
<?951e�;j+4h�:+).4/)1e�<�(84k
(845�;4/<+89/:?�5,�:+).4525-?

,'1;2:'�9:8504h.5�/4�+4�89:<h
,');2:?�5,�3+).'4/)'2�+4-/4++8/4-

i9:'<�3':+3':/1?
/49:/:;:+�5,�3':.+3':/)9

518'05<g�i25.'�685�68m.?(?�4594h1;
(5;4*'8?�685(2+3�,58�(+'3�*+,2+):/549

('1'2gl91g�68g)+
(').+2589�:.+9/9

';:58�68g)+
';:.58

3UTOQG�3GINGRU\f

<+*5;)h�68g)+
9;6+8</958

JUI��3MX��@JKTnQ�5VR[�ZOR��6N�*�

(845�����





)DNXOWD�VWURMQdKR�LQkHQlUVWYd��9\VRNc�XmHQd�WHFKQLFNc�Y�%UQn���7HFKQLFNb�������������������%UQR

�

=DGbQd�EDNDObiVNc�SUbFH
hVWDY� hVWDY�PDWHPDWLN\
�

6WXGHQWND� 0RQLND�0DFKDORYb
�

6WXGLMQd�SURJUDP� $SOLNRYDQc�YnG\�Y�LQkHQlUVWYd
�

6WXGLMQd�RERU� 0DWHPDWLFNc�LQkHQlUVWYd
�

9HGRXFd�SUbFH� GRF��0JU��=GHQhN�2SOXfWLO��3K�'�
�

$NDGHPLFNl�URN� �������
�
�
oHGLWHO �eVWDYX �9bP �Y �VRXODGX �VH �]bNRQHP �m��������� �R �Y\VRNlFK �jNRObFK �D �VH �6WXGLMQdP
D�]NXjHEQdP�pbGHP�987�Y�%UQn�XUmXMH�QbVOHGXMdFd�WcPD�EDNDObpVNc�SUbFH�

2NUDMRYb�eORKD�SUR�SUjK\E\�QRVQdNX

6WUXgQb�FKDUDNWHULVWLND�SUREOHPDWLN\�eNROX�

'LIHUHQFLbOQd�URYQLFH�VORXkd�N�PRGHORYbQd�UHbOQlFK�GnMq�Y�Uq]QlFK�RGYnWYdFK��.�QDOH]HQd�NRQNUcWQdKR
pHjHQd�MH�REY\NOH�SRWpHED�SRSVDW�VWDY�QD�SRmbWNX�GnMH��9�WRPWR�SpdSDGn�SDN�POXYdPH�R�SRmbWHmQd
eOR]H��9�QnNWHUlFK�eORKbFK��QDSpdNODG�X�SUqK\EX�QRVQdNX��QH]QbPH�YjHFKQ\�SRWpHEQc�SRGPdQN\
Y�SRmbWHmQdP�ERGn��DOH�]QbPH�SRGPdQN\�Y�ERGHFK�NUDMQdFK��9�WnFKWR�SpdSDGHFK�POXYdPH�R�RNUDMRYlFK
eORKbFK�SUR�RE\mHMQc�GLIHUHQFLbOQd�URYQLFH��3pHVWRkH�VH�SRmbWHmQd�D�RNUDMRYc�eORK\�OLjd�SRX]H�W\SHP
SRGPdQHN��MHMLFK�YODVWQRVWL�PRKRX�ElW�RGOLjQc��QDSpdNODG�FR�VH�WlmH�pHjLWHOQRVWL�UHVS��MHGQR]QDmQc
pHjLWHOQRVWL�GDQcKR�SUREOcPX�

&dOH�EDNDObiVNc�SUbFH�

1DVWXGRYbQd �]bNODGQdFK �YODVWQRVWd �RNUDMRYlFK �eORK �]HMPcQD �SUR �RE\mHMQc �GLIHUHQFLbOQd �URYQLFH
GUXKcKR�pbGX�
$QDOl]D�Uq]QlFK�SUqK\Eq�QRVQdNq�QDPbKDQlFK�MDN�SpdmQn�WDN�QD�Y]SnU�
3RURYQbQd�OLQHbUQdFK�D�QHOLQHbUQdFK�PRGHOq�
oHjHQd�NRQNUcWQdFK�eORK�SRPRFd�QXPHULFNlFK�PHWRG�YH�YKRGQcP�PDWHPDWLFNcP�VRIWZDUX�

6H]QDP�GRSRUXgHQc�OLWHUDWXU\�

.$/$6�-���5f%�0��2E\mHMQc�GLIHUHQFLbOQd�URYQLFH��0DVDU\NRYD�XQLYHUVLWD�%UQR�������

0g.$��6���.8)1(5��$��2NUDMRYc�eORK\�SUR�RE\mHMQc�GLIHUHQFLbOQd�URYQLFH��(GLFH�0DWHPDWLND�SUR�9i7�
3UDKD�������

=,//��'��*���:5,*+7��:��6��'LIIHUHQWLDO�(TXDWLRQV�ZLWK�%RXQGDU\�9DOXH�3UREOHPV��%URRNV�&ROH�
%RVWRQ�������

�



)DNXOWD�VWURMQdKR�LQkHQlUVWYd��9\VRNc�XmHQd�WHFKQLFNc�Y�%UQn���7HFKQLFNb�������������������%UQR

�
7HUPdQ�RGHY]GbQd�EDNDObpVNc�SUbFH�MH�VWDQRYHQ�mDVRYlP�SObQHP�DNDGHPLFNcKR�URNX��������
�
�
�

9�%UQn��GQH
�
�
�

/��6�
�
�
�
�

� � � � �

�
SURI��51'U��-RVHI�iODSDO��&6F�

pHGLWHO�eVWDYX
�

GRF��,QJ��-DURVODY�.DWROLFNl��3K�'�
GnNDQ�IDNXOW\

�



�#bi`�Fi
h�iQ #�F�H�ǼbF� T`�+2 b2 x�#ɷp� QF`�DQpɷKB ȹHQ?�KB T`Q T`ɩ?v#v MQbMőFɩX o2 /`m?û
F�TBiQH2 DbQm M2DT`p2 TǼBTQK2Mmiv x�FH�/v x Q#H�biB Ǽ2Ȓ2Mő HBM2�`Mő+? /B72`2M+B�HMő+? `QpMB+
� TQiû M�bH2/mD2 TQTBb `ɩxMɷ+? ivTɩ TǼ2/2Tb�Mɷ+? QF`�DQpɷ+? TQ/KőM2FX hǼ2iő F�TBiQH�
D2 pÿMQp�M� Q/pQx2Mő HBM2�`Mő `QpMB+2 T`Q T`ɩ?v# MQbMőFm � iQ T`QbiǼ2/MB+ipőK HBM2�`Mő
/B72`2M+B�HMő `QpMB+2 /`m?û?Q B Íip`iû?Q Ǽ�/mX SQbH2/Mő- Íip`i� F�TBiQH� D2 x�KÿǼ2M� M�
TQ`QpM�Mő HBM2�`Mő+? � M2HBM2�`Mő+? KQ/2HɩX h2Q`B2 D2 /QTHMÿM� FQMF`ûiMőKB Ǽ2Ȓ2MɷKB
TǼőFH�/v- �M�HviB+F� Ǽ2Ȓ2Mő DbQm pvF`2bH2M� p K�i2K�iB+FûK bQ7ir�`m J�iH�#X

amKK�`v
h?Bb #�+?2HQ`Ƕb i?2bBb /2�Hb rBi? i?2 /2~2+iBQM Q7 i?2 #2�KX h?2 b2+QM/ +?�Ti2` Bb /2pQi2/
iQ i?2 HBM2�` /Bz2`2MiB�H 2[m�iBQMb �M/ i?2B` bQHmiBQM- 7QHHQr2/ #v � /2b+`BTiBQM Q7 i?2 /B7@
72`2Mi ivT2b Q7 T`2b+`B#2/ #QmM/�`v +QM/BiBQMbX AM i?2 i?B`/ +?�Ti2` i?2 HBM2�` /Bz2`2MiB�H
2[m�iBQM Q7 b2+QM/ �M/ 7Qm`i? Q`/2` 7Q` i?2 /2~2+iBQM Q7 i?2 #2�K Bb /2`Bp2/X h?2 H�bi
+?�Ti2` Bb 7Q+mb2/ QM +QKT�`BM; HBM2�` �M/ MQMHBM2�` KQ/2HbX h?2 i?2Q`v Bb +QKTH2K2Mi2/
#v bQK2 bQHp2/ 2t�KTH2b- BM r?B+? �M�HviB+�H bQHmiBQMb �`2 THQii2/ #v mbBM; K�i?2K�iB+�H
bQ7ir�`2 J�iH�#X

EHőÍQp� bHQp�
MQbMőF- HBM2�`Mő /B72`2M+B�HMő `QpMB+2- QF`�DQpû ȹHQ?v

E2vrQ`/b
#2�K- HBM2�` /Bz2`2M+B�H 2[m�iBQM- #QmM/�`v p�Hm2 T`Q#H2Kb

J�*>�GPo�- JXPF`�DQp� ȹHQ?� T`Q T`ɩ?v#v MQbMőFmX "`MQ, ovbQFû mÍ2Mő i2+?MB+Fû p
"`Mÿ- 6�FmHi� bi`QDMő?Q BMʈ2Mɷ`bipő- kykRX j8 bX o2/Qm+ő /Q+X J;`X w/2MÿF PTHmȒiBH- S?X.X





S`Q?H�ȒmDB- ʈ2 Db2K imiQ #�F�H�ǼbFQm T`�+B pvipQǼBH� b�K� TQ/ p2/2MőK T�M� /Q+X J;`X
w/2ƚF� PTHmȒiBH�- S?X.X � ʈ2 Db2K p b2xM�Km HBi2`�im`v mp2/H� pȒ2+?Mv x/`QD2 TQmʈBiû
TǼB xT`�+Qp�Mő T`�+2X

JQMBF� J�+?�HQp�





_�/� #v+? M� iQKiQ Kőbiÿ TQ/ÿFQp�H� bpûKm p2/Qm+őKm- T�Mm /Q+X J;`X w/2ƚFm
PTHmȒiBHQpB- S?X.X x� p2/2Mő Kû #�F�H�ǼbFû T`�+2- Q+?QiMQm bTQHmT`�+B � Í�b- Fi2`ɷ KB
pÿMQp�H M� FQMxmHi�+ő+?X h�Fû #v+? `�/� TQ/ÿFQp�H� bpû K�KBM+2- x� i`TÿHBpQbi � M2mpÿ@
ǼBi2HMQm TQ/TQ`mX

JQMBF� J�+?�HQp�





P"a�>

P#b�?
R ȸpQ/ k

k P#vÍ2DMû /B72`2M+B�HMő `QpMB+2 j
kXR w�FH�/Mő pH�biMQbiB X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X j
kXk GBM2�`Mő /B72`2M+B�HMő `QpMB+2 � D2DB+? Ǽ2Ȓ2Mő X X X X X X X X X X X X X X X X X j
kXj PF`�DQpû ȹHQ?v � D2DB+? Ǽ2Ȓ2Mő X X X X X X X X X X X X X X X X X X X X X X X X X e

j �M�HviB+Fû Ǽ2Ȓ2Mő T`ɩ?v#ɩ MQbMőFm Ry
jXR J�i2K�iB+Fɷ TQTBb x�FǼBp2Mő X X X X X X X X X X X X X X X X X X X X X X X X X X RR
jXk P#Qmbi`�MMÿ p2iFMmiɷ MQbMőF X X X X X X X X X X X X X X X X X X X X X X X X X R9
jXj P#Qmbi`�MMÿ TQ/2TǼ2Mɷ MQbMőF X X X X X X X X X X X X X X X X X X X X X X X X R3
jX9 LQbMőF b pQHMɷK FQM+2K X X X X X X X X X X X X X X X X X X X X X X X X X X X X kk
jX8 oxTÿ`M� bi�#BHBi� T`miɩ X X X X X X X X X X X X X X X X X X X X X X X X X X X X X k9

9 SQ`QpM�Mő HBM2�`Mő+? � M2HBM2�`Mő+? KQ/2Hɩ k3
9XR P#Qmbi`�MMÿ TQ/2TǼ2Mɷ MQbMőF X X X X X X X X X X X X X X X X X X X X X X X X jy
9Xk LQbMőF b pQHMɷK FQM+2K X X X X X X X X X X X X X X X X X X X X X X X X X X X X jR

8 w�pÿ` jj

e a2xM�K TQmʈBiɷ+? xF`�i2F � bvK#QHɩ j8

R



RX ȸpQ/
a /B72`2M+B�HMőKB `QpMB+2KB b2 b2iF�p�K2 p KMQ?� Q/pÿipő+? TǼB KQ/2HQp�Mő `ɩxMɷ+?

`2�HMɷ+? /ÿDɩX E M�H2x2Mő FQMF`ûiMő?Q Ǽ2Ȓ2Mő D2 Q#pvFH2 TQiǼ2#� TQTb�i #må bi�p M� TQ@
Í�iFm /ÿD2- p i�FQpûK TǼőT�/ÿ KHmpőK2 Q TQÍ�i2ÍMő+? ȹHQ?�+?- M2#Q p F`�DMő+? #Q/2+?
BMi2`p�Hm- M� Fi2`ûK ȹHQ?m Ǽ2ȒőK2- T�F KHmpőK2 Q ixpX QF`�DQpɷ+? ȹHQ?�+?X h�iQ #�F�H�Ǽ@
bF� T`�+2 b2 x�#ɷp� QF`�DQpɷKB ȹHQ?�KB T`Q Ǽ2Ȓ2Mő ȹHQ?v T`ɩ?v#m MQbMőFmX

o2 /`m?û F�TBiQH2 DbQm M2DT`p2 TǼBTQK2Mmiv x�FH�/Mő TQDKv � TQbimTv T`Q Ǽ2Ȓ2Mő Q#v@
Í2DMɷ+? HBM2�`Mő+? /B72`2M+B�HMő+? `QpMB+X L�bH2/Mÿ b2 pÿMmD2K2 TQTBbm QF`�DQpɷ+? ȹHQ?
b Q?H2/2K M� `ɩxMû p�`B�Miv TǼ2/2Tb�Mɷ+? QF`�DQpɷ+? TQ/KőM2FX S`QbiǼ2/MB+ipőK D2/MQ@
/m+?û?Q TǼőFH�/m D2 mF�x�M pHBp TǼ2/2Tb�Mɷ+? QF`�DQpɷ+? TQ/KőM2F M� Ǽ2ȒBi2HMQbiX

hǼ2iő F�TBiQH� D2 pÿMQp�M� Q/pQx2Mő HBM2�`Mő `QpMB+2 T`Q T`ɩ?v# MQbMőFm � iQ T`Q@
biǼ2/MB+ipőK HBM2�`Mő /B72`2M+B�HMő `QpMB+2 /`m?û?Q B Íip`iû?Q Ǽ�/mX L�bH2/mD2 +2HF2K Tÿi
TǼőFH�/ɩ pɷTQÍim �M�HviB+Fû?Q Ǽ2Ȓ2Mő T`ɩ?v#m MQbMőFm b `ɩxMɷKB ivTv m+?v+2Mő � x�iőʈ2MőX
�M�HviB+F� Ǽ2Ȓ2Mő D2/MQiHBpɷ+? TǼőFH�/ɩ DbQm pvF`2bH2M� T`QbiǼ2/MB+ipőK K�i2K�iB+Fû?Q
bQ7ir�`m J�iH�#X o TQbH2/Mő Í�biB iûiQ F�TBiQHv D2 Íi2M�Ǽ b2xM�K2M b2 xpH�ȒiMőK ivT2K
+?Qp�Mő T`ɩ?v#m MQbMőFm- ÍőKʈ D2 pxTÿ`X

SQbH2/Mő- Íip`i� F�TBiQH� D2 x�KÿǼ2M� M� TQ`QpM�Mő HBM2�`Mő+? � M2HBM2�`Mő+? KQ/2HɩX
L2HBM2�`Mő KQ/2Hv MQbMőFm DbQm p?Q/Mû p TǼőT�/ÿ- F/v mp�ʈmD2K2 biǼ2/Mÿ p2HFû T`ɩ?v#v
MQbMőFmX E`QKÿ HBM2�`BxQp�Mû?Q ip�`m `QpMB+2 TQTBbmDő+ő T`ɩ?v# M2HBM2�`Mő?Q KQ/2Hm MQb@
MőFm D2 TQmʈBi� B �T`QtBK�+2 xőbF�M� mʈBiőK h�vHQ`Qp� `QxpQD2X CbQm x/2 i2/v mp�ʈQp�Mv
/p� M2HBM2�`Mő KQ/2HvX lʈBiőK BKTH2K2MiQp�Mɷ+? 7mMF+ő p bQ7ir�`m J�iH�# DbK2 M�H2xHB
MmK2`B+Fû Ǽ2Ȓ2Mő /pQm FQMF`ûiMő+? ȹHQ?- T`ɩ?v# Q#Qmbi`�MMÿ TQ/2TǼ2Mû?Q MQbMőFm � MQb@
MőFm b pQHMɷK FQM+2KX L� Q#`�x+ő+? D2 T`Q b`QpM�Mő pvF`2bH2MQ Ǽ2Ȓ2Mő T`Q Q#� ivTv
M2HBM2�`Mő+? KQ/2Hɩ pÍ2iMÿ KQ/2Hm HBM2�`Mő?QX

k



kX P"uÌ1CLú .A61_1L*A�GLŐ _PoLA*1

kX P#vÍ2DMû /B72`2M+B�HMő `QpMB+2
kXRX w�FH�/Mő pH�biMQbiB
o iûiQ F�TBiQH2 bB TǼBTQK2M2K2 x�FH�/Mő TQDKv x i2Q`B2 Q#vÍ2DMɷ+? /B72`2M+B�HMő+? `QpMB+-
xF`�+2Mÿ P._ Ux �M;HX P`/BM�`v .Bz2`2MiB�H 1[m�iBQMbV- Í2`T�MQ x (R)- (k)X L2+?ȣ y(x)
D2 M2xM�K� 7mMF+2- x ∈ I D2 M2x�pBbH2 T`QKÿMM� � y�, ...y(n) DbQm /2`Bp�+2 iûiQ M2xM�Kû
7mMF+2X _QpMB+B

F (x, y, y′, ..., y(n)) = 0, UkXRV
F/2 F D2 /�M� 7mMF+2 n + 2 T`QKÿMMɷ+?- /2}MQp�M� M� MÿD�Fû KMQʈBMÿ G = I × Ω-
F/2 I ⊂ R D2 BMi2`p�H � Ω ⊂ Rn+1- M�xɷp�K2 Q#vÍ2DM� /B72`2M+B�HMő `QpMB+2 n@iû?Q
Ǽ�/mX ǻ�/2K /B72`2M+B�HMő `QpMB+2 UkXRV `QxmKőK2 Ǽ�/ M2DpvȒȒő /2`Bp�+2- Fi2`� b2 p UkXRV
pvbFvimD2X aT2+B�HMÿ- T`Q n = 1- i2/v K�K2 Q#vÍ2DMQm /B72`2M+B�HMő `QpMB+B T`pMő?Q Ǽ�/m

F (x, y, y′) = 0.

ǻ2Ȓ2Mő Q#vÍ2DMû /B72`2M+B�HMő `QpMB+2 n@iû?Q Ǽ�/m ip�`m UkXRV D2 /2}MQp�MQ M�bH2/QpMÿX
.2}MB+2 kXR ǻ2FM2K2- ʈ2 7mMF+2 u(x) D2 Ǽ2Ȓ2MőK `QpMB+2 UkXRV M� BMi2`p�Hm I- D2biHBʈ2
D2 n@F`�i bTQDBiÿ /B72`2M+Qp�i2HM� M� BMi2`p�Hm I � ∀x ∈ I TH�iő

(x, u(x), u′(x), . . . , u(n)) ∈ G, F (x, u, u′, ..., u(n)) = 0.

ǻ2ȒBi /B72`2M+B�HMő `QpMB+B xM�K2M� m`ÍBi pȒ2+?M� D2Dő Ǽ2Ȓ2MőX �H2 M2 F�ʈ/� i�FQp� `Qp@
MB+2 Kmbő #ɷi Ǽ2ȒBi2HM�X JMQʈBMm pȒ2+? Ǽ2Ȓ2Mő M�Ȓő /B72`2M+B�HMő `QpMB+2 UkXRV M�xɷp�K2
Q#2+Mû Ǽ2Ȓ2MőX P#2+Mû Ǽ2Ȓ2Mő Hx2 p MÿFi2`ɷ+? TǼőT�/2+? UM�TǼőFH�/ m HBM2�`Mő+? /B72`2M+B@
�HMő+? `QpMB+V pvD�/ǼBi p2 ip�`m

y = u(x, c1, c2, ..., cn),

F/2 c1- c2, . . . , cn ∈ RX E/vʈ x Q#2+Mû?Q Ǽ2Ȓ2Mő pv#2`2K2 D2/MQ FQMF`ûiMő- M�TǼőFH�/
pQH#Qm FQMbi�Mi c1, c2, . . . , cn- ?QpQǼőK2 Q T�`iBFmH�`MőK Ǽ2Ȓ2MőX S�`iBFmH�`Mő Ǽ2Ȓ2Mő /�Mû
`QpMB+2 Hx2 i�Fû xőbF�i x� TǼ2/TQFH�/m- ʈ2 F `QpMB+B TǼB/�K2 ixpX TQÍ�i2ÍMő M2#Q QF`�DQpû
TQ/KőMFvX S�F ȹHQ?m M�Dői Ǽ2Ȓ2Mő /�Mû `QpMB+2- Fi2`û pv?QpmD2 TǼ2/2Tb�Mû TQÍ�i2ÍMő M2#Q
QF`�DQpû TQ/KőM+2- M�xɷp�K2 TQÍ�i2ÍMő M2#Q QF`�DQpQm ȹHQ?QmX o iûiQ T`�+B b2 #m/2K2
x�#ɷp�i TQmx2 QF`�DQpɷKB ȹHQ?�KBX

kXkX GBM2�`Mő /B72`2M+B�HMő `QpMB+2 � D2DB+? Ǽ2Ȓ2Mő
lp�ʈmDK2 HBM2�`Mő /B72`2M+B�HMő `QpMB+B n@iû?Q Ǽ�/m

an(x)y
(n) + ...+ a2(x)y

′′ + a1(x)y
′ + a0(x)y = b(x), ∀x ∈ I, UkXkV

F/2 an(x), an−1(x), . . . , a1(x) � b(x) DbQm /�Mû bTQDBiû 7mMF+2- an(x) %≡ 0 M� IX hmiQ `QpMB+B
T�F Hx2 i�Fû bi`mÍMÿDB x�Tb�i p2 ip�`m

L(y) = b(x),

F/2
L(y) = an(x)y

(n) + ...+ a2(x)y
′′ + a1(x)y

′ + a0(x)y.

P ip�`m Ǽ2Ȓ2Mő iûiQ `QpMB+2 T�F ?QpQǼő M�bH2/mDő+ő pÿi�X

j



kXkX GAL1�_LŐ .A61_1L*A�GLŐ _PoLA*1 � C1CA*> ǻ1ȑ1LŐ

oÿi� kXR L2+?ȣ 7mMF+2 ak(x)- k = 0, . . . , n � b(x) x `QpMB+2 UkXkV DbQm 7mMF+2 bTQDBiû M�
BMi2`p�Hm IX SQiQK T`Q F�ʈ/û Ǽ2Ȓ2Mő y(x) `QpMB+2 L(y) = b(x) 2tBbimDő `2�HMû FQMbi�Miv
c1, ..., cn i�F- ʈ2

y(x) = c1u1(x) + c2u2(x) + ...+ cnun(x) + yp(x),

F/2 yp(x) D2 HB#QpQHMû UixpX T�`iBFmH�`MőV Ǽ2Ȓ2Mő `QpMB+2 L(y) = b(x) � u1(x), ..., un(x) D2
n@iB+2 HBM2�`Mÿ M2x�pBbHɷ+? Ǽ2Ȓ2Mő ?QKQ;2MMő `QpMB+2

L(y) = 0.

6mMF+B
yh(x) = c1u1(x) + c2u2(x) + ...+ cnun(x)

T�F M�xɷp�K2 Q#2+MɷK Ǽ2Ȓ2MőK TǼőbHmȒMû ?QKQ;2MMő `QpMB+2- i2/v `QpMB+2 UkXRVX

SQFm/ DbQm 7mMF+2 ak(x)- k = 0, . . . , n FQMbi�MiMő- iDX ak(x) = ak, ak ∈ R- an %= 0- D2
`QpMB+2 U2.2V ip�`m

any
(n) + ...+ a2y

′′ + a1y
′ + a0y = b(x), x ∈ I.

o iQKiQ TǼőT�/ÿ ?QpQǼőK2 Q HBM2�`Mő /B72`2M+B�HMő `QpMB+B n@iû?Q Ǽ�/m b FQMbi�MiMőKB
FQ2}+B2MivX
S`Q ?H2/�Mő Ǽ2Ȓ2Mő HBM2�`Mő /B72`2M+B�HMő `QpMB+2 b FQMbi�MiMőKB FQ2}+B2Miv #m/2K2 pvmʈő@
p�i ixpX q`QMbFû?Q K�iB+B- D2Dőʈ /2}MB+B bB MvMő mp2/2K2X

.2}MB+2 kXk L2+?ȣ 7mMF+2 u1(x), ..., un(x) K�Dő bTQDBiû /2`Bp�+2 /Q Ǽ�/m n−1 M� IXoɷ`�x

q[u1, ..., un](x) =





u1(x) u2(x) ... un(x)
u1(x) u′

2(x) ... u′
n(x)

u′′
1(x) u′′

2(x) ... u′′
n(x)XXX XXX XXX XXX

u(n−1)
1 (x) u(n−1)

2 (x) ... u(n−1)
n (x)




UkXjV

b2 M�xɷp� q`QMbFû?Q K�iB+2 7mMF+ő u1(x), ..., un(x)X .2i2`KBM�Mi q`QMbFû?Q K�iB+2 b2
M�xɷp� r`QMbFB�M 7mMF+ő u1(x), ..., un(x)X

P#2+Mû Ǽ2Ȓ2Mő /B72`2M+B�HMő `QpMB+2 UkXkV #m/2K2 B p iQKiQ TǼőT�/ÿ ?H2/�i p2 ip�`m

y(x) = yh(x) + yp(x),

i2/v D�FQ bQmÍ2i Ǽ2Ȓ2Mő yh(x) TǼőbHmȒMû ?QKQ;2MMő `QpMB+2 ip�`m

any
(n) + ...+ a2y

′′ + a1y
′ + a0y = 0, x ∈ I UkX9V

� D2/MQ?Q FQMF`ûiMő?Q T�`iBFmH�`Mő?Q Ǽ2Ȓ2Mő yp(x) /�Mû M2?QKQ;2MMő `QpMB+2 UkXkVX LvMő
b2 TQ/őp�K2 M� FQMF`ûiMő TǼőFH�/v- D�F i�FQpû Ǽ2Ȓ2Mő M�DőiX
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ǻ2Ȓ2Mő ?QKQ;2MMő `QpMB+2
ǻ2Ȓ2Mő ?QKQ;2MMő `QpMB+2 UkX9V #m/2K2 ?H2/�i p2 ip�`m 2tTQM2M+B�HMő 7mMF+2 u(x) = eλxX
ovTQÍi2K2 /2`Bp�+2 7mMF+2 u(x),

u′(x) =λeλx

u′′(x) =λ2eλx

XXX
u(n)(x) =λneλx.

.Qb�x2MőK TǼőbHmȒMɷ+? /2`Bp�+ő /Q `QpMB+2 L(y) = 0 � pv/ÿH2MőK ÍH2M2K eλx xőbF�K2 ixpX
+?�`�Fi2`BbiB+FQm `QpMB+B P (λ) = 0- F/2 P (λ) D2 TQHvMQK ip�`m

P (λ) = anλ
n + an−1λ

n−1 + ...+ a2λ
2 + a1λ+ a0.

C2@HB λ ∈ C FQǼ2M2K TQHvMQKm P (λ)- T�F D2 7mMF+2 u(x) = eλx Ǽ2Ȓ2MőK `QpMB+2 L(y) = 0X
hp�` Q#2+Mû?Q Ǽ2Ȓ2Mő yh(x) `QpMB+2 UkX9V x�pBbő M� FQǼ2M2+? λX C2/MQiHBpû p�`B�Miv Ǽ2Ȓ2Mő
bB mF�ʈ2K2 M� D2/MQ/m+?ɷ+? TǼőFH�/2+?X

C2biHBʈ2

Ç P (λ) K� /p� `ɩxMû `2�HMû FQǼ2Mv λ1,λ2- T�F 7mMF+2 u1(x) = eλ1x- u2(x) = eλ2x DbQm
Ǽ2Ȓ2MőK /�Mû ?QKQ;2MMő `QpMB+2X
SǼőFH�/, D2 /�M� `QpMB+2 2y′′ + 5y′ = 0X SǼőbHmȒMɷ +?�`�Fi2`BbiB+Fɷ TQHvMQK K�
FQǼ2Mv λ1 = 0 � λ2 = −5

2 X P#2+Mû Ǽ2Ȓ2Mő /�Mû `QpMB+2 D2 ip�`m y(x) = c1 + c2e−
5
2x-

c1, c2 ∈ R.

Ç P (λ) K� /pQDM�bQ#Mɷ `2�HMɷ FQǼ2M λ1,2- T�F 7mMF+2 u1(x) = eλ1x � u2(x) = xeλ1x

DbQm Ǽ2Ȓ2MőK /�Mû `QpMB+2X
SǼőFH�/, D2 /�M� `QpMB+2 y′′ − 2y′ + y = 0X SǼőbHmȒMɷ +?�`�Fi2`BbiB+Fɷ TQHvMQK K�
/pQDM�bQ#Mɷ `2�HMɷ FQǼ2M λ1,2 = 1X P#2+Mû Ǽ2Ȓ2Mő /�Mû `QpMB+2 D2 T�F i2/v ip�`m
y(x) = c1ex + c2xex- c1, c2 ∈ RX

Ç P (λ) K� /p� FQKTH2tMÿ b/`mʈ2Mû FQǼ2Mv λ1,2 = u ± iv- T�F DbQm Ǽ2Ȓ2MőK /�Mû
`QpMB+2 7mMF+2 u1(x) = eux +Qb(vx)- u2(x) = eux bBM(vx)X
SǼőFH�/, D2 /�M� `QpMB+2 y′′ + 6y′ + 13y = 0X EQǼ2Mv TǼőbHmȒMû?Q +?�`�Fi2`BbiB+Fû?Q
TQHvMQKm P (λ) DbQm λ1,2 = −3 ± 2iX >H2/�Mû Q#2+Mû Ǽ2Ȓ2Mő /�Mû `QpMB+2 D2 ip�`m
y(x) = c1e−3x +Qb(2x) + c2e−3x bBM(2x)- c1, c2 ∈ RX

Ç P (λ) K� M�bQ#Mû FQKTH2tMÿ b/`mʈ2Mû FQǼ2Mv λ1,2,3,4 = u ± iv- T�F DbQm 7mMF+2
u1(x) = ex +Qb(vx)- u2(x) = ex bBM(vx)- u3(x) = xex +Qb(vx) � u4(x) = xex bBM(vx)-
Ǽ2Ȓ2MőK /�Mû `QpMB+2X
SǼőFH�/, D2 /�M� `QpMB+2 y′′′′+8y′′+16y = 0- D2Dőʈ TǼőbHmȒMɷ +?�`�Fi2`BbiB+Fɷ TQHvMQK
K� FQǼ2Mv λ1,2,3,4 = ±2iX P#2+Mû Ǽ2Ȓ2Mő D2 ip�`m y(x) = c1 +Qb(2x) + c2 bBM(2x) +
c3x +Qb(2x) + c4x bBM(2x)- c1, c2, c3, c4 ∈ RX

S�`iBFmH�`Mő Ǽ2Ȓ2Mő yp(x) `QpMB+2 UkXkV Hx2 M�Dői /pÿK� xTɩbQ#v- Fi2`û bB MvMő TǼBTQK2M2K2X
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ǻ2Ȓ2Mő M2?QKQ;2MMő `QpMB+2 @ K2iQ/� p�`B�+2 FQMbi�Mi
SǼ2/TQFH�/2DK2- ʈ2 DbK2 DBʈ M�H2xHB n@iB+B HBM2�`Mÿ M2x�pBbHɷ+? Ǽ2Ȓ2Mő u1(x), . . . , un(x) TǼő@
bHmȒMû ?QKQ;2MMő HBM2�`Mő /B72`2M+B�HMő `QpMB+2 UkXRVX h2/v D2Dő Q#2+Mû Ǽ2Ȓ2Mő D2 ip�`m
yh(x) = c1u1(x) + · · · + cnun(x)X S�`iBFmH�`Mő Ǽ2Ȓ2Mő M2?QKQ;2MMő `QpMB+2 b T`�pQm bi`�@
MQm b(x) #m/2K2 ?H2/�i p2 ip�`m

yp(x) = c1(x)u1(x) + c2(x)u2(x) + · · ·+ cn(x)un(x), UkX8V
F/2 c1(x), . . . , cn(x) DbQm ixpX p�`B�#BHMő FQMbi�Miv- i2/v 7mMF+2- Fi2`û x�pőbő M� T`Q@

KÿMMû xX .Qb�x2MőK UkX8V /Q `QpMB+2 UkXk V � mʈBiőK q`QMbFû?Q K�iB+2 /Qbi�M2K2 pxi�?
T`Q /2`Bp�+2 p�`B�#BHMő+? FQMbi�Mi

q[u1, ..., un](x).*′(x) = #(x),
F/2 q[u1, ..., un](x) D2 DBʈ xKBƚQp�M� q`QMbFû?Q K�iB+2 M2x�pBbHɷ+? Ǽ2Ȓ2Mő- *′(x) D2 bHQmT@
+Qpɷ p2FiQ` /2`Bp�+ő p�`B�#BHMő+? FQMbi�Mi *′(x) = (c′1(x), . . . , c

′
n(x))

# � M� T`�pû bi`�Mÿ
D2 p2FiQ` #(x) = (0, ...0, b(x))#X

ǻ2Ȓ2Mő M2?QKQ;2MMő `QpMB+2 @ K2iQ/� M2m`ÍBiɷ+? FQ2}+B2Miɩ
J2iQ/� M2m`ÍBiɷ+? FQ2}+B2Miɩ D2 K2iQ/� TQmʈBi2HM� TQmx2 p TǼőT�/ÿ- F/v T`�p� bi`�M�

HBM2�`Mő /B72`2M+B�HMő `QpMB+2 UkXkV D2 bT2+B�HMő?Q ip�`m- FQMF`ûiMÿ,

Ç 2tTQM2M+B�HMő 7mMF+2-

Ç 7mMF+2 ivTm bBM(vx), +Qb(vx)-

Ç 7mMF+2 ivTm eux +Qb(vx), eux bBM(vx)-

Ç TQHvMQK-

TǼőT�/Mÿ MÿD�F� D2DB+? HBM2�`Mő FQK#BM�+2X
S�`iBFmH�`Mő Ǽ2Ȓ2Mő /B72`2M+B�HMő `QpMB+2 UkXkV #m/2K2 ?H2/�i p2 bi2DMûK ip�`m D�FQ D2

T`�p� bi`�M� `QpMB+2X EQMF`ûiMÿ ?H2/�Mû T�`iBFmH�`Mő Ǽ2Ȓ2Mő #m/2K2 mp�ʈQp�i p /�MûK
ip�`m b M2m`ÍBiɷKB UM2xM�KɷKBV FQ2}+B2Miv � /Qb�/őK2 ?Q /Q `QpMB+2 L(y) = b(x)X hőK
xőbF�K2 bQmbi�pm HBM2�`Mő+? `QpMB+- x2 Fi2`ɷ+? DbK2 b+?QTMB xőbF�i FQMF`ûiMő ?Q/MQiv
iÿ+?iQ FQ2}+B2MiɩX

kXjX PF`�DQpû ȹHQ?v � D2DB+? Ǽ2Ȓ2Mő
o iûiQ F�TBiQH2 b2 x�KÿǼőK2 M� QF`�DQpû ȹHQ?v /`m?û?Q Ǽ�/m- pBx (8)X h2/v mp�ʈmDK2
M2?QKQ;2MMő HBM2�`Mő /B72`2M+B�HMő `QpMB+B /`m?û?Q Ǽ�/m b FQMbi�MiMőKB FQ2}+B2Miv p2
ip�`m

a2y
′′(x) + a1y

′(x) + a0y(x) = b(x), x ∈ 〈a, b〉 . UkXeV
"m/2K2 ?H2/�i Ǽ2Ȓ2Mő y(x) /�Mû `QpMB+2- Fi2`û M�pő+ bTHƚmD2 TǼ2/2Tb�Mû QF`�DQpû TQ/@
KőMFv

αy(a) + βy′(a) = y0, UkXdV
γy(b) + δy′(b) = y1, UkX3V

e
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F/2 ya, yb DbQm /�Mû ?Q/MQiv Ǽ2Ȓ2Mő p F`�DMő+? #Q/2+? BMi2`p�Hm 〈a, b〉 � α, β, γ, δ DbQm
`2�HM� ÍőbH�- T`Q Fi2`� TH�iő

|α|+ |β| %= 0,

|γ|+ |δ| %= 0.

.2}MB+2 kXj ȸHQ?m M�Dői 7mMF+B y(x) pv?QpmDő+ő `QpMB+B UkXeV � bTHƚmDő+ő QF`�DQpû TQ/@
KőMFv UkXdV- UkX3V- M�xɷp�K2 QF`�DQpQm ȹHQ?QmX C2biHBʈ2 ya = yb = 0- T�F ?QpQǼőK2
Q ?QKQ;2MMő+? QF`�DQpɷ+? TQ/KőMF�+?- p QT�ÍMûK TǼőT�/ÿ ?QpQǼőK2 Q M2?QKQ;2MMő+?
QF`�DQpɷ+? TQ/KőMF�+?X

_QxHBȒmD2K2 iǼB ivTv bT2+B�HMő+? TǼőT�/ɩ QF`�DQpɷ+? TQ/KőM2FX hőK T`pMőK DbQm ixpX
.B`B+?H2iQpv TQ/KőMFv- M2#Q@HB TQ/KőMFv RX /`m?m- Fi2`û K�Dő ip�`

y(a) = ya, y(b) = yb.

.`m?ɷK ivT2K DbQm L2mK�MMQpv TQ/KőMFv- ixpX TQ/KőMFv kX/`m?m- Fi2`û DbQm ip�`m

y′(a) = ya, y′(b) = yb.

SQbH2/MőK- iǼ2iőK bT2+B�HMőK TǼőT�/2K QF`�DQpɷ+? TQ/KőM2F DbQm L2riQMQpv TQ/@
KőMFv- p HBi2`�imǼ2 #ɷp�Dő QxM�ÍQp�Mv D�FQ Q#2+Mû QF`�DQpû TQ/KőMFv ip�`m

αy(a) + βy′(a) = ya,

γy(b) + δy′(b) = yb.

P#iőʈMQbi bim/B� QF`�DQpɷ+? ȹHQ? bTQÍőp� x2DKûM� p D2DB+? M2HQF�HMQbiBX S`Q QF`�DQpû
ȹHQ?v M�TǼőFH�/ M2TH�iő �M�HQ;B2 SB+F�`/Qpv pÿiv Q D2/MQxM�ÍMQbiB TQÍ�i2ÍMő ȹHQ?v- D�F
Kɩʈ2K2 pB/ÿi p M�bH2/mDő+őK TǼőFH�/mX

SǼőFH�/ kXR lp�ʈmDK2 HBM2�`Mő /B72`2M+B�HMő `QpMB+B /`m?û?Q Ǽ�/m

y′′ + 4y = 0. UkXNV

SQ/H2 SB+�`/Qpv pÿiv K� F�ʈ/� TQÍ�i2ÍMő ȹHQ?� T`Q imiQ `QpMB+B T`�pÿ D2/MQ Ǽ2Ȓ2MőX SQFm/
pȒ�F #m/2K2 mp�ʈQp�i b `QpMB+ő UkXNV QF`�DQpû TQ/KőMFv- T�F Kɩʈ2K2 Kői QF`�DQpû ȹHQ?v-
Fi2`û DbQm D2/MQxM�ÍMÿ Ǽ2ȒBi2HMû- �H2 B i�FQpû- Fi2`û K�Dő M2FQM2ÍMÿ KMQ?Q Ǽ2Ȓ2Mő- `2bTX
pɩ#2+ Ǽ2Ȓ2Mő M2K�DőX P#2+Mû Ǽ2Ȓ2Mő /�Mû `QpMB+2 UkXNV D2 ip�`m

y(x) = c1 +Qb(2x) + c2 bBM(2x),

F/2 c1, c2 ∈ RX
�V lp�ʈmDK2 MvMő QF`�DQpû TQ/KőMFv ip�`m

y(0) = 0, y
(π
4

)
= 1.

SQ /Qb�x2Mő QF`�DQpɷ+? TQ/KőM2F /Qbi�p�K2

y(0) = 0 : c1 +Qb 0 + c2 bBM 0 = 0,

y
(π
4

)
= 1 : c1 +Qb π

2
+ c2 bBM π

2
= 1.

d
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ovǼ2Ȓ2MőK iûiQ bQmbi�pv HBM2�`Mő+? `QpMB+ /Qbi�p�K2 c1 = 0, c2 = 1. h2/v Ǽ2Ȓ2Mő `QpMB+2
pv?QpmDő+ő /�MɷK QF`�DQpɷK TQ/KőMF�K D2 ip�`m

y(x) = bBM(2x),

+Qʈ D2 D2/BMû Ǽ2Ȓ2MőX
#V o TǼőT�/ÿ- ʈ2 DbQm /�Mv QF`�DQpû TQ/KőMFv ip�`m

y(0) = 0, y
(π
2

)
= 0,

/Qbi�p�K2 TQ /Qb�x2Mő bQmbi�pm HBM2�`Mő+? `QpMB+

y(0) = 0 : c1 +Qb 0 + c2 bBM 0 = 0,

y
(π
2

)
= 0 : c1 +Qb π + c2 bBM π = 0.

h�iQ bQmbi�p� �H2 K� M2FQM2ÍMÿ KMQ?Q Ǽ2Ȓ2Mő- i2/v 2tBbimD2 M2FQM2ÍMÿ KMQ?Q Ǽ2Ȓ2Mő /�Mû
`QpMB+2 UkXNV bTHƚmDő+ő iviQ TǼ2/2Tb�Mû QF`�DQpû TQ/KőMFvX
+V CbQm@HB /�Mv QF`�DQpû TQ/KőMFv ip�`m

y(0) = 0, y
(π
2

)
= 1,

/Qbi�M2K2 TQ /Qb�x2Mő bQmbi�pm HBM2�`Mő+? `QpMB+

y(0) = 0 : c1 +Qb 0 + c2 bBM 0 = 0,

y
(π
2

)
= 1 : c1 +Qb π + c2 bBM π = 1.

h�iQ bQmbi�p� �H2 M2K� ʈ�/Mû Ǽ2Ȓ2Mő- T`QiQ �MB QF`�DQp� ȹHQ?� b iÿKBiQ TQ/KőMF�KB T`Q
`QpMB+B UkXNV M2K� Ǽ2Ȓ2MőX

Pi�xFv iɷF�Dő+ő b2 Ǽ2ȒBi2HMQbiB Q#2+Mɷ+? HBM2�`Mő+? QF`�DQpɷ+? ȹHQ? Kɩʈ2K2 M�Hûxi M�TǼX
p (j)X w/2 Kɩʈ2K2 M�Hûxi MmiMQm � TQbi�ÍmDő+ő TQ/KőMFm T`Q D2/MQxM�ÍMQm Ǽ2ȒBi2HMQbi
/pQm#Q/Qpû QF`�DQpû ȹHQ?v T`Q HBM2�`Mő bvbiûK U+Qʈ D2 xQ#2+MÿMő M�Ȓő QF`�DQpû ȹHQ?v
UkXeV@UkX3VVX lp�ʈmDK2 MvMő QF`�DQpQm ȹHQ?m T`Q bQmbi�pm HBM2�`Mő+? `QpMB+ p2 ip�`m

v′ = A(x)v + #(x), UkXRyV
A1v(a) + A2v(b) = +, UkXRRV

F/2 A(x) D2 K�iB+Qp� 7mMF+2 n× n- #(x) D2 n@`QxKÿ`M� p2FiQ`Qp� 7mMF+2- TǼBÍ2Kʈ T`pFv
A(x) � #(x) DbQm bTQDBiû 7mMF+2 M� BMi2`p�Hm 〈a, b〉X A1, A2 DbQm `2�HMû K�iB+2 n × n � +
D2 n@`QxKÿ`Mɷ p2FiQ` `2�HMɷ+? Íőb2HX ǻ2Ȓ2MőK QF`�DQpû ȹHQ?v UkXRyV- UkXRRV T�F `QxmKőK2
n@`QxKÿ`MQm bTQDBiÿ /B72`2M+Qp�i2HMQm p2FiQ`QpQm 7mMF+B v : 〈a, b〉 → Rn- Fi2`� pv?QpmD2
bvbiûKm UkXRyV ∀x ∈ 〈a, b〉 � bTHƚmD2 QF`�DQpû TQ/KőMFv UkXRRVX
aTQHm b QF`�DQpQm ȹHQ?Qm UkXRyV- UkXRRV #m/2K2 mp�ʈQp�i Q/TQpő/�Dő+ő ?QKQ;2MMő ȹHQ?m

v′ = A(x)v UkXRkV
A1v(a) + A2v(b) = y. UkXRjV

3
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oÿi� kXk U1tBbi2M+2 � D2/MQxM�ÍMQbiV(j)
S`Q D2/MQxM�ÍMQm Ǽ2ȒBi2HMQbi ȹHQ?v UkXRyV-UkXRRV D2 MmiMû � bi�Íő- �#v Q/TQpő/�Dő+ő ?Q@
KQ;2MMő ȹHQ?� UkXRkV-UkXRjV KÿH� TQmx2 i`BpB�HMő UMmHQpûV Ǽ2Ȓ2Mő- iDX �#v #vH� bTHMÿM�
TQ/KőMF�

det(A1Y (a) + A2Y (b)) %= 0

F/2 Y D2 7mM/�K2Mi�HMő K�iB+2 bvbiûKm UkXRyVX

S`Q M�KB mp�ʈQp�MQm QF`�DQpQm ȹHQ?m UkXeV @ UkX3V #v FQ2}+B2Miv bQmbi�pv UkXRyV #vHv p2
ip�`m

A(x) =

(
0 1

−a0
a2

a1
a2

)
, b(x) =

(
0

b(x)
a2

)

� QF`�DQpû TQ/KőMFv T�F

A1 =

(
α β
0 0

)
, A2 =

(
0 0
γ δ

)
, + =

(
y0
y1

)
.

SQKQ+ő pÿiv kXk Hx2 mF�x�i D2/MQxM�ÍMQm Ǽ2ȒBi2HMQbi HBM2�`Mő+? QF`�DQpɷ+? ȹHQ? mp�ʈQ@
p�Mɷ+? p F�TBiQH2 j Up2 bim/Qp�Mɷ+? KQ/2H2+? DB K�K2 i�Fû x�`mÍ2MQm TǼőKɷK pɷTQÍi2K
Ǽ2Ȓ2MőVX

N



jX �M�HviB+Fû Ǽ2Ȓ2Mő T`ɩ?v#ɩ
MQbMőFm

o2HFû KMQʈbipő BMʈ2Mɷ`bFɷ+? �THBF�+ő D2 FQMbi`mQp�MQ TQKQ+ő ixpX MQbMőFɩX C2/M� b2 Q MQb@
MQm Í�bi FQMbi`mF+2- Fi2`� bHQmʈő F TǼ2MQbm bBHX o iûiQ T`�+B #m/2K2 mp�ʈQp�i ?QKQ;2MMő
MQbMőF /ûHFv LX >QKQ;2MMőK MQbMőF2K `QxmKőK2 MQbMőF b2 bi2DMɷKB T`ɩǼ2xv TQ +2Hû D2?Q
/ûH+2X
w /ɩpQ/ɩ pH�biMő p�?v MQbMőFm- M2#Q i�Fû /őFv TɩbQ#2Mő MÿD�Fû pMÿDȒő bőHv- /Q+?�xő F T`ɩ@
?v#m MQbMőFm- TǼ2p�ʈMÿ F Q?v#mX E�ʈ/ɷ i�FQpɷ T`ɩ?v# Hx2 TQTb�i /B72`2M+B�HMő `QpMB+ő 2.
TǼőT�/Mÿ 4. Ǽ�/mX P#`�xFv mp2/2Mû p iûiQ F�TBiQH2 DbQm Í2`T�Mv x (e)X

P#`�x2F jXR, LQbMőF � D2?Q biǼ2/MB+2
L� Q#`�xFm jXR Kɩʈ2K2 pB/ÿi TǼőFH�/ ?QKQ;2MMő?Q MQbMőFm b QbQm bvK2i`B2 UbiǼ2/MB+2
MQbMőFmV- Fi2`� M�b TǼB pɷTQÍi2+? x�FǼBp2Mő #m/2 x�DőK�i M2Dpő+2X
�#v+?QK �H2 KQ?HB M�Hûxi T`ɩ?v# MQbMőFm D�FQʈiQ T�`iBFmH�`Mő Ǽ2Ȓ2Mő TǼőbHmȒMû /B72`2M+B@
�HMő `QpMB+2- D2 TQiǼ2#� ȹHQ?m TǼ2pûbi M� QF`�DQpQm ȹHQ?v- � i2/v TǼB/�i F /�Mû /B72`2M+B�HMő
`QpMB+B B QF`�DQpû TQ/KőMFvX hv x�pBbő TQmx2 M� ivTm mHQʈ2Mő MQbMőFmX SQ/őp2DK2 b2 i2/v
MvMő FQMF`ûiMÿ M� D2/MQiHBpû TǼőT�/v mHQʈ2MőX

P#`�x2F jXk, o2iFMmiɷ M� Q#Qm FQM+ő+?

S`pMő TǼőT�/ mHQʈ2Mő MQbMőFm D2 p2iFMmiő Q#Qm D2?Q FQM+ɩ- pBx Q#`�x2F jXkX S`Q i�FQpɷiQ
ivT MQbMőFm TǼ2/2TBbmD2K2 QF`�DQpû TQ/KőMFv ip�`m

y(0) = 0 y′(0) = 0,

y(L) = 0 y′(L) = 0.

Ry



jX �L�GuhA*Eú ǻ1ȑ1LŐ S_ɨ>u"ɨ LPaLŐEl

SQFm/ D2 p QF`�DQpû TQ/KőM+2 TǼ2/2Tb�M� 7mMFÍMő ?Q/MQi� p #Q/ÿ- xM�Íő iQ MmHQpɷ- i2/v
ʈ�/Mɷ- T`ɩ?v# p iQKiQ #Q/ÿX S`pMő /2`Bp�+2 p QF`�DQpû TQ/KőM+2 T�F xM�K2M� MmHQpû
TQQiQÍ2Mő p #Q/ÿX hÿKiQ /pÿK� ivTɩK QF`�DQpɷ+? TQ/KőM2F b2 ǼőF� /27Q`K�ÍMő QF`�DQpû
TQ/KőMFvX

P#`�x2F jXj, o2iFMmiɷ M� D2/MQK FQM+B

L� Q#`�xFm jXj Kɩʈ2K2 pB/ÿi MQbMőF- D2?Qʈ H2pɷ FQM2+ D2 p2iFMmiɷ � T`�pɷ pQHMɷX o i�@
FQpûKiQ TǼőT�/ÿ T`Q x = 0 DbQm TǼ2/2Tb�Mv iviQ QF`�DQpû TQ/KőMFv

y(0) = 0 y′(0) = 0.

o #Q/ÿ x = L T�F TQ/KőMFv ip�`m

y′′(L) = 0 y′′′(L) = 0.

C�F Kɩʈ2K2 pB/ÿi- pvbFvimDő b2 M�K x/2 B /`m?û � iǼ2iő /2`Bp�+2X .`m?� /2`Bp�+2 xM�Íő Mm@
HQpɷ Q?v#Qpɷ KQK2Mi p #Q/ÿ- � iǼ2iő /2`Bp�+2 MmHQpQm TQbQmp�Dő+ő bőHm p #Q/ÿX h�FQpɷKiQ
TQ/KőMF�K b2 Q#2+Mÿ ǼőF� bBHQpû QF`�DQpû TQ/KőMFvX

P#`�x2F jX9, SQ/2TǼ2Mɷ M� Q#Qm FQM+ő+?

.�HȒőK ivT2K m+?v+2Mő D2 ixpX TQ/2TǼ2Mő M� Q#Qm FQM+ő+?- pBx Q#`�x2F jX9X o iQKiQ
TǼőT�/ÿ DbQm TǼ2/2Tb�Mv iviQ QF`�DQpû TQ/KőMFv

y(0) = 0 y′′(0) = 0,

y(L) = 0 y′′(L) = 0.

.�H2 b2 i�Fû b�KQxǼ2DKÿ Kɩʈ2K2 b2iF�i b `ɩxMɷKB FQK#BM�+2KB m+?v+2Mő MQbMőFmX
L�TǼőFH�/ H2pɷ FQM2+ #m/2 p2iFMmiɷ � /`m?ɷ TQ/2TǼ2MɷX

jXRX J�i2K�iB+Fɷ TQTBb x�FǼBp2Mő
LvMő b2 TQ/őp�K2 M� K�i2K�iB+Fɷ TQTBb x�FǼBp2Mő biǼ2/MB+2 MQbMőFmX S`Q M�xQ`MÿDȒő pv@
bpÿiH2Mő Db2K TQmʈBH� Q#`�x2F jX8 x HBi2`�im`v (9)- p2 Fi2`ûK Db2K T`Q H2TȒő Q`B2Mi�+B mT`�@
pBH� QxM�Í2Mő QbX "m/2K2 mp�ʈQp�i Qbm x iQiQʈMQm b2 biǼ2/MB+ő MQbMőFm- pBx Q#`�x2F jXR-
� Qbm y i�FQpQm- ʈ2 pɷ+?vHF� y(r) KÿǼ2M� Q/ Qbv x D2 FH�/M�- TQFm/ ǲFH2b�ǴX

S`Q M�Ȓ2 pɷTQÍiv #m/2K2 mp�ʈQp�i TQmx2 TǼőT�/v- F/v bőH� TɩbQ#ő p `QpBMÿ xyX h2/v
M2#m/2K2 mp�ʈQp�i pv+?ɷH2Mő biǼ2/MB+2 MQbMőFm TQ/ûH Qbv zX

RR



jXRX J�h1J�hA*Eɶ SPSAa w�EǻAo1LŐ

P#`�x2F jX8, T`ɩ?v# MQbMőFm

P#`�x2F jXe, QbFmH�ÍMő F`mʈMB+2

w Q#`�xFm jXe D2 T�i`Mû- ʈ2 TQTBb T`ɩ?v#m biǼ2/MB+2 MQbMőFm #m/2 TQTBbQp�i ixpX FǼBpQbi
1
r - F/2 r D2 TQHQKÿ` QbFmH�ÍMő F`mʈMB+2 Q?v#Qpû Í�`vX h� D2 /2}MQp�M� pxi�?2K

1

r
=

M

EJ
, UjXRV

F/2 M D2 Q?v#Qpɷ KQK2Mi p #Q/ÿ x- E D2 KQ/mH T`mʈMQbiB p i�?m � J D2 KQK2Mi
b2i`p�ÍMQbiB T`ɩǼ2xm p #Q/ÿ xX L�ȒőK ȹFQH2K D2 i2/v M�Hûxi �M�HviB+Fɷ ip�` FǼBpQbiBX
w /B72`2M+B�HMő ;2QK2i`B2 D2 DBʈ xM�K pxi�? T`Q FǼBpQbi `QpBMMû FǼBpFv- Fi2`ɷ D2 TQTb�M
M�bH2/mDő+ő `QpMB+ő

1

r
=

±d2y

dx2

(
1 +

(
dy

dx

)2
) 3

2

,

Rk



jX �L�GuhA*Eú ǻ1ȑ1LŐ S_ɨ>u"ɨ LPaLŐEl

+Qʈ Hx2 x�Tb�i B i�FiQ

1

r
=

±y′′

(
1 + (y′)2

) 3
2

, UjXkV

F/2 y xM�Íő TQbmp #Q/m biǼ2/MB+2 p2 bKÿ`m Qbv yX w `QpMB+ UjXRV � UjXkV xőbF�K2 pxi�?

±y′′

(
1 + (y′)2

) 3
2

=
M

EJ
.

SQFm/ #m/2K2 mp�ʈQp�i /HQm?ɷ Ȓiő?Hɷ MQbMőF- i2/v MQbMőF- D2?Qʈ /ûHF� D2 pɷ`�xMÿ
pÿiȒő M2ʈ x#vHû `QxKÿ`v MQbMőFm- Kɩʈ2K2 KHmpBi Q i�Fxp�MûK 1mH2`@"2`MQmHHB?Q MQbMőFmX
h2MiQ KQ/2H MQbMőF D2 �bB M2DxM�KMÿDȒőK MQbMőF2K pɩ#2+- TQDK2MQp�M D2 TQ/H2 �miQ`ɩ
KQ/2Hm G2QM?�`/� 1mH2`� � .�MB2H� "2`MQmHHB?QX S`Q i2MiQ ivT MQbMőFm TH�iő- ʈ2 T`ɩ?v#
D2 pɷ`�xMÿ K2MȒő M2ʈ b�KQiMû `QxKÿ`v MQbMőFm- � i2/v Kɩʈ2K2 Ǽő+i- ʈ2 y′ ≈ 0X w iQ?Q
THvM2 (

1 + (y′)2
) 3

2 ≈ 1.

� i2/v T`Q K�Hû /27Q`K�+2 Kɩʈ2K2 pxi�? T`Q T`ɩ?v# M�Tb�i p2 ip�`m HBM2�`Mő /B72`2M+B�HMő
`QpMB+2 /`m?û?Q Ǽ�/m,

y′′ = ± M

EJ
.

C2/M� b2 i2/v Q ixpX HBM2�`Mő KQ/2HX h2M TQmʈőp�K2 p TǼőT�/ÿ- F/v DbQm bTHMÿMv M�@
bH2/mDő+ő TǼ2/TQFH�/v

Ç T`ɩ?v#v m Q?v#m DbQm p2HKB K�Hû

Ç K�i2`B�H D2 >QQF2QpbFɷ

Ç M�K�?�Mő D2 D2/MQ/m+?û

Ç pv+?�xő b2 x T`pFm mpQHMÿMûK p M2/27Q`KQp�MûK bi�pm

SQTBb /B72`2M+B�HMő `QpMB+ő 9X Ǽ�/m
LvMő b2 TQ/őp�K2 M� TQTBb T`ɩ?v#m MQbMőFm /B72`2M+B�HMő `QpMB+ő Íip`iû?Q Ǽ�/mX _QpMB+B
T`Q T`ɩ?v# biǼ2/MB+2 b2 TQFmbőK2 Q/pQ/Bi i`Q+?m DBMɷK xTɩbQ#2K- M2ʈ DbK2 TQmʈBHB pɷȒ2
T`Q `QpMB+B /`m?û?Q Ǽ�/mX
w 7vxBF�HMő+? x�FQMɩ TǼ2/TQFH�/�K2- ʈ2 T`Q /27Q`K�+B MQbMőFm TH�iő >QQF2ɩp x�FQM

M(x) = EJk, UjXjV
F/2 k D2 /27Q`K�+2 p Q?v#m- /�M� pxi�?2K

k =
y′′

(
1 + (y′)2

) 3
2

. UjX9V

hQ D2 �M�HQ;B2 iQ?Q- +Q DbK2 Ǽ2ȒBHB TǼB Q/pQxQp�Mő /B72`2M+B�HMő `QpMB+2 /`m?û?Q Ǽ�/m- T`QiQ
Kɩʈ2K2 Ǽő+B- ʈ2 T`Q K�Hû /27Q`K�+2

(
1 + (y′)2

) 3
2 ≈ 1. UjX8V

Rj



jXkX P"Plah_�LLþ o1hELlhɶ LPaLŐE

w�`Qp2ƚ x i2Q`B2 T`mʈMQbiB TH�iő pxi�?

d2M

dx2
= −q,

F/2 q D2 HBMBQpû x�iőʈ2MőX SQmʈBiőK pxi�?ɩ UjXjV- UjX9V � UjX8V M�bH2/Mÿ /Qbi�M2K2 `QpMB+B

d2

dx2
(EJy′′) = −q.

.�H2 #m/2K2 mp�ʈQp�i- ʈ2 E � J DbQm FQMbi�Miv- +Qʈ M�bH2/Mÿ /�p� pxi�?

EJ
d2

dx2
(y′′) = −q,

+Qʈ Hx2 i�Fû Tb�i p2 ip�`m

EJ
d4y

dx4
= −q,

iQ D2 HBM2�`Mő /B72`2M+B�HMő `QpMB+2 Íip`iû?Q Ǽ�/m T`Q T`ɩ?v# MQbMőFm- TǼ2bMÿDB Ǽ2Í2MQ T`Q
D2?Q biǼ2/MB+BX
o M�bH2/mDő+? F�TBiQH�+? b2 TQ/őp�K2 M� D2/MQiHBpû ivTv MQbMőFɩ b Q?H2/2K M� D2DB+?
mT2pMÿMő M� QF`�Dő+?X

jXkX P#Qmbi`�MMÿ p2iFMmiɷ MQbMőF
o iûiQ Í�biB T`�+2 #m/2K2 mp�ʈQp�i MQbMőF- Fi2`ɷ D2 M� Q#Qm FQM+ő+? p2iFMmiɷX
SǼőFH�/ jXR
lp�ʈmDK2 Q#Qmbi`�MMÿ p2iFMmiɷ MQbMőF- M� Fi2`ɷ TɩbQ#ő HBMBQpû x�iőʈ2Mő q- pBx Q#`�x2F jXdX

P#`�x2F jXd, P#� FQM+2 p2iFMmiû @ HBMBQpû x�iőʈ2Mő
SǼBiQK #m/2K2 mp�ʈQp�i /B72`2M+B�HMő `QpMB+B Íip`iû?Q Ǽ�/m

EJy′′′′ = −q, UjXeV
b Q?H2/2K M� p2iFMmiû QF`�D2 mp�ʈmD2K2 QF`�DQpû TQ/KőMFv ip�`m

y(0) = 0, y′(0) = 0,

y(L) = 0, y′(L) = 0. UjXdV

R9



jX �L�GuhA*Eú ǻ1ȑ1LŐ S_ɨ>u"ɨ LPaLŐEl

SǼB ?H2/�Mő Ǽ2Ȓ2Mő #m/2K2 M2DT`p2 TQbimTQp�i b Q?H2/2K M� i2Q`BB TQTb�MQm p2 /`m?û
F�TBiQH2X _QpMB+B UjXeV Hx2 x�Tb�i p2 ip�`m

y′′′′ = − q

EJ
. UjX3V

*?�`�Fi2`BbiB+Fɷ TQHvMQK TǼőbHmȒMû ?QKQ;2MMő /B72`2M+B�HMő `QpMB+2 K� D2/2M ÍivǼM�bQ#Mɷ
`2�HMɷ FQǼ2M λ1,2,3,4 = 0X S`QiQ #m/2 Q#2+Mû Ǽ2Ȓ2Mő TǼőbHmȒMû ?QKQ;2MMő `QpMB+2 p2 ip�`m

yh(x) = c1x
3 + c2x

2 + c3x+ c4. UjXNV

LvMő #m/2K2 ?H2/�i T�`iBFmH�`Mő Ǽ2Ȓ2Mő M2?QKQ;2MMő `QpMB+2 UjX3VX S`QiQʈ2 M� T`�pû
bi`�Mÿ iûiQ `QpMB+2 D2 FQMbi�Mi� � /B72`2M+B�HMő `QpMB+2 D2 Íip`iû?Q Ǽ�/m- D2 T�`iBFmH�`Mő
Ǽ2Ȓ2Mő ip�`m

yp(x) = − qx4

24EJ
. UjXRyV

P#2+Mû Ǽ2Ȓ2Mő /�Mû `QpMB+2 xőbF�K2 D�FQ bQmÍ2i Q#2+Mû?Q Ǽ2Ȓ2Mő UjXNV TǼőbHmȒMû T�`iBFm@
H�`Mő `QpMB+2 � T�`iBFmH�`Mő?Q Ǽ2Ȓ2Mő UjXRyV,

y(x) = − qx4

24EJ
+ c1x

3 + c2x
2 + c3x+ c4,

F/2 c1- c2- c3 � c4 DbQm `2�HMû FQMbi�MivX hviQ FQMbi�Miv MvMő m`ÍőK2 TQKQ+ő TǼ2/2Tb�Mɷ+?
QF`�DQpɷ+? TQ/KőM2FX S`Q iviQ ȹÍ2Hv bB M2DT`p2 pvD�/ǼőK2 T`pMő /2`Bp�+B Ǽ2Ȓ2Mő

y′(x) = − qx3

6EJ
+ 3c1x

2 + 2c2x+ c3.

SQ /Qb�x2Mő /Q QF`�DQpɷ+? TQ/KőM2F /Qbi�M2K2

y(0) = 0 : c4 = 0,

y′(0) = 0 : c3 = 0,

y(L) = 0 : − qL4

24EJ
+ c1L

3 + c2L
2 + c3L+ c4 = 0,

y′(L) = 0 : − qL3

6EJ
+ 3c1L

2 + 2c2L+ c3 = 0.

ovǼ2Ȓ2MőK iûiQ bQmbi�pv `QpMB+ /Qbi�M2K2

c1 =
qL2

12EJ
, c2 = − qL2

24EJ
, c3 = 0, c4 = 0.

ǻ2Ȓ2Mő /�Mû `QpMB+2 UjXeV bTHƚmDő+ő TǼ2/2Tb�Mû QF`�DQpû TQ/KőMFv UjXdV D2 i2/v 7mMF+2
ip�`m

y(x) = − qx4

24EJ
+

qLx3

12EJ
− qL2x2

24EJ
,

+Qʈ Hx2 D2Ȓiÿ mT`�pBi
y(x) = − qx2

24EJ

(
x2 − 2xL2 + L2

)
. UjXRRV

R8



jXkX P"Plah_�LLþ o1hELlhɶ LPaLŐE

.B72`2M+B�HMő `QpMB+2 TQTBbmDő+ő T`ɩ?v# MQbMőFm D2 QpȒ2K M�iQHBF D2/MQ/m+?�- ʈ2 F ip�`m
Q#2+Mû?Q Ǽ2Ȓ2Mő Hx2 /QDői M�bH2/mDő+őK- D2/MQ/mȒȒőK- xTɩbQ#2KX � bB+2- /�MQm `QpMB+B UjXeV
ÍivǼBF`�i TQbimTMÿ xBMi2;`mD2K2,

EJy′′′(x) = −qx+ c1,

EJy′′(x) = −qx2

2
+ c1x+ c2,

EJy′(x) = −qx3

6
+

c1x2

2
+ c2x+ c3,

EJy(x) = −qx4

24
+

c1x3

6
+

c2x2

2
+ c3x+ c4.

SQ /Qb�x2Mő QF`�DQpɷ+? TQ/KőM2F /Qbi�p�K2

y(0) = 0 : c4 = 0,

y′(0) = 0 : c3 = 0,

y(L) = 0 :
1

EJ

(
−qL4

24
+

c1L3

6
+

c2L2

2

)
= 0,

y′(L) = 0 :
1

EJ

(
−qL3

6
+

c1L2

2
+ c2L

)
= 0.

SQ pvǼ2Ȓ2Mő /Qbi�p�K2

c1 =
qL

2
, c2 = −qL2

12
, c3 = 0, c4 = 0.

P#`�x2F jX3, �M�HviB+Fû Ǽ2Ȓ2Mő TǼőFH�/m jXR
P#2+Mû Ǽ2Ȓ2Mő /�Mû /B72`2M+B�HMő `QpMB+2 D2 i2/v

y(x) =
1

EJ

(
−qx4

24
+

qLx3

12
− qL2x2

24

)
= − qx2

24EJ

(
x2 − 2xL2 + L2

)
,

Re



jX �L�GuhA*Eú ǻ1ȑ1LŐ S_ɨ>u"ɨ LPaLŐEl

+Qʈ D2 b?Q/Mû b Ǽ2Ȓ2MőK UjXRRV- Fi2`û DbK2 xőbF�HB K2iQ/Qm M2m`ÍBiɷ+? FQ2}+B2MiɩX S`Q
M�xQ`MQbi D2 �M�HviB+Fû Ǽ2Ȓ2Mő pvF`2bH2MQ M� Q#`�xFm jX3 TQKQ+ő bQ7ir�`m J�iH�#- TǼBÍ2Kʈ
DbK2 xpQHBHB iviQ ?Q/MQiv pbimTMő+? T�`�K2i`ɩ q = 20N/m- L = 1m � EJ = 1X S`Q i�FiQ
xpQH2Mû ?Q/MQiv D2 Ǽ2Ȓ2Mő ip�`m

y(x) = −5x2

6

(
x2 − 2x+ 1

)
.

SǼőFH�/ jXk
LvMő #m/2K2 mp�ʈQp�i QTÿi Q#Qmbi`�MMÿ p2iFMmiɷ MQbMőF- i2MiQF`�i QpȒ2K b HBMBQpɷK
x�iőʈ2MőK- Fi2`û M2#m/2 FQMbi�MiMő- Mɷ#`ʈ #m/2 TQTb�MQ HBM2�`Mő 7mMF+ő- pBx Q#`�x2F jXNX

P#`�x2F jXN, P#� FQM+2 p2iFMmiû @ HBMBQpû x�iőʈ2Mő
.B72`2M+B�HMő `QpMB+2 T`Q T`ɩ?v# MQbMőFm D2 i2/v MvMő ip�`m

EJy′′′′ = −q0x

L
, UjXRkV

� b Q?H2/2K M� p2iFMmiû FQM+2 MQbMőFm K�K2 iviûʈ QF`�DQpû TQ/KőMFv D�FQ p TǼ2/+?QxőK
TǼőFH�/m,

y(0) = 0, y′(0) = 0,

y(L) = 0, y′(L) = 0.

ǻ2Ȓ2Mő MvMő M�H2xM2K2 mʈBiőK TQbimTMû?Q BMi2;`Qp�Mő /�Mû `QpMB+2,

EJy′′′(x) = −q0x2

2L
+ c1,

EJy′′(x) = −q0x3

6L
+ c1x+ c2,

EJy′(x) = −q0x4

24L
+

c1x2

2
+ c2x+ c3,

EJy(x) = − q0x5

120L
+

c1x3

6
+

c2x2

2
+ c3x+ c4.

SQ /Qb�x2Mő QF`�DQpɷ+? TQ/KőM2F xőbF�K2 bQmbi�pm `QpMB+ T`Q M2xM�Kû FQMbi�Miv,
y(0) = 0 : c4 = 0,

y′(0) = 0 : c3 = 0,

y(L) = 0 :
1

EJ

(
− q0L5

120L
+

c1L3

6
+

c2L2

2
+ c3L+ c4

)
= 0,

y′(L) = 0 :
1

EJ

(
−q0L4

24L
+

c1L2

2
+ c2L+ c3

)
= 0.

Rd
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ovǼ2Ȓ2MőK iûiQ bQmbi�pv /Qbi�M2K2

c1 =
3q0L

20
, c2 = −q0L2

30
, c3 = 0, c4 = 0.

h2/v Q#2+Mû Ǽ2Ȓ2Mő /�Mû `QpMB+2 UjXRkV bTHƚmDő+ő TǼ2/2Tb�Mû QF`�DQpû TQ/KőMFv D2 ip�`m

y(x) =
1

EJ

(
− q0x5

120L
+

3q0Lx3

120
− q0L2x2

60

)
,

+Qʈ Hx2 D2Ȓiÿ mT`�pBi
y(x) =

−q0x2

120LEJ

(
x3 − 3L2x+ 2L3

)
.

S`Q M�xQ`MQbi D2 �M�HviB+Fû Ǽ2Ȓ2Mő pvF`2bH2MQ M� Q#`�xFm jXRy TQKQ+ő bQ7ir�`m J�iH�#-
TǼBÍ2Kʈ DbK2 xpQHBHB iviQ ?Q/MQiv pbimTMő+? T�`�K2i`ɩ q0 = 20N/m- L = 1m � EJ = 1X
S`Q i�FiQ xpQH2Mû ?Q/MQiv D2 Ǽ2Ȓ2Mő ip�`m

y(x) = −x2

6

(
x3 − 3x+ 2

)
.

P#`�x2F jXRy, �M�HviB+Fû Ǽ2Ȓ2Mő TǼőFH�/m jXk

jXjX P#Qmbi`�MMÿ TQ/2TǼ2Mɷ MQbMőF
o iûiQ Í�biB T`�+2 #m/2K2 mp�ʈQp�i MQbMőF- Fi2`ɷ D2 M� Q#Qm FQM+ő+? TQ/2TǼ2MɷX o iQKiQ
TǼőT�/ÿ #m/2 Q?v#2K MQbMőFm pxMBF�i B M�Tÿiő- T`QiQʈ2 #m/2K2 mp�ʈQp�i T2pMû TQ/TQ`vX

SǼőFH�/ jXj
L2+?ȣ D2 /�M Q#Qmbi`�MMÿ TQ/2TǼ2Mɷ MQbMőF /ûHFv L- M� Fi2`ɷ M�pő+ TɩbQ#ő p #Q/ÿ 0.8L
bőH� P - pBx Q#`�x2F jXRRX

R3
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P#`�x2F jXRR, P#� FQM+2 TQ/2TǼ2Mû @ TɩbQ#ő+ő bőH�

o iQKiQ TǼőT�/ÿ Kɩʈ2K2 T`ɩ?v# biǼ2/MB+2 MQbMőFm TQTb�i HBM2�`Mő /B72`2M+B�HMő `QpMB+ő
/`m?û?Q Ǽ�/m

EJy′′ = M.

SǼőbHmȒMû QF`�DQpû TQ/KőMFv DbQm p iQKiQ TǼőT�/ÿ ip�`m

y(0) = 0, y(L) = 0.

aőH� P `Qx/ÿHő BMi2`p�H 〈0, L〉 M� /p� TQ/BMi2`p�Hv- FQMF`ûiMÿ 〈0, 0.8L〉 � 〈0.8L,L〉X S`Q iviQ
BMi2`p�Hv bB M2DT`p2 pvD�/ǼőK2 Q?v#Qpû KQK2Miv

M = 0.2Px, x ∈ 〈0, 0.8L〉 ,
M = 0.2Px− P (x− 0.8L), x ∈ 〈0.8L,L〉 .

.�M� ȹHQ?� b2 M�K iőK i2/v `Qx/ÿHBH� M� /pÿ TQ/ȹHQ?v- p2 Fi2`ɷ+? #m/2K2 Ǽ2ȒBi /pÿ
/B72`2M+B�HMő `QpMB+2,

EJy′′(x) = 0.2Px, x ∈ 〈0, 0.8L〉 ,
EJy′′(x) = 0.2Px− P (x− 0.8L), x ∈ 〈0.8L,L〉 .

wBMi2;`Qp�MőK iÿ+?iQ `QpMB+ /Qbi�p�K2 M2DT`p2

EJy′(x) =
0.2Px2

2
+ c1, x ∈ 〈0, 0.8L〉 ,

EJy′(x) =
0.2Px2

2
− P (x− 0.8L)2

2
+ c2, x ∈ 〈0.8L,L〉 ,

� M�bH2/Mÿ T�F

EJy(x) =
0.2Px3

6
+ c1x+ c3, x ∈ 〈0, 0.8L〉 ,

EJy(x) =
0.2Px3

6
− P (x− 0.8L)3

6
+ c2x+ c4, x ∈ 〈0.8L,L〉 .

LvMő /Qb�/őK2 QF`�DQpû TQ/KőMFv T`Q 7mMFÍMő ?Q/MQiv

y(0) = 0 : c3 = 0, UjXRjV

y(L) = 0 :
1

EJ

(
0.2PL3

6
− P (L− 0.8L)3

6
+ c2L+ c4

)
= 0. UjXR9V

RN
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L�bH2/Mÿ TQ`QpM�K2 7mMFÍMő ?Q/MQiv � T`pMő /2`Bp�+2 xH2p� � xT`�p� p #Q/ÿ 0.8LX S`Q
7mMFÍMő ?Q/MQiv i2/v +?+2K2- �#v y(0.8L−) = y(0.8L+)- +Qʈ /�p�

0.2P (0.8L)3

6
+ 0.8Lc1 + c3 =

0.2P (0.8L)3

6
+ 0.8Lc2 + c4. UjXR8V

SQ/Q#Mÿ T`Q T`pMő /2`Bp�+2 +?+2K2- �#v y′(0.8L−) = y′(0.8L+)- i2/v �#v
0.2P (0.8L)2

2
+ c1 =

0.2P (0.8L)2

2
+ c2. UjXReV

w2 pxi�?m UjXReV THvM2- ʈ2 c1 = c2, /�H2 T�F TQbimTMÿ x UjXR8V � UjXRjV /Qbi�M2K2 `QpMQbi
c3 = c4 = 0. w2 pxi�?m UjXR9V T�F pvTQÍi2K2- ʈ2

c1 = c2 = −0.192PL2

6
.

>H2/�Mû Ǽ2Ȓ2Mő D2 i2/v /�MQ M� D2/MQiHBpɷ+? BMi2`p�H2+? i�FiQ

y(x) =
1

EJ

(
0.2Px3

6
− 0.192PL2

6
x

)
, x ∈ 〈0, 0.8L〉 ,

y(x) =
1

EJ

(
0.2Px3

6
− P (x− 0.8L)3

6
− 0.192PL2

6
x

)
, x ∈ 〈0.8L,L〉 .

P#`�x2F jXRk, �M�HviB+Fû Ǽ2Ȓ2Mő TǼőFH�/m jXj
S`Q M�xQ`MQbi D2 �M�HviB+Fû Ǽ2Ȓ2Mő pvF`2bH2MQ M� Q#`�xFm jXRk TQKQ+ő bQ7ir�`m J�iH�#-
TǼBÍ2Kʈ DbK2 xpQHBHB iviQ ?Q/MQiv pbimTMő+? T�`�K2i`ɩ P = 20N - L = 1m � EJ = 1X S`Q
i�FiQ xpQH2Mû ?Q/MQiv D2 Ǽ2Ȓ2Mő ip�`m

y(x) =
10x

3

(
0.2x2 − 0.192

)
, x ∈ 〈0, 0.8〉 ,

y(x) =
1

6

(
4x3 − 20(x− 0.8)3 − 3.84x

)
, x ∈ 〈0.8, 1〉 .

ky
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SǼőFH�/ jX9 LvMő #m/2K2 mp�ʈQp�i bi2DMÿ mHQʈ2Mɷ MQbMőF D�FQ p TǼ2/+?QxőK TǼőFH�/ÿ-
i2MiQF`�i pȒ�F M� MQbMőF M2#m/2 TɩbQ#Bi Qb�KÿH� bőH� �H2 HBMBQpû x�iőʈ2Mő TQ +2Hû /ûH+2
MQbMőFm- pBx Q#`�x2F jXRjX
6mMF+2 Q?v#Qpû?Q KQK2Mim D2 p iQKiQ TǼőT�/ÿ p2 ip�`m

M =
1

2
qLx− 1

2
qx2.

P#`�x2F jXRj, P#Qmbi`�MMÿ TQ/2TǼ2Mɷ MQbMőF @ HBMBQpû x�iőʈ2Mő
S`ɩ?v# MQbMőFm i2/v Kɩʈ2K2 TQTb�i /B72`2M+B�HMő `QpMB+ő /`m?û?Q Ǽ�/m

EJy′′ =
1

2
qLx− 1

2
qx2

� /QTHMőK2 bi2DMɷKB QF`�DQpɷKB TQ/KőMF�KB D�FQ p TǼ2/+?QxőK TǼőFH�/ÿX .�MQm `QpMB+B
MvMő /p�F`�i TQbimTMÿ xBMi2;`mD2K2 � /Qbi�M2K2

EJy′(x) =
1

4
qLx2 − 1

6
qx3 + c1,

EJy(x) =
1

12
qLx3 − 1

24
qx4 + c1x+ c2.

w QF`�DQpɷ+? TQ/KőM2F
y(0) = 0, y(L) = 0

T�F /Qbi�M2K2 c2 = 0 � c1 = − 1

24
qL3 � i2/v ?H2/�Mû Ǽ2Ȓ2Mő bTHƚmDő+ő TǼ2/2Tb�Mû QF`�DQpû

TQ/KőMFv D2 ip�`m
y(x) = − qx

24EJ

(
x3 + L3 − 2Lx2

)
.

S`Q M�xQ`MQbi D2 �M�HviB+Fû Ǽ2Ȓ2Mő pvF`2bH2MQ M� Q#`�xFm jXR9 TQKQ+ő bQ7ir�`m J�iH�#X
wpQH2Mv #vHv iviQ ?Q/MQiv pbimTMő+? T�`�K2i`ɩ q = 20N/m- L = 1m � EJ = 1X S`Q
i�FiQ xpQH2Mû ?Q/MQiv D2 Ǽ2Ȓ2Mő ip�`m

y(x) = −5x

6

(
x3 − 2x2 + 1

)
.

kR
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P#`�x2F jXR9, �M�HviB+Fû Ǽ2Ȓ2Mő TǼőFH�/m jX9

jX9X LQbMőF b pQHMɷK FQM+2K
SǼőFH�/ jX8
LvMő b2 TQ/őp�K2 M� TǼőFH�/ D2/MQbi`�MMÿ p2iFMmiû?Q MQbMőFm- ixpX FQMxQHv- Fi2`ɷ D2 M�
/`m?ûK FQM+B pQHMɷX L� +2Hɷ MQbMőF TɩbQ#ő HBMBQpû x�iőʈ2Mő q- pBx Q#`�x2F jXR8X

P#`�x2F jXR8, C2/2M FQM2+ p2iFMmiɷ

L2DT`p2 imiQ ȹHQ?m pvǼ2ȒőK2 TQKQ+ő /B72`2M+B�HMő `QpMB+2 /`m?û?Q � TQx/ÿDB Íip`iû?Q Ǽ�/mX
S`ɩ?v# biǼ2/MB+2 MQbMőFm Hx2 TQTb�i /B72`2M+B�HMő `QpMB+ő ip�`m

EJy′′ = M UjXRdV

b TǼ2/2Tb�MɷKB QF`�DQpɷKB TQ/KőMF�KB

y(0) = 0 y′(0) = 0.

ovD�/ǼőK2 bB MvMő Q?v#Qpɷ KQK2Mi TɩbQ#ő+ő M� MQbMőF,

M = −qx2

2
+ qLx− qL2

2
.

P/im/ TQ /Qb�x2Mő x� KQK2Mi M /Q UjXRdV /Qbi�p�K2 `QpMB+B

EJy′′(x) = −qx2

2
+ qLx− qL2

2
. UjXR3V

kk
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S`Q M�H2x2Mő Q#2+Mû?Q Ǽ2Ȓ2Mő bi�Íő `QpMB+B UjXR3V TQbimTMÿ /p�F`�i xBMi2;`Qp�i � /Qbi�@
M2K2 ip�` ?H2/�Mû?Q Ǽ2Ȓ2Mő

EJy′(x) = −qx3

6
+

qLx2

2
− qL2x

2
+ c1,

EJy(x) = −qx4

24
+

qLx3

6
− qL2x2

4
+ c1x+ c2.

P/im/ T�F TQ /Qb�x2Mő /Q QF`�DQpɷ+? TQ/KőM2F /Qbi�p�K2

y(0) = 0 : c1 = 0,

y′(0) = 0 : c2 = 0.

C2 i2/v xǼ2DKû- ʈ2 Ǽ2Ȓ2Mő /�Mû /B72`2M+B�HMő `QpMB+2 /`m?û?Q Ǽ�/m bTHƚmDő+ő TǼ2/2Tb�Mû
QF`�DQpû TQ/KőMFv D2 ip�`m

y(x) = − qx2

24EJ

(
x2 − 4Lx+ 6L2

)
.

LvMő b2 TQ/őp�K2- D�F #v b2 i�iQ ȹHQ?� /�H� Ǽ2ȒBi TQKQ+ő /B72`2M+B�HMő `QpMB+2 Íip`iû?Q
Ǽ�/mX lp�ʈmDK2 i2/v `QpMB+B ip�`m

EJy′′′′ = −q,

F/2 q D2 QTÿi HBMBQpû x�iőʈ2Mő TɩbQ#ő+ő TQ +2Hû /ûH+2 MQbMőFmX SQbimTmD2K2 QTÿi i�F- ʈ2
`QpMB+B TQbimTMÿ ÍivǼBF`�i xBMi2;`mD2K2- /Qbi�M2K2 i�F M�bH2/mDő+ő `QpMB+2

EJy′′′(x) = −qx+ c1,

EJy′′(x) = −qx2

2
+ c1x+ c2,

EJy′(x) = −qx3

6
+ c1

x2

2
+ c2x+ c3,

EJy(x) = −qx4

24
+ c1

x3

6
+ c2

x2

2
+ c3x+ c4.

o iQKiQ TǼőT�/ÿ pȒ�F mp�ʈmD2K2 b Q?H2/2K M� Ǽ�/ /B72`2M+B�HMő `QpMB+2 iviQ QF`�DQpû
TQ/KőMFv

y(0) = 0, y′(0) = 0,

y′′(L) = 0, y′′′(L) = 0.

w MB+? T�F /Qbi�M2K2

y(0) = 0 : c4 = 0,

y′(0) = 0 : c3 = 0,

y′′′(L) = 0 : c1 = qL,

y′′(L) = 0 : c2 = −qL2

2
.

kj
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>H2/�Mû Ǽ2Ȓ2Mő /�Mû /B72`2M+B�HMő `QpMB+2 Íip`iû?Q Ǽ�/m b TǼ2/2Tbb�MɷKB QF`�DQpɷKB TQ/@
KőMF�KB D2 ip�`m

y(x) = − qx2

24EJ

(
x2 − 4Lx+ 6L2

)
.

S`Q M�xQ`MQbi D2 �M�HviB+Fû Ǽ2Ȓ2Mő pvF`2bH2MQ M� Q#`�xFm jXRe TQKQ+ő bQ7ir�`m J�iH�#X
wpQH2Mv #vHv iviQ ?Q/MQiv pbimTMő+? T�`�K2i`ɩ q = 20N/m- L = 1m � EJ = 1X S`Q
i�FiQ xpQH2Mû ?Q/MQiv D2 Ǽ2Ȓ2Mő ip�`m

y(x) = −5x2

6

(
x2 − 4x+ 6

)
.

P#`�x2F jXRe, �M�HviB+Fû Ǽ2Ȓ2Mő TǼőFH�/m b pQHMɷK FQM+2K

jX8X oxTÿ`M� bi�#BHBi� T`miɩ
LvMő b2 TQ/őp�K2 M� bT2+B�HMő TǼőT�/ +?Qp�Mő HBM2�`Mő?Q KQ/2Hm MQbMőFm TǼ2/bi�pmDő+ő
ixpX pxTÿ`- +Qʈ D2 M�K�?�Mő T`mim iH�FQpQm QbQpQm bBHQmX SǼ2/bi�pK2 bB- ʈ2 M� M�Ȓ MQbMőF
M�TǼX KQbi- TɩbQ#ő bőH� p Qb2 xX h�FQpQm bőHm Kɩʈ2 pvipQǼBi M�TǼőFH�/ b2bmp Tɩ/v M�
F`�DB KQbim- pBx Q#`�x2F jXRdX h�FiQ iH�Í2Mû T`mivfMQbMőFv DbQm M�+?vHMû F2 xi`�iÿ D2DB+?
bi�#BHBiv- +Qʈ xTɩbQ#mD2 ixpX pv#QÍ2Mő T`mimX h2MiQ D2p D2 m pÿiȒBMv FQMbi`mF+ő M2ʈ�/Qm+ő-
T`QiQʈ2 Kɩʈ2 xTɩbQ#Bi FQH�Tb +2Hû FQMbi`mF+2X
�#v+?QK TǼ2/2ȒHB xi`�iÿ bi�#BHBiv- D2 iǼ2#� pvTQÍői�i p2HBFQbi F`BiB+Fû bőHv- TǼB Fi2`û /QD/2
F pv#QÍ2Mő T`mimX h� b2 pvTQÍői� TQ/H2 pxi�?m

Fkr =
α2EJmin

L2
,

F/2 α D2 Ȓiő?HQbiMő TQKÿ` /2}MQp�Mɷ D�FQ TQ/őH

α =
Lred

i
,

k9
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� i D2 ixpX TQHQKÿ` b2i`p�ÍMQbiB

i =

√
J

A
,

Lred D2 pxTÿ`M� /ûHF� � A D2 THQ+?� T`ɩǼ2xm MQbMőFmX

P#`�x2F jXRd, hH�FQp� bőH� TɩbQ#ő+ő M� MQbMőF b T`�pɷK pQHMɷK FQM+2K

P/im/ THvM2 B /`m?ɷ pxi�? T`Q pɷTQÍ2i p2HBFQbiB F`BiB+Fû bőHv

Fkr =
π2EJmin

L2
red

,

F/2 Lred m`ÍőK2 TQ/H2 ivTm mHQʈ2Mő- pBx Q#`�x2F jXR3 Í2`T�Mɷ x (3)X

P#`�x2F jXR3, hvTv mHQʈ2Mő @ pxTÿ`
SQ/őp2DK2 b2 MvMő M� Q/pQx2Mő Lred MÿD�Fû?Q FQMF`ûiMő?Q TǼőFH�/mX o2xK2K2 Q#Qmbi`�MMÿ
p2iFMmiɷ MQbMőF- M� Fi2`ɷ TɩbQ#ő bőH� F p2 bKÿ`m Qbv x- pBx Q#`�x2F jXRNX C2/2M UFQMF`ûiMÿ
?Q`Mő FQM2+V MQbMőFm D2 mHQʈ2M p2iFMmiőK b KQʈMɷK TQbmp2K p2 bKÿ`m Qbv xX
lp�ʈmDK2 MvMő /B72`2M+B�HMő `QpMB+B /`m?û?Q Ǽ�/m T`ɩ?v#m

y′′ =
M

EJ
,

k8
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S`Q H2TȒő M�xQ`MQbi x/2 i�Fû mp2/2K2 mpQHMÿMő p�x2#- pBx Q#`�x2F jXkyX o M�Ȓ2K TǼőT�/ÿ-
b Q?H2/2K M� Q#`�x2F jXRN- mp�ʈmD2K2 w(x) = y(x) D�FQ ?Q/MQim T`ɩ?v#m MQbMőFm p #Q/ÿ
xX

P#`�x2F jXRN, hH�FQp� bőH� TɩbQ#ő+ő M� Q#Qmbi`�MMÿ p2iFMmiɷ MQbMőF- x/`QD (3)

P#`�x2F jXky, lpQHMÿMő p�x2# Q#Qmbi`�MMÿ p2iFMmiû?Q MQbMőFm- x/`QD (d)

P?v#Qpɷ KQK2Mi p Q#2+MûK Ǽ2xm D2 /�M pxi�?2K

M(x) = Fkry(x)−M.

SH�iő i2/v

EJy′′(x) = Fkry(x)−M

LvMő x�p2/2K2 bm#biBim+B

α2 =
Fkr

EJ
. UjXRNV

.Qbi�p�K2 i�F /B72`2M+B�HMő `QpMB+B /`m?û?Q Ǽ�/m p2 ip�`m

y′′ + α2y(x) = α2 M

Fkr
.

ke



jX �L�GuhA*Eú ǻ1ȑ1LŐ S_ɨ>u"ɨ LPaLŐEl

EQMF`ûiMÿ b2 D2/M� Q M2?QKQ;2MMő /B72`2M+B�HMő `QpMB+B /`m?û?Q Ǽ�/m b FQMbi�MiMőKB
FQ2}+B2MivX >H2/�Mû Ǽ2Ȓ2Mő #m/2K2 ?H2/�i p2 ip�`m bQmÍim Q#2+Mû?Q Ǽ2Ȓ2Mő TǼőbHmȒMû ?Q@
KQ;2MMő `QpMB+2 � D2/MQ?Q T�`iBFmH�`Mő?Q Ǽ2Ȓ2Mő M2?QKQ;2MMő `QpMB+2X hQiQ T�`iBFmH�`Mő
Ǽ2Ȓ2Mő #m/2 ip�`m

y(x) = A +Qbαx+B bBMαx+
M

Fkr
.

SQ /Qb�x2Mő QF`�DQpɷ+? TQ/KőM2F

y(0) = 0, y′(0) = 0,

y(L) = 0, y′(L) = 0,

/Qbi�p�K2

y(0) = 0 : A+
M

Fkr
,

y′(0) = 0 : B = 0.

h2/v Ǽ2Ȓ2Mő `QpMB+2 bTHƚmDő+ő TǼ2/2Tb�Mû QF`�DQpû TQ/KőMF� D2 ip�`m

y(x) =
M

Fkr
(1− +Qbαx) .

o2 /`m?ûK p2iFMmiő pxTÿ`v TH�iő

y(L) = 0 : 1− +QbαL = 0,

+Qʈ #m/2 TH�iBi p TǼőT�/ÿ- ʈ2

αL = k2π, k = 0, 1, 2, .... UjXkyV

LvMő x2 pxi�?ɩ UjXRNV � UjXkyV /Qbi�p�K2 `QpMQbi

α2L2 = k24π2,

� TQ ȹT`�pÿ

Fkr

EJ
L2 = k24π2.

ox?H2/2K F iQKm- ʈ2 M�ȒőK +őH2K #m/2 p2 pÿiȒBMÿ TǼőT�/ɩ M�Dői M2DK2MȒő F`BiB+FQm bőHm-
x� k pQHőK2 k = 1X SQ pvD�/Ǽ2Mő F`BiB+Fû bőHv /Qbi�p�K2 pxQ`2+

Fkr = 4π2EJ

L2
,

+Qʈ TǼ2bMÿ Q/TQpő/� pxi�?m xM�xQ`MÿMûK M� Q#`�xFm jXR3- i2/v ʈ2 Lred = 0.5LX

kd



9X SQ`QpM�Mő HBM2�`Mő+? �
M2HBM2�`Mő+? KQ/2Hɩ

o iûiQ F�TBiQH2 b2 TQ/őp�K2 M� `Qx/őH K2xB HBM2�`MőK � M2HBM2�`MőK KQ/2H2K MQbMőFmX
S`Qx�iőK DbK2 p T`�+B mp�ʈQp�HB TQmx2 HBM2�`Mő KQ/2H p2 ip�`m

y′′ =
M(x)

EJ
.

o TǼ2/+?Qxő F�TBiQH2 DbK2 i�Fû xKőMBHB- ʈ2 HBM2�`Mő KQ/2Hv MQbMőFm mp�ʈmD2K2 p TǼőT�/ÿ
p2HKB K�Hɷ+? T`ɩ?v#Qpɷ+? /27Q`K�+őX SǼ2/TQFH�/v T`Q mʈBiő HBM2�`Mő?Q KQ/2Hm DbK2 DBʈ
bB+2 xKőMBHB- �H2 xMQpm bB D2 T`Q b`QpM�Mő b M2HBM2�`MőK KQ/2H2K TǼBTQK2M2K2X SǼ2/TQ@
FH�/2K i2/v D2 bTHMÿMő T`miQpɷ+? TǼ2/TQFH�/ɩ- K�i2`B�H MQbMőFm Kmbő #ɷi >QQF2QpbFɷ-
T`ɩ?v#v m Q?v#m K�Hû- � pv+?�xő b2 x T`pFm mpQHMÿMû?Q p M2/27Q`KQp�MûK bi�pmX
o T`�tB b2 pȒ�F b2iF�K2 B b2 biǼ2/Mÿ p2HFɷKB- TǼőT�/Mÿ B p2HFɷKB T`ɩ?v#v MQbMőFm- M2#Q
b TǼőT�/2K- F/v MÿD�Fɷ x pɷȒ2 mp2/2Mɷ+? TǼ2/TQFH�/ɩ M2Mő bTHMÿMX o i�FQpûK TǼőT�/ÿ
M�K FH�bB+Fɷ TQTBb HBM2�`Mő /B72`2M+B�HMő `QpMB+ő M2bi�Íő � #m/2K2 TQiǼ2#Qp�i TQTb�i /�Mɷ
TǼőT�/ M2HBM2�`MőK KQ/2H2KX h2MiQ KQ/2H D2 TQTb�M TQKQ+ő /B72`2M+B�HMő `QpMB+2 ip�`m

y′′(x)
(
1 + (y′(x))2

) 3
2

=
M(x)

EJ
.

E`QKÿ HBM2�`BxQp�Mû?Q ip�`m iûiQ `QpMB+2 UTQTb�Mû?Q pɷȒ2V- Kɩʈ2K2 mp�ʈQp�i D2Dő M�bH2@
/mDő+ő �T`QtBK�+BX 6mMF+B

(
1 + (y′)2

) 3
2 bB `Qx2TőȒ2K2 /Q h�vHQ`Qpv KQ+MBMMû Ǽ�/vX w�p2@

/2K2 bm#biBim+B (y′)2 = t � #m/2K2 Ǽ2ȒBi `QxpQD 7mMF+2 (1 + t)
3
2 TQ/H2 pxi�?m

(c+ x)A =
∞∑

k=0

(
A

k

)
cA−kxk.

o M�Ȓ2K TǼőT�/ÿ i2/v /Qbi�p�K2

(1 + t)
3
2 =

(3
2

0

)
1

3
2 t0 +

(3
2

1

)
1

1
2 t1 +

(3
2

2

)
1−

1
2 t2 + ...

o2xK2K2@HB T`pMő /p� ÍH2Mv- /Qbi�p�K2 �T`QtBK�+B

(1 + t)
3
2 ≈

(3
2

0

)
1

3
2 t0 +

(3
2

1

)
1

1
2 t,

� TQ ȹT`�pÿ

(1 + t)
3
2 ≈ 1 +

3

2
t

o`�iőK2@HB b2 xTÿi F TɩpQ/Mő T`QKÿMMû /Qbi�M2K2
(
1 + (y′)2

) 3
2 ≈ 1 +

3

2
(y′)2.

k3



9X SP_PoL�LŐ GAL1�_LŐ*> � L1GAL1�_LŐ*> JP.1Gɨ

� i2/v x TɩpQ/Mő?Q pxi�?m /Qbi�p�K2 pvD�/Ǽ2Mő T`Q /`m?Qm /2`Bp�+B 7mMF+2 y,

y′′ =
M

EJ

(
1 +

3

2
(y′)2

)
. U9XRV

o iûiQ `QpMB+B QxM�ÍK2 M(x)

EJ
= a(x)X SQiQK `QpMB+2 U9XRV K� ip�`

y′′ = a(x)

(
1 +

3

2
(y′)2

)
. U9XkV

hmiQ `QpMB+B xFmbőK2 `QxǼ2ȒBi px?H2/2K F y′(x)- i2/v x�p2/2K2 bm#biBim+B y′(x) = v(x)X
S�F x U9XkV /Qbi�M2K2

v′ = a(x)

(
1 +

3

2
v2
)
.

_QpMB+B Ǽ2ȒőK2 K2iQ/Qm b2T�`�+2 T`QKÿMMɷ+? � /Qbi�p�K2

v(x) =

√
2

3
i;
(√

3

2
A(x) + c

)
,

iDX

y′(x) =

√
2

3
i;
(√

3

2
A(x) + c

)
, U9XjV

F/2

A(x) =

x∫

0

a(t)/t. U9X9V

SǼBÍ2Kʈ FQMbi�Mim c Kɩʈ2K2 pvD�/ǼBi M�TǼőFH�/ p TǼőT�/ÿ FQMbi�MiMő?Q x�iőʈ2Mő- iDX F/vʈ
Q?v#Qpɷ KQK2Mi M(x) D2 bvK2i`B+Fɷ px?H2/2K F2 biǼ2/m MQbMőFm- i2/v x TQ/KőM2F
y′(0) = −y′(L)- +Qʈ T`Q T`QKÿMMQm v /�p� v(0) = −v(L)X J�K2 i2/v

v(0) =

√
2

3
i;(c), v(L) = −

√
2

3
i;
(√

3

2
A(L) + c

)
.

J�K2 i2/v √
2

3
i;(c) =

√
2

3
i;
(√

3

2
A(L) + c

)
,

Q/Fm/ /Qbi�p�K2
c = −1

2

√
3

2
A(L).

EQM2ÍMû Ǽ2Ȓ2Mő y(x) `QpMB+2 U9XRV T�F Kɩʈ2K2 /Qbi�i BMi2;`�+ő pxi�?m U9XjVX SQxM�K2@
M2DK2 pȒ�F- ʈ2 p TǼőT�/ÿ Q#pvFHɷ+? Q?v#Qpɷ+? KQK2Miɩ M(x) M2Hx2 BMi2;`�H p U9X9V
bTQÍői�iX
C2 xǼ2DKû ʈ2 M2HBM2�`Bi� xM�ÍMÿ xpvȒmD2 bHQʈBiQbi pɷTQÍim � TǼBM�Ȓő MQpû ivTv +?Qp�Mő-
Fi2`û b2 m HBM2�`Mő+? KQ/2Hɩ M2pvbFvimDőX J2xB i�FQpû M2DD2/MQ/mȒȒő TǼőT�/v M2HBM2�`Mő?Q
+?Qp�Mő T�iǼő M�TǼőFH�/ K�i2`B�HQp� M2HBM2�`Bi� M2#Q pxTÿ`M� bi�#BHBi� T`miɩX

kN
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9XRX P#Qmbi`�MMÿ TQ/2TǼ2Mɷ MQbMőF
LvMő b2 TQ/őp2DK2 M� TǼőFH�/ Q#Qmbi`�MMÿ TQ/2TǼ2Mû?Q MQbMőFm- Fi2`ɷ D2 HBMBQpÿ x�iőʈ2MɷX
hmiQ ȹHQ?m DbK2 bB DBʈ �M�HviB+Fv pvǼ2ȒBHB p TǼ2/+?Qxő F�TBiQH2- �H2 T`Q HBM2�`Mő ivT MQbMőFmX
LvMő #m/2K2 mp�ʈQp�i HBMBQpÿ x�iőʈ2Mɷ M2HBM2�`Mő KQ/2H MQbMőFm- pBx Q#`�x2F 9XRX

P#`�x2F 9XR, P#Qmbi`�MMÿ TQ/2TǼ2Mɷ MQbMőF @ HBMBQpû x�iőʈ2Mő

S`ɩ?v# MQbMőFm Kɩʈ2K2 TQTb�i M2HBM2�`MőKB KQ/2Hv

EJy′′(x) =
qx

2
(x− 1)

(
1 + (y′(x))2

) 3
2
, U9X8V

`2bTX
EJy′′(x) =

qx

2
(x− 1)

(
1 +

3

2
(y′(x))2

)
, U9XeV

F/2 L D2 /ûHF� MQbMőFm � q D2 HBMBQpû x�iőʈ2Mő TɩbQ#ő+ő M� MQbMőFX
ox?H2/2K F iQKm- ʈ2 �M�HviB+Fû Ǽ2Ȓ2Mő iÿ+?iQ KQ/2Hɩ M2Hx2 M�Hûxi- mF�ʈ2K2 bB MmK2`B+Fû
Ǽ2Ȓ2Mő iûiQ ȹHQ?vX hQ DbK2 M�H2xHB mʈBiőK K�i2K�iB+Fû?Q bQ7r�`m J�iH�#mX EQMF`ûiMÿ DbK2
TQmʈBHB K2iQ/m #pT9+X C2/M� b2 Q FQHQF�ÍMő K2iQ/m- Fi2`� M�H2xM2 TǼB#HBʈMû Ǽ2Ȓ2Mő /�Mû
/B72`2M+B�HMő `QpMB+2 b TǼ2/2Tb�MɷKB QF`�DQpɷKB TQ/KőMF�KBX S`Q Ǽ2Ȓ2Mő iQmiQ K2iQ/Qm
D2 iǼ2#� x�/�i pbimTMő T�`�K2i`v- iÿKB DbQm 7mMF+2 P.16lL Ux�/�M� D�FQm bQmbi�p� /B@
72`2M+B�HMő+? `QpMB+ T`pMő?Q Ǽ�/mV- QF`�DQpû TQ/KőMFv "*6lL � Q/?�/ Ǽ2Ȓ2Mő p F`�DMő+?
#Q/2+? aPGALAhX EQMF`ûiMÿ b2 TQmʈőp� i�iQ bvMi�t2

aPG 4 #pT9+UP.16lL-"*6lL-aPGALAhV

EQMF`ûiMő x�/�Mő pbimTMő+? ?Q/MQi T`Q q = 20N/m � /ûHFm MQbMőFm L = 1m D2 pQH�Mő
7mMF+2 #pT9+ mp2/2MQ Mőʈ2 TǼőKQ p K�iH�#QpbFûK T`QbiǼ2/őX aQmÍ�bMÿ D2 i�Fû xőbF�Mû
MmK2`B+Fû Ǽ2Ȓ2Mő pvF`2bH2MQ Í2`p2Mÿ M� Q#`�xFm 9XkX
J�iH�#QpbFɷ K@}H2

R Q/27mM 4 !Ut - v V ( v Uk V c Ry»t »UR @ t V »UR Y jfk X »Uv Uk V V �kV ) Wx�/�MB 7mMF+2
k #+7mM� 4 !U v� - v# V ( v� UR V c v# UR V ) Wx�/�MB QF`�DQpv+? TQ/KBM2F
j t 4 H B M b T � + 2 Uy -R - RyyV c
9 b Q H B M B i 4 #pT BM B i Ut - ( y - y ) V WQ/?�/ ` 2 b 2 M B p F `� DM B +? #Q/2+?
8 bQH� 4 #pT9+ U Q/27mM - #+7mM� - b Q H B M B i V
e T HQ i U bQH�Xt - bQ H� Xv U R - , V V

jy



9X SP_PoL�LŐ GAL1�_LŐ*> � L1GAL1�_LŐ*> JP.1Gɨ

S`Q TQ`QpM�Mő T`ɩ?v#m HBM2�`Mő?Q � M2HBM2�`Mő+? KQ/2Hɩ D2 x/2 Í2`p2Mÿ pvF`2bH2MQ B
Ǽ2Ȓ2Mő HBM2�`Mő?Q KQ/2Hm x TǼőFH�/m jX9- Fi2`û D2 ip�`m

y(x) = −5x

6

(
x3 − 2x2 + 1

)
.

P#`�x2F 9Xk, LmK2`B+Fû Ǽ2Ȓ2Mő TǼőFH�/m @ Q#� FQM+2 p2iFMmiû

C�F Kɩʈ2K2 pB/ÿi M� Q#`�xFm 9Xk- M2HBM2�`Mő KQ/2Hv MQbMőFm K�Dő T`Q bi2DMû pbimTMő
T�`�K2i`v pÿiȒő T`ɩ?v#v M2ʈ i2M HBM2�`MőX

9XkX LQbMőF b pQHMɷK FQM+2K
LvMő b2 TQ/őp�K2 M� M2HBM2�`Mő MQbMőF- Fi2`ɷ D2 M� D2/MQK FQM+B p2iFMmiɷ � /`m?ɷ FQM2+
MQbMőFm D2 pQHMɷX S`ɩ?v# iQ?QiQ FQMF`ûiMő?Q MQbMőFm Kɩʈ2K2 TQTb�i TQKQ+ő M2HBM2�`Mő+?
`QpMB+

y′′(x)

EJ
=

(
−qx2

2
+ qLx− qL2

2

)(
1 + (y′(x))2

) 3
2 ,

`2bTX
y′′(x)

EJ
=

(
−qx2

2
+ qLx− qL2

2

)(
1 +

3

2
(y′(x))2

)

b QF`�DQpɷKB TQ/KőMF�KB
y(0) = 0, y′(0) = 0.

ox?H2/2K F x�/�MɷK QF`�DQpɷK TQ/KőMF�K M2Ǽ2ȒőK2 pH�biMÿ QF`�DQpQm ȹHQ?m- Mɷ#`ʈ
ȹHQ?m TQÍ�i2ÍMőX .�MQm ȹHQ?m pvǼ2ȒőK2 MmK2`B+Fv TQKQ+ő K�i2K�iB+Fû?Q bQ7ir�`m J�iH�#
� p MÿK BKTH2K2MiQp�Mû K2iQ/v Q/298- +Qʈ D2 _mM;2 EmiiQp� K2iQ/� T`Q Ǽ2Ȓ2Mő TQÍ�i2Í@
Mő+? ȹHQ?X S`Q Ǽ2Ȓ2Mő iQmiQ K2iQ/Qm D2 iǼ2#� x�/�i pbimTMő T�`�K2i`v- iÿKB DbQm 7mMF+2

jR



9XkX LPaLŐE a oPGLɶJ EPL*1J

P.16lL Ux�/�M� D�FQm bQmbi�p� /B72`2M+B�HMő+? `QpMB+ T`pMő?Q Ǽ�/mV- BMi2`p�H x�pBbHû
T`QKÿMMû haS�L � TQÍ�i2ÍMő TQ/KőMFv uyX EQMF`ûiMÿ b2 TQmʈőp� i�iQ bvMi�t2

aPG 4 Q/298UP.16lL-haS�L-uyV

EQMF`ûiMő x�/�Mő pbimTMő+? ?Q/MQi T`Q q = 20N/m � /ûHFm MQbMőFm L = 1m D2 pQH�Mő
7mMF+2 Q/298 mp2/2MQ Mőʈ2 TǼőKQ p K�iH�#QpbFûK T`QbiǼ2/őX aQmÍ�bMÿ D2 i�Fû xőbF�Mû
MmK2`B+Fû Ǽ2Ȓ2Mő pvF`2bH2MQ Í2`p2Mÿ M� Q#`�xFm 9XjX

P#`�x2F 9Xj, �M�HviB+Fû Ǽ2Ȓ2Mő TǼőFH�/m @ T`�pɷ FQM2+ pQHMɷ

J�iH�#QpbFɷ K@}H2

R Q/27mM4!Ut - v V ( v Uk V c @ Ry» U t @ R V X �k»URYjfk X »v Uk V V �k )
k �4yc#4Rc
j t4H B M b T � + 2 U � - # - Ryy V c
9 bQH�4Q/298 U Q/27mM - ( � # ) - ( y c y ) V c
8 T HQ i U bQH�Xt - bQ H� Xv U R - , V V

jk



8X w�oþ_

8X w�pÿ`
*őH2K iûiQ #�F�H�ǼbFû T`�+2 #vHQ M�bim/Qp�i x�FH�/Mő pH�biMQbiB QF`�DQpɷ+? ȹHQ?-

x2DKûM� T`Q Q#vÍ2DMû /B72`2M+B�HMő `QpMB+2 /`m?û?Q Ǽ�/m- /�H2 T�F �M�Hɷx� `ɩxMɷ+? T`ɩ@
?v#ɩ MQbMőFɩ M�K�?�Mɷ+? D�F TǼőÍMÿ i�F M� pxTÿ`X .�HȒőK ȹFQH2K #vHQ TQ`Qp�M�i HBM2�`Mő
� M2HBM2�`Mő KQ/2Hv M� FQMF`ûiMő+? TǼőFH�/2+?X .H2 Kû?Q M�xQ`m #vHQ +őH2 /Qb�ʈ2MQX

S`pMő F�TBiQH� D2 ȹpQ/Mő F�TBiQHQm iûiQ T`�+2X .`m?� D2 DBʈ pÿMQp�M� x�FH�/MőK TQDKɩK
� TQbimTɩK T`Q Ǽ2Ȓ2Mő Q#vÍ2DMɷ+? HBM2�`Mő+? /B72`2M+B�HMő+? `QpMB+- TǼBÍ2Kʈ p x�pÿ`m DbQm
TQTb�Mv `ɩxMû ivTv TǼ2/2Tb�Mɷ+? QF`�DQpɷ+? TQ/KőM2F- Fi2`û K�Dő p2HFɷ pHBp M� Ǽ2ȒBi2H@
MQbi QF`�DQpû ȹHQ?v- +Qʈ D2 T`2x2MiQp�MQ M� FQMF`ûiMőK D2/MQ/m+?ûK TǼőFH�/mX o2 iǼ2iő
F�TBiQH2 D2 Q/pQx2M� HBM2�`Mő /B72`2M+B�HMő `QpMB+2 /`m?û?Q � Íip`iû?Q Ǽ�/m T`Q T`ɩ?v# MQb@
MőFmX h2Q`B2 D2 p?Q/Mÿ /QTHMÿM� FQMF`ûiMőKB TǼőFH�/v- p2 Fi2`ɷ+? D2 pɷTQÍi2MQ �M�HviB+Fû
Ǽ2Ȓ2Mő T`ɩ?v#m MQbMőFm b `ɩxMɷKB ivTv m+?v+2Mő � x�iőʈ2MőX h�iQ Ǽ2Ȓ2Mő DbQm pvF`2bH2M�
T`QbiǼ2/MB+ipőK K�i2K�iB+Fû?Q bQ7ir�`m J�iH�#X o x�pÿ`m F�TBiQHv b2 i�Fû pÿMmD2K2
bT2+B�HMőKm ivTm +?Qp�Mő T`ɩ?v#m MQbMőFm- Fi2`ɷK D2 pxTÿ`X SQbH2/Mő- Íip`i� F�TBiQH� D2
x�KÿǼ2M� M� TQ`QpM�Mő HBM2�`Mő+? � M2HBM2�`Mő+? KQ/2Hɩ- +Qʈ D2 QTÿi p?Q/Mÿ /QTHMÿMQ
/pÿK� FQMF`ûiMőKB TǼőFH�/vX lʈBiőK BKTH2K2MiQp�Mɷ+? 7mMF+ő p bQ7ir�`m J�iH�# D2 M�@
H2x2MQ MmK2`B+Fû Ǽ2Ȓ2Mő iÿ+?iQ ȹHQ?X L� Q#`�x+ő+? D2 T`Q b`QpM�Mő pvF`2bH2MQ Ǽ2Ȓ2Mő T`Q
Q#� ivTv M2HBM2�`Mő+? KQ/2Hɩ pÍ2iMÿ KQ/2Hm HBM2�`Mő?QX

hûK� #�F�H�ǼbFû T`�+2 Kÿ p2HKB #�pBHQ- x2DKûM� T`QiQ- ʈ2 T`QTQDQp�HQ Kû xM�HQbiB
xőbF�Mû x2 x�FH�/Mő+? Fm`xɩ K�i2K�iB+Fû �M�Hɷxv- K2+?�MBFv � p M2TQbH2/Mő Ǽ�/ÿ i�Fû
MmK2`B+Fɷ+? K2iQ/X o TǼőT�/ÿ M2HBM2�`Mő+? KQ/2Hɩ MQbMőFm Db2K ?H2/�H� MmK2`B+Fû Ǽ2Ȓ2Mő
mʈBiőK BKTH2K2MiQp�Mɷ+? MmK2`B+Fɷ+? K2iQ/ p bQ7ir�`m J�iH�#X h�Fû Db2K bB T`Q?HQm#BH�
xFmȒ2MQbiB b ivTQ;`�}+FɷK bvbiûK2K G�h2sX

jj



GAh1_�hl_�

GBi2`�im`�
(R) 6Aȑ1_- CBǼőX ȸpQ/ /Q i2Q`B2 Q#vÍ2DMɷ+? /B72`2M+B�HMő+? � /B72`2MÍMő+? `QpMB+X PHQ@

KQm+, lMBp2`xBi� S�H�+Fû?Q p PHQKQm+B- kyRjX Aa"L Nd3@3y@k99@j9yR@3X

(k) 6`�M+ɩ- C�MX aim/BDMő i2ti F TǼ2/Kÿim S�`+B�HMő /B72`2M+B�HMő `QpMB+2- /QbimTMû M�
?iiTb,ffKQQ/H2Xpmi#`X+x

(j) EA:l_�.w1- Ap�MX PF`�DQpû ȹHQ?v T`Q bvbiûKv HBM2�`Mő+? Q#vÍ2DMɷ+? /B72`2M+B�H@
Mő+? `QpMB+X J�b�`vFQp� mMBp2`xBi� p "`Mÿ- RNNdX Aa"L 3y@kRy@Ree@9@d

(9) C�LŐÌ1E- SǼ2KvbHX J2+?�MBF� iÿH2b, T`mʈMQbi � T2pMQbi AX "`MQ, �F�/2KB+Fû M�@
FH�/�i2Hbipő *1_J- kyy9X Aa"L 3y@kR9@k8Nk@sX

(8) JŐE�- ai�MBbH�p � �HQBb El6L1_XPF`�DQpû ȹHQ?v T`Q Q#vÍ2DMû /B72`2M+B�HMő `QpMB+2X
S`�?�, ai�iMő M�FH�/�i2Hbipő i2+?MB+Fû HBi2`�im`v- RN3RX J�i2K�iBF� T`Q pvbQFû ȒFQHv
i2+?MB+FûX

(e) wAGG- .2MMBb :X � JB+?�2H _X *lGG1LX .Bz2`2MiB�H 2[m�iBQMb rBi? #QmM/�`v@p�Hm2
T`Q#H2KbX 9i? 2/BiBQMX S�+B}+ :`Qp2, "`QQFbf*QH2- (RNNd)X Aa"L y@8j9@N883y@yX

(d) aim/BDMő K�i2`B�Hv Ìolh- ?iiT,ff/`QM2X7bB/X+pmiX+xfTTkfai�#BHBi�XT/7

(3) aim/BDMő K�i2`B�Hv Ìolh-
?iiTb,ffK2+?X7bpX+pmiX+xf�bKBH�m2`fi2�+?BM;fSSnT`2/M�bF�ny8npxT2`XT/7
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eX a1wL�J SPlʇAhɶ*> wE_�h1E � auJ"PGɨ

eX a2xM�K TQmʈBiɷ+? xF`�i2F �
bvK#QHɩ

P._ Q#vÍ2DMû /B72`2M+B�HMő `QpMB+2

R Q#Q` `2�HMɷ+? Íőb2H

Rn M@`QxKÿ`Mɷ p2FiQ`Qpɷ T`QbiQ` `2�HMɷ+? Íőb2H

u(n)(x) n@ i� /2`Bp�+2 7mMF+2 u(x)

〈a, b〉 mx�pǼ2Mɷ BMi2`p�H

q(u1, ..., un)(x) q`QMbFû?Q K�iB+2 7mMF+ő u1(x), ..., un(x)

yh(x) Q#2+Mû Ǽ2Ȓ2Mő ?QKQ;2MMő HBM2�`Mő /B72`2M+B�HMő `QpMB+2

yp(x) T�`iBFmH�`Mő Ǽ2Ȓ2Mő M2?QKQ;2MMő HBM2�`Mő /B72`2M+B�HMő `QpMB+2
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