p ] \f fi< u 

(5.23) 

w h e r e ae(A22) d e n o t e s t h e £th largest s ingular va lue of A22 inc lud ing mu l t i 
p l ic i t ies and zero s ingular va lues. (If // = v, t h e last p rob lem is again fu l ly 
d e g e n e r a t e d and can be ignored.) 
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5.3.3 Step III: Extracting degenerated component [Bi^,Om,o] 
from the core problem 

Recall t ha t t h e core p rob lem migh t be c o m p o s e d wh i le some of its c o m p o 
nents migh t be d e g e n e r a t e d (see(5.12) or [4 , T h e o r e m 3.2] ) , i.e., 

C P R ( [ 5 A ] ) = [B1 4 ] ~ [ B i , a A n , a ] m [ B l t P 0 ^ , 0 ] . (5.24) 

Equivalent ly, t he re exist o r t hogona l mat r i ces Plt Qlt Rlt such tha t 

P i T [ B1 An } Ri 0 
0 Qi 0 

0 

0 
Biß 

0 
Biß 

An,a Qräaß 

0 0, 

An,a 
0 

m/3>0 (5.25) 

D imens ions of mat r i ces are An e M ™ x " , Bx e M ™ x 5 , An,a e M ™ - x « - ( n = na), 
B1 e p j ™ - x * * ( and Bljß is square inver t ib le matr ix of o rder mß. (If mß = 0, t h e n 
Pi,/3 = 0 0,o and t h e / 3 - c o m p o n e n t is fu l ly degenera ted . ) 

To ex t rac t t h e d e g e n e r a t e d subp rob lem w e emp loy t h e SVD of B1 = 
UEV1. It can be wr i t t en in t h e f o r m of t h e d i rec t sum of SVDs of Bhj = 
UjUjVj, j = a, ß, as fo l l ows 

S i = Pi 
Bl,a 

0 
0 

Biß RJi = (Pi 
ua 0 
0 UH 

0 

0 s ß 
Ri 

ua 0 
0 Ua 

i \ T 

U V 

From t h e p rope r t y (CP2) of core p rob lems w e know tha t S , E Q I and are of 
ful l co l umn rank; moreover , s ince Blj/3 is square inver t ib le , E ^ is, t oo . Then 

UJAU Pi 
Ua 0 
o uß 

Pi 
An, 

0 Ql 
U^An^a 

0 Ql 

We see tha t th is matr ix con ta ins in fo rmat ion only f o r m t h e a - c o m p o n e n t ; 
t he d e g e n e r a t e d subp rob lem, i.e., t h e / 3 - c o m p o n e n t is comp le te l y d a m p e n 
in t h e resul t . More precisely, t h e result stil l d e p e n d s on t h e o r t hogona l matr ix 
Qi (one of t h e mat r i ces f r o m t h e b lock -pa r t i t i on ing reveal ing t rans fo rmat ion 
(5.25)) , however , it on ly mixes co lumns of t h e resul t toge ther , i.e., t h e 2-
norms of ind iv idual rows of t h e resul t are i ndependen t on Qi. Consequen t l y , 

UJ [ Bi An } 

We see tha t t h e s ingular va lues of Bltp, t h e r i gh t -hand s ide of t h e d e g e n 
era ted subp rob lem co r respond t o t h e zero rows in matr ix U1 An. But w e do 
not have any a-pr ior i i n fo rmat ion abou t w h i c h s ingular va lue of Bx be longs 

" V 0 ' E a 0 UTAiitaQj 
0 In 0 E/3 0 
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t o t h e a- and w h i c h to t h e /3 -component , i.e., w e do not have t h e SVD in th is 
par t icu lar f o r m of t h e d i rec t sum. 

Thus, cons ider ( rather general ) SVD of Bx in t he s tandard f o r m , i.e., 

d i a g ^ ^ ) , . . . , ^ ) ) 
0 m—d,d 

<TI(£I) > • • • > > 0; 

recal l t ha t B1 is of ful l co lumn rank. Then 

UJ [ Bi An 

V 0 
0 A T 

[ S I UJAn } • 

Let £ € { l , 2 , . . . , d} and let a*(.Bi) be such s ingular va lue for w h i c h 

ej(UJAii) = ujAu = 0i,„, (5.26) 

i.e., t he £th row of UTAU is zero; here ee deno tes t he £Xh Eucl idean vec to r and 
ue = Uee. Cons ider t he pe rmu ta t i on matr ix 

11../ = 
h-i o 0 

0 0 1 
0 Is-i 0 

t ha t moves t h e last en t ry t o t h e ith pos i t ion w h e n app l ied f r o m t h e left on a 
vec to r o f leng th s (i.e., II]e moves t h e £th en t r y t o t h e last pos i t ion) . Then 

diag(<n(Bi),. . .,ae-i(Bi),ai+i(Bi),. 

®m-d,d-i 

«1,3-1 

J d - l , l 

in—(I. I 

^(^i) 

and c lear ly 

uLJUJAn) = 

u[An 

uJ-iAn 
uJ+lAn = 

Um-iAn 
. ujAu _ 

u[A i i 

« J + 1 i 4 n 

i i 

0i. 

Finally, 

t / n ^ ) [ fia A n ] 
^ n 5 / o 

0 Ar 

has t he s t ruc tu re of t h e f o r m (5.25) (see t h e boxes above) , w i t h o r t hogona l 
mat r i ces P x = UYl^e, Qx = ITl, Ri = vn.lft. Clearly, w e can d o t h e same j o b 
for all £ (1 < £ < d), fo r w h i c h (5.26) ho lds , but th is is not e n o u g h . 
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Let t h e £th s ingular va lue be of mul t ip l ic i ty t, i.e., 

at-x(Bx) > <Tt(Bx) = ••• = <rl+t_x(Bx) > <Tt+t(Bx). 

Let f u r t he r 

rank (J ut,...,ut+t-i ]T Ai) =r <t, w h e r e [ ue,...,ue+t-i ]J An eRtxn. 

Then the re exist o r t hogona l matr ix * e O(t ) such tha t 

#T ( [ «£,.. .,ue+t-i ]J Au 

* 
) - w h e r e £ e (5.27) 

is of ful l row rank. No te tha t * can be o b t a i n e d , e.g., by t h e QR d e c o m p o s i 
t ion of [ue,... , M £ + i _ i ] T A n . Consequen t l y 

h-i o 
0 * 
0 OA, 

0 
0 

-t+1 

[ s I ] 
0 0 0 

0 0 0 
0 e-t+i 0 
0 0 0 In 

« 1 ^ 1 1 

uJ^An 

s * 

s imply because t h e t-by-t b lock of £ mul t ip l ied by \ l / T and * f r o m t h e left and 
r ight , respect ive ly , is e f fec t i ve ly scalar matr ix a^B^lt. Aga in w e can do such 
mod i f i ca t ions fo r all mul t ip le s ingular va lues, and t h e n again pe rmu te all t h e 
cop ies of t hese s ingular va lues co r respond ing t o zero rows d o w n . 

This br ings us to an a lgo r i t hm, how t o d e c o m p o s e t h e g iven core p r o b 
lem to t h e let say proper par t and t h e maximal d e g e n e r a t e d s u b p r o b l e m . By 
the 'properness' o f t h e f i rs t par t w e mean tha t it does not con ta in any fu r 
ther nontr iv ia l d e g e n e r a t e d s u b p r o b l e m . Th is a lgo r i thm p roceeds as fo l lows 
(wr i t ten in p s e u d o - c o d e and assuming exac t a r i thmet i c ) : 

0 1 C o m p u t e t h e s tandard SVD of Blt i.e., B1 = UEV1. 

02 C o m p u t e U1An. 

03 Do (5.27) fo r all b locks co r respond ing t o mul t ip le s ingular va lues. 

04 Find ind ices £ (1 < £ < d) o f all zero rows in mod i f i ed matr ix UJAU. 

05 Remove rows w i t h ind ices £ f r o m mod i f i ed U1AUl w h a t remains is Allja. 

06 Remove rows and co lumns w i t h ind ices £ f r o m £ , w h a t remains is BljCc. 

07 Form a d iagona l matr ix f r o m t h e removed s ingular va lues t o ge t Blj/3. 
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R e m a r k 2. Note that the core problem revealing transformation of a problem 
[B, A] (5.10) with full column rank B has the (slightly simpler) form 

PJ [B A] ' R 0 " " B1 An 0 
0 Q . 0 0 A22 _ 

Extracting the maximal degenerated subproblem from the core problem [B1, Au] 
(5.25) has the form 

Pi [ B1 An ] ' Ri 0 " B1>a 0 A\\,a 
0 Qi . . 0 Blß 0 

One could easily spot an analogy in structures of blocks in both equalities. 
The only difference seems to be the exchanged roles of the system matrix 
and right-hand side. 

5.3.4 Step IV: Note on decomposition of the degenerated com
ponent [Blß,0mfi] 

Now w e d e c o m p o s e t h e d e g e n e r a t e d core p rob lem 

[ Bltß Omßß ] , 

w h i c h is similar t o t h e d e c o m p o s i t i o n of t h e core p rob lem c o m p l e m e n t (see 
Sect ion 5.3.2). It is so s imply because of t h e ana logy men t i oned in t h e last 
remark. But now t h e d e c o m p o s i t i o n is even s impler because [-Bi^O^.o] = 
Biß is t h e square inver t ib le matr ix . Thus , w e ge t 

[ Bltß 0^,0 ] ~ EB [ <ri(Bltß) 0 l i 0 ] . (5.28) 

5.3.5 Step V: Decomposing the proper part of core problem 
[Bi,a, Allja] — examples of irreducible core problems 

Till th is m o m e n t w e d id all t h e easy j ob . It remains t o ana lyze poss ib le d e -
composab i l i t y o f t h e proper core p rob lem [BljCn An,a] (i.e., such core p rob lem 
tha t a l ready d o e s not con ta in any d e g e n e r a t e d c o m p o n e n t ) . We know tha t 
it has some f in i te i r reduc ib le represen ta t ion due t o t h e s t r ic t dec rease of t he 
quan t i t y (5.20) wh i le d e c o m p o s i n g . However , th is ques t i on seems t o be stil l 
ve ry d i f f i cu l t t o answer . 

We s tar t w i t h t h e desc r ip t i on of core p rob lems t ha t are c lear or k n o w n for 
be ing i r reduc ib le . There are t w o spec i f i c c lasses of i r reduc ib le core p r o b 
lems: 
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Incompat ib le s ingle r i gh t -hand s ide CPs (m = n + l and d= l) 

hi Ol 

hi f 2 4>2 

h,i 

h+1,1 0 0 . . 0 t-Pn+l 

w h e r e bt,i ^ 0 fo r all ts and ax > cr2 > . . . > c% > 0 in t h e f i rs t , and y?t > 0, 
ipt > 0 for all ts in t h e second represen ta t ion . 

Compa t i b l e s ingle r i gh t -hand s ide CPs (m = n and d = l) 

[B 1,Q A 11,a 

hi <?1 

hi (52 ¥>2 ^2 

bn,l 

w h e r e & M ^ 0 fo r all ts and ax > a2 > . . . > > 0 in t h e f i rs t , and <pt > 0, 
^ > 0 for all ts in t h e second represen ta t ion . 

In bo th cases t h e i r reduc ib i l i ty fo l lows immed ia te ly f r o m t h e fac t t ha t d = l. 
Clearly, nonnega t i ve in teger par t i t ion ing o f d = da +dp a lways y ie lds one dj = 
0, i.e., t h e j t h c o m p o n e n t is d e g e n e r a t e d w i t h e m p t y r i gh t -hand s ide, i.e., it 
is fu l ly d e g e n e r a t e d (see Table 5.2). There fo re , any d e c o m p o s i t i o n of such 
p rob lems w o u l d be tr iv ia l [5i,A n] = An]E0[Oo,o,Oo,o], bu t w e are in te res ted 
only in t h e nontr iv ia l decompos i t i ons . (Note t ha t t hese t w o representa t ions 
are o r ig ina ted in t h e core p rob lem reveal ing by t h e SVD of t h e sys tem matr ix , 
and by t h e (general ized) Go lub -Kahan i terat ive b id iagona l iza t ion ; see [22].) 

The s t ra igh t fo rward ques t i on , w h e t h e r the re exist i r reduc ib le core p r o b 
lems w i t h d > 1, w a s pos i t ive ly answered in [4 , Exampe 4 .5 ] , w h e r e it is 
s h o w n tha t 

[ Bl,a AujCe ] 
1 
4 

" -1 3 1 
-3 -1 -Vs 

1 -3 
_V3 - V 3 3 1 

is ac tua l ly t h e core p rob lem and it is i r reduc ib le . The i r reducib i l i ty is the re 
proven by exhaus t ing all possib i l i t ies, i.e., essent ia l ly by cons ider ing all p o s 
sible d imens ions of potent ia l subp rob lems and search ing t h e w h o l e c o r r e 
spond ing o r t hogona l g roup . 

Clearly, th is app roach can be app l ied also t o o the r par t icu lar p rob lems 
(wi th conc re te numbers ) w i t h similar s t ruc tu re (i.e., hav ing t h e same d i m e n 
s ions, t h e same mul t ip l ic i t ies of s ingular va lues, e tc . ) . However , it seems tha t 
t he analys is of such p rob lem w i t h similar s t ruc tu re is un t rea tab le in genera l . 

Consequen t l y , w e leave ques t ions of decomposab i l i t y o f p roper core p rob 
lems, and of charac te r i za t ion of genera l p roper i r reduc ib le core p rob lem 
open . We are go ing t o f ocus on t h e m in fu tu re research. 
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5.3.6 Summary of steps l-V 
In s teps (par t icu lar ly) I—IV w e have s h o w n , t ha t for any A e M m x n , B e Rmxd, 
t he re exist o r t hogona l mat r i ces P' e O m i Q' e O m i -R' e O m i such tha t 

P , T [ 5 A ] El 0 
0 Q' 

0 0 An,a 0 
0 0 0 0 
0 0 0 0 An 

where 

• t h e proper core p rob lem Allja, B1 is of minimal d imens ions , 

• t h e d e g e n e r a t e d core p rob lem r i gh t -hand s ide matr ix Bljß is of maximal 
d imens ions and square inver t ib le , 

• and t h e core p rob lem c o m p l e m e n t sys tem matr ix A22 is of maximal d i 
mens ions . 

In t h e t e r m s of d e c o m p o s i t i o n (see (5.21), (5 .24) , (5.28) , (5.22) , and (5.23)) 

[B A] ~ [ Bha An,a } 

( fnß  

g g [ ae(Bltß) o 1 > 0 ] 

ffl [ %,d~d ° 0 , 0 ] 

/ min(m—fn, n—n) 

ffl [ EB [ Oi,o CT£(A22) ] 

_ Q(m-m)-{n-n),0 Q(m-m)-(n-n),0 ] \f m — TU > U — U 

EH Oo,o 0o,o ] if m — m = n — n 
Oo,o 00,(n-?j)-(m-m) ] if m-fn < n - n 

CD E 
O CD 
o -Q 
<D O 

I Z 
-1—' 

L _ 

Q_ 

CD 
n 
2 c 
Q. <U 

> S I 
8 f 

£ 8 

We also know, tha t t h e proper core p rob lem [Blja,AlljQ] can be fu r t he r de 
c o m p o s e d and th is d e c o m p o s i t i o n is f in i te . 

5 . 4 NOTE ON TLS S O L V A B I L I T Y I N 
THE CONTEXT OF COMPOSITIONS 

Finally, w e w o u l d like t o br ie f ly no te on t h e TLS solvabi l i ty in t h e con tex t o f 
(core) p rob lem (de )compos i t i on . The mos t impo r tan t resul ts in th is d i rec t ion 
are men t i oned in papers [5 ] , [ 4 ] , and [10] ( the c o p y of t h e latest one fo l lows 
th is sec t ion) . 
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The TLS min imiza t ion is o r thogona l l y invar iant , w h i c h is w h y w e are w o r k 
ing w i t h o r thogona l l y equ iva lent c lasses of p rob lems, but it is not c o m p o s i 
t ion invar iant . In part icular , t h e core p rob lem reduc t ion more -o r - l ess c o m 
mutes w i t h t h e TLS min imizat ion (up t o t h e 'detail' t ha t it has t o be rep laced 
by t h e non -gene r i c app roach fo r p rob lems f r o m c lasses T2, T3, and S); see 
Sect ion 1.2 and papers [5] and [ 4 ] . However , as a c o n s e q u e n c e , t h e basic 
decompos i t i on to t h e core p rob lem and t h e core p rob lem c o m p l e m e n t is a l 
w a y s usefu l w h e n search ing fo r t h e TLS so lu t ion . Tha t is so s imply because 
the core p rob lem c o m p l e m e n t sys tem matr ix A22 can a lways be ignored in 
t he min imiza t ion as it has no impac t on t h e so lu t ion anyway . 

On t h e o the r hand , t h e d e c o m p o s i t i o n of t h e core p rob lem itself and t h e 
TLS min imiza t ion d o e s not c o m m u t e at al l : TLS min imizat ion is essent ia l ly 
d r iven by t h e s ingular va lues of t h e e x t e n d e d matr ix [B,A], i.e., w h e n a p 
pl ied on t h e c o m p o s e d p rob lem, it dea ls w i t h all t h e c o m p o n e n t s at t h e same 
t ime, in genera l . Respect ive ly , it d e p e n d s on t h e mutua l d is t r ibu t ion of s in 
gular va lues of t h e ind iv idual c o m p o n e n t s — but th is m igh t be comp le te l y 
r andom, espec ia l ly w h e n t h e c o m p o n e n t s are in some rea l -wor ld p rob lem 
or ig ina ted in comp le te l y d i f fe ren t uncor re la ted p h e n o m e n o n s . This may re 
sult , e.g., in ful l d a m p i n g or regu la r i z ing-ou t some c o m p o n e n t s w i t h su f f i 
c ient ly small s ingular va lues (and consequen t l y t h e no rm ; in compar i son to 
o the r c o m p o n e n t s ) ; see [4 , Example 5.3] . The o the r w a y summar i zed by: 

First decompose, then solve, and finally compose solutions 

may the re fo re end up w i t h comp le te l y d i f fe ren t answers ; see [4] and [10]. 
Two of t h e prev ious resul ts or obse rva t i ons may be, however , usefu l in 

t he con tex t of th is 'first decompose, then solve' reason ing : 

• The d e g e n e r a t e d s u b p r o b l e m [Bli0,om/3iO] w i th in t h e core p rob lem (see 
Sect ion 5.3.3) represents a 'pure residuum'. There is c lear ly no w a y 
to app rox ima te t h e square inver t ib le matr ix Blj/3 by co lumns of zero 
(moreover e m p t y ) s ys tem matr ix Om^o- The only avai lable cho ice for 
t he co r respond ing app rox ima te so lu t ion c lear ly is t h e e m p t y (and thus 
also zero) matr ix Oo,^. 

• On t h e o the r s ide of so lvabi l i ty s p e c t r u m , t he re are t h e compa t i b l e 
c o m p o n e n t s w i th in t h e proper core p rob lem (see t h e second c lass of ir
reduc ib le core p rob lems in Sec t ion 5.3.5). Such p rob lems can be so lved 
in t h e c lassical sense. Consequen t l y , con t ra ry to t h e prev ious i tem, 
t hese p rob lems d o not con t r i bu te to t h e res iduum at al l . Moreover , 
s ince such p rob lem is stil l t h e co re p rob lem (sat is fy ing in par t icu lar 
(CP1) and (CP4) p roper t ies ) , i ts s ys tem matr ix is a lways square inver t 
ible and , t hus , its so lu t ion is a lways un ique. 

How such subp rob lems a f fec t t h e TLS so lu t ion of a c o m p o s e d p rob lem, 
wh i le so lv ing it at once (i.e., not c o m p o n e n t - w i s e l y ) , is not fu l ly clear. As 

7 8 



al ready men t i oned , it is s t rong ly in f luenced by t h e in terp lay of s ingular va l 
ues of t h e ind iv idual c o m p o n e n t s . The analys is of such in terp lay of several 
c o m p o n e n t s w.r.t. t h e TLS solvabi l i ty w a s prel iminar i ly s tud ied in par t icu lar 
in our paper [10] ; see t h e inc luded c o p y at page 8 3 . 
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Abstract. Linear matr ix approximat ion problems AX as B are often solved by the total 
least squares minimiza t ion ( T L S ) . Unfortunately, the T L S solution may not exist i n general. 
The socalled core problem theory brought an insight into this effect. Moreover, it simplified 
the solvabil i ty analysis i f B is of column rank one by extracting a core problem having 
always a unique T L S solution. However, i f the rank of B is larger, the core problem may 
stay unsolvable i n the T L S sense, as shown for the first t ime by Hnetynkova, Plesinger, 
and Sima (2016). F u l l classification of core problems wi th respect to their solvabil i ty is 
st i l l missing. Here we f i l l this gap. T h e n we concentrate on the socalled composed (or 
reducible) core problems that can be represented by a composit ion of several smaller core 
problems. We analyze how the solvabil i ty class of the components influences the solvabili ty 
class of the composed problem. We also show on an example that the T L S solvabil i ty class 
of a core problem may be i n some sense improved by its composit ion wi th a suitably chosen 
component. The existence of irreducible problems i n various solvabil i ty classes is discussed. 

Keywords: linear approximat ion problem; core problem theory; total least squares; clas

sification; (ir)reducible problem 

MSG 2010: 15A06, 15A09, 15A18, 15A23, 65F20 

1. I N T R O D U C T I O N 

1.1. The core problem theory. L e t us consider a linear approximation problem 

(1.1) AX « B, where A e R m x n , B e Rmxd, X e Rnxd 

are mat r i ces represent ing t he sys tem m a t r i x o f a d iscre t ized m o d e l , obse rva t i on m a -
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t r i x o f measurements ( toge ther f o r m i n g t he d a t a m a t r i x [ B , J 4 ] ) , a n d t h e m a t r i x 

o f u n k n o w n s , respect ive ly . For s i m p l i c i t y we usua l l y assume 1Z(B) % T^{A) a n d 

1Z(B) % Af(AT), o therw ise the p r o b l e m has e i ther a s o l u t i o n i n a classical sense 

AX = B w i t h X = A1B, o r t he c o l u m n spaces o f b o t h ma t r i ces are o r t h o g o n a l 

ATB = 0 a n d i t makes no sense t o a p p r o x i m a t e co lumns o f B b y co lumns o f A. 

(where TZ(K), Af(K), a n d K1 denote respec t ive ly t he range, nu l l -space, a n d M o o r e -

Penrose pseudoinverse o f K). 

T h e core problem theory deve loped i n [8], [4], [5] gives t he fo l l ow ing . For ev
ery (1 .1) , t he re exist o r t h o g o n a l ma t r i ces P <E R m x m , PT = P'1, Q e R" x™, 
Q T = Q-i R E Rdxd r T = R-i g 0 t h a t 

(1.2) (PTAQ)(QTXR) 'An 0 " ' I n X\2 ' B i 0" 

0 A22_ X21 X22 _ 0 0 
(PTBR), 

w i t h c o n f o r m i n g p a r t i t i o n i n g o f ma t r i ces (i .e., i n p a r t i c u l a r , An a n d B\ have the 

same n u m b e r o f rows) sa t i s f y ing the f o l l o w i n g th ree cond i t i ons : 

( C P 1 ) T h e m a t r i x An is o f full column rank. 
( C P 2 ) T h e m a t r i x B\ is o f full column rank. 
( C P 3 ) L e t An have £ d i s t i n c t nonzero s ingu la r values w i t h m u l t i p l i c i t i e s \ij a n d 

/Uf+i = d i m ( A / ' ( A j r
1 ) ) , a n d le t £/j be mat r i ces h a v i n g o r t h o n o r m a l bases o f 

lef t s ingu la r vec to r subspaces o f An as the i r co lumns . 

T h e m a t r i x ( t / J ' ) T Bi is o f full row rank fij for j = 1 , . . . , £ , £ + 1. 
I n [8] a n d [4], i t was s h o w n , t h a t ( C P 1 ) - ( C P 3 ) are equ iva len t t o t he m i n i m a l i t y 

o f [Bi, An] ( and m a x i m a l i t y o f A22) over a l l o r t h o g o n a l t r a n s f o r m a t i o n s g i v i n g the 

same zero-nonzero b l ock s t r u c t u r e o f t he sys tem a n d obse rva t i on ma t r i ces . N o t e 

t h a t [8] focuses o n the case d = 1 , i.e., w h e n B a n d there fore also B\ are vectors , 

wh i l e [4] focuses o n the m a t r i x r i g h t - h a n d side case d > 1. T h e m i n i m a l l y d i m e n 

sioned s u b p r o b l e m 

(1.3) A11I11 « B i 

is ca l led t he core problem ( w i t h i n (1.1)) a n d (1.2) is t he core problem revealing 
transformation. 

1.2. The total least squares minimization. P r o b l e m s o f the f o r m (1.1) are 

solved i n m a n y app l i ca t i ons b y us ing p l e n t y o f d i f fe rent approaches, usua l l y based 

o n least squares techniques. T o t a l least squares ( T L S ) m i n i m i z a t i o n represents one 

o f t h e m . I t t y p i c a l l y seeks for 

(1.4) m i n | | [ G , £ ] | | F sub jec t t o TZ(B + G) C U(A + E) 
G G R m x d , B G R m x n 
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(where | | -R" | |F denotes the F roben ius n o r m of K). T h e n a n y m a t r i x X T L S sa t i s fy ing 

(A + E)XThS = B + G 

is ca l led the T L S s o l u t i o n o f (1 .1) . 

T h e T L S p r o b l e m di f fers f r o m the basic ( o r d i n a r y ) LS i n i n c l u d i n g a co r rec t i on E 

of t he m o d e l m a t r i x A i n t o t he m i n i m i z a t i o n f o r m u l a t i o n . P r o b l e m s , for w h i c h 

a T L S s o l u t i o n represents be t t e r a p p r o x i m a t i o n t h a n a LS s o l u t i o n have been w ide l y 

discussed i n t he l i t e r a t u r e i n t he past decades. A nice ove rv iew can be f o u n d , e.g., 

i n [10], C h a p t e r 1.2 or [7]. For examp le , t h e T L S a p p r o a c h is advantageous i n 

classical e r ro rs - in -var iab les ( E I V ) mode ls , where t h e a i m is t o reveal t he ex i s t i ng 

u n k n o w n m o d e l ( represent ing re la t ions be tween var iab les) f r o m i ts a p p r o x i m a t i o n A 

r a t h e r t h a n o b t a i n i n g a precise a p p r o x i m a t i o n o f X, or i n cases where m o d e l er rors 

are s ign i f i can t l y larger t h a n obse rva t i on er rors . T h e T L S m e t h o d is app l i ed (under 

va r ious names) i n areas such as e x p e r i m e n t a l m o d a l ana lys is , sys tem i den t i f i ca t i on , 

s igna l process ing, image process ing or chemomet r i cs , see [7] for references, where LS 

o f t en fa i ls t o give re l iab le a p p r o x i m a t i o n s . 

However , a l l o w i n g cor rec t ions o f A i n (1.4) has s ign i f i can t i m p a c t o n t h e so l vab i l i t y 

o f t he m i n i m i z a t i o n p r o b l e m . W h i l e LS so l u t i on a lways exists (and one can u n i q u e l y 

select a s o l u t i o n w i t h m i n i m u m n o r m ) , t h i s is no longer t r u e for T L S . T h e existence 

a n d uniqueness o f X T L S has been ana lyzed i n m a n y papers s t a r t i n g f r o m [1], [10], [12], 

[13], a n d i n p a r t i c u l a r [14]. Moreove r , t he so-cal led nongener ic s o l u t i o n was def ined 

i n [10] for cases where the s t a n d a r d T L S s o l u t i o n does n o t ex ist or is comp l i ca ted t o 

cons t ruc t (as revealed a n d exp la ined la te r i n [3]) . T h e ques t ion o f T L S so l vab i l i t y 

o f a genera l p r o b l e m (1.4) was f i na l l y resolved i n [14] a n d [3]. I n p a r t i c u l a r , [3] 

i n t r o d u c e d a nove l f u l l c lass i f i ca t ion o f p rob lems (1.1) w i t h respect t o t he i r T L S 

so lvab i l i t y . T h e p rob lems (1.1) are the re d i v i d e d i n t o four solvability classes a n d for 

each o f t h e m the (non)ex is tence a n d (non)un iqueness o f t he T L S s o l u t i o n is p roved . 

T h u s , t he s o l v a b i l i t y class o f a g i ven p r o b l e m reveals how i t s a p p r o x i m a t e so lu t i on 

can be c o m p u t e d , a n d w h a t is t he m e a n i n g o f th i s so l u t i on i n t e rms o f t he o r i g i na l 

da ta . 

T h e T L S m i n i m i z a t i o n (1.4) emp loys t h e F roben ius , i.e., o r t h o g o n a l l y i nva r i an t 

n o r m , a n d the core p r o b l e m revea l ing t r a n s f o r m a t i o n (1.2) is a n o r t h o g o n a l t r ans 

f o r m a t i o n . T h u s t h e T L S m i n i m i z a t i o n s app l i ed t o t he o r i g i n a l a n d t r a n s f o r m e d 

p rob lems resu l t i n t he same m i n i m a (up to t he t r a n s f o r m a t i o n ) . T a k i n g i n t o ac

count t he zero b locks i n t h e t r a n s f o r m e d r i g h t - h a n d side (1 .2) , i t is reasonable t o 

p u t X12 = 0, X21 = 0, X22 = 0. Consequent ly , us ing the core r e d u c t i o n as a sor t 

o f preprocess ing o f t he d a t a A, B, i t is obv ious t h a t we i n fac t need t o solve the 

single n o n t r i v i a l a n d t y p i c a l l y smal le r s u b p r o b l e m — t h e core p r o b l e m (1 .3 ) . T h e l i n k 
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be tween the T L S so lu t i on o f t he core p r o b l e m a n d the T L S or non-gener ic so l u t i on o f 

t he o r i g i n a l p r o b l e m i f d = 1 was exp la ined i n [8]. T h e r e i t was also p roved t h a t the 

core p r o b l e m w i t h d = 1 is a lways u n i q u e l y T L S solvable. For p rob lems w i t h d > 1. 

t he f i rs t a t t e m p t s o f c l a r i f i ca t i on were pub l i shed i n [2]. I n p a r t i c u l a r i t was shown 

t h a t i f d > 1 , t he core problem may stay unsolvable i n t he T L S sense. However , c o m 

p le te c lass i f i ca t ion o f core p rob lems w i t h respect t o t he i r so l vab i l i t y is s t i l l m iss ing . 

Such know ledge w o u l d i nd i ca te i n w h i c h cases t he core r e d u c t i o n s impl i f ies t he solv

a b i l i t y o f t he T L S p r o b l e m , a n d c la r i f y t he m e a n i n g o f t he T L S so lu t i on o f t he core 

p r o b l e m w i t h respect t o t he o r i g i n a l d a t a . T h u s we s t u d y t h i s open ques t i on here. 

1.3. Contribution of this work. I n th i s paper we present some f u r t h e r pieces o f 

t he m iss ing mosaic . W e show w h i c h s o l v a b i l i t y classes are possib le for core p rob lems 

w i t h d = 2 a n d d > 2, r esu l t i ng i n full solvability classification of core problems 
w i t h respect t o t he n u m b e r o f t he i r r i g h t - h a n d sides. T h e n we concen t ra te o n the 

so-cal led composed (or reducible) core problems i n t r o d u c e d i n [2]. Such p rob lems 

can be equ i va len t l y represented b y a c o m p o s i t i o n o f several ( i n some sense b lock 

i ndependen t ) core p rob lems o f smal le r d imens ions . A s s u m i n g t he so l vab i l i t y classes 

o f t h e componen ts are k n o w n , we ana lyze feasible so l vab i l i t y classes o f t h e resu l t i ng 

composed p r o b l e m . W e also show o n a n examp le t h a t t h e T L S s o l v a b i l i t y o f a core 

p r o b l e m m a y be i n some sense i m p r o v e d b y i ts c o m p o s i t i o n w i t h a s u i t a b l y chosen 

componen t . For completeness, examples o f i r r educ ib le p rob lems i n va r ious so l vab i l i t y 

classes are presented. 

T h e t e x t is o rgan ized as fo l lows. Sect ion 2 recap i tu la tes t h e T L S c lass i f i ca t ion , the 

prev ious T L S so l vab i l i t y resul ts for core p rob lems , a n d the core p r o b l e m c o m p o s i t i o n . 

Sect ion 3 gives t he f u l l so l vab i l i t y c lass i f i ca t ion o f core p rob lems w i t h respect t o the 

n u m b e r o f t he i r r i g h t - h a n d sides. Sec t ion 4 analyzes so l vab i l i t y classes i n t he course 

o f core p rob lems compos ing . Sec t ion 5 c o m m e n t s o n t h e i r reduc ib le core p rob lems , 

a n d Sect ion 6 concludes t he paper . 

2. R E C A P I T U L A T I O N O F K N O W N R E S U L T S 

2.1. Classification of TLS problems. F i r s t o f a l l we b r i e f l y reca l l t he above-

m e n t i o n e d f u l l c lass i f i ca t ion o f p rob lems w i t h respect t o t he i r T L S so l vab i l i t y devel 

oped i n [3]. I t emp loys t he s ingu la r va lue decompos i t i ons ( S V D ) o f t he d a t a m a t r i x 

[.B, A ] € R m x (™+ d ) ( w e assume m ^ n + d for s i m p l i c i t y ; i n t he o the r case one can 

a d d zero rows t o t he d a t a m a t r i x , w h i c h is equ iva len t t o a d d i n g ( n + d) — m zero 

s ingu lar va lues) . Le t 

(2.1) [B,A] = UT,VT, where S 
d i a g ( a i , •, o-n+d) 
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let q (0 < q < n ) a n d e (1 ^ e ̂  d) be the left- a n d right-multiplicity o f OYi+i, e.g., 

(2.2) C T n _ g > < 7 m - g + l = . . . = <T m +l = . . . = < T n + e > < 7 n + e + l 

(5 + e ) - tup le s ingu la r va lue 

i n t he t y p i c a l case ( i f q = n or e = d, t h e n an-q o r c r n + e + i do n o t ex is t , respec t i ve ly ) . 

T h e c lass i f i ca t ion is t h e n based o n ranks o f i n d i v i d u a l b locks o f V, 

(2-3) V 
}d 'V11 V12 V13" }d 

y2_ }n V21 V22 v23_ }n 

n-qq+ed-e 

( i f q = n or e = d , t h e n [ V ^ V ^ ] 1 or [ V " ^ , ^ ] 1 have no co lumns , respec t i ve ly ) . 

T h e n (1.1) w i t h t he m i n i m i z a t i o n (1.4) be longs t o t he class: 

F i f r a n k ( [ V i 2 , V13]) = d (so-cal led generic p r o b l e m ) , i n p a r t i c u l a r t o i ts sub-class: 

J 7 ! i f rank (VL2) = e, 

i f r a n k ( V i 2 ) > e a n d r a n k ( V i 3 ) = d — e, or 

J-3 i f rank(Vi3) < d — e ( i .e., J = J i U J 2 U J ^ ) ; or 

5 i f r a n k ( [ V i 2 , V13] ) < d (so-cal led non-generic p r o b l e m ) . 

T h e p r o b l e m has a T L S so lu t i on i f a n d o n l y i f i t be longs t o T\ U J-2, as shown i n [3]. 

T h u s p rob lems i n J-3U1S ( i .e., even the gener ic p rob lems i n T3) have no T L S so lu t i on . 

T h i s c lass i f i ca t ion has been recen t l y ex tended t o T L S f o r m u l a t i o n s w i t h a n a r b i t r a r y 

u n i t a r i l y i n v a r i a n t n o r m i n (1 .4) , see [11]. 

N o t e t h a t t he so-cal led classical TLS algorithm (see [10], [3]) r e t u rns t he T L S 

so lu t i on o n l y for p rob lems f r o m T\, moreover i t a lways r e t u rns t h e s o l u t i o n m i n i m a l 

i n b o t h t h e F roben ius a n d spec t ra l no rms . For p rob lems f r o m T2, t he a l g o r i t h m 

requi res a sma l l m o d i f i c a t i o n (see [6]) , b u t i t is n o t ab le t o r e t u r n t he m i n i m a l n o r m 

so l u t i on i n genera l . 

2.2. Solvability of core problems. T h e key resu l t p roved i n [8] for d = 1 is the 

fo l l ow ing : T h e core p r o b l e m w i t h single r i g h t - h a n d side has a lways t he un ique T L S 

so lu t i on Xj^s. Mo reove r , i ts b a c k - t r a n s f o r m a t i o n X = Q [ ( X j r
1

L S ) T , 0] RT (since 

d = 1 , R becomes equa l t o 1 or —1) is t he (un ique or m i n i m u m n o r m ) T L S so lu t i on 

o f t h e o r i g i n a l p r o b l e m ( i f i t is T L S so lvab le ) , or t he so-cal led (un ique or m i n i m u m 

n o r m ) nongener ic so l u t i on (o the rw ise ) . 

I n t h e con tex t o f so l vab i l i t y c lass i f i ca t ion , i t was s h o w n i n [3] t h a t a p r o b l e m 

AX ~ B w i t h a s ingle r i g h t - h a n d side belongs e i ther t o T\ or S, a n d the core 

p r o b l e m AuXn « Bi w i t h a s ingle r i g h t - h a n d side belongs a lways t o T\. (Recal l 
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t h a t a l l p rob lems i n T\ are T L S solvable, whereas i n S t h e y are no t . ) N o t e t h a t 

i n [2] i t was also s h o w n t h a t any core problem ( i .e., w i t h d = 1 as we l l as d > 1) 

i n J 7 ! has a unique TLS solution. 
Since t he s o l u t i o n o f t h e o r i g i n a l p r o b l e m a n d the core p r o b l e m w i t h i n are closely 

l i nked , a u t h o r s o f [8] say t h a t for d = 1 the core p r o b l e m conta ins only the neces

sary and all the sufficient information fo r so l v i ng t he o r i g i n a l p r o b l e m i n t he T L S 

sense. The re fo re , t he t r a n s i t i o n f r o m the o r i g i n a l genera l p r o b l e m (GP) t o the core 

p r o b l e m (CP) is ca l led t he core problem reduction. To s i m p l i f y t he expos i t i on , we 

schemat ica l l y descr ibe t h i s b y t he d i a g r a m : 

, core p r o b l e m 
(2.4) G P . l . J i o r S / - . C P . l . J i , 

r e d u c t i o n 

where t h e first c o m p o n e n t o f each t r i p l e t ident i f ies w h e t h e r we dea l w i t h genera l or 

core p r o b l e m , t he second c o m p o n e n t specif ies t he n u m b e r o f i t s r i g h t - h a n d sides d. 

a n d the last c o m p o n e n t denotes i ts s o l v a b i l i t y class. I n the genera l case d ^ 1 , such 

scheme takes t he f o r m : 

core p r o b l e m _ _ 
(2.5) (GP, d, any class) - *• (CP, d, u n k n o w n class), d ^ d ^ 1. 

r e d u c t i o n 

since n o t h i n g is k n o w n a b o u t t he resu l t i ng class o f t he core p r o b l e m . 

2.3. Composing of core problems. I n [2], i t was s h o w n t h a t we can compose 
the core problems as fo l lows. I f A^x[ 1^ ~ B[1\ I = a,(3, represent t w o core p rob lems 

( i .e., each satisf ies ( C P 1 ) - ( C P 3 ) ) , t h e n t he p r o b l e m 

(2.6) i u l i i = P 
A™ 0 

o 

B[A) 0 

0 < > R)=Bu 

where P, Q, R are o r t h o g o n a l ma t r i ces , also satisf ies ( C P 1 ) - ( C P 3 ) a n d there fore 

represents a core p r o b l e m . W e ca l l such a core p r o b l e m composed or reducible. 
Schemat ica l ly , we descr ibe t he c o m p o s i t i o n b y the s ign "EB" w i t h t he p a r t i c u l a r 

s u m m a n d s i ndexed b y sma l l Greek le t te rs f r o m the b e g i n n i n g o f t he a lphabe t . 

T h e re la t i onsh ip be tween x["\ , a n d I n is no t c lear, except for some specia l 

cases. I n p a r t i c u l a r , i t was s h o w n b y examples i n [2] t h a t the re exist two components 
such t h a t 

(2.7) (CP, 1 , J i ) a ffl (CP, 1,^)0 = (CP, 2, J i ) or (CP, 2, Ti) or (CP, 2 , 5 ) . 

F u r t h e r , t he re exist three components such t h a t 

(2.8) (CP, 1 , J i ) a ffl (CP, 1 , ffl (CP, 1 , J i ) 7 = (CP, 3, Ta). 
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T h u s t he core p r o b l e m w i t h d > 1 can be long t o a n y o f t he four so l vab i l i t y classes. 

N o t e t h a t n o t every core p r o b l e m w i t h d > 1 can be w r i t t e n as a c o m p o s i t i o n o f single 

r i g h t hand-s ide core p rob lems . I n [2], a n examp le o f i r r educ ib le Ti core p r o b l e m was 

presented. 

E v e n t h o u g h we have exc luded c o m p a t i b l e p rob lems ( i .e., w i t h 71(B) C 71(A)) a n d 

" f u l l y i n c o m p a t i b l e " p rob lems ( i .e., w i t h 71(B) C J\f(AT), or equ i va len t l y 71(B) ± 

71(A) or ATB = 0 ) , a c o m p o n e n t o f a core p r o b l e m can s t i l l have such p roper t i es . I f 

we t r y t o f i n d t he core p r o b l e m w i t h i n a f u l l y i n c o m p a t i b l e p r o b l e m , we see t h a t B\ 

is square i nve r t i b l e , a n d f o r m a l l y An has no co lumns , i.e., t he d a t a m a t r i x takes the 

f o r m [ S i , A n ] = Bi. Such degenerated core problem can p l a y a ro le o f a componen t 

( w h i c h canno t be a p p r o x i m a t e d a n d o n l y increases t h e res idua l ) i n a composed p r o b 

l e m . T h e degenerated c o m p o n e n t is a lways o f J - i . For i l l u s t r a t i o n , we give examples 

o f t he proper incompatible, compatible, a n d degenerated core problems (or t he i r c o m 

ponen ts ) AnXn w B u A x l E Rmxn, Bx E Rmxd, w i t h d = 1 . T h e i r so-cal led SVD 

forms a lways l ook l ike 

[BUA1 

h 

K 
bn+i 

S2 

0 0 II 

a n d [ bi 

respect ive ly , where bj ^ 0 a n d > ? J + i > 0. C l e a r l y m 

th ree respect ive cases, a n d n = 0 i n the last one. 

n + 1, n, a n d 1 i n these 

3. S O L V A B I L I T Y C L A S S E S O F C O R E P R O B L E M S W I T H R E S P E C T T O T H E N U M B E R 

O F T H E I R R I G H T - H A N D SIDES 

T h e single r i g h t - h a n d side core p r o b l e m a lways belongs t o the class J - i , see [8]. 

Examp les o f J-2, a n d 5 core p rob lems are i n (2.7) b u i l t u p f r o m t w o single r i g h t - h a n d 

componen ts , whereas J-3 core p r o b l e m i n (2.8) is b u i l t u p f r o m th ree , see [2]. T h i s 

mo t i va tes a ques t i on whe the r t he n u m b e r o f r i g h t - h a n d sides d res t r i c t s t he ava i lab le 

classes o f core p rob lems n o t o n l y for d = 1 b u t also for d > 1 . W e ana lyze th i s be low. 

3.1. Core problems with two right-hand sides. T h e f o l l ow ing t h e o r e m gives 

a l l possib le classes for d = 2. 

Theorem 3.1. Let A n X n « B u Bx £ Rmxd, be a core problem with d = 2 right-

hand sides. Then the core problem belongs to the class F\, T^, or S. Equivalently, 

the core problem with d = 2 cannot belong to the class J-3. 
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P r o o f . Reca l l i ng t h a t the re exist composed core p rob lems w i t h d = 2 i n 7 i , 

J-~2, a n d S (see (2 .7 ) ) , we o n l y need t o exc lude 7 3 . 

Assume b y c o n t r a d i c t i o n t h a t the re exists a core p r o b l e m w i t h d = 2 i n J-3. T h e 

c lass i f ica t ion is based o n the ranks o f b locks o f V (see (2 .3 ) ) , a n d the class J-3 is 

charac te r ized b y r a n k ( [ V i 2 , V13] ) = d a n d r a n k ( V i 3 ) < d — e, where e (1 ^ e ̂  d) is 

the r i g h t - m u l t i p l i c i t y o f the s ingu la r va lue an+i- Since d = 2, we have e G { 1 , 2 } . 

T h e i n e q u a l i t y r a n k ( V i 3 ) < d — e = 2 — e t h e n imp l ies t h a t 

(3.1) e = l , r a n k ( V i 3 ) = 0, a n d V13 G R 2 x l . 

Because the n u m b e r o f co lumns o f V 1 3 is equa l t o t he s u m of m u l t i p l i c i t i e s o f s ingu la r 

values s t r i c t l y smal le r t h a n a n + i , we see t h a t there is o n l y one s imp le (poss ib ly zero) 

s ingu lar va lue w i t h t h i s p r o p e r t y , i.e., a n + i > an+2 ^ 0. Here we need t o use ano ther 

p r o p e r t y o f core p rob lems t h a t has no t been m e n t i o n e d yet : 

( C P 5 ) L e t [ S i , A n ] have \ d i s t i n c t nonzero s ingu la r values w i t h m u l t i p l i c i t i e s Qj 

a n d Qx+i = d i m ( j V ( [ B i , A n ] ) ) , a n d let V? be mat r i ces h a v i n g o r t h o n o r m a l 

bases o f lef t s ingu la r vec to r subspaces o f [ S i , A n ] as t he i r co lumns . 

T h e lead ing d x Qj s u b m a t r i x o f V- is o f full column rank Qj for j = 

1 , - - - , X , X + 1; see [5] a n d [2]. 

W e see t h a t [V^, V^]T is one o f t h e mat r i ces V-, a n d V 1 3 is one o f t h e d x Qj b locks. 

There fo re , V13 has l i nea r l y i ndependen t co lumns , i.e., is o f r a n k one w h i c h is i n 

c o n t r a d i c t i o n w i t h (3 .1) . • 

N o t e t h a t i n t he case o f composed core p r o b l e m ( i .e., h a v i n g t w o single r i g h t - h a n d 

side c o m p o n e n t s ) , t h i s t h e o r e m d i r e c t l y imp l ies t h a t , schemat ica l l y : 

V ( C P , l , J i ) a , V ( C P , l , J F i ) ^ , 

( C P , l , J , i ) a f f l ( C P , l , J , i ) / , = ( C P , 2 , J , i ) , (CP, 2 , 7 b ) , or (CP, 2, 5 ) , 

or equ i va len t l y 

(CP, 1 , 7 i ) Q ffl (CP, 1 ,7i) / 3 ^ (CP, 2 , 7 3 ) . 

3.2. Core problems with three and more right-hand sides. F i r s t we prove 

a t h e o r e m s t a t i n g t h a t i t is a lways possible t o compose a genera l core p r o b l e m w i t h 

a single r i g h t - h a n d side c o m p o n e n t w i t h o u t chang ing the so l vab i l i t y class. 

Theorem 3.2. Let Affxff « B[a), A[f € R m « x ™«, B[a) G R m « x d « be a core 
problem (that will serve as a component) and let it be in the class C G {7i , 72,73, S}. 
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Then there exists a single right-hand side component A[^x[^ ~ B\P', A\1' £ 

R m » x " » , € RMPXL such that the composed core problem 

A 1 1 X 1 1 = IP 
11 

0 4« 
P 1 

r „ ( « ) 11 

0 -B 

is aJso in the class C. 

Schemat ica l l y : V ( C P , d Q , C ) Q , 3 ( C P , 1 , T\)p such t h a t 

(CP,da,C)a ffl (CP , l,Tl)p = ( C P , d a + l , C ) , 

where C G { J 7 ! , J 2 , J 3 , 5 } . 

P r o o f . L e t a. 
4 (a) 

(a) 
1 , . . . n a + da, be the s ingu la r values o f t he a - c o m p o n e n t 

[B[a),A^>]. Deno te qi, et t he le f t - a n d r i g h t - m u l t i p l i c i t y o f t he s ingu la r va lue o f in te r 

est, i.e., C o n s t r u c t a core p r o b l e m represent ing t he /^ -component [B[^\ A[^ 

a r b i t r a r i l y w i t h t he o n l y r e s t r i c t i o n t h a t 

7 ( / 3 ) R ( « ) 

Since dj9 = 1 , t h e s ingu la r values o f t he /^ -component are s imp le a n d thus t he lef t -

a n d r i g h t - m u l t i p l i c i t y o f cr^+1 is qp = 0, ep = 1. T h e n i n the p a r t i t i o n i n g o f the 

m a t r i x f r o m the S V D s o f t he ex tended mat r i ces , we get 

(a) 
[ v - A a ) 

raa - g Q <?a + e Q da - ea np 1 

here V±P does no t ex is t ( i t has zero c o l u m n s ) . Moreove r , V1 

s i m i l a r l y t o (3.3) , 

[Vi i ,Vi2 ,Vi 3 ] =RT  

v 
if) 
1,71,9+1 

^ 0. T h e n , 

v. («) 

0 vi 

7 ? 1 

0 V, 

1/. 

" 1 2 

0 K 
13 

* 1 1 

7 

7 

Clear ly , 

rank(Vi2) = r a n k yR 

r a n k ( V i 3 ) = r a n k ( RT  

(a) 

n k ( V # > ) + l , 

W i 

rank(4Q )) 
a n d r a n k ( [ V 1 2 , V 1 3 ] ) = r a n k ( [ V [ (

2
a ) , V™]) + 1 , 
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where V12 € R d x («+ e ) , V13 € Rdx<-d-e\ d = da +1, d-e = d a - e a so e = ea + l, a n d 

g + e = q Q + ea + 1 so 5 = qa. T h u s t he a - c o m p o n e n t [ - B ^ ' , a n d the composed 

core p r o b l e m [ S i , A n ] are o f t he same class. • 

Consequent ly , a p p l y i n g t he t h e o r e m to examples o f core p rob lems w i t h d = 2 

f r o m [2], see (2.7), we f i n d there exist core p rob lems w i t h d = 3 i n J 7 ! , T2 a n d 5. 

Reca l l i ng t he examp le (2 .8) , we see t h a t for d = 3 there exist core p rob lems i n a l l 

four so l vab i l i t y classes. For d > 3, we can proceed ana logous ly g i v i n g f u l l so l vab i l i t y 

c lass i f ica t ion s u m m a r i z e d i n Tab le 1. N o t e t h a t for a n y g i ven d > 1 a n d a n y feasible 

class, we can f i nd a composed core p r o b l e m h a v i n g o n l y single r i g h t - h a n d side c o m 

ponen ts . T h i s resu l t is i n te res t i ng i n v i ew o f t he fac t t h a t a n y core p r o b l e m w i t h 

d = 1 be longs t o F\ ( the set o f p rob lems h a v i n g a lways t h e T L S s o l u t i o n ) . 

d Classes 
1 Tx — — — 
2 Tx S 

3 a n d m o r e T2 T3 
s 

Table 1. Core problem wi th d r ight-hand sides belongs to one of the following classes. 

3.3. Note on composing identical components. I n genera l , i t is n o t k n o w n 

w h a t is t he r e l a t i o n be tween the class o f a composed p r o b l e m a n d the classes o f i ts 

componen ts . N o w we show t h a t w h e n a core p r o b l e m is composed w i t h i tsel f , the 

so l vab i l i t y class canno t change. T h e t h e o r e m gives ano the r w a y h o w t o cons t ruc t 

composed core p rob lems i n selected classes. 

Theorem 3.3. Let AuXu ~ Bi be a core problem. If it is composed of two 
(or more) identical components B[a\ then the core problem and its 
component belong to the same class. 

Schemat ica l l y : 

v(CP,dQ,c)Q, ( C P , d a , c ) a m ( C P , d a , c ) a = (cp,2da,c), 
fc 

a n d t hus also EB(CP ,d Q ,C) Q = ( C P , kda,C), 
i—l 

where C G { J 7 ! , T2, F3, S}. 

P r o o f . T h e s ta temen t ho lds t r i v i a l l y for c o m p a t i b l e a n d degenerated compo 

nents . The re fo re , we focus o n the p rope r i n c o m p a t i b l e componen ts . Reca l l t h a t 

[ B i . A i P 1 

B (a) 
1 

0 
0 

II 

0 B± (a) 

A l l 

0 
0 

0 0 

0 
0 AY? 

R 0 
0 Q 
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(a) 
h. ,A<£>] 

R 0 

0 Q 

where "<8>" denotes t he K ronecke r p r o d u c t ; € 
kna, m = kma, a n d d = kda. Cons ider t he f u l l S V D [B[a), A^] = ( y ( « ) ) T 

w i t h square a n d V^a\ w i t h p a r t i t i o n i n g s 

(3.2) L 
(«) 

a n d V; (a) F T / ( « ) y(a) 
12 ' ^ 1 3 

( « ) " 

as i n (2 .3 ) . T h i s i m m e d i a t e l y gives t he S V D o f t he composed p r o b l e m i n t he f o r m 

T 

[BuAu] = (PT(Ik ® U(a^)U) (UT(Ik ® E ( Q ) ) * ) 
7? 0 " T § V j ( a ) 

0 Q . . h i 
1/ 

V 

where II a n d W are p e r m u t a t i o n mat r i ces so r t i ng t he s ingu la r values i n t h e n o n i n -

creasing order o n the d i agona l o f E . Since t he p e r m u t a t i o n s real ize the c o m m u t a t i o n 

o f t he K ronecke r p r o d u c t 

n T ( / f c ® E ( Q ) ) * = E ( Q ) ® / f c : 

where E is square, we have s i m p l y II = see [9]. N o t e t h a t m u l t i p l i c i t i e s o f a l l 

s ingu lar values are i n t he composed p r o b l e m fc-times larger t h a n i n i t s c o m p o n e n t . 

Le t us focus o n V a n d denote v:°^ t he j t h c o l u m n o f V^1. T h e n we get 

(3.3) Vi = [ V i i , V12, Via ] = RT(h ® v{a))V 

= RT[h® , Ik ® i $ , . . . , Ik ® v^a+da ]. 

Clear ly , t he d imens ions o f Vij i n (3.3) are fc-times larger t h a n t he d imens ions o f 

i n (3 .2) . F r o m the s t r u c t u r e o f t he last m a t r i x , a n d since R is o r t h o g o n a l , we see 

t h a t 

r a n k ( V y ) = r a n k ( i J V y ) = fc • r a n k ( v A a ) ) , 

i.e., also t h e ranks o f are fc-times larger t h a n t he ranks o f . 

Since t h e s o l v a b i l i t y c lass i f i ca t ion is based o n m u l t i p l i c i t i e s o f s ingu la r values, ranks 

a n d sizes o f t he b locks ( i n p a r t i c u l a r o n the re la t ions be tween these quan t i t i e s ) , a n d 

a l l these quan t i t i es are i n t h e composed p r o b l e m j u s t fc-times larger , t he componen t 

a n d t he composed p r o b l e m mus t be long t o t he same class. • 

Theo rems 3.2 a n d 3.3 f o r m u l a t e basic re la t ions be tween so l vab i l i t y classes i n the 

course o f core p rob lems c o m p o s i n g i n t w o specia l cases. F u r t h e r resu l ts are g i ven i n 

the nex t sect ion. 
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4. S O L V A B I L I T Y CLASSES IN T H E C O U R S E OF C O R E P R O B L E M S COMPOSING 

I n a l l cases discussed p rev ious l y (see Theo rems 3.2 a n d 3.3, a n d examples (2 .7 ) ) , 

a c o m p o s i t i o n o f core p rob lems leads t o a composed p r o b l e m w i t h t he same or worse 

T L S so l vab i l i t y o n the scale 

J 7 ! ( t he b e s t ) — T 2 — — S ( the w o r s t ) . 

Reca l l t h a t J - i p rob lems a lways have a T L S so lu t i on ( t h a t can be c o m p u t e d by 

the classical T L S a l g o r i t h m ) , a n d core p rob lems have a un ique T L S s o l u t i o n ; Ti 

p rob lems also have a T L S s o l u t i o n ( t h a t canno t be s i m p l y c o m p u t e d b y the classical 

T L S a l g o r i t h m ) ; J-3 p rob lems are s t i l l gener ic, b u t t h e y have no T L S s o l u t i o n ; a n d S 

p rob lems are nongener ic a n d have no T L S so lu t i on . Such scale n a t u r a l l y cor responds 

t o " r e m o v i n g t he l inear independence" f r o m the uppe r r i g h t corner o f V (see (2.3) 

a n d t he c lass i f i ca t ion be low) a n d m o t i v a t e s t he ques t i on w h e t h e r t he c o m p o s i t i o n 

a lways worsens t h e T L S so lvab i l i t y . F i r s t we b u i l d u p a n i l l u s t r a t i ve examp le , t h e n 

some genera l s ta tements fo l low. 

4 . 1 . Does the composition always worsen the TLS solvability? T h e fo l 

l o w i n g examp le i l l us t ra tes t h a t c o m p o s i t i o n o f core p rob lems can c o u n t e r - i n t u i t i v e l y 

i m p r o v e t he T L S so l vab i l i t y class. F i r s t , we give a p a r t i c u l a r examp le o f a n T\ 

single r i g h t - h a n d side core p r o b l e m . T h e n we s ta r t t o compose i t t o o b t a i n more 

comp l i ca ted p rob lems . 

E x a m p l e 4.1 

(4.1) 

T h e n 

Cons ider t he a p p r o x i m a t i o n p r o b l e m 

~ ais~ 
x « x « where ai > bi > 0, 

s = sin((y9), c : - cos(ip), if ^ ^Tifc, k G Z . 

(0 AW aic ais 0 " c — s 
-bis bic_ = h 

h_ -bis bic_ 0 h_ _s c 

is i n p r i n c i p l e t he S V D of t he ex tended m a t r i x . Since mi = 2, m = 1 , di = 1 , so 

bi is s imp le , so qi = 0, e; = 1 , a n d = [c, s], Vyi = [s], a n d V13 has no Jni + \ 
co lumns . Consequen t l y (4.1) is o f class T\ a n d has a un ique T L S so lu t i on . 

To show t h a t (4.1) is a core p r o b l e m , we need t o ve r i f y t h a t i t satisf ies ( C P 1 ) -

( C P 3 ) . C l e a r l y A {'l as we l l as B[1) are o f f u l l c o l u m n r a n k , i.e., ( C P 1 ) a n d ( C P 2 ) 

h o l d . E m p l o y i n g t he S V D 

AD 1 

^{aisY + {bicY 

~ais -bic 

he ats _ ) . 

^(ais)2 + (he)2 

0 
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i t is easy t o see t h a t b o t h 

y/{ai8)* + (hcf 
1 

V(ais)2 + (he)2 

ais 

he 

-he 

ais 

B 

B 

(af - bf)cs 

V ( a i a ) 2 + ( & i c ) 2 ' 

_ -laih 

~ V M 2 + (he)2 

are (one-by-one) f u l l r o w r a n k ma t r i ces , i.e., ( C P 3 ) is sat is f ied. Consequen t l y (4.1) 

is a core p r o b l e m o f t he class J - i . 

N o w we take t w o p a r t i c u l a r choices o f t he pa ramete rs a; , bi i n t he examp le above, 

such t h a t t he c o m p o s i t i o n o f (4.1) w i t h a single r i g h t - h a n d side degenerated compo 

nent resul ts i n a core p r o b l e m i n S a n d T\, respect ive ly . 

E x a m p l e 4.2. Cons ider t he core p r o b l e m (4.1) w i t h I = a, aa = 3 a n d ba = 2. 

Cons ider t he core p r o b l e m (4.1) w i t h I = /3, ap = 5, bp = 1. C o m p o s i t i o n s o f 

these p rob lems w i t h t he same degenerated c o m p o n e n t [BJ 7\J4^] = [B^] = [4] 

(be long ing also t o J - i ) , gives composed core p rob lems w i t h t he f o l l o w i n g S V D s 

(4.2) 

(4.3) 

3c 0 

- 2 s 0 

0 4 

5c 0 

- I s 0 

0 4 

3s 

2c 

0 

5s 

l c 

0 

0 1 0 

0 0 1 

1 0 0 

1 0 0 

0 0 1 

0 1 0 

0 c —s 

1 0 0 

0 s c 

c 0 —s 

0 1 0 

s 0 c 

respect ive ly . T h e p a r t i t i o n i n g (2.3) o f t he ma t r i ces V is suggested b y the l ines. T h e n 

(4.2) is o f class S, wh i l e (4.3) rema ins i n t he class T\. 

T h u s we have t w o p rope r i n c o m p a t i b l e core p rob lems ( b o t h w i t h d = 2) w h i c h we 

now compose toge ther . 

E x a m p l e 4.3. Cons ider t he core p rob lems (4.2) a n d (4 .3) . T h e i r c o m p o s i t i o n 

resul ts i n a composed core p r o b l e m w i t h t h e f o l l o w i n g ex tended m a t r i x a n d i t s S V D : 

[BuAi 

(a) 
II 

0 B (7) 
1 

B 0 

3c 0 

- 2 s 0 

0 4 

5c 0 

- I s 0 

0 4 

3s 

2c 

0 

5s 

l c 

0 
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0 1 0 

0 0 1 

1 0 0 

1 0 0 

0 0 1 

0 1 0 0 II 

0 0 

3 0 

0 2 

1 

0 c — s 
1 0 0 

c 0 —s 
0 1 0 

0 s c 
s 0 c 

T h e p a r t i t i o n i n g (2.3) o f V is aga in suggested b y the l ines. C lear ly , we go t a core 

p r o b l e m w i t h d = 4 t h a t is o f t he class Ta

li we denote p rob lems (4.2) a n d (4.3) as 5- a n d e -componen t , respect ive ly , the 

c o m p o s i t i o n above can be schemat i ca l l y expressed as fo l lows: 

( (CP , 1 , J i ) a ffl (CP, 1 , J i ) 7 ) ffl ( (CP, 1 , Ti)ß ffl (CP, 1 , J i ) ( C P , 4 , J - 3 ) . 

(CP, 2 , 5 ) , ( C P , 2 , J i ) 

N o w we l o o k a t t he who le process t he o the r way. H a v i n g i n h a n d a p r o b l e m o f 

the class S ( i .e., nongener ic one) , i ts c o m p o s i t i o n w i t h a su i tab le F\ p r o b l e m m a y 

resu l t i n a p r o b l e m i n Tz ( i .e., i t becomes gener ic ) . T h i s can be seen as a f o r m of 

correction, or improvement o f t h e 5 -componen t i n t e rms o f T L S so l vab i l i t y classes. 

Such i m p r o v e m e n t can be done i n genera l , w h i c h w i l l be inves t iga ted i n t he nex t 

sect ion. 

R e m a r k 4.4. Since t he core p rob lems c o m p o s i t i o n is associat ive a n d c o m m u 

t a t i v e (up t o a p e r m u t a t i o n o f c o m p o n e n t s ) , t he p r o b l e m f r o m E x a m p l e 4.3 can also 

be expressed as fo l lows (classes o f t he i n t e r m e d i a t e p rob lems or componen ts can be 

seen d i r e c t l y b y cross ing o u t su i tab le rows a n d co lumns o f the S V D i n E x a m p l e 4 .3) : 

(CP, 4 , T3) = ( ( C P , l , J i ) a E ( c p . i . j i ) / , ) EB ( (CP ,1 , J " i ) 7 ffl(CP,l,Ti) 

( C P , 2 , J i ) a a ] / 9 (CP, 2, Ti)^-) 

= ( ( C P , l , J i ) a E ( C P . l . J k ^ E B ( C P , 1 , J ' 1 ) 7 ) E B ( C P , 1 , J - 1 ) 7 

( C P , 3 , 5 ) Q f f l ^ ffl7 

= ( ( C P , l , J i ) a E ( C P , l , J k ) 7 B 3 ( C P , 1 , J ' 1 ) 7 ) E B ( C P , 1 , J - 1 ) ^ 

( C P , 3 , J - 3 ) Q f f l yff l 7 

= ( ( C P . l . J i ^ E ( C P , l , J i ) 7 B 3 ( C P , 1 , J ' 1 ) 7 ) E B ( C P , 1 , J - 1 ) Q 

(CP, 3, J r i ) ( 3 a 7 a 7 

T h e f i rs t a n d t h e last r o w show t h a t a c o m p o s i t i o n o f t w o T\ ( i n t he f i rs t r o w one 

p rope r i n c o m p a t i b l e a n d one degenera ted ; i n t he last r o w t w o p rope r i n c o m p a t i b l e ) 
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componen ts m a y resu l t i n a n Tz p r o b l e m . Reca l l t h a t for t w o single r i g h t - h a n d side 

( i .e., J - i ) componen ts , such c o m p o s i t i o n is n o t possible (see T h e o r e m 3.1 a n d the 

c o m m e n t b e l o w ) , a n d there fore i t was n o t observed i n [2]. 

4 . 2 . Improvement of nongeneric problems. T h e f o l l o w i n g t h e o r e m shows 

t h a t i t is a lways possib le t o move a nongener ic ( i .e., class S) core p r o b l e m t o the 

class o f generic p rob lems b y compos ing i t w i t h ano the r p r o b l e m represent ing a sor t 

o f co r rec t i on o f t he measured d a t a , see E x a m p l e 4.3. 

Theorem 4.5. Let A^xff B («) A{a) B (a) be a core 

problem (that will serve as a component) and let it be in the class S. Then there 

exists a component A {^ x[{ ] « \ € Umf>xnf>, B[ 0 ) € Umf>*dt> such that the 

composed core problem 

AnXi 
Acs) 

A l l 

0 

0 
A(ß) I n 

(a) 
II 

0 B\ iß) R BN 

is in the class J = J i U J 2 U J 3 . 

Schemat ica l l y : V ( C P , d Q , 5 ) Q , 3(CP,dp,C)p so t h a t 

( C P , d a , S ) a ffl ( C P , d p , C ) p = (CP,d a + d^F), 

where C G J-2, J-3, 5 } a n d J = J i U J 2 U ^ 3 -

P r o o f . L e t [B[ a ),A {^] = ( y ( Q ) ) T be the S V D w i t h t he p a r t i t i o n 

i ng (2.3) o f V { aK F u r t h e r , let 

( « ) > ( « ) > > ( « ) 

be t he s ingu la r values o f v}"\ L e t fc be t h e n u m b e r o f d i s t i n c t s ingu la r values 

o f Vi" w i t h t he m u l t i p l i c i t i e s Qj, j = 1 , . . . , k; i.e., X ] £ j = na 

a p a r t i t i o n i n g o f V^ 1 w i t h respect t o these m u l t i p l i c i t i e s , 

qa. Cons ider also 

= { , V f i l V ^ l ] G R l i o x K - f c ) ] W i t h £ R ^ x f t 

be ing o f f u l l c o l u m n ranks . Since t he a - c o m p o n e n t is nongener ic , i.e., o f class 5 , 

[vffi, V±^] has l i nea r l y dependent rows. L e t t be def ined so t h a t 

(4.4) r a n k ( [ < ^ ^ + 1 , . . . , ^ i , ^ ) , 4 a ) ] ) = da, a n d 
r a n k ([ . . . , V / 2

q ) , ] ) < d a . 
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N o w we cons t ruc t a su i tab le / ^ -component . Cons ider a n a r b i t r a r y /^ -component 

such t h a t i t belongs t o J \ ( thus [ V ^ \ v ^ ] ] 

qp = 0) a n d 

is square i nve r t i b l e a n d 

T ( « ) 
ei+...+et-i+et i 

i.e., t h e e^ - tup le s ingu la r va lue o f t he /^ -component co r respond ing t o V±P is equal 

t o t h e ft-tuple s ingu la r va lue o f t he a - c o m p o n e n t co r respond ing t o V±"\. T h e n the 

b lock V i G R d x ( ™ + d ) w i t h d = da+dp,n 

p r o b l e m takes t he f o r m 

na + np, f r o m the S V D o f t he composed 

V I = [ V L I , V L 2 , V L : 
[ V u ]_, . . . , vllt_ 

vll,t 
0 V, 

(a) 
t + l i • 

T A ( « ) I y ( « ) 
' vll,k\> V12 i v13 

0 v, 13 

ft + e,g 

7 
-> * 1 3 

(ft+i + • • • + Qk) + {da + qa) + (dp - ep) 

To a l i g n t he b locks suggested b y the ve r t i ca l l ines w i t h t h e p a r t i t i o n i n g [ V H , V12, V13] 
rv(a) 

t he (n + l ) s t ( i .e., t he d t h las t ) c o l u m n o f V\ has t o be i n 1 1 ' 
0 V™ 

d = da + dp > (gt+i + . . . + Qk) + (da + qa) + (dp - ep), 

ep > {Qt+i + • • • + Qk) +qa-

E q u i v a l e n t l y 

i.e.. 

Reca l l t h a t also ep ^ dp, see ( 2 . 2 ) - ( 2 . 3 ) . T h u s , p u t 

T h e n G 

e/3 

dp 

Qt+i + • • • + Qk) + la + 1 , a n d 

gt+i + . . . + Qk) + qa + 1 + A , A ^ 0. 

Q + d ^ ) x ( ( e t + i + . . . + e f c ) + ( d Q + g Q ) + ( d ^ - e ^ ) ) = j j d x ( d - l ) _ 

W e see t h a t b locks are a l igned a n d t h e ( n + l ) s t (dth las t ) c o l u m n o f V\ is exac t l y 

t he last c o l u m n o f V12. Since (4.4) is o f f u l l r ow r a n k da a n d [ V ^ \ v ^ ] ] is square 

i nve r t i b l e o f r a n k dp, 

[Vl2,Vl3] 

is also o f f u l l r o w r a n k d = da + dp, a n d t hus t he composed p r o b l e m is o f class T. 

I t rema ins t o show t h a t the re a lways exis ts a /^ -component sa t i s f y ing a l l t he re

quested p roper t i es . W e take t he s imples t one, 

VU,t 0 ivll,t+l' ' V{a)] v(a) v(a) 

• • ' " l l , fcJ ' v12 ' " l 3 
0 " 'i -

0 V12 

ivll,t+l' ' 
0 "13 - * 1 3 . 

(4.5) 
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i.e., np = 0 ( i t is a degenerated c o m p o n e n t ) , mp = dp = ep = [Qt+i+- • -+Qk)+Qa+1> 

A = 0, a n d cr^+1 = = + g t l + 1 w i t h t he m u l t i p l i c i t y ep. T h e m a t r i x 

f r o m the S V D o f [B± , A{[ ] con ta ins o n l y t he b l ock ( the o the r b locks have no 

rows or co lumns , see (2.3) a n d the c lass i f i ca t ion b e l o w ) . Moreove r , = Vx 

i is obv ious l y square i nve r t i b l e . • 
N o t e t h a t we p roved s l i gh t l y s t ronger v a r i a n t o f T h e o r e m 4.5. I ns tead o f l o o k i n g 

for a genera l /3-component, we res t r i c t ed ourselves f i rs t o n l y t o t he class T\, a n d 

t h e n o n l y t o t h e degenerated (class T\) componen ts . However , such r e s t r i c t i o n was 

used o n l y for s i m p l i c i t y a n d i t is n o t necessary (see i n p a r t i c u l a r E x a m p l e 4 .3 ) . 

Reca l l f u r t h e r t he d e f i n i t i o n o f t i n (4.4) . I ns tead o f t, we m a y use a n y gT a n d 

V±"\, 1 ^ T ^ t, i n the roles o f gt a n d V±"\ for the c o n s t r u c t i o n o f a /3-component 

i n t he proof . I n p a r t i c u l a r , we m a y s i m p l y use a degenerated /3-component i n the 

f o r m 1 [B[0\A{{}] = [B[0}] = a[a)I„a+1 i ns tead o f (4 .5) . O u r choice i n (4.5) is i n 

some sense t he m i n i m a l one (since t is m a x i m a l a m o n g a l l r ' s , A = 0 is m i n i m a l 

a m o n g a l l A ' s , a n d b o t h m i n i m i z e the d imens ions o f the /3-component). 

Moreove r , t he resu l t i ng composed p r o b l e m has i n i ts S V D the b lock V13 t h a t 

conta ins 
y ( « ) y{°>) 

as a s u b m a t r i x . Since [ V ^ , £ , qa ^ 0, has 
0 0 

l i nea r l y dependent rows a n d the n u m b e r o f i ts co lumns is larger t h a n or equa l t o the 
\ y(a) y(a) 

n u m b e r o f co lumns , i t has also l i nea r l y dependent co lumns . T h u s also 12 * i 3 
L 0 0 

a n d i n p a r t i c u l a r V 1 3 have l i nea r l y dependent co lumns . Consequent ly , t he p r o b l e m 

composed i n the p r o o f above does n o t be long t o the classes F\ a n d T^- W e ac tua l l y 

p roved t h a t , schemat ica l l y : 

V ( C P , d Q , 5 ) Q , 3 (CP,dp,Fi)p so t h a t 

( C P , d a , S ) a ffl (CP,dp,T{)p = {CP,da+dp,F3 

where the /3-component is degenerated. T h i s m o t i v a t e s a genera l resu l t as fo l lows. 

Le t us r e t u r n back t o t he o r i g i n a l , less r es t r i c t ed case: I f we compose t he a-

componen t o f t he class 5 w i t h a n a r b i t r a r y /3-component so t h a t t he resu l t i ng corn-

have posed p r o b l e m is i n J7, t h e n (see i n p a r t i c u l a r (4.4)) 
L U J L U U . 

t o be submat r i ces o f [^12,^13]. Since t he s ingu la r va lue co r respond ing t o V±"\ is 

vn,t a n d 
. 0 _ . 0 0 . 

is a sub-s t r i c t l y la rger t h a n the s ingu la r va lue co r respond ing t o V 1 2 

m a t r i x o f V 1 3 . Consequen t l y (as discussed above ) , i f t he c o m p o s i t i o n resul ts i n a n 

y ( « ) y ( « ) 
v12 v13 

1 Note that the so-called T L S algor i thm when applied to the composed problem wi th this 
choice of a /3-component returns a zero output. 

119 



T p r o b l e m , i t a lways belongs t o J-3. T h e classes J- i a n d T2 are n o t ava i lab le . We 

f o r m u l a t e t h i s obse rva t i on as a coro l la ry . 

Corollary 4.6. Let A^xffl ~ be a core problem in the class S, and let 

A[{]X[{] « B(f] be an arbitrary core problem. Their composition cannot result in 

a problem in the class T\ or T2. 

Schemat ica l l y : V ( C P , d a , S ) a , V ( C P , ( i ^ , C ) ^ , 

(CP, da , S)a ffl (CP, dp,C)p ^ (CP, da + dp, J i ) , (CP, da + dp, J2), 

where C G { J 7 ! , T2, T3, S}. 

I n o ther wo rds , we are able t o move a class S (nongeneric) problem to the class J-3 

(gener ic, b u t w i t h o u t a T L S s o l u t i o n ) , b u t no better result is achievable b y e m p l o y i n g 

the app roach above. T h e T L S s o l v a b i l i t y o f a nongener ic core p r o b l e m canno t be 

i m p r o v e d b y i t s c o m p o s i t i o n w i t h ano the r core p r o b l e m . 

4.3. Available and unavailable classes. Tab le 2 summar izes a l l t he k n o w n 

ava i lab le compos i t i ons o f t w o core p rob lems i n t e rms o f classes, see (2 .7) , T h e o 

rems 3.3, 3.2, E x a m p l e 4.3, a n d R e m a r k 4.4. 

ffl Tx T2 
T3 s 

Ti T\, Ti, Tz, o r 5 * s y m . s y m . s y m . 

Ti Ti Ti s y m . s y m . 

T3 T3 s y m . 

S Ta o r S * 5 * 

Table 2. List of known available composit ions of two core problems (components) i n terms 
of classes. Stars (*) denote cases where al l four possible results have been analyzed 
(cf. Table 3) . The table is symmetr ic. 

O n t he con t ra r y , a t t h e end o f t he prev ious sect ion we have f o u n d for t he f i rs t 

t i m e a c o m b i n a t i o n (of classes o f componen ts a n d a class o f t he r e s u l t i n g composed 

p r o b l e m ) t h a t is no t achievable. Consequent ly , i t is clear t h a t a l l 40 comb ina t i ons 

are n o t ava i lab le for core p r o b l e m compos i t i ons . T h e f o l l ow ing theorems discuss t w o 

more such cases. F i r s t we prove t he asser t ion o f C o r o l l a r y 4.6 also for J-3 p rob lems . 

T h e n we show t h a t a c o m b i n a t i o n o f t w o 5 class core p rob lems resu l ts i n a composed 

p r o b l e m be long ing aga in t o S. 

Theorem 4.7. Let A<fi>x[? « B[a) be a core problem in the class J-3, and let 

A[^X[^} « B{/} be an arbitrary core problem. Their composition cannot result in 

a problem in the class F\ or T2. 
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Schemat ica l l y : V ( C P , d a , ^ 3 ) « , V(CP,(i/3,C)/3, 

(CP,da, F3 (<LP,dp,C)p ^ {QP,da + dp,Ti), (CP, da + dp, J " 2 ) , 

where C G { J 7 ! , T2, T3, S}. 

P r o o f . F i r s t o f a l l no te t h a t t he asser t ion is t r i v i a l l y t r u e for J-3 p rob lems w h i c h 

are composed , a n d c o n t a i n a n S c o m p o n e n t (use C o r o l l a r y 4.6 a n d the assoc ia t i v i t y 

o f core p r o b l e m compos ing ) . N o w consider a genera l J-3 p r o b l e m as the a - c o m p o n e n t 

w i t h p a r t i t i o n i n g o f t he m a t r i x o f r i g h t s ingu la r vectors as usua l . T h e n the b locks 

o f VI (a) VY ' V 12 13 sat is fy : 

[ v v i \ vw]] G R d a X ( d a + 9 a ) is o f f u l l r o w r a n k da, a n d 

V ( « ) 
13 

j d Q X (da— e a ) 

has l i nea r l y dependent co lumns (and rows , ea ^ 1). 

Reca l l t h a t V^ cor responds t o t he s ingu la r va lue w i t h m u l t i p l i c i t y qa + ea. 

Consider also t he S V D s o f t h e /^ -component a n d o f t he composed core p r o b l e m , i n 

p a r t i c u l a r t he ma t r i ces VI 

Clear ly , 

i«*/»x("/»+<*/») a n d V i = [ V u , V i 2 , V i 3 ] G Rdx («+<*). 

> 1 
V ( « ) II 

0 V"/ 
1/ 

T M " ; T M " ; n 
'11 v 12 v 13 u 

AP) 1/. 
0 0 0 vl1 

where t he p e r m u t a t i o n m a t r i x sor ts t he s ingu la r values o r i g i n a t e d i n b o t h c o m 

ponents i n t o non inc reas ing order . T h u s does n o t change the o r d e r i n g o f co lumns 

o f V i o r i g i n a t e d i n one p a r t i c u l a r c o m p o n e n t , i t o n l y in ter laces t h e m w i t h t he co lumns 

o r i g i n a t e d i n t h e o ther componen t . 

Assume t h a t t he composed p r o b l e m is i n the class F. T h e n [V i2 ,V i3 ] is o f f u l l 

r o w rank . Since t he a - c o m p o n e n t is o f J-3 a n d V j ^ has l i nea r l y dependent rows, 
( « ) T / ( c < ) VY ; V 13 
0 0 

is a s u b m a t r i x o f [ V i 2 , V13]. T h u s a n + i ( the s ingu la r va lue co r respond

i ng t o the V12 b l ock o f t he composed p r o b l e m ) satisf ies a. 

corresponds t o s ingu la r values s t r i c t l y smal le r t h a n a ra+l, 

n+1 

V 

^ a. 
(a) 
13 

n a + l - Since V, (a) 

V13. Since v}^ has l i nea r l y dependent co lumns , V13 has l i nea r l y dependent co lumns 

as we l l . Consequent ly , t h e composed p r o b l e m canno t be long to F\ o r F2- O 

T h e o r e m 4.5, C o r o l l a r y 4.6, a n d T h e o r e m 4.7 toge ther are o f p a r t i c u l a r i m p o r 

tance . T h e y show t h a t w h i l e class 5 p rob lems can be m o v e d t o J-3 ( b u t no be t te r 

i m p r o v e m e n t is poss ib le) , J-3 p rob lems canno t be i m p r o v e d f u r t h e r . Consequent ly , 

the set of and S core problems is in some sense closed with respect to compositions 
with core problems from other classes. T h i s ind ica tes t h a t t he d i s t i n c t i o n be tween 

J-3 a n d iS p rob lems is r a t h e r a r t i f i c i a l , as i t o r i g i n a t e d i n t h e gener ic—nongener ic 

0 

13 

is a s u b m a t r i x o f 
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c lass i f ica t ion i n t r o d u c e d i n [10]. Reca l l t h a t i n b o t h Tz a n d 5 , t he T L S so lu t i on 

does n o t ex is t . N o w we show t h a t t he class 5 is closed i n a s l i gh t l y weaker sense. 

Theorem 4.8. Composition of two (or more) class S core problems always results 

in a class S problem. 

Schemat ica l l y : V ( C P , d a , S ) a , V(CP,dp,S)p, 

(CP, da, S)a ffl (CP, dp,S)p = (CP, da + dp, S), 

or equ i va len t l y 

(CP, da,S)aa (CP, dp, S)p ± (CP,da + dp,T), J = 7 i U J 2 U J 3 . 

P r o o f . L e t A^X^ « B[1\ A{H € Rm>xn>, B[1} € Rm>xd> for I = a,/3 be t w o 

core p rob lems i n the class 5 . Cons ider t he i r S V D s [B[1),A{'1] = U^T,^{V^)T, w i t h 

t he p a r t i t i o n i n g s 

\vll)- T / ( 0 T / ( 0 i / ( 0 ! 
" l l v12 v13 
T/(0 T/(0 T/(0 
v21 v22 v23 

\ d l r a n k ( [ V « , V « ] ) < ^ . 

W e are in te res ted i n the s ingu la r va lues o-^+1, I = a,j3. T h e r e are t w o cases: E i t h e r 
T ( « ) 
7na+l 

7 n » + l ' or cr£*a'+1 > o-„'+1 ( the t h i r d case o~l^+1 < o-„'+1 is essent ia l ly the . ( « (a) . ( « 

same as t h e second, o n l y w i t h t he exchanged roles o f a- a n d /^ -components ) . 

Case 1. L e t a{"]

+1 = a{

n

0)

+1. T h e n t he S V D of 

[B1,A11]=P~1 

gives V w i t h t h e s t r u c t u r e 

B (a) 

0 B\ ( « 
A (a) n 

11 u 

0 

• R 0 " 

0 

T / ( « ) 
" l l 

0 V, 

II 

( « 

T / ( « ) 

"12 
0 V, 

( « 
v, (a) 

13 
0 V, ( « 

* 1 1 
7 

* 1 3 -

where n = na + np, d = da + dp. I t rema ins t o ve r i f y whe the r t he v e r t i c a l l ines 

cor respond t o the p a r t i t i o n i n g o f V\ = \V\\, V\2, V13] w i t h respect t o c r n + i , i.e.. 

whe the r a n + i is t h e s ingu la r va lue a. (a) 
n 0 + l " n s + 1-

Since Vll } € R d ' x ( ™ ' - « ) 5 w e have 
rvft"5 0 

0 v, ( « 
11 

6 R D X ( " - 9 « - w ) . Because « ^ 0, 

we have n — qa — qp < n + 1 , i.e., t he (n + l ) t h c o l u m n o f V\ does n o t be long t o the 
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f i rs t b lock . S im i l a r l y , f r o m V$ € R d i x ( * - e , ) we get 

Because ei ^ 1 , t h e n d > d — ea — ep, i.e., t he ( n + l ) t h c o l u m n ( w h i c h is ac tua l l y 

also t he <ith last c o l u m n o f V i ) does n o t be long t o t h i s last b lock . 

Consequent ly , < 7 n + i = o~^+1 = cr^+1 a n d i t has m u l t i p l i c i t y q + e, where q = 
qa + qp is i ts le f t - , a n d e = ea + ep is i ts r i g h t - m u l t i p l i c i t y . Since b o t h [V^, V13] 

for I = a, ft, have l i nea r l y dependent rows , [ V n , V 1 2 ] has l i nea r l y dependent rows as 

we l l , i.e., r a n k ( [ V n , V 1 2 ] ) < d. F i n a l l y , t he composed p r o b l e m is o f t he class 5 . 

Case 2. L e t > T h e n t h e S V D o f t he ex tended m a t r i x gives V w i t h 

m u c h m o r e comp l i ca ted s t r u c t u r e o f V\. Here t he re la t ions be tween a[ 

(a) 
13 
0 V, 

0 

13 

" " ' i i i j / i u i i u u . i i i i i u i u . >/i , I . 1 1 . 1 . ,11. 1, K u i . u n 1/. , . . . . 11 , / 1 • • • • , 0~np 

a n d ff^*+1 have t o be t a k e n i n t o accoun t . I n p a r t i c u l a r there m a y be s ingu la r values 

To ref lect t h i s , we i n t r o d u c e s t r i c t l y la rger t h a n , equa l t o , a n d smal le r t h a n a^+1. 

t he f o r m a l p a r t i t i o n i n g 

w i t h o u t spec i fy ing t he d imens ions o f t he i n d i v i d u a l b locks. T h e n 

V i = R1 1̂1 
0 V, 11A 0 V, (/3) 

11B 

(a) 
13 
0 V, 

II II II 

» 1 9 y-\ 11C ' 12 i : i 

* 1 1 -

I 

* 1 3 -

b u t t h e p a r t i t i o n i n g suggested b y the v e r t i c a l l ines may not co r respond to t h e p a r t i 

t i o n i n g o f V i = [ V n , V12, V13] w i t h respect t o an+i- However , t he n u m b e r o f co lumns 

o f t he f i rs t suggested b l ock is less t h a n , or equa l t o n — qa — qp. Since qi ^ 0, we 

have n — qa — qp < n+1 a n d thus t he ( n + l ) s t c o l u m n o f V\ is e i ther i n t he second, 

or i n t he t h i r d o f t he suggested b locks. T h e m a t r i x [ V i 2 , V i 3 ] is t h e n i n genera l a 

submatrix o f t he m a t r i x f o r m e d b y the last t w o suggested b locks. 

Since [Vr

12*'\ V j ^ ] has l i nea r l y dependent rows , t he m a t r i x f o r m e d b y the last t w o 

suggested b locks has l i nea r l y dependent rows , i.e., i t is o f t he r a n k s t r i c t l y smal ler 

t h a n d. The re fo re , a n y o f i ts submat r i ces is o f r a n k s t r i c t l y smal le r t h a n d, a n d i n 

p a r t i c u l a r r a n k ( [ V h , V12]) < d. T h u s t he composed p r o b l e m is o f class S. • 

Tab le 2 o f k n o w n ava i lab le compos i t i ons o f core p rob lems ( i n t e rms o f classes) 

can n o w be c o m p l e m e n t e d b y a l is t o f k n o w n unava i l ab le compos i t i ons i n Tab le 3, 

see C o r r o l a r y 4.6 a n d T h e o r e m 4.8. B o t h tab les toge ther i nd i ca te c o m b i n a t i o n s t h a t 

requ i re f u r t h e r i nves t i ga t i on . 
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EB T\ Ti T% S 
T\ — * s y m . s y m . s y m . 

Ti s y m . s y m . 

T3 T\ a n d Ti T\ a n d T2 T\ a n d T2 s y m . 

5 T\ a n d T2 * T\ a n d T2 T\ a n d T2 T\, Ti, a n d T3 * 

Table 3. L ist of known unavailable compositions of two core problems (components) in 
terms of classes. Stars (*) denote cases where al l four possible results have been 
analyzed (cf. Table 2). The table is symmetr ic. 

5. E X I S T E N C E O F IRREDUCIBLE C O R E P R O B L E M S IN VARIOUS CLASSES 

A l l p a r t i c u l a r examples o f core p rob lems discussed i n t he p rev ious sect ions (e.g., 

w h e n f i l l i n g u p Tab le 2) have been composed f r o m single r i g h t - h a n d side componen ts . 

However , i n [2] i t was s h o w n t h a t there exists a n i r r educ ib le (nondecomposab le ) core 

p r o b l e m w i t h d = 2 i n Ti. For completeness, we show b y examples t h a t the re exist 

i r reduc ib le core p rob lems w i t h d = 2 also i n T\ a n d 5 . Reca l l t h a t a n T3 p r o b l e m 

w i t h d = 2 does n o t ex is t , see Tab le 1. 

E x a m p l e 5 .1 . Cons ider th ree p rob lems A\\X\ 

g iven i n f o rms o f S V D s o f t he i r ex tended mat r i ces : 

Bu An G Bi € j4x2 

(5.1) [ B i , i 4 i i ] = / 4 

(5.2) [B1,A11]=h 

(5.3) [B1,A11]=h 

-4 0 0 0 - / r 
0 3 0 0 1 

0 0 2 0 3 

.0 0 0 1 . V . 
-3 0 0 0 - / r 

0 2 0 0 1 

0 0 2 0 3 

. 0 0 0 1 . V . 
-4 0 0 0 - / r 

0 3 0 0 1 

0 0 2 0 2 

.0 0 0 1 . V . 

- 1 - 3 

3 - 1 - V 3 

1 3 

-y/3 - 3 1 

- 1 - 3 

3 - 1 

1 3 

- 3 1 

v/2 V2 0 0 

- 1 1 - 1 1 

0 0 s/2 V2 
1 - 1 - 1 1 

T h e second p r o b l e m has a l ready been presented i n [3] a n d [2], i t is i n c l uded for c o m 

pleteness. N o t e t h a t t he m a t r i x o f t he le f t s ingu la r vectors m a y be chosen a r b i t r a r i l y , 

we use I4 for s imp l i c i t y . T h e p a r t i t i o n i n g o f t he r i g h t - m o s t ma t r i ces o f t he r i g h t s in

gu la r vec tors cor responds t o (2 .3) . C lear ly , t he p rob lems above be long t o t h e class 

J 7 ! , Tii a n d 5 , respect ive ly . 
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N o w we show t h a t t h e y represent core p rob lems . Since a l l th ree ma t r i ces [Bi, An] 

are o f f u l l c o l u m n r a n k , An a n d B\ are also o f f u l l c o l u m n rank . T h u s the p rob lems 

sat is fy ( C P 1 ) a n d ( C P 2 ) . M a t r i c e s An have s imp le s ingu la r values 

ft. 2 25 ± 3 V 2 , ft,: 4 ± 
3 ^ 

ft. 2 5 ± 

respect ive ly . I t is easy t o f i n d t he i r le f t a n d r i g h t s ingu la r vectors (e.g., b y us ing 

M A T L A B w i t h Symbo l i c M a t h T o o l b o x ) 2 , a n d t o ve r i f y t h a t ( C P 3 ) is sat is f ied as 

we l l . Consequent ly , a l l p rob lems represent core p rob lems w i t h t he S V D fo rms 

(5.4) 

-611 bi2 ft 0 -

hi &22 0 ft 
hi &32 0 0 

.641 &42 0 0 . 

ft > ft > 0, 

where the o n l y t w o free pa ramete rs (up t o s ign changes) are h i d d e n i n : 

> t he t r a n s f o r m a t i o n o f the r i g h t - h a n d side B\ = BiG^ b y some o r t h o g o n a l m a t r i x 

GR

l e R 2 x 2 ; a n d 

> the choice o f the o r t h o n o r m a l basis ( let i t be s to red i n the co lumns o f the m a 

t r i x U'3) o f the t w o - d i m e n s i o n a l M{Aj{), i.e., U'3 = U'3GT

L, Gj = G 7 1 G R 2 x 2 . 

B o t h o f t h e m invo lve the lef t b o t t o m b lock o f (5 .4) , i n p a r t i c u l a r 

(5.5) 
hi &32 

641 642 

I t r ema ins t o show t h a t t he p rob lems are i r reduc ib le . I n genera l , i f a core p r o b l e m 

is composed , i ts S V D f o r m mus t be composab le f r o m S V D fo rms o f i t s i n d i v i d u a l 

componen ts . Reca l l i ng t h a t a n y s ingle r i g h t - h a n d side c o m p o n e n t i n the S V D f o r m 

has the r i g h t - h a n d side w i t h a l l entr ies b e i n g nonzero (see [8]) , t h e r i g h t - h a n d side o f 

a composed core p r o b l e m i n the S V D f o r m (5.4) m u s t be o r t h o g o n a l l y t r a n s f o r m a b l e 

t o a chess-board- l ike p a t t e r n o f zero a n d ( s t r i c t l y ) nonzero b locks. Consequent ly , 

i f is composed t h e n the re ex is t o r t h o g o n a l ma t r i ces (e lemen ta ry Givens 

ro ta t i ons ) GL a n d GR t r a n s f o r m i n g (5.5) t o a chess-board s t r u c t u r e d (U3)TB\. Since 

(5.5) is o f f u l l r o w r a n k (see ( C P 3 ) ) , t he o n l y poss ib i l i t y is t o (an t i )d iagona l i ze i t . 
hi hi B u t w i t h d i agona l (U3)TBi, (5.5) i n p r i nc i p l e represents a n S V D of 
' M I "12 

2 See for example the code included as supplementary material to [2]. M A T L A B codes for 
verification (by numerical and symbolic calculation) for a l l three problems are on request 
freely available by the authors. 
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C a l c u l a t i o n o f t h i s S V D there fore f ixes t he free pa ramete rs represented b y GL, GR. 

A p p l i c a t i o n o f these ma t r i ces t o t he who le (5.4) t h e n e i ther reveals t he chess-board 

s t r u c t u r e , i f t he p r o b l e m is composed , or n o t , i f i t is i r reduc ib le . N o w i t is easy t o 

ve r i f y t h a t ne i the r o f t h e th ree p r o b l e m is composed. 

T h e r e is no sys temat i c m e t h o d for t h e c o n s t r u c t i o n o f i r r educ ib le core p rob lems 

w i t h t he g i ven n u m b e r o f r i g h t - h a n d sides i n t he g i ven class. However , t he examples 

above s u p p o r t t h e e x p e c t a t i o n t h a t there exist i r r educ ib le core p rob lems i n a l l classes 

for a n y d ^ 3. 

6. C O N C L U S I O N S 

I n th i s paper , we have inves t iga ted so l vab i l i t y classes o f core p rob lems w i t h i n l inear 

a p p r o x i m a t i o n p rob lems w i t h m u l t i p l e observa t ions . W e have presented t he f u l l 

so l vab i l i t y c lass i f i ca t ion revea l ing t h a t , i n p a r t i c u l a r , t he core p r o b l e m w i t h t w o r i g h t -

h a n d sides canno t be i n t he class Tz- T h e n we have concen t ra ted o n the re la t ions 

be tween s o l v a b i l i t y classes wh i l e core p rob lems compos ing . I t has been s h o w n t h a t 

any nongener ic (class S) p r o b l e m can be m o v e d t o gener ic (class J-3) b y e m p l o y i n g 

a p a r t i c u l a r d a t a co r rec t i on represented b y a c o m p o s i t i o n w i t h a single r i g h t - h a n d 

side core p r o b l e m . However , t he T L S so lu t i on o f t h e cor rec ted p r o b l e m s t i l l does 

no t ex is t . W e have s h o w n t h a t t he set o f core p rob lems w i t h o u t a T L S so lu t i on ( i .e., 

J-3 U S) is closed w i t h respect t o compos ing i ts e lements w i t h componen ts f r o m other 

classes. Moreove r , t h e set o f core p rob lems i n t he class S is closed w i t h respect t o 

compos ing i ts e lements toge ther . F i na l l y , we have presented examples o f i r reduc ib le 

core p rob lems w i t h t w o r i g h t - h a n d sides i n a l l ava i lab le classes. 

T h e m a i n resul ts are s u m m a r i z e d i n Tables 1 , 2, a n d 3. Resu l ts can be d i v i d e d 

i n t o four t ypes o f assert ions (C G { J 7 ! , T2, F3, S}): 

Existential (based on examples) 
3(CP , d Q , J i ) Q , 3 ( C P , d / 3 , F i ) p : (CP,da,Ti)a a (CP,dp,TJp = (CP,da+dp,Ji). 

3 ( C P , d Q , . F i ) Q , 3(CP,df},Ti)f}: {CP,da,Ti)a ffl (CP,dp,F^p = (CP,d a +dp, JF 2 ) . 

3 ( C P , d Q , . F i ) Q , 3(CP,dp,T])p: (CP,da,T])a ffl (CP,dp,J{)p = (CP,da+ dp,JF3). 

3 ( C P , d Q , . F i ) Q , 3(CP,dp,Ti)p: (CP,da,Ti)a ffl ( C P , ^ , ^ ) ^ = (CP,d a +dp,S). 

Semi-general 
V ( C P , d Q , C ) Q , 3 ( C P , 1 , ^ ) ^ : (CP,da,C)am(CP,l,Tl)p = (CP,da+l,C). 

V ( C P , d a , S ) a , 3 ( C P , dp,Tr)p: (CP,d a , S ) a ffl (CP, dp, T^p = (CP,d a + d p , F 3 ) . 

General (positive) 
V ( C P , d Q , C ) Q : (CP, da,C)am (CP, da,C)a = (CP,2da,C). 

V(CP, da,S)a, V (CP, dp,S)p: (CP, da, S)a ffl (CP, dp,S)p = (CP, da+dp,S). 
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General (negative) 
V ( C P , 1 ,Ti ) a , V ( C P , \,?i)p: ( C P , 1, J i ) a ffl ( C P , \,Ti)p ^ ( C P , 2,T z ) . 

V ( C P , d Q , J3)a, V(CP,dfi,C)fi: ( C P , d a , S ) a ffl (CP,dfi,C)fi ^ (CP ,d a +dp, J1). 

V ( C P , d Q , J s ) a , V(CP,dfi,C)fi: ( C P , d a , S ) a ffl (CP,dfi,C)fi ^ ( C P , d Q + d ^ , 7 b ) . 

V ( C P , d Q , 5 ) Q , V ( C P , d / 3 , C ) / 3 : ( C P , d Q , 5 ) Q f f l ( C P , d / 3 , C ) / 3 + ( C P , d ^ + d ^ , J i ) . 

V ( C P , d Q , 5 ) Q , V(CP,dfi,C)fi: ( C P , d Q , 5 ) Q f f l ( C P , d ^ , C ) ^ ^ ( C P . d a + d / s . ^ b ) . 

W e see t h a t t he T L S s o l v a b i l i t y o f a core p r o b l e m is s t r o n g l y i n f luenced b y compos

ing , a n d t i l l now , i t is n o t clear h o w t o detect t he possib le ( i r ) r e d u c i b i l i t y i n genera l . 

There fo re , u n d e r s t a n d i n g t h e proper t i es o f t he composed p rob lems is i m p o r t a n t for 

t he analys is a n d so lu t i on of T L S p rob lems i n genera l . 

A c k n o w l e d g e m e n t s . W e w i s h t o t h a n k t he a n o n y m o u s referee for her or 

his care fu l r ead ing t he paper a n d usefu l c o m m e n t s w h i c h led t o i m p r o v e m e n t s of our 

manusc r i p t . 
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PART I I I 

CORE REDUCTION 
FOR PROBLEMS IN 
GENERALIZED 
SETTINGS 
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6 POSSIBLE WAYS OF MATRIX 
RIGHT-HAND SIDE PROBLEM 
GENERALIZATION 

In th is par t w e present several w a y s o f poss ib le genera l i za t ions o f matr ix 
r i gh t -hand s ide l inear approx ima t ion p rob lems as w e have a l ready ou t l ined 
in Chap te r 2 and ske t ched in Figure 2.2. The d i rec t ions of genera l i za t ion (or 
spec ia l iza t ion w h e n look ing f r o m b o t t o m t o top) can be seen in t h e fo l low ing 
s c h e m e 

Ax « b w h e r e A e M m x n , x eRn,b eRm 

I 
AX « B w h e r e A e Rmxn, X e Rnxd, B e Rmxd 

\ 

\ 

T ^ A eRmxn, X e R n x d 2 X - x d k , B e R m x d 2 X - x d k  

1 ' L R ~ i AL e Rmxn, AR e Rdxc, X e Rnxc, B e Rmxd 

(A A A \x\~n h (AseRm'xn% fors = 1,2,...,k, 
V 1) 2) • • • j -fi-k | ) ~ *5j W l l c l c s ^ , ^ jr^ni x n 2 x - x % i5 G M m i X m 2 x " ' x m f e 

Namely, t h e p rob lem w i t h tensor r i gh t -hand s ide ( th i rd line left) is cove red in 
Chap te r 7, t h e bi l inear p rob lem w i t h matr ix r i gh t -hand s ide ( th i rd line r ight) is 
covered in Chap te r 8, and t h e mos t genera l mul t i l inear (or ̂ - l inear) p rob lem 
w i t h tenso r r i gh t -hand s ide ( four th line) is cove red in Chap te r 9. 

Note here tha t w h e n work ing w i t h tenso rs w e use t h e no ta t ion e s t a b 
l ished in [14] and [15]. The above (in t h e th i rd line) men t i oned p roduc t AsxsX 
of t h e matr ix As = (aid) e Rm°xn° and t h e tenso r x = (xiui2,...,ik) e R « i x « 2 x - x n , 

in sth m o d e is de f i ned as 

(As xs A ' ) j l j . . . j j s _ l j j j j s + l j . . . j j f c — ̂  ^ 1

 ai,e ' xH,...,is-i,e,is+i, •ik 

Then t h e o the r p roduc t (in t h e f o u r t h line) o f a tenso r w i t h more mat r i ces of 
su i tab le d imens ions is de f i ned ana logous ly , and d e n o t e d 

(Au A2,..., Ak | X) = A1 X ! (A2 x 2 (• • • x f c _ ! (Ak xk X) • • •)). 

Each of Chap te rs 7 -9 in t roduces t h e par t icu lar l inear approx ima t ion p r o b 
lem inc lud ing t h e fo rmu la t ion of TLS min imiza t ion , t h e n in t roduces t h e core 
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prob lem w i t h i n , and t h e way how it w a s de r i ved . We also po int ou t impor 
tan t p roper t i es of co re p rob lems and note on avai lable resul ts on solvabi l i ty . 
The resul ts on th is t op i c have a l ready been pub l i shed in a ser ies of papers , 
w h o s e cop ies are inc luded in t h e end of th is par t . 
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7 PROBLEM WITH TENSOR 
RIGHT-HAND SIDE 

The mos t s t ra igh t fo rward way t o genera l ize p rob lems w i t h vec to r and matr ix 
r i gh t -hand s ides is by add ing d imens ion . This means tha t t he re wi l l be a 
tensor on t h e r ight hand -s i de and the re fo re also a so lu t ion of t h e p rob lem wil l 
be a tensor . Such p rob lems ar ise in var ious app l i ca t ions such as 3D imaging 
p rob lems, t i m e - d e p e n d e n t 2D prob lems, or mode ls ar is ing f r o m l inear izat ion 
of p rob lems d e p e n d i n g on several pa ramete rs ; see for examp le [ 23 ] , [ 20 ] , 
[ 24 ] . Results c o n n e c t e d t o th is t op i c are pub l i shed in [ 8 ] ; see also t h e c o p y 
enc losed on page 141. 

7 . 1 PROBLEM FORMULATION AND THE 
TLS M I N I M I Z A T I O N 

First, w e fo rmu la te t h e p rob lem. By l inear approx ima t ion p rob lem w i t h tensor 
r i gh t -hand s ide w e mean 

A X L X « B, Ae Rmxn, X e R » X D A X - X D * , B e R ^ X . - . X ^ . ^ 

see [8 ] . By so lv ing such p rob lem in t h e TLS sense w e mean , ana logous ly to 
prev ious s impler cases (see Chap te r 1), so lv ing t h e min imiza t ion p rob lem 

sub jec t t o 3XJLS e R n x d 2 X - x d k : (A + E) x1 XJLS = B + Q. 

We call it t h e TLS p rob lem w i t h tenso r r i gh t -hand s ide. No te tha t w e use the 
tensor norm as it is de f i ned in [15], i.e., 

w h i c h is a s t ra igh t fo rward genera l i za t ion of t h e 2 -norm of a vector , or F robe-
nius norm of a matr ix . 

(72) E e R 
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Remark 3 (on TLS so lvab i l i ty ) . Let us define the matricization of a tensor T e 
K * i x - x t f c jn m o d e s —simply the matrix T { s } e R * - X ( A T / * . ) # where A r = rjj=i ^ 
containing the s-mode fibres (the generalization of the concept of rows and 
columns) of tensor T, as columns, in the inverse lexicographical order w.r.t. 
their multi-indices; see [15]. Then, in particular 

(A8 xs X)^ = ASX^S\ and \\g\\ = \\g [ s }\\F\ 

see [15]. Consequently, TLS minimization (7.2) can be fully re-formulated in 
matrix fashion. Moreover, (7.2) is equivalent to 

i 

min (\\g\\ 2+ \\E\\ 2
FY subjectto n((B + g) { 1 }) c n(A + E)-

g G ]^ M X C ' 2 X ' " X C ' * : ^ ' ^ ' 

E e M m x n 

or even to 

mm 
Q g p x ( A B / m ) 

[G E]\\p SUbjecttO 7l(B { 1 } + G) CTZ(A + E); 

see also [8]. Note that the last one is the very standard matrix right-hand 
side TLS formulation (1.7). This allows to switch between the tensor and the 
fully matricized formulations. Therefore, all the results on TLS solvability and 
the whole TLS solvability analysis can be directly adopted from the matrix 
to the tensor right-hand side case. 

7 . 2 CORE PROBLEM W I T H I N Ax1X^B 
Since t h e TLS min imiza t ion (7.2) fo r t h e tenso r r i gh t -hand s ide p rob lem (7.1) 
uses o r thogona l l y invar iant no rms, w e can app ly an o r t hogona l t r a n s f o r m a 
t ion real ized by (k + l ) o r t hogona l mat r i ces 

(P,Q,R2,...,Rk) e Om x O n x Od2 x ••• x Odk, 

so t h e min imizat ion in (7.2) s tays unchanged . This t r ans fo rma t i on leads to 
the mod i f i ed p rob lem 

(P JAQ) x 1 (Q\ R], ...,Rl\X)& (PT, R],...,Rl\B). (7.3) 

The goal is t o f ind such an o r t hogona l t r ans fo rma t i on tha t t h e mod i f i ed 
p rob lem has a b lock d iagona l s t ruc tu re ( tensors i l lus t ra ted as be ing of order 
th ree for c lar i ty) 

An 0 
0 A22 

X i 
V1-112 v ' M : 

V ^ 2 1 2 yX2\ 
y^2\\ '^221 

B? 0 
0 (7.4) 
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The or ig inal p rob lem is, the re fo re , pa r t i t i oned in to 2k subp rob lems , in pa r t i c 
ular, 

An X ! Xu...i ~ Bu An e Rmxn, Xn...i e flr***-***, B i e Rmxd2x...xdk^ 

and 

An x 1 V i i » 0 > ( i 2 , . . . , i f c ) e ({l^}^1 \ 
A 2 2 x , A 2 ; , . . . ; i ftd. ( j 2 , . . . , j f c ) e { l ^ } * - 1 . 

The only subp rob lem w e need t o solve is t h e f i rs t one ; t h e o the rs obv ious ly 
have zero so lu t ions. The f i rs t subp rob lem w i t h min imal d imens ions (among 
all poss ib le o r t hogona l t r ans fo rma t i ons y ie ld ing th is b lock s t ruc ture) is ca l led 
t he core p rob lem; see [8 ] . 

7 . 3 CORE PROBLEM REDUCTION FOR 
A X ! X « B 

The core p rob lem reduc t ion w i th in t h e p rob lem w i t h t h e tenso r r i gh t -hand 
s ide w a s pub l i shed in [8] (no ta t ion in t h e paper d i f fe rs f r o m t h e no ta t ion here; 
w e prefer s impl ic i ty in t h e paper, whe reas cons i s tency a m o n g ind iv idual re 
duc t i ons here) . It genera l izes t h e p rocedure of t h e core p rob lem reduc t ion 
for matr ix r i gh t -hand s ide p rob lems ; see [6 ] . In t h e fo l low ing tex t w e s u m 
mar ize four basic s teps of t h e reduc t ion : 

• R igh t -hand s ide p reprocess ing (Sect ion 7.3.1). 

• T rans fo rmat ion of t h e sys tem matr ix (Sect ion 7.3.2). 

• Par t i t ion ing and t rans fo rma t i on of t h e r i gh t -hand s ide (Sect ion 7.3.3). 

• Final pe rmu ta t i on (Sect ion 7.3.5). 

The reduc t ion uses t h e SVD of t h e sys tem matr ix A and t h e Tucker d e 
compos i t i on (or HOSVD s tand ing for t h e h igh -o rde r SVD, w h i c h is a gener 
al izat ion of SVD for tensors ) o f t h e tensor of t h e r i gh t -hand s ide B; see [25 ] , 
[ 26 ] , [ 27 ] ; w e also refer t o [15], w h e r e is a grea t rev iew of t h e a r i thmet i cs 
of t enso rs and tenso r decompos i t i ons . The Tucker d e c o m p o s i t i o n of t he 
r i gh t -hand s ide tenso r B e M m x r f 2 x - x d f e takes ful l and economica l f o rms 

B — (R 1 , R 2 , . . . , Rk | d iag f c ( i3 T c, O m _ r i ! d 2 - r 2 , . . . A - n J ) ^ ^ 

= {R\,R'2,... ,R'k | i 3 T c ) -

Here 

rs = r a n k ( i 3 { s } ) , s = 1,2,...,k, 

are ranks of ind iv idual s - m o d e mat r ic iza t ions . Mat r i ces 

fli = [R[, R'[] e Om, R\ e Rmxri, 

and Rs = [R's,Rl] e Oda, R's eRdaXr% s — 2,...,k; 
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moreover , all Rs (i.e., s = 1,2,...,k) are square o r t hogona l mat r i ces of left 
s ingular vec to rs f r o m t h e SVDs of B{s} and R's con ta in only vec to rs c o r r e 
spond ing t o nonzero s ingular va lues. Finally, BJC is t h e so -ca l led Tucker core , 
and d iag f c real izes t h e b lock d iagona l compos i t i on of t h e g iven t w o tenso rs 
of o rder k a long t h e /c-dimensional d iagona l . (Note tha t t h e t e r m Tucker core 
is not re lated t o t h e core p rob lem termino logy . ) 

7.3.1 Preprocessing of a right-hand side 
In t h e f i rs t s tep w e use mat r i ces Rs and R's f r o m t h e Tucker decompos i t i on 
of tensor B (7.5) in o rder t o t r ans fo rm t h e or ig inal p rob lem (7.1) t o 

Ax1(ln,Rl,...,Rl\X) = (A,Rl...,RT

k\X)^ (Im, RJ

2,..., RJ

k | B). (7.6) 

This a l lows us t o spli t t h e or ig inal p rob lem to 2 f c _ 1 subp rob lems . Only t he 
f i rst subp rob lem has nonzero r i gh t -hand s ide — t h e Tucker core — and thus 
needs t o be so lved , i.e., 

AxlX'^B', (7.7) 
where 

B' = (lm,R'2

T,...,R'k

T\B) = (R'1,Ir2,...,Irk\BJC) eRmxr2X-xrk and 
X'= (ln,R'2

J,...,R'k

J \ X) G R«xr 2 x. . .x r f e _ 

The remain ing (2 f c _ 1 - 1) p rob lems have zero r i gh t -hand s ides and the re fo re 
also zero so lu t ions. Mat r i ces B'{s}, i.e., s - m o d e mat r ic iza t ions of t h e r igh t -
hand s ide tenso r B' are of full row rank equal to rs having mutually orthogonal 
rows for all s = 2,..., k, t hanks t o t h e Tucker d e c o m p o s i t i o n . 

7.3.2 Transformation of the system matrix 
In t h e next s tep w e a im t o t rans fo rm t h e sys tem matr ix t o a s impler (d iagonal) 
f o rm . We use t h e SVD of t h e matr ix A, i.e., 

A = UEVJ, U e Om, £ e Rmxn, V e On. 

Let A have £ d is t inc t nonzero s ingular va lues 

0i > cr2 > • • • > <7g > 0. 

and let ̂
u
 % = l , be the i r mul t ip l ic i t ies, i.e., 

= rank(A). 

Further, deno te 

= m- rank(A) = 6\m(J\f(AJ)), ui+1 = n- rank(A) = 6\m(J\f(A)). 
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Thus 

s = d i a g ( < T i / w , . . . , a^lH, o „ e + 1 > 1 , e + 1 ) . 

The SVD is t h e n used t o t r ans fo rm p rob lem ( 7 . 7 ) so t ha t 

w i t h d iagona l s ys tem matr ix , and whe re 

y=V1x1X' = (V\lr2,...,Irk\r) = (VT,R'2

T,...,R'k

T\X) e 

F = UJ xlB' = (UT,Ir2,...,Irk \&) = (UJ,R'2

J,...,R'k

J\B) G I 

(7.8) 

(7.9) 

jnxr2 X ••• x r j . 

mxr2 X ••• x r j . 

7.3.3 Partitioning and transformation of the right-hand side 
In t h e next s tep w e wil l t r ans fo rm t h e r i gh t -hand s ide wh i le p reserv ing t he 
al ready ach ieved d iagona l s t ruc tu re of t h e sys tem matr ix . The goal o f th is 
t rans fo rma t ion is t o ge t as many zero b locks (in t h e f o r m of w h o l e zero f ibres) 
in t h e r i gh t -hand s ide tensor as poss ib le . In o rder t o d o tha t , w e cons ider 
t he fo l low ing par t i t ion ing of T w.r.t. mul t ip l ic i t ies of s ingular va lues of A, i.e., 

F i 

Fi 
F^+i 

D»nx(Ajr /m) w h e r e R e , ; x(Ajr /m) 

for i = l , . . . , £ , £ + l , and w h e r e AT = m • l\k

e=2re. Recall t ha t all t h e o the r 
mat r ic iza t ions of tensor T, i.e., 

J ; W e r s x ( A J / r ä ) ) s = 2 j • k, 

are of full row rank equal to rs having mutually orthogonal rows (due to t he 
r i gh t -hand s ide p reprocess ing ) . Let 

ß i = rank(Fi ) 

and cons ider (semi -economica l ) SVDs 

a 
Fi — Li 

0 ßi-ßi,ßi 
w /T 

where 

and w h e r e , in par t icu lar : 

• 9̂  is d iagona l inver t ib le of o rder /Z i( and 

• W/ have o r t hono rma l co lumns , i.e., W^W[ = h., 
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for i = + 1. 

Def ine o r t hogona l mat r i ces 

Since (7.8), w e ge t 

Lu = d i a g ( L i , . . . , L c , L c + 1 ) e Om, 

Lv = d iag ( L i , . . . , L ( , I V ( + 1 ) e On, 

LJJYJLV = s. 

so t h e p rob lem (7.9) can be fu r t he r t r a n s f o r m e d , wh i le p reserv ing d iagona l 
sys tem mat r ices , t o 

(LT

uXLv)x1(LT

vx1y)n(LT

ux1F), 

s x1z^n1 

w i t h d iagona l s ys tem matr ix , and whe re 

z = L J

v x 1 y = ( L J

v , i r 2 , . . . , i r k \ y ) e 

H=L[rxiJ7=( Ljj, Ir2,..., ITk J T) e 

(7.10) 

r x r 2 X - x r f e , and 
pmxr2 x ••• x r j . 

7.3.4 Note on structure of the right-hand side 
It w o u l d be usefu l t o look at t h e s t ruc tu re of t h e new r i gh t -hand s ide of (7.10). 
Clearly, 

# = ( 4 X i J ) W = L J ; J W 

has b lock - rows 

fj 

0 Pi-Pi Ar/m 

LJF< 

Hi 

^Pi-PiAr/m _ 

» m x ( A w / m ) 

Hx(AH/m) 

with/Zj nonzero and mutua l ly o r t hogona l rows ( fo l lowed by / ^ - / ^ z e r o rows) . 
Consequen t l y , s ince t h e ful l row rank matr ix 

is a b l ock - row in l - m o d e mat r ic iza t ion of t enso r H, th is tensor con ta ins b locks 

Hi e M ^ x ^ x - x r f e _ such tha t n. {i} Hi 

f o l l owed by zero b locks 0ßi-ßi , f o r i = + 1-
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7.3.5 Final permutation 
Now w e w a n t t o agg rega te t h e re levant in fo rmat ion revealed in t h e nonzero 
b locks of t h e r i gh t -hand s ide H t o ge t t h e b lock s t ruc tu re as in (7.4). To 
ach ieve tha t w e need t o f ind pe rmu ta t i on mov ing t h e nonzero b lock Tiit i.e., 
nonzero b l ock - rows Hi o f U{1} up wh i le mov ing t h e zero b l ock - rows d o w n . It 
can be real ized by t h e pe rmu ta t i on matr ix 

n. 

'»•1 
0 -

0 

0 

0 

o -

0 
-^MI-MI • 

0 

0 

0 

o 

0 

0 

0 
o 

^ 5 + 1 - 7 ^ + 1 • 

since 

( n £ x i 7 0 { 1 } 

n u 

O ^ i - T ^ A w / m . 

H 
0 

H 
o 'nt+i-^+iAn/m 

He 
H 

o m—m,Aft/m 

B\1} 

O m - m , A j i / m 

w h e r e m = Y^tlV-i- W e s e e t n a t w e in te rpre t t h e upper nonzero par t o f t he 
tensor (lijj x1 H) as 

B1 e R m x r 2 X - x r f e , 

i.e., t h e core p rob lem r i gh t -hand s ide tensor ; see (7.4). 
The mul t ip l i ca t ion of t h e w h o l e approx ima t ion p rob lem £ x i Z « % by t he 

pe rmu ta t i on matr ix in t h e f i rs t m o d e , i.e., t h e app l i ca t ion of IL^ f r o m the 
left on its l - m o d e mat r ic iza t ion £ Z { 1 } « 

(ul X L ( E X L z))« = (s X l z ) W = ( £ £ « ) = (n T,E)z« » r i ^ m 
resul ts in shuf f l ing t h e d iagona l s t ruc tu re of t h e sys tem matr ix S. In order 
to keep t h e sys tem mat r i ces as much d iagona l as poss ib le — in par t icu lar 
b lock -d iagona l w i t h d iagona l b locks — w e need ano the r pe rmu ta t i on matr ix 
tha t c o m p e n s a t e s t h e ac t ion of t h e f i rs t pe rmu ta t i on as much as poss ib le . It 
is easy to see tha t such matr ix is 

0 -

0 

0 

0 

o • 

0 0 

0 [j °_ ] o 
0 ••• 0 I, 
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Then 

Au 

snv = d i a g d i a g ^ i i V l , . . . , ^ , 0 ^ , 0 ) , 

diag(cTiJ / i l_/ 7 l , . . . , C T ? J ^ _ ^ , 0 ^ + 1 _ ^ + 1 i ! / 5 + 1 ) 
» 

is t h e w a n t e d b lock -d iagona l s t ruc tu re ; see (7.4). 

7.3.6 Summary of the reduction 
Let us summar ize t h e who le reduc t ion . S ta r t ing w i t h (7.1) w e p roceed : r igh t -
hand s ide p reprocess ing (7.7), t r ans fo rma t i on based on SVD of t h e sys tem 
matr ix (7.9), r i gh t -hand s ide d e c o m p o s i t i o n (7.10), and f inal pe rmu ta t i on . In 
to ta l w e ge t 

( (UlLlU1) A (VLVUV) ) X l ( (UT

VLJ

VVT), RT

2,..., RT

k \ X) 

ft ^(UT

uLT

uUT),Rl...,Rl\B), 

i.e., 

X l x ft d i a g f e ( f i i , o m _ ^ d 2 _ ^ 2 

t he core p rob lem reveal ing t rans fo rma t ion (7.3), (7.4). Clearly, 

P = ULuIlu, and Q = VLVUV, 

and 
M - i 5 

m = ^ ^ / X j , n = ^ ^ / X j , and ds = rs, for s—l,...,k. 
i=l i=l 

The min imal i ty o f th is cons t ruc t i on is d i scussed in [8 ] ; see also [6 ] . 

Remark 4 . Note that the matrices Rs = [R'S,R"] originated in the right-hand 
side preprocessing stay unchanged during the rest of the whole process. 
However, till this moment we worked only with their parts R's; now we use 
the whole orthogonal matrices. It was only in order simplify the exposition. 
Using the parts causes the reduction of the right-hand side tensor while 
omitting all the zero l-mode fibres; these are, however, not influenced by 
the first orthogonal matrix. Now we want to describe the whole orthogonal 
transformation. 

An 0 
0 A22 

(7.11) 

An 0 
0 A22 
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7 . 4 PROPERTIES OF CORE PROBLEM 
W I T H I N AxxX^B 

The above desc r i bed co re p rob lem reduc t ion guaran tees t h e fo l low ing p r o p 
er t ies of t h e core p rob lem 

An xi Xn.,.1 pa Bi 

wi th in t h e l inear approx ima t ion p rob lem w i t h tenso r r i gh t -hand s ide (see [8 ] ) : 

*(CP1) An e M™x™ is of full column rank equal t o n. 

*(CP2) B\s} e M ^ X ( A 8 I / ^ ) are of full row rank equal t o ds, fo r s = 2 , . . . , k. 

* (CP3) UjB\1} e R ^ x ( A B l / m ) are of f u / / r o w r a n / c e q u a l t o f t , f o r i = 1,... + l. 
(CP4) A n ] e M ™ X ( « + A 8 I M ) is of full row rank equal t o m. 

Recall t ha t w e d e n o t e A B l = m • Y\k

e=2de, and co lumns of [/, f o r m t h e basis 
of t h e i t h left s ingular vec to r subspaces of An ( inc lud ing t h e nu l l - space of 
AJn). A m o n g t h e above l isted p roper t ies of t h e co re p rob lem, t h e f i rs t t h ree 
as ter isked are in fac t equ iva len t t o t h e min imal i ty of such subp rob lem. Note 
tha t t h e core p rob lem has a bunch of f u r t he r in teres t ing p roper t i es ; see in 
par t icu lar [8] and also [ 1 1 , A p p e n d i x A ] . 

R e m a r k 5 (on TLS so lvab i l i t y ) . Here we are in a very specific situation — 
the TLS minimization for the tensor right-hand side problem is equivalent 
to the TLS minimization of its matricized version; see Remark 3. Thus, we 
may consider core problem reductions of both, the tensor problem and its 
matricized counterpart, schematically: 

AXIXPZB An x i Xn-i « B i 

(de)matricization | 

AX pa = B ^ + AnXi pa B1 

Obviously, we can try to close the loop in this diagram and to consider two 
matrix right-hand side problems: 

• the matricized & then reduced [Bi, An], 

• and the reduced & then matricized [B\1}, An], 

and the straightforward question will be, whether both are the same. 
First, from properties (CP1) and (CP3) of the matrix and of the tensor 

right-hand side problems we easily get that both problems share the same 
system matrix An (up to possible orthogonal transformation). However, the 
right-hand sides are in general different. The reason is simple: the core 
problem reduction in the tensor settings needs to keep the tensor structure 
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of the right-hand side. In particular, it cannot reduce all the l-mode fibres 
of B to the linearly independent set of size d, because the total number of 
remaining fibres needs to be the product of (k - l) (rather general) natural 
numbers de, i.e., in general 

k 

d<Y[de. 
1=2 

Compare (CP2) properties for both core problems (we reformulate the first 
one using transposition): 

(CP2) Bj e Rdxm is of full row rank equal to d. 

(CP2) B[s} e Rdax(ABl/da) a r e of fun r o w rank equai t 0 2ai for s 

Comparing both transformations (1.11) and (7.3) we can immediately see that 
both right-hand sides are the same (up to an orthogonal transformation) 
when 

R = RK ® • • • ® i?2, 
i.e., when the matrix R from the standard matrix core problem reduction has 
this special so-called Kronecker product (denoted by ®) structure. 

Consequently, in terms of ordering (see Chapters 4 and 5), 

B1 C B\ {i} and B1 Au LZ B[1} Au 

In other words, the tensor core problem An x i Xn-i ~ Bl can be further re
duced after matricization in general. Since the true (final) matrix core prob
lem AnX1 w B1 may belong to any of the TLS solvability classes Tx, T2, 
and S (see [5], [4], and [10]), we presume the same behaviour of the tensor 
right-hand side core problem in general. 
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8 BILINEAR PROBLEM WITH 
MATRIX RIGHT-HAND SIDE 

In some real app l i ca t ions p rob lems w i t h bi l inear mode ls natura l ly ar ise (see 
[16] and [17] fo r t h e p rob lem fo rmu la t ion and the i r app l i ca t ion) . Results c o n 
nec ted to th is t op i c are pub l i shed in [ 9 ] ; see t h e c o p y enc losed on page 167. 

8 . 1 PROBLEM FORMULATION AND THE 
TLS M I N I M I Z A T I O N 

Let us in t roduce t h e approx ima t ion p rob lem w i t h a bi l inear mode l and matr ix 
r i gh t -hand s ide 

ALXAJ

R ruß, Ai G Rmxn, AR e Rdxc, X e Rnxc, B e nmxd. (8.1) 

see [9 ] . The TLS min imizat ion can be genera l i zed as fo l lows 

mm 
G e Rmxd 

EL e Rmxn 

ER e Rdxc 

G EL 

El 0 

(8.2) 

sub jec t t o 3 X T L S e R N X C : (A + EL) XjLS {AR + ER)J = {B + G), 

see [9 ] . We call it t h e bi l inear TLS p rob lem w i t h matr ix r i gh t -hand s ide. 

R e m a r k 6 (on TLS so lvab i l i t y ) . In this case, even though there are no tensors 
in the game and it is fully matrix formulated, the TLS solvability analysis for 
the matrix right-hand side problems as presented in [5] cannot be simply 
used. Some analogy or generalization of solvability classes Tx, T% Fs, and 
S, has not been studied yet (up to the knowledge of the author). 

On the other hand, some results in this direction (however discussed from 
the more practical computational point of view) are already presented in the 
works [16] and [17]. 
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8 . 2 CORE PROBLEM W I T H I N ALXA\«B 

Making use of t h e o r t hogona l invar iance of t h e norm in t h e TLS min imizat ion 
(8.2), w e can t r ans fo rm t h e p rob lem (8.1) w i t h four o r t hogona l mat r i ces 

(P, Q, R, K) e Om x O n x O c x Od 

such tha t 
(PJALQ) (QJXR) (RJAJ

RK) « (PJBK), (8.3) 

and t h e min imiza t ion in (8.2) s tays u n c h a n g e d . 
The goal is t o f ind such o r thogona l t r ans fo rma t i on y ie ld ing a b lock d i a g 

onal s t ruc tu re of t h e p rob lem 

" ALiU 0 
0 Alj22 

The or ig inal p rob lem can be, the re fo re , pa r t i t i oned in to four subp rob lems , in 
part icular, 

ALjnXnAln « Pi , ALjll e Rmxn, ARjll e Rlx", Xn e Rnx~c, Bx e Rmxl, 

and 
^4L,11^12^4R522 ~ 0> ^L,22^22^4R522 ~ 0; ^L,22-^21^,11 ~ 0-

The on ly subp rob lem w e need to solve is t h e f i rs t one ; t h e o the r t h ree o b 
v ious ly have zero so lu t ions. The f i rs t subp rob lem w i t h minimal d imens ions 
(among all poss ib le o r t hogona l t r ans fo rma t ions y ie ld ing th is b lock s t ruc ture) 
is ca l led t h e core p rob lem; see [9 ] . 

8 . 3 CORE PROBLEM REDUCTION FOR 
ALXA\ w B 

The core p rob lem reduc t ion w i th in t h e bi l inear p rob lem w i t h t h e matr ix r igh t -
hand s ide w a s pub l i shed in [9] (nota t ion in t h e paper d i f fe rs f r o m t h e nota t ion 
here; w e prefer s impl ic i ty in t h e paper, whe reas cons i s tency a m o n g ind i v id 
ual reduc t ions here) . It genera l izes t h e p rocedure of t h e core p rob lem re 
duc t i on fo r matr ix r i gh t -hand s ide p rob lems ; see [6 ] . The p rocedure now 
cons is ts o f only t h ree s teps : 

• T rans fo rmat ion of t h e sys tem mat r i ces (Sect ion 8.3.1). 

• Par t i t ion ing and t rans fo rma t i on of t h e r i gh t -hand s ide (Sect ion 8.3.2). 

• Final pe rmu ta t i on (Sect ion 8.3.4) . 

The r i gh t -hand s ide p reprocess ing is not necessary here, it is d o n e impl ic i t ly . 

Xn X\2 

X2i x22 

AR,n 
0 

0 
^R,22 

1 Pi 0 
0 0 

(8.4) 
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8.3.1 Transformation of the system matrices 
First, w e w a n t t o t rans fo rm t he mat r i ces AL and AR t o t h e d iagonal fo rms . 
There fo re , w e s tar t w i t h thei r SVDs, i.e., 

D M , E G R M X R 

* G M D X C , 

V i e 

V R G C 

AL = [/LEVL", C / l e 

A R = £ / R W R
T , t / R G O D , 

Let and A R have £ and C distinct nonzero s ingular va lues, respect ive ly , 

<TI > a2 > • • • > o-€ > 0, and i>i > ip2 > • • • > > 0, 

and 83, j = 1 , . . . , (, be the i r mul t ip l ic i t ies , respect ive ly , and let i 
i.e., 

5 C 

^2 Hi = r a n k ( A L ) , and = rank(ylR). 
i=i j=i 

Further, d e n o t e 

fii+1 = m- r a n k ( A L ) = d\m(Af(A[)), vi+l = n- r a n k ( A L ) = d im(A/"(A L ) ) , 

Sc+1 =d- r a n k ( A R ) = 6\m(Af(AJ

R)), 7 c + 1 = c - r a n k ( A R ) = d\m(X(AR)). 

Thus, 

E = d i a g ( c r i / m , . . . , a^I^ , 0pe+1,V£+1), 

* = d i ag ( ipj5l, • • • , , 0 « c + 1 ) 7 c + 1 ) . 

Using t h e SVDs, t h e p rob lem (8.1) is t r ans fo rmed to 

(UlALVL) (V?XVR) (VR

TAT

RUR) « (U^ BUR). 

w i t h d iagonal s ys tem mat r i ces , and w h e r e 

y = V ^ X V R G RN X C, and F - ulBUR G 

(8.5) 

(8.6) 

\>mxd 

8.3.2 Partitioning and transformation of the right-hand side 
In th is s tep w e w a n t t o preserve t he ach ieved d iagonal s t ruc tu re of sys tem 
mat r i ces , but also get as many zero rows and co lumns in t he r i gh t -hand s ide 
as poss ib le . In order t o do tha t , w e cons ider t he par t i t ion ing of F w.r.t. m u l 
t ip l ic i t ies of s ingular values of AL and ARl i.e., 

^+1,1 

Fir ^ i c+i 

F, Ff 

G 
t>mxd w h e r e F y G f f t X i j ' , 
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for % = l , . . . , £ , £ + l and j = 1,..., C, C + 1- For s impl ic i ty w e d e n o t e t he 
b lock - rows and b lock -co lumns 

^ 1,1 ; • • • ; - 1 l , 0 -1 ? 
iiXd 

Fi, 

Let 

/7j = rank (F j^ ) and ^ = r a n k ( F * j 

and cons ider (semi -economica l ) SVDs 

© u 

where 

0 
and F+j = w^j 7-T 

and w h e r e , in par t icu lar : 

• @ L , i , © R , i are d iagona l inver t ib le o f o r d e r s , 5jt respect ive ly , and 

• wi,i< wR,J n a v e o r t hono rma l co lumns , i.e., W'ltiW{_ti = W'lJW^ = Ig., 

f o r i = l , . . . ,e,e + l a n d j = l,...,C,C + l-

Def ine o r t hogona l mat r i ces 

I>L,U EE d iag (L L , i , . . • J - ^ L ^ J 

EE d iag (L L , i , . . • I»i+1) e O n , 

LR,U EE d iag (L R , i , . • > ^R,C LR,c+i) e O d ; 

LR,V EE d iag (L R , i , . • > ^R,C 

Since (8.5), w e have 

LlpELty = £ and LltU^LRy = 

Thus, w i t h t h e use of t hese mat r i ces t h e p rob lem (8.6) can be fu r t he r t rans
f o r m e d , wh i le p reserv ing d iagona l sys tem mat r ices , t o 

( L ^ S L L , y ) {L[vYLRy) {Lly^L^u) ft (L^FL^), 

w i t h d iagona l s ys tem mat r i ces , and whe re 

Z = L[ vYLRy e Rnxc, and H = L[ vFLR^ e Rmxd. 

(8.7) 
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8.3.3 Note on structure of the right-hand side 
It w o u l d be usefu l t o look at t h e s t ruc tu re of t h e new r i gh t -hand s ide of (8.7). 
Clearly, 

H — LLIJFLRJJ 

^ L , ^ + i ^ + i , i ^ R , i ' ' ' ^ L^+ i^+ i> C^R , C ^L,^+I^+I,C+I^R,C+I 

has b l ock - rows and b lock -co lumns 

w i t h nonzero and mutua l ly o r t hogona l rows ( fo l lowed by ^ zero rows) , 
and 8j nonzero and mutua l ly o r t hogona l co lumns ( fo l lowed by Sj - 8j zero 
co lumns) , respect ive ly . Thus 

H I,j 0 
®ßi-~ßi,öj ®ßi-ßi,öj-öj 

Hi j e WiXSj. 

Moreover , no te tha t b l ock - rows and b lock -co lumns 

Hii,...,Hr,H, 

Hi, 

H 
H 

are of full row rank, having mutually orthogonal rows fo r % = 1, £ + 1 , and 
of full column rank, having mutually orthogonal columns fo r j = 1 , . . . , ( , ( + 1 . 

8.3.4 Final permutation 
Now w e again w a n t t o agg rega te t h e re levant in fo rmat ion revealed in t he 
nonzero b locks of t h e r i gh t -hand s ide H. This can be d o n e by a pair o f per
mu ta t ion mat r i ces 

0 

0 

0 

o 

0 

o 

0 

0 

0 

o 

0 

0 

0 
o 

^ j + i - M j + i 

127 



0 0 

nR,rj == 0 

0 

0 

0 "C+l 

o 

0 

0 

o 
si-~si. 

0 

0 

o 

e ®d., 

since 

' #1,1 o" ' HiX 0 ' " #U+i o " 
0 0 0 0 0 0 

" # « 0" "#€,<+i 0" 
0 0 0 0 0 0 

#€+i,i 0 " "#€+i,< 0" #£+l,C+l 0 

0 0 0 0 0 0 

n R,U 

' #1,1 ••• Hu #i,C+i 

#U ... HU #£,C+i 
^m,d—d 

#C+i,i • • • #?+i,C #e+i,c+i 

^m—m,d—d ^m—rn,d—d . 

m,d—d 

^m—m,d—d ^m—m,d—d 

w h e r e m = Ynli'Pi a n c l d = Ylj=i$j- W e s e e t n a t w e in terpre t t h e leading 
pr inc ip le nonzero submat r i x o f (IL[UHU.^U) as 

i.e., t h e core p rob lem r i gh t -hand s ide matr ix ; see (8.4) . 
Similarly as in t h e tenso r r i gh t -hand s ide case (see Sect ion 7.3.5), mu l t i 

p l icat ion of t h e w h o l e approx imat ion p rob lem by bo th pe rmu ta t i on mat r i ces 

u 

resul ts in shuf f l ing t h e d iagona l s t ruc tu re of t h e sys tem mat r ices £ and In 
order t o ge t mat r i ces in b lock -d iagona l f o r m w i t h d iagona l b locks w e emp loy 
t w o o the r pe rmu ta t i on mat r i ces 

n L , V 

ft] 

0 

0 

0 

o 0 

0 

0 

0 

0 
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n R v E E 

Then , simi lar ly as in (7.11), 

si 0 0 
0 

0 
0 

L o1-d1 J 

0 h 0 0 0 
0 

0 0 0 0 

4_.ii o 
0 4 , 2 2 

£ 7 C + 1 

4*,11 0 
0 Ao22 

is t h e w a n t e d b lock -d iagona l s t ruc tu re ; see (8.4) . 

8.3.5 Summary of the reduction 
Let us summar ize t h e who le reduc t ion . S tar t ing w i t h (8.1) w e p roceed : t rans
fo rma t ion based on SVD of t h e sys tem matr ix (8.6) , r i gh t -hand s ide d e c o m 
pos i t ion (8.7), and f inal pe rmu ta t i on . In to ta l w e ge t 

(Ul^Ll^Ul) AL (VLLLyULy) J (UlyLlyV^) X (VRLRyIlRy) 

KvLlvVR

T)AJ

R (URLRJUURJU)) « ( (U[„L[uUl) B (URLRJUURJU) 

' 4 , 1 1 o X ' 4*,n 0 
T 

' B, 0 " 
0 A L , 2 2 . 

X 
0 A R , 2 2 _ 0 0 

i.e., 

t he core p rob lem reveal ing t rans fo rma t i on (8.3), (8 .4) . Clearly, 

P = U\_LLJUU.LJU, Q = VLLLyULy, R=VRLRyIlRy, and K = URLRjjTlRu. 

and 

m = n 
5 C+i_ C 

i=l i=l j=l j=l 

The min imal i ty of th is cons t ruc t i on is d i scussed in [ 9 ] ; see also [ 6 ] . 

8 . 4 PROPERTIES OF CORE PROBLEM 
W I T H I N ALXA\nB 

The above desc r i bed co re p rob lem reduc t ion guaran tees t h e fo l low ing prop
er t ies of t h e core p rob lem 

ALillXnAln « B1 

wi th in t h e bi l inear p rob lem w i t h matr ix r i gh t -hand s ide (see [9 ] ) : 
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*(CP1) A L i l l e M M X " is of full column rank equa l t o n, and 

- 4 R , H e Rd xZ is of full column rank equal t o c. 

* (CP2) BxURj e R™*** are of ft/// column rank equal t o <5j( for j = 1,..., C, C + 1. 

* (CP3) t / J ^ i e R ^ x 5 are of full row rank equa l to /Z i( fo r z = 1, + 1. 

(CP4) AL in] e M ™ X ( ™ + ^ ) is of ft/// r o w rank equal t o m, and 

[-BJ", AR iu] e Rdxic+m) j s o f f t / // r 0 M / r a n / c e q u a | _̂ 
Columns of C/ L j i f o r m t h e basis of t h e zth left s ingular vec to r subspaces of 
ALjll ( inc lud ing t h e nu l l - space of Aln), and co lumns of URjj f o r m t h e basis 
of t h e j t h left s ingular vec to r subspaces of ARjll ( inc lud ing t h e nu l l - space of 
Al n ) . Three p roper t ies w h i c h are as ter isked are again in fac t equ iva len t to 
t he min imal i ty of such subp rob lem. For more in teres t ing p roper t ies of t h e 
core p rob lem see in par t icu lar [9] and [11, Append i x A ] . 

Remark 7 (on TLS so lvab i l i t y ) . The bilinear (core) problem with matrix right-
hand side is a matrix approximation problem (there are no tensors of higher 
orders), however, the TLS theory for such problems is (up to the knowl
edge of the author) not done yet; see also Remark 6. Consequently, we 
do not know whether such core problem does or does not have the (pos
sibly unique) TLS solution. TLS solvability is analyzed only (i) for d = c = 1 
— the vector right-hand side problems (see [2], [22]); and (ii) for d = c with 
AR = ld and with fixed ER = odd — the matrix right-hand side problems (see 
[30], [5]). 
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9 MULTILINEAR (OR k-LINEAR] 
PROBLEM WITH TENSOR 
RIGHT-HAND SIDE 

The mos t genera l var iant o f l inear approx imat ion p rob lems can be ach ieved 
by t h e comb ina t i on of t h e t w o p reced ing cases , w h e r e the re is a tenso r r igh t -
hand s ide and mult i l inear mapp ing . This y ie lds in t h e /H inea r p rob lem w i t h 
tensor r i gh t -hand s ide. Related resul ts have been recent ly pub l i shed in [11]; 
see also t h e enc losed c o p y on page 187. 

9 . 1 PROBLEM FORMULATION AND THE 
TLS M I N I M I Z A T I O N 

By t h e /H inea r approx ima t ion p rob lem w e unders tand 

(Al,...,Ak\X) w B , As eRmaXn% X eRniX-xnk, B e R m i X - x m k , (9.1) 

w h e r e s = 1 , . . . , k; see [11]. By so lv ing such p rob lem in t h e TLS sense, i.e., by 
the TLS m e t h o d , w e unde rs tand so lv ing t h e fo l low ing min imiza t ion p rob lem 

sub jec t t o 3 A J L S e Rn^-*n* : (A1 + E1,...,Ak + Ek\ XTLS) = B + g. 

We call it t h e /H inea r TLS p rob lem w i t h tenso r r i gh t -hand s ide. 

R e m a r k 8 (on TLS so lvab i l i ty ) . Similarly to the bilinear case (see Remark 
6), results on TLS solvability generalizing the classification from [5] are not 
known to the author. The question of TLS solvability of bilinear and k-linear 
TLS problems remains open. It is, however, out of the scope of this thesis. 

E1 e R m i x « i 
(9.2) 
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9 . 2 CORE PROBLEM WITH IN 
(A1,...,Ak\X)aB 

W h e n w e w a n t t o ex t rac t t h e core p rob lem w i th in /H inea r p rob lem (9.1), w e 
again seek for o r t hogona l t r ans fo rma t i on , now real ized by 2k o r t hogona l m a 
t r ices 

(P1,Q1,...,Pk,Qk) e O m i x O n i x ••• x O m f e x O n f e . 

The co r respond ing TLS min imiza t ion s tays unchanged under t rans fo rmat ion 

PiA1Q1 Pk

JAkQk (QJ

l,...,Ql\X))*(Pl,...,Pk

J\B) (9.3) 

due t o t h e o r t hogona l invar iance of t h e emp loyed norms. 
The goal is t o f ind such o r thogona l t r ans fo rma t i on y ie ld ing a b lock d i a g 

onal s t ruc tu re of t h e p rob lem ( tensors i l lus t ra ted as be ing of o rder t h ree for 
clar i ty) 

A h l l 0 
0 A,22 

Ak,u 0 
0 Ako2 

yXn2yXr/ 
i t l l l A.121 

yA2\2yX2^ 

i ? r o • (9.4) 

The or ig inal p rob lem is, the re fo re , pa r t i t i oned in to 2k subp rob lems , in par t ic 
ular, 

ntli X ••• XTij B1 e i m i X... x m j (A1,11,...,Ak,11\X1...1)^B1, AsA1eRm°xn% 

w h e r e s = l , . . . , k, and 

(̂ 4i,nn, • • -,Ak,ikik | Xh...ik) ~ 0, (ii,...,i f c) G ({1,2}*\ (1,...,1) 

The on ly subp rob lem w e need t o solve is t h e f i rs t one ; t h e o the rs obv ious ly 
have zero so lu t ions. The f i rs t subp rob lem w i t h min imal d imens ions (among 
all poss ib le o r t hogona l t r ans fo rma t ions y ie ld ing th is b lock s t ruc ture) is ca l led 
t he core p rob lem; see [11]. 

9 . 3 CORE PROBLEM REDUCTION FOR 
(A1,...,Ak\X)nB 

In th is sec t ion w e summar ize t h e p rocess of core p rob lem reduc t ion for t h e 
mul t i l inear p rob lem w i t h tensor r i gh t -hand s ide. This reduc t ion w a s a l ready 
pub l i shed in [11] (no ta t ion in t h e paper d i f fe rs f r o m t h e no ta t ion here; w e p re 
fer s impl ic i ty in t h e paper, whe reas cons i s tency a m o n g ind iv idual reduc t ions 
here) . It genera l izes t h e p rocedure of t h e core p rob lem reduc t ions pub l i shed 
in [8] (see Sect ion 7.3) and in [9] (see Sect ion 8.3). The p rocedure aga in c o n 
sists o f t h ree s teps : 
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• T rans fo rmat ion of t h e sys tem mat r i ces (Sect ion 9.3.1). 

• Par t i t ion ing and t rans fo rma t i on of t h e r i gh t -hand s ide (Sect ion 9.3.2). 

• Final pe rmu ta t i on (Sect ion 9.3.4) . 

The r i gh t -hand s ide p reprocess ing is aga in d o n e impl ic i t ly . 

9.3.1 Transformation of the system matrices 
Similar ly t o t h e bi l inear p rob lem, w e s ta r t w i t h SVDs of all s ys tem mat r ices 
and w e t rans fo rm t h e m in to d iagona l f o rms , i.e., 

As = UsXsVj, UseOms, £ s e i r * x " % VeOns, for s = l,...,k. 

Let As have £ s d is t inc t nonzero s ingular values 

crs,i > aS)2 > •••> aS£a > 0. 

and let / x M s , is = l , . . . , £ s , be the i r mul t ip l ic i t ies , i.e., 

= r ank (A s ) . 
ig = l 

Further d e n o t e 

fjia^+1 = ms- rank(A , ) = d\m(N(AJ

s)), va£t+1 =na- r ank (A s ) = d\m(N(As)). 

Thus 

S s = d i ag (cT S , 1 J / , 3 I L , . . . , G T S , 6 J ^ 3 , 0 ^ 3 + 1 , ^ 3 + 1 ) , for s = l,...,k. (9.5) 

Employ ing t hese SVDs, t h e or ig inal p rob lem (9.1) is t r a n s f o r m e d to 

(u?A1V1,...,UlAkVk\(V?,...,V?\X)) « (Ul...,UJ

K\B), 

w i t h d iagona l s ys tem mat r i ces , and whe re 

y = (V?,...,Vk

J \ X) e l " l X - x n t , and 

F = \UI,...,UI\B) e r ! 

(9.6) 

L x ••• xmj. 

9.3.2 Partitioning and transformation of the right-hand side 
In th is s tep w e again w a n t t o t r ans fo rm t h e r i gh t -hand s ide tensor such tha t : 
w e preserve t h e ach ieved d iagona l s t ruc tu re of sys tem mat r i ces , and w e also 
get as many zero b locks (in t h e f o r m of who le zero f ibres) in t h e r i gh t -hand 
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s ide tenso r as poss ib le . In order t o d o tha t , w e cons ider t h e par t i t ion ing of 
T w.r.t. mul t ip l ic i t ies of s ingular va lues of ASI i.e., 

Fs,i 
D m s x ( A j r / m s ) w h e r e Fs,is e r ' - - x ( ^ / m s )

; 

for is = 1,... , 6 , 6 + 1 and s = 1 , . . . , k, and w h e r e AT = l\k

e=1me. Tensor 7 is, 
the re fo re , pa r t i t i oned in to a gr id o f 

(6 + 1) x ••• x (6 + 1) 

sub - t enso rs 

for is = l , . . . , 6 , 6 + 1 and s = l , • • •, k. (Matr ix FSjis con ta ins s - m o d e f ib res of 
all s u b - t e n s o r s Fiu...jik w i t h t h e sth index f i xed t o t h e va lue is, so r ted in the 
inverse lex icograph ica l o rder w.r.t. the i r mul t i - ind ices. ) Let 

7xMs = r a n k ( F M J 

and cons ider (semi -economica l ) SVDs 

e.s 
o 

ß s , i s ßs^glf1. 

W /T 

w h e r e 

and w h e r e , in par t icu lar : 

• 6 S ) i 3 are d iagona l inver t ib le o f o rder ~ßsia, and 

• W't have o r t hono rma l co lumns , i.e., W'l, W't = h . , 

for zs = l , . . . , 6 , 6 + 1 and s = l , . . . , k. 

Def ine o r t hogona l mat r i ces 

Ls,u = d i a g ( L S j i , . . . , LS£a, LS£a+i) G O M S . 

Lsy = d i a g ( L S j i , . . . , L S £ 3 , l V s i s + 1 ) e 
Since (9.5), 

L[,U £« Lsy for s = l , . . . , f c , 

t he p rob lem (9.6) can be f u r t he r t r a n s f o r m e d , wh i le p reserv ing d iagona l sys
t e m mat r i ces t o 

( LiTjTuLiy,..., LljjUkLky ( L[v , • • •, L~iy I ^ ) ) ~ (̂ l,u-> • • • •> ̂ l,u l^7)-

(Ei,..., Efc I ̂ ) 
w i t h d iagona l s ys tem mat r i ces , and whe re 

Z = ( L T y , . . . , 4 y | y ) e r x - x n t , and 

K = ( L ^ , . . . , L ^ | J - ) e r ; 

(9.7) 
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9.3.3 Note on structure of the right-hand side 
It w o u l d be usefu l t o look at t h e s t ruc tu re of t h e new r i gh t -hand s ide of (9.7). 
Employ ing t h e s - m o d e mat r ic iza t ion (see [15]), w e ge t 

H { s } = L]v F { s } ((LktU ® • • • ® La+ltU) ® {Ls-xju ® • • • ® LhU)) 

L8& + 1F8&+1 

A, 

w h e r e ® is t h e Kronecker p roduc t . This mat r ic iza t ion has b l ock - rows of t he 
f o rm 

Ls,i3Fs,is 0 Ms, i s -M s , i s ,A j r /m s _ 
A, 

w i t h jisis nonzero and mutua l ly o r t hogona l rows ( fo l lowed by / x M s - ~ßs,ia
 z e r o  

rows) , for all s = l , . . . , k. In t e r m s of t h e gr id o f s u b - t e n s o r s w e ge t 

( ^Mi>• • • iLJ

kik J7J!,...,i f c) = d iag f c ( 'H j l j . . . j j f c ,o j U l i i i _ jü l i . i ! ,ßk,ik —ßk,ih I ' 

where 

Moreover , no te t ha t a matr ix f o r m e d as b l ock - row of s - m o d e mat r i c i za -
t ions of all , i k t enso rs w i t h t h e g iven f i xed va lue is o f t h e sth index is 
of ful l row rank equal t o jiSjis hav ing mutua l ly o r t hogona l rows, for all is = 

+ l and s = 

9.3.4 Final permutation 
Similar ly as in prev ious t w o cases (see Sect ions 7.3.5 and 8.3.4) . Tensor % 
(of d imens ions xk

s=1ms) cons is ts of t h e regular gr id of s u b - t e n s o r (of d i m e n 
s ions xk

=1fisds) w i t h nonzero leading pr inc ipal pa r ts Hiu...,ik (of d imens ions 
={fl8jB)] i l lust rat ion fo r s = 3: 

( -^1,11 5 ^ 2 , i 2 ' ^ 3 , i 3 I i i , i 2 , i 3 ) 

-e- o • » 1 , » 2 , » 3 

0° 0 ° 

The f inal s tep co l lec ts all t h e b locks Hiu...,ik t o g e t h e r in t h e leading pr inc ipal 
corner o f t h e who le tensor , wh i le f o rm ing Bl t he re . It is aga in real ized by 
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permu ta t i on mat r i ces USiU = 

' C s , l 
0 

0 

0 
o 

0 

0 

0 

0 

0 0 

of o rder ms, fo r s = 1 , . . . , k. Then 

( n l i £ / , . . . , | n) = d i a g ^ , omi_m, 

w h e r e m s = X)fB=i A W T n e lead ing pr inc ipal b lock 

.,mk-mkJ; 

f i i i i x ••• xmj. 

is t h e core p rob lem r i gh t -hand s ide tensor ; see (9.4) . 
App l i ca t ion of all t hese pe rmu ta t i ons on t h e who le approx ima t ion p rob lem 

again shuf f le d iagona l i t y of all s ys tem mat r i ces E s . The i r s t ruc tu re canno t be 
ful ly res to red in genera l , bu t t h e y can be p e r m u t e d into b lock -d iagona l f o rm 
w i t h d iagona l b locks — again by emp loy ing pe rmu ta t i on mat r i ces 

0 

0 

0 

0 

o 
0 

0 

0 

0 

0 

0 

Then simi lar ly as in (7.11) 

is t h e w a n t e d b lock -d iagona l s t ruc tu re ; see (9.4) 

Aa,n 0 
0 A 2 2 

9.3.5 Summary of the reduction 
Let us summar ize t h e who le reduc t ion . S ta r t ing w i t h (9.1) w e p roceed : t rans
fo rma t ion based on SVD of t h e sys tem matr ix (9.6) , r i gh t -hand s ide d e c o m 
pos i t ion (9.7), and f inal pe rmu ta t i on . In to ta l w e ge t 

(JllyLlyV,), ... , (Tlk~yLk~yVk

J) | X ) ) « ( (Ill^uj), ... , (U^ L^U, B 
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i.e., 

A M i 0 
0 Ah22 

Aktll 0 
0 Ako2 

x « d iag f c ( B i , o T O 1 _ m i j .,mk-mkJ; 

t he core p rob lem reveal ing t rans fo rma t i on (9.3) , (9.4) . Clearly, 

PS = USLSJUUSJU, and QS = VSLSYUsy, fo r s = l,...,k, 

and 
6 + 1 ^ 

ii's = ^2^3,^ a n d « » = $ ^ ^ a , i , , f o r s = l,...,k. 
ig = l is=l 

The min imal i ty of th is cons t ruc t i on is d i scussed in [11]; see also [6 ] . 

9 . 4 PROPERTIES OF CORE PROBLEM 
W I T H I N (A1,...,Ak\X)*iB 

The p rocedure of t h e core p rob lem reduc t ion again gua ran tees t h e p roper 
t ies of co re p rob lem 

0Ai.il, • • •, i4fc.ii I ~ #i, 

wi th in /c-linear p rob lem w i t h tensor r i gh t -hand s ide (see [11]), fo r s = 1,..., k: 

*(CP1) A s .n e M m s X n = are of full column rank equal t o ns. 

* ( C P 2 - 3 ) Uji B\ s } e K^.,i. x(A»iM.) are of ft/// r o w rankjisi, fo r zs = 1 

(CP4) [B\ s }, As.n] e M m
s x K + A 8 i / m

s ) are of ft/// r o w ran/c equal to m. 

Recall t ha t A B l = Ylk

=1rne, and co lumns of USjia form t h e basis of t h e z sth left 
s ingular vec to r subspaces of ASjU ( inc lud ing t h e nu l l - space of A j n ) . Aga in , 
t he t w o as ter isked p roper t ies are equ iva len t t o t h e min imal i ty of such s u b -
p rob lem. For f u r t h e r p roper t ies of th is co re p rob lem see in par t icu lar [11]. 

R e m a r k 9 (on TLS so lvab i l i ty ) . Discussion about potential TLS solvability of 
such core problem is fully open, since the TLS theory for multilinear approxi
mation problem is (up to the knowledge of the author) not done yet; see also 
Remark 8. It is done only (i) for k = 1 (or equivalently d2 = • • • = dk = 1) — the 
vector right-hand side problems (see [2], [22]); and (ii) for k = 2 (or equiva
lently d3 = • • • = dk = l) with m2 = n2, A2 = J „ 2 , and with fixed E2 = o „ 2 . „ 2 — 
the matrix right-hand side problems (see [30], [5]). 
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sides. Finally, relations between the matrix and tensor core 
problem are discussed. 
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1. Introduction 

L e t a n d "V b e finite-dimensional l i n e a r ( v e c t o r ) spaces over t h e same field F. T y p 

i c a l l y a n d "V a re spaces o f c o l u m n vec to r s o r m a t r i c e s over t h e field o f r e a l (M) or 

c o m p l e x (C) n u m b e r s . L e t A € ,Y) b e a l i n e a r m a p p i n g , A : aM —* V, w i t h t h e 

r a n g e M(A) 9 "V. C o n s i d e r t h e a p p r o x i m a t i o n p r o b l e m 

A(x)*b, w h e r e x e bit (1 .1) 

are t h e unknown vector a n d t h e right-hand side (observation) vector, r espec t i ve l y . A s 
s u m e t h a t b i M(A), i .e., t h e p r o b l e m does n o t have a s o l u t i o n i n t h e c lass ica l m e a n i n g . 

I f t h e d a t a A a n d / o r b a re c o n t a m i n a t e d b y e r r o r s , v a r i o u s d a t a c o r r e c t i o n t echn iques 

are used t o solve (1 .1 ) . T h e total least squares (TLS) a p p r o a c h is v e r y gene ra l , s ince i t 

a l l ows f o r c o r r e c t i o n s i n b o t h A a n d b b y seek ing f o r a p e r t u r b a t i o n (o r c o r r e c t i o n ) g o f 

t h e right-hand s ide 6, a n d f o r a p e r t u r b a t i o n (o r c o r r e c t i o n ) £ o f t h e m a p p i n g A so t h a t 

m i n 1(5,011* s u b j e c t t o (A +£)(x) = b + g, (1 .2) 

w h e r e || • ||^ deno tes some n o r m i n f x Jif('%f,V), a n d (A + £)(x) = A(x) + £(x). 

N o t e t h a t £ , t h e search set f o r t h e m a p p i n g p e r t u r b a t i o n £ , is e i t h e r t h e w h o l e space 

jSf ('W, V), o r i t s p r o p e r subspace (o r s u b m a n i f o l d ) d e p e n d i n g o n t h e p r o b l e m ( 1 . 1 ) . A n y 

v e c t o r x w h i c h solves t h e p e r t u r b e d p r o b l e m (1 .2) is ca l l ed t h e TLS solution. I n t h e case 

t h a t t h e T L S s o l u t i o n is n o t u n i q u e , we a re o f t e n i n t e r e s t e d i n t h e s o l u t i o n m i n i m a l w i t h 

respec t t o some n o r m || • i n 

T h e T L S ( a n d also c lose ly r e l a t e d o r t h o g o n a l reg ress ion a n d e r r o r s - i n - v a r i a b l e s m o d e l 

i n g ) has b e e n w i d e l y used t o solve p r o b l e m s (1 .1) i n t w o m o s t c o m m o n f o r m s : T h e single 

a n d multiple right-hand side p r o b l e m s , w h e r e b is e i t h e r a c o l u m n v e c t o r o r a m a t r i x , a n d 

A is a m a t r i x ; see f o r e x a m p l e [35, C h a p . 1 ] , [33] , o r [34] . I t is w e l l k n o w n t h a t even i n t h e 

s ing le r i g h t - h a n d s ide case t h e T L S p r o b l e m m a y n o t have a s o l u t i o n ; see t h e ana lys i s 

i n [4], [35] a n d also [5, C h a p . 6 .3 ] . T h e so-ca l led core p r o b l e m t h e o r y i n t r o d u c e d i n [21] 

p r o v i d e d a n a l t e r n a t i v e v i e w o n T L S p r o b l e m s b y s h o w i n g h o w r e d u n d a n t a n d i r r e l e v a n t 

d a t a c a n be r e m o v e d f r o m A a n d b. T h i s a l l o w e d t o c l a r i f y w h y T L S p r o b l e m s m a y n o t 

have a s o l u t i o n a n d w h a t is t h e m e a n i n g o f t h e n o n g e n e r i c s o l u t i o n s d e f i n e d i n [35]. T h e 

s o l v a b i l i t y ana l ys i s o f t h e m u l t i p l e ( m a t r i x ) r i g h t - h a n d s ide case s t a r t e d i n [35] has been 

c o m p l e m e n t e d i n [7]. R e c e n t l y , a lso g e n e r a l i z a t i o n o f t h e core p r o b l e m t h e o r y has b e e n 

d e r i v e d i n a sequence o f p a p e r s [9], [10] , [6]. H o w e v e r , m a n y q u e s t i o n s s t i l l r e m a i n o p e n . 
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I n m a n y p r a c t i c a l cases t h e p r o b l e m u n d e r l y i n g (1 .1) ( a n d t h e r e f o r e a lso i t s s o l u 

t i o n ) d e p e n d s o n one o r m o r e p a r a m e t e r s t h a t i m p o s e some f u r t h e r s t r u c t u r e i n t o t h e 

d a t a ; see fo r e x a m p l e [23] w h e r e t h e m a p p i n g d e p e n d s o n a v e c t o r o f p a r a m e t e r s , o r 

[18] w h e r e t h e r i g h t - h a n d s ide d e p e n d s o n t i m e . T L S p r o b l e m s o r i g i n a t e d i n no ise a n d 

e r r o r - c o n t a m i n a t e d d y n a m i c a l s ys tems (see [25]) n a t u r a l l y d e p e n d o n t i m e ; d y n a m i c a l 

sys tems d e p e n d i n g o n m o r e p a r a m e t e r s c a n be f o u n d , e.g. , i n t h e O b e r w o l f a c h c o l l e c t i o n 

[16]. A s s u m e t h e s i m p l e s t case, w h e r e t h e r i g h t - h a n d s ide v e c t o r b d e p e n d s o n severa l 

( le t say k - 1) p a r a m e t e r s A2, A 3 , . . . , A&. E a c h o f t h e p a r a m e t e r s A j is s a m p l e d i n some 

r e g i o n o f i n te res t t o dj samp les a n d we have i n h a n d s t h e o b s e r v a t i o n b o n t h e r e g u l a r 

C a r t e s i a n g r i d o f these samp les . I f b is a n m - v e c t o r , t h e w h o l e set o f o b s e r v a t i o n s f o r m 

a fc-way t e n s o r B, a h y p e r b l o c k o f en t r i es o f d i m e n s i o n s m x d 2
 x ••• x dk\ see f o r e x a m p l e 

[13] o r [12] f o r t h e same a p p r o a c h i n a d i f f e ren t c o n t e x t . T h i s y i e l d s n a t u r a l l y a p r o b l e m 

(1 .1) o f t h e f o r m 

A(X) = Ax1X<»B, (1 .3) 

w h e r e A is a m a t r i x , X a n d B a re tensors of unknowns and right-hand sides, r espec t i ve l y , 

a n d " x j " s t a n d s f o r a matrix-tensor product t h a t w i l l be spec i f i ed l a t e r i n s e c t i o n 3 . 1 ; 

see ( 3 . 2 ) . ( N o t e t h a t , f o r a gene ra l l i nea r a p p r o x i m a t i o n p r o b l e m A(X) RS B t h e m a p p i n g 

m a y a lso be a t e n s o r o f a p p r o p r i a t e d i m e n s i o n s ; ana l ys i s o f t h i s gene ra l case is h o w e v e r 

o u t o f t h e scope o f t h i s p a p e r a n d w i l l be p resen ted e lsewhere . ) T h e p r o b l e m (1 .3) c a n 

be t r i v i a l l y r e s h a p e d ( m a t r i c i z e d ) i n t o a m a t r i x p r o b l e m , a n d so l ved b y s t a n d a r d m a t r i x 

m e t h o d s i n c l u d i n g t h e T L S . H o w e v e r , i n t h i s p a p e r we show m a t h e m a t i c a l l y t h a t l e a v i n g 

t h e t e n s o r s t r u c t u r e ( i m p o s e d b y t h e p a r a m e t e r s ) o f t h e d a t a m a y n o t b e a p p r o p r i a t e . 

Overview of our contributions: W e f o r m u l a t e t h e T L S m i n i m i z a t i o n w i t h i n (1 .3) i n 

a t e n s o r f o r m . W e show t h a t a l t h o u g h t h e bas ic T L S s o l v a b i l i t y r esu l t s c a n t h e n be 

o b t a i n e d d i r e c t l y b y m a t r i c i z a t i o n o f (1 .3 ) , t h i s is n o t t r u e f o r t h e core p r o b l e m r e p r e 

s e n t i n g t h e necessary and sufficient information w i t h i n (1 .3 ) . B y e m p l o y i n g t h e so -ca l led 

T u c k e r d e c o m p o s i t i o n o f t h e r i g h t - h a n d s ide t e n s o r B, we p r o v e t h a t t h e r e a l w a y s ex is ts 

t h e t e n s o r s h a p e d core p r o b l e m t h a t p reserves t h e i m p o s e d s t r u c t u r e . W e deve lop a n ex

p l i c i t u n i t a r y t r a n s f o r m a t i o n r e v e a l i n g t h i s t e n s o r core p r o b l e m . T h e n we show t h a t t h e 

t e n s o r core p r o b l e m is i n gene ra l d i f f e ren t f r o m i t s c o u n t e r p a r t o b t a i n e d f r o m t h e m a t r i 

c i z a t i o n o f ( 1 . 3 ) . F i n a l l y , t h e resu l t s a re e x t e n d e d t o p r o b l e m s w i t h even m o r e s t r u c t u r e d 

right-hand sides ca l l ed t h e c o u p l e d T L S p r o b l e m s . T h i s f o r m u l a t i o n c o u l d b e a p p r o p r i a t e 

fo r e x a m p l e w h e n t h e o b s e r v a t i o n s a re n o t ava i l ab l e f o r t h e f u l l C a r t e s i a n g r i d , a n d t h e 

m i s s i n g c o l u m n s a re a v o i d e d , e.g. , b y c u t t i n g t h e i n c o m p l e t e h y p e r b l o c k i n t o some set 

of i t s m u t u a l l y d i s j o i n t sub tenso rs . P r e s e n t e d resu l t s m a y b e use fu l i n s o l v i n g o f a p p r o x 

i m a t i o n p r o b l e m s w i t h s t r u c t u r e d right-hand s ides, w h e r e t h e least squares t e c h n i q u e s 

are h e a v i l y e m p l o y e d (see, e.g. , [27] ) . S ince t h e i n t r o d u c e d t e n s o r f o r m u l a t i o n covers a lso 

t h e f o r m u l a t i o n s a n a l y z e d p r e v i o u s l y , we be l ieve i t c a n h e l p w i t h u n d e r s t a n d i n g o f some 

of t h e o p e n q u e s t i o n s r e l a t e d t o s t a n d a r d T L S p r o b l e m s . 
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T h e o r g a n i z a t i o n o f t h e p a p e r is t h e f o l l o w i n g . S e c t i o n 2 b r i e f l y s u m m a r i z e s t h e c las

s ica l ( v e c t o r a n d m a t r i x r i g h t - h a n d s ide) T L S f o r m u l a t i o n s . S e c t i o n 3 reca l l s some bas ic 

d e f i n i t i o n s r e l a t e d t o tenso rs . S e c t i o n 4 i n t r o d u c e s t h e tenso r r i g h t - h a n d s ide T L S p r o b 

l e m a n d der i ves t h e t e n s o r i z e d core r e d u c t i o n w h i l e p r o v i n g t h e ex i s tence a n d un iqueness 

o f t h e o b t a i n e d core p r o b l e m . S e c t i o n 5 genera l izes t h e resu l t s t o t h e c o u p l e d T L S 

p r o b l e m — a set o f severa l p r o b l e m s w i t h t h e same m a t r i x A a n d d i f f e ren t t e n s o r r i g h t -

h a n d s ides. S e c t i o n 6 c o m p a r e s t h e o r d i n a r y a n d t e n s o r core p r o b l e m . S e c t i o n 7 conc ludes 

t h e p a p e r . 

T h r o u g h o u t t h e p a p e r Ig (o r j u s t I) deno tes a,n£x£ i d e n t i t y m a t r i x a n d (or j u s t e;) 

i t s i t h c o l u m n ; 0 ^ (o r j u s t 0 ) deno tes a n £ x £ zero m a t r i x ; a n d M T , M* = M1, &(M), 

a n d JV(M) d e n o t e t h e t r a n s p o s i t i o n , t h e H e r m i t i a n c o n j u g a t i o n , t h e r a n g e , a n d t h e 

nu l l - space o f a m a t r i x M, r espec t i ve l y . F u r t h e r , M <g> K deno tes t h e K r o n e c k e r p r o d u c t 

o f m a t r i c e s w h e r e irtij, t h e ( i , j ) t h e n t r y o f M is r e p l a c e d b y t h e b l o c k rriijK. 

2. Classical TLS formulations 

I n t h e c lass ica l s e t t i n g , t h e m a p p i n g A is r ep resen ted b y a ( g e n e r a l l y r e c t a n g u l a r ) m a 

t r i x A ca l l ed t h e system (or model) matrix. W e cons ide r t w o cases o f p r o b l e m s d e p e n d i n g 

o n t h e n u m b e r o f o b s e r v a t i o n s b e i n g ava i l ab l e f o r t h i s m o d e l . 

2.1. Single right-hand side problem 

T h e s i m p l e s t case o f (1 .1) is t h e single right-hand side problem o f t h e f o r m 

Ax » 6, o r , e q u i v a l e n t l y , [b, A] (2-1) 

w h e r e A e F m x ™ , x e F™, a n d b e F m . H e r e (1 .2) is t y p i c a l l y c o n s i d e r e d as 

m i n II[g,E]\\ F s u b j e c t t o (A + E)x = b + g, (2 .2) 
E€¥mxn 

i .e., t h e correction matrix [5 ,E] is m i n i m i z e d i n t h e F r o b e n i u s n o r m . 

G o l u b a n d V a n L o a n gave t h e su f f i c ien t c o n d i t i o n f o r t h e ex i s tence o f t h e u n i q u e T L S 

s o l u t i o n o f ( 2 . 1 ) - ( 2 . 2 ) i n [4]. V a n H u f f e l a n d V a n d e w a l l e f u r t h e r e x t e n d e d t h e ana lys i s 

a n d o b t a i n e d t h e necessary a n d su f f i c ien t c o n d i t i o n f o r t h e ex is tence o f a n y ( p o s s i b l y 

n o n u n i q u e ) T L S s o l u t i o n . T h e y a lso i n t r o d u c e d t h e c o n c e p t o f t h e n o n g e n e r i c s o l u t i o n 

fo r t h e case w h e n t h e T L S s o l u t i o n does n o t ex i s t ; see [35, C h a p . 3 ] . 

T h e ana l ys i s w a s c o m p l e m e n t e d b y t h e so-ca l led core problem t r a n s f o r m a t i o n i n [19] , 

[20] , a n d i n p a r t i c u l a r [21] . S ince t h e F r o b e n i u s n o r m i n (2 .2) is u n i t a r i l y i n v a r i a n t , t h e 

o r i g i n a l p r o b l e m (2 .1) c a n be t r a n s f o r m e d t o 

Ax = (P*AQ)(Q*x) * (P*b) =b, (2.3) 
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w h e r e P " 1 = P*, Q " 1 = Q* a re u n i t a r y m a t r i c e s ; o r , e q u i v a l e n t l y , 

fb,A] P*[b,A] 
1 0 

0 Q 
1 0 

0 Q* 

Pa ige a n d S t r a k o s s h o w e d i n [21] t h a t t h e r e a l w a y s ex i s t P a n d Q g i v i n g 

[b,I]=P*[b,A] 
' 1 0 " An 0 

0 Q. 0 0 A22_ 

(2.4) 

(2.5) 

w h e r e [ & I , J 4 I I ] has m i n i m a l a n d A22 m a x i m a l d i m e n s i o n s over a l l u n i t a r y t r a n s f o r 

m a t i o n s y i e l d i n g t h e b l o c k s t r u c t u r e (2 .5 ) . C o m b i n i n g (2 .4) a n d ( 2 . 5 ) , t o g e t h e r w i t h 

c o n f o r m a l p a r t i t i o n i n g o f x = ^ u e o r i g i n a l p r o b l e m s p l i t s i n t o t w o i n d e p e n d e n t 

s u b p r o b l e m s 

Anxi » &i a n d A22x2 w 0, (2.6) 

w h e r e o n l y t h e f i r s t needs t o b e so l ved , s ince x2 = 0. 

T h e f i r s t p r o b l e m A\\X\ « b\ is ca l l ed t h e core problem. I t is g i v e n u n i q u e l y ( u p t o 

a n u n i t a r y t r a n s f o r m a t i o n ) a n d i t has severa l i n t e r e s t i n g p r o p e r t i e s ; see [21]. F i r s t o f a l l , 

t h e core p r o b l e m a l w a y s has t h e u n i q u e T L S s o l u t i o n . M o r e o v e r , i t s b a c k - t r a n s f o r m a t i o n 

Qx = Q Xl 
0 

(2.7) 

represen ts e i t h e r t h e u n i q u e T L S s o l u t i o n o f (2 .1) i f i t ex i s t s , o r t h e m i n i m u m n o r m T L S 

s o l u t i o n i f (2 .1) has m o r e t h a n one T L S s o l u t i o n s , o r t h e ( m i n i m u m n o r m ) n o n g e n e r i c 

s o l u t i o n i f (2 .1) does n o t have a T L S s o l u t i o n . I n t h i s way , t h e core p r o b l e m r e d u c t i o n 

a l l ows t o e x t r a c t t h e necessary and sufficient information f o r s o l v i n g t h e o r i g i n a l p r o b l e m 

i n t o a t y p i c a l l y s m a l l e r co re p r o b l e m . T h e core p r o b l e m concep t a lso he lps t o e x p l a i n 

t h e m e a n i n g o f t h e n o n g e n e r i c s o l u t i o n ; see [21]. 

2.2. Multiple right-hand side problem 

I n t h e case t h a t m u l t i p l e o b s e r v a t i o n s a re ava i l ab l e , (1 .1) t akes t h e f o r m o f t h e multiple 

right-hand side problem 

AX B, o r , e q u i v a l e n t l y , [ ^ : ^ 4 ] 
-Id 
X '0. (2.8) 

w h e r e A e F m x ™ , X e F " x , a n d B e ¥ m x d . H e r e (1 .2) becomes 
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m m 
G e F m x d 

mm. s u b j e c t t o (A + E)X = B + G, (2.9) 

i.e., t h e correction matrix [G ,E ] is m i n i m i z e d i n t h e F r o b e n i u s n o r m . 

S u c h a p p r o a c h was s t u d i e d b y V a n H u f f e l (see [31], [32] ) , V a n H u f f e l a n d V a n d e w a l l e 

(see [35, C h a p . 3]), W e i (see [38] a n d [39] ) , a n d m a n y o t h e r s . T h e necessary a n d su f f i c ien t 

c o n d i t i o n f o r t h e ex is tence o f t h e T L S s o l u t i o n o f ( 2 . 8 ) - ( 2 . 9 ) was g i v e n i n [7]; see a lso 

[8] a n d [11] . 

T h e g e n e r a l i z a t i o n o f t h e core p r o b l e m concep t was t h e n d e r i v e d i n t h e series o f p a p e r s 

[9], [10] , a n d [6] (see a lso t h e first a t t e m p t s i n [1], [2] , [24] , a n d [22] ) . S ince t h e n o r m 

used i n (2 .9) is u n i t a r i l y i n v a r i a n t , t h e o r i g i n a l p r o b l e m (2 .8) c a n be t r a n s f o r m e d t o 

AX = (P*AQ)(Q*XR) « (P*BR) = S , (2 .10) 

w h e r e P 1 = P*, Q 1 = Q*, R 1 = R* a re u n i t a r y m a t r i c e s . I n [9] i t has b e e n s h o w n , t h a t 

t h e r e a l w a y s ex i s t P, Q, a n d R g i v i n g 

[B,Ä\=P*[B,A] 
' R 0 " ' Bx 0 An 0 

0 Q. 0 0 0 A22_ 
(2 .11) 

w h e r e [ S i , A n ] has m i n i m a l a n d A22 m a x i m a l d i m e n s i o n s over a l l u n i t a r y t r a n s f o r m a 

t i o n s y i e l d i n g t h e b l o c k s t r u c t u r e ( 2 .11 ) . C o n f o r m a l p a r t i t i o n i n g o f X = [xll x2l \ s P ^ s 

t h e o r i g i n a l p r o b l e m i n t o f o u r i n d e p e n d e n t s u b p r o b l e m s 

A11X11*B1 a n d AnX12K0, A22X21 « 0 , A22X22 « 0 , (2 .12) 

w h e r e o n l y t h e first needs t o be so l ved , s ince X\2 = 0, X2\ = 0, X22 = 0 . T h e first 

p r o b l e m A\\X\\ « B\ ca l l ed t h e core problem is a g a i n g i v e n u n i q u e l y ( u p t o a n u n i t a r y 

t r a n s f o r m a t i o n ) . 

I t is w o r t h t o reca l l t h a t t h e m u l t i p l e (as w e l l as t h e s ing le ) r i g h t - h a n d s ide a p p r o x 

i m a t i o n p r o b l e m rep resen ts a core p r o b l e m i f a n d o n l y i f i t sat is f ies t h e f o l l o w i n g t h r e e 

c h a r a c t e r i s t i c p r o p e r t i e s (see [9, s e c t i o n 4 ] ) : 

( C P 1 ) T h e m a t r i x An is o f full column rank. 

( C P 2 ) T h e m a t r i x S i is o f full column rank. 

( C P 3 ) L e t An have £ d i s t i n c t n o n z e r o s i n g u l a r va lues w i t h m u l t i p l i c i t i e s Hi a n d ji^+i = 

d i m ( A / " ( A n ) ) , a n d le t Ui be m a t r i c e s h a v i n g o r t h o n o r m a l bases o f le f t s i n g u l a r 

v e c t o r subspaces o f An as t h e i r c o l u m n s . 

T h e n t h e m a t r i c e s U?Bi a re o f full row rank Hi, f o r i = 1 , . . . , £ , £ + 1 . 

These i m p l y severa l o t h e r p r o p e r t i e s (see [10] a n d [6] ) , a m o n g o t h e r s : 

( C P 4 ) T h e e x t e n d e d m a t r i x [ S i | A n ] is o f full row rank. 
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N o t e t h a t some q u e s t i o n s r e l a t e d t o t h e T L S s o l v a b i l i t y i n t h e m u l t i p l e r i g h t - h a n d side 

case s t i l l r e m a i n o p e n . F o r e x a m p l e , t h e m u l t i p l e r i g h t - h a n d s ide core p r o b l e m ( c o n t r a r y 

t o t h e s ing le r i g h t - h a n d s ide one) m a y n o t have a T L S s o l u t i o n o r t h e T L S s o l u t i o n m a y 

n o t b e u n i q u e ; see [6]. 

2.3. Note on general unitarily invariant norms 

T h e m i n i m i z a t i o n i n (2 .2) a n d (2 .9) c a n b e cons ide red a lso i n o t h e r u n i t a r i l y i n v a r i a n t 

n o r m s . R a n k s o f t h e c o r r e c t i o n m a t r i c e s a re i n b o t h cases b o u n d e d b y t h e n u m b e r 

o f c o l u m n s i n t h e c o r r e s p o n d i n g right-hand s ides, i.e., 0 < r a n k ( [ g , _ E ] ) < 1 a n d 0 < 

r a n k ( [ G , E ] ) < d, r espec t i ve l y . C o n s e q u e n t l y , [g,E] has a t m o s t one n o n z e r o s i n g u l a r 

va lue m a k i n g m i n i m i z a t i o n s i n (2 .2) f o r a l l u n i t a r i l y i n v a r i a n t n o r m s c o n c e p t u a l l y t h e 

same. H o w e v e r , i n t h e m u l t i p l e r i g h t - h a n d s ide case, a t m o s t d s i n g u l a r va lues o f [G, E] 

m i g h t b e n o n z e r o . T h u s , v a r i o u s u n i t a r i l y i n v a r i a n t n o r m s i n (2 .9) g e n e r a l l y l e a d t o 

d i f f e ren t m i n i m i z a t i o n (e .g . , e m p l o y i n g o n l y t h e la rges t s i n g u l a r va lue f o r t h e s p e c t r a l 

n o r m || • ||2, o r a l l n o n z e r o s i n g u l a r va lues f o r t h e F r o b e n i u s n o r m || • \\p, e tc . ; see also [26, 

C h a p . I I . 3 ] a n d [37] ) . T h e c l a s s i f i c a t i o n o f T L S p r o b l e m s w i t h respec t t o a n a r b i t r a r y 

u n i t a r i l y i n v a r i a n t n o r m has b e e n i n t r o d u c e d r e c e n t l y i n [17] a n d [36]. 

3. From matrix to tensor setting 

N o w w e r e p e a t bas ic t e n s o r n o t a t i o n use fu l i n t h e f o l l o w i n g d e r i v a t i o n s . B y a tensor 

of order k we u n d e r s t a n d a fc-way (k > 1) a r r a y o f d i m e n s i o n s ni,ri2,• • • ,rik (nj > 1 , 

j = l , 2 , . . . , * ) , 

T f f l X " 2 X " - x " ' w i t h en t r i es t i 1 > i a (3 .1) 

w h e r e F equa ls IR o r C. I t s i n d i v i d u a l i nd i ces (or d i r e c t i o n s , o r w a y s ) 1 , 2 , . . . , k a re ca l l ed 

modes; see, e.g. , [15], [14] . T h e o n e - w a y a n d t w o - w a y t e n s o r s a re ca l l ed s i m p l y vec to rs 

a n d m a t r i c e s , respec t i ve l y . 

D e n o t e n = l~[j=i nj t h e t o t a l n u m b e r o f en t r i es o f T . T h r e e i m p o r t a n t t y p e s o f s u b -

a r r a y s o f a t e n s o r a re : 

• n/np s u b a r r a y s i n ] p l x - x l x ™ p x l x - x l ca l l ed t h e p-mode fibers, t r i v i a l l y i s o m o r p h i c w i t h 

vec to r s o f l e n g t h np ( t h e f i be rs o f a t w o - w a y t e n s o r a re ca l l ed t h e c o l u m n s a n d r o w s ) ; 

• n/(npnu) s u b a r r a y s i n ] p l x - x l x ™ P
x l x - x l x ™ u x l x - x l ca l l ed t h e (p,u)-modes slices, t r i v 

i a l l y i s o m o r p h i c w i t h np-by-nu m a t r i c e s ( t h e sl ices o f a t h r e e - w a y t e n s o r a re ca l l ed 

f r o n t a l , l a t e r a l , a n d h o r i z o n t a l ) ; 

• np s u b a r r a y s i n ] p ™ i x - - - x ™ p - i x l x ™ p + i x - - - x ™ k ca l l ed t h e p-mode co-fibers, t r i v i a l l y i s o m o r 

p h i c w i t h (k - l ) - w a y tensors . 
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3.1. The matrixtensor product and the tensor norm 

F o r t h e t e n s o r T e fniXn2X

"'
xnk a n d a m a t r i x S e YmpXnp

, t h e pmode matrixtensor 

product
1 is d e f i n e d as t h e fc-way t enso r 

w i t h en t r i es Z i ^ , . , . * = E«=i ^ i . - . v - i 

(3.2) 
a , i p + l , . . . , i f c * ̂ i p , a 5 

i .e., a p - m o d e fiber o f Z is o b t a i n e d b y m u l t i p l i c a t i o n o f S b y a p - m o d e fiber o f T , w h e r e 

t h e fibers are h a n d l e d as vec to r s ; see, e.g. , [3] , [27]. M u l t i p l i c a t i o n b y Si e F " 1 ' ™ ' i n a l l 

m o d e s I = 1 , 2 , . . . , k is f o r s i m p l i c i t y d e n o t e d as 

[ T | S i , 5 2 , • • • , Skj = S f c x f c (-.. x 3 (S2 x 2 ( S i X l T ) ) • • • ) • (3.3) 

I f a l l S^'s are i n v e r t i b l e , (3 .3) c a n be seen as a linear transformation o f T . 

F o r a n o r m o f T we cons ider 

i 

( » 1 « 2 «fc \ 2 

E E - E l*u,i 2 , . . ,d
2 , (3-4) 

»1=1 l 2 = l »fc = l ' 

a s t r a i g h t f o r w a r d g e n e r a l i z a t i o n o f t h e E u c l i d e a n v e c t o r a n d F r o b e n i u s m a t r i x n o r m : 

see [15] . C l e a r l y , (3 .4) is u n i t a r i l y i n v a r i a n t , i .e., 

IIT|| = i i Q P x p r i i = i i [ r i O i , o 2 , . . . , Q f c ] | | , for Q; = Q~P, P = i , 2 , . . . , k . 

3.2. The matricization and the vectorization 

L e t T b e t h e t enso r (3 .1) a n d l e t M = {r\, r 2 , . . . , 7 \ R } , *<? = { c i , c 2 , . . . , c c } be sets o f 

i nd i ces so t h a t MWif = { 1 , 2 , . . . ,k} a n d Mn'if = 0 ( i .e . , k = R + C), a n d n < r 2 < ••• < TR, 

C\ < c 2 < ••• < cc T h e n t h e m a t r i x 

T * = T { r 1 , r a , . . . , r K } 6 F n K x n 0 ) w h e r e N F I E f]f=1 n r , , 7 l C = T\tl ^ ' ^ 

w h i c h c o n t a i n s Ulti2t...tik i n r o w s w i t h m u l t i i n d i c e s (iTR, . . . , i r 2 , « r i ) a n d i n c o l u m n s w i t h 

m u l t i i n d i c e s ( i c c , • • • > i c 2 > * c i ) ; b o t h s o r t e d i n t h e l e x i c o g r a p h i c a l o r d e r , is ca l l ed t h e ma

tricization o f T ; see, e.g. , [15] , [27, C h a p . 3.1.2] . C l e a r l y , Tm = (T^)
J

. W e are p a r t i c u l a r l y 

i n t e r e s t e d i n t h e so-ca l led : 

• £mode matricization or unfolding, w h e r e ^ = { £ } , = { 1 , . . . , k} \ {£}, a n d 

W e u s e t h e p r o d u c t x p w i t h r e v e r s e d o r d e r o f o p e r a n d s i n c o m p a r i s o n t o t h e s t a n d a r d n o t a t i o n g i v e n i n 
[3], t o k e e p c o n s i s t e n t o r d e r i n g o f o b j e c t s i n e q u a t i o n s Ax & b, AX & B, a n d A x i X & B. 
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diag 3 ( r ,5 ) = 

/ / 
r r / / 

/ / s / 

/ / 
/ 

Fig. 1. The direct sum of two three-way tensors T and S. 

c o n t a i n s a l l t h e ^ - rnode fibers o f T as c o l u m n s ( reca l l t h a t n = Yl^=i nj)-

• vectorization, w h e r e ^ = { 1 , 2 , . . . , k}, & = 0 , u s u a l l y d e n o t e d b y 

v e c ( T ) = T { 1 ' 2 ' - ' k } e F " x l , (3 .7) 

w h i c h s tores a l l t h e en t r i es o f T i n one l o n g v e c t o r . 

T h e t e n s o r Z = S x p 7~ (see (3 .2 ) ) c a n b e r e a r r a n g e d b y m a t r i c i z a t i o n Z^ = ST^ • 

S i m i l a r l y , f o r (3 .3) w e have i n gene ra l 

\T| S i , S 2 , . . . , Sk\® = (SrR ® - ® Sr2 ® S r i ) Tm (Scc ® - ® S C 2 ® S C 1 ) T , (3 .8) 

a n d i n p a r t i c u l a r 

v e c ( [ T | S i , S 2 , . . . , S f e J ) = ( S f e ® - ® S 2 ® S i ) v e c ( T ) , (3 .9) 

w h e r e <g> is t h e K r o n e c k e r p r o d u c t o f m a t r i c e s . 

3.3. The concatenation and the direct sum 

L e t Tt e F " l X - x ™ p - l X ^ x ™ p + l X ™ f c , ^ = be a set o f fc-way t enso rs o f t h e same 

d i m e n s i o n s i n a l l m o d e s excep t f o r t h e p t h m o d e . T h e n t h e fc-way t enso r 

T = [ r i , r 2 , . . . , r ? ] p € F " l X - x " - l X « x ^ x " k , w h e r e a = a * (3.10) 

s a t i s f y i n g = [ ( 7 ^ P ^ ) T , (T^^)1, • • • , ( 7 ^ P ^ ) T ] T , is ca l l ed t h e ( p - m o d e ) concatenation 

of t enso rs 7 i - T h e c o n c a t e n a t i o n rep resen ts a d i rec t s u m of tensors in one mode; here 

t h e p - m o d e . 

A direct sum i n a l l m o d e s o f t w o fc-way tenso rs T a n d S o f d i m e n s i o n s nj a n d rrij, 

respec t i ve l y , j = 1 , 2 , . . . , k, is d e n o t e d b y 

d i a g f c ( T , < S ) = T e 5 € F ( " i + ™ i ) x ( " 2 + m 2 ) x . . . x ( n f c + m f c ) . ( 3 n ^ 

see a lso F i g . 1 . I n t h e case o f t w o - w a y tenso rs ( m a t r i c e s ) we use d i a g ( T , S ) . 
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3.4- The Tucker decomposition 

L e t ge = r a n k ( T ^ ) b e t h e r a n k s , a n d 

r{e} = u^v;, ue = [ u ^ u ? ] e w n e x n e , u ^ w n e x e e , u; = u^\ 

t h e s i n g u l a r va lue d e c o m p o s i t i o n s ( S V D s ) o f t h e £ - m o d e m a t r i c i z a t i o n s o f T. S ince t h e 

las t (n£ - Qe) r o w s o f XJ\T^ a re zeros, t h e t r a n s f o r m a t i o n [ T | U * , U % ,• • •,U%\ y i e l ds 

n o n z e r o en t r i es o n l y i n t h e l e a d i n g p r i n c i p a l s u b t e n s o r 

Too™ = I T | U[\U'2\...,U'k*je F e i X e 2 X - x e f c (3 .12) 

ca l l ed t h e Tucker core2 o f T; see [28], [29], [30]; see a lso [15, Sec. 4.1] a n d [27, C h a p . 

3 .1 .2 ] . T h e u n i q u e l y g i v e n size o f t h e T u c k e r core r a n k ( T ) = (gi, Q2, • • •, Qk) is ca l l ed t h e 

multilinear (o r vector) rank o f T ; see, e.g. , [15, Sec. 3 ] . F i n a l l y , 

T = [ d i a g f c ( T c o r e , 0)\UUU2,..., Ukj = [Tcore | U[, U2,..., Ukj (3 .13) 

is ca l l ed t h e ( f u l l a n d e c o n o m i c , r e s p e c t i v e l y ) Tucker decomposition o f T . I t c a n be seen 

as a g e n e r a l i z a t i o n o f t h e ( f u l l a n d e c o n o m i c ) S V D t o tenso rs , b u t t h e T u c k e r core is i n 

genera l f u l l . ' 5 

4. TLS with tensor right-hand side 

I n t h i s m a i n p a r t o f t h e p a p e r we f i r s t genera l i ze t h e T L S f o r m u l a t i o n t o p r o b l e m s 

w i t h a tenso r r i g h t - h a n d s ide a n d d iscuss i t s s o l v a b i l i t y . T h e n we d e r i v e t h e core p r o b l e m 

t r a n s f o r m a t i o n . W e cons ide r a l i n e a r a p p r o x i m a t i o n p r o b l e m 

A x i X v B , w h e r e A a ¥ m m , X € F ™ x d 2 X - x d < % B € F m x d 2 X - x d f c ; (4 .1) 

see a lso t h e i l l u s t r a t i o n i n F i g . 2. 

4-1. Definition and basic solvability result 

W e i n t r o d u c e t h e f o l l o w i n g d e f i n i t i o n . 

Definition 4 .1 (TLS with tensor right-hand side). L e t A x1 X « B b e t h e a p p r o x i m a t i o n 

p r o b l e m ( 4 . 1 ) . T h e m i n i m i z a t i o n p r o b l e m 

2 Similarity in the terminology "Tucker core" and "core problem" is just a coincidence, it does not refer 
to any relation between these two concepts. 

3 A two-way tensor (i.e., a matr ix) wi th the (full and economic) SVD T = UHV* = U'H'V'*, E = diag(E', 0), 
has the Tucker decomposition of the form T = [E | U, V\ = [ E ' U', V 7 ] , i.e., E = JT U*, V T ] , and the Tucker 
core equals E' = \T\U'*, V " T ] . 
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mi a X B 

Fig. 2 . Illustration of linear approximation problems with a matrix A and various right-hand sides. Left: 
The vector (single) right-hand side. Middle: The matrix (multiple) right-hand side. Right: The tensor (of 
order 3) right-hand side. 

m i n (WGf+ \\E\\F)^ s u b j e c t t o (A + E) x1 X = B + Q (4 .2) 

E g F m x ™ 

is ca l l ed t h e t e n s o r r i g h t - h a n d s ide T L S . 

Since t h e m a t r i c i z a t i o n rep resen ts o n l y a r e s h a p i n g o f t h e a r ray , 

(IISII2 + \\E\\2F)^ = (\\G{1}\\2F + \\E\\2F)1> = \\[S{1\E]\\F. 

T h u s we c a n i m m e d i a t e l y f o r m u l a t e a t r i v i a l b u t i m p o r t a n t t h e o r e m r e l a t i n g t h e tenso r 

right-hand s ide T L S p r o b l e m w i t h a p a r t i c u l a r m a t r i x r i g h t - h a n d s ide T L S p r o b l e m . 

Theorem 4 .2 . Let (4-l)-(4-%) be a tensor right-hand side TLS problem. Consider the 

matrix right-hand side TLS problem (2.8)-(2.9) with 

X = XW € F " x d , B = B { 1 } , G = € ¥ n x d , and d=T\k.=2dj, (4 .3) 

i.e., X, B, and G are obtained as 1-mode matricizations of tensors X, B, and Q, re

spectively. Then these two TLS problems are equivalent in the sense that X represents 

a TLS solution of (2.8)-(2.9) if and only if X represents a TLS solution of (4-l)-(4-%)-

Moreover, \\X\\F = \\X\\. 

T h e t h e o r e m d i r e c t l y i m p l i e s t h a t t h e bas ic resu l t s o n t h e ex i s tence a n d un iqueness o f 

m i n i m a l c o r r e c t i o n s E a n d G, a n d o f t h e T L S s o l u t i o n X o b t a i n e d p r e v i o u s l y f o r m a t r i x 

right-hand s ide T L S p r o b l e m s (see t h e s u m m a r y i n s e c t i o n 2) c a n b e t r a n s f e r r e d t h r o u g h 

t h e e q u i v a l e n t f o r m u l a t i o n a lso t o t h e t e n s o r case. M o r e o v e r , t h e m i n i m u m _F -no rm T L S 

s o l u t i o n o f t h e m a t r i x f o r m u l a t i o n ( 2 . 8 ) - ( 2 . 9 ) w i t h (4 .3) equa ls t h e T L S s o l u t i o n o f t h e 

t e n s o r f o r m u l a t i o n ( 4 . 1 ) - ( 4 . 2 ) m i n i m a l i n t h e t e n s o r n o r m (3 .4 ) . C o n s e q u e n t l y , f r o m 

t h e T L S - s o l v a b i l i t y p o i n t o f v i e w , p r o b l e m s w i t h t e n s o r r i g h t - h a n d s ide b e h a v e t h e same 

w a y as t h e m a t r i x r i g h t - h a n d s ide p r o b l e m s . H o w e v e r , g e n e r a l i z a t i o n o f t h e core p r o b l e m 

concep t is s i g n i f i c a n t l y m o r e c o m p l i c a t e d . F i r s t w e d e r i v e t h e t e n s o r core p r o b l e m , i t s 

r e l a t i o n s t o m a t r i x co re p r o b l e m is d iscussed i n s e c t i o n 6. 
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4-2. Revealing the core problem 

N o w we d e r i v e t h e r e d u c t i o n . Bas i c s t r u c t u r e o f t h e i n d i v i d u a l s teps is s i m i l a r t o 

m u l t i p l e r i g h t - h a n d s ide core p r o b l e m d e t e r m i n a t i o n i n [9], b u t r equ i res spec ia l a t t e n t i o n . 

S ince b o t h t h e m a t r i x F r o b e n i u s n o r m a n d t h e t e n s o r n o r m (3 .4) i n (4 .2) a re u n i t a r i l y 

i n v a r i a n t , t h e o r i g i n a l p r o b l e m (4 .1) c a n b e t r a n s f o r m e d t o 

Ax1X^(P*AQ)x1iX\Q*,R*,...,R*kj^iB\P*,R*2,...,R*kj^B, (4 .4) 

w h e r e P " 1 = P*, Q'1 = Q*, R^1 = R*, j = 2 , . . . , k a re u n i t a r y m a t r i c e s . 4 W e a re l o o k i n g 

fo r a t r a n s f o r m a t i o n g i v i n g 

[B\P*,Ri,...,Ri\= d i a g f e ( B i , 0 ) , P*AQ = 
A n 0 

0 A22 

(4.5) 

w h e r e b o t h B\ a n d An have m i n i m a l d i m e n s i o n s over a l l u n i t a r y t r a n s f o r m a t i o n s y i e l d i n g 

t h e b l o c k s t r u c t u r e ( 4 . 5 ) , a n d t h e 1 -mode f i be rs o f B\ a re o f t h e same l e n g t h as c o l u m n s 

o f An. F o r s u c h t r a n s f o r m a t i o n , c o n f o r m a l p a r t i t i o n i n g o f X w o u l d s p l i t t h e o r i g i n a l 

p r o b l e m t o 2 f c s u b p r o b l e m s 

An x i <*i , i , . . . , i w Bi, An x i X\,i2,...,** w 0, 

A22 X l "̂ -2,1 1 W 0, A22 x l X 2 l j 2 , « 0, (4 .6) 

( t 2 , . . . , * f c ) e U . 2 } * - 1 , ( t 2 , . . . , t f c ) * ( 1 , • • • , ! ) , 

w h e r e o n l y t h e f i r s t ca l l ed t h e tensor core problem needs t o be so l ved , s ince t h e o t h e r s 

have t r i v i a l s o l u t i o n s . W e revea l t h e core p r o b l e m i n f o u r subsequen t s teps d e s c r i b e d i n 

t h e f o l l o w i n g sec t ions : 

4.2 .1 P r e p r o c e s s i n g o f t h e r i g h t - h a n d s ide: 

4.2.2 T r a n s f o r m a t i o n o f t h e s y s t e m m a t r i x : 

4.2.3 T r a n s f o r m a t i o n o f t h e right-hand s ide: 

4.2.4 F i n a l p e r m u t a t i o n . 

4-2.1. Preprocessing of the right-hand side 

L e t (61,62,-•• ,6k) = r a n k ( K ) be t h e m u l t i l i n e a r r a n k o f B, a n d 

B = [ d i a g f c ( £ c o r e , 0 ) \Ri,R2,...,Rkl = \R[,R'2, • • •,R'kj (4 .7) 

Here we are not fully consistent with the core problem revealing transformation introduced for the 
matrix right-hand problems. The transformations of X and B in (2.10)—(2.11) become in the tensor notation 
X = [ X |Q*,(i?)*] and B = [ B | P * , ( H ) * J , respectively. In particular, R becomes R\ see (3.3) and also the 
footnote 3 on page 250. 



7. Hnetynkovd et al. / Linear Algebra and its Applications 555 (2018) 2^1-265 253 

be i t s T u c k e r d e c o m p o s i t i o n , i.e., B C O T e e WSlxS2X"'xSk. T h e n 

A X l [XIIn,R*2,...,R*kj <* [B\Im,R*2,...,R*kl (4 .8) 

w i t h c o n f o r m a l p a r t i t i o n i n g o f t h e t e n s o r o f u n k n o w n s (as be fo re ) s p l i t s t h e o r i g i n a l 

p r o b l e m t o 2 f c _ 1 s u b p r o b l e m s . O n l y t h e first s u b p r o b l e m 

A x . y ^ C , (4 .9) 

w h e r e 

C = [B\Im,R^,...,Ri;] =lBcole\R[,I52,...,I5Je¥m*s**-*s<° a n d 

y = iX\In,R'2\...,R'k*J 6 F » X * " X - X * * , 

has a n o n z e r o r i g h t - h a n d s ide a n d t h u s needs t o be so l ved . T h e o t h e r s u b p r o b l e m s have 

t r i v i a l s o l u t i o n s . M o r e o v e r , ^ - m o d e m a t r i c i z a t i o n s o f t h e r i g h t - h a n d s ide C f o r £ = 2,...,k 

are o f full row rank having mutually orthogonal rows. 

4-2.2. Transformation of the system matrix 

C o n s i d e r t h e S V D o f A, 

A = UYV\ U a ¥ m x m , S e K r a x n , V a ¥ n x n , (4 .11) 

w h e r e U* = U-1, V* = V'1. L e t A have £ distinct n o n z e r o s i n g u l a r va lues 

i 7 i > 0 2 > ••• > <?i > 0, (4-12) 

a n d le t mt, £ = 1 , . . . be t h e i r m u l t i p l i c i t i e s , i.e., £ | = 1 me = r a n k ( A ) . F u r t h e r d e n o t e 

m ^ + i = m - r a n k ( A ) = d i m ( t / K ( A * ) ) , a n d n^+ i = n - r a n k ( A ) = d i m ( t / K ( A ) ) . T h e n 

E = d i a g ( ( 7 i / m i , ( 7 2 / m 2 , . . . ,a^Im(,Om(+un(+1). (4-13) 

T h e p r o b l e m ( 4 . 9 ) - ( 4 . 1 0 ) c a n be t r a n s f o r m e d t o 

(U*AV) x 1 Z = Y,x1Z* T, (4 .14) 

w h e r e 

T=iC\U*,I52,...,ISkl =iB\U*,R'2*,...,R'k*j a n d 

z = \ y \ v \ i 0 2 , . . . , i 0 k \ = lX\V*,R2*,...,R'k*j. 
(4 .15) 

A l l £-mode m a t r i c i z a t i o n s o f T f o r £ = 2 , . . . , k a re o f full row rank having mutually 

orthogonal rows. T h e s y s t e m m a t r i x o n t h e le f t o f (4 .14) is diagonal. 
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4-2.3. Transformation of the right-hand side 

N o w we focus o n t h e 1 -mode m a t r i c i z a t i o n o f t h e r i g h t - h a n d s ide. F r o m (4 .14) we 

o b t a i n 

E Z ^ > * F { 1 } = U*C{1} = U*B{1}{Rr

k^---^I%), (4 .16) 

w h e r e F ^ has d = (11^=2 $j) c o l u m n s . I n o r d e r t o get as m a n y zero r o w s i n t h e right-hand 

s ide as poss ib le ( w h i l e p r e s e r v i n g t h e d i a g o n a l s t r u c t u r e o f t h e s y s t e m m a t r i x ) we cons ide r 

t h e f o l l o w i n g p a r t i t i o n i n g 

TW = [F^Fj,...,Fj,Fj+1]J, w h e r e F ^ ¥ m ^ d , £ = 1 ,2 , . . . , £ , £ + 1 . (4 .17) 

L e t fii = r a n k ( i * i ) . C o n s i d e r t h e S V D o f Fi i n t h e f o r m 

Fe = StQtW;, S j f F " 1 ' ™ ' , Q e € R m ' x ^ , Wt€¥dxfJ", (4 .18) 

w h e r e S% = Sj1 is squa re u n i t a r y , is o f f u l l c o l u m n r a n k , a n d Wi has m u t u a l l y 

o r t h o n o r m a l c o l u m n s , i.e., W^Wz = I^e, I = 1 ,2 , . . . , £ , £ + 1 . C o n s i d e r u n i t a r y m a t r i c e s 

S t r s d i a g ( S i , S 2 , . . . , S £ , S £ + i ) ) S v s d i a g ( S i , S 2 , . . . , S £ , / „ 4 + 1 ) . (4 .19) 

S ince S^TtSy = E (see ( 4 . 1 3 ) ) , t h e p r o b l e m (4 .16) c a n b e t r a n s f o r m e d t o 

( S ^ E S y ) ( S * = E ( S * - (Su?{1}), (4-20) 

w h i l e p r e s e r v i n g t h e d i a g o n a l s t r u c t u r e o f t h e s y s t e m m a t r i x . T h e r i g h t - h a n d s ide is t h e n 

S*VF{1} = [ ( < ^ i ) T , ( 5 2 * P 2 ) T , . . . , ( S ^ ) T , ( 5 ? * + 1 j F ? + 1 ) T ] T , 

w h e r e 

Hi 
w i t h HeeFßt*d. (4 .21) 

T h u s t h e r i g h t - h a n d s ide has t h e full row rank a n d mutually orthogonal rows. 

C o n s e q u e n t l y , i n t h e t e n s o r n o t a t i o n , t h e p r o b l e m ( 4 . 1 4 ) - ( 4 . 1 5 ) is t r a n s f o r m e d t o 

{S*VU*AVSV) x 1 \ZI SI, h 2 , . . . , I5 J * \F I S*v, I52,..., I5 J . (4 .22) 

E 

T h e right-hand s ide t e n s o r \F\ S^, Is2, • • •, Iski is t h e 1-mode c o n c a t e n a t i o n o f £ + 1 

tenso rs Ft e F r a ' x S ! X ' x i l s a t i s f y i n g F\ ^ = S\Fg (see ( 3 . 1 0 ) ) , i .e., i t c o n t a i n s these tenso rs 
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j m i 

ß3 \m3 
rank(A) 

ß( | m c 

\mi+i = d i m ( ^ ( A * ) ) 

Fig. 3. The structure of the right-hand side tensor \J- \ , J<s2 , • • •, /<s,.] of (4.22), for A; = 3. The tensor contains 
nonzero and zero blocks concatenated along the 1-mode fibers. Each nonzero block Tie, I = 1,2,. . . , £ , £ + 1. 
contains fif linearly independent and mutually orthogonal horizontal slices (1-mode co-fibers in general). 

as b l o c k s c o n c a t e n a t e d a l o n g t h e 1-mode f i be rs . E a c h Ti b l o c k , i = 1 , 2 , . . 

c o n t a i n s t w o s u b b l o c k s 

a n d 0 g f(me-^e)XS2> 

• , £ , £ + 1 , 

(4 .23) 

H\ ^ a n d i t is c o n c a t e n a t e d a l o n g t h e 1-mode fibers. T h e first s u b b l o c k sat is f ies Hi 

f o r m e d b y fie l i n e a r l y i n d e p e n d e n t a n d m u t u a l l y o r t h o g o n a l 1 -mode co - f i be rs ; see F i g . 3 

fo r i l l u s t r a t i o n o f t h e s t r u c t u r e o f t h e r i g h t - h a n d s ide. N o t e t h a t 0 < \m < m i n { m , £ , d} a n d 

0 < (rrii - Hi) < me, t h u s i n p a r t i c u l a r one o f t h e s u b b l o c k s (4 .23) m a y have n o co - f i be rs . 

4.2.4. Final permutation 
N o w t h e a i m is t o find a p e r m u t a t i o n o f (4 .22) i n o r d e r t o ge t t h e b l o c k s t r u c t u r e 

(4 .5 ) . T h e p e r m u t a t i o n is g i v e n b y t h e s t r u c t u r e o f ( n o n ) z e r o b l o c k s i n t h e r i g h t - h a n d 

s ide. S u c h p e r m u t a t i o n moves t h e n o n z e r o b l o c k s o f t h e t e n s o r \F\ Sy, Ig2,... ,Iski (or 

b l o c k - r o w s o f t h e m a t r i x S^F^) u p a l o n g t h e 1 -mode fibers w h i l e m o v i n g t h e zero 

b locks (or b l o c k - r o w s ) d o w n . I t c a n b e rea l i zed b y t h e p e r m u t a t i o n m a t r i x 

IT 

0 0 

m 0 

0 [ Y ] 

0 

0 

0 

0 

0 
0 

since 

Ujj (SIJ*V) = [Hj, H i H j , Hj+1,0d,m_ ßf, w h e r e u. EE I'e- (4 .24) 

Because t h e p e r m u t a t i o n lijj is a p p l i e d o n t h e w h o l e p r o b l e m (4 .22) f r o m t h e le f t , t h e 

b locks i n t h e s y s t e m m a t r i x c a n b e p e r m u t e d i n a n i n c o n v e n i e n t way . T h i s c a n be fixed 
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b y a second p e r m u t a t i o n a p p l i e d f r o m t h e right t o get t h e b l o c k s t r u c t u r e (4 .5) o f t h e 

s y s t e m m a t r i x , i.e., 

['S1] o 

0 

0 0 

reca l l t h a t n^+ i = n - r a n k ( A ) . T h e n 

nu(SuU*AVSv)Ilv = d i a g ( d i a g ( < 7 i / M l , < 7 2 ^ 2 . • • • . C T « - ^ « > 0 M « + I > O ) I 

A n 0 
0 A22 

(4 .25) 

is t h e r e q u i r e d b l o c k f o r m . 

4.3. Summary of the transformation 

L e t us b r i e f l y s u m m a r i z e t h e s teps o f t h e core p r o b l e m r e v e a l i n g t r a n s f o r m a t i o n : 

A x x X * B (see ( 4 . 1 ) ) , 

A x 1 iX\In,R*2,...,R*kj * {B\Im,R*,...,R*\ (see ( 4 . 8 ) ) , 

(WAV) x i « [B | J7 * , i J 5 , . . . , i i ; ] (see ( 4 . 1 4 ) ) , 

( S ^ S v ) x 1 l X \ S ^ V * , R 4 , . . . , R t J « [ £ | ^ t / * , i ? 2 V . . , i ^ ] (see ( 4 . 2 0 ) ) , 

( n T E n y ) x i [ A ' | n T 5 ^ y * , i ? 2 * , . . . , i ? ^ ] * [ S | n ^ C / * , i ^ , . . . , ^ l (see (4 .25 ) ) . 

C o n s e q u e n t l y , t h e o r i g i n a l p r o b l e m (4 .1) is t r a n s f o r m e d b y t h e u n i t a r y t r a n s f o r m a t i o n 

(4 .4) i n t o a p r o b l e m 

X B 

((USulla)*A(VSvnv)) x i \X|Q*,R*2,...,R*j » IB\P*,R2,R*kj, (4 .26) 

w h e r e Rj = [R'j, R"] a re u n i t a r y m a t r i c e s c o n t a i n i n g t h e le f t s i n g u l a r v e c t o r s o f m a t r i c i z a -

t i o n s B ^ \ j = 2 , . . . , k, i .e., f r o m t h e T u c k e r d e c o m p o s i t i o n o f B (see ( 4 . 7 ) - ( 4 . 1 0 ) ) ; U, V 

are u n i t a r y m a t r i c e s c o n t a i n i n g t h e le f t a n d r i g h t s i n g u l a r vec to r s o f A (see ( 4 . 1 1 ) - ( 4 . 1 3 ) ) : 

Su, Sy a re d i r e c t s u m s o f u n i t a r y m a t r i c e s c o n t a i n i n g t h e le f t s i n g u l a r v e c t o r s o f F( m a 

t r i c e s (see ( 4 . 1 9 ) - ( 4 . 1 8 ) ) ; a n d Hu, l T y a re p e r m u t a t i o n s r e v e a l i n g t h e b l o c k s t r u c t u r e . 
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T h e t r a n s f o r m e d s y s t e m has t h e f o l l o w i n g s y s t e m m a t r i x 

A = (UJ,(S^U*AVSv)UV) 
An 0 

0 A22 

(4 .27) 

w h e r e A n e r " " , \i = m,v = n- / ^ + i ) , ^22 e R ( m - " ) x ( ™ - " ) a re d e f i n e d b y (4 .25 ) . 

T h e t e n s o r r i g h t - h a n d s ide is 

B = d i a g f c ( B i , 0 ) , w h e r e B i = [HUH2,... , ^ , ^ + i ] i e l * " " ' * - * * * , (4 .28) 

i.e., B i is t h e c o n c a t e n a t i o n o f t h e tenso rs % (see (4 .23 ) ) a l o n g 1 -mode fibers. T h e 

f o l l o w i n g d e f i n i t i o n f o r m a l l y i n t r o d u c e s t h e t e n s o r core p r o b l e m . 

Definition 4.3 (Tensor core problem (TCP)). T h e s u b p r o b l e m 

(see (4 .6 ) ) is c a l l e d t h e t e n s o r core p r o b l e m ( T C P ) w i t h i n a l i n e a r a p p r o x i m a t i o n p r o b l e m 

A x 1 X RS B (see ( 4 . 1 ) ) , i f An a n d B i a re m i n i m a l l y d i m e n s i o n e d ( a n d A 2 2 m a x i m a l l y 

d i m e n s i o n e d ) s u b j e c t t o t h e u n i t a r y t r a n s f o r m a t i o n 

T h e a b o v e d e s c r i b e d c o n s t r u c t i o n g ives a t e n s o r s u b p r o b l e m h a v i n g t h e f o l l o w i n g 

p r o p e r t i e s : 

( C P 1 ) T h e m a t r i x An is o f full column rank. 

( C P 2 ) T h e j - m o d e m a t r i c i z a t i o n B\^ is o f full row rank, o r e q u i v a l e n t l y , a l l j - m o d e 

co- f ibers o f B are l i n e a r l y i n d e p e n d e n t , j = 2 , . . . , k. 

( C P 3 ) L e t An have £ d i s t i n c t n o n z e r o s i n g u l a r va lues w i t h m u l t i p l i c i t i e s Hi a n d ji^+i = 

dim(J\f(An)), a n d le t Ui be m a t r i c e s h a v i n g o r t h o n o r m a l bases o f le f t s i n g u l a r 

v e c t o r subspaces o f An as t h e i r c o l u m n s . 

T h e n t h e m a t r i c e s L T f B j 1 ^ a re o f full row rank f o r i = 1 , + 1 . 

T h e f o l l o w i n g t h e o r e m s ta tes t h a t t h e s u b p r o b l e m o b t a i n e d b y t h e c o n s t r u c t i o n above 

represen ts t h e core p r o b l e m . W e g ive t h e t h e o r e m w i t h o u t a p r o o f s ince i t c a n b e de

rived f u l l y a n a l o g o u s l y t o t h e p r o o f f o r t h e m a t r i x r i g h t - h a n d s ide case i n [9, Sect . 4 . 1 , 

p p . 9 2 6 - 9 2 9 ] , based o n t h e p r o p e r t i e s ( C P 1 ) - ( C P 3 ) . 

An x i ra B i 

lB\P*,R2,...,R*kJ = d i a g f c ( B i , 0 ) , P*AQ 
An 0 

0 A22 

w h e r e P* = P 1 , Q* = Q~\ R * = R - \ j = 2,...,k; cf . ( 4 .5 ) . 
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Theorem 4 .4 (TCP revealing transformation). The unitary transformation developed in 

section 4-2 and summarized in (4-26)-(4-28) is the core problem revealing transforma

tion, i.e., the system matrix An e M A t x I / and the right-hand side tensor B\ e ] p v i X ' 5 2 X ' " x ' 5 ' t 

form the core problem 

An x j A f i . i i « # i 

within A x 1 X RS B. For an arbitrary unitary transformation of the form (4-5), yielding 

the same block structure with An e F ^ " and B\ e p l x S 2 X ' " x S k , it holds that 

fi<JI, v<V, Sj<5j, j = 2,...,k. 

N o t e t h a t t h e a b o v e o b t a i n e d t e n s o r core p r o b l e m genera l izes t h e SVD form o f t h e 

m a t r i x co re p r o b l e m ; see [9]. 

5. Coupled TLS problems with tensor right-hand sides 

T h e v e c t o r , o r m a t r i x , o r t e n s o r r i g h t - h a n d s ide T L S p r o b l e m , a n d also t h e concep t 

o f t h e core p r o b l e m w i t h i n c a n be i n t h e f u l l y a n a l o g o u s w a y e x t e n d e d a lso t o a set o f 

c o u p l e d l i nea r a p p r o x i m a t i o n p r o b l e m s 

4 x i X(t) * B ( t ) , w h e r e t = l , 2 , . . . , r (5 .1) 

a n d A € ¥ m x n , € F n x < # ) x " ' x d * t , e F m x < # ) x ' " x d * t . T h e r i g h t - h a n d s ide tenso rs 

o f each o f these p r o b l e m s m a y b e o f different orders ( i n c l u d i n g t h e second a n d t h e first 

o r d e r t enso rs , i.e., m a t r i c e s a n d vec to r s , r e s p e c t i v e l y ) , a n d different dimensions excep t 

f o r t h e first one . T h e r e f o r e , n e i t h e r t h e r i g h t - h a n d sides B^ n o r t h e s o l u t i o n s X^ c a n 

be c o n c a t e n a t e d i n t o one b i g t enso r , i n gene ra l . 

Definition 5.1 (Coupled TLS problems). L e t A x1 « i ? ( t ) , t = 1 , 2 , . . . , r be t h e set o f 

a p p r o x i m a t i o n p r o b l e m s ( 5 . 1 ) . T h e m i n i m i z a t i o n p r o b l e m 

m i % m | ( E I - i l i e ( T ) H 2 ) + l W ) s u b j e c t t o 

e ( i ) £ r « 4 1 , « - < V / 
i (5 .2) 

(A + E)x1 X{t) = B { t ) + g { t ) , t — 1 , 2 , . . . , T 

is ca l l ed t h e c o u p l e d T L S p r o b l e m . 

E m p l o y i n g t h e m a t r i c i z a t i o n s o f a l l t h e right-hand s ides, t h e c o u p l e d p r o b l e m c a n be 

r e a r r a n g e d w h i l e p u t t i n g e v e r y t h i n g t o g e t h e r i n t o one b i g m a t r i x p r o b l e m 

158 
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A[(*(1)){1>, ( X ^ \ . . . , * [ ( £ ( 1 ) ) { 1 > , ( £ ( 2 ) ) { 1 } , . . . , (5-3) 

N o t e t h a t each b l o c k ( B { t ) ) { 1 } m a y have a different number of columns. T h e n t h e s o l u t i o n 

o f t h e c o u p l e d p r o b l e m c a n b e f o u n d i n t h e same w a y as s h o w n i n s e c t i o n 4 . 1 ; see i n 

p a r t i c u l a r T h e o r e m 4 .2 . T h e c o n c e p t o f t h e core p r o b l e m c a n be i n t r o d u c e d a n a l o g o u s l y : 

cf. D e f i n i t i o n 4.3. 

Definition 5.2 (Coupled core problem). T h e set o f s u b p r o b l e m s 

A n *iXi*l...,i»Bi\ * = 1 ,2, . . . ,T, 

is ca l l ed t h e c o u p l e d core p r o b l e m w i t h i n (5 .1) i f An a n d B\^ a re m i n i m a l l y d i m e n s i o n e d 

( a n d A22 m a x i m a l l y d i m e n s i o n e d ) s u b j e c t t o t h e u n i t a r y t r a n s f o r m a t i o n s 

[ B « I P \ (R^Y,(R^YJ — d i a g f c t ( £ « 0 ) , P M Q = 

w h e r e P* =P~1, Q* = Q " \ (R^)* = (R^)'1, j = 2 , . . . , ku t = 1,2,... , r . ( N o t e t h a t P 

a n d Q are i n d e p e n d e n t o n t . ) 

T h e c o n s t r u c t i o n d e s c r i b e d i n sec t ions 4 . 2 . 1 - 4 . 2 . 4 c a n a lso b e gene ra l i zed t o c o u p l e d 

T L S p r o b l e m s . W e s t a r t w i t h t h e T u c k e r d e c o m p o s i t i o n o f a l l r i g h t - h a n d s ide tenso rs 

w h i l e f o r m i n g t h e tenso rs as i n (4 .10 ) . T h e n , u s i n g t h e S V D o f A we get r i g h t - h a n d 

sides as i n (4 .15 ) . P a r t i t i o n i n g o f 

t o b l o c k - r o w s w i t h v e r t i c a l d i m e n s i o n s g i v e n b y t h e m u l t i p l i c i t i e s o f t h e s i n g u l a r va lues o f 

A a n d t h e d i m e n s i o n o f t h e nu l l - space o f A* (see (4 .17) a n d F i g . 3 ) , w i t h t h e subsequen t 

S V D s o f these b l o c k s (see (4 .18 ) ) a l l o w s us t o assemble t h e Su a n d Sy m a t r i c e s i n t h e 

same w a y as i n (4 .19 ) . T h e final p e r m u t a t i o n (see s e c t i o n 4 .2 .4) revea ls t h e b l o c k s t r u c 

t u r e (5 .4) s i m u l t a n e o u s l y , i.e., f o r a l l t = 1,2,..., r a t t h e same t i m e . S u c h c o n s t r u c t i o n 

y i e l ds t h e set o f s u b p r o b l e m s , w h i c h has t h e m i n i m a l i t y p r o p e r t y m e n t i o n e d a b o v e , a n d 

t h e r e f o r e rep resen ts t h e c o u p l e d core p r o b l e m . 

6. Discussion and comparison of the results 

I t is p a r t i c u l a r l y i n t e r e s t i n g t o c o m p a r e t h e resu l t s o f sec t ions 4.2 a n d 4.3 w i t h those 

o b t a i n e d p r e v i o u s l y f o r t h e m a t r i x r i g h t - h a n d s ide p r o b l e m s i n t h e v i e w o f t h e r e l a t i o n 

g i v e n i n s e c t i o n 4 .1 (see T h e o r e m 4 . 2 ) . T h e T L S p r o b l e m w i t h t h e tenso r r i g h t - h a n d s ide 

AxiX&B c a n a l w a y s be m a t r i c i z e d as A ^ ' 1 ' M B ' 1 ' , (6-1) 

A n 

0 

0 

A22 
(5.4) 
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a n d i n s t e a d o f t h e t e n s o r m i n i m i z a t i o n (4 .2) t h e m a t r i x m i n i m i z a t i o n (2 .9) c a n b e c o n 

s i de red . T h e o r e m 4.2 says t h a t b o t h a p p r o a c h e s y i e l d m a t h e m a t i c a l l y t h e same m i n i m a 

a n d t h e same T L S s o l u t i o n ( s ) , u p t o t h e 1 -mode m a t r i c i z a t i o n . 

T h e core p r o b l e m p o i n t o f v i e w , howeve r , revea ls some d i f fe rences. L e t 

IB | P*, R%,..., RU E d i a g f c (f i ! , 0 ) , P*AQ ; 

be t h e tensor core problem w i t h i n Ax1 X » £>, a n d 

P*B{1}R: 
S i 0 

0 0 
P*AQ . 

A n 

0 

A n 0 

0 A22 

0 

A22 

(6.2) 

(6.3) 

t h e matrix core problem (see s e c t i o n 2.2) w i t h i n t h e m a t r i c i z e d p r o b l e m A X ^ RS B ^ . 

Since t h e (same) S V D o f A, A = UHV* a p p e a r s i n b o t h core p r o b l e m r e v e a l i n g t r a n s 

f o r m a t i o n s a n d t h e p r o j e c t i o n s o f t h e 1 -mode f i be rs o f B a n d t h e c o l u m n s o f B ^ o n t o 

t h e le f t s i n g u l a r v e c t o r spaces o f A a re t h e same , t h e o n l y i m p o r t a n t d i f f e rence appea rs 

i n t h e r i g h t - h a n d s ide p r e p r o c e s s i n g . 

R e c a l l t h a t 1 -mode f i be rs o f T (see (4 .15 ) ) rep resen t l i nea r c o m b i n a t i o n s o f t h e 

c o l u m n s o f t h e above m e n t i o n e d p r o j e c t i o n s U*B^. T h e n u m b e r o f l i n e a r l y i n d e p e n d e n t 

1 -mode co - f i be rs o f i t s sub tenso rs Tt (see (4 .17 ) ) is c l e a r l y t h e same as t h e n u m b e r o f t h e 

l i n e a r l y i n d e p e n d e n t r o w s o f Fg = T \ ^ . T h e r e f o r e , t h e cho ice o f St (see ( 4 . 1 8 ) - ( 4 . 2 1 ) ) is 

i n d e p e n d e n t o n t h e cho ice o f t h e u n i t a r y m a t r i c e s Rj p e r f o r m i n g t h e l i n e a r c o m b i n a t i o n s 

o f 1 -mode- f i be rs o f B i n j - m o d e s , j = 2 , . . . , k (see ( 4 . 1 5 ) ) , a n d o n t h e u n i t a r y m a t r i x R 

p e r f o r m i n g c o m b i n a t i o n s o f c o l u m n s o f U*B^ i n r e v e a l i n g o f ( 6 . 3 ) . T h u s , t h e m a t r i c e s 

Su, Sy, t h e subsequen t p e r m u t a t i o n s liu, L V , a n d also t h e b l o c k s An, A22 a re i n b o t h 

t r a n s f o r m a t i o n s (6 .2) a n d (6 .3) t h e same , i.e., i n p a r t i c u l a r An = An a n d A 2 2 = A 2 2 . 

C o n s e q u e n t l y , a lso t h e l e n g t h o f 1 -mode f i be rs o f B\ equa ls t o t h e n u m b e r o f r o w s o f S i . 

T h u s , i n g e n e r a l , t h e m o s t i m p o r t a n t d i f f e rence ( o r i g i n a t e d i n t h e p r e p r o c e s s i n g ) is i n 

t h e n u m b e r o f i n d i v i d u a l r i g h t - h a n d s ides. I n p a r t i c u l a r , t h e n u m b e r o f 1 -mode f i be rs o f 

B\ ( i .e . , t h e n u m b e r o f c o l u m n s o f B\^) m a y d i f f e r f r o m t h e n u m b e r o f c o l u m n s o f B\. 

Clea r l y , t h e r i g h t - h a n d sides sa t i s f y 

ß f } ( s ^ - ® s ^ ) * = [Si,o]ir. 

C o n s e q u e n t l y , b o t h core p r o b l e m s a re t h e same (a f te r r e s h a p i n g t h e t e n s o r b y t h e 1 -mode 

m a t r i c i z a t i o n ) if and only if 

S f c ®---®S 2 = R£¥dxd, w h e r e d=Y\k^2d3, (6.4) 

i.e., i f a n d o n l y i f t h e p rep rocess ings o f t h e r i g h t - h a n d sides o f t h e t w o p r o b l e m s i n (6.1) 

y i e l d t h e same r e s u l t . T h e f o l l o w i n g e x a m p l e s i l l u s t r a t e t h e s i t u a t i o n w h e r e t h e core 

p r o b l e m s a re e q u i v a l e n t (see E x a m p l e 6.1) a n d d i f f e ren t (see E x a m p l e 6 .2 ) . 
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Example 6.1. C o n s i d e r a n a p p r o x i m a t i o n p r o b l e m A x1 X « B , w h e r e A e ]R 4 x 3 , 

r a n k ( A ) = 3, a n d 

0 0 
0 0 
1 0 
0 1 

Since B ^ \ B < 2 > , a n d B< 3 > are o f f u l l r o w r a n k , B is t h e T u c k e r core b y i tse l f . T h e 

m a t r i c i z e d p r o b l e m A X ^ RS B ^ has f u l l c o l u m n r a n k right-hand s ide m a t r i x B ^ . 

T h e r e f o r e , t h e r i g h t - h a n d s ide p r e p r o c e s s i n g is n o t p resen t i n t h e tenso r , as w e l l as i n 

t h e m a t r i x co re p r o b l e m r e d u c t i o n . L e t A = U"EVJ b e t h e S V D o f A, i.e. E e ]R 4 x 3 a n d U, 
V a re u n i t a r y m a t r i c e s . F o l l o w i n g t h e t e n s o r r e d u c t i o n d e r i v e d i n t h e p r e v i o u s sec t ions , 

we o b t a i n 

B 

1 o 0 o 
0 Oi 0 
0 10 o 

Bw 

1 o 
o 1 
0 0 
0 0 

A n x i # M i i « B i , A u = E , B i = J 7 T x 1 B , a n d R2 = R3 = I2, R3®R2=I4. 

A p p l y i n g t h e r e d u c t i o n t o t h e so-ca l led S V D f o r m (see [9 ] ) , we get 

AnXP * B[1}, A n = E , B\1} = U T B { 1 } , a n d R = h. 

W e see, t h a t R3 ® R2 = R a n d t h u s t h e core p r o b l e m o f t h e m a t r i c i z e d p r o b l e m is t h e 

m a t r i c i z e d t e n s o r core p r o b l e m . T h i s c l e a r l y i m p l i e s t h a t t h e a p p r o a c h e s based o n tensor 

core r e d u c t i o n a n d based o n m a t r i c i z a t i o n l ead t o t h e same resu l t . 

Example 6.2. C o n s i d e r a n a p p r o x i m a t i o n p r o b l e m A x1 X RS B , w h e r e A e ]R 4 x 3 , 

r a n k ( A ) = 3, a n d 

B 
J f J 

\ 0̂ C 

1 Oo P 0 0 1 0 
0 0 0 0 
1 0 0 0 
0 0 0 0 

0 0 0 0 
0 0 0 1 
0 0 0 0 
0 1 0 0 

1 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 

0 0 0 0 
0 1 0 0 
0 0 0 0 
0 0 0 0 

Since t h e t e n s o r is so-ca l led s u p e r - s y m m e t r i c , a l l t h r e e m a t r i c i z a t i o n s g i ve t h e same 

m a t r i x B ^ = B ^ = B ^ o f f u l l r o w r a n k . T h u s B a g a i n rep resen t t h e T u c k e r core b y 

i tse l f . L e t A = U"EVJ b e t h e S V D o f A. S i m i l a r l y as i n E x a m p l e 6.1, t h e t e n s o r r e d u c t i o n 

gives 

An xi #1,1,1 w B i , A n = E , Bi^U1"xjB, a n d R2 = R3 = h, R3®R2=I_ 16-

H o w e v e r , c o n s i d e r i n g t h e a p p r o a c h based o n m a t r i c i z a t i o n , t h e r i g h t - h a n d s ide B ^ has 

t o be p rep rocessed as fo l l ows 
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to
 

0 0 0 
0 1 

2~ 
0 0 

0 0 1 0 
0 0 0 1 

0 0 2" 2 0 0 0 0 0 2" i 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 1 

2" J 
0 0 0 0 0 1 

2~5 
0 0 

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 

c (R'y 

C o n s e q u e n t l y , t h e r e d u c t i o n t o t h e S V D f o r m gives 

AuX^1} « B p } , i 4 n = E , B[1}=UTC, a n d R=[R',R"], IT1 = RJ e M 1 6 x 1 6 . 

F r o m t h e p a t t e r n o f ( n o n ) z e r o en t r i es o f R, i t is v i s i b l e t h a t R c a n n o t b e w r i t t e n as 

a K r o n e c k e r p r o d u c t o f t w o m a t r i c e s o f o r d e r f o u r , i.e., i?3 <S> R2 + R. I n s u m m a r y , t h e 

app roaches based o n t e n s o r core r e d u c t i o n a n d based o n m a t r i c i z a t i o n a re n o t e q u i v a l e n t 

here. 

R e c a l l t h a t t h e core p r o b l e m is u n i q u e u p t o a u n i t a r y t r a n s f o r m a t i o n . T h u s we are 

i n t e r e s t e d i n t h e d i m e n s i o n s o f t h e core p r o b l e m a n d n o t necessar i l y i n t h e p a r t i c u l a r 

en t r i es o f An a n d B\. T h e p r e v i o u s d i scuss ion i m p l i e s t h e f o l l o w i n g c o r o l l a r y . 

Corollary 6.3. Let A xi X RS B be a linear approximation problem with the tensor 

right-hand side and AX RS B, X = X ^ , B = B ^ its matricized counterpart. Let 

An x i X w Bi and AnXi RS Bx be the core problems within the two formulations, where 

P, Q, R2,...,Rk and P, Q, R are the unitary matrices of the respective core problem 

revealing transformations. 

Then An and An are always of the same dimensions. However, B ^ and Bx are of 

the same dimensions if and only if the matrix Rk ® • • • ® R2 is a unitary transformation 

of the matrix R. 

I n s u m m a r y , f o r t e n s o r r i g h t - h a n d s ide p r o b l e m s we c a n choose b e t w e e n t w o core 

app roaches : 

• k e e p i n g t h e t e n s o r s t r u c t u r e w h i l e r e v e a l i n g t h e t e n s o r core p r o b l e m , or 

• m a t r i c i z a t i o n w h i l e r e v e a l i n g t h e m a t r i x co re p r o b l e m . 

T h e p r i n c i p a l d i f f e rence c a n also be i l l u s t r a t e d i n F i g . 3. I n t h e m a t r i c i z e d p r o b l e m , 

t h e u n i t a r y t r a n s f o r m a t i o n R p e r f o r m s l i n e a r c o m b i n a t i o n s o f a l l 1 -mode fibers w h i l e 

p r e s e r v i n g t h e F r o b e n i u s n o r m o f t h e h o r i z o n t a l sl ices ( i n gene ra l 1 -mode c o - f i b e r s ) . I n 

t h e t e n s o r s e t t i n g , u n i t a r y t r a n s f o r m a t i o n s Rj, j = 2 , 3 , p e r f o r m l i n e a r c o m b i n a t i o n s o f 

1 -mode fibers t h a t b e l o n g o n l y t o f r o n t a l o r l a t e r a l sl ices ( i n gene ra l ( l , j ) - m o d e s l i ce ) , 

respec t i ve l y , w h i l e p r e s e r v i n g t h e E u c l i d e a n n o r m o f j - m o d e fibers. W e see t h a t r e v e a l i n g 

t h e core p r o b l e m w h i l e p r e s e r v i n g t h e t e n s o r s t r u c t u r e is s i g n i f i c a n t l y m o r e c o n s t r a i n e d . 

T h e c o n d i t i o n (6 .4) is i n gene ra l r a r e l y sa t i s f i ed . 
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A n a l o g o u s l y , t h e c o u p l e d core p r o b l e m w i t h i n (5 .1) c a n be c o m p a r e d w i t h i t s m a t r i x 

c o u n t e r p a r t w i t h i n ( 5 . 3 ) . T h e core p r o b l e m s a re t h e same (a f t e r r e s h a p i n g t h e t e n s o r b y 

t h e 1 -mode m a t r i c i z a t i o n ) if and only if 

d i a g ^ ^ ^ ® - ® ^ , Rk^®---®R{

2

2), . . . , i ? ^ } ® - ® i ? 2

T ) j = Ra¥dxd, (6 .5) 

w h e r e d = YJt=1 Y\% df • 

C o n s e q u e n t l y , a c o r o l l a r y a n a l o g o u s t o C o r o l l a r y 6.3 c a n b e f o r m u l a t e d a lso f o r t h e 

c o u p l e d p r o b l e m . 

I n gene ra l , t h e a p p l i c a t i o n o f t h e core p r o b l e m r e d u c t i o n o n a p r o b l e m w i t h h i g h l y 

s t r u c t u r e d r i g h t - h a n d s ide restricts t h e p o s s i b i l i t i e s f o r c h o o s i n g t h e u n i t a r y m a t r i x R. 

I n b o t h cases a b o v e we r e q u i r e R t o b e l o n g i n t o some subgroup o f t h e w h o l e u n i t a r y 

g r o u p V(d) o f degree d. 

R e c a l l t h a t t h e core p r o b l e m w i t h i n t h e m a t r i x ( m u l t i p l e ) r i g h t - h a n d s ide a p p r o x i 

m a t i o n p r o b l e m (see s e c t i o n 2.2) m a y n o t have a T L S s o l u t i o n , c o n t r a r y t o t h e v e c t o r 

(s ing le ) r i g h t - h a n d s ide case. T h e poss ib le n o n e x i s t e n c e o f t h e T L S s o l u t i o n is c lose ly 

r e l a t e d t o t h e s t r u c t u r e o f t h e r i g h t - h a n d s ide as i t has b e e n r e c e n t l y s h o w n i n [6]. W e 

see, t h a t f u r t h e r i n c r e a s i n g t h e o r d e r o f t h e r i g h t - h a n d s ide t e n s o r f r o m a m a t r i x ( i .e . , 

t w o - w a y t e n s o r ) t o a gene ra l fc-way t e n s o r does n o t change t h e b e h a v i o r o f t h e T L S fo r 

m u l a t i o n f r o m t h e s o l v a b i l i t y p o i n t o f v i e w . I t i nvo l ves o n l y t h e size o f t h e core p r o b l e m 

w i t h i n . 

7. Conclusions 

W e have i n t r o d u c e d t h e d e f i n i t i o n o f t h e T L S p r o b l e m w i t h i n a p p r o x i m a t i o n p r o b l e m s 

w i t h (s ing le o r m u l t i p l e ) t e n s o r r i g h t - h a n d sides a l l o w i n g t o a p p l y d i r e c t l y t h e resu l t s 

o n t h e ex is tence a n d un iqueness o f t h e T L S s o l u t i o n ava i l ab l e f o r t h e s t a n d a r d m a t r i x 

r i g h t - h a n d s ide p r o b l e m s . W e have p r o v e d t h a t , o n t h e o t h e r h a n d , t h e necessary a n d 

suf f i c ien t i n f o r m a t i o n f o r s o l v i n g t h e t e n s o r r i g h t - h a n d s ide p r o b l e m a n d i t s m a t r i c i z e d 

c o u n t e r p a r t c a n b e d i f f e r e n t . W e have s h o w n t h a t t h e r e ex i s t s t h e m i n i m a l l y d i m e n 

s ioned core p r o b l e m w i t h i n t h e T L S p r o b l e m w i t h a t e n s o r r i g h t - h a n d s ide , b y d e r i v i n g 

t h e core r e d u c t i o n t r a n s f o r m a t i o n . T h e t e n s o r core p r o b l e m is , i n gene ra l , l a rge r t h a n 

t h e core p r o b l e m w i t h i n t h e m a t r i c i z e d p r o b l e m , s ince i t respec ts t h e s t r u c t u r e g i v e n b y 

t h e m u l t i w a y c o n f i g u r a t i o n o f t h e o r i g i n a l t e n s o r r i g h t h a n d - s i d e . T h i s w o r k represen ts 

t h e first s tep t o w a r d s i n v e s t i g a t i o n o f f u l l y t e n s o r i z e d (gene ra l o r s t r u c t u r e d ) l i nea r a p 

p r o x i m a t i o n p r o b l e m s o f t h e f o r m A x... X & B, w h e r e a l l A, X, a n d B a re tenso rs o f 

h i g h e r o r d e r s a n d " x . . . " a t e n s o r - t e n s o r p r o d u c t i n a p p r o p r i a t e m o d e s . S ince t h e tenso r 

f o r m u l a t i o n covers a lso t h e f o r m u l a t i o n s a n a l y z e d p r e v i o u s l y , we be l ieve t h e resu l t s c a n 

be used i n f u r t h e r ana l ys i s o f s ing le a n d m u l t i p l e r i g h t - h a n d s ide T L S p r o b l e m s . 
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1. Introduction 

O n e o f t h e t y p i c a l t asks a r i s i n g i n t h e a rea o f d a t a f i t t i n g is t h e s o l u t i o n o f l i nea r 

a p p r o x i m a t i o n p r o b l e m s w i t h a m a t r i x m o d e l a n d a m a t r i x (o r so-ca l led m u l t i p l e ) r i g h t -

h a n d s ide, 

A X * B , A e F m x " , B £ W m x d , (1 .1) 

w h e r e F = R o r F = C . W h e n t h e e r ro r s a re p resen t b o t h i n t h e m o d e l A a n d t h e 

o b s e r v a t i o n s B, t h e total least squares ( T L S ) m e t h o d is p r e f e r r e d , w h i c h h o w e v e r y i e l ds 

severa l p r i n c i p a l d i f f i c u l t i e s (see [23], [26], [27], [28], [6] , [5 ] ) . I n p a r t i c u l a r , t h e T L S 

p r o b l e m may not have a solution o r t h e s o l u t i o n m a y n o t be u n i q u e ; see [2] f o r t h e 

(so-ca l led s ing le r i g h t - h a n d s ide) case d = 1 a n d [28], [5], [9] f o r t h e gene ra l case. T h e 

core reduction d e v e l o p e d i n [18] f o r d = 1 a n d i n [7], [8], [4] f o r d > 1 , a l l ows t o e x t r a c t t h e 

necessary a n d su f f i c ien t d a t a f r o m A, B b y e m p l o y i n g a spec i f ic u n i t a r y t r a n s f o r m a t i o n 

o n t h e o r i g i n a l p r o b l e m . T h i s a p p r o a c h does n o t (excep t o f r e d u c i n g t h e d i m e n s i o n s o f 

t h e p r o b l e m ) necessar i l y s i m p l i f y t h e s o l v a b i l i t y o f t h e a p p r o x i m a t i o n p r o b l e m , s ince t h e 

r e s u l t i n g ( t y p i c a l l y s m a l l d i m e n s i o n a l ) core p r o b l e m s t i l l m a y n o t have a s o l u t i o n . T h e 

ex is tence o f t h e ( u n i q u e ) T L S s o l u t i o n is e n s u r e d o n l y i n t h e s ing le r i g h t - h a n d s ide case, 

i.e., w h e n d = 1 . M o r e o v e r , s u c h s o l u t i o n ( fo r d = 1) c a n be u n i t a r i l y t r a n s f o r m e d b a c k 

t o o b t a i n t h e ( m i n i m u m n o r m ) T L S s o l u t i o n o f t h e o r i g i n a l p r o b l e m i f i t ex i s t s , o r t h e 

so-ca l led ( m i n i m u m n o r m ) n o n g e n e r i c s o l u t i o n ( o t h e r w i s e ) ; see [18]. 

T h e r i g h t - h a n d s ide m a t r i x B ar ises essen t i a l l y i n t w o d i f f e ren t w a y s . E i t h e r t h e 

c o l u m n s o f B rep resen t d i n d i v i d u a l o b s e r v a t i o n s ( fo r e x a m p l e w h e n t h e o b s e r v a t i o n 

d e p e n d s o n a p a r a m e t e r t h a t c a n be s a m p l e d ) , o r B is a s ing le o b s e r v a t i o n o f t h e m a t r i x 

f o r m ; see, e.g. , [21] , [22] f o r p a r t i c u l a r a p p l i c a t i o n s . I f t h e o b s e r v a t i o n d e p e n d s o n severa l 

p a r a m e t e r s , t h e i r s a m p l i n g leads t o a set o f o b s e r v a t i o n s f o r m i n g a s t r u c t u r e d ( t y p i c a l l y 

t e n s o r ) r i g h t - h a n d s ide. A T L S f o r m u l a t i o n a n d core r e d u c t i o n f o r s u c h p r o b l e m s have 

been p r o p o s e d a n d a n a l y z e d r e c e n t l y i n [10] . I n t h i s p a p e r , we cons ide r t h e o b s e r v a t i o n 

t o b e a m a t r i x a n d c o n c e n t r a t e o n t h e m o d e l s e t t i n g . 

T h e f u n d a m e n t a l d i f f i c u l t y o f T L S ( n o t p resen t i n o t h e r f o r m u l a t i o n s s u c h as o r d i n a r y 

L S ) is poss ib le n o n e x i s t e n c e o f t h e s o l u t i o n . S i t u a t i o n s w h e r e t h i s h a p p e n s we re f u l l y 

c lass i f ied i n t h e p a p e r [5] r e v e a l i n g t h a t t h e p r o b l e m l ies i n t h e f a c t t h a t t h e search set 

fo r t h e c o r r e c t i o n s o f t h e d a t a B,A is t o o l i m i t e d . T o see t h i s , n o t e t h a t i n (1 .1) o u r 

goa l is i n f a c t t o f i n d a s ing le m a t r i x p r e - i m a g e X o f t h e s ing le m a t r i x o b s e r v a t i o n B. 

G e n e r a l l y , X a n d B c o u l d b e l i n k e d t h r o u g h a l i nea r m o d e l A(X) » B, w h e r e A is a 

genera l l i nea r m a p p i n g f r o m a space o f m a t r i c e s t o a n o t h e r space o f m a t r i c e s . T h u s A 

c a n be rep resen ted b y a f o u r - w a y a r ray , i.e., a fourth-order tensor. T h e p r o b l e m (1 .1) is 

t h e n j u s t a spec ia l case o f t h i s s e t t i n g . S ince t h e m o d e l is here r e p r e s e n t e d b y a s ing le 

m a t r i x A , T L S f r a m e w o r k a l l ows o n l y m a t r i x c o r r e c t i o n s o f b o t h A a n d B. 

I n t h i s p a p e r w e t r y t o b e t t e r u n d e r s t a n d t h e a b o v e d e s c r i b e d l i m i t a t i o n s , i n p a r t i c 

u l a r i n t h e c o n t e x t o f t h e core p r o b l e m t h e o r y . W e cons ide r severa l g e n e r a l i z a t i o n s o f 
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t h e s e t t i n g o f t h e o r i g i n a l m o d e l s u c h t h a t d e f i n i n g a n a t u r a l g e n e r a l i z a t i o n o f t h e T L S 

m i n i m i z a t i o n f o r t h e r e l a t e d a p p r o x i m a t i o n p r o b l e m resu l t s i n enrichment of the search 

space f o r t h e m o d e l c o r r e c t i o n s . F i r s t , we a n a l y z e a bilinear model a p p e a r i n g i n v a r i o u s 

a p p l i c a t i o n s (see [13], [14]) a n d t h e c o r r e s p o n d i n g T L S m i n i m i z a t i o n . W e d e r i v e t h e core 

r e d u c t i o n f o r t h e b i l i n e a r m o d e l , w h i c h is t h e m a i n r esu l t o f t h i s p a p e r . F u r t h e r , t h e ex

t e n s i o n t o a higher Kronecker rank model ( i .e . , s u m o f b i l i n e a r m o d e l s ) is n o t e d . R e c a l l 

t h a t m o d e l s o f t h e K r o n e c k e r r a n k t w o a p p e a r , e.g. , i n c o n n e c t i o n w i t h Sy l ves te r o r L y a -

p u n o v e q u a t i o n s , e tc . T h e n , a p p r o x i m a t i o n p r o b l e m s w i t h a fully tensorized model a re 

cons ide red . H e r e we show t h a t t h e search set is so r i c h t h a t t h e a p p r o x i m a t i o n p r o b l e m 

c a n be t r a n s f o r m e d ( t h r o u g h v e c t o r i z a t i o n ) i n t o a s ing le right-hand s ide a p p r o x i m a t i o n 

p r o b l e m . T h i s a l l o w s t o a p p l y t h e core r e d u c t i o n ava i l ab l e f o r s ing le r i g h t - h a n d s ide p r o b 

lems d i r e c t l y , a n d t h e r e f o r e s i m p l i f y t h e s o l v a b i l i t y c l a s s i f i c a t i o n . R e l a t i o n s h i p s a m o n g 

i n d i v i d u a l g e n e r a l i z a t i o n s a re d iscussed. 

I n g e n e r a l , we cons ide r a l i n e a r m a p p i n g A : W —> "V b e t w e e n finite-dimensional 

l i nea r v e c t o r spaces aM a n d "V over t h e same field F , i.e., A e jSf ('W, V) b e i n g t h e set o f 

a l l s u c h m a p p i n g s , w i t h t h e r a n g e M(A) £ "V. T h e linear approximation problem 

A(x) « 6 , w h e r e b e V b u t b £ M{A) (1 .2) 

is r e p l a c e d b y t h e T L S m i n i m i z a t i o n 

m i n | | (<?,£)| |« s u b j e c t t o (A +£)(x) = b + g, (1 .3) 
gzV 

w h e r e £ , t h e c o r r e c t i o n o f o u r m o d e l is t a k e n f r o m some search set $, t h a t m a y be 

i n gene ra l a subspace o r s u b m a n i f o l d o f jSf(^ ' ,~f"). H e r e || • | |^ deno tes some n o r m i n 

"V x ' W e cons ide r t h e E u c l i d e a n a n d F r o b e n i u s n o r m s o f v e c t o r s a n d m a t r i 

ces, r espec t i ve l y , a n d t h e i r n a t u r a l e x t e n s i o n t o tenso rs . H o w e v e r , a n y g e n e r a l u n i t a r i l y 

i n v a r i a n t n o r m (see [19, C h a p . I I . 3 ] , [25], [15] , [24]) c a n b e cons ide red f o r t h e ( u n i t a r y ) 

core p r o b l e m t r a n s f o r m a t i o n a n d subsequen t r e d u c t i o n . 

T h i s p a p e r is o r g a n i z e d as f o l l o w s . S e c t i o n 2 r e c a p i t u l a t e s T L S f o r m u l a t i o n s f o r p r o b 

lems w i t h a m a t r i x m o d e l a n d v a r i o u s o b j e c t s ( vec to rs , m a t r i c e s , a n d tenso rs ) o n t h e 

right-hand s ide. S e c t i o n 3 is t h e k e y p a r t i n t r o d u c i n g a n d a n a l y z i n g p r o b l e m s w i t h va r 

ious g e n e r a l i z a t i o n s o f t h e m o d e l s e t t i n g . S e c t i o n 4 conc ludes t h e p a p e r . 

T h r o u g h o u t t h e p a p e r Ig (o r j u s t i") deno tes a n £x£ i d e n t i t y m a t r i x a n d (o r j u s t e.) 

i t s i t h c o l u m n ; 0 ^ (or j u s t 0 ) deno tes a n i x £ zero m a t r i x ; a n d M T , M* = M T , ffl(M), 

a n d JV(M) d e n o t e t h e t r a n s p o s i t i o n , t h e H e r m i t i a n c o n j u g a t i o n , t h e r a n g e , a n d t h e 

nu l l - space o f a m a t r i x M , respec t i ve l y . F u r t h e r , M ® K deno tes t h e K r o n e c k e r p r o d u c t 

o f m a t r i c e s w h e r e rriij, t h e ( i , j ) t h e n t r y o f M is r e p l a c e d b y t h e b l o c k rriijK. F o r a 

t e n s o r 7~£ F n i X " 2 X , " x n t , we cons ide r t h r e e t y p e s o f s u b a r r a y s : 
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• n/rip s u b a r r a y s i n F 1 X ' " X 1 X ™ P x 1 x ' " x 1 ca l l ed t h e p-mode fibers, t r i v i a l l y i s o m o r p h i c w i t h 

v e c t o r s o f l e n g t h np ( t h e fibers o f a t w o - w a y t e n s o r a re ca l l ed t h e c o l u m n s a n d r o w s ) : 

• n/(npnu) s u b a r r a y s i n F 1 X " ' X 1 X ™ P x 1 x " ' x 1 x ™ " x 1 x " ' x 1 c a l l e d t h e (p,u)-modes slices, t r i v 

i a l l y i s o m o r p h i c w i t h n p - b y - n „ m a t r i c e s ( t h e sl ices o f a t h r e e - w a y t e n s o r a re c a l l e d 

f r o n t a l , l a t e r a l , a n d h o r i z o n t a l ) : 

• np s u b a r r a y s i n F ™ l X " ' x ™ p - l X l x ™ p + l X " ' x ™ f c ca l l ed t h e p-mode co-fibers, t r i v i a l l y i s o m o r 

p h i c w i t h (k - l ) - w a y tenso rs . 

N o t e t h a t a r r a n g i n g o f a l l t h e p - m o d e fibers i n t o one m a t r i x s ^npx((nj=1 « J ) / ™ P ) M 

a l e x i c o g r a p h i c a l o r d e r w . r . t . m u l t i i n d i c e s (ik, •••, ip+\,ip-i, • • • ,i\) is ca l l ed t h e p-mode 

matricization o f t e n s o r T ; see, e.g. , [12] , [20, C h a p . 3.1.2] . 

2. Preliminaries 

I n t h e c lass ica l s e t t i n g , t h e m a p p i n g A is r ep resen ted b y a s ing le m a t r i x A c a l l e d t h e 

system (or model) matrix. T h e s t r u c t u r e o f t h e right-hand s ide d e p e n d s o n t h e n u m b e r 

o f o b s e r v a t i o n s b e i n g ava i l ab l e f o r t h i s m o d e l , a n d , i n p a r t i c u l a r , o n t h e n u m b e r o f f ree 

p a r a m e t e r s i n v o l v i n g t h e o b s e r v a t i o n s . N o w w e s u m m a r i z e bas ic T L S f o r m u l a t i o n s a n d 

t h e c o r r e s p o n d i n g core t h e o r y s t u d i e d p rev i ous l y . 

2.1. TLS formulations for various right-hand sides 

I n t h e s i m p l e s t case o f (1 .2 ) , w e have j u s t one observation f o r m i n g a n m - v e c t o r . T h e 

so-ca l led single (or vector) right-hand side p r o b l e m t h e n takes t h e f o r m 

Ax *b, w h e r e A e F m x " , a; e F " , b e F m . (2 .1) 

I f t h e o b s e r v a t i o n d e p e n d s , e.g. , o n one free parameter, c o n s i d e r i n g d samp les o f i t s v a l u e , 

we o b t a i n d vec to r s f o r m i n g a m a t r i x . T h i s so-ca l led multiple (or matrix) right-hand side 

problem t akes t h e f o r m 

AX<*B, w h e r e A € F m x ™ , X € F " x d , B € F m x d . (2 .2) 

I n t h e case o f (k - 1 ) free parameters, h a v i n g dj+i samp les o f t h e v a l u e o f t h e j t h 

p a r a m e t e r , o b s e r v a t i o n s m a d e o n a f u l l C a r t e s i a n g r i d o f s a m p l e d p a r a m e t e r s f o r m a 

fc-way t enso r . T h i s tensor right-hand side problem t akes t h e f o r m 

A x 1 X * B , w h e r e A e F m x ™ , X € F " x d 2 X - x d f c , g f F m r f j X ' " x 4 . (2 .3) 
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H e r e S = M x t T deno tes t h e i-mode matrix-tensor product.1 I n o t h e r w o r d s , t h e ^ - m o d e 

fibers o f t h e t e n s o r S a re o b t a i n e d as m a t r i x - v e c t o r p r o d u c t s o f t h e m a t r i x M w i t h 

£ - m o d e fibers o f T , w h e r e t h e fibers a re h a n d l e d as c o l u m n vec to r s ; see, e.g. , [1], [20]. 

T h e respec t i ve T L S m i n i m i z a t i o n s (1.3) a re cons ide red as: 

m i n | | [ g , £ ' ] | | F s u b j e c t t o ( A + E)x = b + g, (2.4) 
Et¥m*n, g&¥m 

E ( _ ¥ m x n G £ F m x d 
\[G,E]\\F s u b j e c t t o (A + E)X = B + G, (2.5) 

m i n (\\E\\F + \\g\\Z)2 s u b j e c t t o (A + E) x1 X = B + Q. (2.C 
E S F m X ™ , g g Fmxd2x-xdk 

H e r e t h e n o r m ||7~|| o f a t e n s o r T is t h e n a t u r a l e x t e n s i o n o f t h e E u c l i d e a n a n d F r o b e n i u s 

n o r m s o f a c o l u m n v e c t o r a n d a m a t r i x , respec t i ve l y , i.e., ||7"|| is t h e s q u a r e - r o o t o f s u m 

of squares o f en t r i es o f T ; see [12]. W e ca l l i t s i m p l y t h e tensor norm. 

N o t e t h a t i f t h e o b s e r v a t i o n s i n (2.3) a re n o t ava i l ab l e f o r t h e f u l l C a r t e s i a n g r i d , i t 

is poss ib le t o r e f o r m u l a t e t h e a p p r o x i m a t i o n p r o b l e m as a set o f c o u p l e d T L S p r o b l e m s 

w i t h severa l d i f f e r e n t l y s t r u c t u r e d r i g h t - h a n d sides a n d t h e same m a t r i x ; f o r m o r e d e t a i l s 

see [10]. 

2.2. The core problem transformation 

B a s e d o n t h e u n i t a r y i n v a r i a n c e o f t h e E u c l i d e a n , F r o b e n i u s , a n d t e n s o r n o r m s , t h e 

so-ca l led core problem t h e o r y was d e v e l o p e d f o r t h e v e c t o r r i g h t - h a n d s ides p r o b l e m s 

(2.4) i n t h e w o r k s [16], [17], [18]; f o r t h e m a t r i x right-hand sides p r o b l e m s (2.5) i n [7], 

[8], a n d [4]; a n d fo r t h e t e n s o r right-hand sides p r o b l e m s (2.6) i n [10]. I t was s h o w n 

t h a t i n these t h r e e respec t i ve cases t h e r e ex i s t : A p a i r o f u n i t a r y m a t r i c e s P e n r m x m

j 

Q € F " x " ; a t r i p l e t o f u n i t a r y m a t r i c e s P e F m x m , Q e F " x ™ , R e ¥ d x d ; a n d a (fc + l ) t u p l e 

o f u n i t a r y m a t r i c e s P € F m x m , Q € F " x ™ , Rj e F ^ x ^ , j = 2,. . . , k, so t h a t 

[b\I] = P*[b\A] 

[B\I]=P*[B\A] 

1 0 " "6i An 0 
0 Q. 0 0 A22_ 

R o ' ' S i 0 An 0 
0 Q. 0 0 0 A22 

(2.7) 

(2.8) 

a n d 

1 I n t h e l i t e r a t u r e , t h i s p r o d u c t i s u s u a l l y d e f i n e d i n t h e o p p o s i t e o r d e r ( a s t h e t e n s o r - m a t r i x p r o d u c t 
X X! A). W e d e v i a t e h e r e f r o m t h i s c o n v e n t i o n i n o r d e r t o s t a y n o t a t i o n a l l y c o n s i s t e n t t h r o u g h t h e f o r m u 
l a t i o n s o f l i n e a r a p p r o x i m a t i o n p r o b l e m s i n ( 2 . 1 ) — ( 2 . 3 ) . 
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B = R*k x f c (••• x 3 (R* x 2 (P* x j B)) •••) = d i a g f c ( B i , 0 ) , 

A = P*AQ. 
An 0 

0 A 2 2 

(2.9) 

w h e r e d i a g f c ( - - - ) f o r m s a fc-way b l o c k d i a g o n a l t enso r , a d i r e c t s u m o f i t s fc-way t enso r 

a r g u m e n t s . C o r r e s p o n d i n g t r a n s f o r m a t i o n s o f t h e u n k n o w n o b j e c t s , 

x = Q*x, X = Q*XR, X = R*kxk(-x3(RJix2(P* X-LX))-), 

t o g e t h e r w i t h c o n f o r m a l p a r t i t i o n i n g s 

x = \Xl], X = \XLLXL2], X = [ X 1 ^ . . . ^ k ] , i 3 = l , 2 , j = l , 2 , . . . , k , (2 .10) 

1^2 J LX21 X22 J 

sepa ra te t h e o r i g i n a l p r o b l e m s ( 2 . 1 ) - ( 2 . 3 ) i n t o t w o , f o u r , a n d 2k i n d e p e n d e n t s u b p r o b -

l ems , respec t i ve l y . T h e n 

A n n w & i , A22x2*Q; (2 .11) 

^ i i I n « B i , A n X 1 2 * 0 , A 2 2 X 2 1 * 0 , A 2 2 X 2 2 *0; (2 .12) 

a n d 

An X ! A f i , ! i « Bi, An * i Xi,i2,...,ik « 0, ^ 2 2 x i A f 2 , i , . . . , i « 0, 

A 2 2 x j A f 2 , » 2 l . « 0, 
(2 .13) 

w h e r e ( i 2 , . . . ,ik) e { 1 , 2 } f c _ 1 b u t ( i 2 , . . . ,ik) t ( 1 , . . . , 1 ) . C l e a r l y , i n a l l t h r e e cases o n l y 

t h e first p r o b l e m needs t o b e so l ved , a l l t h e o t h e r have zero s o l u t i o n s . 

M o r e o v e r , t h e u n i t a r y m a t r i c e s P, Q, R, Rj, j = 2 , . . . , k, c a n a l w a y s b e chosen i n such 

a w a y t h a t : 

( C P 1 ) T h e m a t r i x An € F / i X I / is o f full column rank v. 

( C P 2 ) T h e v e c t o r 61 e F M is nonzero. 

• T h e m a t r i x B\ e F A t x ' 5 is o f full column rank 5. 

• T h e t e n s o r B\ e F ' " " 5 2 * ' " ' " 5 * j - m o d e m a t r i c i z a t i o n s B\^ o f full row rank Sj (or 

e q u i v a l e n t l y , a l l j - m o d e co - f i be rs o f B\ a re l i n e a r l y i n d e p e n d e n t ) , f o r j = 2 , . . . , k. 

L e t An have £ d i s t i n c t n o n z e r o s i n g u l a r va lues w i t h m u l t i p l i c i t i e s Hi a n d ji^+i = 

d i m ( A / " ( A j 1 ) ) , a n d le t Ui b e m a t r i c e s h a v i n g o r t h o n o r m a l bases o f le f t s i n g u l a r vec to r 

subspaces o f An as t h e i r c o l u m n s . T h e n : 

( C P 3 ) T h e Hi = ... = = n^+i = 1 a n d U?bi € F are nonzero, f o r i = 1 , . . . , £ , £ + 1 . 

• T h e m a t r i c e s C^-Br e W^*5 a re o f / M H r o w rank Hi, f o r i = 1 , . . . , £ , £ + 1 . 

• T h e m a t r i c e s tZ /BJ ; 1 ^ e F ^ * ^ ^ 5 J ) a r e 0 f r o w r a n £ ^ f o r i = 1 , + 1 . 
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T h e s u b p r o b l e m s 

A i i Z i R f & i , AUXUMB!, a n d 4 i i X i A ,
M i . . . i l « B 1 (2 .14) 

s a t i s f y i n g ( C P 1 ) - ( C P 3 ) a re c a l l e d t h e s ing le (o r v e c t o r ) , m u l t i p l e (o r m a t r i x ) , a n d tensor 

r i g h t - h a n d s ide core problem w i t h i n ( 2 . 1 ) - ( 2 . 3 ) , respec t i ve l y . T h e core p r o b l e m is a l w a y s 

g i v e n uniquely u p t o a u n i t a r y t r a n s f o r m a t i o n , because s u c h t r a n s f o r m a t i o n does n o t 

change i t s f u n d a m e n t a l p r o p e r t i e s ( C P 1 ) - ( C P 3 ) . I n o t h e r w o r d s , i n t h e v e c t o r r i g h t -

h a n d s ide case, t h e p a r t i c u l a r core p r o b l e m m a t r i x [ & i , A n ] has t o be seen o n l y as a 

representative o f t h e set o f a l l poss ib le m a t r i c e s 

r e p r e s e n t i n g t h e same core p r o b l e m . S i m i l a r r esu l t h o l d s i n t h e m a t r i x a n d t e n s o r right-

h a n d s ide case. 

P r o p e r t i e s ( C P 1 ) - ( C P 3 ) i m p l y a l o t o f i m p o r t a n t p r o p e r t i e s o f core p r o b l e m s , i n 

p a r t i c u l a r , t h e core p r o b l e m s a re t h e sma l les t ( i n t e r m s o f d i m e n s i o n s ) s u b p r o b l e m s t h a t 

c a n be o b t a i n e d b y u n i t a r y t r a n s f o r m a t i o n s g i v i n g t h e b l o c k p a r t i t i o n i n g s o f t h e f o r m 

( 2 . 7 ) - ( 2 . 9 ) . Ze ro s o l u t i o n s o f t h e o t h e r s u b p r o b l e m s i n ( 2 . 1 1 ) - ( 2 . 1 3 ) t o g e t h e r w i t h t h e 

sma l les t size o f core p r o b l e m s i n d i c a t e t h a t t h e core p r o b l e m s c o n t a i n a l l t h e su f f i c ien t 

a n d o n l y t h e necessary i n f o r m a t i o n f o r s o l v i n g t h e o r i g i n a l p r o b l e m s ( 2 . 1 ) - ( 2 . 3 ) . F u r t h e r 

( C P 1 ) - ( C P 3 ) i m p l y , e .g. , t h a t : 

( C P 4 ) M a t r i c e s [ & i , A n ] , [ S i , A n ] , a n d [ S ^ ^ A n ] a re o f full row rank \x. 

I n t h e case o f m a t r i x r i g h t - h a n d s ide , m u l t i p l i c i t i e s o f s i n g u l a r va lues o f A n a n d [ S i , A n ] 

are b o u n d e d b y 6, e tc . 

I t is necessary t o e m p h a s i z e t h a t f o r t h e core p r o b l e m w i t h a s ing le r i g h t - h a n d s ide, 

t h e p r o p e r t i e s ( C P 1 ) - ( C P 3 ) a l l o w t o p r o v e t h a t i t s a l w a y s u n i q u e l y T L S so lvab le (see 

[18] ) . L e t £ I , T L S be t h e u n i q u e l y g i v e n T L S s o l u t i o n o f t h e core p r o b l e m . C o m b i n i n g 

(2 .7) w i t h (2 .10) ( le f t e q u a t i o n ) we get t h a t t h e v e c t o r 

is t h e T L S s o l u t i o n o f t h e o r i g i n a l p r o b l e m (2 .1) w i t h m i n i m u m 2 - n o r m ( i f s u c h a so

l u t i o n e x i s t s ) , o r t h e n o n g e n e r i c s o l u t i o n w i t h m i n i m u m 2 - n o r m o t h e r w i s e (see [23] fo r 

t h e d e f i n i t i o n o f t h e n o n g e n e r i c s o l u t i o n ) . I n t h i s w a y t h e core r e d u c t i o n s imp l i f i e s t h e 

ana lys i s a n d s o l u t i o n o f T L S p r o b l e m s w i t h d = 1 . N o t e t h a t f o r p r o b l e m s w i t h a m a t r i x 

or t e n s o r r i g h t - h a n d s ide (see [4] a n d [10]) t h e core p r o b l e m m a y s t a y u n s o l v a b l e i n t h e 

T L S sense. 

{ [ 6 i , A n ] : A n = P*AnQu &i = P*h, P, \ - Pi1, Qi - Q\l | 
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3. Tensor models 

L e t us cons ide r t h e m a t r i x ( m u l t i p l e ) r i g h t - h a n d s ide l i n e a r a p p r o x i m a t i o n p r o b l e m 

A(X) = AX * B (see (1 .2) a n d (2 .2 ) ) w i t h t h e l i n e a r m a p p i n g A : F " x d —>• F m x d , 

A € J z ? ( F 7 l x d , F m x d ) . T h e v e c t o r i z a t i o n o f t h e m a t r i c e s X a n d B r ea r ranges 

AX*B t o (I®A)vec(X) <* v e c ( S ) , (3 .1) 

w h e r e ® is t h e K r o n e c k e r p r o d u c t , a n d v e c ( X ) s tacks t h e c o l u m n s o f X i n one l o n g 

c o l u m n v e c t o r . T h e c o r r e c t e d p r o b l e m (A + E)X = B + G (see (1 .3) a n d (2 .5 ) ) t h e n 

becomes 

(l®(A + £ ) ) v e c ( X ) = v e c ( B + G ) , 

((I®A) + (I®E)} v e c ( X ) = v e c ( B ) + v e c ( G ) . 

T h e m a p p i n g - p e r t u r b a t i o n £ f o l l o w s t h e K r o n e c k e r - p r o d u c t s t r u c t u r e o f A. 

T h u s , f o r t h e m a t r i x r i g h t - h a n d s ide T L S p r o b l e m ( 2 . 5 ) , t h e search-set S f o r t h e 

d a t a c o r r e c t i o n s (see (1 .3 ) ) is restricted t o a n {ran)-dimensional proper subspace o f 

i f ( F " x , i , F r a x , J ) i s o m o r p h i c t o t h e v e c t o r space F m x ™ ( a n d t h e subspace {Id®E : E i 

j p m x n j Q £ jp(md)x(nd)^ ^ g d i s c u s s e c j a l r e a d y i n [5], t h i s r e s t r i c t i o n is t h e k e y f a c t o r l i m 

i t i n g t h e T L S s o l v a b i l i t y o f ( 2 . 2 ) . 

O n e w a y t o o v e r c o m e t h i s f u n d a m e n t a l d i f f i c u l t y is t o a l l o w f o r m o r e gene ra l co r rec 

t i o n s o f t h e g i v e n d a t a . T h u s here we s t u d y severa l g e n e r a l i z a t i o n s o f t h e T L S p r o b l e m 

(2 .5) r e l a x i n g t h e r e s t r i c t i o n s b y e n r i c h i n g t h e search-set . F i r s t , we cons ide r a b i l i n e a r 

m o d e l a n d d e r i v e a g e n e r a l i z a t i o n o f t h e core r e d u c t i o n f o r t h i s case. A n o t e o n m o d e l s 

w i t h higher Kronecker rank r ep resen ted b y s u m s o f b i l i n e a r m o d e l s f o l l o w s . F i n a l l y , f u l l 

t e n s o r m o d e l s a re d e s c r i b e d ; see t h e i l l u s t r a t i o n i n F i g . 1 . 

W e show t h a t i n t h e case o f f u l l t e n s o r m o d e l , t h e a p p r o x i m a t i o n p r o b l e m c a n be 

i n t e r p r e t e d ( e m p l o y i n g t h e v e c t o r i z a t i o n s i m i l a r l y as i n (3 .1 ) ) as t h e s t a n d a r d v e c t o r 

(s ing le ) r i g h t - h a n d s ide p r o b l e m . T h e r e t h e s o l v a b i l i t y is s i m p l e r , b e t t e r u n d e r s t o o d a n d 

t h e s o l u t i o n c a n be c o n s t r u c t e d t h r o u g h t h e u n i q u e ( a n d a l w a y s e x i s t i n g ) s o l u t i o n o f 

i t s core p r o b l e m . C o n s e q u e n t l y , t h e e n l a r g e m e n t o f t h e search set S f r o m t h e sma l les t 

( c o r r e s p o n d i n g t h e s t a n d a r d m a t r i x r i g h t - h a n d s ided m o d e l s (2 .5 ) ) t o t h e la rges t (cor 

r e s p o n d i n g t o t h e f u l l t e n s o r m o d e l s ) is a c c o m p a n i e d b y i m p r o v i n g t h e T L S s o l v a b i l i t y 

p r o p e r t i e s o f t h e a p p r o x i m a t i o n p r o b l e m s themse l ves , a n d a lso t h e core p r o b l e m s w i t h i n . 

3.1. Generalization to bilinear model 

O n e o f t h e s i m p l e s t g e n e r a l i z a t i o n s o f t h e m a p p i n g is a m o d i f i c a t i o n o f (3 .1) t o 

AzXA^vB o r (M® A£) vec(X) «vec(B) (3 .2) 
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n d 

n X B 

Fig. 1. Illustration of linear approximation problems with the matrix right-hand side with differently struc
tured mapping. Left: The model is realized by the only matrix (highly structured tensor mapping). Right: 
The model is fully general, i.e., realized by a general tensor of fourth-order. 

fo r a v e c t o r i z a t i o n o f X e F ™ x d a n d B e flrmxc. T h e m a p p i n g is rea l i zed b y a p a i r o f 

m a t r i c e s A% e F m x ™ a n d A ^ e F c x d . S u c h p r o b l e m s have b e e n s t u d i e d , e.g. , i n [13, 

Sect. 3] o r [14]. A g e n e r a l i z a t i o n o f t h e T L S f o r m u l a t i o n is s t r a i g h t f o r w a r d . 

Definition 3.1. L e t A^XA^ » B be a n a p p r o x i m a t i o n p r o b l e m (see ( 3 . 2 ) ) . T h e m i n i 

m i z a t i o n p r o b l e m 

m m 
G e F m x c 

E£ € F m x ™ 

E m e F c x d 

G E£  

LE*m 0 
s u b j e c t t o (A£+ES,)X(A<K + E<K)* = (B + G) (3 .3) 

is ca l l ed t h e T L S p r o b l e m w i t h a b i l i n e a r m o d e l a n d a m a t r i x r i g h t - h a n d s ide. 

T h e v e c t o r i z a t i o n a n d t h e c o r r e s p o n d i n g r e a r r a n g i n g t h e n revea ls t h e s t r u c t u r e o f t h e 

c o r r e c t e d p r o b l e m , 

((AJR + Em) <g> (As, + E&)) v e c ( X ) = v e c ( B + G ) , 

((A^® A£) + (E^® A£) + (A^® Ez) + (E^® Ez)^vec(X) = v e c ( B ) + v e c ( G ) . (3 .4) 

A £ 

O n e c a n see t h a t t h e m a p p i n g - p e r t u r b a t i o n £ n o w has a s i g n i f i c a n t l y m o r e c o m p l i c a t e d 

K r o n e c k e r - p r o d u c t s t r u c t u r e . W i t h d > 1 , t h e search-set S (see (1 .3 ) ) is r e s t r i c t e d t o 

a n (mn + c d ) - d i m e n s i o n a l proper submanifold o f < 5 ^ ( F ™ x d , F m x c ) h o m e o m o r p h i c t o t h e 

v e c t o r space F m x ™ x F c x d = {(E£,Em) : E £ e F m x n , E m e F c x d } . N o t e t h a t t h e T L S 

s o l v a b i l i t y o f ( 3 . 2 ) - ( 3 . 3 ) is u n d e r i n v e s t i g a t i o n . 

M o t i v a t e d b y t h e core r e d u c t i o n f o r p r o b l e m s w i t h a m a t r i x m o d e l a n d m a t r i x r i g h t -

h a n d s ide [7], we w a n t t o genera l i ze t h e core p r o b l e m concep t t o (3 .2 ) . L e t us cons ide r 

t h e f o l l o w i n g u n i t a r y t r a n s f o r m a t i o n 

A £ X A ^ = (P*A£Q)(Q*XR)(R*A*mK) * (P*BK) = B, (3 .5) 
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w h e r e P 1 = P * , Q 1 = Q * , K 1 = K*, R 1 = R* a re u n i t a r y m a t r i c e s . W e a re l o o k i n g 

fo r m a t r i c e s 

P*BK 
B1 0 

0 0 
4 c , n o 

0 4 e , 2 2 . 
K*AmR• 

A m M 0 

0 Arn 22 

w h e r e B±, A e . i i ; At^tu have m i n i m a l d i m e n s i o n s over a l l u n i t a r y t r a n s f o r m a t i o n s y i e l d 

i n g t h e same b l o c k s t r u c t u r e . C o n f o r m a l p a r t i t i o n i n g o f X t h e n w o u l d s p l i t t h e o r i g i n a l 

p r o b l e m t o f o u r s u b p r o b l e m s 

a n d 

As,,nXnAnn RS S I 

A^^lX^A^ 22 w 0, Ag 22X21 A{ft J J Rs 0, ^ . £ , 2 2 ^ 2 2 ^ ^ 22 ra 0, 
(3.6) 

w h e r e o n l y t h e f i r s t needs t o b e so l ved , s ince Xi2 = 0, X2i = 0, X22 = 0. T h e f o l l o w i n g 

d e f i n i t i o n f o r m a l l y i n t r o d u c e s t h e des i red core p r o b l e m . 

Definition 3.2. T h e s u b p r o b l e m 

A C J I I X L I A K N RS S i 

(see (3 .6 ) ) is ca l l ed t h e core p r o b l e m w i t h i n a l i nea r a p p r o x i m a t i o n p r o b l e m A^XA^ RS 

S (see ( 3 . 2 ) ) , i f A e , i i ; A^u a n d S i a re m i n i m a l l y d i m e n s i o n e d ( a n d A c , 2 2 , A . 9 ^ 2 2 

m a x i m a l l y d i m e n s i o n e d ) s u b j e c t t o t h e u n i t a r y t r a n s f o r m a t i o n 

P*BK 
S i 0 

0 0 
P*A£Q: 4 c , n 0 

0 A £ i 2 2 
K*AmR: 

AtR,u 0 
0 A m 22 

w h e r e S * = P " \ Q * = Q " \ K* = K~\ R* = R~\ 

W e show t h a t s u c h core p r o b l e m c a n be revea led i n t h r e e subsequen t s teps: 

3 .1.1 T r a n s f o r m a t i o n o f t h e s y s t e m m a t r i c e s : 

3.1.2 T r a n s f o r m a t i o n o f t h e right-hand s ide ; a n d 

3.1.3 F i n a l p e r m u t a t i o n . 

N o t e t h a t i n t h e s t a n d a r d m a t r i x ( m u l t i p l e ) r i g h t - h a n d s ide case a n e x t r a s t ep o f r i g h t -

h a n d s ide p r e p r o c e s s i n g is r e q u i r e d ; see [7]. T h i s p a r t c a n be s k i p p e d here s ince t h e 

t r a n s f o r m a t i o n o f S is rea l i zed i m p l i c i t l y d u r i n g t h e o t h e r s teps . W e n o w desc r i be t h e 

process i n d e t a i l . 

3.1.1. Transformation of the system matrices 
W e s t a r t w i t h m o d i f i c a t i o n o f t h e m o d e l m a t r i c e s t o s i m p l e s t , i n p a r t i c u l a r d i a g o n a l , 

f o r m s . C o n s i d e r t h e S V D s o f A& a n d A<&, 



/. Hnetynkovd et al. / Linear Algebra and its Applications 577 (2019) 1-20 11 

A£ = U£i;V£, U££f7 

Urn € F C 

\ F £ e F n x n , 

( / x , / 
(3.7) 

w h e r e U^ = U£

1, V£ = V£

1, U^ = L 7 ^ 1 , = V^1. L e t As, a n d A ^ have £ a n d £ distinct 

n o n z e r o s i n g u l a r va lues 

0~\ > 0~2 > • • • > <J£ > 0 a n d 1p\>1p2> ••• >1p(>0, (3.8) 

a n d le t rrti, i = a n d Cj, j = 1 , . . . , C be t h e i r m u l t i p l i c i t i e s , respec t i ve l y , i.e., 

= r a n k ( A . £ ) a n d T.j=i Cj = r a n k ( A n ) . F u r t h e r d e n o t e m ^ + i = m - rank(As), 

n^+i = n - r a n k ( A . £ ) , c^+i = c - r a n k ( A n ) , a n d d^+i = d - r a n k ( A r s ) . T h e p r o b l e m (3.2) 

c a n b e t h e n t r a n s f o r m e d t o 

{UlAsy&)Z{V^A*dKU<n) = Y1Z^'T«F, w h e r e F = U£BU<n, Z^V^XV^. (3 .9) 

B o t h s y s t e m m a t r i c e s a re n o w diagonal. 

3.1.2. Transformation of the right-hand side 

N e x t , we need t o get as m a n y zero r o w s a n d c o l u m n s i n t h e r i g h t - h a n d s ide as poss ib le , 

w h i l e p r e s e r v i n g t h e d i a g o n a l s t r u c t u r e o f t h e s y s t e m m a t r i c e s . C o n s i d e r t h e p a r t i t i o n i n g 

^£+1,1 

w h e r e Fitj e WmiXCj, (3 .10) 

i = 1 ,2 , . . . , £ , £ + 1 , j = 1,2, . . . , £ , £ + 1 . D e n o t e Hi a n d jj r a n k s o f i n d i v i d u a l b l o c k - r o w s 

a n d b l o c k - c o l u m n s o f F, r espec t i ve l y . C o n s i d e r t h e f o l l o w i n g t w o sets o f S V D s 

[ F i i l , . . . , F i i ( + 1 ] = Ss,iesi,iWli, Ss,i e F m i X m % e £ > i e R ™ 4 ^ , ^ e F " " ' , 

SKJQKJW^, ^ E F ™ ^ , 9 O T j e R 7 ^ , Wsftj £ ¥CjXCj, 

w h e r e 5 ^ i = 5 ^ ^ , ^ = a re square u n i t a r y m a t r i c e s , is o f f u l l c o l u m n r a n k 

Mi> ©SH,j is o f f u l l r o w r a n k 7 j , a n d W ^ i , 5VKJ have m u t u a l l y o r t h o n o r m a l c o l u m n s , i.e., 

W% yVs,i = Ifn, S<R jSfR,j = I-yj • D e f i n e u n i t a r y m a t r i c e s 

Su = d i a g ( 5 , £ i i , . . . , Sz^, Sg^+i), Sy = d i a g ( 5 £ i i , . . . , S££,In(+1), 
(3 .11) 

Wv = diag(WmA, • • • , W m x , W m x + 1 ) , Wv = d i a g ( W O T i i , . . . , Wmx, I d ( + 1 ) . 

Since 5 ^ E 5 y = E a n d W^Wy = t h e p r o b l e m (3 .9) c a n be t r a n s f o r m e d t o 

(S^Sv)(S^ZWv)(W^TWu) = E ( S * Z W V ) * T * (SfrFWu), (3 .12) 



12 /. Hnetynkovd et al. / Linear Algebra and its Applications 577 (2019) 1-20 

w h i l e p r e s e r v i n g t h e s t r u c t u r e o f s y s t e m m a t r i c e s , a n d p r o d u c i n g t h e r i g h t - h a n d side 

S*UFWU= \ •: \ 

T h e m a t r i c e s 

S*£ii[Fi,i,...,FiiC+1] = e£,iWl, a n d 

have /Uj n o n z e r o a n d m u t u a l l y o r t h o g o n a l r o w s ( f o l l o w e d b y rrii - Hi zero r o w s ) , a n d jj 

n o n z e r o a n d m u t u a l l y o r t h o g o n a l c o l u m n s ( f o l l o w e d b y Cj-jj ze ro c o l u m n s ) , respec t i ve l y . 

T h u s 

Hi 0 
0ra;-/ij,7j ^rrii-ßi^Cj-^j 

H i j e W ^ i , (3 .13) 

a n d a lso \Hi,i, • • •, - f f i ^ + i ] a n d [Hjj,..., j]J a re o f / M H r o w rank, having mutually 

orthogonal rows. 

3.1.3. Final permutation 

F i n a l l y , we c o n s t r u c t p e r m u t a t i o n m a t r i c e s i n o r d e r t o agg rega te t h e re levan t i n f o r m a 

t i o n revea led i n t h e n o n z e r o b l o c k s o f t h e r i g h t - h a n d s ide , w h i l e s t i l l k e e p i n g t h e s y s t e m 

m a t r i c e s as d i a g o n a l as poss ib le . L e t us cons ide r t w o p a i r s o f p e r m u t a t i o n m a t r i c e s 

n 

n 

['S1] 

o 

o 

£,V = 

0 

0 

['S1] 

o 

0 

[V ] 
0 

['"»•] 
0 

0 

0 

0 

0 
0 

0 

0 

0 
"4+1 

a n d H<R,U, I T ^ y ; t h e second p a i r is f u l l y a n a l o g o u s t o t h e first, b u t w i t h m s , n s , /JS, a n d 

£s r e p l a c e d b y cs, ds, 7s, a n d £s, respec t i ve l y . 

R e c a l l t h a t t h e s teps (3 .9) a n d (3 .12) t o g e t h e r t r a n s f o r m t h e o r i g i n a l p r o b l e m (3.2) 

t o 
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(S^A^SvXSyV^XV^WvXWyV^A^Wu) * (S^BU^Wu). (3 .14) 

tt1 

T h e n 

4 e , n 

u s , u ( s u U £ A s v s s v ) ^ £ , v = d i a g ( d i a g ( o - i / M l , o - 2 ^ 2 , • • • , ^ ^ , 0 M 4 + l l 0 ) 

d i a g ( c r l / m i _ / i l , CT

2ITn2-^2 i • • • i °~£lm£—IA£ i , n ^ + i ) ^ 
0 4 £ I 2 2 

112.22 

4-CR11 

n ^ u C W ^ ^ ^ g t y j R W V j I I i R . v = d i a g ( d i a g ( V ' i / 7 l , V 2 ^ 7 2 , • • • ̂ C - ^ c ^ . i c + i ) • 

d i a g ( V > l i c i - 7 l . ^ 2 - ^ 2 - 7 2 ) • • • ̂ C ^ C - T C ' ^ C + l ^ C + l - T C + l ) ) 
4 H , I I 0 

0 A m 22 

MR,22 

a n d 

n I t / ( ^ ^ B L / m ^ ) n K , , 

Hi,C+i o 

S£+i,i " ' #?+i,C+i o 
0 - 0 0 

S i 0 

0 0 
(3 .15) 

3.1.4. Summary of the transformation 

T h e w h o l e core p r o b l e m r e d u c t i o n c a n be s u m m a r i z e d i n t h e f o l l o w i n g k e y steps: 

A£XA^ * S (see ( 3 . 2 ) ) , 

(UZAZVZXVZXVKXU^AKVK)* <» t / * S L / O T (see ( 3 . 9 ) ) , 

E Z * F 

( S £ E S y ) ( S £ Z W ^ ( W £ ¥ W V ) * w S J f ^ (see (3 .12 ) , ( 3 . 1 4 ) ) , 

( n J t 7 E n £ , v ) ( n 5 . 

" 4 c , n 0 X\2 Afi . , 1 1 0 S i 0" 

0 4 £ i 2 2 _ X21 X22 _ 0 4.(^22 0 0_ 

A c o m p a r i s o n w i t h (3 .5) g ives t h e t r a n s f o r m a t i o n m a t r i c e s 

P^UzSuIl^u, Q = V z S v I l ^ v , K^UnWrjIL^u, a n d R ^ V ^ W V U ^ V . 

M o r e o v e r , t h e c o n s t r u c t e d p r o b l e m has severa l n o t a b l e p r o p e r t i e s : 
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( C P 1 ) M a t r i c e s A e , n a n d Am,i\ a re o f full column rank. 

( C P 2 - 3 ) 2 L e t A e , n have £ d i s t i n c t s i n g u l a r va lues w i t h m u l t i p l i c i t i e s Hi a n d ji^+i = 

dim(yy(A*£ n ) ) , a n d le t Uz,% be m a t r i c e s h a v i n g o r t h o n o r m a l bases o f le f t 

s i n g u l a r v e c t o r subspaces o f A e , n as t h e i r c o l u m n s . 

L e t Am,\\ have C d i s t i n c t s i n g u l a r va lues w i t h m u l t i p l i c i t i e s jj a n d 7̂ +1 = 

dim(yy(A?R n ) ) , a n d l e t Um,j be m a t r i c e s h a v i n g o r t h o n o r m a l bases o f le f t 

s i n g u l a r v e c t o r subspaces o f Am,u as t h e i r c o l u m n s . 

T h e m a t r i c e s {Bi a re o f full row rank fa, i = 1 ,2 , . . . , £ , £ + 1 , a n d B\Um,j o f 

full column rank 7^, j = 1 , 2 , . . . , £ , £ + 1 ; see (3 .15 ) . 

These p r o p e r t i e s f u r t h e r i m p l y i n p a r t i c u l a r : 

( C P 4 ) M a t r i c e s [ i ? i , A e , n ] a n d [B*, a re of full row rank. 

N o t e t h a t i n t h e s t a n d a r d m a t r i x r i g h t - h a n d s ide case, t h e p r e p r o c e s s i n g ensures 

t h a t B\ is o f f u l l c o l u m n r a n k ( p o s s i b l y h a v i n g m u t u a l l y o r t h o g o n a l c o l u m n s ) . H e r e we 

o b t a i n e d B\ w i t h b l o c k - c o l u m n s h a v i n g t h i s p r o p e r t y ; t h e size o f these b l o c k - c o l u m n s 

is g i v e n b y t h e m u l t i p l i c i t i e s o f s i n g u l a r va lues o f Am- C l e a r l y , b y c o n s i d e r i n g c = d a n d 

Am = Id we get t h e s t a n d a r d p rep rocessed core p r o b l e m w i t h i n A^XA^ = A^XId = 

AZX « B as i n [7]. 

I n [7, Sect . 4 . 1 , p p . 9 2 6 - 9 2 9 ] , i t was s h o w n t h a t f o r t h e m a t r i x right-hand s ide case 

t h e p r o p e r t i e s ( C P 1 ) - ( C P 3 ) i m p l y t h e m i n i m a l i t y o f t h e o b t a i n e d s u b p r o b l e m a n d t h u s 

ensure t h a t t h e t r a n s f o r m a t i o n is t h e core r e d u c t i o n . T h e f o l l o w i n g t h e o r e m s u m m a r i z e s 

a n a l o g o u s resu l t f o r t h e t r a n s f o r m a t i o n d e r i v e d above . T h e p r o o f is a g e n e r a l i z a t i o n o f 

t h e p r o o f f r o m [7], t h u s we o m i t i t here. 

Theorem 3.3. The unitary transformation developed in sections 3.1.1-3.1.3 is the core 
problem revealing transformation, i.e., the system matrices A e , n > AH,11 o/nd the right-
hand side matrix B\ form the core problem 

As,,II^IIAH,II RS B\ 

within A^XA^ RS B. 

C o n s e q u e n t l y , f o r t h e a p p r o x i m a t i o n p r o b l e m s w i t h m u l t i p l e o b s e r v a t i o n s o n b i l i n e a r 

m o d e l s , we a re ab le t o e x t r a c t necessary a n d su f f i c ien t i n f o r m a t i o n a n a l o g o u s l y as i n [7] 

fo r m a t r i x m o d e l s . I t is w o r t h t o n o t e t h a t s i m i l a r l y as i n t h e m a t r i x case, t h e ex is tence 

o f a T L S s o l u t i o n o f t h e core p r o b l e m g i v e n i n T h e o r e m 3.3 is n o t e n s u r e d ; see [4] o r [11] 

f o r t h e d e t a i l e d ana l ys i s o f s o l v a b i l i t y o f m a t r i x co re p r o b l e m s . 

2 T h e p r o p e r t i e s ( C P 2 ) a n d ( C P 3 ) ( s e e s e c t i o n 2 . 2 , o r [7, p . 9 2 5 ] , o r [4, p . 8 6 4 ] ) h e r e c o i n c i d e w h i l e b e i n g 
d e n o t e d ( C P 2 - 3 ) b o t h t o g e t h e r . 
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3.2. Note on models with higher Kronecker rank 

T h e n e x t s tep i n g e n e r a l i z a t i o n o f p r o b l e m s (3 .1) a n d (3 .2) ( w h i l e f u r t h e r e n l a r g i n g 

t h e search-se t ) c a n b e c o n s i d e r i n g a s u m o f severa l b i l i n e a r m o d e l s 

Y.AZJXA^HB, o r ( £ ( ^ ® A £ i £ ) ) v e c ( X ) « v e c ( . B ) , (3 .16) 

a f t e r a v e c t o r i z a t i o n o f X e F n x d a n d B e F m x c . T h e m a p p i n g is r ea l i zed b y L p a i r s o f 

m a t r i c e s A£t£ e F m x ™ a n d A^^ e F c x d , s i m p l y s a y i n g i t is o f K r o n e c k e r r a n k L. 

P r o b l e m s (3 .2) a n d (3 .16) d i f f e r o n l y i n t h e n u m b e r o f s u m m a n d s o n t h e l e f t - h a n d 

s ide. T h u s , a T L S p r o b l e m c a n b e d e f i n e d a n a l o g o u s l y t o t h e D e f i n i t i o n 3 . 1 . O n t h e o t h e r 

h a n d , t h e g e n e r a l i z a t i o n o f t h e core p r o b l e m r e d u c t i o n is q u e s t i o n a b l e , s ince f o r L > 2 t h e 

le f t ( a n d a lso r i g h t ) m a t r i c e s A%ti (A<x,,e) have i n gene ra l n o c o m m o n s i n g u l a r vec to r s , i.e., 

no c o m m o n S V D . F o r L = 2 one c o u l d cons ide r t h e so-ca l led gene ra l i zed S V D ( G S V D ) 

(see, e.g. , [3, Sect . 6.1.6, p p . 3 0 9 - 3 1 1 ] ) w h i c h de l i ve rs a c o m m o n S V D - l i k e d e c o m p o s i t i o n 

o f a p a i r o f m a t r i c e s , e.g. , i n t h e f o r m A£>\ = t / i E i F - 1 a n d A£>2 = C ^ ^ V - 1 . H o w e v e r , 

t h e c o m m o n f a c t o r V is n o t u n i t a r y a n d t h u s i t does n o t p reserve t h e ( F r o b e n i u s ) n o r m 

used i n t h e m i n i m i z a t i o n i n t h e T L S f o r m u l a t i o n . 

W e see t h a t t h e g e n e r a l i z a t i o n o f t h e core r e d u c t i o n w o u l d r e q u i r e f o r e x a m p l e some 

s y m m e t r y t o be p resen t i n ( 3 .16 ) . T h i s is t h e case w h e n t h e p r o b l e m c o n t a i n s o n l y 

t w o s u m m a n d s o n t h e l e f t - h a n d s ide (L = 2 ) w i t h t w o p a i r s o f m a t r i c e s c o n j u g a t e d t o 

each o t h e r ( p o s s i b l y u p t o a s ign ) o r , m o r e o v e r , w i t h t w o o f t h e m b e i n g i d e n t i t i e s . T h i s 

i nc l udes i n p a r t i c u l a r t h e cases 

AX + XM* *B, AX±XA**B, AXM* ±MXA* « B, 
AXM*+X*B, AXA*±X*B, AX A* ±MXM* «B, ( ' ' 

i.e., t h e p r o b l e m s resemb le t h e Sy lves te r , L y a p u n o v , o r gene ra l i zed L y a p u n o v e q u a t i o n 

i n i t s c o n t i n u o u s o r d i sc re te f o r m . 

3.3. Generalization to full tensor model 

N o w w e t u r n t o a f u l l y gene ra l l i n e a r m a p p i n g A € ^ ( F " x d , F m x c ) r e p r e s e n t e d b y 

a t e n s o r o f f o u r t h o r d e r . C o n s i d e r a gene ra l l i nea r a p p r o x i m a t i o n p r o b l e m (1 .2) o f t h e 

f o r m 

^ X ( ( 3 , 4 ) , ( i , 2 ) ) ^ « B , w h e r e i e F m x c x n x < i , X e F " x d , B € F m x c , (3 .18) 

a n d t h e p r o d u c t X((3,4),( i 1 2)) m e a n s t h a t t h e t h i r d - a n d f o u r t h - m o d e fibres o f t h e o b j e c t 

o n i t s le f t a re m u l t i p l i e d w i t h t h e first- a n d s e c o n d - m o d e fibres o f t h e o b j e c t o n i t s r i g h t , 

respec t i ve l y . T h e n (3 .18) c a n be r e w r i t t e n i n t h e c o m p o n e n t w i s e n o t a t i o n as 
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n d (n,d) 

2 Hai,i,k,i • Xk,i « h,j, o r a(i,j),(k,i) • X{k,l) " 
fc=l 1=1 (fe,l)=(l,l) 

or e m p l o y i n g m u l t i i n d i c e s a n d (fc, s o r t e d i n t h e l e x i c o g r a p h i c a l o r d e r . T h e las t n o 

t a t i o n is i n fac t t h e s t a n d a r d m a t r i x - v e c t o r p r o d u c t o f a m a t r i x A^ 1' 2^ e ̂ (mc)x(nd) n a v m g 

en t r i es ci(i,j),(k,i) 0 1 1 t h e ( i , j ) t h r o w a n d (k, l)th c o l u m n , t h e so-ca l led {l,2}-modes ma-

tricization o f t h e t e n s o r A, a n d t h e l o n g v e c t o r v e c ( X ) e F ^ n d ^ h a v i n g en t r i es x^,i)-

C o n s e q u e n t l y , we f o r m a l l y get 

. 4 { 1 ' 2 } v e c ( X ) « v e c ( S ) . (3 .19) 

A l l p r e v i o u s l y d iscussed a p p r o x i m a t i o n p r o b l e m s a re spec ia l cases o f ( 3 .19 ) . A c o m 

p a r i s o n o f (3 .19) w i t h ( 3 . 1 ) , ( 3 . 2 ) , a n d (3 .16) revea ls t h a t i n t hose cases, t h e f o u r t h - o r d e r 

t e n s o r A has a spec i f i c s t r u c t u r e , n a m e l y 

L 
A { h 2 } = I ® A , o r A m ® A £ , o r ^ A ^ g ^ e F ^ M . 

F u r t h e r m o r e , i n t h e i m p o r t a n t cases o f Sy l ves te r - l i ke o r L y a p u n o v - l i k e p r o b l e m s (3 .17 ) , 

we have 

A { 1 ' 2 } =(I®A) + (M®I), (I®A)±(A®I), (M®A)±(A®M), 

(M®A) + (I®I), (A®A)±(I®I), (A® A)±(M®M). 

O b v i o u s l y , t h e tenso rs A a b o v e a re h i g h l y s t r u c t u r e d a n d s y m m e t r i c . T h i s s t r u c t u r e c a n 
also b e seen b y u s i n g t h e { l , 3 } - m o d e s m a t r i c i z a t i o n o f A, i.e., ai,jtk,i is i n t h e m a t r i x 
^ { 1 , 3 } G ¥(mn)x(cd) p l a c e d i n t h e ( j 5 f c ) t h r o w a n c i ( j , / ) t h c o l u m n . T h e n 

L 
A { h 3 } =vec(A)vec(I)J, vec(A£) vec(Am)*, £ vec(A^e) vec(Am/)*, 

e=i 

w h i c h is a r a n k - o n e m a t r i x f o r p r o b l e m s (3 .1) a n d ( 3 . 2 ) , a n d a t m o s t r a n k L m a t r i x fo r 

p r o b l e m (3 .16 ) . S i m i l a r l y , f o r t h e Sy l ves te r - l i ke a n d L y a p u n o v - l i k e p r o b l e m s (3 .17) t h e 

m a t r i x is o f r a n k a t m o s t t w o . 

C o n c e r n i n g t h e T L S d e f i n i t i o n f o r (3 .2) i n t r o d u c e d i n D e f i n i t i o n 3.1 ( a n d i t s a n a l 

o g y f o r ( 3 . 1 6 ) ) , i t is i m p o r t a n t t o n o t e t h a t w h e n e v e r X is m u l t i p l i e d f r o m b o t h s ides, 

t h e c o m p o n e n t w i s e c o r r e c t i o n s o f t h e i n d i v i d u a l m a t r i c e s Ag, A<R, Agj, A<^^ d o n o t 

represen t d i r e c t c o m p o n e n t w i s e c o r r e c t i o n s o f t h e tenso r ; see i n p a r t i c u l a r ( 3 .4 ) . F o r ex

a m p l e , based o n t h e { l , 3 } - m o d e s m a t r i c i z a t i o n one c a n see, t h a t t h e c o r r e c t i o n i n t h e 

case ( 3 . 2 ) - ( 3 . 4 ) rep resen ts a rank-three update o f t h e t e n s o r A. W e n o w f o l l o w a d i f f e ren t 

i dea , w h e r e s u c h r e s t r i c t i o n s o n c o r r e c t i o n s a l l o w e d f o r t h e m o d e l a re n o t p resen t . 
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3.3.1. TLS definition and basic solvability results 

T h e f o l l o w i n g d e f i n i t i o n i n t r o d u c e s a T L S f o r m u l a t i o n f o r t h e gene ra l p r o b l e m (3 .18 ) . 

Definition 3.4. L e t A x ( (3 ,4 ) , ( i ,2) ) X » B be a n a p p r o x i m a t i o n p r o b l e m (see ( 3 . 1 8 ) ) . T h e 
m i n i m i z a t i o n p r o b l e m 

m i n (\\G\\% + \\£\\ 2)i s u b j e c t t o (A + £) x ( ( 3 4 ) ( 1 2 ) ) X = B + G (3 .20) 

is ca l l ed t h e f u l l - t e n s o r - m a p p i n g T L S p r o b l e m w i t h a m a t r i x r i g h t - h a n d s ide. 

I n t h e d e f i n i t i o n a b o v e , t h e search-set S o f t h e m a p p i n g - p e r t u r b a t i o n £ (see (1 .3 ) ) 

covers t h e w h o l e space J 2 ^ ( F ™ x d , F m x c ) , c o n t r a r y t o t h e cases d iscussed i n t h e p r e v i o u s 

sec t ions . T h i s fac t is p a r t i c u l a r l y i m p o r t a n t , because t h e r i chness o f t h e set S a l l ows us t o 

reshape (3 .18) based o n (3 .19) i n t o a v e c t o r (s ing le ) r i g h t - h a n d s ide p r o b l e m r e p r e s e n t i n g 

t h e s i m p l e s t a n d w e l l s t u d i e d case o f T L S p r o b l e m s . 

Theorem 3.5. Let (3.18)-(3.20) be a matrix right-hand side TLS problem with a general 

tensor mapping. Let (2.1)-(2.4) be the corresponding vector right-hand side TLS problem 

with 

A = A { h 2 } , E = £ { h 2 }
 s F ( m c ) x ( " d ) , x = vec(X) e Wnd, 

(3 .21) 
and b = vec(B), g = v e c ( G ) e F m c , 

i.e., A is the {1 ,2 } -ma t r i c i za t i on of A, andx, b, and g are vectorizations of matrices X, 

B, and G, respectively. Then these two TLS problems are equivalent, i.e., x represents a 

TLS solution of (2.1)-(2.4) if and only if X represents a TLS solution of (3.18)-(3.20). 

Proof. S ince m a t r i c i z a t i o n a n d v e c t o r i z a t i o n rep resen t o n l y a r e s h a p i n g o f a r r a y s , we o n l y 

focus o n t h e m i n i m i z a t i o n . T h e search-set f o r m a p p i n g p e r t u r b a t i o n s covers t h e w h o l e 

space o f a l l l i n e a r m a p p i n g s i n b o t h cases. S ince t h e n o r m is i n b o t h cases essen t ia l l y t h e 

same, we d i r e c t l y get 

\\[g,E]\\F = (\g\l + \E\2

F)± = ( | | v e c ( G ) | | i + | | £ { 1 < 2 } | | ^ = ( | | G | | | + \\£ | | 2 ) ^ 

w h i c h f in ishes t h e p r o o f . • 

N o t e t h a t a n a n a l o g o u s resu l t c a n be f o r m u l a t e d i n a s l i g h t l y m o r e gene ra l way . I f t h e 

search-set S f o r t h e m a p p i n g - p e r t u r b a t i o n £ i n (1 .3) covers t h e w h o l e space o f a l l l i nea r 

m a p p i n g s Jif('%f,V), t h e n t h e T L S p r o b l e m c a n b e r e f o r m u l a t e d as a v e c t o r (s ing le) 

r i g h t - h a n d s ide p r o b l e m ( 2 . 1 ) - ( 2 . 4 ) . 

C o n s e q u e n t l y , bas ic s o l v a b i l i t y r esu l t s ava i l ab l e f o r v e c t o r r i g h t - h a n d s ide T L S p r o b 

lems (see, e.g. , [2] , [23]) c a n be t r a n s f e r r e d t o T L S p r o b l e m s d e f i n e d i n D e f i n i t i o n 3.4 fo r 
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f u l l t e n s o r m o d e l s a n d a m a t r i x r i g h t - h a n d s ide . F o r t h e v e c t o r i z e d p r o b l e m (3 .19 ) , t h e r e 

is a lso a core r e d u c t i o n ava i l ab l e w i t h t h e r e s u l t i n g core p r o b l e m h a v i n g t h e u n i q u e T L S 

s o l u t i o n ; see [18]. N o t e t h a t t h e r e a re q u e s t i o n s r e l a t e d t o t h e m e a n i n g o f t h e v e c t o r i z e d 

core r e d u c t i o n i f t h e o r i g i n a l p r o b l e m has some s t r u c t u r e d f o r m , as i n d i c a t e d b y t h e 

ana lys i s i n [10] f o r p r o b l e m s w i t h s t r u c t u r e d r i g h t - h a n d sides. 

3.3.2. Relation of generalization approaches 
I n t h e v i e w o f T h e o r e m 3.5, i t is i n t e r e s t i n g t o observe t h a t t h e p r o b l e m (3 .18) w i t h 

t h e f u l l t e n s o r m a p p i n g c a n be a l w a y s r e w r i t t e n t o t h e f o r m (3 .16) w i t h a s u m o f b i l i n e a r 

m o d e l s . 

L e t us cons ide r t h e ( l , 3 ) - m o d e s sl ices o f A e F m x c x n > < d , ^ C C Q s u k a r r a y S 

i n F m x l x ™ x l . D e n o t e A:>j>:>i e j r m x " a m a t r i x t r i v i a l l y i s o m o r p h i c w i t h t h e (j,l)th 

( 1 , 3 ) - m o d e s s l ice, j = 1 , 2 , . . . , c, I = 1 , 2 , . . . , d. T h e n t h e m a t r i c i z a t i o n A^1'2^ rep resen ts 

a t w o - w a y a r r a y o f these m a t r i c e s 

^ { 1 , 2 } 
A:,l,:,l - A;A,:,d 

A;,c,:,l •" A:>c>:>d 
} l i ^ l , ^ A . , , j ) . Mjj = e ^ e ^ T € F c x , / 

3=11=1 

w h e r e e£^ s t a n d s f o r t h e ith E u c l i d e a n v e c t o r o f l e n g t h £, i.e., t h e i t h c o l u m n o f It. T h u s 

t h e p r o b l e m A x ( (3 ,4 ) , ( i , 2 ) ) X » B c a n be , a f t e r a v e c t o r i z a t i o n 

^ l { 1 ' 2 } v e c ( X ) « v e c ( S ) , r e s h a p e d b a c k t o £ A : J -,iXMjtl « B. (3 .22) 
3=11=1 

W e see t h a t (3 .22) has n o w t h e same s t r u c t u r e as (3 .16) w i t h L = cd, A^^ b e i n g 

( l , 3 ) - m o d e s sl ices o f A, a n d A^^ f o r m i n g t h e E u c l i d e a n bas is o f F c x d . T h i s l i n k s t h e 

f u l l t enso r p r o b l e m (3 .18) b a c k t o t h e s t r u c t u r e d p r o b l e m (3 .16 ) . 

H o w e v e r , t h e r e is a s u b s t a n t i a l d i f f e rence b e t w e e n t h e a p p r o a c h rep resen ted b y a 

subsequen t g e n e r a l i z a t i o n o f t h e T L S f o r m u l a t i o n s f r o m ( 3 . 1 ) , t h r o u g h (3 .2 ) , t o (3 .16 ) , 

a n d t h e T L S f o r m u l a t i o n r ep resen ted b y D e f i n i t i o n 3.4. F o l l o w i n g (3 .22 ) , t h e c o r r e c t e d 

s y s t e m (3 .20) is r e s h a p e d f r o m 

(A + £) x ( (3 ,4 ) , ( i ,2 ) ) X * (B + G) t o £ » 1 , „ ; + A ' , , , / ) . V . U ; ; RS (B + G). 
3=11=1 

T h u s here t h e m a p p i n g - p e r t u r b a t i o n £ affects only the matrices on the left of X, o n 

t h e contrary t o f o r m u l a t i o n s a n a l y z e d i n sec t ions 3.1 a n d 3.2. W e see t h a t t h i s las t T L S 

f o r m u l a t i o n does n o t f o l l o w t h e nes ted s t r u c t u r e o f t h e p r e v i o u s g e n e r a l i z a t i o n s . O n t h e 

o t h e r h a n d , t h e search-set $ n o w covers t h e w h o l e space « i f ( F " x d , F m x c ) . 
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4. Conclusions 

W e have s h o w n t h a t t h e s t a n d a r d m a t r i x r i g h t - h a n d s ide T L S p r o b l e m AX RS B, 

w h e r e t h e m o d e l is r ea l i zed b y a s ing le m a t r i x A ( i .e . , b y t h e " o n e - s i d e - p r o d u c t " ) , c a n 

be e x t e n d e d i n severa l w a y s . F i r s t , we cons ide red t h e b i l i n e a r m o d e l r ep resen ted b y a 

p a i r o f m a t r i c e s , d e f i n e d a s t r a i g h t f o r w a r d T L S m i n i m i z a t i o n p r o b l e m a n d d e r i v e d t h e 

core r e d u c t i o n f o r t h i s case. G e n e r a l i z a t i o n t o p r o b l e m s w i t h a s u m o f b i l i n e a r m o d e l s 

was d iscussed . T h e n , a f u l l y gene ra l t e n s o r i z e d m o d e l was i n t r o d u c e d a l l o w i n g t o reshape 

( vec to r i ze ) t h e p r o b l e m t o a s ing le right-hand s ide a p p r o x i m a t i o n p r o b l e m . T h u s , some 

of t h e T L S s o l v a b i l i t y r esu l t s ava i l ab l e f o r d = 1 c a n b e a d o p t e d t o t h i s g e n e r a l i z a t i o n . 

T h e w h o l e ana l ys i s shows h o w t h e p r o p e r t i e s o f t h e m o d e l ( m a p p i n g ) i n f l u e n c e t h e T L S 

m i n i m i z a t i o n f o r t h e c o r r e s p o n d i n g a p p r o x i m a t i o n p r o b l e m . I n p a r t i c u l a r , i t was p r o v e d 

t h a t t h e p r e s e n t e d e n l a r g e m e n t s o f t h e search set S f o r t h e m o d e l c o r r e c t i o n s resu l t i n 

changes i n t h e T L S s o l v a b i l i t y o f t h e a p p r o x i m a t i o n p r o b l e m s ( a n d t h e same h o l d s fo r 

t h e i r core p r o b l e m s ) . T h i s w o r k , t o g e t h e r w i t h t h e resu l t s o b t a i n e d i n [10] , rep resen ts 

a n o t h e r s tep t o w a r d s i n v e s t i g a t i o n o f a f u l l y t e n s o r i z e d (genera l as w e l l as s t r u c t u r e d ) 

l i nea r a p p r o x i m a t i o n p r o b l e m 

A X ( ( s - t + l , . . . , s ) , ( l , . . . , t ) ) X RS B, 

w h e r e t h e m o d e l A a n d t h e u n k n o w n s X a re s - w a y a n d fc-way t enso rs , r espec t i ve l y , 

m u l t i p l i e d i n t m o d e s , t < m i n { s , f c } , a n d t h e right-hand s ide B is a (s + k - 2£ ) -way 

tensor . 
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1 
p" K R Y L O V S U B S P A C E A P P R O A C H T O C O R E P R O B L E M S W I T H I N 

M U L T I L I N E A R A P P R O X I M A T I O N P R O B L E M S : A U N I F Y I N G 
F R A M E W O R K * 

•£ - -
g, I V E T A H N E T Y N K O V A t , M A R T I N P L E S I N G E R * , A N D J A N A Z A K O V A ' 
-5? 
Q_ A b s t r a c t . E r r o r c o n t a m i n a t e d l i n e a r a p p r o x i m a t i o n p r o b l e m s a p p e a r i n a l a rge v a r i e t y o f 

a p p l i c a t i o n s . T h e p r e s e n c e o f r e d u n d a n t o r i r r e l e v a n t d a t a c o m p l i c a t e s t h e i r s o l u t i o n . I t w a s s h o w n 
t h a t s u c h d a t a c a n b e r e m o v e d b y t h e co re r e d u c t i o n y i e l d i n g a m i n i m a l l y d i m e n s i o n e d s u b p r o b l e m 
c a l l e d t he core p r o b l e m . D i r e c t ( S V D o r T u c k e r d e c o m p o s i o n - b a s e d ) r e d u c t i o n h a s b e e n i n t r o d u c e d 

_̂ p r e v i o u s l y for p r o b l e m s w i t h m a t r i x m o d e l s a n d v e c t o r , o r m a t r i x , o r t e n s o r o b s e r v a t i o n s ; a n d a l so 
for p r o b l e m s w i t h b i l i n e a r m o d e l s . F o r t he cases o f v e c t o r a n d m a t r i x o b s e r v a t i o n s a K r y l o v s u b s p a c e 

> , m e t h o d , t he g e n e r a l i z e d G o l u b - K a h a n b i d i a g o n a l i z a t i o n , c a n b e u s e d t o e x t r a c t t he co re p r o b l e m , 
o" I n t h i s p a p e r , w e f i rs t u n i f y p r e v i o u s l y s t u d i e d v a r i a n t s o f l i n e a r a p p r o x i m a t i o n p r o b l e m s u n d e r t h e 
^ g e n e r a l f r a m e w o r k o f a m u l t i l i n e a r a p p r o x i m a t i o n p r o b l e m . W e s h o w h o w the d i r e c t co re r e d u c t i o n 
— c a n b e e x t e n d e d t o i t . T h e n we s h o w t h a t t he g e n e r a l i z e d G o l u b - K a h a n b i d i a g o n a l i z a t i o n y i e l d s t h e 
g co re p r o b l e m for a n y m u l t i l i n e a r a p p r o x i m a t i o n p r o b l e m . T h i s f u r t h e r a l l o w s one t o p r o v e v a r i o u s 
o> p r o p e r t i e s o f co re p r o b l e m s , i n p a r t i c u l a r , w e g ive u p p e r b o u n d s o n t h e m u l t i p l i c i t y o f s i n g u l a r v a l u e s 

^2 o f r e d u c e d m a t r i c e s . 

K e y w o r d s , ( m u l t i ) l i n e a r a p p r o x i m a t i o n p r o b l e m s , e r r o r - i n - v a r i a b l e s m o d e l i n g , t o t a l leas t 
& squa re s , co re p r o b l e m , o r t h o g o n a l t r a n s f o r m a t i o n s , K r y l o v s u b s p a c e m e t h o d s 
o 

c 
•a 
I 

Q 

M S C c o d e s . 1 5 A 0 6 , 1 5 A 1 8 , 1 5 A 2 1 , 1 5 A 2 4 , 6 5 F 2 0 , 6 5 F 2 5 

D O I . 1 0 . 1 1 3 7 / 2 1 M 1 4 6 2 1 5 5 

_§ 1 . Introduction. Dur ing the last decades, wide attention has been given to the 
£ analysis and solution of linear approximation problems contaminated by errors i n the 
~o data. Generally, they can be formulated as 
at 
-3 (l.l) A(X)m<B, AeSf(W,r), Xe<?/, 2 3 e r . 
3 q 

s where A : % —> "f is a given linear mapping (model) between two finite-dimensional 
inner-product spaces and "V over the field of real numbers (generalization to com-

® plex numbers is straightforward). The right-hand side 23 represents an observation, 
% or a collection of observations. When it is not contained wi thin the range of the 
g mapping, 23 ^M(A), only an approximate solution can be constructed. 

Vector (or single) and matrix (or multiple) right-hand side problems (1.1) have 
been studied for a long time; see especially [8], [41], [39], or [40] for the analysis and 

5 [30], [25], [32] for applications. Tensor right-hand side formulations typically origi-
js nate i n problems where A{ •) naturally outputs multidimensional data. This covers 
3̂ three-dimensional imaging problems, time-dependent two-dimensional problems, or 
>, models arising from linearization of problems depending on several parameters; see, 

R e c e i v e d b y t he e d i t o r s N o v e m b e r 29 , 2 0 2 1 ; a c c e p t e d for p u b l i c a t i o n ( i n r e v i s e d f o r m ) b y 
J . L . B a r l o w S e p t e m b e r 13, 2022 ; p u b l i s h e d e l e c t r o n i c a l l y F e b r u a r y 2, 2023 . 

d h t t p s : / / d o i . o r g / 1 0 . 1 1 3 7 / 2 1 M 1 4 6 2 1 5 5 

^ F u n d i n g : T h e w o r k of t he s e c o n d a n d t h i r d a u t h o r s w a s p a r t i a l l y s u p p o r t e d b y t he T e c h n i c a l 
oo U n i v e r s i t y o f L i b e r e c ( T U L ) p r o j e c t s S G S - 2 0 2 1 - 4 0 3 9 , S G S - 2 0 2 2 - 4 0 2 5 . 
o t 
^ F a c u l t y of M a t h e m a t i c s a n d P h y s i c s , C h a r l e s U n i v e r s i t y , P r a g u e , C z e c h R e p u b l i c 

( i v e t a . h n e t y n k o v a @ m f f . c u n i . c z ) . 
O * D e p a r t m e n t of M a t h e m a t i c s , T e c h n i c a l U n i v e r s i t y o f L i b e r e c , C z e c h R e p u b l i c ( m a r t i n . p l e s i n g e r © 
£1 t u l . c z , j a n a . z a k o v a @ t u l . c z ) . 
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for example, [9], [30], [25], [32]. Problems wi th natural bilinear structure of the map
ping A(-) give rise to (1.1) wi th bilinear models and, typically, a matr ix right-hand 
side; see [22], [23] for applications. 

The individual linear approximation problems can be derived one from the other 
by subsequent generalization (downwards) or restriction (upwards) i n the following 
way: 

(i) Ax&b where A e ] R m x r a , x G R n , b e R m . 

t 
(ii) AX^B where A e R m x n , X e ] R r a x d , B e R m x d . 

fj4 G K ' M x n A* G K N X ^ 2 X " • X ^ ^ K ' M X ^ 2 X ' ' ' X ^ F C 

(iii), ( i v ) A x ! A r « B , A L X A j « B | 
A L G R m x n , AR G R d x c , X G I T x c , B G R m x d . 

where (i) and (ii) are the vector and matrix right-hand side problems, and (iv) has 
the bilinear model. In the tensor observation problem (iii), B,X are fc-way tensors 
and X i stands for the standard 1-mode matrix-tensor product; see [21], [17], or (2.1). 

1.1. The total least squares method. The principal difficulty wi th solving 
(1.1) is the presence of errors in the data that typically results i n the observation 33 
not being contained in Si (A). In order to find a meaningful approximate solution, 
we search for data corrections giving a modified compatible problem. To guarantee 
the optimality in some sense, selected minimali ty properties of the correction norms 
are prescribed, leading to methods widely known as least squares techniques. These 
include basic least squares (LS), total least squares ( T L S ) , mixed L S - T L S , data L S . 
and regularized L S ; see [10], [41] for an overview and references; see also [26] and [27]. 
Extending the basic L S from the case (i) to more general (i i)-(iv) is straightforward, 
since L S assumes errors only in the right-hand side and the constructed corrections 
of individual observations collected i n B or B are independent; see [41]. However, 
this is not true for methods correcting both the model and the observation, as proved 
already i n [8] for the widely used T L S . This complicates analysis and solution of T L S 
problems wi thin ( i i )-( iv) . 

For (i), T L S has been studied since the seventies; see [6], [4], [8], [36], [41]. It can 
be formulated here as 

(1.2) min | | [g ,E] | | subject to b + geSg(A + E), 

where S£( •) is the matr ix range. Equivalently, T L S searches for i , such that 
(A + E) i , = b + g. The norm here and throughout the paper refers either to the 
Euclidean norm of a vector, the Frobenius norm of a matrix, or their generalization 
to tensors: the square root of the sum of squares of a l l tensor entries. Note that other 
norms can also be relevant; see for example [24] and [42] for the T L S wi th a general 
unitarily invariant norm. In the case (ii), T L S takes the form 

(1.3) m i n | | [ G , £ ] | | subject to Sg(B + G) CSg(A + E). 

Extensive analysis can be found i n particular in the influential book [41]; see also [37]. 
[38], [39], [40]. Problems wi th more than one solution were studied i n [44], [45]; for 
an extension to the mixed L S - T L S minimizat ion see [29]. The full analysis of T L S -
solvability was given later i n [47] and [14]; see also [42]. For some recently proposed 
novel approaches we refer the reader to randomized algorithms [46], [48], or quantum 
algorithms [43], [49]. The T L S theory for problems (i i i)-( iv) has not been addressed 
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in full generality yet. Results for (iii) show that it is not essentially different from (ii) 
from the T L S perspective; see [30], [25], [32], and also [17]. Some T L S analyses for 
(iv) can found in [22] and [23]. 

Note that formally (i i)-(iv) can be rewritten into single right-hand side problems 
using vectorization (see [21]). Denote by vec(X) a vector obtained by stacking the 
columns of the matr ix X below each other. Similarly vec(X) stacks all 1-mode fibers 
of the tensor X (ordered i n the inverse lexicographical order w.r.t. their multi-indices) 
in a long vector; see [21]. The linear mappings A(-) in (i i)-(iv) have, respectively, 
the following structure, 

(1.4) Id ®A, Idk ® • • • ® Id2 ® A, AR®AL, 

where It are £-hy-£ identity matrices and (g> is the Kronecker product; see [21]. The 
matrices in (1.4) are then multiplied by vec(X) in (ii) and (iv), or vec(X) in (iii). 
This reveals how the structure of the search set for the correction £ ( • ) is restricted 
to the given structure of the mapping A( •) i n T L S . Clearly, £ ( •) has the form 

ID®E, Idk®---®ID2®E 

in ( i i ) - ( i i i ) , respectively. Al though we search for E in a l l of I R M X R A , from the perspective 
of the abstract setting (1.1), only a proper subspace of , 'f) is involved. Similarly, 
the correction ( . E L , ER) of the pair of matrices (Ai,, AR) in (iv) is sought i n the whole 
R M X ™ X I R D X C . The corresponding mapping correction, however, takes the form 

{AR ® E L ) + (ER ® AL) + (ER ® E L ) , 

i.e., it lives wi thin a proper submanifold of _$?($'', "f). This gives another viewpoint 
on difficulties related to extending T L S to more general problems; see [17] and [18] 
for more details. 

1.2. The fundamental core reduction. In addition, it is well known [8] that 
even the simplest T L S minimizat ion problem (1.2) may not have a solution for the 
given data. Besides the nontrivial solvability analysis referred to previously, an im
portant original contribution to this area is represented by a series of papers [26], [27], 
[28]. Here the authors introduce the so-called core problem concept for problems (i). 
They prove, that there always exists a subproblem AnXi ~ bi called the core problem 
within Ax S3 b that contains all the necessary and only the sufficient information for 
solving the original problem. The core problem can be revealed by a specific orthogo
nal (SVD-based) transformation and has a lot of interesting properties. In particular, 
it always has a unique T L S solution. Moreover, after its back-transformation we get 
either the T L S solution of the original problem (if it exists) or the so-called nongeneric 
solution defined i n [41] (if the T L S solution does not exist), both minimal in the norm: 
see [28]. Consequently, the core problem concept significantly simplifies and clarifies 
the T L S theory in the case (i). Furthermore, the core reduction can also be achieved 
iteratively by a well-known Kry lov subspace procedure: the G o l u b - K a h a n (sometimes 
also called Golub-Kahan-Lanczos) iterative bidiagonalization [5], as proved in [28]. 
Note that there are also other relevant ways of extracting the core problem, e.g., by 
employing randomized algorithms i n the context of ill-posed data; see [48]. 

This fundamental data reducing concept was generalized to (ii) in a series of 
papers [15], [16], [13], giving the definition of the core problem, the SVD-based core 
reduction, the iterative scheme based on the band generalization of the G o l u b - K a h a n 
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iterative bidiagonalization, and finally basic results relating the structure of the core 
problem to the classification wi th respect to the T L S solvability. Recently, the core 
problem definition and the SVD-based core reduction have also been extended to (iii) 
and (iv); see [17], [18]. A n iterative scheme for core reduction in the cases (iii) and 
(iv) has not been introduced yet. 

1.3. Content and contribution of this work. In this paper, we unify and 
generalize the problems (i)-(iv) under a fc-linear approximation problem with a tensor 
right-hand side. We extend the core reduction to this problem and describe the core 
problem properties (in particular the defining minimali ty conditions); see section 2. 
We briefly recapitulate how the G o l u b - K a h a n iterative bidiagonalization and its band 
generalization provide core reduction for problems (i) and (ii); see section 3. Then, 
we show that the band bidiagonalization running fc-times in parallel reveals the core 
problem within any fc-linear approximation problem (including (iii) and (iv)); see 
section 4. The proof of the minimali ty is provided i n section 5. Further properties 
of core problems extending previous results on basic approximation problems (i)-(ii) 
are analyzed. 

Note that we strictly assume the exact arithmetic. Our goal is to demonstrate 
that it is i n principle possible to reduce maximally the given data by an iterative core 
reduction provided by a generalized G o l u b - K a h a n bidiagonalization. Computational 
aspects of the considered method must also be studied. However, they are beyond 
the scope of this analytical work. 

2. Core problem within general multilinear approximation problem. 
First , we introduce a unifying multilinear approximation problem. Then, the core 
transformation for (i)-(iv) and its properties wi l l be summarized. Finally, we extend 
the results to the multilinear case. 

Let us start wi th the basic tensor-related notation adopted from the review paper 
[21]; see also [2], [20], [19]. Let A8 = (aitj) € K m « x " « be a matrix and X = (xiltht...ti J 6 
^n1xn2x--xnk & k-w&y tensor. The s-mode matrix-tensor product As x s X is defined 
entrywise as 

ns 

(2.1) {As Xs X ^ i 1 ^ i £ _ 1 i i £ + 1 ^ k — ̂  ^ &i,£ ' %ii,...,is—i,£,is^-i,...,ik • 

1=1 

A s a shorthand for the multiplication of X by several matrices As, s = 1, 2 , . . . , k, in 
all the different modes (so called multilinear transformation of X), we use 

(2.2) (A1,A2,...,Ak\X)=A1 x1(A2 x 2 (• • • x k . x (Ak xkX) •••)). 

The s-mode matricization of X refers to a matrix X^s' £ ] R n « x ( A / n « ) ! where A = 
n*=i n£> that collects all the s-mode fibers (columns for 8 = 1, rows for s = 2, etc.) of 
X as columns in the inverse lexicographical order wi th respect to their multi-indices. 
Then (2.1) can be rewritten by using the standard matr ix multiplication as 

(2.3) (As x s X ) ^ = A s X ^ . 

The vectorization of X similarly refers to a vector \ec(X) £ IR A that collects a l l the 
entries of X in the inverse lexicographical order wi th respect to their multi-indices. 
B y employing the vectorization, (2.2) can be rewritten as 

(2.4) v e c ( A i , A2, • • •, Ak | X) = [Ak ® • • • ® A2 0 vec(X): 

compare wi th (1.4). 

Copyright © by S I A M . Unauthorized reproduction of this article is prohibited. 



CP WITHIN MULTILINEAR APPROXIMATION PROBLEMS 57 

2.1. fc-linear approximation problem and T L S . Consider the fc-linear ap
proximation problem wi th a tensor right-hand side 

[v)(A1,A2,...,Ak\X)^B, where 
A s e W n , x n , for s = 1,2, . . . , it, 
X F ] R N I x n 2 X - -- X ^ ]]^mi Xm2 X • •• xmfc 

Clearly, (v) covers all the previous formulations (i)-(iv) as special cases. For A2 = 
I, Aic = I the fc-linear problem reduces to A\ x i X B. O n the other hand, for 
k = 2 it reduces to ( A \ , A2 \ X) ss B, where X and B are tensor of order two (matrices). 
and 

vec(A1,A2 | X) = (A2 ® Ai)\ec(X) = \ec(Ai XA2). 

The T L S minimizat ion problem can be defined for (v) as 

s.t. : ( A i + E i , A 2 , A f c + E f c |A '» ) = ß + g; 

i.e., i n cases (iii) and (iv) corrections only to (A,B) and (A^, AR,B) are considered. 
Now we aim to generalize core reduction to (v). 

2.2. Core revealing transformation for (i)—(iv). The core revealing trans
formation ( C R T ) for (i)-(iv) is realized by orthogonal matrices that we denote P, Q, 
M (possibly wi th subindices M2,... ,Mk), and K. In paticular, i n [28] it was shown 
that V (A ,6 ) , 3 ( P , Q ) : 

Ax » b ^ (PJAQ) (QJx) » (PJb) 

A' x' V 

and the transformed problem is block-structured as follows: 

(2.5) A'x' An 
" 

0 
A22 

Xl bi 
x2 

0 

The original problem is therefore split into two subproblems 

AnXi ~ bi and A22x2 « 0, 

where only the first one needs to be solved (as, trivially, x2 = 0). If the first sub-
problem has minimal dimensions (over a l l such block-structure revealing orthogonal 
transformations), it is called the core problem. Such a minimally dimensioned sub-
problem always exists, as shown in [28]. Note that the transformation may exist in 
a degenerated (or trivial) form while yielding formally an empty matr ix A22 wi th no 
rows or no columns in some cases. 

In [15], it was similarly shown for (ii) that V(A,B), 3(P,Q,M): 

AX^B (PTAQ)(QTXM) »(PTBM) 

and 

(2.6) 
An 0 

0 A22 

Xn X\2 

X2i X22 

' S i 0 ' 
0 0 
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The problem (iii) was analyzed i n [17] giving that V ( A , S ) , 3(P,Q,M2. 

AxxX^B (PTAQ) X i (QT ,Mj,.. -,Mj \ X) ss (PT ,Mj. 

and (illustrated for k = 3) 

(2.7) 

, M T | B ) 

An 
0 

0 
A 2 2 

V ^112 V ^12: 
"1-111 "M21 

. "̂ 212 V <̂ 22: 
211 "<221— 

1^1 

Finally, [18] derived for (iv) that V ( A L , A R , B ) , 3(P,Q,M,K): 

A L X A R ^ B (PTALQ)(QTXM)(MTAlK) » ( P T B i i : ) 

and 

(2.8) A L , n 
" 

0 
AL,22 

Xll X12 
X21 X22 

^ R . l l 
" A 11.22 

' S i 0 ' 
0 0 

Analogously to the case (i), the original problems (ii)-(iv) are split by these trans
formations into four, 2k (eight in the above illustrated case), and four subproblems, 
respectively. Only the subproblem wi th the nonzero right-hand side has to be solved. 
If it has minimal dimensions, it is called the core problem. Consequently, core prob
lems i n the cases (i)-(iv) are subsequently 

:B1 A n x i X1 1...11 A L , I I ^ H A J I I » 2 ? I . 

2.3. Necessary and sufficient conditions for the minimality. Firs t it would 
be useful to specify dimensions of individual objects in the core problems above. Let 

A n , A L , n el A R , H el 61 el B i el S i e 

i.e., we use the same letters for the individual dimensions of core problems as for the 
original problems (see the schema i n section 1), but overlined. For the core problems 
wi thin ( i)-( i i i ) , we assume that 

A n has £ distinct nonzero singular values wi th multiplicities ~pi} i = l, 

and P | + i — d i m ( t / ( / ( A i i ) ) , where JY(•) is the null-space. For the core problem within 
(iv), we similarly assume that 

A L , I I has £ distinct nonzero singular values wi th multiplicities ~p,i, i = 1,. . . , £. 
A R , I I has £ distinct nonzero singular values wi th multiplicities 7., j = 1,... 

and P | + i = d i m ( I A / ( A j n ) ) , and 7 j + i = divn(.yV(A^ n ) ) (note that one of the null-
spaces may be tr ivial) . Further, let 

Utel and URJe j d x 7 , 

be matrices having orthonormal bases of left singular vector subspaces of A n , A L , H , 
and A ^ n , respectively, as their columns, i = I,... £ + 1 , j = 1,..., CJC + 1 • 

Now we are ready to explore the core problem properties. We focus on the neces
sary and sufficient conditions for the minimality realized by a set of full column/row 
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rank conditions; see [15]. We first show them for the matrix right-hand side prob
lem (ii). Then we briefly discuss how they change for (i), (iii), and (iv). The full 
list of known properties can be found i n the papers [28], [15], [16], [17], [18], and is 
summarized in Appendix A . 

THEOREM 2.1. Let AX ss B be a linear approximation problem and 4 n X n R: 
Bi a subproblem within, obtained by an orthogonal transformation yielding the block 
diagonal structure (2.6). The subproblem has minimal dimensions (i.e., represents the 
core problem), if and only if the following three conditions are satisfied: 

(CP1) The matrix An £ J R m x n j s of full column rank equal to n. 
(CP2) The matrix B\ e\K.mxd is of full column rank equal to d. 
(CP3) Matrices UjB1 eM?**1 are of full row rank equal to ft, i = 1 , . . . + 1. 

For the proof, see [15, section 4.1]. 
Clearly, the problem (ii) becomes (i) when d = 1. Then for the core problem. 

d = 1. Consequently the condition (CP2) is reduced to b\ ̂  0 and (CP3) to ujb\ ̂  0. 
where are left singular vectors oi An, i = 1,... ,m (while also implying £ = m and 
P i = l for a l l i); see [28]. 

The tensor right-hand side problem (iii) reduces back to (ii) for k = 2. Thus the 
matrices B and B\ i n the case (ii) can be seen as a tensor of the second order. In this 
sense 

B[1}=B1 and B[2}=BJ. 

Then_(CP2) says that B{2] £ IR 5 x ™ is of full row rank and (CP3) says that UjB{1] £ 
jgifjiXd a r e 0 £ r o w r a m c q>0 generalize ( C P 1 ) - ( C P 3 ) to (iii), i.e., to a tensor of the 
order k, only (CP2) needs to be modified to the following form: Matrices 

g W € K S , x ( A / d J s = 2,...,k, 

are oi full row rank equal to ds, here A = m • n*=2^' f ° r m o r e details see [17]. 
Finally, the problem (iv) reduces back to (ii) when c = d, AL = A, and AR = Id, 

and analogously for the core problem within. From the S V D perspective, the case 
(ii) core problem is in fact the case (iv) core problem, where A-^n = I-i has only one 
nonzero singular value wi th the mult ipl ici ty d and d im(c /K(A^ n ) ) = 0. Thus £ = 1. 
7i =d, and URA = J 3 , i.e., 

BIUR,I = Bi. 

To generalize ( C P 1 ) - ( C P 3 ) to (iv), i.e., to the bilinear problem, (CP1) needs to be 
extended so that both matrices and A^n are of full column rank. (CP2) needs 
to be modified to the following form: Matrices 

B 1 u R t j e m m x ^ , j = i , . . . , c , C + i , 

are of full column rank equal to 7-. In (CP3) we only formally replace matrices Ui 
by for more details see [18]. 

2 .4. E x t e n s i o n t o fc-linear p r o b l e m s . Motivated by the previous derivations, 
we look for orthogonal matrices Ps g J R m s X m s , QB <=RnsXns, s = 1,2, ...,k, realizing 
the orthogonal transformation of the multilinear problem (v) i n the form 

Copyright © by S I A M . Unauthorized reproduction of this article is prohibited. 



60 I. HNETYNKOVA, M. PLESINGER, J. ZAKOVA 

[A1,A2,...,Ak\X)^B ^ > 

[pjA1Q1,PjA2Q2,...,Pk

TAkQk | (Ql,Ql 

such that 

T

k\X))^(Pj,Pj,...,Pk

T\B) 

B' 

(2.9) 
A' 

As,u 0 
As,22 

1,2. 

S ' = d i a g f c ( B i , 0 ) , B i € l 

Here diag^ (• • •) denotes a (block) diagonal tensor of order k wi th the arguments 
(treated also as kth order tensors) on its diagonal and the zero there represents a zero 
tensor of suitable dimensions, i.e., 0 G ̂ (mi-mi)x(m,-fn,)x-x(mk-fnk)m The original 
problem would then be split into 2k subproblems 

[Ai^i1i1, A2i2i2,..., Akihih | Xixi2 ih)' 
By 
" 

if ii = i2 = 
otherwise. 

: 1. 

where is £ {1,2} for s = 1,2, . . . , fc. 
Since the fc-linear approximation problem (v) represents a generalization of both 

(hi) and (iv), the core transformation can be constructed by combining strategies used 
for (iii) and (iv) in [17] and [18]. The basic steps are the following: The right-hand side 
preprocessing (used also i n the iterative approach in section 4); the transformation 
of the system matrices As by employing their SVDs ; the transformation of the right-
hand side tensor; and the final permutation. Since the complete transformation, even 
in the cases (iii) and (iv), is very technical, we defer the description of our iterative 
procedure to section 4. 

Now we provide the definition of the core problem. 

DEFINITION 2.2 (core problem). Let (Ai,A2, 
proximation problem and 

, Ak | X) m B be a k-linear ap-

(2.10) [ A l t l l , A 2 t l l , . . . , A k t l l \ X 1 1 . . . 1 ) ^ B 1 

a subproblem within, obtained by an orthogonal transformation yielding the block di
agonal structure (2.9). If the subproblem has minimal dimensions, then we call it the 
core problem. 

In order to formulate a result generalizing Theorem 2.1, we introduce some S V D -
related notation. We assume that 

A S j n has £ s distinct nonzero singular values wi th multiplicities nB i , is = 1,. . . , £ s . 

and ~ps| + 1 = d i m ( 0 / K ( A j 1 1 ) ) for s = 1,2,... ,k (note that k — 1 of the null-spaces 
may be tr ivial) . Further, let 

Ua,i, e R ™ - x ^ - . , is = l,...,ls,ls + l, 8 = 1,2,...,fc. 

be matrices having orthonormal bases of left singular vector subspaces of A S j n as 
their columns. Now we formulate necessary and sufficient conditions for minimality. 

THEOREM 2.3. Let {A\, A2,..., Ak \X) « B be a k-linear approximation problem 
and ( A i i i , A2u, • • •, Akin \ Xn...i) ~ B\ a subproblem within, obtained by an orthog
onal transformation yielding the block diagonal structure (2.9). The subproblem has 
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minimal dimensions (i.e., represents the core problem), if and only if the following 
two conditions are satisfied: 

(CP1) Matrices ASin £ J R m s x n s are of full column rank equal to ns, s = 
l,2,...,k. 

( C P 2 ) - ( C P 3 ) Matrices Uj^B[a} G MP'.'s x ( A / m , ) a r e 0j j u l l r o w m n k e q u a l t o ^ 

where is = 1,2,. . . , £ s , £ s + 1, s = 1,2, . . . , k. 
Note that here A = fl*=1 rn~i • 

Note that any further orthogonal transformation of the subproblem (2.10) al
ready satisfying (CP1) and ( C P 2 ) - ( C P 3 ) does not affect these properties, since they 
are orthogonally invariant. The proof for (v) is a generalization of the proofs for 
(i)-( iv). First , we show that there exists a transformation yielding the block-diagonal 
structure (2.9) determining the subproblem (2.10) satisfying the C P properties; see, 
in particular, [18, sections 3.1.1-3.1.3]. Then, we prove minimality of its dimensions: 
see [15, section 4.1]. 

Proof. Employing the full S V D s of the original matrices As = UsT,sVj allows us 
to write the approximation problem as 

{U1T,1V?,...,UkT,kVk

T\X)*B, 

i.e., after the vectorization and employing the mixed (Kronecker-matrix) product 
property 

{Uk ® • • • ® l / i ) ( E * ® • • • ® S i ) ( V * ® • • • ® Vi ) T vec (A ' ) » vec(B). 

This further gives an orthogonally transformed problem 

(£!,...,£* | y ) ^ , where y = (V?,..., Vk

T \ X), T= (Uj,..., UJ

k \ B); 

compare wi th [18, section 3.1.1]. 
Let As and thus also E s have £ s distinct nonzero singular values wi th multiplicities 

f-s,is, is = l j • • • i£s! a n d let j U s ^ s + i = dim(./K(.AT)). Note that ^f'^j1 = ms. Then we 
parti t ion the tensor T into a (£i + 1) x (£2 + 1) x • • • x + 1) grid of subtensors 

•^1,« , - , t k e X M 2 ' - 2 x " ' X M t ' ' t - « s = l , . . . , 6 , 6 + 1 , s = 1,2,...,fc. 

Now we proceed wi th a joint Tucker-like decomposition of each of them. In particular, 
the matricization 

J-{s> g ] j r o , x ( A / m , ) 

where A = f|*=1 is accordingly partitioned into £ s +1 block-rows, wi th individual 
rows corresponding to the s-mode cofibers of T. Let W3 j be the orthogonal matrices 
of order /J,S IS wi th the left singular vectors obtained from the S V D s of the individual 
block-rows. Further, let 

Ws,9 = d i a g ( W s , i , . . . , Wa,u, W a , u + 1 ) G Rm-*m-, 

W'.l(B = d i a g ( W . , i , . . . , W B , i s , / „ s _ r a n k ( A s ) ) G - x n ° . 

Then 

Fiui*,-,i, = ( W i . i i - W 2 , i 2 , . . . , J d i a g f c C H i l i i 2 r . . , i | c ,0 ) ) , 
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where 

are, in fact, our joint-Tucker-like decompositions. This further leads to an orthogo
nally transformed problem 

( E 1 , . . . , E J f c | S ) « t t , where 2 = ( W ^ , . . . , W%9 | y), H = ( W ^ f f i , . . . , I U f e

T

0 | T). 

Since the matrices Wa , are originated in the S V D s of block-rows, the first JlB i rows 
in the i s t h block-row W-"' are linearly independent; compare wi th [18, section 3.1.2]. 

The final step is the permutation, that collects a l l the blocks % t 1 , t 2 , — ,ik together 
in the leading principal corner of the tensor, while forming there B\. Appl ica t ion of 
this permutation to matrices S s separates ASin and Aa^2\ compare wi th [18, section 
3.1.3]. This separation can be done clearly such that a l l the zero columns of S s stay 
as the last columns, and thus ASin have linearly independent columns, i.e., (CP1) is 
satisfied. Moreover, the orthonormal bases of left singular vector subspaces of - A S j n 
are formed by a Euclidean vector and thus ( C P 2 ) - ( C P 3 ) is satisfied by construction. 

It remains to show the minimality. Consider another orthogonal transformation 
yielding the block-diagonal structure (2.9) wi th subproblems of dimensions 

A„tll eR™'*H', Aa,22 e K ( m » - ™ » ) x ( " » - " » ) , g l 6 l a i x f f i 1 x . . . X f f i l 

Clearly, the transformed right-hand side always has zero projections into all left sin
gular vector subspaces corresponding to the blocks Aa<22- Recal l that we did the 
splitting i n the first part of the proof by employing the S V D s of block-rows of the 
s-mode matricization of T. Thus we minimize the number of nonzero rows in the 
corresponding matricization of "H (because the number of nonzero rows is equal to the 
rank of the block-row) and maximize the number of zero rows. Thus singular values 
of Aa^22 form a subset of singular values of Aa^22- Consequently. 

r a n k ( A S ] n ) > r a n k ( A S ] n ) = na. 

Therefore ASin cannot have fewer columns (and smaller rank) than na. Moreover, 
if ASin contains some extra singular value in comparison to ASin, ASin has larger 
dimensions then ASin and the right-hand side has zero projection i n the respective 
singular vector subspace, thus ( C P 2 ) - ( C P 3 ) is violated. If the mult ipl ici ty of some 
singular value i n ASin is larger then i n ASin, then again Aa n has larger dimension 
then ASin and the subproblem can be further transformed so that the right-hand 
side projection into the corresponding singular vector subspace contains zero s-mode 
cofibers (rows in the s-mode matricization). Thus again ( C P 2 ) - ( C P 3 ) is violated. • 

Since the core problem is defined up to an orthogonal transformation, employing 
the S V D of A a A 1 = CMEo ] V / , w h e r e s « 

is square invertible (guaranteed by (CP1)) . 

we can do the following transformation: 

Uj [Bls\AaA1] diag(/ , Va ) = Uj{B{

1

s\Aa,11Va] = 

This yields a block upper antitriangular matrix wi th full row rank blocks on the 
antidiagonal ($ is an unimportant nonzero submatrix). The full row rank of the 
nonzero block of the last ma —na= d i m ( c / K ( A S ] n ) ) = ~fia j + 1 > 0 rows is guaranteed 
by ( C P 2 ) - ( C P 3 ) . Thus we obtain that: 

}na 

}ma - na 
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(CP4) Matrices [ B { S } , A S j 1 1 ] G ffim»x(n,+A/m,) a r e o f f u l l r o w r a n k e q u a l t o m ^ 

s = l , 2 , . . . , f c . 
Compare this wi th analogous properties of problems (i)-(iv); cf. (CP4) in Appendix A . 

3. Iterative core reduction for problems (i)-(ii). The C R T s (2.5)-(2.8) 
and (2.9) can be constructed using the S V D and the Tucker decomposition, the high-
order variant of the S V D ; see [28], [15], [16]. The resulting core problems have nice 
structure (e.g., system matrices A n are typically diagonal). However, calculation of 
the S V D and Tucker decompositions is computationally expensive. Core problems 
can also be obtained iteratively. We summarize the technique for problems (i)-(ii) 
and explain the influence of starting vectors. 

3 .1. Golub K a h a n bidiagonalization and its band generalization. The 
core problem i n the vector right-hand side case Ax ss b is reachable by the Golub-
Kahan ( G K ) iterative bidiagonalization of A starting wi th the vector 6/||6||; see [28]. 
For this three-term recurrence algorithm, the computation terminates when one of the 
two normalization coefficients computed in each iteration is zero. The system matrix 
An then has a bidiagonal form, e.g., 

Au 

J 0 
where "X" denotes nonzero entries (the other entries are zeros); boxed zero denotes 
the zero normalization coefficient. 

In the matr ix right-hand side case, the core problem is extracted by the band 
generalization of GK ( B G G K ) [7] of A. The iterations need to be started wi th an 
orthonormal basis of the range of B; see [1] and, in particular, [16] for a detailed 
explanation and description of the algorithm. B G G K produces a band diagonal matrix 
An w i th d = r ank (B i ) = rank(B) diagonals. Dur ing the process the current width of 
the band is subsequently reduced as individual underlying Kry lov subspaces become 
A-invariant. This effect is called the (upper or lower) deflation. After d deflations, the 
core problem is separated. The process can also be viewed as a block generalization 
of GK, where the nonzero entries in the standard G K are replaced by lower trianglar 
matrices i n the column echelon form (in the block-superdiagonal) and upper triangular 
matrices i n the row echelon form (in the block subdiagonal). See an example wi th 
d = i: 

A n 

* 
* 

V 4 
V • 

* 9 

0 
<7 * 

0 
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where " C " denotes entries that may be zero as well as nonzero; boxed zeros denote 
the individual deflations. The vertical and horizontal lines separate the individual 
blocks computed i n the iterates of the block algorithm. 

3.2. Impact of choice of starting vectors. In the case (i), G K iteratively 
(column-by-column) builds up the matrices P and Q from (2.5). The first column 
of P is the starting vector pi = 6/71, where 71 = ||6||. The first column of Q is 
qi = AJpi/cti, where a\ = || j4 T pi | | . Then the process continues as 

(3.1) 

(3.2) 

Pili • Mj-l -Pj-lCXj-l: W'Pj = l , 7 i > 0 , 

: 1, Ctj > 0. 

for j = 2,3,... t i l l separating the core problem. The remaining columns of P and Q 
can be chosen arbitrarily such that P and Q are square orthogonal (for determination 
of the core problem they are i n fact not needed). Then 

72 "2 

73 

r I N 
0 

' 7 i 

PJ[b,A] d i ag ( l ,Q) = 

r I N 
0 

PJAQ = 

0 

giving schematically the structure of core data (2.5): 

[b,A] [bi,A11] * * * * * 
For problems (ii) wi th B of full column rank Bjorck [1] proposed to use the basis 

of &(B) obtained by the th in Q R decomposition of B as the starting set of vectors 
for B G G K . This concept can be simply generalized to any B £ ] R m x d , d = r ank(B) . 
by employing two subsequent Q R ' s . In particular, i n [16] it is proposed to do first the 
full L Q decomposition of B (the full Q R decompostion of BJ) to get the orthogonal 
matr ix M (see (2.6)). Thus 

B = LMT = [L',0]MT, where M~ - MT £ I and V € I 

is a full column rank matrix i n the lower triangular column echelon form. Then the 
approach of Bjorck can be applied to V. The th in Q R decomposition yields 

where 1̂=3 e l 

is square invertible i n the upper triangular form. The d columns of P^.-j then form 
the orthonormal basis of &(B) used for starting B G G K . Altogether we have 

B = P1:2 [r, 0 ] M T and PT[B,A] d i a g ( M , Q ) = r 0 
0 0 

PTAQ 
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giving schematically the structure of core data (2.6), e.g.: 

* 
9 • 

9 9 * 

9 9 9 * 

• 9 9 9 • 

[o] * 9 9 [o] 
* 9 • 

• 9 * 

Note that the first full L Q decomposition is in [15], [16], [17] called the right-hand 
side preprocessing since it precedes the main iterative part of B G G K , while yielding 
the nice band-diagonal shape of the resulting problem [Bi, An]- However, since the 
matr ix multiplication is associative, it does not need to be done as the first step. 

O n the other hand, the actions of the involved algorithms are not commutative. 
Starting wi th the th in Q R decomposition of B, B = P^U, we get in general another 
basis of 31(B) and a full row rank upper triangular U i n row echelon form. The 
subsequent LQ decomposition of U gives U = [ r ,0]M T and can be done ex-post as 
postprocessing. The main difference of the "tilded" decomposition B = P^ [ r ,0]M T 

is that r is an upper but T is a lower triangular invertible matr ix (decompositions of B 
in these two forms are also traditionally called the U R V T and U L V T decompositions; 
see [3], [11], [31]). Then, for example: 

• 
9 fo] 
9 • 

9 9 * 

• 9 9 * 

In general, any basis Pv^ of 31(B) can be used for starting B G G K , and any decom
position of the form B = P^-s [RC^M" 1 ", where T is square invertible, can used for the 
same purpose. A subsequent Q R or L Q decomposition of T again yields a decompo
sition of B in the U R V T or U L V T form, respectively. Naturally, also the S V D of B 
can be used, but this would result in higher computational cost. 

Note that a different set of starting vectors (different orthonormal basis of 31(B)) 
can drive B G G K for the given fixed p3,j4] into differently shaped [ B i , A n ] , since 
deflations may occur in different iterations. However, from the conditions ( C P 1 ) -
(CP3) it follows that the final dimensions of the core data An G RWlx" and Bl G JR™ x 3 

are independent of the choice of the starting set. Consequently, the same holds for 
the total number of upper and lower deflations 

# upper def's = m — n and # lower def's = (n + d) — m: 

see [16] for details. 

[B,A] [ S i , A n ] : 

• 9 9 

• 9 

[B,A] [ S i , A n ] : 

9 • 

9 9 • 

9 9 9 • 

Copyright © by S I A M . Unauthorized reproduction of this article is prohibited. 



66 I. HNETYNKOVA, M. PLESINGER, J. ZAKOVA 

4. I t e r a t i v e core r e d u c t i o n f o r p r o b l e m s ( i i i )—(v) . In this section we gen
eralize B G G K to problems ( i i i ) -(v) . Firs t note that for (iii) and (v), we have to 
preprocess a tensor right-hand side. For this purpose, we employ the standard Tucker 
decomposition; see [33], [34], [35]; see also [21]. 

Let B £R"» i xmax-xm* b e a t e n s o r 0 f multilinear rank 

(4.1) rank(£>) = ( r i , r 2 , . . . ,rk), i.e., rj;= rankj-(B) = r ank(B^^) 

for j = 1,2, . . . , k. Denote A = Yii=i me a n ( l consider the S V D of the jth matricization 
in the following form: 

(4.2) B{J} = f / i E i V / G l R m ^ x ( A / m ^ , Uj = [U'j, U"j] e M.m> xm>, U'j € M.mjxrj. 

Then 

(4.3) BTC = (U'J, U'l, ...,U'l\B)e R ' - i x ^ x - x ' - * 

is the so-called Tucker core of the tensor B (the terminology is not related to the core 
problem terminology i n this paper) and 

(4.4) B = (U\,U'2, ...,U'k\BTC) = (uuU2,...,Uk\ d i a g f c ( B T C , 0)) 

are the economic and full Tucker decompositions of B, respectively. Alternatively 
other variants of the Tucker decomposition then the S V D based can be used. We 
mention this i n the last subsection. 

4 . 1 . B G G K fo r t enso r r i g h t - h a n d side p r o b l e m s . We are looking for an 
iterative B G G K - b a s e d process such that 

AX1XKIB reduces to An x1 ~ B \ . 

The matricization of A x 1 X B transforms the problem into a matr ix right-hand 
side one 

AX^^B^. 

The C R T thus becomes the transformation for the problem (ii), however, wi th an 
additional constraint. In particular, 

(PTAQ)(QTX^M)m(PTB{1}M) wi th M = Mk ® • • • ® M2. 

i.e., M is a Kronecker product wi th orthogonal factors; see [17, eq. (6.4)]. 
To find it, we start wi th the Tucker decomposition (4.1)-(4.4) of B G K™>«i2x---xd t > 

We need to link the individual objects i n the decomposition to the orthogonal trans
formation (2.7). First , 

P 1 : r i = U\ € K m x " , r 1 = r a n k ( B { 1 } ) 

play the role of the starting vectors of B G G K and form the first part of the orthogonal 
transformation matr ix P. Then, 

Mj=Uj = [U'j,U"j]eMd'xd', U ' j € R d ' x 2 \ dj=rj=raxik(B{I}), j = 2,...,k, 
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dj denote the latter 
dimensions of S i , j = 2,...,k; see core_problem properties i n section 2.3 or Appendix 
A . The Tucker core £ > T C G IR r i x d 2 X ' " x d t of B forms the main (nonzero) part of B\. 

Having orthonormal starting vectors P i : r i = U\, we can now run B G G K as in 
the previous section to get (2.7). Schematically, e.g., for k = 3 and r\ = 4 

(4.5) (B,A) (BuAn) 

Here the upper 4 x 3 x 2 part of the tensor B\ (filled wi th hearts) is the (full multilinear 
rank) Tucker core B T C of the original B, concatenated i n the first mode by a zero block 
of appropriate size; 0 G ^(m-r1)xd.2x--xdk m g e n e r a i After a vectorization the core 
problem takes the form 

(4.6) 

" 9 <? 9 * 
<? <? <? <? * 

[ ß i { 1 } , A n ] = 
<? <? <? 

[ ß i { 1 } , A n ] = 

* <? 

A 

* 
9 

where the first vertical line separates the individual frontal slices of B±. Note that 
applying B G G K directly to [B^ 1 ! , A] would yield the full column rank right-hand side 
Bi, representing a factor of B\^ =B\M' for some M G l 

4 . 2 . B G G K fo r b i l i n e a r p r o b l e m s w i t h a m a t r i x r i g h t - h a n d s ide. In case 
(iv) the whole setup is different. The linear mapping is represented by two matrices 
and we are looking for a process such that 

ALXAT

Rf • B reduces to JIL.II^II^R n ~ B1. 

We now show that this can be achieved v ia appropriate preprocessing of B followed by 
two independent B G G K processes for A L and AR, respectively. Even though the der
ivations are based on Householder reflection matrices, computation of B G G K iterates 
can be realized by band (block) tridiagonalization using the well-known equivalence 
of these approaches; see section 3.1. 

We start wi th the S V D of the right-hand side. Let rank(B) = r and B = UT,VJ G 
K m x d wi th the partitioning 

(4.7) U = [U',U"] G I R m x 

and E = diag(S ' ,0) , where £ ' G 
the extended data matrix 

U ' £ R m x r , V = [ V ' , V " ] G l R d x d , V'eM.dxr, 

r x r is square, diagonal, and invertible. Consider 

(4.8) 
B AL 

K 0 
$(c+m)x(n+d) 
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and apply the following transformation 
(4.9) 

d i a g ( t / , / c ) T B AL 

K 0 
d i a g ( V , / „ ) : 

E ' 0 U'TAL 

0 0 U"JAL 

(V'JAR)J (V"JAR)J 0 

This block structure is particularly advantageous, since it now allows us to treat the 
two parts involving A L and AR independently. 

To transform the part of (4.9) corresponding to AL, we first find a Householder 
matr ix i?L,i such that the first row of 

(U'TAL)HLil and thus also (UTAL)HLil 

is zero except for the first entry. Then we apply a Householder matr ix i?L,2 so that 
the same holds for the first column of 

Hlt2(U"J ALHU1). 

Similarly, to transform the part of (4.9) corresponding to AR we first apply a House
holder matr ix HR}i that zeros out the entries in the first row of 

{V'JAR)HRA and thus also (VTAR)HRA 

except for the first one. Then we apply a Householder matr ix HR}2 so that we get the 
same for the first column of 

Hl2(V"TARHRtl). 

The whole orthogonal transformation is then 

IT 0 0 
T E ' 0 U'TAL ' ' IR 0 0 

0 Hh,2 0 0 0 U"TAL 0 HRi2 0 
0 0 HR,I _ (v,JARy (v"JARy 0 . 0 0 i? L , i 

E ' 0 U,JALHLil 

= 0 0 # L , 2 ^ ' ' T ^ L # L , l 
H l ^ A ^ Hl^V" AR)THR 2 0 

After several steps, the transformation matrices applied from the left and right have 
the forms 

(4.10) 
d iag( / r , -HL,2#L,4#L,6 ' • • I HR,IHR,3HR,5 •••), 

diag( / r , HR}2HR}iHRfi • • • , -HL,I#L,3#L,5 • • •): 

respectively. 
In summary, B G G K of the extended data matr ix (4.8) splits equivalently into two 

independent B G G K processes. Schematically: 
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B AL 

AT

R 0 

is equivalent to 

[B,AL] 

1 1 1 1 1 [B\AR] ^ 

Note that B\ computed for (4.; 

S i 
R , l l 

A L ,11 
" 

[ S L , i , A L ] n ] ; 

[SR ,1, A R ^ I ] 

where B i = [ B M , 0 ] 

where Bi 

and 

SR,I 
0 

has some extra zero rows and columns i n compar
ison to the right-hand sides produced in separate processes (4.11); see the following 
example wi th r = rank(B) = 4: 

(4.12) 
S i 

R , l l 

A L , i i 
" 

• * 
* 

* 
* 

* 

9 9 * 
* 9 9 * 

* 9 9 

* 9 9 9 
4 9 

* 
* 9 * 

Further note that since we started wi th the S V D of B, the nonzero full rank block 
of Bi is square diagonal and equal to Different ini t ia l decompositions of B may 
result i n different full rank blocks, but wi th the same singular values (see section 3.2). 

It remains to specify the orthogonal transformation matrices in (2.8). Comparing 

PTBK PTALC 
MJA\K 0 

' p 0 
T 

B AL ' K 0 ' 
0 M .< 0 0 Q 

and (4.9) combined wi th (4.10) gives 

P 0 
0 M 

K 0 
0 Q 

U' U" 
0 0 

V V" 
0 0 

0 
1,, 

IR 0 
0 H^OHL AHL ,( 

0 

0 

0 

0 
0 

SR,l-ffR,3-ffR,5 

0 
0 

#L,1#L,3#L,5 

Consequently, the starting vectors for the two independent B G G K s in (4.11) are 

Pllr = U' and K1:r = V. 

respectively. 

4.3. B G G K for fc-linear problems with a tensor right-hand side. In the 
general fc-linear case, we wish to design a process such that 

(A1,A2,...,Ak\X)^B reduces to ( A i , n , A 2 , n , • • •, A M i I #n...i) » Bi. 
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This can be done by a straightforward combination of approaches from sections 4.1 
and 4.2. We start wi th the Tucker decomposition of the tensor B G R " " ™ ^ ' " ™ ' , 
as i n section 4.1. Let 

rank(B) = ( r i , r2,..., rk) and B=(U'1,U'2,...,U'k\BTC) 

(see (4.1)-(4.4)), i.e., the columns of U'a G ffim«xr« represent an orthonormal ba
sis of S(B^) for s = 1,2, . . . , fc . Following a similar argument as that in section 
4.2, the whole fc-linear B G G K splits into k standard B G G K s started wi th different 
matricizations of B. Schematically. 

(B,A1,A2,...,Ak) -

where Bi G X M a X " X M t splits to 

BGGK 

-> (B1,Altll,A2,u,...,Aktll): 

(4.13) 

[B{1},A1] 

[B^,A2] 
B G G K 

[B2, l , ^ 2 , l l ] 

where 

where 

Bl1}=BltlMj. 

B[2} =B2tlMl, 

[ B « , A f c ] [Bk,i, Akiu] where W . 

for , = 1,2. 

: Bk,iMj, 

, . , f c . for some MB G ffiOVm.Jxr^ A = rj*= 1rn c, MjMB = 
More precisely, the individual B G G K processes start wi th orthonormal bases of 

ranges of the particular matricizations of B. Thus 

Pi;- :U\, P , 1 : , • w. Pk,l:i 

where Ps, a = 1,2, . . . , fc, play roles of the orthogonal matrices from the C R T (2.9). 
Spli t t ing the full fc-linear process to the k standard B G G K s (4.13) results i n right-
hand sides matrices B S j i having full column rank, i.e., we naturally removed al l the 
nonzero but linearly dependent fibers that may be present i n the Tucker core (see the 
last paragraph of section 4.1), and zero fibers that may be present i n the tensor B\ 
(similarly as zero columns and rows may appear i n (4.11)). 

To clarify the exposition, consider the example for k = 3, wi th the core problem 
right-hand side B i G K 7 x 5 x 4 and wi th the Tucker core B T C = BI.TC G ] R 4 x 3 x 2 (filled 
wi th hearts): 

{Bi,AK 

I 

* * 
<? 

<y 

* 
* 

9 * 

<? <? • 

• <? <? • 
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Here 
(4.14) 

B\ {i}. 

B\ {2} 

B\ 

1? 9 9 

9 9 9 f) 
|J (J ? 

0 0 
9 9 9 9 _ 

5 9 ? ? U 

0 0 
9 9 9 9 n 
9 9 9 9 

0 0 

9 9 9 
• 

9 9 9 0 r\ 
9 9 9 

0 
1 I 1 I 

9 9 9 u u 
0 0 
9 9 9 9 N 

9 9 9 9 U 
9 9 9 9 

0 0 

» 7 x ( 5 - 4 ) 

0 0 
9 9 9 9 Q 9 9 9 9 Q 

9 9 9 9 9 9 9 9 

0 0 0 0 

} 5 x ( 7 . 4 ) 

0 0 j 4 x ( 7 - 5 ) 

are clearly not of full column ranks 4, 3, and 2, respectively. Recal l Ms matrices 
in (4.13), see also (4.6). The vertical lines in matricizations separate the individual 
frontal, transposed frontal, and transposed lateral slices of B\, respectively. 

4.4. Note on QR-based variant of Tucker decomposition. For matrix 
right-hand side problems (ii), the decompositions of the U R V T or U L V T forms (i.e., 
consecutive L Q and Q R , or Q R and L Q decompositions) can be used to preprocess 
B under a lower computational cost than wi th the use of S V D ; see section 3.2. From 
the tensor point of view, we in fact obtain a Q R decomposition i n the first and second 
mode, respectively. Similarly, preprocessing of B can be improved. 

Consider for simplicity a tensor of a small order, e.g., B = (6J 1 JJ 2 JJ 3) 6 J R 8 x 5 x 4 , 
k = 3. Recall how the matricization works on this example, i.e., how the individual 
entries are rearranged: 

b i n ••• &151 &n bn 

the individual blocks are (1,2)-slices called for k = 3 frontal slices 

B ^ -

&154 

&854 

' '814 

j8x(5-4) 

»5x(8-4) 

the individual blocks are (2, l)-slices, i.e., here transposed frontal slices, and 

bm • • &811 &121 ••• ••• &841 &151 ' • &851 

&114 • • &811 &124 ••• ••• &844 &154 • ' &854 

j 4 x ( 8 - 5 ) 

the individual blocks are (3,1 )-slices, i.e., here transposed lateral slices. 
Further note that if B has zero cofibers in the £ mode (i.e., zero rows after un

folding into the ^-mode matricization), then application of a matr ix in r mode (r ^ £) 
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does not affect these zero cofibers. We illustrate this by employing Q R decompositions 
on our example. Firs t consider that, e.g., 

r a n k ( B ) = ( r a n k ( S { 1 } ) , r a n k ( B { 2 } ) , r a n k ( B { 3 } ) ) =(4 ,3 ,2) . 

Let B"t 1 } = Q1R1, where Q7/ 1 = Qj G R S x S , be the Q R decomposition and, e.g.. 

(4.15) 

B y rearranging R\ back into the original shape we get a tensor 1Z\ satisfying iz\1^ = R\ 
and B = Q\ XilZi. Next consider the Q R decomposition of 

* 9 9 9 9 9 9 9 9 
0 • 
0 0 * <y <? 

Ri = 0 0 0 * <7 <7 <? 

0 0 0 0 

0 0 0 0 

•R.\2} = Q2R2, where Q^1 = Q]~ G I R 5 x 5 , and, e.g., 

{2} 

0 0 0 0 • • 0 <? 9 9 <? 0 • • 0 

* 0 0 <? 

0 
• <? 

9 9 <y 0 • • 0 9 9 9 0 • • 0 

(4.16) R.2 

* 9 9 0 • • 0 <? 9 9 <? 0 • • 0 -

0 * V <? 

0 0 • 0 • • 0 <? 0 • • 0 
0 0 0 0 0 • • 0 0 0 0 0 0 • • 0 
0 0 0 0 0 • • 0 0 0 0 0 0 • • 0 

and 7̂ 2 satisfying TZ {2} = i?2 and TZi = Q2 X2 7?-2, etc. 
We see that for B G K " i x " i x ' " X T " wi th the rank(S) = (n, r 2 , . . . , ?>) any sequence 

of Q R decompositions i n distinct modes, e.g., 

QR in mode iL ^ ^ , in mode i2 , in mode i;j QR in mode 

actually produces a QR-l ike Tucker decomposition 

B = Qh x h (Qh xi2 (••• x i t _ , (Qik xik 1lik) •••)), 

where TZk has a block diagonal structure 

fck = diag f c (f t f c i TC:0), and ftfcjTc G 1 i X r j X - x r , , 

is of full multilinear rank. 
Since the R factor of a Q R decomposition is i n upper triangular row echelon 

forms, this structure is also visible on the core 1Zk,TC- However, it is clearly affected 
only by the last Q R decompostion, as illustrated i n Figures 4.1 and 4.2. 
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FIG. 4 .1 . Structure of a Tucker core (here k = 3 and ri = r<2 = rk) obtained by a sequence 
of QR decompositions. The last QR decomposition is in the mode ik = 1 (left), 2 (middle), and 3 
(right); one fiber in the respective mode is visualized. The upper triangular matrix Rik is considered 
to be in the same form as in (4.15), (4.16), i.e., with an invertible upper triangular block of the size 

FIG. 4.2. Similar illustration as in Figure 4.1. The upper triangular matrices Rik are considered 
to be in a more general row echelon form. 

5. Properties of subproblems obtained by B G G K . It remains to show 
that the subproblems extracted by the methods described i n sections 4.1, 4.2, and 4.3 
represent the core problems. We prove this by showing that they satisfy the necessary 
and sufficient conditions ( C P 1 ) - ( C P 3 ) ; see sections 2.3 and 2.4, and, in particular, 
Theorem 2.3. 

T H E O R E M 5.1. Consider the problems 

An X i ~ Bi, 

[Ai,u, A2,u, • • •, A M i | w B i 

obtained by the BGGK-based methods described in sections 4.1, 4.2, and 4.3, respec
tively. These problems satisfy the defining conditions ( C P 1 ) - ( C P 3 ) . Thus they rep
resent core problems within the given data. 

Proof. Since the matrices of the reduced problems 

An, J4L,II, J4R,II, Aitn, A2,u, • • •, Ak,u-, 
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are i n a lower triangular column echelon form wi th no zero columns, they are of full 
column rank. Thus (CP1) is satisfied for a l l of them. 

Now consider the tensor right-hand side problem (iii). Since we started the com
putation wi th the Tucker decomposition of B, B\ is the Tucker core B T C of B wi th 
the first-mode fibers prolonged wi th zeros. 

B {1} T C 
0 

, k are of full row rank and and other dimensions unaffected. Thus B\ 
consequently (CP2) holds. 

To verify (CP3) for (iii) and ( C P 2 ) - ( C P 3 ) for (iv) and (v), we first point out that 

• A l l - A i i ! ^ L . l l ^ L . l l i ^ R , l l ^ R , l l i ^1,11^1,111^2,11^2,11! •••'̂ ',11̂ -1,11: 

are square, symmetric positive semidefinite matrices wi th a specific structure of non
zero entries called wedge-shaped matrices; see [16, Lemma 4.6] for the definition and 
details. Wedge-shaped matrices generalize the Jacobi tridiagonal matrices and have 
various interesting properties [12]. In particular. 

• AnAli is rr-wedge-shaped, where r± = rank 1 (S) ; 
• n is r-wedge-shaped, where r = rank(B); 
• A R , H A ^ 1 1 is r-wedge-shaped, where r = rank(_B); and 
• As^iiAln is r s-wedge-shaped, where rs = r ank s (B) , s = 1,2, . . . , k. 

A mult ipl ici ty g(X) of a real (and here nonegative) eigenvalue A of a re-wedge-
shaped matrix 0 G R n x n is bounded by re, g(X) < re; see [16] and [12]. Let Zx G JRnxe<A) 
be a matrix of g(\) linearly independent eigenvectors of G corresponding to A. Then 
the upper re-by-g(A) block of Z\, i.e.. 

[IK,0]TZx G l R K X e ( A )

: 

is of full column rank; see [12, Corollary 5]. 
Now the eigenvalues of AnA^ are squares of singular values of An, and the 

corresponding eigenvectors are left singular vectors of An. The condition (CP3) for 
(iii) requires that UjB^ are of full row rank for all Vs. Since here Ui = Z\ (originated 
in AnA[x) and B[1} = [^] wi th full row rank W equal to ru (CP3) holds. 

Analogously, we can prove ( C P 2 ) - ( C P 3 ) for (iv). Using similar arguments to 
the above, here !7L,B = Z\ (originated in A L n ) , U-HJ = Z\ (originated in 
A R , H A R ] 1 1 ) , and B1 = [^ °] and E G IR R X R are invertible. Consequently, E / ^ - B i 
and UftjBj are of full row rank for all i's and j ' s and ( C P 2 ) - ( C P 3 ) is satisfied. 

Finally, in (v) we get f7s,j = Z\ (originated i n AsAj). Furthermore, B\"^ = [^] 
with the matr ix W having full row rank equal to rs, s = 1,2, . . . , k. Thus f / J , B p 
are of full row rank for all is's and s's and ( C P 2 ) - ( C P 3 ) holds. • 

The banded shape of the reduced problems determined by the described methods 
allows to formulate further properties of core problems. Note that the following 
theorem holds for core problems i n general, i.e., it is not restricted to subproblems 
obtained by B G G K . 
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THEOREM 5.2 (property ( C P 6 ) - ( C P 7 ) ) . Consider the core problems 

An x i Xn.,.1 » B i , 
A L , I I ^ I I A r 1 1 ~ B i ; 

(^1,11,^2,11,..., A f c , i i I #n.. . i) » B i 

obtained by the orthogonal transformations (2.7), (2.8), and (2.9), respectively. Then 
the multiplicities of singular values of the matrices 

• A n are bounded by n = r a n k i ( S i ) ; 
• A L , I I and A R , n are bounded by r = r a n k i ( B i ) ; 
• A s , n are bounded by rs =rank s (Z?i ) . 

ITse multiplicities of singular values of the extended matrices 
• [B | , A n ] o,re bounded by r i = r a n k i ( B i ) ; 
• [ S i , A L I I ] <WWJ [ B i , A R , n ] are bounded by r = r a n k i ( B i ) ; 

11] are bounded by rs = r a n k s ( S i ) . 

Proof. The proof again employs properties of wedge-shaped matrices. The first 
part follows directly from the fact that A n i f ] is an ri-wedge-shaped matrix (and 
similarly for the other cases); see i n particular [16, Lemma 4.6 and Corollary 4.3] or 
[12, Corollary 5]. 

The second assertion is a bit more complicated. Consider first the extended 
matrix [BJ 1 , A n ] , where rank(Z?{1^) = r (the other cases are analogous). The L Q 
decomposition of B ^ gives B ^ = [L, 0]QT, where L is lower triangular i n the column 
echelon form wi th the full column rank r, and QJ = Then [L, An] can be seen 
as an extended matrix of a core problem within some matrix right-hand side problem 
(ii). Thus it satisfies the properties ( C P 6 ) - ( C P 7 ) given in [16, Lemma 4.6] and [13, 
Theorem 2.2]; see also Appendix A . Since 

[B{

1

1},A11}=[ [L,0] | A n ] d i ag (Q T , 7 ) , 

the assertion holds for a l l nonzero singular values. Finally, since the extended matrix 
is of full row rank (see the property (CP4)) it has no zero singular value. • 

6. Conclusion. In this paper we have introduced core problems wi thin general 
multilinear approximation problems wi th a tensor right-hand side, and specified their 
defining properties. We described iterative methods providing core reduction of data 
for particular multilinear problems including the general one. This reduction can 
always be obtained by combining a specific preprocessing of the right-hand side data, 
followed by a series of independent block (or band) G K bidiagonalization processes 
applied on selected parts of the model and observation set. Properties of the reduced 
data ensure their minimali ty and uniqueness up to an orthogonal transformation. 
These results demonstrate that it is in principle possible to reduce maximally the 
given data by a procedure based on Kry lov subspace projections. Computational 
aspects of the presented algorithms are behind the scope of this analytical paper and 
remain for future research. 

Appendix A . T h e list of core problems properties. In addition we list al l 
the already known core problem properties for the problems (i)-( iv); for the details 
see [28], [15], [16], [17], and [18], respectively. We use the notation introduced in 
section 2.3. The properties that together form the necessary and sufficient condition 
for the minimality are asterisked. 
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(i) The vector right-hand side core problem AnXi ~ 61; see [28]: 

*(CP1) The matrix An £ R 5™*" is of full column rank equal to n. 
(CP2) The vector 61 e R™ is nonzero. 

*(CP3) The scalars ujb\ £ R are nonzero (where Ui are the left singular vectors 
of An) for i = 1,... , m . . 

(CP4) The matr ix [ & i , A N ] G R ™ X ( " + 1 ) is of full row rank equal to m. 
(CP5) The scalars ejv( £ R are nonzero (where ei is the first Euclidean vector 

and vg are the right singular vectors of [61, A n ] ) for t = 1,. . . , n , n + 1. 
(CP6) Singular values of the matrix A n are simple. 
(CP7) Singular values of the matrix [61, A n ] are simple. 
(CP8) It always has a unique T L S solution. 

(ii) The matr ix right-hand side core problem A n A n ~Bi; see [15], [16]: 

*(CP1) The matrix A n £ R " > x " is of full column rank equal to n. 
*(CP2) The matrix Bi G R ™ x 3 _ i s of full column rank equal to d. 
*(CP3) Matrices UjBy G W'xd are of full row rank ft, for i = 1,. . . , £, 1+ 1. 

(CP4) The matr ix [BU An}_€ R ™ x ( H + d ) is of full row rank equal to m. 
(CP5) The leading pricipal dxne blocks of Vi are of full column rank m (where 

columns of Vi span either the right singular vector subspace 
corresponding to the £th strictly largest nonzero singular value of [ B i , A n ] , 
or jr([BuAn}))-

(CP6) Mult ipl ici t ies of singular values of A n are bounded by d. 
(CP7) Mult ipl ici t ies of singular values of [Bi, An] are bouded nby d. 
(CP8) If it has a T L S solution, then it is unique. 

(iii) The tensor right-hand side core problem A n X i A n . . . i ~ B i ; see [17]: 

*(CP1) The matrix A n G R m _ x n is of full column rank equal to ft. 
*(CP2) The tensor Bi G R"»xd 2 x---xd t ( w h e r e A = fn • Ui=2de) n a s t n e s-mode 

matricization s{ s ' £ R d » x(A/<'"') of full row rank equal to ds (or, 
equivalently, al l s-mode cofibers of B\ are linearly independent) for 
s = 2,...,k. 

*(CP3) Matrices UjB\1} € W>x(A/5S) are of full row rank ft for i = 1,. . . 
+ 1. 

(CP4) The matr ix \B[ 1 } , An] G R"> x ( "+ A / m ) is of full row rank equal to m . 
(iv) The bilinear core problem A L . I I - X H A R J I see [18]: 

*(CP1) The matrix A L . I I € K m x n is of full column rank equal to n. 
The matr ix A r t . n G R d x c is of full column rank equal to c. 

*(CP2) Matrices BIURJ e M ™ x ^ ' are of full column rank jjt j = 1,2,. . . , ? , ? + ! • 
*(CP3) Matrices U^Bx eW^~l are of full row rank ft, i = 1 ,2 , . . . , ? , ? + 1. 

(CP4) The matr ix [ B i , A L . I I ] £ R ™ x < s + d ) is of full row rank equal to m . 
The matr ix [Bj,ARM] £ R D X ( S + ™ > is of full row rank equal d. 

Acknowledgment. The authors wish to thank the anonymous referees for their 
useful comments that helped to improve this paper. 
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CONCLUSIONS 

In th is thes is w e have s tud ied l inear approx ima t ion p rob lems of d i f fe ren t 
fo rms , t h e core p rob lems w i th in t h e m , and part ia l ly a lso the i r so lvabi l i ty in 
t he TLS sense. The main mot i va t ion for us is t ha t t h e core p rob lem w i t h 
matr ix r i gh t -hand s ide may not have a TLS so lu t ion . 

In Part II w e have bui l t up ve ry genera l and robust a lgebra ic f r a m e w o r k 
enab l ing to hand le and s tudy internal s t ruc tu re of co re p rob lems w i t h m a 
tr ix r i gh t -hand s ides. That led us t o some ra ther s imple or par t ia l , bu t any 
way in te res t ing resul ts — for examp le t h e in te rp re ta t ion of t h e core p r o b 
lem reduc t ion as t h e o r t hogona l p ro jec t ion f r o m t h e set of all l inear app rox 
imat ion p rob lems on to t h e set of co re p rob lems, or t h e c o m m u t a t i o n of t he 
core p rob lem reduc t ion w i t h t h e p rob lem compos i t i on (see Sec t ion 5.2.3). 
It a lso a l lowed us t o fo rmu la te and part ia l ly also answer t h e ques t ion on ir
reduc ib le representa t ion of l inear approx ima t ion p rob lem (in t e r m s of c o m 
posi t ion) (see Sect ion 5.3.6). As a b y - p r o d u c t w e have desc r i bed in deta i ls 
how to ex t rac t t h e d e g e n e r a t e d c o m p o n e n t ( that can be seen as t h e par t 
of t h e p rob lem tha t only increases res iduum) f r o m t h e core p rob lem (see 
Sect ion 5.3.3). Our jou rney in to t h e internal s t ruc tu re of co re p rob lems is 
c o m p l e m e n t e d by a l ready pub l i shed w o r k [10] (see page 83) tha t ana lyzes 
t he evo lu t ion of TLS solvabi l i ty of co re p rob lems wh i le c o m p o s i n g . 

There are, however , t w o main open ques t ions re la ted t o t h e resul ts p re 
sen ted in Part I I . First, it is stil l not c lear h o w t h e i r reduc ib le representa t ion 
of t h e proper co re p rob lem looks like (our part ia l answer t o t h e i r reduc ib le 
represen ta t ion is re la ted to its easier par t ) ; it is a lso not c lear how t h e g e n 
eral i r reduc ib le co re p rob lem (poss ib ly w i t h g iven number of r i gh t -hand s ides 
d > 2) looks l ike. The second open ques t ion relates t o our w o r k [10], w h e r e 
w e ana lyze on ly a f e w se lec ted comb ina t i ons ; f u r t he r comb ina t i ons or more 
soph is t i ca ted analys is is miss ing . 

In Part III w e d id in par t icu lar t h e analys is of t h e ex is tence and un iqueness 
of t h e core p rob lem w i th in t h ree d i f fe ren t (but re lated) l inear approx imat ion 
p rob lems: p rob lems w i t h tenso r r i gh t -hand s ide, bi l inear p rob lems w i t h m a 
tr ix r i gh t -hand s ide, and mul t i l inear p rob lems w i t h tensor r i gh t -hand s ide. All 
of t h e m can be seen as genera l i za t ions of t h e matr ix r i gh t -hand s ide p r o b 
lem (and genera l i za t ions or spec ia l iza t ions of t hemse lves ) . All t h ree core 
p rob lem reduc t ions are also a l ready pub l i shed in [8] (see page 141), [9] (see 
page 167), and [11] (see page 187), respect ive ly . The co re p rob lem revea l -
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ing o r t hogona l t r ans fo rma t i on is in all t h ree cases essent ia l ly done via t h e 
SVD of t h e mapp ing (wh ich is e i ther a s ingle matr ix , or Kronecker p roduc t of 
mat r i ces) . In t h e last paper w e also p ropose t h e Kry lov subspace app roach 
based on t h e band genera l i za t ion of t h e Go lub -Kahan i terat ive b id iagona l -
izat ion (wh ich in fac t can be due t o t h e spec ia l iza t ion d i rec t ly app l ied on all 
t h ree cases) ; th is is, however , not in t h e main in terest of th is thes is . 

No te tha t t he re are in teres t ing and impo r tan t o p e n ques t ions re la ted to 
Part I I I , t oo . In part icular, t h e TLS solvabi l i ty t h e o r y fo r bi l inear and mult i l inear 
p rob lem is not fu l ly reso lved yet , up t o our k n o w l e d g e (see Remarks 6 and 8) . 
Bo th app roaches can be also c o m b i n e d and one cou ld ask abou t i r reduc ib le 
represen ta t ions of t hese genera l i za t ions (note tha t our a lgebra ic f r a m e w o r k 
is a l ready fu l ly p repared fo r t h e bi l inear p rob lems) . These open ques t ions 
wil l be add ressed in t h e fu tu re work . 
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h t t p s : / / l i n k . s p r i n g e r . c o m / a r t i c l e / 1 0 . 2 1 1 3 6 / 
a m . 2 0 1 9 . 0 2 5 2 - 1 8 

See also page 8 3 , or re fe rence [10]. 

Two re levant c i ta t ions : 

• V. A. Gorel ik, T. V. Zo lo tova , The total method of Chebyshev in

terpolation in the problem of constructing a linear regression (in 
Russian), Chebyshevsk i i Sborn ik (not in WoS) (2022) . 
h t t p s : / / d o i . o r g / 1 0 . 2 2 4 0 5 / 2 2 2 6 - 8 3 8 3 - 2 0 2 2 - 2 3 - 4 - 5 2 - 6 3 

• H. Zhou , An iterative algorithm to the least squares problem of 
AX = B over linear subspace (in Chinese) , Mathema t i ca Numer ica 
Sinica (not in WoS) ( 2023 ) . 
h t t p s : / / d o i . o r g / 1 0 . 1 2 2 8 6 / j s s x . j 2 0 2 1 - 0 8 3 4 

4. I. Hnětynková , M. Plešinger, and J. Žákova, On TLS formulation and core 
reduction for data fitting with generalized models, Linear Algebra and 
i ts App l i ca t ions 577 (2019) , pp. 1-20. 

h t t p s : / / w w w . s c i e n c e d i r e c t . c o m / s c i e n c e / a r t i c l e / p i i / 
S 0 0 2 4 3 7 9 5 1 9 3 0 1 7 0 3 

See also page 167, or re fe rence [ 9 ] . 

One re levant c i ta t ion : 

• V. A. Gorel ik, T. V. Zo lo tova , The total method of Chebyshev in

terpolation in the problem of constructing a linear regression (in 
Russian), Chebyshevsk i i Sborn ik (not in WoS) (2022) . 
h t t p s : / / d o i . o r g / 1 0 . 2 2 4 0 5 / 2 2 2 6 - 8 3 8 3 - 2 0 2 2 - 2 3 - 4 - 5 2 - 6 3 

5. I. Hně tynková , M. Plešinger, and J. Žákova, Krylov subspace approach 
to core problems within multilinear approximation problems: A unifying 
framework, SIAM Journa l on Matr ix Analys is and App l i ca t ions 4 4 (1) 
(2023) , pp. 5 3 - 7 9 . 

h t t p s : / / e p u b s . s i a m . o r g / d o i / a b s / 1 0 . 1 1 3 7 / 2 1 M 1 4 6 2 1 5 5 

See also page 187, or re fe rence [11]. 
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https://link.springer.com/article/10.21136/
https://doi.org/10.22405/2226-8383-2022-23-4-52-63
https://doi.org/10.12286/j
https://www.sciencedirect.com/science/article/pii/
https://doi.org/10.22405/2226-8383-2022-23-4-52-63
https://epubs.siam.org/doi/abs/10.1137/21M1462155


A . 2 L I S T OF OTHER PUBLICATIONS 
[OTHER PEER-REVIEWED 
JOURNALS & CONFERENCE 
PROCEEDINGS 

All c o - a u t h o r s of each of t h e i tems l is ted be low par t i c ipa te on t h e resul ts in 
equal share. 

1. I. Hně tynková , M. Plešinger, and J. Žákova, Modification of TLS algo

rithm for solving # 2 linear data fitting problems, Proceed ings in App l ied 
Mathema t i c s and Mechan ics 17 (1) (2017), pp. 7 4 9 - 7 5 0 . 

Special issue: 8 8 t h G A M M Annual Mee t i ng , Weimar 2017. 

Con fe rence presen ta t ion g iven by IH. 

h t t p s : / / d o i . o r g / 1 0 . 1 0 0 2 / p a m m . 2 0 1 7 1 0 3 4 2 

See also page 35, or re fe rence [12]. 

2. I. Hnětynková , M. Plešinger, and J. Žákova, Towards tensor generaliza

tions of TLS & core problem theory, Proceed ings in App l ied M a t h e m a t 

ics and Mechan ics 18 (1) (2018) , pp. 7 4 9 - 7 5 0 . 

Special issue: 8 9 t h G A M M Annual Meet ing , M ü n c h e n 2018. 

Con fe rence presen ta t ion g iven by JŽ. 

h t t p s : / / d o i . o r g / 1 0 . 1 0 0 2 / p a m m . 2 0 1 8 0 0 1 9 6 

3. I. Hně tynková , M. Plešinger, and J. Žákova, Extracting relevant data 
from linear data fitting problems via generalized Krylov subspace meth

ods. 

Proceed ings of XXI Househo lde r Sympos ium on Numer ica l Linear A l 

gebra , Selva di Fasano 2 0 2 0 / 2 0 2 2 , pp. 2 1 9 - 2 2 1 . 

Con fe rence presen ta t ion g iven by IH. 

h t t p s : / / u s e r s . b a . c n r . i t / i a c / i r m a n m 2 1 / H H X X I / 
b o o k _ o f _ a b s t r a c t s _ H H X X I 0 . p d f # p a g e = 2 1 9 

4. I. Hnětynková , M. Plešinger, and J. Žákova, Recent development of the 
core problem theory in the context of the total least squares minimiza

tion. 

Proceed ings of XXI Househo lde r Sympos ium on Numer ica l Linear A l 

gebra , Selva di Fasano 2 0 2 0 / 2 0 2 2 , pp. 3 2 1 - 3 2 3 . 

Con fe rence presen ta t ion g iven by MP. 

h t t p s : / / u s e r s . b a . c n r . i t / i a c / i r m a n m 2 1 / H H X X I / 
b o o k _ o f _ a b s t r a c t s _ H H X X I 0 . p d f # p a g e = 3 2 1 
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https://doi.org/10.1002/pamm.201710342
https://doi.org/10.1002/pamm.201800196
https://users.ba.cnr.it/iac/irmanm21/HHXXI/
https://users.ba.cnr.it/iac/irmanm21/HHXXI/


A . 3 L I S T OF CONFERENCE 
PRESENTATIONS [TALKS & 
POSTERS] 

1. Total least squares problem and its tensor generalizations ( ta lk) , PANM 
18 — Programy a a lgor i tmy numer ické matemat i ky 18, Janov nad Nisou, 
2016. 

2. Selected tensor generalizations of total least squares ( ta lk) , 8 9 t h G A M M 
Annual Mee t i ng , M ü n c h e n , 2018. 

3. The total least squares and the core problem in tensor settings ( ta lk) , 
G A M M A N L A — G A M M Workshop App l ied and Numer ica l Linear A l g e 

bra, Chemn i t z , 2019. 

4. Selected recent outcomes in the theory of core problems in tensor set

tings ( ta lk) , PANM 20 — Programy a a lgor i tmy numer ické matema t i ky 
20, Hejn ice, 2 0 2 0 . 

5. Recent development of the core problem theory in the context of the 
total least squares minimization (pos ter ) , PANM 22 — Programy a a l 

go r i tmy numer ické matema t i ky 22, Jab lonec nad Nisou, 2 0 2 2 . 

A . 4 L I S T OF PROJECTS 
All pro jec ts in th is l ist are one -yea r in ternal TUL, resp. FP TUL gran ts for s u p 

por t i ng master or PhD s tuden ts . The t e a m usual ly cons is ts of t h e s tuden t (as 
t he t eam- leade r ) and her adv isor ; t w o excep t ions are expl ic i t ly men t i oned . 

1. TUL-FP-SGS/2016/21161: Total least squares problem and its tensor 
generalizations (w i th Mar t in Plešinger as t h e t eam- l eade r ) . 

2. TUL-FP-SGS/2018 /21254 : Tensor methods and their analysis in numer

ical linear algebra. 

3. TUL-FP-SGS/2019/21319: Numerical methods in matrix and tensor com

putations. 

4. S G S - 2 0 2 0 - 4 0 2 2 : Krylov subspace methods in core problem theory. 

5. S G S - 2 0 2 1 - 4 0 3 9 : Krylov methods in tensor problems. 

6. S G S - 2 0 2 2 - 4 0 2 5 : Mathematical modeling and data analysis ( toge ther 
w i t h Čeněk J i rsák as t h e th i rd t e a m m e m b e r ) . 
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