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Chapter 1

Introduction

Topological Boolean algebras (closure algebras, resp. interior algebras) are
generalizations of topological spaces defined by means of topological closure and
interior operators [35].

Recall that if B is a Boolean algebra and g : B — B is a mapping then g is

called a topological closure operator on B if for any x,y € B,

L gz Vy)=g(x)Vgly),

2. 7 < g(x),

A topological interior operator is defined dually.

In [33], additive closure and multiplicative interior operators on MV -algebras
were introduced as generalization of topological Boolean algebras. It is well
known that MV -algebras are an algebraic counterpart of the Lukasiewicz in-
finite valued propositional logic as well as Boolean algebras play this role for
classical two valued logic. Every Boolean algebra is in fact an MV -algebra and
conversely, every MV-algebra A contains the greatest Boolean subalgebra B(A)
formed by complemented (i.e. additive, resp. multiplicative, idempotent) ele-
ments. According to [33], the restriction of each additive closure operator of

an MV-algebra is a topological closure operator on the Boolean algebra B(A).
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Moreover, in every complete MV -algebra, each topological closure operator on
B(A) can be extended to an additive closure operator on A.

The Lukasiewicz logic is one of the most important logics in the theory of
fuzzy sets. Hajek’s basic fuzzy logic generalizes many of such logics. It is known
that BL-algebras introduced also by Hajek are an algebraic counterpart of the
basic fuzzy logic. Bounded residuated lattices form a wide class of algebras, which
contains not only the class of all BL-algebras, but also the class of all Heyting
algebras. Therefore bounded residuated lattices can be taken as an algebraic
semantics of a more general logic than the basic logic.

In MV-algebras there are two binary operations ¢ and ® which are mutually
dual. Therefore by [33], for the MV-algebras the research of additive closure
operators (ac-operators) is equivalent with that of multiplicative interior oper-
ators (mi-operators). Nevertheless, in the case of Rf-monoids and then also in
more general bounded residuated lattices an operation with dual properties to
the binary operation © does not generally exist.

The commutative residuated lattices were first introduced by M. Ward and
R.P. Dilworth [36] as generalization of ideal lattices of rings. Non-commutative
residuated lattices, sometimes called pseudo-residuated lattices, biresiduated lat-
tices or generalized residuated lattices are algebraic counterparts of substructural
logics, that is, logics which lack some of the three structural rules, namely con-
traction, weakening and exchange. Complete studies on residuated latticfes were
developed by N. Galatos, P. Jipsen, T. Kowalski and H. Ono [I8], C. Tsinakis
[22] and others.

Non-commutative bounded integral residuated lattices form a large class of
algebras containing some classes of algebras behind many-valued and fuzzy logics,
such as pseudo MV-algebras [19] (or equivalently GMV-algebras [27]), pseudo
BL-algebras [9], pseudo MT L-algebras [16] and R¢-monoids [14], and conse-
quently the classes of their commutative cases, i.e. MV-algebras [7], B L-algebras
[20], MT L-algebras [15] and commutative R¢-monoids [I1]. Moreover, Heyting

algebras [I] which are algebras of the intuitionistic logic can be also considered



as residuated lattices.
A bounded integral residuated lattice is an algebra M = (M;®,V, A\, —,~
,0,1) of type (2,2,2,2,2,0,0) satisfying the following conditions:

(i) (M;®,1) is a monoid,
(ii) (M;V,A,0,1) is a bounded lattice,
(i) oy <zifz <y — ziffy <z~ 2 for any =,y € M.

In what follows, by a residuated lattice we will mean a bounded integral resid-
uated lattice. If the operation ® on a residuated lattice M is commutative then
M is called a commutative residuated lattice. In such a case the operations —
and ~- coincide.

“—"

In a residuated lattice M we define two unary operations (negations) and

“~” on M such that 7 ;=2 — 0 and 2" :=  ~» 0 for each z € M.
Recall that the mentioned algebras of many-valued and fuzzy logics are char-
acterized in the class of residuated lattices as follows:

A residuated lattice M is
(a) a pseudo MT L-algebra if M satisfies the identities of pre-linearity
(iv) (z=y)Vy—2a)=1=(r~y)V(y~ )
(b) an R{-monoid if M satisfies the identities of divisibility
(V) @—=y)Oz=2Ny=y0(y~ 2);
(c) a pseudo BL-algebra if M satisfies both (iv) and (v);
(d) involutive if M satisfies the identities
(Vi) =~ =z =212~

(e) a GMV-algebra (or equivalently a pseudo MV-algebra) if M satisfies (iv),
(v) and (vi);



(f) a Heyting algebra if the operations “®” and “A” coincide.

A residuated lattice M is called good, if M satisfies the identity z7~ = ™~
For example, every commutative residuated lattice, every GMV-algebra and ev-
ery pseudo BL-algebra which is a subdirect product of linearly ordered pseudo
BL-algebras [12] is good.

By [8], every good residuated lattice satisfies the identity (z~ ©y~)~ = (2~ ©
y~)~. If M is good, we define binary operation “®” on M as follows:

r@y=(y ©r )",
A residuated lattice M is called normal if it satisfies the identities
(zoy) "=rz"0oy ", (r0y)T =17 0y

For example, every Heyting algebra and every good pseudo BL-algebra is
normal 28], [13].

We introduce multiplicative interior operators (mi-operators) on bounded
commutative residuated lattices as the generalization of analogous operators on
MV -algebras and R/-monoids and we show their properties. The binary opera-
tion &, which need not to be dual to ® in general, but it makes possible to intro-
duce some analogy of an additive closure operator (ac-operator) from the theory
of MV -algebras. We show mutual relationships between mi- and ac-operators,
especially for the case of normal residuated lattices. Further, we describe mi- and
ac-operators induced by operators on the quotient residuated lattice M/D(M)
of a residuated lattice M by the filter D(M) of dense elements in M and on the
residuated lattice of regular elements in M.

The second class of algebras on which we investigate the properties of interior
and closure operators are basic algebras. Basic algebras have been introduced in
[3] as non-associative generalizations of MV-algebras. The name “basic algebra”
was selected because these algebras are in a sense a common base for MV -algebras
and orthomodular lattices [3], and should not be confused with BL- algebras as
the intersection of classes of basic algebras and BL-algebras is just the class of

MV -algebras.
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Definition. A basic algebra is an algebra (A; @, -, 0) of type (2, 1, 0) that satisfies
the identities

(i) 2®0=uz,

(ii)) =~z ==z,

(iii) ~(rz@y) Oy =-(ydr) D,

(iv) 2(~(~(z@y) DY) ©2) @ (z @ 2) = 0.

Moreover, if t @y = y @ x for any z,y € A, then A is called a commutative
basic algebra.
If A= (A;®,—,0) is a basic algebra, then (A, A, V,1,0), where
rVy:=-(rdy) Dy
Ay = —=(-z V)
1:= -0,

is a bounded lattice whose induced order is given by
r<y < xdy=1

If A is commutative, then this lattice is distributive [3]. Moreover [4], this lattice
(A; A, V) is endowed by a set (“),ca of so-called sectional antitone involutions,
i.e. for every a € A there is a mapping x — x® of the interval [a, 1] into intself

such that for any =,y € [a, 1]

aa

2=z, o<y=y" <z

This system L(A) = (L;A,V,(*)aer,0,1) is called a lattice with sectional
antitone involutions assigned to A = (A;®,—,0). Also conversely, starting with
a bounded lattice with sectional antitone involutions £ = (L; A, V, (“)ser,0, 1),

one can convert it into a basic algebra A(L) = (L; ®, —,0), where

—r=2" rx@y=(-zVy"

11



Moreover, the assignments A — L(A) and £ — A(L) are one-to-one correspon-
dences, i.e. A(L(A)) =A and (L(A(L)) = L.

Note that analogously as MV -algebras are an algebraic counterpart of the
propositional infinite-valued Lukasiewicz logic (and Boolean algebras are a coun-
terpart of the propositional classical two-valued logic), commutative basic alge-
bras constitute an algebraic semantics of the propositional logic Lepa [2] which
is a non-associative generalization of the Lukasiewicz logic.

We introduce and investigate additive closure and multiplicative interior op-
erators on commutative basic algebras and describe connections between such
operators. Further we show that (additively) idempotent elements of any com-
mutative basic algebra A form a subalgebra B(A) of A which is a Boolean algebra,
and we give relations between e.g. additive closure operators on A and topologi-
cal operators on B(A). Moreover, we study operators on quotient commutative
basic algebras.

Another type of operators that we investigate on the above-mentioned alge-
bras are so called modal operators. Modal operators are special cases of closure
operators. Recall [26] that the notion of a modal operator has its main source in
the theory of topoi and sheafification (see [17], [24], [25], [37]). Moreover, modal
operators have become also from the theory of frames, where frame maps can be

recognized as modal operators on a complete Heyting algebra (see [10]).
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Chapter 2

Main results

2.1. Interior and closure operators

In this section we describe the results from the papers [A], [B] and [C].

2.1.1. Operators on commutative residuated lattices

A commutative bounded integral residuated lattice is an algebra M = (M; ®,V, A\, —

,0,1) of type (2,2,2,2,0,0) satisfying the following conditions:
(i) (M;®,1) is a commutative monoid,

(ii) (M;V,A,0,1) is a bounded lattice,

(i) zoy<zifz <y — z forall x,y,z € M.

In what follows, by a residuated lattice we will mean a commutative bounded
integral residuated lattice.
Let M be a residuated lattice. We define a unary operation ~ on M such that

x~ := x — 0. Furthermore, we define a binary operation & on M as follows:
cdy=(z" 0y )"

Definition. Let M be a residuated lattice. A mapping f : M — M is called a

multiplicative interior operator (mi-operator) on M if for any z,y € M

L flzoy) = f(x) O fy),
13



2. f(z) <z,

3. f(f(x)) = f(=),

4. f(1) =1

5. 2 <y = f(z) < f(y).

If M is an R¢-monoid, i.e. aresiduated lattice satisfying x®(x — y) = xAy for
any x,y € M, then it can be shown [32] that the property 5 from the definition
follows from properties 1 - 4. This is not true for the more general setting of
residuated lattices. One can find an example (clA, 3.2) of a mapping f on a
residuated lattice M that satisfies the conditions 1 - 4 from the definition of an

multiplicative interior operator, but the mapping f is not monotone.

Definition. Let M be a residuated lattice. A mapping g : M — M is called an

additive closure operator (ac-operator) on M if for any x,y € M

L g(xr@y) =g(x)®g(y),

2. r < g(x),

5. 1 <y = g(x) < g(y).

Let f : M — M be a mapping on a residuated lattice M. We define a
mapping f~ : M — M such that

for any x € M.
We call a residuated lattice M normal if it satisfies the identity

(rOy) =270y .

14



Proposition (clA, 3.8). If M is a normal residuated lattice and f is an mi-

operator on M, then the mapping f~ is an ac-operator on M.

If g is an ac-operator on a normal residuated lattice M, then g~ need not be
an mi-operator, i.e. condition 2 from the definition of an mi- operator need not
be satisfied on M as we can see in the Example ([A], 3.12).

A residuated lattice M is called involutive if it satisfies x=~ = x for any
x € M. One can see that any involutive residuated lattice is normal. Hence by
previous proposition, if f is an mi-operator on such a residuated lattice M, then
f~ is an ac-operator on M. Furthermore, if ¢ is an ac-operator on an involutive
residuated lattice M, then by Proposition ([A], 3.10), g~ is an mi-operator on
M. Moreover, f — f~ and g — g~ are one-to-one correspondences between
mi-operators and ac-operators on an involutive residuated lattice.

The situation for normal residuated lattices which are not involutive is more
complicated. Namely, although f~ is still an ac-operator for any mi-operator f
on a residuated lattice M, for ac-operator g on M, g~ need not be an mi-operator.
Furthermore, if f is an mi-operator on M then f~ satisfies in fact a condition that
is stronger than axiom 2 in the definition of an ac-operator on M. Therefore, we
will introduce now the notions of wmi- and sac- operators on normal residuated

lattices.

Definition. Let M be a residuated lattice and f : M — M. Then f is called a
weak mi-operator (a wmi-operator) on M if it satisfies conditions 1 and 3 - 5 of
the definition of an mi-operator and for any x € M

2a. f(z) <ax™ .

Definition. Let M be a normal residuated lattice and g : M — M. Then g is
called a strong ac-operator (an sac-operator) on M if it satisfies conditions 1 and
3 - 5 of the definition of an ac-operator and for any x € M
2b. 7~ < g(x).
Now we will describe connections among mi-, ac-, wmi- and sac-operators on

normal residuated lattices.
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Proposition (A, 3.16). Let M be a normal residuated lattice.
(i) If f is a wmi-operator on M, then f~ is an sac-operator on M.
(ii) If g is an sac-operator on M, then ¢~ is a wmi-operator on M.

If M is a normal residuated lattice, denote by wmi(M) the set of wmi-
operators on M and by sac(M) the set of sac-operators on M. Suppose that
wmi(M) and sac(M) are pointwise ordered.

Let a : wmi(M) — sac(M) be the mapping such that a(f) = f~, for any
fewmi(M), and B : sac(M) — wmi(M) be the mapping such that 5(g) = g7,
for any g € sac(M).

Theorem (A, 3.17). If M is a normal residuated lattice, then « and ( form
an antitone Galois connection, i.e. f < ((g) if and only if ¢ < «a(f), for any
f €wmi(M) and g € sac(M).

Definition. Let M be a residuated lattice. A nonempty subset F' of M is called
a filter of M if the following conditions hold

l.x,ye F—=x0OyeF,
2.xelFye M,z <y=—yeckF.

By [22], filters of commutative residuated lattices are in a one-to-one corre-
spondence with their congruences. If F is a filter of a commutative residuated

lattice M, then for the corresponding congruence O we have:
(r,y) €Op <= (=2 YA(y—2)EF <= (z—>y)O(y—z)EF

— =y, y—xeckF

for each z,y € M. In such a case, F' = {z € M : (z,1) € ©p}. For any filter F
of M we put M/F := M/Op.
If M is a residuated lattice, denote D(M) = {z € M : 2=~ = 1} the set of

dense elements in M.

Proposition (A, 4.6). If M is a residuated lattice, then D(M) is a filter of M.
16



We say that a residuated lattice M has Glivenko property [6] if for any z,y €
M

(r—=y)  =z—y .

Recall that the notion of a residuated lattice with Glivenko property was

introduced and investigated in [6].

Proposition ([6]). A residuated lattice M has Glivenko property if and only if
M satisfies the identity

(77 —z) " =1.

An element x of a residuated lattice M is called regular if x=— = z. Denote
by Reg(M) the set of all regular elements in M. If z,y € Reg(M), put z V, y :=
(xVy) e Ny =(xAy) ,z0y:=(x0y) andz@,y=(rDy) .

Theorem. [6] For any residuated lattice M the following conditions are equiva-

lent.
(i) M has Glivenko property,

(ii) (Reg(M); Vi, As, ®x, —,0, 1) is an involutive residuated lattice and the map-
ping =~ : M — Reg(M) such that =~ : z + x~~ is a surjective homomor-

phism of residuated lattices.

Notice that if M is a normal residuated lattice and x,y € Reg(M), then
O,y =(rOy) " =2 ©y ~ =z ®y. For arbitrary residuated lattice we
have x @,y =z D y.

The following assertions concerning connections between D(M) and Reg(M)

are consequences of the previous Theorem:

Theorem (A, 4.7). If M is a residuated lattice with Glivenko property, then for
any x,y € M we have (z,y) € ©Opqy) if and only if 27~ = y~~. Moreover, the
quotient residuated lattice M/D(M) is involutive.

Theorem (A, 4.8). If M is a residuated lattice with Glivenko property, then the
residuated lattices Reg(M) and M/D(M) are isomorphic.

17



Theorem (A, 4.10). Let M be a normal residuated lattice with Glivenko prop-
erty, f an mi-operator (resp. an ac-operator) on M and f* : M/D(M) —
M/D(M) the mapping such that f*(z/D(M)) = f(z=~)/D(M). Then f* is

an mi-operator (resp. an ac-operator) on M/D(M).

Theorem (A, 4.11). If M is a normal residuated lattice with Glivenko property
and f is an mi-operator (resp. an ac-operator) on M, then the mapping f#
such that f#(z) = f(z)~~ for any x € Reg(M) is an mi-operator (resp. an
ac-operator) on the residuated lattice Reg(M).

Theorem (A, 4.12). Let M be a normal residuated lattice with Glivenko prop-
erty. If g : Reg(M) — Reg(M) is an mi-operator on the involutive residuated
lattice Reg(M), then the mapping ¢* : M — M such that g*(z) := g(x=") for

any x € M, is a wmi-operator on M.

2.1.2. Interior and closure operators on residuated lattices

In this section we ivestigate properties of additive closure operators and mul-
tiplicative interior operators on bounded integral residuated lattices that need
not be commutative.

Recall that a bounded integral residuated lattice is an algebra M = (M; ®,V, A, —
,~,0,1) of type (2,2,2,2,2,0,0) satisfying the following conditions:

(i) (M;®,1) is a monoid,
(ii) (M;V,A,0,1) is a bounded lattice,
(i) oy <zifz <y — ziff y <z~ z for any =,y € M.

In what follows, by a residuated lattice we will mean a bounded integral resid-
uated lattice.

A residuated lattice M is called good, if M satisfies the identity z7~ = ™~
For example, every commutative residuated lattice, every GMV-algebra and ev-
ery pseudo BL-algebra which is a subdirect product of linearly ordered pseudo
BL-algebras [12] is good.

18



By [8], every good residuated lattice satisfies the identity (z~ @y~ )~ = (2~ ®
y~)~. If M is good, we define binary operation “®” on M as follows:

roy=(y 0z ).

Let M be a residuated lattice. We define interior multiplicative operators and
additive closure operators on M in the same manner as in the case of commutative
residuated latttices.

Let f: M — M be a mapping, and consider two new mappings
M= M, fZ:M— M,

such that for each z € M

and

fo(@) = (f(z™))"

Proposition (B, 3.4). If f : M — M is a monotone mapping on a residuated

lattice M, then both mappings f_, f~ are monotone.

Theorem (B, 3.7). If M is a good normal residuated lattice and f is an mi-

operator on M, then the mappings fZ and f~ are ac-operators on M.

Theorem (B, 3.9). Let M be a good normal residuated lattice and let g be an
ac-operator on M. Then the mappings ¢, g_ satisfy identities 1, 3, 4, 5 from

definition of an mi-operator.

If g is an ac-operator on a good normal residuated lattice M, then g~ need not
be an mi-operator, i.e. condition 2 from the definition of an mi- operator need
not be satisfied on M as we can see in the Example (B, 3.11) of a commutative

residuated lattice.

Definition. Let M be a residuated lattice and f : M — M. Then f is called a
weak mi-operator (a wmi-operator) on M if it satisfies conditions 1 and 3 - 5 of

the definition of an mi-operator, and for any x € M

19



2a. f(x) <z,

Definition. Let M be a good normal residuated lattice and g : M — M. Then
g is called a strong ac-operator (an sac-operator) on M if it satisfies conditions 1

and 3 - 5 of the definition of an ac-operator, and for any = € M
2b. 7~ < g(x).

We have that if f is an mi-operator, then fZ and f~ are sac-operators and
consequently ac-operators, and if ¢ is an ac-operator then g~ and g_ are wmi-
operators. Now we will describe connections among mi-, ac-, wmi- and sac-

operators on good normal residuated lattices.

Proposition. Let M be a good normal residuated lattice.
(i) If f is a wmi-operator on M, then f7 and f~ are sac-operators on M.
(ii) If g is an sac-operator on M, then ¢g_ and ¢~ are wmi-operators on M.

If M is a normal residuated lattice, denote by wmi(M) the set of wmi-
operators on M and by sac(M) the set of sac-operators on M. Suppose that
wmi(M) and sac(M) are pointwise ordered.

Let aq, 0 : wmi(M) — sac(M) be the mappings such that oy (f) = f~,
and aq(f) = f2 for any f € wmi(M), and By, B2 : sac(M) — wmi(M) be the
mappings such that 81(g) = g™, and (g) = g for any g € sac(M).

Theorem (B, 3.14). Let M be a normal residuated lattice.

(i) a; and By form an antitone Galois connection, i.e. f < f(g) if and only if

g < ai(f), for any f € wmi(M) and g € sac(M).

(ii) a9 and f; form an antitone Galois connection, i.e. f < §1(g) if and only if

g < ay(f), for any f € wmi(M) and g € sac(M).
The following theorem is now an immediate consequence.

Theorem (B, 3.15). Let M be a good normal residuated lattice.

20



(i) If f is an mi-operator on M and h = (fZ)~ = (f~)Z, then f~ = h™ and
fo=h

(ii) If g is an ac-operator on M and k = (¢g2)~ = (¢~)=, then g_ = kZ and
g~ =k~

We introduce Glivenko property of a residuated lattice as the noncommuta-
tive generalization of Glivenko property which was investigated in the case of

commutative residuated lattices.

Definition. We say that a residuated lattice M has Glivenko property (GP) if
for any x,y € M we have

(x—=y) " =rx—oy ", (zmy)" =~y

It can be seen in Lemma (B, 4.2) that in the case of good residuated lattices the

equalities required in Glivenko property are in fact equivalent to these conditions:
(i) (z=~ = 2)~=1= (2~ ~x)~", for any z € M,

~—

(i) (z—=y) "~ =2~ =y ", (x~»y)~" =2~ ~y~", forany z,y € M.

Definition. Let M be a residuated lattice. A nonempty set F' of M is called a
filter of M if the following conditions hold

(i) z,y € Fimply z©y € F,
(ii) z€ F,oe <ye€ M imply y € F.
Definition. A subset D C M is called a deductive system of M if
(i) 1 € D,
(iil) x € D,x -y € D imply y € D.

Proposition (B, 4.4). If H C M, then H is a filter in M if and only if H is a

deductive system in M.
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A filter H of M is called normal [34] if + — y € H iff x ~ y € H for
each x,y € M. Normal filters of any residuated lattice M are in one-to-one
correspondence with the congruences on M. If H is a normal filter of M, then
H is the kernel of the unique congruence 0y such that (x,y) € 0y if and only if
(x = y)© (y— ) € H if and only if (z ~ y) ® (y ~ z) € H.

Hence we will consider quotient residuated lattices M/H of residuated lattices
M by their normal filters. If x € M then we will denote by z/H the class of
M/H containing .

If M is a residuated lattice, denote D(M) = {z € M;z™™~ =1 = 2™~} the

set of dense elements in M.

Theorem (B, 4.5). (i) If M is a good residuated lattice, then D(M) is a filter
in M.

(ii) If, moreover, M satisfies (GP), then D(M) is a normal filter in M.

Theorem. [B, 4.6] Let M be a good residuated lattice satisfying (GP). Then
(x,y) € Op(r if and only if 27~ =y~ for all 2,y € M. Moreover, M/D(M) is

an involutive residuated lattice.

An element z of a residuated lattice M is called reqular if x> =z = 2™~
Denote by Reg(M) the set of all regular elements in M. Clearly 0,1 € Reg(M).
fx,ye M,put zV,y:=(zVy) “,a Ay :=(xAy) ", 20.y:=(xO0y) ™.

Theorem. [B, 4.7] Let M be a good normal residuated lattice satisfying (GP).
Then Reg(M) = (Reg(M); ®, Vi, As, —,~>,0,1) is an involutive residuated lat-
tice and the mapping =~ : M — Reg(M) such that =~ : z +— x~" is a retract of
the reduct (M; ®, —,~>,0,1) onto (Reg(M); ®, —,~,0,1).

Theorem (B, 4.8). If M is a good normal residuated lattice such that Reg(M) =
(Reg(M); ®,—,~>,0,1) is an involutive residuated lattice and the mapping ~~
is a retract of (M;—,~») onto (Reg(M); —,~>), then M satisfies (GP).

Theorem (B, 4.9). Let M be a good normal residuated lattice. Then the fol-

lowing statements are equivalent:
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1. M satisfies (GP).

2. (Reg(M); ®, Vi, \,—,~>,0,1) is an involutive residuated lattice and the
mapping ~~ : M — Reg(M) such that =~ : = — z~~ is a retract of
(M;®,—,~+,0,1) onto (Reg(M); ®,—,~,0,1).

The following assertion is now an immediate consequence.
If M is a good normal residuated lattice satisfying (GP), then (®, —,~-,0,1)-
reducts of M/D(M) and Reg(M) are isomorphic.

Theorem (B, 4.11). If M is a good normal residuated lattice satisfying (GP) and
f is an mi-operator (an ac-operator) on M, then the mapping f* : Reg(M) —
Reg(M) such that f*(x) = f(x)~~, for any x € Reg(M), is an mi-operator (an
ac-operator) on the residuated lattice Reg(M).

Theorem (B, 4.12). If M is a good normal residuated lattice satisfying (GP)
and f is an mi-operator on the residuated lattice Reg(M), then the mapping
ft: M — M such that f*(z) = f(z™), for any € M, is a wmi-operator on
M.

Theorem (B, 4.13). Let M be a good residuated lattice satisfying (GP) and
g : Reg(M) — Reg(M) be an ac-operator on Reg(M). Then the mapping

g" : M — M such that g™ (x) = g(z™"), for any = € M, is an sac-operator on
M.

2.1.3. Interior and closure operators on basic algebras

Recall that a basic algebra is an algebra (A;@®,—,0) of type (2,1,0) that

satisfies the identities
(i) @0 ==,
(ii) =~z ==,

(iil) ~(z@y) Dy =—-(-y® ) d,
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(iv) ~(=(=(z@y)dy)@2) & (r®2) = 0.

Moreover, if x © y = y @ x for any z,y € A, then A is called a commutative
basic algebra.

In a basic algebra A we define a binary operation (subtraction) such that
Sy = (" dy).

Moreover, define for any z,y € A
Oy = (-zd y).

Definition. Let A be a commutative basic algebra. A mapping g : A — A is

called an additive closure operator (ac-operator) on A if for any x,y € A

L g(xr@y) =g(r)®g(y),

2. z < g(x),

Proposition (C, X). Let g : A — A be an ac-operator on a commutative basic

algebra A. Then ¢ is a monotone mapping.

Definition. Let A be a commutative basic algebra. A mapping f: A — A is

called a multiplicative interior operator (mi-operator) on A if for any z,y € A
L flzoy) =fz)o fy),

2. fz) <,

3. f(f(x)) = f(x),

4. f(1) =1.
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Let f: A — A be a mapping, and consider the mapping
A=A

such that for each z € A
[(@) = =(f(=2)).

Theorem (C, 3.1). If g : A — A is an ac-operator on a commutative basic

algebra A, then the mapping ¢~ : A — A is an mi-operator on A.

Theorem (C, 3.2). If f : A — A is an mi-operator on a commutative basic

algebra A, then the mapping f~: A — A is an ac-operator on A.

If A is a commutative basic algebra, denote by mi(A) the set of mi-operators
on A and by ac(A) the set of ac-operators on A. Suppose that mi(A) and ac(A)
are pointwise ordered.

Let a : mi(A) — ac(A) be the mapping such that a(f) = f7, for any f €
mi(A), and S : ac(A) — mi(A) be the mapping such that f(g) = ¢, for any
g € ac(A).

Theorem. [C, 3.3] If A is a commutative basic algebra, then « and § form

an antitone Galois connection, i.e. f < f((g) if and only if g < a(f), for any
f €mi(A) and g € ac(A).

The following theorem is now an immediate consequence.
Theorem. [C, 3.4] Let A be a commutative basic algebra.

(i) If f is an mi-operator on A and h = (f™)" is the corresponding mi-operator

on A, then the induced ac-operators f~ and h™ are the same.

(ii) If g is an ac-operator on A and k = (¢g~)” is the corresponding ac-operator

on A, then the induced mi-operators ¢~ and k™ are the same.

Let A be a basic algebra. Denote by B(A) := {x € A: x @ x = x} the set of

all idempotent elements of A.
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Let A be a commutative basic algebra, C' a subalgebra of A and g : A —
A (f:A— A) an ac-operator (an mi-operator) on A. Then C'is called a closure
subalgebra (an interior subalgebra) with respect to g (to f)if g(z) € C (f(z) € C)
for any x € C.

Proposition (C, 4.2). If A is a commutative basic algebra, then B(A) is a
subalgebra of A.

Theorem (C, 4.1). If A is a commutative basic algebra, then B(A) is a Boolean
algebra.

Proposition (C, 4.3). Let A be a commutative basic algebra. Then the Boolean
subalgebra B(A) of A is a closure subalgebra (an interior subalgebra) with respect

to any ac-operator (any mi-operator) on A.

Theorem (C, 4.2). Let A be a commutative basic algebra and g : A — A an
ac-operator (f : A — A an mi-operator). Then the restriction of g to B(A) (f

to B(A)) is a topological closure (topological interior) operator on the Boolean

algebra B(A).

A commutative basic algebra is called complete if the underlying lattice (A; V, A)

is complete.

Theorem (C, 4.3). Let A be a complete commutative basic algebra and g a
topological closure operator on the Boolean algebra B(A). Then there is an

ac-operator g* on A such that the restriction of g* to B(A) is equal to g.

Let A be a basic algebra. A subset J C A is called an ideal of A [5], if it

contains 0 and satisfies the following conditions:
l.ifaebe Jand be J, then a € J,
2. ifa©be Jand a > b, then (cob) S (cSa) € J for every ¢ € A,

3.ifacbe Jandboa € J, then (a6c)o (bSc) € J for every ¢ € A.
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Theorem. [5] Let A be a commutative basic algebra and I C A be an ideal.
Then the relation ©; defined by

(a,b) €O <= acbelandbsacl.

is a congruence on A such that [0]g, = I.

Theorem (C, 5.2). Let A be a commutative basic algebra, g : A — A an ac-
operator and I a g-ideal in A. Then the mapping ¢* : A/I — A/I such that

g*(x/I) = g(x)/I is an ac-operator on the commutative quotient algebra A/I.

2.2. Modal operators

Modal operators (special cases of closure operators) were introduced and in-
vestigated on Heyting algebras in [26], on MV-algebras in [21], on commutative
R{-monoids in [31] and on (non-commutative) R¢-monoids in [30]. Moreover,
monotone modal operators on commutative bounded residuated lattices were
studied in [23].

We define and study monotone modal operators on general (not necessarily
commutative) residuated lattices and on commutative basic algebras, and de-

scribe the results from the papers [D] and [E].

2.2.1. Modal operators on residuated lattices

Recall that a bounded integral residuated lattice is an algebra M = (M;®, V, A\, —
,~,0,1) of type (2,2,2,2,2,0,0) satisfying the following conditions:

(i) (M;®,1) is a monoid,
(ii) (M;V,A,0,1) is a bounded lattice,
(i) oy <zifz <y — ziff y <z~ z for any =,y € M.

In what follows, by a residuated lattice we will mean a bounded integral resid-

uated lattice. A residuated lattice M is called good, if M satisfies the identity
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x~~ =2x~". If M is good, we define binary operation “®” on M as follows:
r@y=(y 0z)".

Definition. Let M be a residuated lattice. A mapping f: M — M is called a
modal operator on M if for any x,y € M

(M1) = < f(),

(M2) f(f(z)) = f(2),

(M3) fz©y)=f(z)O f(y).

A modal operator f is called monotone, if for any z,y € M
(M4) = <y = f(z) < f(y).

If M is a good residuated lattice and for any z,y € M
(M5) fzdy)=flzo fy) =[f(f(z)dy),

then f is called strong.

In all cases of R{-monoids every modal operator is already monotone. How-
ever, in general residuated lattices the converse need not hold. An example of a

modal operator that is not monotone is given in [23].

Proposition (D, 5). Let f be a monotone modal operator on a good residuated

lattice M. Then it is strong if and only if for any x € M

@ f(0) = flz™) = f0)® =

Theorem (D, 6). Let M be a residuated lattice and f : M — M be a mapping.

Then f is a monotone modal operator on M if and only if for any =,y € M:
(i) = fly) = flz) = fy),
(ii) @~ fly) = f(z) ~ f(y),
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(iii) f(z) © f(y) = f(z ©y).

In general, if f is a monotone modal operator, the equation f(0) = 0 need
not hold. An example of such modal operator is shown in [23]. Thus we will

investigate under which condition this equality holds.

Proposition (D, 7). Let M be a residuated lattice and f be a monotone modal

operator. Then the following conditions are equivalent.
(i) f(0) =0,

(ii) f(z~)==z~, forallx € M,

(iii) f(z7) =2, forall z € M.

As a consequence of the previous proposition we obtain the following result.
Let M be a good residuated lattice satisfying x> = x for all x € M. Let f be
a monotone modal operator on M such that f(0) = 0. Then f is the identity on
M.

Let M be a residuated lattice and f be a modal operator on M. We denote
by

Fix(f) = {z € M; f(z) = x}
the set of all fixed elements of the operator f. By the definition of a modal
operator it is obvious that Fix(f) = Im(f).

Proposition (D, 18). If f is a monotone modal operator on a residuated lattice
M, then Fia(f) = (Fiz(f); O, Vru(s), N\, =, ~, f(0),1), where 2Vpipyy = f(zVy)
for any x,y € Fiz(f), and A, —,~> are the restrictions of the binary operations

from M on Fiz(f), is a residuated lattice.

2.2.2. Modal operators on commutative basic algebras

Recall that a basic algebra is an algebra (A;@,—,0) of type (2,1,0) that
satisfies the identities
() s@0=1,
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(i) =z =z,

(iii) ~(re@y)Oy=-(ydr) DI,

(iv) =(~(-(z@y)y) & 2) & (z & 2) = -0,
(V) z@y=yDa.

Moreover, if t @y = y @ x for any z,y € A, then A is called a commutative
basic algebra. In a commutative basic algebra A we define a binary operation

such that for any z,y € A
@y :=(-zdy).

Definition. Let A be a commutative basic algebra. A mapping f: A — A is

called a modal operator on A if for any z,y € A

Loz < f(x),

2. f(f(x)) = (=),

3. flxoy) = flz) o fly).

A modal operator f is called strong, if for any z,y € A

4. flray) = fz @ fy))

Let A be a basic algebra. Denote by B(A) :={zx € A: x @ x = x} the set of

all idempotent elements of A.

Proposition. [29] If A is a commutative basic algebra, then B(A) is a subalgebra
of A.

Theorem. [29] If A is a commutative basic algebra, then B(A) is a Boolean

algebra.

For an arbitrary element a € B(A) denote by g, : A — A the mapping such
that g,(r) = a ® x for any = € A.
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Theorem (E, 3.5). Let A be a commutative basic algebra, and a € B(A). Then

Jo : A — A is a modal operator on A.

For an element a € B(A) consider mappings h, : A - Aand k, : A — A
such that for any x € A

ho(z) :=a—x, kiz):=(xr—a)—a.

Proposition (E, 3.6). If A is a commutative basic algebra and a € B(A), then

the mappings h, and k, are modal operators on A.

Let A be a commutative basic algebra. Denote by M(A) and M,(A) the set

of all modal and all strong modal operators on A.

Theorem (E, 37) If fi,fe € M(A), or f1,f2 € MS(A)7 then fify € M(A), or
fifa € My(A), respectively, if and only if fi fo = fofi.

Proposition (E, 3.8). Let A be a commutative basic algebra, a € B(A) and
feM(A). If f(x) < gu(z) for any x € A, then f(a) = a.

Theorem (E, 3.12). Let A be a commutative basic algebra, and f : A — A be
a mapping. Then f is a modal operator on A if and only if for any z,y € A it

satisfies:
(i) = — fly) = f(z) = f(y),
(ii) f(z)© fly) > f(z ©y).
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Chapter 3
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1. INTRODUCTION

Commutative bounded integral residuated lattices form a large class of algebras contain-
ing some classes of algebras behind many valued and fuzzy logics, such as MV -algebras
2], BL-algebras [9], MT L-algebras [7] and commutative R¢-monoids [12], [6]. Moreover,
Heyting algebras [1] which are algebras of the intuitionistic logic can be also viewed as
commutative bounded integral lattices.

Topological Boolean algebras, i.e. closure or interior algebras [15], are generalizations of
topological spaces defined by means of topological closure and interior operators. In [13]
closure and interior MV -algebras as generalizations of topological Boolean algebras were
introduced by means of so-called additive closure and multiplicative interior operators. It
is known that every MV-algebra M contains the greatest Boolean subalgebra B(M) of all
complemented elements. By [13], the restriction of any additive closure operator on M
onto B(M) is a topological closure operator on B(M). Moreover, if M is a complete MV -
algebra, then every topological closure operator on B(M) can be extended to an additive
closure operator on M. Since the addition and multiplication of MV-algebras are mutually
dual operations, analogous properties are also true for multiplicative interior operators on
M and B(M).

The notions of additive closure and multiplicative interior operators (ac- and mi- op-
erators, for short) were generalized in [14] to commutative residuated (-monoids (= com-
mutative R¢-monoids), i.e. commutative bounded integral residuated lattices satisfying
divisibility [11], [8]. But the dual operation to multiplication in such residuated lattices
does not exist in general. Hence, connections between mi- and ac-operators are more
complicated than those in the case of MV -algebras.

Supported by ESF Project CZ.1.07/2.3.00/20.0051 and Palacky University, PrF 2011 022 and PrF 2012
017.
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In the paper we introduce and investigate analogous operators on arbitrary commutative
bounded integral residuated lattices. We describe connections between mi-operators and
ac-operators in this general setting. Moreover, we generalize the notions of mi- and ac-
operators to so-called weak mi-operators and strong ac-operators and show that there is
an antitone Galois connection between them. Furthermore, we describe, for residuated
lattices with Glivenko property, connections between mi- and ac- operators on them and
on the residuated lattices of their regular elements.

2. PRELIMINARIES

A commutative bounded integral residuated lattice is an algebra M = (M; ®, V, A\, —,0,1)
of type (2,2,2,2,0,0) satisfying the following conditions:
(i) (M;®,1) is a commutative monoid,
(ii) (M;V,A,0,1) is a bounded lattice,
(iii) r Oy < ziffx <y — 2z forall z,y,z € M.
In what follows, by a residuated lattice we will mean a commutative bounded integral
residuated lattice.
For any residuated lattice M we define a unary operation (negation) ~ on M such that
=2 —0.
Recall that algebras of logics mentioned in Introduction are characterized in the class of
residuated lattices as follows:
A residuated lattice M is
(a) an MT L-algebra if M satisfies the identity of pre-linearity
(iv) (@ =y)V(y—z)=1;
(b) involutive if M satisfies the identity of double negation
(V) 277 =
(¢) an R{-monoid (or a bounded commutative G B L-algebra) if M satisfies the identity of
divisibility
(Vi) (z = y) Oz =aAvy;
(d) a BL-algebra if M satisfies both (iv) and (vi);
(e) an MV-algebra if M is an involutive BL-algebra;
(f) a Heyting algebra if the operations “©” and “A” coincide.

Proposition 2.1 ([4, 11]). Let M be a residuated lattice. Then for any x,y,z € M we
have:

(1) e <y=vy <z,

(i) t Oy <z Ny,

(iit) (v —y) Oz <y,

(v) x <z,

(o) o =,

(vi) x = (y = 2) =y = (x — 2),
(vii) v = (y = 2) = (O y) = z,
(viti) x <y=—=z > <z—>y,

(ix)  <y=—=y—z<x— 2,
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(1) y = z<(z—=y) = (v —2),
(xi) x >y < (y = 2) = (x = 2).
(xit) x=~ —y ~=x =y ,
(xiii) (x >y~ ") "=z =y ,
(ziv) (xQy)" =y—a =x—y =2 =y =y  —a,
(z0) (zOy)” 227 Oy .
Let M be a residuated lattice. We define a binary operation ¢ on M as follows:
rdy= (" Oy ) .
Lemma 2.2 ([4]). Let M be a residuated lattice. For any x,y € M we have
()r@(y®z)=(r0y) ® 2,
(i) t®y>x " Vy  >aVy,
(i) &0 =1z,
(w) (x&y)" =27~ By  =zdy,
(v)xexz~ =0, zdzr =1.

We call a residuated lattice M normal if it satisfies the identity
(xOy) =2 Oy .

For example, every involutive residuated lattice, every Heyting algebra and every BL-
algebra is normal [5] (note that the name “normal” is sometimes used for non-commutative
residuated lattices where all filters are normal, see [10]).

Similarly as in [14] for residuated ¢-monoids we can prove the following identities.

Lemma 2.3. Let M be a normal residuated lattice. Then for any x,y € M
(i) (z@y)” =2~ Oy,
(i) (xOy)”" =z dy .

Proof. (i) Since M is normal, we have (z@®y)” = (v~ Qy ) =2~ ~Qy =z Oy .
(ii) By Lemma 2.2 (iv), we have 2~ @y~ = (z~ @y )~ = ((z7- ©Qy 7))~ =
(" 0y ) =@oy) =0y O

3. CONNECTIONS BETWEEN INTERIOR AND CLOSURE OPERATORS

Definition. Let M be a residuated lattice. A mapping f : M — M is called a multiplica-

tive interior operator (mi-operator) on M if for any x,y € M

1) flzoy) = flz)© fly),
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Remark 3.1. If M is an Rf{-monoid, i.e. a residuated lattice satisfying x® (x — y) = z Ay
for any x,y € M, then it can be shown [14] that the property 5 from the definition follows

from properties 1 - 4.

Example 3.2. Let M; = {0,u,a,b,v,1}. We define the operations ® and — on M; as

follows:

1
©l0 v a b v 1 — 10 w a b v 1 v
0/0 00 0O0O 01 111 11
ul0 0 0 0 0 u ulv 1 1 1 11 b a
al0 0 a 0 a a a|b b 1 b 1 1
b0 0 0 b b b bla a a 1 1 1 u
v|i0 0 a b v w viu u a b 1 1 0
110 v a b v 1 110 vwa b v 1

Then M, is an involutive normal residuated lattice in which pre-linearity and divisibility
are not satisfied since we have (a = b))V (b —a)=bVa# 1l,andv® (v > u) =vOu =
0 # u = v A u. However, we get z=~ = x for all x € M.

Let fi : M; — M be the mapping such that f1(0) = 0, fi(u) = u, fi(a) = a, f1(b) =
0, fi(v) = v, f1i(1) = 1. Then the mapping f; satisfies the conditions 1 - 4 from the

definition of an mi-operator, but the mapping f; is not monotone since u < b, whereas

filw) £ fi(D).

Example 3.3. Let M be the residuated lattice from Example 3.2. Let us consider the

mapping fo : M — M such that fo(0) = fo(u) = fa(a) = fo(b) =0, fo(v) = v, (1) = 1.
Then f5 is an mi-operator on M.

Lemma 3.4. Let f be an mi-operator on a residuated lattice M. Then for any x,y € M
fla—=y) < f(x) = fy).

Proof. Let x,y € M. Then (x — y) ®z < y and we have f(z — y) ® f(z) = f((x —
y) ©x) < f(y). Thus f(z —y) < f(z) = f(y). A

Let f : M — M be a mapping on a residuated lattice M. We define a mapping
f~: M — M such that

for any x € M.

Proposition 3.5. If f: M — M is a monotone mapping on a residuated lattice M, then

the mapping f~ is monotone, too.
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Proof. Let x,y € M be such that z < y. Then by Proposition 2.1 y~ < 27, so f(y~) <

f(z7). Therefore (f(x~))” < (f(y~))~ or equivalently f~(x) < f~(y).

0
Proposition 3.6. Let M be a residuated lattice. If f is an mi-operator on M and x,y € M,
then

(i) z < f~ (),
(ir) [~ (f(x)) = [~ (),
(iii) f7(0) =
(i) x <y = f~(x) < f~(y)-
Proof. (1): If x € M, then f~(z) = (f(z7))” > 2=~ > x.

(i): For any € M we have f~(f~(x)) = /~((/(z"))") = (f(/
(f(z7))~~ by Proposition 2.1. Since f is monotone f(f(z7)) =
thus (f(z7))” = (f((f(z7))77))", and f~(x) = f~(f"(z)). By (i
(7 (). Thus f=(f~(z)) = f~ ().

(iif): f~(0) = (f(07))” = (f(l)) =17 =0

(iv): It follows from Proposition 3.5. O

(7)) and f(z7)
fm) < f((fa7))”
)

)
we also have f~(x) <

IN

Proposition 3.7. Let M be a normal residuated lattice and f be an mi-operator on M.

Then the mapping f~ satisfies the identity

ffaay)=f(@ef ).
Proof. Let z,y € M. Then f~(x) & f~(y) = ((f~(z))” © (/" (»))")
fw) ) =)o fy) =)o fly ) =l oy)) = (flze
y)))=f(z®y). -
Definition. Let M be a residuated lattice. A mapping g : M — M is called an additive

closure operator (ac-operator) on M if for any x,y € M

(1) gz @ y) = g(z) @ g(y),

(2) z < g(x),

(3) (()) g9(x),

(4) 9(0) =

(5) = <y=>9() 9(y)-

Proposition 3.8. If M is a normal residuated lattice and f is an mi-operator on M, then

the mapping f~ is an ac-operator on M.
Proof. 1t follows from Propositions 3.6 and 3.7. U

Lemma 3.9. If M is a residuated lattice and g is an ac-operator on M, then g satisfies
the identity

gla™") = (g(x))
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Proof. By Lemma 2.2 (iii), we have g(z77) = g(x & 0) = g(x) & ¢g(0) = g(x) 0 =
(9(x))~~. O

Proposition 3.10. Let M be a normal residuated lattice and g be an ac-operator on M.

Then we have for any r,y € M

(i) g (rOy) =9 (x) ©g (y),
(i) g~ (z) <27,
(iii) g~ (g~ (x)) = g~ (),

(i) g~(1) =1,

() r<y= g (r) < g (y)

Proof. (i) Let x,y € M. Then we have g~ (r ©®y) = (9((x ®y)~))~, and by Lemma 2.3 we
get (9((z@y)7))” = (9(@7) @ gly))” = (9(=z7))” © (g(y )" =g (@) Og (y).

(ii) Since 2~ < g(z~), we have (g(z7))" =¢ (z) <=z

(iii) By Lemma 3.9, g~ (97 (2)) = (9((9(z7))77))" = (9(9(1’_)))_" = (9(z7))” =
g9 (2).

(iv) g~ (1) = (9(17))” = (9(0))” =0~ =

(v) For any z,y € M such that z < y we have y~ < z~, thus g(y~) < g(x7) and

g (x)=(g9(z7))" < (9(y7))” =9 (v). O

Remark 3.11. If g is an ac-operator on a normal residuated lattice M, then g~ need not
be an mi-operator, i.e. condition 2 from the definition of an mi- operator need not be

satisfied on M as we can see in the following example.

Example 3.12. Let My = {0,a,b,c,1}. Let the operations ® and — be defined on M, as

follows.

10 a b ¢ 1 — 10 a b ¢ 1
0/0 00 0O 0/1 1 111
al0 a a a a a0 1 1 11
b0 a b a b b |10 ¢ 1 ¢ 1
c|0 a a c ¢ c|0 b b 11
110 a b ¢ 1 110 a b ¢ 1
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Then My = (My; ®,V, A, —,0,1) is a residuated lattice which is both BL-algebra and
Heyting algebra with the derived operation &:

D10 a b ¢ 1 1
010 1 1 1 1
b c

all 1111
bl1 1111

a
cll1 1111
1111111 0

Let g : My — M; be the mapping such that g(0) =0, g(a) = g(b) = b, g(c) =1,9(1) = 1.
Then we can easily verify that ¢ is an ac-operator on Ms. However, the inequality ¢~ (z) < z
does not hold for all x € M, since, for instance, g~ (a) = (g(a™))” = (9(0))”" =0~ =1 £ a.

Recall that a residuated lattice M is called involutive if it satisfies x7~ = x for any
x € M.

Remark 3.13. It is obvious that any involutive residuated lattice is normal. Hence by
Proposition 3.8, if f is an mi-operator on such a residuated lattice M, then f~ is an ac-
operator on M. Furthermore, if g is an ac-operator on an involutive residuated lattice M,
then by Proposition 3.10, ¢~ is an mi-operator on M. Moreover, f — f~ and g — ¢~
are one-to-one correspondences between mi-operators and ac-operators on an involutive

residuated lattice.

Remark 3.14. The situation for normal residuated lattices which are not involutive is
more complicated. Namely, although f~ is still an ac-operator for any mi-operator f on a
residuated lattice M, for ac-operator g on M, g~ need not be an mi-operator. Furthermore,
if f is an mi-operator on M, then by the proof of Proposition 3.6 (i), f~ satisfies in fact a
condition that is stronger than axiom 2 in the definition of an ac-operator on M. Therefore,

we will introduce now the notions of wmi- and sac- operators on normal residuated lattices.

Definition. Let M be a residuated lattice and f : M — M. Then f is called a weak
mi-operator (a wmi-operator) on M if it satisfies conditions 1 and 3 - 5 of the definition of

an mi-operator and for any x € M

2a. f(z) <z .

Definition. Let M be a normal residuated lattice and g : M — M. Then g is called
a strong ac-operator (an sac-operator) on M if it satisfies conditions 1 and 3 - 5 of the

definition of an ac-operator and for any x € M

2b. 27~ < g(x).
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Remark 3.15. We have that if f is an mi-operator, then f~ is an sac-operator and if g is
an ac-operator, then g~ is a wmi-operator.

Now we will describe connections among mi-, ac-, wmi- and sac-operators on normal
residuated lattices.

Proposition 3.16. Let M be a normal residuated lattice.

(i) If f is a wmi-operator on M, then f~ is an sac-operator on M.

(i1) If g is an sac-operator on M, then g~ is a wmi-operator on M.

Proof. (i) It suffices to prove condition 2b. If x € M, then by 2a., f(z7) <z~~~ =z,
hence (f(z7))” = f~(z) 2 2™~
(ii) Analogously we will only verify condition 2a. If x € M, then 2~ = (z7)"~ < g(a7),
thus 27~ > (g(27))” = g~ (). O
If M is a normal residuated lattice, denote by wmi(M) the set of wmi-operators on M
and by sac(M) the set of sac-operators on M. Suppose that wmi(M) and sac(M) are
pointwise ordered.

Let a : wmi(M) — sac(M) be the mapping such that o(f) = f~, for any f € wmi(M),
and (3 : sac(M) — wmi(M) be the mapping such that 5(g) = g, for any g € sac(M).

Theorem 3.17. If M is a normal residuated lattice, then o and 8 form an antitone Galois
connection, i.e. f < [(g) if and only if g < a(f), for any f € wmi(M) and g € sac(M).

Proof. Let f € wmi(M),g € sac(M) and f < f(g9) = g~. Then f(z) < g (z) = (9(z7))",
thus f(x)~ > (g(z~))"~, for any x € M. Therefore (f(x7))” > (g(z=7))"~ > (g9(z))~~

>

g(x), thus a(f)(z) > g(x), for any x € M. That means g < a(f).
Conversely, let ¢ < a(f). Then f~(z) > g(x),i.e. (f(z7))” > g(z), and so (f(z7)) "~ <
(g(z))~, for any x € M. Hence (f(z >

) < (9(@7)” = g (x), and (f(z77))"
(f(x))~= > f(x). That means 5(g)(z) = g () > (f(z=7))"~ > f(x), for any = € M, and
thus f < B(g). O

The following theorem is now an immediate consequence.

Theorem 3.18. Let M be a normal residuated lattice.

(1) If f is an mi-operator on M and h = (f~)~ is the corresponding wmi-operator on M,
then the induced sac-operators f~ and h™ are the same.
(i1) If g is an ac-operator on M and k = (¢g~)~ is the corresponding sac-operator on M,

then the induced wmi-operators g~ and k™ are the same.

4. OPERATORS ON RESIDUATED LATTICES WITH GLIVENKO PROPERTY

Definition. Let M be a residuated lattice. A nonempty subset F' of M is called a filter
of M if the following conditions hold
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(1) z,ye F—xO0y€EF,
2)zeFye M,z <y=—yeF.

A subset D of M is called a deductive system of M if
(3) 1€ D,
4) z,0 wye D= yeD.
It is known that a nonempty subset of M is a filter of M if and only if it is a deductive
system of M.
By [11], filters of commutative residuated lattices are in a one-to-one correspondence
with their congruences. If F' is a filter of a commutative residuated lattice M, then for the
corresponding congruence O we have:

(x,y) €Op <= (=Y AN(y—2)eF <= (r—=y Oy—z)EF
— = y,y—>x€F,

for each x,y € M. In such a case, F' = {z € M : (z,1) € Op}. For any filter F' of M we
put M/F := M/Op.

If M is a residuated lattice, denote D(M) = {x € M : 2=~ = 1} the set of dense
elements in M.

We say that a residuated lattice M has Glivenko property [3] if for any z,y € M

(x—=y)  =z—y .

Proposition 4.1 ([3]). A residuated lattice M has Glivenko property if and only if M
satisfies the identity
(x77 = x) =1
An element z of a residuated lattice M is called regular if == = x. Denote by Reg(M

the set of all regular elements in M. If z,y € Reg(M), put x V,y = (zVy) ", x Ay :=
(TAY) ", 20.y:=(20y)  andrz@.y=(rdy) .

Theorem 4.2 ([3]). For any residuated lattice M the following conditions are equivalent.

(i) M has Glivenko property,
(ii) (Reg(M); Vi, Axy @x, —,0,1) is an involutive residuated lattice and the mapping ~~
M — Reg(M) such that =~ : x w— x~~ is a surjective homomorphism of residuated

lattices.

Remark 4.3. If M is a normal residuated lattice and x,y € Reg(M), then = ®, y =
(x@y)"” =2~ @y ~ =z ©y. For arbitrary residuated lattice we have © @,y =z @ y.

Proposition 4.4. If a residuated lattice M has Glivenko property if and only if (x —
y)

T=x" =y ~, foranyz,ye M.
Proof. 1t follows from Proposition 2.1 (xii). O

Remark 4.5. Every R{-monoid has Glivenko property because by [12] it satisfies the

identity (x — y)" " =27~ =y .
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Proposition 4.6. If M is a residuated lattice, then D(M) is a filter of M.

Proof. Let z,y € D(M), i.e. =~ = 1 = y~~. Then by Proposition 2.1, (z © y)~~ >
=@y " =1,hence (x@y) " =1,and so x ®y € D(M).
If x € D(M),z € M and = < z, then obviously z € D(M). O

The following assertions concerning connections between D (M) and Reg(M) are conse-
quences of Theorem 4.2.

Theorem 4.7. If M 1is a residuated lattice with Glivenko property, then for any x,y € M
we have (x,y) € Opary if and only if v=~ =y~ . Moreover, the quotient residuated lattice
M/D(M) is involutive.

Proof. Let ,y € M. Then (z,y) € Opy <= 2 = y,y > v € D(M) = (v —

Yy T =l=(y—oo) T = v sy =l=y —a2 = r <y L,y <
T = T =y
Therefore, (x/D(M))"~ =x~~/D(M) = x/D(M). O

Theorem 4.8. If M is a residuated lattice with Glivenko property, then the residuated
lattices Reg(M) and M/D(M) are isomorphic.

Remark 4.9. It is obvious that the mappings ¢ : Reg(M) — M/D(M) and ¢ : M/D(M) —
Reg(M) such that ¢ : x — x/D(M) and ¢ : y/D(M) — y~— are mutually inverse isomor-
phisms between Reg(M) and M/D(M).

Theorem 4.10. Let M be a normal residuated lattice with Glivenko property, f an mi-
operator (resp. an ac-operator) on M and f* : M/D(M) — M/D(M) the mapping such
that f*(x/D(M)) = f(x=)/D(M). Then f* is an mi-operator (resp. an ac-operator) on

Proof. Let f be an mi-operator on M and z,y € M be elements such that x/D(M) =
y/D(M). Then

fx/DM)) = f(z=7)/D(M) = fy)/D(M) = f*(y)/D(M).

Therefore f* is defined correctly. We will verify that it is an mi-operator.
(1) f*(z/D(M))© f*(y/D(M)) = f(a=")/D(M) © f(y~)/D(M) =
(fz7" 0y 7))/DM) = f((z0y) ) /D(M) = [*((x0y)/D(M)) = f*((z/D(M))©
(y/D(M))).

(2) f*(z/D(M)) = f(z=7)/D(M) <z~ /D(M) = z/D(M).

3) f(f*(x/D(M))) = f*(f(z=7)/D(M)) = f((f(z77))"")/D(M)
< (fa=7))7/DWM) = f(z=7)/D(M) = f*(x/D(M)). Conversely, (f(z~))"~/D(M)
> f(z77)/DM) = f((f(z"7))77)/D(M) = f(f(«7))/D(M) = f(z=7)/D(M) =
[ (f(x/D(M))) = f*(x/D(M)). Hence, f*(f*(x/D(M))) = f*(x/D(M)).

fz™
)
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(4) f*(1/DM)) = f(177)/D(M) = f(1)/D(M) = 1/D(M).
(5) /D(M) <y/D(M) =2~ /D(M) <y~ /D(M) = f(z=")/D(M)
< fly=")/DM) = f*(x/D(M)) < f*(y/D(M)).

Similarly for ac-operators on M. O

Theorem 4.11. If M is a normal residuated lattice with Glivenko property and f is an
mi-operator (resp. an ac-operator) on M, then the mapping f# such that f#(z) = f(x)~~
for any x € Reg(M) is an mi-operator (resp. an ac-operator) on the residuated lattice

Reg(M).

Proof. If x € Reg(M), then also f(x)™~ € Reg(M). The assertion is hence a direct
consequence of the preceeding theorem because the mapping ¢ from Remark 4.9 is an

isomorphism of residuated lattices. U

Theorem 4.12. Let M be a normal residuated lattice with Glivenko property. If g :
Reg(M) — Reg(M) is an mi-operator on the involutive residuated lattice Reg(M), then
the mapping g* : M — M such that g*(x) := g(z~ ") for any x € M, is a wmi-operator
on M.

Proof. Let g be an mi-operator on Reg(M) and ¢g*(z) = g(x~~) for any x € M.

(D) g (oY) =g((z0y) ) =gl "0y )=gla " 0.y ) =ga ) O.g9(y ) =
gx™7)Og(y") =g (2) © g"(y).

(2) g7(x) =gla™") <z
(3) g7 (g7 () = g((g7(2)7") = 9((g(z77)) ") = glg(z™7)) = g(z”") = g™ (x).
(4) g7(1) =g(177) =g(1) = 1.

B)z<y=g"(x)=9g(x")<gly ") =9g"(y).

Hence ¢ is an mi-operator on M. O

Theorem 4.13. Let M be a residuated lattice with Glivenko property. If h : Reg(M) —
Reg(M) is an ac-operator on Reg(M), then the mapping h(x) = h(z=) for any x € M,

18 an sac-operator on M.

Proof. 1. h(z@y) = h((x®y)™) = h(z~" @y ") = h(z ™~ @y ) = bz~ )@.h(y ") =
h(z=") ® h(y~") = h(z) & h(y).

2. h(z) =h(z=")>a .

3. - 5. Similarly as in the proof of Theorem 4.12. U
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of topological Boolean algebras were introduced by means of so-called additive closure and multiplicative interior
operators. It is known that every MV -algebra M contains the greatest Boolean subalgebra B(M) of all comple-

mented elements. By [20], the restriction of any additive closure operator on M onto B(M) is a topological closure
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operator on B(M). Moreover, if M is a complete M V-algebra, then every topological closure operator on B(M)
can be extended to an additive closure operator on M. Since the addition and multiplication of MV -algebras
are mutually dual operations, analogous properties are also true for multiplicative interior operators on M and
B(M).

The notions of additive closure and multiplicative interior operators (ac- and mi- operators, for short) were gen-
eralized in [21] to commutative residuated /-monoids (= commutative R¢-monoids), i.e. commutative bounded
integral residuated lattices satisfying divisibility [14], [15]. But the dual operation to multiplication in such resid-
uated lattices does not exist in general. Hence, connections between mi- and ac- operators are more complicated
than those in the case of MV-algebras. Note that mi- and ac- operators on bounded residuated lattice ordered
monoids were studied in [23].

In the paper we introduce and investigate analogous operators on arbitrary bounded integral residuated lattices.
We describe connections between mi-operators and ac-operators in this general setting. Moreover, we generalize
the notions of mi- and ac- operators to so-called weak mi-operators and strong ac-operators and show that there
is an antitone Galois connection between them. Furthermore, we describe, for residuated lattices with Glivenko
property, connections between mi- and ac- operators on them and on the residuated lattices of their regular

elements.

2. Preliminaries

A bounded integral residuated lattice is an algebra M = (M; ®,V, A, —,~,0,1) of type (2,2,2,2,2,0,0) satisfying

the following conditions:
(i) (M;®,1) is a monoid,
(ii) (M;V,A,0,1) is a bounded lattice,
(iii) zoy<ziffz <y — ziff y <x ~> z for any z,y € M.

In what follows, by a residuated lattice we will mean a bounded integral residuated lattice. If the operation ®
on a residuated lattice M is commutative then M is called a commutative residuated lattice. In such a case the
operations — and ~» coincide.

In a residuated lattice M we define two unary operations (negations) “~” and “~” on M such that 2~ =z —
0 and z” := x ~ 0 for each x € M.

Recall that the mentioned algebras of many-valued and fuzzy logics are characterized in the class of residuated
lattices as follows:

A residuated lattice M is

(a) a pseudo MT L-algebra if M satisfies the identities of pre-linearity
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(iv) (=) Vy—=a)=1=(z~y)V(y~ )

(b) an Rf-monoid if M satisfies the identities of divisibility
V) @=y)or=2Ay=y0O [y~ )

(c¢) a pseudo BL-algebra if M satisfies both (iv) and (v);

(d) involutive if M satisfies the identities

~—

(Vi) a7~ =z =2"";
(e) a GMV-algebra (or equivalently a pseudo MV-algebra) if M satisfies (iv), (v) and (vi);
(f) a Heyting algebra if the operations “®©” and “A” coincide.

A residuated lattice M is called good, if M satisfies the identity ™~ = x™~~. For example, every commutative
residuated lattice, every GMV-algebra and every pseudo BL-algebra which is a subdirect product of linearly
ordered pseudo BL-algebras [6] is good.
By [4], every good residuated lattice satisfies the identity (z~ ©@ y7)~ = (¢~ ©y~)~. If M is good, we define
binary operation “®” on M as follows:
roy=(@uy Oz )"

In the next proposition we recall some basic properties of residuated lattices.
Proposition 2.1 ([4],[15],[14]).
Let M be a residuated lattice. Then for any z,y,z € M we have:

(i) zoy<zAy,

(i) z2<y=—202<y0z 2z0x<z0y,
(i) z<y=z—oz<z—oy 2~z <z~y,
(ive<y=—z—o2z>2y—z, c~2>y~ 2
W) @Oy »z=—(y—2), GO = 2=z [y~ 2),

(Vi) (y=2)0@@=2y)<z=2 (Y O~z <o~z

—~

v <z,
(viii) =~ =, 2~ =2,

(ix) 2 <y=y <z, y~ <z",

() 26 @~y <y @y Oz <y,
xi)y<z—y, y<z~y,

xi) z =2 y<y ~a,zwy<y” ~a”,
(xiil) (z0y) =z -2y, 2Oy~ =y~a",

)
i)
)
)
)
)
(vil) z <z
)
)
)
)y
)
)
)

(xiv) if M is good, (zOy) ™~ >2 "0y “,(z0y)~" >z~ 0y~ ",
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|

xv)z—oy<(z—z)—=(z—y),

(xvi) @~y < (2 ) ~ (2 y),

(xvii) y~“ ma” =27 sy T=x—-y "7,
(xviii) y~ =2z~ =2~ w~y" T =z~ y" T

Moreover, if M is good, then

(xv) zT" @y T =2 " 0Qy=20y “=x0y,

(xvi) z00=2"" =00z,

(Xvn rdy=x ~y “ =y~ >z ",

)
)
)
(xvill) y@x =z =y ", 2" Gy=x~y ",
(xix) (z®yYy) DO=zdDy,
xx)z<y=20r<z20y, D2 <ydz,
) @

(xxi is associative.

A residuated lattice M is called normal if it satisfies the identities

~ ~

(zoy) =270y, (@oy) T =27 0y

For example, every Heyting algebra and every good pseudo BL-algebra is normal [19], [7].
Proposition 2.2 ([17]).
Let M be a good and normal residuated lattice. Then for any z,y € M

() (z@y)” =y 0z, 0y~ =y~ 07,

(i) 2~ @y =(wor), 2”0y~ =(yozr)”

3. Connections between interior and closure operators

Definition .
Let M be a residuated lattice. A mapping f: M — M is called a multiplicative interior operator (mi-operator)
on M if for any z,y € M

zOy) = f(x) o fy),
z) <

f(@)) = f(=),

1) =

5.2 <y= f(z) < f(y).

I
I
I
I

Remark 3.1.
If M is a Rf-monoid, i.e. a residuated lattice satisfying x ©® (x — y) = z Ay for any =,y € M, then it can be
shown [21] that the property 5 from the definition follows from properties 1 - 4.
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Example 3.2.
Let M1 = {0,u,a,b,v,1}. We define the operations ® and — on M; as follows:

)—‘@Q“@ﬁo‘@
o 0o o0 o o oo
£ O 0o o o ol
e 2 o8 O ol
> O O O
e 2 o0 O ofe

= e o2 8 Ofr

.-le@s:oH
o2 8 oce ~|Oo
e 8 & o = H|g
Q@ Q@ Q@ K = =|Q
S e e kS
S N kS
e e e

0

Then M; is a commutative involutive normal residuated lattice in which pre-linearity and divisibility are not
satisfied since we have (a - b)V (b —a)=bVa#1l,and v® (v = u) =vOu =0 # u = v Au. However, we get
=~ =uxforall z € M.

Let f1 : M1 — M be the mapping such that f1(0) = 0, f1(u) = u, fi(a) = a, f1(b) = 0, fi(v) = v, f1(1) = 1.
Then the mapping fi satisfies the conditions 1 - 4 from the definition of an mi-operator, but the mapping fi is
not monotone since u < b, whereas f1(u) £ f1(b).

Lemma 3.3.
Let f be an mi-operator on a residuated lattice M. Then for any =,y € M

flx=y) < flx) = fly), fl@~y) < [flx)~ fy)

Proof. Let x,y € M. By Proposition 2.1 we have z ® (z ~ y) < y, and by monotony of f we have f(z) ®
fx ~ y) < f(y). Thus f(x ~ y) < f(z) ~ f(y). Similarly, since by Proposition 2.1 (x — y) ® z < y,
fl@—=y) < flz) = fy)

Let f: M — M be a mapping, and consider two new mappings

Y M — M, f2: M — M,

such that for each © € M

and

fo(@) = (f(z7))".

Proposition 3.4.
If f: M — M is a monotone mapping on a residuated lattice M, then both mappings f<, f= are monotone.

Proof.  Let z,y € M be such that  <y. Then y~ <z~ and f(y~) < f(z). Therefore f~(z) = (f(z7))~ <

(f(y™))~ = fZ(y). Analogously for fZ. O
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Proposition 3.5.
Let f: M — M be an mi-operator on a residuated lattice M. Then for any x € M we have

Proof.  (i): If € M then f>(z) = (f(z7))~ > 2™~ > z.
(ii): By (i), for any z € M we have f~(z) < f~(f~(z)). Further we know that f(z7) < (f(z7))~~ and so

(iii): fZ(0) = (f(07)” = (f(1))” =17 =0.
(iv): It follows from Proposition 3.4. O

Remark 3.6.

It can be readily shown that analogous properties hold for the operator fZ.

Definition .
Let M be a good residuated lattice. A mapping g : M — M is called an additive closure operator (ac-operator)
on M if for any z,y € M

L glza@y) =g(=) ®9(y),
2. x < g(x),

3. 9(g(x)) = g(x),

4. g(0) =0,

5.2 <y=g(z) < g(y)
Theorem 3.7.

If M is a good normal residuated lattice and f is an mi-operator on M, then the mappings fT and f~ are
ac-operators on M.

Proof. By Propositions 3.4 and 3.5, we need only verify the identity 1 from the definition of an ac-operator.
Let z,y € M. Then

fLeay)=(f((zey) )" =y 0z)" =)o flz)”
=) e (fly )" =fE@) @ 2 ().
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Lemma 3.8.
If M is a good normal residuated lattice and g is an ac-operator on M then g satisfies the identity

9(z" ") = (9(2))"".
Proof. We have g(z™~) = g(z ® 0) = g(z) ® g(0) = g(z) &0 = (9(z)) "~ O

Theorem 3.9.
Let M be a good normal residuated lattice and let g be an ac-operator on M. Then the mappings g~ , g~ satisfy
identities 1, 3, 4, 5 from definition of an mi-operator.

Proof.  Let z,y € M. Then we have for g~':

LgZ(zoy) =((z0y) )" =@l ®z7)” =(9(y")©g(@))” = (9(z7))” © (9(y7))™ = 9=(z) © g=(y),
3.9%(9% (@) = 9= ((9(z7))™) = (9((g(z™)™7 )™ = (9(g(z™~ 7))~ = (g(g(z7))™~ = (9(z7))™ = g~ (),
4.g=(1) = (g(17)™ = (9(0))” =07 = L.

5. Similarly as in Proposition 3.4.

Analogously for the mapping g-. O

Remark 3.10.

If g is an ac-operator on a good normal residuated lattice M, then g~ need not be an mi-operator, i.e. condition
2 from the definition of an mi- operator need not be satisfied on M as we can see in the following example of a
commutative residuated lattice.

~

Example 3.11.
Let My ={0,a,b,c,1}. Let the operations ® and — be defined on M, as follows.

®|0abcl —|0abcl
000000 011111
al0aaaa al01 111
b|0ababd bl0clcl
c|l0aacc cl0Obb1ll1
1/10abcl 10abcl

Then My = (M2;®,V, A, —,~+,0,1) is a commutative R¢-monoid which is both BL-algebra and Heyting algebra
with the derived operation ®:

0
Let g : M2 — M> be the mapping such that g(0) = 0,g(a) = g(b) = b,g(c) = 1,9(1) = 1. Put g~ = g~ = g2.
Then we can easily verify that g is an ac-operator on M. However, the inequality ¢~ () < z does not hold for
all z € Ma, since, for instance, g~ (a) = (g(a™))” = (9(0))" =0~ =1 < a.
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Definition .
Let M be a residuated lattice and f : M — M. Then f is called a weak mi-operator (a wmi-operator) on M if it
satisfies conditions 1 and 3 - 5 of the definition of an mi-operator, and for any x € M

2a. f(z) <az™"~.
Definition .

Let M be a good normal residuated lattice and g : M — M. Then g is called a strong ac-operator (an sac-operator)
on M if it satisfies conditions 1 and 3 - 5 of the definition of an ac-operator, and for any x € M

2b. 27~ < g(x).
Remark 3.12.

We have that if f is an mi-operator, then fZ and f~ are sac-operators and consequently ac-operators, and if g is
an ac-operator then g~ and g= are wmi-operators.

Now we will describe connections among mi-, ac-, wmi- and sac-operators on good normal residuated lattices.
Proposition 3.13.
Let M be a good normal residuated lattice.

(i) If f is a wmi-operator on M, then fJ and f~ are sac-operators on M.

(ii) If g is an sac-operator on M, then g~ and g~ are wmi-operators on M.

Proof. (i) It suffices to prove condition 2b. If z € M then by 2a, f(z7) < (7)™~ = (z7)~~ =z, hence
fZ(z) = (f(z™))~ > 2~ ~. Similarly for fZ.

(ii) Analogously, we will only verify condition 2a. If x € M then z~ = (™)™~ < g(z7), thus 2™~ > (g(z™))” =
9~ (z). O

If M is a normal residuated lattice, denote by wmi(M) the set of wmi-operators on M and by sac(M) the set of
sac-operators on M. Suppose that wmi(M) and sac(M) are pointwise ordered.

Let a1, a2 : wmi(M) — sac(M) be the mappings such that a1 (f) = f~, and aa(f) = f2 for any f € wmi(M),
and S1, B2 : sac(M) — wmi(M) be the mappings such that 81(g) = ¢~, and B2(g) = g for any g € sac(M).
Theorem 3.14.

Let M be a normal residuated lattice.

(i) a1 and B2 form an antitone Galois connection, i.e. f < B2(g) if and only if g < a1 (f), for any f € wmi(M)
and g € sac(M).

(ii) a2 and By form an antitone Galois connection, i.e. f < Bi(g) if and only if g < az(f), for any f € wmi(M)
and g € sac(M).

Proof. (i) Let f € wmi(M),g € sac(M) and f < Ba2(g) = g<. Then f(z) < gZ(z) = (g(z™))~, thus
f(2)™ = (g(z™))™", for any x € M. Therefore (f(z7))™ > (¢(z~7))™" 2 g(z™") = g(z), thus a:1(f)(z) = g(x),

for any x € M. That means g < a1 (f).
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. __________________________________________________
Conversely, let ¢ < ai(f). Then f~(z) > g(z), ie. (f(z7))~ > g(z), and so (f(z7))~~ < (g(z))~, for
any © € M. Hence (f(z~7))~" < (g9(z™))” = g2(x), and (f(z~7))~" > f(z~7) > f(z). That means
Balg)(x) = g~ (&™) > (F(@™))* > f(x), for any z € M, and thus f < B (g).

(ii): Analogously. O
The following theorem is now an immediate consequence.

Theorem 3.15.
Let M be a good normal residuated lattice.

(i) If f is an mi-operator on M and h = (fZ)~ = (f2)<, then f~ = h~ and fT = hZ.

~

(ii) If g is an ac-operator on M and k = (92)~ = (¢2)=, then g7 = k2 and g~ = k=

4. Operators on residuated lattices with Glivenko properties

Lemma 4.1.
Let M be a residuated lattice. For any x,y € M we have

=y )T ==y (Y ) T =y

Proof. Let z,y € M. Then (z —» y~ ")~ = ((z ©y™)")”" = (z©y~)” =z — y~~. Analogously for the

second identity. O

As a corollary we obtain that if M is a good residuated lattice, then for any =,y € M

(z—=y 7)) “=z—oy .

Lemma 4.2.
Let M be a good residuated lattice. Then the following conditions are equivalent:

~

D) (z—=y) "=z—2y ", (z~y)~ =xz~y~", forany z,y € M.
(ii)) (z7~ = z) " =1= (2" ~x)~ ", for any z € M.

~

(iii) (z = y) " =" =2y ", (z~y)~T =z~ ~y~ 7, for any z,y € M.

Proof. (i) = (ii): Let M satisfy (i) and 2 € M. Then (z7~ — )™~ = 2™~ — 2=~ = 1, and similarly
(z™" )YV =1.

(i) = (i): Let M satisfy (ii) and z,y € M. Then y™~ -y < (z >y~ ~) = (z = y), hence 1 = (y7~ —
Y TSy )2 @oy) T <((@—oy )@y )T =@ 2y ) = (= y)", therefore
x—=y " <(x—y)"". Conversely, (x = y) " <(x—>y ") “=z—->y .

(i) = (iii)): We have (zx = y)" " =x —y ~ =2~ —y . Analogously for the second identity.

(iii) = (ii): (™~ — 2) " =27~ — 2=~ = 1. Analogously (z~~ ~ z)~~ = 1.
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Definition .
We say that a residuated lattice M has Glivenko property (GP) if M satisfies the equivalent conditions in Lemma
4.2.

Remark 4.3.
Recall that the notion of a residuated lattice with Glivenko property in the commutative case (as a residuated
lattice satisfying the identity (z — y)~~ =z — y~ ) was introduced and investigated in [3].

Definition .
Let M be a residuated lattice. A nonempty set F' of M is called a filter of M if the following conditions hold
(i) 2,y € Fimply x©y € F,
(i) € F,a <y € M imply y € F.
Definition .
A subset D C M is called a deductive system of M if
(i) 1€ D,
(i) z € D,x -y € D imply y € D.

Proposition 4.4.
If H C M, then H is a filter in M if and only if H is a deductive system in M.

Proof. Let H be a filter. Then clearly 1 € H. Now let x € H,xz — y € H. Then (z — y) ®z € H, and since
(r = y) ©x <z Ay it follows that y € H.

Conversely, let H be a deductive system and let z,y € H. Thenz — (y —» (z0vy)) = (z0y) = (zOy) =1,
thus y = (x ©y) € H and hence t ©y € H. Let x € H and z € M be such that x < 2. Thenx — 2z =1¢€ H,

therefore z € H. O
Now it can be readily shown that H is a filter in M if and only if

(i) 1€ H,

(iil) z € Hyx ~y € H imply y € H.

A filter H of M is called normal (18] if z — y € H iff © ~ y € H for each z,y € M. Normal filters of any
residuated lattice M are in one-to-one correspondence with the congruences on M. If H is a normal filter of M,
then H is the kernel of the unique congruence 6g such that (z,y) € 0y if and only if (z — y) © (y » z) € H if
and only if (z ~ y) ©® (y ~ ) € H.

Hence we will consider quotient residuated lattices M/H of residuated lattices M by their normal filters. If z € M
then we will denote by z/H the class of M/H containing x.

If M is a residuated lattice, denote D(M) = {x € M;2™" =1 = 2™~ } the set of dense elements in M.

Theorem 4.5. (i) If M is a good residuated lattice, then D(M) is a filter in M.

(ii) If, moreover, M satisfies (GP), then D(M) is a normal filter in M.
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[
Proof.  (i): Clearly 1 € D(M). Let z,y € D(M),ie. z7~ =1=gy""~. Then (zQy) "~ >z "0y ~ =101 =1,
hence t ®y € D(M). Ilf x € D(M),z € M and z < z, then obviously z € D(M).
(ii): Let now M satisfy (GP), z,y € M and ¢ -y € D(M), i.e. (x - y)~~ =1. Then 27~ — y~~ = 1, thus
™~ < y~~, and since M is good we have (z ~» y)™~ =27~ ~» y~~ = 1. Therefore z ~~y € D(M).
It can be shown in a similar manner that  ~» y € D(M) implies z — y € D(M). Hence the filter D(M) is

normal. O

Theorem 4.6.
Let M be a good residuated lattice satisfying (GP). Then (x,y) € 0p(a if and only if 2™~ =y~ for all x,y € M.
Moreover, M/D(M) is an involutive residuated lattice.

Proof. Let z,y € M. Then
(z,y) €0py <= oy, y—=>c€DM) < (x—y) " =1=(@y—-x) "~ Sincex »y<z—>y "~ we

—~

get (x> y) " <(r—y V) ~,and thus (x >y ~)"" =1. By Lemma4.l, 1=(z >y ") " =x >y ",
hence z < y~~, and consequently =~ < y~~. Analogously we get y~~ < z~~. Moreover, (z/D(M))™"~ =
=~ /D(M) =xz/D(M).

O

An element z of a residuated lattice M is called regular if =~ = x = ™~ . Denote by Reg(M) the set of all regular
elements in M. Clearly 0,1 € Reg(M). If z,y € M, put zV.y := (zVy) ",z Ay := (zAy) ", 20y := (zOy) ™.
Theorem 4.7.

Let M be a good normal residuated lattice satisfying (GP). Then Reg(M) = (Reg(M); ®x, Vi, As, —>,~+,0,1) is

an involutive residuated lattice and the mapping =~ : M — Reg(M) such that =~ : z — 2=~ is a retract of the
reduct (M;®,—,~,0,1) onto (Reg(M); ®, —,~,0,1).

Proof. The mapping =~ : M — M is a closure operator on the lattice (M;A,V) and Reg(M) is the set of
all fixed elements of ~~. Therefore Reg(M) is a lattice with respect to the induced ordering on M, and for the
lattice operations V. and A, we have x A,y =x Ay and z V. y = (zVy)~ " for all z,y € Reg(M).

Let 2,y € Reg(M). Since M is normal we have t O,y = (z Qy) " =27 " Qy " =z0y, thusz 0.y =20 y.

Since M satisfies (GP) we get for any z,y € Reg(M)

oy "= oy T =2y,

(@) " =Ty T =y

Hence the restriction of ® onto Reg(M) has left and right adjunctions, therefore Reg(M) = (Reg(M); ®, A\, V«, —
,~,0,1) is a residuated lattice.

Finally, it is clear that ~~ is a surjective homomorphism of (M;®, —,~»,0,1) onto (Reg(M); ®, —,~>,0,1). O

From Therem 4.6 and Theorem 4.7 we obtain the following.
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Theorem 4.8.
If M is a good normal residuated lattice such that Reg(M) = (Reg(M); ®, —,~»,0,1) is an involutive residuated
lattice and the mapping ~~ is a retract of (M; —,~) onto (Reg(M); —,~>), then M satisfies (GP).

Proof. We have (x — y)™~ =2~ — y~~ for any z,y € M. Therefore (z7~ - 2)" " =27~ 227~ =1 for
any x € M. Moreover, (z ~ )~ =(x~y) " =27~ ~y "~ =27 ~» y~~. Hence M satisfies (GP). O
Theorem 4.9.
Let M be a good normal residuated lattice. Then the following statements are equivalent:

1. M satisfies (GP).

2. (Reg(M); ®, Vi, A, —,~,0,1) is an involutive residuated lattice and the mapping =~ : M — Reg(M) such
that =~ : . — ™~ is a retract of (M;®,—,~»,0,1) onto (Reg(M);®, —,~>,0,1).

The following assertion is now an immediate consequence.

Corollary 4.10.
If M is a good normal residuated lattice satisfying (GP), then (®, —,~+,0, 1)-reducts of M/D(M) and Reg(M)
are isomorphic.

Theorem 4.11.

If M is a good normal residuated lattice satisfying (GP) and f is an mi-operator (an ac-operator) on M, then
the mapping f* : Reg(M) — Reg(M) such that f*(z) = f(z)™ ", for any € Reg(M), is an mi-operator (an
ac-operator) on the residuated lattice Reg(M).

Proof. Let f be an mi-operator on M and z,y € Reg(M).
D) ffzoy) =flzoy) ™=@ ofy) " =Ffz)"ofly) " =)o)
(2) (@) =fla) " <" ==
@) (@) = f@)) = FU@))" 2 (F(f@)™" = f@)™" = f(z). Conversely, f*(f*(z)) =
[T @)7) < fl@)™" = ().
4 =) =1"=1
Jr<y= f"(z)=f(a)"" < fly)"" = ().

Similarly for ac-operators on M.

(
(5

Theorem 4.12.
If M is a good normal residuated lattice satisfying (GP) and f is an mi-operator on the residuated lattice Reg(M),
then the mapping f* : M — M such that f*(x) = f(z~ ™), for any € M, is a wmi-operator on M.

Proof. Let f be an mi-operator on Reg(M).

D) ffroy=Ffzoy) ) =f "oy ) =FfE "0y " )=FfE@E ") o.fly ™) =Fflz)ofly ™) =
@) o fry).

2) ff(@) = fla™™) <a™".
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@) fFH @) = (@) ™) =F(fz™) = fa™™) = fH(2).

@) FF1) =0 = F1) =1

G)z<y= fT(x)=f™) < fly™™) =T (y). O
Theorem 4.13.

Let M be a good residuated lattice satisfying (GP) and g : Reg(M) — Reg(M) be an ac-operator on Reg(M).
Then the mapping g : M — M such that g+ (z) = g(z~ "), for any = € M, is an sac-operator on M.

Proof. Let z,y € M.
(1) By Proposition 2.1, 27" @y~ =2 @y. Hence (z®y) " =(x " @y ") " =(x " 0y ")V =

(e oy ") =2 ey Y, thus gt (z@y) =g((z®y) ") =gz~ @y ") =gz~ .y ") =g(z™") D

9y ") =g(@ ") B9l ) =g (@) © g7 (y).

(2) g7 (@) = g(z™") 22"

(3) g (g" (@) = 9((g" (@) "™) = 9((9(z™7)) ") = g(g(a™7)) = g(a™™) = g" (2)

(4) - (5) Similarly as in the proof of preceeding theorem. O
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INTERIOR AND CLOSURE OPERATORS ON COMMUTATIVE
BASIC ALGEBRAS

JIRf RACHUNEK AND ZDENEK SVOBODA*

ABSTRACT. Commutative basic algebras are non-associative generaliza-
tions of MV-algebras and form an algebraic semantics of a non-associative
generalization of the propositional infinite-valued Lukasiewicz logic. In the
paper we investigate additive closure and multiplicative interior operators
on commutative basic algebras as a generalization of topological operators.

1. INTRODUCTION

Topological Boolean algebras, i.e. closure or interior algebras [10], are gen-
eralizations of topological spaces defined by means of topological closure and
interior operators. In [9] closure and interior MV-algebras as generalizations
of topological Boolean algebras were introduced and investigated by means of
so-called additive closure and multiplicative interior operators.

Commutative basic algebras have been introduced in [4] as non-associative
generalizations of MV -algebras. (The name “basic algebra” was selected because
these algebras are in a sense a common base for the structures that were dealt
with in [4].) Note that analogously as M V-algebras are an algebraic counterpart
of the propositional infinite-valued Lukasiewicz logic (and Boolean algebras are
a counterpart of the propositional classical two-valued logic), commutative basic
algebras constitute an algebraic semantics of the propositional logic Lepa [1]
which is a non-associative generalization of the Lukasiewicz logic.

In the paper we introduce and investigate additive closure and multiplicative
interior operators on commutative basic algebras and describe connections be-
tween such operators. Further we show that (additively) idempotent elements
of any commutative basic algebra A form a subalgebra B(A) of A which is a
Boolean algebra, and we give relations between e.g. additive closure operators on
A and topological operators on B(A). Moreover, we study operators on quotient
commutative basic algebras.

2010 Mathematics Subject Classification. 03G05, 03G10, 06D35, 06A15.

Key words and phrases. basic algebra, interior operator, closure operator.

This work was supported by Palacky University IGA PrF 2014016 and IGA PrF 2015010
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2. PRELIMINARIES

Definition 2.1. A basic algebra is an algebra (A; @, —,0) of type (2,1,0) that
satisfies the identities
(i) @0 ==z,
(ii) -z =z,
(ili) ~(rz@y) By =-(ydr) D,
(iv) ~(=(=(z@y) ®y) ®2) & (z® 2) = 0.
Moreover, if t ® y = y @ x for any z,y € A, then A is called a commutative

basic algebra.
If A= (A;®,~,0) is a basic algebra, then (4, A, V, 1,0), where

TVy=-(z8y) &y
Ay = —=(-z V)
1:=-0
is a bounded lattice whose induced order is given by
Ty <= axhy=1.

If A is commutative, then this lattice is distributive [4].
In a basic algebra A we define a binary operation (subtraction) such that

2Oy i= (~zDy).
Moreover, define for any z,y € A
5Oy i= ~(z B ).

Lemma 2.1. [2][8] Let A be a commutative basic algebra. Then for any x,y,z €
A we have:

(i) fe<y, thenz®z<y®z,20y<z0zandzoz<yoz,

i) (xAy)@z=(@d2)A(Yd2),

3. OPERATORS ON BASIC ALGEBRAS

In this section we introduce additive closure and multiplicative interior op-
erators on commutative basic algebras which are generalizations of topological
operators on Boolean algebras.
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Definition 3.1. Let A be a commutative basic algebra. A mapping g: A — A
is called an additive closure operator (ac-operator) on A if for any z,y € A

L glz®y) =g(x) ®gy),

2. v < g(x),

3. 9(9(x)) = g(x),

4. g(0) =0.

Proposition 3.1. Let g : A — A be an ac-operator on a commutative basic
algebra A. Then ¢ is a monotone mapping.

Proof. Let x,y € A such that z <y. Then

r<y=aVy=y=g@Vy) =gy = g-(ydr)®r) =gy =
9=y @ x) & g(x) = g(y) = g(z) < g(y)- -

Let f: A — A be a mapping, and consider the mapping
T A= A
such that for each x € A
[ (@) = =(f (=)
Proposition 3.2. Let g : A — A be an ac-operator on a commutative basic

algebra A. Then for any z,y € A we have
(i) g7 (z0y) =g () ©97(y),

Proof. (i): Let z,y € A. Then g7 (z O y) = g (=(—z ® ) = ~g(—-(—z &
= =(=(~g(—2)) & ~(=g(~y))) =

(i1): 9 () = ~(g(~2)) <~z =7

((u;) (0 () = g (~(g(=2))) = ~g(=(g(2))) = ~(g(g(~2))) = ~(g(~))
g '(z).

(iv): g7(1) = ~(g(~1)) = ~g(0) = ~0 = 1. 0

Definition 3.2. Let A be a commutative basic algebra. A mapping f: A — A
is called a multiplicative interior operator (mi-operator) on A if for any x,y € A
L fzoy) = flz)© fy),

2. f(z) < =,

3. f(f(z)) = f(z),

4. f(1)=1.

Theorem 3.1. If g: A — A is an ac-operator on a commutative basic algebra
A, then the mapping g~ : A — A is an mi-operator on A.
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Proof. 1t follows from Proposition 3.2. 0

Proposition 3.3. Let f : A — A be an mi-operator on a commutative basic
algebra A. Then for any = € A we have
(i) ffeay) =f"()& (),
(i) = < (),
(iit) (@) = f7(2),
(iv) (0) = 0.
Proof. Let f be an mi-operator on A and let xz € A.
(i): [Py =~(f(=(@ay) =~(f(=(-m2®-y))) = ~(f(-z©~y)) =
~(f(02) © f(=y) = =(f(mx) @ ~(f(=y) = f7(2) © [ (y)-
(iD): f7(z) = ~(f(-z)) 2 ~(-2) = =
(ii): [ (@) = [P () = ~(f(o~(f(=2)) = ~(f(f(-2)) =

O

Theorem 3.2. If f : A — A is an mi-operator on a commutative basic algebra
A, then the mapping [~ : A — A is an ac-operator on A.

Proof. Tt follows from Proposition 3.3. g

Proposition 3.4. Let g : A — A be an ac-operator on a commutative basic
algebra A. Then for any z € A we have g"(z 6 y) = g7 (z) © g(y).

Proof. Let x,y € A. Then g7 (x ©y) = ~(9(~(x 0 y))) = ~(9(——(y & —x))) =
=(g9(y) ® g(-)) = ~(g9(—z)) © 9(y) = 97 (z) © 9(y)- O

If A is a commutative basic algebra, denote by mi(A) the set of mi-operators
on A and by ac(A) the set of ac-operators on A. Suppose that mi(A4) and ac(A)
are pointwise ordered.

Let a : mi(A) — ac(A) be the mapping such that a(f) = 7, for any f €
mi(A), and B : ac(A) — mi(A) be the mapping such that 5(g) = ¢g~, for any
g € ac(A).

Theorem 3.3. If A is a commutative basic algebra, then o and § form an
antitone Galois connection, i.e. [ < B(g) if and only if g < a(f), for any
femi(A) and g € ac(A).

Proof. Let f € mi(A),g € ac(A) and f < B(g9) = g~. Then f(z) < g”(z)
—(g(—x)), thus —f(x) > —=(g(—x)), for any © € A. Therefore —(f(—x)
—=(g(——x)) = g(x), thus a(f)(x) > g(x), for any z € A. That means g
Conversely, let ¢ < a(f). Then f7(z) > g(z), i.e. =(f(—z)) > g(z), and so
~~(f(~2)) < ~(g(x)), for any & € A. Hence ~~(f(~-2)) = f(z) < ~(9(~z)) =
¢ (z). That means B(g)(x) = g~ (z) > f(x), for any z € A, and thus f <
B(g). O
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The following theorem is now an immediate consequence.

Theorem 3.4. Let A be a commutative basic algebra.
(i) If f is an mi-operator on A and h = (™) is the corresponding mi-operator
on A, then the induced ac-operators f~ and h™ are the same.
(ii) If g is an ac-operator on A and k = (¢™)" is the corresponding ac-operator
on A, then the induced mi-operators g~ and k™ are the same.

4. BOOLEAN SUBALGEBRAS OF COMMUTATIVE BASIC ALGEBRAS

Lemma 4.1. Let A be a commutative basic algebra. Then for any x,y,z € A
r@@yVz)=(@xoy V(roz).

Proof. Let x,y,z € A. Thenz®(yVz) = ~(-z@-(yVz)) = 2(-xd(-yA—z)) =
((z@ -y A(r@-2)) =0y V(02 =(z0y) V(zoz). O

Lemma 4.2. Let A be a commutative basic algebra, and z,y € A. Then the
following statements are equivalent:
(i) zoy=y,
i) z0y=ur,
(i) yvV-z =1,
(iv) x A—y =0.

Proof. Let x,y € A.

(ii) <= (iii): f 2Oy =z, then ~zVy =yV = =(-y® x)da =
(yozr)® - =2@ -2z =1. Conversely, if yV—-z =1, thenz =201 =
tO(zVy) =20 2)V(@oy =0V(@oy) =z0y.

(iii) <= (iv): fyVv -z =1, then z A -y = =(-x V ~y) = =(=(—z &
Y) dy) = (~(z@y) ®y) = =(-xVy) =0. Conversely, if x A =y = 0, then
zVy=-(-2PY) Py=-2dy)dy=-2Vy=-(xA-y) =1

(iv) <= (i): Dual to (ii) < (iii). O

From the previous lemma we obtain the following.

Lemma 4.3. Let A be a commutative basic algebra, and x € A. Then the
following statements are equivalent.

Let A be a basic algebra. Denote by B(A) :={zx € A: z ® x = z} the set of
all idempotent elements of A.
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Lemma 4.4. Let A be a commutative basic algebra. Then for any a € B(A)
and x,y € A
(i) r0a=zAa,
(i) a0 (xdy)=(a0z)®(aOy),
(iii) t®a=2zVa,
(iv) a® (z0y) = (a®z)O (ady).

Proof. (i): Let a € B(A),z € A. Then
r<oa—a<zrzPa<aPa=a—zrPa=aca—zrOa=x=2xANa.

Let y€e A. Wehave y©a <y,a. Let z€ A,z <y,a. Then z=20a<yOa,
thus y©a =y Aa.

(ii): Let a € B(A) and z,y € A. Then (aAz)® (aAy)=(a@a) A (zBa)A
(ady)N(zdy)=an(zoy), thisa0(zdy)=(a0z)® (a0 y).

(i), (iv): Similarly. O

Let A be a commutative basic algebra, C' a subalgebra of A and g : A —
A (f: A— A) an ac-operator (an mi-operator) on A. Then C' is called a closure
subalgebra (an interior subalgebra) with respect to g (to f) if g(z) € C (f(x) €
C) for any x € C.

Proposition 4.1. A subalgebra C'is a closure (interior) subalgebra with respect
to an ac-operator g (an mi-operator f) if and only if C' is an interior (closure)
subalgebra with respect to the mi-operator g~ (ac-operator f7).

Proof. Let C be a closure subalgebra with respect to an ac-operator g. If x € C|
then —a € C and g(—z) € C. Therefore g7 (x) = —(g(—x)) € C, and C is an
interior subalgebra with respect to the mi-operator g

Analogously we can show that if D is a interior subalgebra with respect to
an mi-operator f, then D is a closure subalgebra with respect to ™. O

Proposition 4.2. If A is a commutative basic algebra, then B(A) is a subalge-
bra of A.

Proof. Let xz,y € B(A). By Lemma 4.3, -z € B(A). Moreover, by Lemma
21(vii), @@y ®(dy) =@@Vy) d@Vy) =((eVy) @z) V(@ Vy ®y) =
(For)V(ydr)V(zady V(ydy) =zV(@Vy VEVy)Vy=zVy=sdy,
thus z @ y € B(A). Further we can see that 0 € B(A).

0

Theorem 4.1. If A is a commutative basic algebra, then B(A) is a Boolean
algebra.

Proof. If x,y € B(A), then —x,—y € B(A), thus ma vV -y € B(A), and z Ay =
—(-x VvV ~y) € B(A). Therefore B(A) = (B(A);V,A,0,1) is a bounded lattice.
Since A is commutative, the underlying lattice (A4;V,A) is distributive, and it
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follows that the lattice B(A) is distributive. Moreover, for any x € B(A) we
have that —z is the complement of z in B(A). O

Proposition 4.3. Let A be a commutative basic algebra. Then the Boolean
subalgebra B(A) of A is a closure subalgebra (an interior subalgebra) with re-
spect to any ac-operator (any mi-operator) on A.

Proof. Let g : A — A be an ac-operator, and € B(A). Since g(z) ® g(z) =
g(z @ x) = g(x), we have g(x) € B(A).
Analogously for any mi-operator on A. d

Recall that if B is a Boolean algebra and g : B — B is a mapping then g is
called a topological closure operator on B if for any z,y € B,
L g(zVvy) =g(x) V),
2. v < g(x),
3. g9(g(x)) = g(x),
4. g(0) =0.
A topological interior operator is defined dually.

Theorem 4.2. Let A be a commutative basic algebra and g : A — A an ac-
operator (f : A — A an mi-operator). Then the restriction of g to B(A) (f
to B(A)) is a topological closure (topological interior) operator on the Boolean
algebra B(A).

A commutative basic algebra is called complete if the underlying lattice
(A;V,A) is complete.

Theorem 4.3. Let A be a complete commutative basic algebra and g a topolog-
ical closure operator on the Boolean algebra B(A). Then there is an ac-operator
g* on A such that the restriction of g* to B(A) is equal to g.

Proof. First we show that the lattice B(A) is a complete sublattice of A.

Let x; € B(A),i € I, and x = A(z; : ¢ € I) in the lattice A. Then z ® x =
Nai i eI)d N :i€l), hencexda < z; §; for any j € I and
r®x <z;Px; =x; for any j € I. Therefore x @« < A(z; : ¢ € I) = , which
implies & € B(A). Thus (B(A); V, A) is a complete sublattice of (A4;V, A).

Now let g be a topological closure operator on B(A). Let ¢* : A — A be a
mapping such that g*(z) = g(A(a € B(A4) : < a)) for any z € A. To verify
that ¢g* is an ac-operator on A, let x,y € A:

1. Let a € B(A) such that x @y < a. Then A(b € B(4) : x < b) < a and
N e B(A):y <c)<a, hence A(b€ B(A) : 2 <b)d A(ce B(A) :y<e¢)<
a®a = a. Therefore A(b € B(A) : 2 <b)®dA(c€ B(A) :y<c) < Ala€ B(A):
x @y < a). Now we have ¢*(z) ® g*(y) = g(A(b € B(4) : z <)) ®g(A(c €
B(A):y <c)) =g(AbeBA):z<b)@AceBA):y<c) <g(\ac
B(A):zdy<a))=g"(zdy).
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Conversely, @y < A(b € B(A) : © < b)® A(c € B(A) : y < ¢), hence
Na e BA) :zdy <a) < Abe B(A) : 2z <b)@A(ce B4 :y <o
Thus we obtain g(A(a € B(A) : 2@y <a)) <g(A(be B(A4) :xz <b)d A(ce
B(A):y<c¢) =g(Abe BA) :z<b)dg(A\lc e B(A) : < ¢)), that is

g'(x@y) < g"(x) ® g*(y)-
2. By the definition, = < ¢g*(x) for any x €
3. ¢"(9"(x) = 9" (9(\(a € B(A) : 2 < a)) =
9(\la € B(A) : x < a)) = g"(x).
4. Since 0 € B(A), we have g*(0) = g(0) = 0. O

s

5. OPERATORS ON QUOTIENT COMMUTATIVE BASIC ALGEBRAS

Recall that a commutative residuated I-groupoid (see e.g. [3]) is an algebra
L=(L;\,V,0,—,0,1) of type (2, 2, 2, 2, 0, 0) such that
(i) (L; /\ V,0,1) is a bounded lattice;
(ii) (L;®,1) is a commutative groupoid with identity 1;
(iii) the operatlon ® and — satisfy the adjointness property

TOQyY<z &< r<y—=z

The notion of a commutative residuated l-groupoid is a generalization of that
of a commutative bounded integral residuated lattice (see e.g. [7], [6]) in which
the multiplication ® need not be associative.

We can introduce the dual notion called commutative dually residuated -
groupoid, which is an algebra L = (L; A, V, &, —, 1,0) again of type (2, 2, 2, 2, 0,
0) such that

(i) (L;A,V,1,0) is a bounded lattice,

(ii) (L;®,0) is a commutative groupoid with zero 0;
(iii) the operations @ and — satisfy the dual adjointness property

TRY>z2 &= xr>2z2—Yy.

Let A = (A;®,-,0) be a commutative basic algebra and ¢ — y = y ® -« for
any x,y € A. Then by [3], (4;A,V,®,—,0,1) is a commutative residuated
l-groupoid.

Recall that in each commutative basic algebra A = (A;®,—,0) the binary
operation ® such that x®y := —(—x@®—y), for any x,y € A, has been introduced.
At the same time, z®y = —(—x®—y), hence the operations @ and © are mutually
dual.

Moreover one can see that in commutative basic algebras, the connections
between the operations @ and — are dual to those between the operations ®
and —. Therefore in any commutative basic algebra A, y —x =y © - =y O,
for any z,y € A, thus e ®y > 2z <= x> 26 y. Hence (4;A,V,dH,6,1,0) is a
commutative dually residuated ¢-groupoid.
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Let A be a basic algebra. A subset J C A is called an ideal of A [5], if it
contains 0 and satisfies the following conditions:

(1) ifaobe Jand be J, then a € J,
(2) ifacbe Jand a>b, then (c©b) © (coa) € J for every c € A,
(3) ifacbe Jandboa € J, then (acc)s (b&c) € J for every c € A.

Theorem 5.1. [5] Let A be a commutative basic algebra and I C A be an ideal.
Then the relation ©1 defined by

(a,by € Oy <= acbelandboacl.
is a congruence on A such that [0le, = 1.

Moreover, according to [5], the ideals of basic algebras are, in fact, in a one-to-
one correspondence with their congruences. Therefore we can write A/l instead
of A/O;.

Let A be a commutative basic algebra, g : A — A an ac-operator on A and
I C A an ideal of A. Then I is called a g-ideal if g(x) € I for any = € I.

Theorem 5.2. Let A be a commutative basic algebra, g : A — A an ac-operator
and I a g-ideal in A. Then the mapping g* : A/I — A/I such that g*(x/I) =
g(x)/I is an ac-operator on the commutative quotient algebra A/I.

Proof. First we will show that the mapping g* is correctly defined. Let /I =
y/I ie. (x,y) € O7. Then x ® ~y,~x @y € I, hence g(z ® ~y),g(-x O y) € I.
Since we have g(y) @ g(z©—y) = g(y® (z©—w)) = glxVy) > g(x), it follows, by
the definition of a commutative dually residuated I-groupoid, that g(z ® —y) >
g(x)og(y) = g(x) ©—g(y). Since g(x ®—y) € I, (and since by [5] every ideal of a
basic algebra is downwards closed) we obtain g(x) ® —g(y) € I. It can be proved
similarly that —g(z) ® g(y) € I, thus (g(z),g(y)) € Oy, ie. g(z)/I = g(y)/I.
Moreover, we have shown that ©; is a congruence with respect to the unary
operation g on A.

Now we will verify that ¢g* satisfies the conditions from the definition of a
ac-operator. Let x,y € A.

L og'@@/Toy/l) = g((x®y)/I) = (9(z ®y))/T = (9(x) ® g(y)/I =
9(@)/T®g(y)/1 = g™ (x/I) & g"(y/1)

2. Since z < g(z), we have g(x) = = V g(x). Thus z/IV g*(x/I) = x/IV
9()/T = (z v g(x))/T = g(x)/I = g"(x/I). Therefore /I < g*(x/I).

3. 9°(g"(x/1)) = g*(9(2) /1) = g(9(2)) /I = g(z)/I = g* (/1)

4 g*(0/1) = g(0)/1 = 0/

O
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Abstract. Bounded integral residuated lattices form a large class of alge-
bras containing some classes of commutative and noncommutative algebras
behind many-valued and fuzzy logics. In the paper, monotone modal opera-
tors (special cases of closure operators) are introduced and studied.
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Bounded integral residuated lattices form a large class of algebras
containing some classes of algebras behind many-valued and fuzzy logics,
such as pseudo MV-algebras [15] (or equivalently GMV-algebras [23]),
pseudo B L-algebras [5], pseudo M T L-algebras [12] and R¢-monoids [10],
and consequently, the classes of their commutative cases, i. e. MV-
algebras [3], BL-algebras [16], M T L-algebras [11] and commutative R(-
monoids [9]. Moreover, Heyting algebras [2] which are algebras of the
intuitionistic logic can be also viewed as residuated lattices.

Modal operators (special cases of closure operators) were introduced
and investigated on Heyting algebras in [22], on M V-algebras in [17], on
commutative R¢-monoids in [24] and on (non-commutative) R¢-monoids
in [26]. Moreover, monotone modal operators on commutative bounded
residuated lattices were studied in [19].

In the paper we define and study monotone modal operators on general
(not necessarily commutative) residuated lattices.
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A bounded integral residuated lattice is an algebra M = (M;®, V, A,
—,~+,0,1) of type (2,2,2,2,2,0,0) satisfying the following conditions:

(i) (M;®,1) is a monoid,

(ii) (M;V,A,0,1) is a bounded lattice,

(i) roy<ziffx <y — ziff y <z ~> z for any =,y € M.

In what follows, by a residuated lattice we will mean a bounded integral
residuated lattice. If the operation "®” on a residuated lattice M is
commutative then M is called a commutative residuated lattice.

In a residuated lattice M we define two unary operations ”~” and ”~”
on M such that = := 2 — 0 and 2~ := x ~» 0 for each z € M.

Recall that the above mentioned algebras of many-valued and fuzzy
logics are characterized in the class of residuated lattices as follows:

A residuated lattice M is

(a) a pseudo MT L-algebra if M satisfies the identities of pre-linearity
(iv) @=y)Vy—=a)=1=(z~y)V(y~ )

(b) an Rf-monoid if M satisfies the identities of divisibility

(V) =y 0r=cAy=y0 (y~ )

(c) a pseudo BL-algebra if M satisfies both (iv) and (v);

(d) a GMV-algebra (or equivalently a pseudo MV-algebra) if M satis-
fies (iv), (v) and the identities
(Vi) 27~ =z =2"";

(e) a Heyting algebra if the operations ”®” and ”A” coincide.

A residuated lattice M is called good, if M satisfies the identity
xr~~ = z~~. For example, every commutative residuated lattice, eve-
ry GMYV-algebra and every pseudo BL-algebra which is a subdirect
product of linearly ordered pseudo BL-algebras [7] are good.

By [4], every good residuated lattice satisfies the identity (z~ @y~ )~ =

(x~ ®y™)~. If M is good, we define a binary operation ”&®” on M as
roy=(y ©z)".

In the following proposition we recall some necessary basic properties
of residuated lattices.

Proposition 1 ([1],[4],[14],[18]). Let M be a residuated lattice. For
all x,y,z € M we have

(1) 20y <z Ay,



2)rx<y=20z<y0z 20r<z20y,
Br<y=—z—orx<z-oy z~r<z~wy,

) x<y=—ax—2>2y—2 T~2>Yy~ 2

(5) @oy)=z=0—>(y—>2), YOz)w=z=a~(y~ 2),
(6) (= 2) (@ y) ST 2 (= y) Oy~ 2) Sz,
(7) x<a™, z<a~,

(8) =~ =x—, 2~ =a",

9)z<y=vy <z ,y <a7,

(10) O (x~y) <y, (r—y) Oz <y,

(1) y<z—=y y<a~y,

(12) x 5 y<y =z, z—=>y<y ~z".

Moreover, if M is good, then

(13) (xOy)" =z —y.

(14) x=~ Gy "= "Gy=x0y “=xdy,
(15) x®0=2"=0&z,

(16) xy=a" ~y ~ =y~ >a ",
(I7) yor =z =y, 2" Qy=1~y ",
(18) (xdy) 0=2xDy,

(19) s <y— 20 <20y, cd2<ydz,

(20) @ is associative.

Definition. Let M be a residuated lattice. A mapping f: M — M is
called a modal operator on M if for any z,y € M

(M1) = < f(x),

(M2) f(f(x)) = f(x),

(M3) flz©y) = flz) © fly).

A modal operator f is called monotone, if for any =,y € M

(M4) = <y = f(z) < f(y).

If M is a good residuated lattice and for any x,y € M



(M5) flz®y) = flze f(y) = f(f(z) DY),
then f is called strong.

In all cases of Rf-monoids every modal operator is already monotone.
However, in general residuated lattices the converse need not hold. The
example below was given in [19].

Example 1. Let X = ({/10|/0 < 2 < 10,z € Z},A,V,0,1) be a
bounded lattice where x A y = min{z,y} and z V y = maz{x,y}. If we
define operators ® and — on X as

x ify=1 1 ife<y
rOy=4q y ifr=1 and z—=y=4q vy ifzx=1
0 otherwise 0.9 otherwise

then it is easy to show that the structure (X,A,V,®,—,0,1) is a
bounded commutative integral residuated lattice. We define an opera-
tor f: X — X by

0 ifz=0
fle)=< 1—2 if0<x<05
x if x > 0.5

Although f is a modal operator it is not monotone, because we have
0.2 < 0.4 but £(0.2) =0.8 £ 0.6 = f(0.4).

Now we will show examples of monotone modal operators.



Example 2. Let M; = {0,a,b,c,1}. We define the operations ® and

— on M, as follows:

®|0 a b c 1 — 10 a b ¢ 1
0/0 00 0O 01 1 1 11
al0 a a a a a0 1 1 11
b|0 a b a b b|0 c¢c 1 ¢ 1
c|0 a a c¢c c c|0 b b 11
110 a b ¢ 1 110 a b c 1

Then M, = (M;;®,V, A, —,0,1) is a commutative R¢-monoid which
is both a BL-algebra and a Heyting algebra (i. e. a Godel algebra).
Since M; is commutative, we can also consider the operation &.

Let now f; : My — M; be the mapping such that f1(0) = 0, fi(a) =
fi(b) = b and fi(c) = fi(1) = 1. Then f; is a strong monotone modal

operator on M.

Example 3. Let My = {0,a,b,c,1} and let the operations ®, —, ~» on
M, be defined as follows:

|0 a b c 1 —10 a b ¢ 1 ~ 10 a b ¢ 1
0|0 0O 0 0O 0/1 1 111 01 1 1 11
al0 0 0 a a alc 1 1 11 al/b 1 1 1 1
b|0O a b a b blc c 1 ¢ 1 b0 ¢ 1 ¢ 1
c|0 0 0 ¢ c ¢ b b 11 c|b b b 1
110 a b ¢ 1 1 b ¢ 1 110 b ¢ 1

Then My = (Msy; ®, V, A\, —,~+,0,1) is a non-commutative residuated
lattice which is a pseudo MT L-algebra but not an R/-monoid beause
(b—a)®b=c®b=0+# a=aAb. (Notice that the lattices (My;V, A)
and (Ma;V, A) are isomorphic.)



Let us consider the mapping fy : My — M, such that f5(0) = fo(a) =
f2(b) =band fy(c) = fo(1) = 1. Then f5 is a monotone modal operator
on M.

Since a™~ = b # ¢ = a™~, the residuated lattice M, is not good, hence

the addition on My does not exist.

Example 4. Let M3 = {0,a,b,c,1}. We define operations ®, —, ~> as

follows:
®|0 a b c 1 —]10 a b ¢ 1 ~10 a b ¢ 1
0/0 00 0O 0/1 1 111 01 1 111
a|0 a a a a a0 1 1 11 a0 1 1 11
b|0 a a b b b0 c¢c 1 11 b0 b 1 11
c|0 a a c c ¢c |0 ab 11 ¢c|0 b b 11
110 a b ¢ 1 110 a b ¢ 1 110 a b c 1

Then M; = (Ms3;®,V,A,—,~,0,1) is a linearly ordered (non-
commutative) residuated lattice, which is a pseudo MT L-algebra. Since
cO(c~b=cOl=c#b=>bAc, Msisnot an R{-monoid.

Let f3 : M3y — Mj be the mapping such that f3(0) = f3(a) =
a, f3(b) = b, f3(¢) = c and f3(1) = 1. Then f3 is a monotone modal
operator on Mjs. Moreover, the residuated lattice Mj3 is good, hence the

operation & exists and one can easily see that the operator f3 is strong.

Remark. Recall [22] that the notion of a modal operator has its main
source in the theory of topoi and sheafification (see [13], [20], [21], [28]).
Moreover, modal operators have come also from the theory of frames,
where frame maps can be recognized as modal operators on a complete
Heyting algebra (see [6]). Therefore the modal operators do not have
direct and explicit connections to modal logics. Moreover, modal op-
erators have some diferent properties than e. g. the logic operator

"necessarily”. Among other, we show that for every modal operator f



on any good residuated lattice satisfying the identity x=~ =z, f(0) =0
if and only if f is the identity.

Proposition 2. Let M be a residuated lattice. If f is a monotone

modal operator on M and z,y € M, then

() flx —=y) < flx) = fly) = [(f(2) = fy) == = fy) =

= flx = fy)),
f@~y) < f(z) ~ fly) = f(f(@) ~ f(y) =2~ fly) =
= [z~ f(y)),

(i) f(x) < (z ~ f(0)) = f(0), f(z) < (z = f(0)) ~ f(0),

(iii) = © f(x) < £(0), f(z) © 2™ < f(0),
(iv) flxVy) = flaV fy) = [(f()V )
Moreover, if M is good, then for any x € M

(v) 2@ f(0) = fla7) = f(z), JO) @2 > fl@7) = f(o).

Proof. (i) By Proposition 1 (10), (z = y)©z < y. It follows immediately
that f((x = y) ©z) = f(zr — y) ® f(x) < f(y). Thus we have f(z —
y) < f(@) > f(y). By Proposition 1, f(z) — f(y) < = = f(y) <
[z = f(y) < flx) = f(f(y)) = f(z) = f(y), therefore f(z) —
fly)=2— f(y) = flz — f(v))

Moreover, f(z) = f(y) < f(f(z) = f(y)) < f(f(2))
f(x) — f(y), which implies that f(f(z) = f(y)) = f()
proof can be done similarly for ”~~".

(i) By (i), f(z) ~ f(0) =z ~ f(0) and by Proposition 1(10), f(z)®
(F() ~ £(0)) < F(0). Thus we have f(z) < (f(x) ~ f(0)) = F(0) =
(@~ f(0)) = f(0).

(iii) Since 0 < f(0), it follows that 2= =z — 0 < =z — f(0) =
f(z) — f(0). Therefore z= @ f(z) < f(0). In a similar way we get
f(@) © 2™ < f(0).

(iv) By the monotony of f we get f(zVy) < f(zV f(y)) < f(f(z)V
fW) < f(f(zVy)) = flzVy).

F(f() =

%
— f(y). The



(v) By Proposition 1 and by (i), x @ f(0) = 2= ~ f(0)™™ > 27 ~
f0) = flz= ~ f(0) = flz™ ~ 0) = fla7™) = f().

Analogously we prove the remaining inequalities. 0

Proposition 3. If M is a good residuated lattice and f is a strong

monotone modal operator on M, then for any x,y € M

(i) fleoy) = f(f(z)® fy)),
(ii) z & f(0) = f(z7) = f(0) B x.

Proof. (i) Obvious.

(ii) Since f is strong, we have f(x @ f(0)) = f(x ®0) = f(~). This
means that by Proposition 2 (v), f(z=~) = f(z ® f(0)) > =& f(0) >
f(z=™). The proof of f(z=~) = f(0)@x follows in the same manner. [J

Proposition 4. Let M be a good residuated lattice and f a monotone

modal operator on M.
(1) If for any x € M we have x @ f(0) = f(z ®0), then

a) f(x)® f(0) =z @ f(0),

b) f(0) @ f(x) = f(0) ® .
(2) If for any x € M we have f(0) ®x = f(0® x), then

a) f(x) @ f(0) = f(0) &z,

b) f(z) ® f(0) =z ® f(0).
Proof. Let f be a monotone modal operator on a good residuated lattice

M.
(1) It follows from Proposition 2 (v) that f(z) < x & f(0). Thus

flx)® f(0) <x@f(0)® f(0). By the assumption, we have f(0)® f(0) =
f(f0)@0) = f(0& f(0)) = f(f(050)) = f(00) = f(0). Therefore
f(z)® f(0) < z @ f(0). Conversely, it is obvious that z @ f(0) <

f(z) ® f(0). Thus we get f(x)® f(0) =z @ f(0). It can be shown in a
similar manner that f(0) @ f(z) = f(0) @ .
(2) Analogously. O



From the above proposition we get a characterization of strong modal
operators.

Proposition 5. Let f be a monotone modal operator on a good resid-

uated lattice M. Then it is strong if and only if for any x € M

1 £(0) = fz) = f(0) @ .
Proof. 1f f is strong, then by Proposition 3(ii) = @ f(0) = f(z™) =
f£(0) & .

Conversely, suppose that x @ f(0) = f(z=~) = f(x @ 0). By Proposi-
tion 1 (18), 2@y = 2@y ® 0 holds for all z,y € M, and by Proposition

4 we have

flaa fly) =z f(y) ®0)
=z® f(y) ® f(0)
=zdyd f(0)
=flzdy®d0)
= flz@y).
By Proposition 4 we can find in the same manner that f(f(z) ®y) =

f(z @ y). Therefore f is a strong modal operator.
0

Theorem 6. Let M be a residuated lattice and f : M — M a
mapping. Then f is a monotone modal operator on M if and only if we

have for any x,y € M:

(i) v — fly) = f(z) = f(y),
(i) z ~ f(y) = f(x) ~ f(y),
(iii) f(z)© f(y) = f(z ©y).
Proof. Suppose a mapping f satisfies (i) - (iii). We will show that f also

satisfies the conditions (M1) - (M4) from the definition of a monotone

modal operator.



(M1) By (i), x — f(z) = f(z) — f(x) = 1, which implies that

).
(M2) Since 1 = f(z) — f(z) = f(f(x)) — f(x), it follows that
f(f(z)) < f(x), thus by (1) we have f(f(z)) = f(z).

M3) By (M1) , z @y < f(z ®y), and it follows that y < x ~»
fr©y) = f@) ~ [z ©y) and f(z) 0y < fz ©y). Thus we get
f@) <y — flzoy) = fly) = feOy) and f(z) © fy) < flzOy).
Therefore f(z) ® f(y) = f(z ©y).

(M4) Note that if z < y, then < f(y). From the fact that 1 =z —
f(y) = f(x) = f(y) we obtain f(z) < f(y). 0

In general, if f is a monotone modal operator, the equation f(0) = 0
need not hold. An example is shown in [19]. Thus we will investigate
under which condition this equality holds.

O]

Proposition 7. Let M be a residuated lattice and f a monotone
modal operator. Then the following conditions are equivalent.

(i) f(0) =0,

(ii) f(z~) ==a~, forallz € M,
(iii) f(x=)=a~, for allz € M.

Proof. (i) = (ii): Suppose that f(0) = 0. It follows from Proposition
2 (ii) that f(z) < (x — f(0)) ~ f(0) = (z — 0) ~» 0 = 2=~ Therefore
flz) < a7 and f(z™) < (z~)~~ = z™. Since z~ < f(z™), we have
that f(z~) =~ for all z € M.

(ii) = (i): Suppose that f(z~) = z~ for all z € M. Then we get
F(0) = f(17) = 1~ =0.

It can be proved in a similar manner that (i) = (iii) and (iii) =
(i). O

Corollary 8. Let M be a good residuated lattice satisfying x=~ = x
for all x € M. Let f be a monotone modal operator on M such that
f(0) =0. Then f is the identity on M.

10



A residuated lattice M is called normal if it satisfies the identities

(roy) "=z 0y ",
(oY) =" 0y,

For example, every Heyting algebra and every good pseudo BL-
algebra is normal [27], [8].

Proposition 9 ([25]). Let M be a good and normal residuated lattice.
Then for any x,y € M
() (z@y) =y 0z, (r&y)” =y~ 0z,
(i) 2~ @y =(yoz)", 27Dy~ = (yOr)~.
Denote by
IM)={ae M;a®a=a}

the set of all multiplicative idempotents in a residuated lattice M.
Clearly 0,1 € M.

Proposition 10. Let M be a good and normal residuated lattice.
Then the following conditions are equivalent.

(i) a= € I(M),

(ii)) a~ € I(M),

(iii) a®a=a"".

Proof. (ii) <= (iii): f a™ € (M), then a®a = (¢~ ©a™)” = (a™)” =
a~~. Conversely, suppose that a & a = a~~. By Proposition 9(i), we
have a™ = (&™)~ = (a ® a)” = a~ ® a”~. Therefore a™ € I(M).

(i) <= (iii): Analogously. O

Let M be a good residuated lattice and a € M. We denote by ¢, :
M — M the mapping such that ¢,(z) = a @ z for all z € M.

Proposition 11. Let M be a good and normal residuated lattice and
let a € M. If ¢, is a strong monotone modal operator on M, then
a",a~,a"~ € I(M).

11



Proof. Since @q(x © y) = pu(z) ® @a(y), we have a & (z O y) = (a &
) ® (a @ y) for any x,y € M. By setting x = y = 0, we obtain
a®0=(a®0)® (a®0), thus ™™ = a~~ ® a~~, which implies that
a~~ e lI(M).

Further, a & (z @ y) = va(r S y) = va(r @ a(y)) = a® (2 S (a S y))
forany r,y € M. Fore =y=0we have a ™~ =a®0=a® (05 0) =
a® (0B (a®0)=(a®0)da~=a"~"@a ", thusa™™ =(a" ©a")™.
This implies that a= = (¢~ ©®a™ )™ =a "~ ©®a ~" =a ©a and so
a- € I(M).

Moreover, by Proposition 10, a™ € I(M). O

Proposition 12. If M is a good and normal residuated lattice and
a € M is such that a=,a™~ € I(M), then ¢, satisfies conditions (M1),
(M2), (M4) from the definition of a strong monotone modal operator,

and

(M5’) f(x@y) = f(f(x) Dy).

Moreover, if a commutes with every x € M, then ¢, satisfies (M5).

Proof. (M1) For any we have x € M p,(z) =a®z = (z~ ©@a™ )~ >
=~ > .

(M2) Since a~ € I(M), we get v (pa(x)) = a®(a®zx) = adr = p.(x).

(M4) If x <y, then p,(z) =adr < aBy = @a(y).

(M5") Let z,y € M. We have p,(¢u(z) ®y) = pula ®z D y) =
aDadrdy=adrdy = p.(rDy).

Now suppose that a commutes with every x € M. For any z,y € M
we get 0, (2Bpa(y)) = a®(2®(ady)) = ((ada)dz)Dy = (o™~ S)Dy =
a® (DY) =pa(rDy). O

Proposition 13. Let M be a good and normal residuated lattice and
f a monotone modal operator on M such that f(z) = f(z~™) for all
x € M. Then f is strong if and only if f = ¢y and f(0)~ € I(M).

12



Proof. Let f be a monotone modal operator on M satisfying the identity
f(@) = flz™).

If f is strong then by Proposition 5, f(x) = f(xz™™) = = @ f(0)
for any x € M, hence [ = @) and therefore, by Proposition 11,
fO)7, f(0)™~ € I(M).

Conversely, let f be any modal operator on M. Then f(0)™™ = f(0®
07 = (f(0) @ f(0))™ = f(0)™ © f(0 )_N thus f(0)™ € I(M). Let
now f be monotone, f = @) and f(0)~ € I(M). Then by Proposition
11 we get that f is strong. O

Let M be a residuated lattice and a € I(M). Consider the mappings
Pl M — M and ¢? : M — M such that ¢¥!(z) = a — z and

Yalw) =a~ .

Proposition 14. Let M be a good residuated lattice and a € I(M).
Then for any x,y € M

(1) Yoz ®y) =

(2) ¢, (x@y)<1/11
(3) Yz @y) = 2y
(4) iz oy) <

Uiz @ Yi(y)),
W(2) Dy
Jx) @y
T O YY)

Y

)
),
)
)

AA/_\A

ISIICERSEN)

Proof. (1) We have y < a — y = 1. (y), thus ¥l (x®y) < l(xdYl(y)).

To prove the converse inequality first note that since (a — ) ®a < z,
we have (a — 2)©(a®z™) < x@x™ = 0, hence a®z™ < (a — z)~. Thus
we have 2(x © YA(y)) = UA(WL ()~ ©2~)7) = a = (PA(y)~ @a~)" =
(a ®Yy)” @ 2™)7, hence a ® YL(y)~ O 2~ =a® (a = y)~ ©x~ >
a® @y )z =(aoa)O(y”oz~) =a® (y~ © ™), therefore
Va(#BP(y)) = (a0U,(y)~027)” < (a0y~02™)” =a — (y~oz7)" =
a— (z@y) =Y (z DY), i e Yz ®Yy(y)) < vz @ y).

(2) Since < a — = = Yi(x), we get x &y < ¥l(x) ®y, thus
Yoz ©y) < Uy(Ya(z) @ y).
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(3) We have x < a ~» x = ¥*(z), hence z & y < ¥2(r) & y, and so
V2(x @ y) < YEY2(x) ® y). Further, since a ® (a ~ y) < y, we get
(y-@a)®(a~y) <y Gy=0,andsoy” ®a< (a~y) .

We have o7 (12 (v)@y) = Y2 ((y~ 092 () 7)) = a~ (y~OYi(z)7)~ =
(- ©¢Pi(x)” ©®a)”, hence y~ © Y3 (r)” ©a=y ©(a~z) Oa>
y*@(x*@a)@a = y’®w’®a7 thus ¥ (V3 (2)©y) = (y~ 0¥ ()" ©a)™ <
(y~ 0z 0a)” =y 0r7)0a)” =a~ (xdy) = P2 (xdy). Therefore
e 9) u02e) o 0)

(4) Similarly to (2).

0]

Proposition 15. If M and a are as in Proposition 14 and, moreover,
a commutes with every element in M, then in (2) and (4) we have

equalities.

Proof. (2) We have ¢, (¢g(2) © y) = 1h,((y~ @ 9(x)™)7) =a = (y~ ©
Pl(x)™)” = (a ©@y~ @ ¥l(z)~)™ by Proposition 1(13), hence a ® y~ @
Ue(2)” =a@y~Oa—= 1)~ > a0y~ O (a@a™) = (a0a) O (y~ ") =
a® (y~ ®x™), and similarly to the proof of (1) in Proposition 14 we get
Ya(Ua(z) @ y) < Yu(z & y).

(4) Analogously as for (2). O

Corollary 16. If M is a commutative residuated lattice or M is a
bounded R{-monoid (not necessarily commutative), and a € I(M), then

in (2) and (4) we have equalities.
Proof. For bounded R{-monoids see [26]. O

Corollary 17. If a € M satisfies the conditions from Proposition 15
or Corollary 16, and ! and 1? are monotone modal operators on M,

then they are strong.

14



Let M be a residuated lattice and f a modal operator on M. We
denote by
Fix(f) = {z € M; f(z) = =}
the set of all fixed elements of the operator f. By the definition of a
modal operator it is obvious that Fix(f) = Im(f).

Proposition 18. If f is a monotone modal operator on a residuated
lattice M, then Fix(f) = (Fix(f); ®, Vrixs), N\, =, ~, f(0),1), where
T Veix(p) Yy = flx Vy) for any x,y € Fix(f), and A, —,~» are the re-
strictions of the binary operations from M to Fix(f), is a residuated

lattice.

Proof. Let M be a residuated lattice and f a monotone modal operator
on M.

(i) If z,y € Fix(f), then f(zx © y) = f(z) © f(y) = = ® y, thus
r ®y € Fix(f). Therefore (Fix(f); ®, 1) is a residuated lattice.

(ii) Since f is a closure operator on the lattice (M;V,A), it follows
that x Ay € Fix(f) for each z,y € Fix(f) and x Vrixp) vy = f(z V y).
Therefore (Fix(f); A, f(0),1) is a bounded lattice.

(iii) Let z,y € Fix(f). Then by Proposition 2, + — y = f(z) —
fy) = f(f(x) = f(y)) = f(z = y), hence x — y € Fix(f). Analo-
gously = ~ y € Fix(f).

(iv) Now, let x,y,z € Fix(f). Then 2 ©® y,y — z,2 ~ z € Fix(f),
hence x Opix(r) y < 2 it # <y —pigy) 2 it y <o ~pigy) 2 O

Conclusions. In the paper we have investigated monotone modal op-
erators, which are special cases of closure operators on bounded integral
residuated lattices. The results are applicable to a wide class of algebras
containing algebras of some algebras behind many-valued and fuzzy log-
ics. One can expect that these results will also be useful for studying
analogous operators on further classes of algebras, e. g. on algebras of

several quantum logics.
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MODAL OPERATORS ON COMMUTATIVE BASIC ALGEBRAS
ZDENEK SVOBODA*

ABSTRACT. Commutative basic algebras are non-associative generalizations of MV-algebras
and form an algebraic semantics of a non-associative generalization of the propositional
infinite valued Lukasiewicz logic. In the paper modal operators (special cases of closure
operators) are introduced and studied.

1. INTRODUCTION

Commutative basic algebras have been introduced in [5] as a non-associative generaliza-
tions of MV -algebras. Note that analogously as MV -algebras are an algebraic counterpart
of the propositional infinite valued Lukasiewicz logic (and Boolean algebras are a counter-
part of the propositional classical two-valued logic), commutative basic algebras constitute
an algebraic semantices of the propositional logic Lopa [2] which is a non-associative gen-
eralization of the Lukasiewicz logic.

Modal operators (special cases of closure operators) were introduced and investigated on
Heyting algebras in [7], on MV-algebras in [6], on commutative R/-monoids in [10] and on
(non-commutative) R¢-monoids in [11]. Moreover, monotone modal operators on bounded
integral residuated lattices were studied in [12].

In this paper we introduce and investigate modal operators for arbitrary commutative
basic algebras.

2. PRELIMINARIES

Definition. A basic algebra is an algebra (A; @, —,0) of type (2,1,0) that satisfies the
identities
() r@0=1r,
(il) =~z ==,
(iii) =(-~r@y) Dy =-(-y®z) D7,
(iv) 7(=(-(z@y) Py & 2) B (xd2z) =-0.

Moreover, if t ®y = y@ x for any x,y € A, then A is called a commutative basic algebra.
If A= (A;®,—,0) is a basic algebra, then (A, A,V,1,0), where

zVyi=-(r@y) Sy
Ay := (- V-y)
1:=-0

This work was supported by Palacky University IGA PrF 2014016 and IGA PrF 2015010 and by ESF
Project CZ.1.07/2.3.00/20.0051
2010 Mathematics Subject Classification. 03G05, 03G10, 06D35, 06A15.
Key words and phrases. basic algebra, modal operator.
1



2 ZDENEK SVOBODA

is a bounded lattice whose induced order is given by
r<y <= axdy=1.

If A is commutative, then this lattice is distributive [5].
In a basic algebra A we define a binary operation (subtraction) such that

Sy :=-(y® )
Moreover, define for any xz,y € A
Oy =-(®y), T—oy=-1dy.

Lemma 2.1. [3],[9] Let A be a commutative basic algebra. Then for any x,y,z € A we
have:

(i) ife <y, thenz®2<y®z,r02<y0z,z0y<z0zandroz<yoz,

(i) (Ay)@z=(rS2)A(y®2),

(iii) rdy >z Vy,

(

)

ii)
)

(1V§ rOy<TAY,
)

v) 2(z Ay) =z Vy,

(vi) =(z Vy) =z Ay,
(vii) (zVy)Bz=(xD2)V (y® 2).

Lemma 2.2. Let A be a commutative basic algebra. Then for any x,y,z € A
TO(yVvz)=(@oyV(o:2)

Proof. Let 7,4,z € A. Then x ® (yVz) = ~(-2® ~(y VvV 2)) = ~(-2® (-y A =2)) =
(2 ® ) Az ® z)) =z Oy) Vor(z02) = (z0y) V(2O 2). 0

Lemma 2.3. Let A be a commutative basic algebra, and x,y € A. Then the following
statements are equivalent:
() z@y=y,
(i) zOy ==z,
(ili) y V- =1,
(iv) z A—y = 0.

Proof. Let x,y € A.

(i) <= (iii): fz Oy =2z, then zVy=yV-ax==(-yda)d-2x=(yOz)d o=
x@-x = 1. Conversely, if yV -z =1, thenz =201 =20 (-2zVy) = (z0—x)V(z0y) =
OV(zoy) =x0y.

(i) <= (iv): It follows directly from Lemma 2.1 (v), (vi).

(iv) <= (i): Dual to (ii) < (iii). d

3. MODAL OPERATORS ON BASIC ALGEBRAS

Definition. Let A be a commutative basic algebra. A mapping f : A — A is called an
modal operator on A if for any z,y € A

1.z < f(z),
2. f(f(z)) = f(z),
3. flx ©y) = f(z) © f(y).

A modal operator f is called strong, if for any =,y € A
4 flzoy) = flza f(y))
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Let A be a basic algebra. Denote by B(A) := {x € A : x ® x = x} the set of all
idempotent elements of A.

Proposition 3.1. [13] If A is a commutative basic algebra, then B(A) is a subalgebra of
A.

Theorem 3.2. [13] If A is a commutative basic algebra, then B(A) is a Boolean algebra.

Corollary 3.3. Let A be a commutative basic algebra. Then for any element a € A we
have that a € B(A) if and only if —a € B(A).

Lemma 3.4. Let A be a commutative basic algebra. Then for any a € B(A) and x,y € A
(i) x@a=zAa,
(i) a® (z@y) = (@O z) B (aOy),
(ili) @ a =2z Va,
(iv) a® (z0y)=(adr)® (@dy).
Proof. (i): Let a € B(A),z € A. Then
r<a=a<z0a<aPa=a=xDa=a.

Hence, by Lemma 2.3, we have ©+ ® a = x. Therefore xt ©® a = 2 Aa. Now let y € A. We
have y ®a <y,a. Let z€ A,z <y,a. Then z=20a<y®a,thusy®a=yAa.

(ii): Let @ € B(A) and z,y € A. Then (aAz)®(aNy) = (a@a)N(z@a) N (aBy)N\(zBy) =
aN(z®y),thussa®(zdy)=(a@x)d (a®y).

(iii): Let a € B(A) and z € A. By Corollary 3.3 and part (i) we obtain z Va =
—(mzA-a) =—(-2®-a) =(=(rda) =2 a.

(iv): Let a € B(A) and z,y € A. Then (a @ z)© (a®y) = (aV
(a@a)V(zoa)V(eoy) V(eroy) =aV(r0y), thusa® (z0y) = (a

For an arbitrary element a € B(A) denote by g, : A — A the mapping such that
go(r) =a @z for any x € A.

Theorem 3.5. Let A be a commutative basic algebra, and a € B(A). Then g, : A — A is
a modal operator on A.

Proof. a) Let a € B(A). Then for any =,y € A we have
L.z <zx®a=g.(x).
2. gu(ga())=a®(a@x)=aV(aVr)=aVr=a®x=g,(x).
3. 9a(20y)=a®(@0y)=(a®z)O(a®Y) = ga(r) © ga(y)- -

For an element a € B(A) consider mappings h, : A — A and k, : A — A such that for
any x € A
ho(z) :=a—x, kix):=(x—a)—a.
Proposition 3.6. If A is a commutative basic algebra and a € B(A), then the mappings
he and k, are modal operators on A.

Proof. a) For any = € A we have a — = —a @ z, thus h, = g-,.
b) Let z € A. Then (z - a) wa=(—x@a) va=—-(-2E-—a)Pa=(xrO-a)da=
(x®a)® (-a®a)=adz, hence k, = g,. O

Let A be a commutative basic algebra. Denote by M (A) and M(A) the set of all modal
and all strong modal operators on A.
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Theorem 3.7. If fi, fo € M(A), or fi, f» € M (A), then fifo € M(A), or fif2 € M,(A),
respectively, if and only if fifs = fof1.

Proof. By [8], the composition of two closure operators on an arbitrary ordered set is a
closure operator if and only if these operators commute. Therefore we only need to prove
that for any fi, fo € M(A) such that fifo = fof1 the condition from the definition of a
modal operator is satisfied.

Let z,y € A. Then fifa(z ©y) = fi(fa(z) © fa(y)) = fifa(z) © fif2(y). Moreover, if

fifs € Ms(A) and fifz = fofi, then fifa(z @ y) = fifa(z @ foy)) = fofi(z @ faly)) =
fafi(z @ fi1f2(y)). Hence fifs is a strong modal operator. O

Proposition 3.8. Let A be a commutative basic algebra, a € B(A) and f € M(A). If
f(z) < gulx) for any x € A, then f(a) =

Proof. Let f € M(A), and z € A. If f(z) < go(x), then f(z) <a®x for any x € A. Thus
f(a) <a®a=a. Hence f(a) = a. O

Lemma 3.9. Let A be a commutative basic algebra. Then for any x,y,z € A we have:

(i) 20 (x—=y) =AYy,
i) z0y<z <= z<y— =z

Proof. Let x,y,z € A. Then

() 20 (@ —=y)=-(zd-(r—=y)=-(r&-(rdy) =(-(y &) dw) =
—(myV-ox) =z Ay.

(i) fz<y—z Thenz Oy < (y—=2)0y=y© (y = 2) =y Az < z. Conversely, if
rQy<z then y® (z0y) <wdz=y—z,and yd (zQy) = (-z@ y) d—y =
TV -y > . U

Lemma 3.10. Let A be a commutative basic algebra, and f : A — A be a modal operator
on A. Then for any x,y € A:

(i) z <y = flz) < f(y),

(i) f(z =y) < flz) = fly) = F(f(x) = fly) =2 = fly) = fle = f(y),

(iii) f(z) < (z — f(0)) = f(0),

(iv) 2 & f(0) = f(=).
Proof. (i): Let < y. Then f(z) = f(x ANy) = f(y© (y = x)) = f(y) © f(y — x), which
implies f(z) < f(y).

(ii): Let 2,y € A. Then f(z) © f(z = y) = f(x © (x = y)) = f(x Ay) < f(y), hence by
Lemma 3.9 f(x —y) < f(x) (y). Moreover we have

f
@) = f) < f(f(@) = f(f) = fla) = fly) <z — fy)
< fle = ) < flx) = [(f(y) = fx) = fly) < S @) = f),
hence f(z — f(y)) = f(f(z) = f(y)) = f(x) = fy) =z = f(y). 0
f((()i)ii)ismcef(f)Q(f()—>f())=f()Af() f(0), we have f(z) < (z — f(0)) =
(iv): For any z € A we have 2 & f(0) = ==z & f(0) = —2 — f(0) = f(—z — f(0)) >
f(oz = 0) = f(--2 8 0) = f(2).

Lemma 3.11. Let A be a commutative basic algebra, and let f : A — A be a strong modal
operator. Then for any x,y € A we have:

(W) flzoy) = f(flz)& fy),

%
%
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(i) z & f(0) = f(z).

Proof. (i): From the definition of a strong modal operator we obtain f(x @ y) = f(z &

Fw) =1(fw)ex)=f(fly) @ f(x) = f(f(x)® f(y)).
f((1)1) Let x € A. By Lemma 3.10 (iv), we get f(z) = f(z®0) = f(x® f(0)) > z® f(0) >
| 0

Theorem 3.12. Let A be a commutative basic algebra, and f : A — A be a mapping.
Then f is a modal operator on A if and only if for any x,y € A it satisfies:

(i) v = fly) = f(z) = f(y),

(i) f(z) © fy) 2 flz©y).
Proof. <=: Let f: A — A be a mapping satisfying conditions (i) and (ii).

1. Let z € A. By Lemma 3.10, x — f(z) = f(z) — f(x) = =f(z) & f(x) = 1, hence
x < f(@).

2. By (i), for any = € A we have 1 = =f(z) & f(z) = f(x) = f(z) = f(f(z)) = f(z),
hence f(f(x)) < f(x). Therefore f(f(z)) = f(x).
e A. ©Y),

3. Let z,y Then z ©y < f(x
f(x @y = f(x) = f(x ®y), hence y © f(z) <

y). Thus f(z) © f(y) < f(z ©y), and since f
fly) = flzoy).

f) <y = flzoy) = fly) = flz C;
= It follows from the definiton of a modal operator and from Lemma 3.10 (ii). O

and by Lemma 3.9 we obtain y < = —
f(x ®y). By Lemma 3.9 and (i), we have

satisfies ( i), we obtain the equality f(
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