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ABSTRACT

The dissertation thesis is concerned with linear discrete systems with constant matrices
of linear terms with a single or two delays. The main objective is to obtain formulas
analytically describing exact solutions of initial Cauchy problems. To this end, some
matrix special functions called discrete matrix delayed exponentials are defined and
used. Their basic properties are proved. Such special matrix functions are used to
derive analytical formulas representing the solutions of initial Cauchy problems.

First the initial problem

Az(k) = Bx(k—m)+ f(k), ke NU{0}, (a)
z(k)=pk), k=-m,—m+1,....0 (b)

is discussed where B is a constant square matrix, f is a given nonhomogeneity, ¢ is an
initial function and m is a positive integer. It is assumed that impulses are acting at
some prescribed points and formulas describing the solutions of problem and @ are
derived. Then, instead of the problem @ @ a generalized problem

z(k+1) = Az(k) + Bx(k —m) + f(k), ke NU{0},
x(k) =), k=-m,—m+1,...,0

with impulses acting at each point is considered where A is a constant square matrix
and B, f, ¢ and m are as above.

In the next part of the dissertation, two definitions of discrete matrix delayed exponentials
for two delays are given and their basic properties are proved. Such discrete special matrix
functions make it possible to find representations of solutions of linear systems with two
delays. This is done in the last part of dissertation thesis. The below problem

>
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Bx(k —m)+ Cx(k —n) + f(k), ke NU{0}, (c)
(k) = p(k), k=—max{m,n}, —max{m,n}+1,...,0 (d)

is considered where C'is a constant square matrix, n is a positive integer and B, f, ¢
and m are as above. Two different formulas giving the analytical solution of problem

(<), (d) are derived.
KEYWORDS

difference equation, systems of difference equations, linear systems, delay, representation
of solution



ABSTRAKT

Dizertacni prace se zabyva linedrnimi diskrétnimi systémy s konstantnimi maticemi a
s jednim nebo dvéma zpozdénimi. Hlavnim cilem je odvodit vzorce analyticky popisujici
reSeni pocateCnich Gloh. K tomu jsou definovany specialni maticové funkce zvané
diskrétni maticové zpozdéné exponencialy a je dokazana jejich zakladni vlastnost. Tyto
specialni maticové funkce jsou zakladem analytickych vzorcl reprezentujicich feseni
pocatecni ulohy.

Nejprve je uvazovana pocateéni tloha

Az(k) = Bx(k—m)+ f(k), ke NU{0}, (a)
z(k)=pk), k=-m,—m+1,...,0, (b)

kde B je konstantni ¢tvercova matice, f je dand nehomogenita, ¢ je pocatecni funkce a
m je prirozené Cislo. Dale predpokladame, ze v nékterych predepsanych bodech piisobi
na feSeni dlohy (a]), (b)) impulsy. Poté, kromé dlohy (al), (b)), uvaZujeme zobecnénou
tlohu

z(k+1) = Az(k) + Bx(k —m) + f(k), ke NU{0},
x(k) =), k=-m,—m+1,...,0

s impulsy pisobicimi v kazdém bodé, kde A je konstantni ¢tvercova matice (B, f, ¢ a
m byly definovany vyse).

V dalsi Casti dizertacni prace jsou definovany dvé riizné diskrétni maticové zpozdéné
exponencialy pro dvé zpozdéni a jsou dokazany jejich zakladni vlastnosti. Tyto diskrétni
maticové zpozdéné exponencidly ndm davaji moznost najit reprezentaci feseni linearnich
systémi se dvéma zpozdénimi. Tato FeSeni jsou konstruovana v posledni kapitole dizer-
tacni prace, kde je uvazovan problém

>
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Bx(k —m) + Cx(k —n) + f(k), ke NU{0}, (c)
z(k) = p(k), k=—max{m,n}, —max{m,n}+1,...,0 (d)

(C' je konstantni ¢tvercovd matice, n je prirozené &islo a B, f, ¢, m byly definovany
vyse). Redeni problému (d)), (d) je déno pomoci dvou riiznych vzorci.

KLICOVA SLOVA

diferencni rovnice, systémy diferenénich rovnic, linedrni systémy, zpozdéni, reprezentace
feseni
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1 INTRODUCTION

The dissertation is concerned with the representation of solutions of systems of dis-
crete equations with delays. In this field, many valuable results have been achieved
recently, which are also useful in aplications of discrete systems, e.g., for solving
problems in the control theory. The motivation for writing this dissertation was
the results of the papers [6], 7], which the dissertation extends.

The dissertation is devoted to problems of representation of solutions of linear

discrete systems containing delays as partial cases of a general system
x(k+1) = Ax(k) + Bx(k —m) + Cx(k —n) + f(k), ke NU{0} (1.1)

where A, B and C' are constant square matrices and f is a given nonhomogeneity.
The main tool to derive appropriate formulas is a so-called discrete matrix delayed
exponential (and its generalizations). Along with the system (L.1]), the dissertation
considers some of its special cases and discusses the influence of impulses at given
points on the solution.

Detailed summary of the current state of this problem is given in Chapter [2] In
addition to the papers [6, 7], other papers (devoted to discrete equations as well
as differential equations) are close to the issues considered by the dissertation. We
refer, e.g., to the papers [1-5, 9-11}, 1724, [26] and to the references therein. Among
them, the papers most related to the dissertation’s topic include |20, 24].

Chapter [3] considers an initial Cauchy problem

z(k+1) = Az(k) + Bx(k —m) + f(k), ke NU{0}, (1.2)
z(k) =¢(k), k=-m,—m+1,...,0 (1.3)

where A, B are constant square matrices. The problem of representation of the
solution of , is solved under the assumption that impulses are acting on
solution at prescribed points. The main result is given in Theorem [3.10}

In Chapter [4] two generalizations of discrete matrix delayed exponential for two
delays are given (in Definition and Definition . For both generalized discrete
matrix delayed exponentials, their main properties are proved (in Theorem and
Theorem 4.8]). Differences between two definitions of such exponentials naturally
lead to different formulas for representation of initial Cauchy problem in Chapter
(Theorems , , , . The exponential given by Definition corresponds
the definition of the discrete matrix delayed exponential for a single delay, but
its application needs the existence of an inverse (B + C)~!. From this point of
view, the second definition of discrete matrix delayed exponential is better, as no

assumption on the existence of an inverse is necessary.



Throughout the dissertation, we use some special notation and known facts. This
is the reason why their formulations are given below.

For integers s, t, s < ¢, we define a set Z! := {s,s + 1,...,t — 1,t}. Similarly,
we define sets Z' _:={...,t—1,t} and Z¥ := {s,s +1,... }.

The function | - | is the floor integer function. We will employ the following

property of the floor integer function:
r—1<|z] <z (1.4)

where z € R.

Define binomial coefficients as usual, i.e., for n € Z and k € Z,

n!

<n> N i if n>k>0, (15)

ki 0 otherwise.

We will also use the well-known identities

n+1 n n
= 1.
()= ()60 19
where n, k € N and

=670 6)-03) ()= +(707) oo

where 7,5 € N.
We recall that, for a well-defined discrete function w(k), the forward difference
operator A is defined as Aw(k’) = w(k +1)—w(k). In the dissertation, we also adopt

the customary notation E g; =0, H g; = 1 if 75 < 71. In the case of double sums,
1=11 =11
we set o
12,72

Y. 95=0 (1.8)

1=11,J=J1
if at least one of inequalities iy < i1, jo < j1 holds.
Let a function F': ZgZ x Zy° — R™ be given. Define a partial difference operator

Ay acting by the formula
Ag F(k,n) = F(k+1,n)— F(k,n), k> ko, n>ny.

It is easy to see |6, Lemma 3.3] that

|

Flk+1,k+1) +ZAkF1€j) k> ko, n > no. (1.9)

7=1




2 CURRENT STATE

A “by-steps” method or “method of steps” is one of the basic methods of the theory
of differential equations with delay to find a solution to the initial problem. It is
effective especially for linear equations and their systems. In [18], method of steps
is formalized for linear systems with a constant matrix and with a single delay. This
formalization was achieved by utilizing a delayed matrix exponential.

Later, delayed matrix exponential was used in many papers. In [1H3] it is used
for boundary-value problems of linear differential equations with delay. A modifi-
cation of delayed matrix exponential was given in [17] where delayed matrix sine
and delayed matrix cosine are introduced to find solutions of oscillating systems.
Papers [10, [19] deal with applications of the delayed matrix exponential, delayed
matrix sine, and delayed matrix cosine in the control theory. Paper [9] is concerned
with systems of linear partial differential equations of a parabolic type with a single
delay. The stability of nonlinear differential systems with delay through the delayed
matrix exponential is discussed in [23]. Paper [21] extends the definition of delayed
matrix exponential to several delays and with applications to analysis of stability.
In [4, |5] definitions are given of delayed matrix sine and delayed matrix cosine for
several matrices and representations of solutions are derived. The results of |21] are
used in 22| to study the exponential stability of fractional differential equations.
Paper [26] describes the construction of a matrix exponential for equations with
functional delays.

A discrete version of delayed matrix exponential was defined in [6,[7]. In addition
to the definition of a discrete matrix exponential its application is considered to
solutions of initial-value problems for linear discrete systems with a single delay
and representations of solutions are obtained. It also served as a useful tool for
solving problems of control theory in [11]. A generalization of discrete delayed
matrix exponential to several delays can be found in [20]. In [24], discrete delayed
matrix exponential is used to investigate the stability of delay difference equations.

In the following sections, we give a detailed overview of the known results, which
are then used or generalized in Chapters [3| ] and 5] The proofs are also shown of
the results formulated (the original proofs are simplified) because some parts of the

proofs are referred to in these chapters.
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2.1 Discrete Matrix Delayed Exponential

In the present dissertation, we use a special matrix function called a discrete matrix

delayed exponential. Such a discrete matrix function was first defined in |6} |7].

Definition 2.1. For an n xn constant matrix B, k € Z and fixed m € N, we define

a discrete matriz delayed ezponential eB% as follows:

e if kez ™,

I if keZ?,,

I—l—B(llc) if kezZit,

I+ B(lf) + B? (k —2m> if kez

k k— k-2
]+B<1>+B2< 2m>+33< 3m> if keZymil..,

]+B<I;> +BQ<k;m> +---+Bf<k_mé£_1)>

. . £(m+1)
if 0=0,12..., keZ{"" .,

where © is the n X n null matriz and I is the n X n unit matriz.
Remark 2.2. Definition 2.1l can be shortened to
© it kez—m 1

Bk ._
e, =

Z .
Sk —m(1—1 m
I+ZBZ< Z( >> if 0=01,2..., keZ{ ) -

i=1 '
Next, Theorem [2.3]is taken from [7, Theorem 2.1].
Theorem 2.3. Let B be a constant n x n matriz. Then, for k € Z*,,,
AeBk — peBlk—m), (2.1)

Proof. Let a matrix B and a positive integer m be fixed. Then, for an integer k
satisfying
(l—1)(m+1)+1<k<{lm+1),

in accordance with the definition of eZ¥,

AePk = A [1+§Bi<k_mi(i_1)>] .

11



Since Al = O, we have

— A [Z; B (k —mli— 1>)1 . (2.2)

2

By the definition of the forward difference, i.e.,

AeBF = B+ _ Bk (2.3)

Y

we conclude that it is reasonable to divide the proof into two parts with respect to

the value of integer k. We will consider two cases, one with k£ such that
L—=1Dm+1)+1<k<k+1<{lm+1),

and one with

k=1{(m+1).

I.Thecase ({ —1)(m+1)4+1<k<k+1<£€m+1).

In this case,
k—mel[l—-2)(m+1)+1,({—1)(m+1)]

and, by Definition [2.1],

’f-m>:1+§3i<k_m__m(i )—I%—ZBZ(k mz). (2.4)

1

We prove that
k —
AeBt = peBlh—m) _ l[ + Z B’( " )] . (2.5)
With the aid of (2.2), (2.3)), and (1.6)), we get

Bk _ B(k+1) _ Bk
Ae " =e, — e,

1

e Loy
(K =m(i—1)

llk(ﬂ”&llll) >Z (ke —m(i—1)

o) e ()

:Bl[—i—ﬁ:Bl 1<k_;”_<i1— 1)>1.

R T
- I~ 'MN
¥ w0

12



Now we change the summation index ¢ to ¢ + 1. Then,

/-1 .
AeP* = B l[ +3Y B (k - ”“)] — BeBk=m)
i=1 t

and, by (2.4), we conclude that formula ([2.5) is valid.

II. The case k = £(m + 1).

In this case we have by Definition

oBk+1) =I+§Bi<k+1_m<i_l)>_

m
i—1 ¢

and

L : 4 -
g () (),
: [

i=1
We prove that

l Ak — -
AeP* — BeBk-m) _ g l[ +y BZ< m’)] .
=1

]

Therefore,

Bk _ B(k+1) _ Bk
Ae," =e) — e,

:§Bi<k+1—m(z’—1)> _gBi<k—m(¢—1)>

] 1

_ ge+t k+1—-—m(l{+1-1)
B (+1

1 7

=1

With the aid of k = ¢(m + 1), we get
E+1—m({+1-1) (41
— -1
(+1 (41
and, by (|1.6) and (1.7]), we have

AeBk — gttt 4 éBi <k —m(i — 1))

i=1 i—1

_ gty B(k - §n£11— 1)) N f:Bi (k —Zm_(z'l— 1))

=2

13

) ()

(2.7)



- B [Bf + I+ ij“(k _;”fil_ 1>>] .

i=2
Now we change the summation index ¢ to ¢ + 1. Then,
-1 .
ke —
AeP* = B [J+BMZB@< mz)] .
i=1 t

For k = {(m + 1), we have

()

and
_ I T A
Aeﬁk:B[IjLBZ(k £m€>+ZBl<k ‘mzﬂ
i=1 ¢
l Ak — .
B lIJrZB’( m)]
i=1 t
= Beﬁ(’“’m).
By ([2.6]), formula ([2.7) is proved. O

2.2 Solutions of Linear Discrete Systems with

Single Delay

Consider an initial Cauchy problem
Ax(k) = Bx(k—m) + f(k), keZ, (2.8)
(k) =ok), keZ® (2.9)

where m > 1 is a fixed integer, B = (b;;) is a constant n x n matrix, z: Z%,, — R",
[:25% =R p:Z°,, — R" and Ax(k) = z(k + 1) — z(k).

With the aid of discrete matrix delayed exponential, we will derive formulas for
solutions of the homogeneous and nonhomogeneous initial problem , .

2.2.1 Homogeneous Initial Problem
Consider first a homogeneous initial problem ({2.8)), (2.9), i.e., the problem

Ax(k) = Bx(k —m), ke€Z, (2.10)
(k)= k), keZ’,. (2.11)

14



Theorem 2.4 (Theorem 3.1 in [7]). Let B be a constant n x n matriz. Then,

a solution of the problem (2.10)), (2.11)) can be expressed as

z(k) = epfp(=m)+ D> en I Ap(j — 1), (2.12)

j=—m+1

where k € Z2,,.

Proof. We are going to find a solution to the problem (2.10)), (2.11)) in the form
0
w(k)=eBro+ S eBEMIIAY( 1), keZ™, (2.13)
j=—m+1

with an unknown constant vector v and a discrete function ¢ : Z° — R™. Because

of linearity (taking into account that k varies), we have

0
Az(k) = A |elFo+ > eBE=m=i) A¢)(j — 1)

j=—m+1

0
= APy + Z A [eﬁ(’“’m’j)Aqﬂ(]’ — 1)}

j=—m+1
=A {efﬂ v+ 20: A {eﬁ(k_m_j)} APy —1).
j=—m-+1

We use formula (2.1

0
Az(k) = BeBE=m) ) 4 > BeBE=2m=i) Ayp(j — 1)

j=—m+1
O .
=B Bty + N eBEEmD A (5 - 1) .
j=—m+1

Now we conclude that, for any v and 1, the equation Az (k) = Bx(k —m) holds.
We will try to satisfy the initial conditions (2.11]). By (2.10]), we have

0
eBl=m gy 4 N BEEMEIAY (5 — 1) = 2(k —m).

j=—m+1

We consider values k such that k —m € Z°, . Simultaneously, we change the argu-
ment k to & +m. We get

0
e vt > e TIAY( — 1) = p(k),
j=—m+1
for k € Z°,,. We rewrite the last formula as

k
Brut 3 BETIDAG— 1)+ Y eBETIDAGG — 1) = (k). (2.14)

j=—m+1 j=k+1



By Definition [2.1] the first sum becomes

k . k
Yoo ARG =) = 3 A —1) = v(k) —v(-m)
j=—m+1 j=—m+1

and the second one turns into the zero vector. Finally, since

Bk _
(AN :[7

kez

—m>

equation becomes
v+ (k) = p(=m) = p(k)

and one can define

(k) = p(k), keZl,;
vi=(=m) = p(-m).
In order to get formula (2.12)) it remains to substitute v and v into (2.13]). m

2.2.2 Nonhomogeneous Initial Problem

We consider a nonhomogeneous initial Cauchy problem ({2.8]), (2.9), i.e. the problem

Ax(k) = Bx(k —m) + f(k), keZ, (2.15)
(k) =(k), keZ’,,. (2.16)

We get this solution, in accordance with the theory of linear equations, as the
sum of a solution of the adjoint homogeneous problem (2.10), (2.11]) (satisfying

the same initial data) and a particular solution of (2.15)) being zero on the initial
interval. Therefore, we are going to find such a particular solution z,(k), k € Z%,,
of the initial Cauchy problem
Az(k) = Bx(k—m) + f(k), keZ, (2.17)
v(k)=0, keZ®,. (2.18)
Theorem 2.5 (Theorem 3.5 in [7]). The solution © = x,(k) of the initial Cauchy
problem (2.17)), (2.18)) can be represented on Z>, in the form

ry(k) = Y2 el f(j - 1),

16



Proof. We are going to find a particular solution z,(k) of the problem ({2.17)), (2.18)
using the idea of the method of variation of arbitrary constants in the form

(k) = Yo el D), (219

where w : Z3° — R is a discrete function. We put (2.19) in (2.17). Then, with the

aid of (1.9 and (2.1)), we obtain
k
i—1
k
= oD D)y (k4 1) + 37 A [ehE ()]
j=1

k

= eﬁ(_m)w(k +1)+B Z eﬁ(k_Qm_j)w(j)
j=1

k—

3

k
em )+ 3 e w(j)
1 j=k—m+1

=el™uw(k+1)+ B

J

By Deﬁnltlon! 2.1} eB™ = [ and, for j € ZF_,, ., eB*=2m=0) = ©. Then,

k—m
Az(k) = w(k + 1)+ B Y eBE=2m=iy(j).

j=1
We define
wk):=f(k—-1), keZy
and get
Az (k) = f (k=2m=9) f (5 — 1)
= f(k) +Bw(_/<7 —m).
This ends the proof. O

Combining the results of Theorem [2.4 and Theorem [2.5] we get immediately

Theorem 2.6 (Theorem 3.6 in [7]). On Z>,,, the solution x = x(k) of the initial
Cauchy problem (2.15)), (2.16]) can be represented in the form

k

0
z(k) =enfo(=m)+ 3 ep™ T IAR(j = 1) + 3 en I (G - 1).

j=—m+1 j=1

17



2.3 Solutions of Linear Discrete Systems with

Single Delay — Generalization

Consider a linear discrete system
z(k+1) = Az(k) + Bx(k —m) + f(k) (2.20)

where m > 1 is a fixed integer, k € Zi°, A = (a;;), det A # 0 and B = (b;;) are

constant n X n matrices with the commutative property
AB = BA, (2.21)

[ 2 = R x: 2>, — R". Together with equation ([2.20]), we consider an initial
Cauchy problem
2(k) = o (k) (2.22)

with a given p: Z° — R".
Substituting in ([2.20))
(k) = Ary(k)

with k € Z%,, we get
y(k +1) = y(k) + Buy(k —m) + A1 f (k)

with B; = A" 1BA* ™ By the property (2.21)), we obtain B; = A~!BA™™ and
matrix B; becomes a constant matrix. Using the difference operator, we write
an equivalent form to (2.20) as

Ay(k) = Byy(k —m) + A" f(k), ke Z. (2.23)
The corresponding equivalent initial data with respect to are
y(k) = A"Fpk), kezl,.
We consider an initial Cauchy problem for a homogeneous linear matrix equation:

X(k+1)=AX(k)+ BX(k—m), ke€Zy, (2.24)
X(k)y=A% keZ", (2.25)

with n X n matrices A and B satisfying conditions AB = BA and det A # 0. Here

X: 7%, — R™™ is an unknown matrix.

Theorem 2.7 (Theorem 2.2 in [6]). The matrix
X = Xo(k) := AFeBh L ez>, (2.26)

solves the problem (2.24]), (2.25).
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Proof. We put
X(k)=Xo(k), keZ=,

in matrix equation ([2.24)). Then,

Ak+1 eﬁl(kﬂ) — Ak+L eﬁ1k + BAF™ eﬁl(kfm)

and
AeBik — B eBilb=m) o 70
This equality is valid, by (2.1)), for every k € Z%,,. O

In the following parts, we derive a matrix form of the solution of a homoge-
neous and nonhomogeneous initial problem (2.20)), (2.22). We use the matrix func-
tion Xo(k) defined as a discrete matrix delayed exponential by formula (2.26)).

2.3.1 Homogeneous Initial Problem
Consider a homogeneous initial problem (2.20)), (2.22)), i.e., the problem
x(k+1) = Ax(k) + Bx(k —m), ke€Zy, (2.27)
z(k) = k), keZ’,. (2.28)

Theorem 2.8 (Theorem 3.1 in [6]). Let A, B be constant n xn matrices, AB = BA
and det A # 0. Then, the solution of ([2.27)), (2.28]) can be expressed as

2k = Xo(B) A" o(cm) + A7 S° Xolh—m— ) [p0) — Ap(—1)] (229

j=—m+1

where k € Z2,,.

Proof. We put z(k) = A*y(k), k € Z*, . Then, the problem (2.27), (2.28)) is changed
to

Ay(k) = Byy(k —m), k€ Z, (2.30)
y(k) = A%o(k), keZ®, . (2.31)

We will try to find a solution of (2.30)), (2.31) for k € Z*,, in the form
0
y(k) =ep" C+ 3 et IAR(j - 1), (2.32)
j=—m+1

where C' is an unknown constant vector and 7 : Z°  — R" is a discrete function.
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First we show that expression ([2.32)) is a solution of homogeneous system ([2.30))
for arbitrary C' and 7 and for k € Z5°. We compute Ay(k), k € Z>,,. The linearity
yields

0
Ay(k) = A |eBk o Y eBmDAR(j - 1)

j=—m+1

0
=AefhC+ Y Al AR(j - 1)

j=—m+1

=Alel*] ¢+ i Alepr=m=D] Ax(j - 1).

j=—m+1

We apply formula ([2.1)) relative to the increments of discrete exponential:

0
Ay(k) = Bierv=m o4+ S~ B i Ag(j — 1)
e (2.33)
=D Bt o N BT AR (G- 1) .
j=—m+1

Consequently,
Ay(k) = Buy(k —m)

for k € Z§° and expression ([2.32)) really solves homogeneous system for arbi-
trary C' and 7.

Now we try to fix C' and 7 in order to satisfy initial condition fork e Z°, .
We use the representation of increment substituting it into (2.30)). Easy

simplification leads to
0 .
eBrlk=m) ¢ 4 > eBrk=2m=iAr(j — 1) =y(k —m), keZr
j=—m+1

We choose the vector C' and function 7 in such a manner that initial condi-
tions (2.31)) holds. We change the index k to k& + m. Then, the last equation can be

written as

0
eBRC+ 3T B mmIAR (- 1) = y(k) = A Fp(k),

Jj=—m+1

where k € Z° . Moreover, let us rewrite the last formula again. We get

k 0
ePhCr N B DA+ Y B D AR(j—1) = A Fp(k). (2.34)
j=—m+1 J=k+1
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Consider the first sum. If 7 > k, then, by definition, the first sum equals zero.

Therefore, we consider only the case j < k so that
k—m—-—j>k—m-—k=—m
and, moreover since j > —m + 1 and k£ <0
k—m—-—j<-m—-—7<-m+m—-—1=—-1

By Definition 2.1},

efj(k’m’j) =1
and the first sum is equivalent to
k . k
Z eﬁl(kfme)Aﬂ(j —1) = Z Arn(j—1) = w(k) — m(—m).
j=—m+1, <k j=—m+1, <k

Now we consider the second sum. If 7 > 0, then, by definition, the second sum
equals zero. This holds for k£ = 0, i.e., it is sufficient to consider k € Z~} only. Since
J > k41, we have

k—m—-—j<k—-m-k—1=—-m—-1<-m

and, by Definition [2.1],
eﬁl(k’m’j) = 0.

Finally, since eZ'* =T if k € Z°, , (2.34) becomes

C + (k) = m(=m) = A (k)
and one can put
(k) = Ap(k), keZ’, and C:=mr(—m)=A""p(—m).

In order to get formula (2.29)) it remains to substitute C' and 7 in (2.32). We
take into account that, from the definition of discrete exponential, it follows that

matrices A and discrete exponential commute. Now
0 . .
w(k) = Afy(k) = AF [ AT p(—m) + 3 e IA AT — 1))
j=—m+1

= Xo(R)A™™p(—m)+ Y. A" Xo(k —m — j) [ATp(5) — A0 p(j — 1)

j=—m+1

= Xo(k)A™™p(—m) + A™ 20: Xo(k —m —j) [p(j) — Ap(j — 1)].

j=—m+1
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2.3.2 Nonhomogeneous Initial Problem

We consider the nonhomogeneous initial Cauchy problem ([2.20)), (2.22), i.e.,

z(k+1) = Axz(k) + Bx(k —m) + f(k), keZ, (2.35)
x(k) = k), keZ,. (2.36)

We derive a solution of this problem as the sum of a solution of the adjoint homo-
geneous problem (2.27), (satisfying the same initial data) and a particular
solution of being zero on the initial interval. Therefore, we will try to find
such a particular solution.

Now we find a solution z = z,(k), k € Z>,, of the problem

z(k+1) = Ax(k) + Bx(k —m) + f(k), keZ, (2.37)
z(k)=0, keZ’,. (2.38)

Theorem 2.9 (Theorem 3.4 in [6]). Let A, B be constant n X n matrices, AB = BA
and det A # 0. Then, a solution x = x,(k) of the initial Cauchy problem (2.37),

o0

(2.38) can be represented on Z>=°, in the form

k

ap(k) =A™y Xo(k—m —j)f(j — 1)

i=1

Proof. We put x(k) = A*y(k), k € Z>,. Then, problem (2.37), (2.38) can be

written as

Ay(k) = Biy(k —m) + A" f(k), k€ ZF, (2.39)
y(k) =0, keZ°,. (2.40)

We will try to find a particular solution y,(k) of (2.39) - on Z in the form

yp(k) = > et D (j), (2.41)

i=1

where w : Z3° — R™ is a discrete function. We put y,(k) into (2.39). Then,

ZeBl(k m=3), )] B, [Z B (k=2m—) (j)} + AT (R,

=1
Considering A as Ay, we obtain, with the aid of formula ((1.9)),

k
ep =m0y (s 4 1) + SA B E=m=I ()]

i=1

- By [ S5 et ) 4 4 ),

=1
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Using formula (2.1]), we have

AeBith=m=3) _ B oBilk-2m=))
and the last equation becomes

k
eﬁl(’m)w(k: +1)+ B Zeﬁl(k’m’j)w(j)
i=1
(2.42)

Since ef1=™) = [ and

k k—m k
Dot u(j) = 30 ept P (g 4+ 3T eI (),
i=1 i=1 j=k—m+1

where by Definition [2.1
eBilk=2m—) — g if je /N

(2.42) turns into

k—m k—m

wk+1)+ By Y ep 2w (j) = By Y ept B2 Dw(j) + A f (k).

i=1 i=1

Both sides will be equivalent if we define
wk):=AFfk—-1), kezZ¥

and substitute this function into (2.41)). This ends the proof since
z,(k) = ARy, (k) = AkZeBl(k—m—])w(j) — Ak ZeBl(k—m—])A—]f(j _1)

m m
i=1 i=1

k k
=Y AmtipbmmmigBikmmeD AZ f(5 1) = A™ S Xo(k —m —5)f(j — 1).

i=1 i=1

]
Combining the results of Theorem and Theorem [2.9] we get immediately

Theorem 2.10 (Theorem 3.5 in [6]). On Z>,,, a solution x = x(k) of the initial

Cauchy problem ([2.35)), (2.36]) can be represented in the form

(k) = Xo(R)A™"p(=m) + A™ 3 Xo(k —m =) [p(j) — Ap(j — 1)]

j=—m+1

+ A" Xo(k—m —5)f(5 —1).

=1
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2.4 Discrete Matrix Multi-Delayed Exponential

In [20], a problem is considered of the representation of solutions to linear discrete
systems with several delays and constant matrices. Below, we reproduce the main
results of [20]. In Section we compare these results with ours.

Theorem 2.11. Let mi,mo > 1, By, By be N X N matrices such that BiBy = By By,

and X (k) = eB1(=m1) " Then, the matriz solution of the equation

satisfying
o, if kelZZL,
Y (k) = / > (2.44)
E, if k=0,
has the form Y (k) = eBt.Balk=mz) 4yp ere

ml m2

o, if kez=m !

k
X(k+mo)+ By Y X(k—j)X(Gri—1)+--
=1
kh J1 Ji—1

epiit =0+ By ) Yoo Y X(k—5) (2.45)
ji=0-1)  j2=(-1) Gi=(-1)
X (ma+1)+1 x(ma+1)+1 x (mo+1)+1

XHX Ji = Jit1 X(jl_(l_1>(m2+1)_1)7

ma+1 00
if ke Zz 12)(77”32+1)+17 l € Zg

Theorem 2.12. Let 1 < my < my, ¢: Z°,, — RY be a given function and By, By
N x N permutable matrices, i.e., BiBy = ByBy. Then, the solution of the initial

Cauchy problem consisting of equation
Ax(k) = Biz(k —my) + Bax(k — ma), k>0

and initial condition
x(k) =p(k), keZ’

—ma

has the form

o) = Y(k+ma)p(—m) + > Y(k—)Ag(i—1)

j=—ma+1
. (2.46)
> Y(k—1—m—j)e(j)
Jj=—ma

for k€ 7>, , where Y (k) = eB1.B2(k=ma)

—msg’ TTL1 mo
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Definition 2.13. Letn > 1, mq,...,m, > 1 and By, ..., B, be pairwise permutable
N x N matrices, i.e., B;B; = B;B; for eachi,j € {1,...,n}. Foreachj=2,...,n

the discrete multi-delayed matriz exponential corresponding to delays mq, ..., m; and
matrices By, ..., B; is defined as follows
o, if kez !

k
11=1
k i1 i1

DBk~ e By D Y e 3 Xalk—d) o (247)
H=(-1)  is=(—1) ir=(-1)
x(mj+1)+1 x(m;+1)+1 X (mj+1)+1

H —1(is = o) Xjoa (i — (L= 1)(my + 1) = 1),

. l(mj+1) 0o
if ke Z(l_{)(mﬁl)ﬂ, leZg

_ B, Bja(k—myja)
where X;_1(k) =e my—1 :

Theorem 2.14. Letn >0, my,...,m, > 1, and By,..., B, be pairwise permutable

N x N matrices. Then, the matriz solution of the equation
AY(k)=BY(k—my)+ -+ B, Y(k—m,), k>0,

satisfying condition
o, if keZ™L,

Y(k) =
B, if k=0,
has the form
eBi(k=—ma) ifn =1,
Y(k) = 7;1 B (k=mn)_ !
oy T ifn>1.
where k € Zg°
Theorem 2.15. Letn > 1, my,...,m, > 1, m =max{my,...,my}, 0: Z° — RN
be a given function and By, ..., B, pairwise permutable N x N matrices. Then,

the solution of the initial Cauchy problem consisting of the equation
Ax(k) = Byx(k —my) + - - - + Box(k —my,) (2.48)

and initial condition

z(k) =@(k), keZ°,, (2.49)
has the form
x(k) =Y (k +m)p(—m) + Z Y(k—j)Ap(j —1)
T (2.50)
—ZBZ Z Y(k—1—m;—j)e(j)

25



_ Bi,...Bn(k—m,
for k € 2%, where Y (k) = eB1--Bnl ),
Theorem 2.16. Let n > 1, my,...,m, > 1, m = max{my,...,m,}, By,..., B,

be pairwise permutable N x N matrices, p: Z°, — RY and f: ZF — RY be
given functions. Then, the solution of the nonhomogeneous initial Cauchy problem

consisting of the equation
Az(k) = Bix(k —mq) + - - + Bpa(k —my,) + f(k), k>0, (2.51)

and initial condition
(k) =(k), keZ’,, (2.52)

has the form

2(k) =Y (k+m)p(—m) + Z Yk —=j)Ap(j—1)

Jj=—m+1
. . . (2.53)
—ZBZ Yo Y(k=1—mi—5)e()+ D Y(k—=4)f(j—1)
j=—m Jj=1
for k € =, where Y (k) = e} "n(k_m”).
Corollary 2.17. Letn > 1, my,...,m, > 1, m = max{my,...,m,}, A, By,..., B,

be pairwise permutable N x N matrices, det A # 0, ¢: Z°,  — RY and f: 2 —
RY be given functions. Then, the solution of the nonhomogeneous initial problem

consisting of the equation
v(k+1)=Az(k) + Bix(k —mq) + - -+ Bux(k —my,) + f(k), k>0, (2.54)

and initial condition

(k) =(k), keZ’,, (2.55)

has the form

v(k) =Y (k+m)p(=m)+ 37 Y(k—j5)e(j) = Ap(j — 1))

j=—m+1
n —1—-m; k ~ (256)
—ZBZ > Y(k=1=mi—j)e(j) + > Y(k=7)f(j—1)
=1 j=—m 7j=1
fork € 2= where Y (k) = Akefill ’’’’’’’’’ B, nlb=ma) and By = BiA™Y™ i=1,...,n.
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3 SOLUTIONS OF LINEAR DISCRETE
SYSTEMS WITH IMPULSES

In this chapter we present results on representation of solutions of linear discrete
systems with impulses. The results of Sections—are published in [8, 1315, [25]
while the results in Section [3.4] are new.

Consider an initial Cauchy problem
Ax(k) = Bx(k —m) + f(k), keZ, (3.1)
o(k) = p(k), kel (3:2)
where m > 1 is a fixed integer, B = (b;;) is a constant n x n matrix, z: 2>, — R,
[:ZF - R p:2°, — R" and Az(k) = z(k+ 1) — z(k).
We assume that impulses are acting on z at some prescribed points. Particularly,
the problem (3.1), (3.2]) is considered if impulses are focused on the first point

m+1) .
—1)(m+1)+1°

z(l—=1)(m+1)+1)=z((l—-1)(m+1)+1-0)+ Jp,

(>1,0= {mlJ, k€ Zy, J, € R™ (resuts are given in Theorems , , or on

the p-th point of such intervals:
(=1 (m+1)+p)=z((l—1)(m+1)+p—0)+ Jp,
pe{l,2,3,...m+1}, £ > 1,0 = V*mJ, k € Zy, J, € R (resuts are given

of every interval Zfé

m+1
in Theorems [3.5 [3.6)), or, in a general case, impulses are added to each point k
(Theorems [3.7], [3.8)).

In Section further generalization is given of the results from Section [3.3]

The problem considered has a more general form

x(k+1) = Az(k) + Bx(k —m) + f(k), keZy, (3.3)
z(k) = k), keZl,, (3.4)
r(k+1)=Cx(k+1-0)+ Jpy1, keZY (3.5)

and the main assumption is that matrices A and B commute (AB = BA) and

ACB = BCA (Theorem [3.10).

3.1 Problem (3.1), (3.2) with Impulses at Points
Having the Form (£ — 1)(m +1) + 1

We will consider problem (3.1]), (3.2) with impulses J, € R™ added to = at points

having the form (¢ — 1)(m + 1) + 1 where the index ¢ > 1 is defined as ¢ = {MJ
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for every k € Zg°, i.e., we set
z({—1)(m+1)+1)=z(l—-1)(m+1)+1-0)+ J, (3.6)
and investigate the solution of the problem (3.1)), (3.2)), (3.6).

Before we deal with the solution of (3.1)), (3.2)), (3.6]), we will consider an example
to get a better understanding of the problem. The example illustrates the influence

of impulses on the solution and serves as a motivation for the related results.

Example 3.1. We consider a particular case of ifn=1 B=b+#0,b€R,
m = 3 and f(k) =0, k € Z together with an initial problem for p(k) =1,
k € Z° ; and with impulses J; € R at points (¢ —1)(m +1) +1 = 4(¢ — 1) + 1 where
il ]

Ax(k) = bx(k — 3), (3.7)
z(—3) =2(-2) = 2(-1) = z(0) =1, (3.8)
2400 — 1)+ 1) = 2(4(0 — 1) + 1 — 0) + J,. (3.9)

Rewriting equation (3.7)) as
x(k+1) =xz(k) + bx(k — 3)

and solving it by the method of steps, we conclude that the solution of the problem

can be written in the form:

(k) = b(’(kg?’) it kez°,

x(k):b‘)(kg?’)wl(lf)+J1b0<k81> if keZi

- (D)oo )b () (7
+J2b°<kg5> it keZt,

=0t 1) o) ot ) ot ol
+bl<k14>+b2<k;7>]+J2[bo<kg5>+b1<k18>]

k_
+ng0< )

0 ) if keZy,
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)

k—8—3((
(-2

+--~+b”ﬂ<

k—M—SM—mﬂ

_+_..._|_b£—4<

o

k—M—3>+§<

94

)J+o(
ke — 4i — 3(¢
{ —

k—4i+3

;(er))ﬂ

+—~--4—bfi(
2)+3>+b1<

+ Jy_o lb()(

)

_m>+§<k_qe_

k— A(f

k—A(0—
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. lbo (k: — 4(60— 1) +3> Ll (kz — 4(16 — 1))1

4
+ng°<k O“?)) if eZVTJ’J and k ez .

The solution of (3.7) — (3.9)) can be shortened to
L (k=30 k—4q—3(j — 1
:Z ( (J >+ZJZb’< - ] U )>, (3.10)

for ¢ = {mJ and k € 7,

3.1.1 Homogeneous Initial Problem

Theorem 3.2. Let B be a constant n x n matriz, m be a fized integer, J, € R",

(>1,0= {HmJ Then, the solution of the initial Cauchy problem with impulses

m—+1
Ax(k) = Bx(k—m), keZy, (3.11)
v(k) = ¢(k), keZl,, (3.12)
r({—1)m+1)+1)=z((l—1(m+1)+1-0)+J, (3.13)
can be expressed in the form:
z(k) = eBFp(—m) + Z Blk=m=D)Ap(j — 1) + Z JeBk=alm+1) (3.14)
j=—m+1 q=1

where k € Z%,,.

Proof. We prove (3.14)) for k£ > 0 at first. We substitute (3.14]) into the left-hand
side £ of the equation ((3.11)):

L = Az(k)

=A

Eo(—m) + Z Blk=m=) Ap(j — 1) +ZJe ’”m“”]

j=—m+1 q=1

0 ‘
= Aeﬁkw(—m) + Z AenBl(k_m_j)Agp(j _ 1) + Z Jqui(k_q(m+l))

j=—m+1 q=1

= [according to the Theorem [2.3]

0 ¢
= Bei(’f—m)gp(_m) + Z Beﬁ(k‘zm‘j)Ago(j —1)+ Z Jdeﬁ(k—m—‘I(m'f‘l))

j=—m+1 q=1

=B

ep M o(—m) + Z D Ap(j - 1) +ZJ6 kmq(m“”]-

Jj=—m+1 q=1
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Now we substitute (3.14]) into the right-hand side R of the equation (3.11)):
R = Bxz(k —m)

0 l
=B |ept™Mp(=m) + 30 eft I AG(j — 1) + 3 Jyep e )

j:—m-‘,—l q:1

Since £ =R, (3.14) is a solution of (3.11)).

Now we have to prove that (3.13]) holds, too. We substitute (3.14]) into the left-
hand side £* and right-hand side R* of (3.13)):

L =a(( - DH(m+1)+1)

:eﬁ((ﬁfl)(m+l)+l)(’0( )+ Z ((£=1)(m~+1)+1—m—j) A90<] _1)
j=—m+1
L
+ Z quﬁ((éf1)(m+1)+17q(m+1))’

q=1

R*:x((ﬁ—l)(m—i—l)—i—l—O)—i—Jg

:eﬁ((éfl)(erl)nLl)SO( )+ Z ((t—=1)(m+1)+1—m—j3) AQO(] _1)
j=—m+1
/—1
+Zquﬁ((é—l)(m—&—l)+1—q(m+1)) + JZ-
q=1
Since

J4 /—1
ZJQ B(({—1)(m+1)+1—¢(m+1)) ZJeB((é—l)(m+1)+1—q(m+1))
q=1 q=1

4 JpeB(EDmr 1) 1-L(me1))

/-1
3 J, B DD H=gmtD) o B(-m)
q:

= |according to the Definition P.1], eZ™) =T }

m

—

—1
Z B (£—1)(m+1)+1— q(m+1)+J

it is obvious that £* = R* and (3.13)) holds.
We prove that (3.12)) holds as well. For k € Z°  is £ = 0 and

o

¢
Z quB(k—q(m—H Z B k—q(m+1)) _ =0.
q=1 q=1
Therefore, (3.14]) becomes (2.12)). This formula was proved in the proof of Theo-
rem [2.4] O



Example 3.3. We consider the problem (3.11f) — (3.13)) where n = 1, B = b, m = 3,
o(k) =1for k € Z°,. Then (3.14) takes the form:

0 ] ¢
w(k) = eFo(=3)+ S " TTIAp(G - 1) + 3 Jyes ), (3.15)

j=—3+1 q=1

This problem was also solved in Example 3.1} We will show that the representations

(3.15) and (3.10]) are equivalent.
We write all the addition terms of (3.15)):

e5¥p(—3) = [according to Definition [2.1]

Ry e iy
Ao )

= T+t
()
=0 J ’
Yoo T Ap(i - 1) = Zegk?’]Aw(J—l)
j=—3+1 j=—2
—esklASO( 3)+esk Z)ASO( )+e3k3A80( )
—0,

l 3
J,EaED) _ g g Mkt
q

q:]_ =1

= [according to Definition [2.]

ZJ Zb]<k 4q j3(j—1)>

—4 —4 —dq—
RGO
pct 0 1 2

+'_‘+bg_q<k—4q—3(€—q—1)>

t—q
et k—4q—3(¢—q)
(—q+1
N “+bg<k—4q—3(€—1)>]
‘ )

We prove that the binomical coeficients
k—4q—3({ —q) k—4q—3((—1)
(—q+1 Y l
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are equal to zero. These coeficients can be writen as

k—4q—3(0 — —1
( ¢ (f—a+p )> where p=1,2,...,q.
t—=q+p
Since k € Zj(, 1),,, we can write k = 4(¢ — 1) + h where h = 1,2,3,4. Thus,

k—4¢—-3(l—qg+p—1) _ 40—-1)4+h—-4g—3l—qg+p—1)
t—q+p C—q+p

_(l—=q—=3p—1+h
B (—q+p

= [because —3p—1+h < p

Hence,

Then, the solution (3.15)) is in the form

:Zi: (k; 32 ) ZJij(k 4g - 3(3—1)>’

which is the solution of Example

3.1.2 Nonhomogeneous Initial Problem

Theorem 3.4. Let B be a constant n X n matriz, m be a fived integer, J, € R,

(>1,0= VH’LJ Then, the solution of the initial Cauchy problem with impulses

Ax(k) = Bx(k —m) + f(k), k€ Zy, (3.16)
z(k) =ok), keZ’,, (3.17)
(-1 (m+1)+1)=a(l—-1)(m+1)+1—-0)+ Jp, (3.18)

can be expressed in the form:
0 .
z(k) = eptp(=m)+ > en® I Ap(j - 1)
j=—m+1

V4
+ Z eﬁ(k*m*j)f(j _ 1) + Z quﬁ(k*Q(erl))

j=1 q=1

where k € Z2,,.
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Proof. The problem ({3.16)) — (3.18) with f(k) =0, k € Z>,, is considered in Theo-
rem [3.2] So, it is suifficient to prove only the following:

k—m

Ai Em=Df(j=1) =B Y ep* 2D (i — 1) + f(k).
j=1

Jj=1

This formula was proved in the proof of Theorem [2.5] and so we refer to it for

a detailed explanation. O

3.2 Problem (3.1), (3.2)) with Impulses at Points
Having the Form (£ —1)(m +1) + p

We will consider the problem (3.1)), (3.2) with impulses J, € R" added to z at
points having the form (¢ — 1)(m + 1) + p where p is a fixed integer from the set

{1,2,3,...,m+ 1} and the index ¢ > 1 is defined as ¢ = VJ“mJ for every k € Zg°

i.e., we set
r({—1)(m+1)+p)=z((l—-1(m+1)+p—0)+J (3.19)

and investigate the solutions of both the homogeneous and nonhomogeneos prob-

lems (31). (2). (BT9).

The following theorems generalize the results from Section |3.1| where a particular

case of this problem (if p = 1) was solved.

Theorem 3.5. Let B be a constant n X n matriz, m be a fixed integer, p be a

fized integer from the set {1,2,3,.... m+ 1}, J, € R", £ > 1,1 = LMJ Then,

the solution of the homogeneous initial Cauchy problem with impulses

Ax(k) = Bx(k—m), keZy, (3.20)
v(k) = k), keZ’,, (3.21)
(=1 (m+1)+p)=z((l—1)(m+1)+p—0)+ Jp, (3.22)

can be expressed in the form:

0 ¢
z(k) =elo(-m)+ > eBE=m=iAp(j — 1) + > JyeBk=(p=D=a(m+1) (3 93)

j=—m+1 q=1

where k € Z2,,.
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Proof. First we prove (3.23)) for £ > 0. We substitute (3.23)) into the left-hand side £
of the equation (13.20)):

L = Az(k)

0 ¢
=A|eFo(—m)+ > Br=m=DAp(j — 1) + 3 quﬁ(k—(p—l)—q(mﬂ))]

j=—m+1 q=1

0 4
= Aeikgo(—m) + Z Aeﬁ(k_m_j)Acp(j — 1)+ ZJquﬁ(k—(p—l)—q(mH))

j=—m+1 g=1

= [according to Theorem

0 ¢
— Beﬁ(kfm)go(—m) + Z Beﬁ(k*Qm*j)Agp(j — 1)+ Z Jdeﬁ(kfmf(pfl)fq(mH))

j=—m+1 q=1
0 ‘
— B eﬁ(kfm)g,(_m) + Z eﬁ(Mmfj)A(p(j — 1)+ Z quﬁ(k,m,(p,l),q(mﬂ)) .
j=—m-+1 q=1

Now we substitute (3.23)) into the right-hand side R of equation ((3.20)):
R = Bz(k —m)

=B

0 ‘
eﬁ(k_m)go(—m) + Z eﬁ(k—2m—J)Agp(j — 1)+ Z qui(k—m—(p—l)—Q(m+1))] ]

j=—m+1 q=1

Since £ =R, (3.23) is a solution of ([3.20)).

Now we have to prove that (3.22)) holds, too. We substitute (3.23)) into the left-
hand side £* and right-hand side R* of (3.22)):

L'=z((—1)(m+1)+p)

ﬁ((éfl)(m+1)+p)90( )+ Z ((t=1)(m+1)+p—m—j3) AS[?(] . 1)
j=—m+1

=e

[
+ Z quﬁ((h1)(m+1)+zuf(pfl)fq(mﬂ))7

q=1

R*:x((f—l)(m%—l)—l—p—O)%—JE

= BU=DmHD+2) () 4 Z (E=DmtD+p=m=D) Ap(5 — 1)
j=—m+1

-1
+ Z quﬁ((f—1)(m+1)+p—(p—1)—Q(m+1)) + Jy.
q=1

Since

-1
(15 D(m+1)+p—(p=1)—g(m+1)) _ ZquB((ﬁ—l)(m+1)+p—(p—l)—q(m+1))

q=1

”Mf‘
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+Jgeﬁ((f—l)(m+1)+p—(p—1)—f(m+1))
-1
= Z quﬁ((f—l)(mﬂ)ﬂ—(p—1)—tz(m+1)) + Jgei(—m)
= |according to the Definition ,eBm) — ]}

m

-1
Zqu (E=D(m+Dtp=(p-1)=q(m+1)) 4 7
g=1

it is obvious that £* = R* and (3.22)) holds.
We prove that (3.21)) holds as well. For k € Z° | we have ¢ = 0 and

=]

ZJeB(k: (p—1)—q(m+1)) Z k (p—1)—gq(m+1)) _ —0.

g=1 q=1
Therefore, (3.23)) chenges to (2.12)). This formula was proved in the proof of Theo-
rem 2.4 O

Theorem 3.6. Let B be a constant n X n matriz, m be a fixed integer, p be a

fized integer from the set {1,2,3,... m+ 1}, J, € R", £ > 1,1 = LMJ Then,

the solution of the nonhomogeneous initial Cauchy problem with impulses

Ax(k) = Bx(k—m)+ f(k), keZy, (3.24)
z(k) = k), keZ’,, (3.25)
r(l—1)(m+1)+p) =z(l—-1)(m+1)+p—0)+ Jp, (3.26)

can be expressed in the form:

0
a(k) = eBFo(—m)+ Y eBFTTIAp(j - 1)

j=—m+1

k
_,_Zefl(k*m D fG =1 Z‘]e —(p—=1)—g(m+1))

j=1
where k € Z=,,.

Proof. The problem ({3.24)) — (3.26) with f(k) =0, k € Z>,, is considered in Theo-
rem 3.5 So, it is sufficient to prove only the following:

k k—m
A efEm I f(j—1) = B Y epfW 20 f(j — 1) + f(k).
j=1

Jj=1

This formula was proved in the proof of Theorem and, therefore, we refer to it

for a detailed explanation. O
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3.3 Problem (3.1), (3.2) with Impulses at Each

Point

We will consider the problem (3.1)), (3.2)) with impulses Jx11 € R" added to z in

every k € Z3°, i.e., we set

xk+1)=x2(k+1—-0)+ Ji

(3.27)

and investigate the solutions of both the homogeneous and nonhomogeneous prob-

lems (). (2). BZD.

Theorem 3.7. Let B be a constant n X n matriz, m be a fixed integer, J; € R™.

Then, the solution of the homogeneous initial Cauchy problem with impulses

Ax(k) = Bx(k—m), keZy,
v(k) = ¢(k), keZl,,
zk+1)=2(k+1-0)+ Jyr1, keZT

can be expressed in the form:

0 k
o(k) = ePro(—m)+ 3 eBETmDAp(j — 1)+ 3 JeBktm)

where k € Z2,,.

Proof. The problem (3.28)) — (3.30)) is equivalent to the problem

w(k) = ok), keZl,

(3.28)
(3.29)
(3.30)

(3.31)

(3.33)

We prove (3.31)) for k£ > 0 first. We substitute (3.31)) into the left-hand side £ of

the equation ([3.32)):

L = Az(k)
0 . k '
= AleBro(—m)+ 3 eBETmIAQ( - 1)+ JeBk-(m)

J=—m+l i=1
0 k
= AePro(—m)+ 3 ABFIAR( 1)+ AY JyeBlk=(iFm)
Jj=—m+1 P

= [according to [1.9]

0 k
= Aclplom) Y AT DA 1)+ 3 A 4 ol

j=—m+1 i=1
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= [according to Theorem [2.3] and Definition [2.1]

0 k
_ BeEmp(mm) + S B I DA — 1)+ Y JiBeB ) 4 gy

Jj=—m+1 =1
0 . k—m '
=B eﬁ(k—m)(p(_m) + Z ei(k_2m_j)A90(j _ 1) + Z Jieﬁ(k_zm_z)
Jj=—m+1 =1
k: .
+ > Tl 4
i=k—m+1
= {according to Definition is eﬁ(k_Qm_i) =0 forie Z’ljfmﬂ}
0 k—m
=B eﬁ(k*m)gp(—m> + Z eﬁ(k—Qmﬁ)AwU —1)+ Z Jiei(kfzmﬂ) ¥ e,
Jj=—m+1 P

Now we substitute (3.31]) into the right-hand side R of the equation (3.32)):
R = Bx(k —m) + Je1

0 k—m
eﬁ(k—m)(p(_m) + Z eﬁ(k_2m_J)Ag0(j _ 1) + Z Jiei(k—m—z)
j=—m+1 i=1

Since £ =R, (3.31)) is a solution of ([3.32)).
For k € Z°, , no impulses exist. The problem (3.32)), (3.33)) becomes the problem

(2.10)), (2.11)) solved in Theorem [2.4} O

Theorem 3.8. Let B be a constant n X n matriz, m be a fized integer, J; € R™.

=B + Jgt1-

Then, the solution of the nonhomogeneous initial Cauchy problem with impulses

Ax(k) = Bx(k—m) + f(k), keZy, (3.34)
z(k) = o), keZ°,, (3.35)
c(k+1)=2(k+1—=0)+ Jop1, keZ¥ (3.36)

can be expressed in the form:

0
w(k) = epfo(=m) + > ep I Ap(j — 1)
j=—m+1
k k
£ 3 eBET I f(j — 1) 3 T

j=1 i=1
where k € Z%,,.

Proof. The problem ({3.34)) — (3.36) with f(k) =0, k € Z>,, is considered in Theo-
rem 3.7} So, it is sufficient to prove only the following:

k k—m
A eBFme (i — 1) =B Y elF2mI) f(5 — 1) + f(k).
j=1 Jj=1

As mentioned above, this formula was proved in the proof of Theorem and,

therefore, we refer to it for a detailed explanation. n
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3.4 Problem (3.3) — (3.5)) with Impulses at Each
Point

Consider the discrete system
x(k+1) = Az(k) + Bx(k—m) + f(k), keZy, (3.37)
where m > 1 is a fixed integer, A = (a;;) and B = (b;;) are regular constant n x n
matrices with the commutative property
AB = BA,
f: 2y — R" and z: 2%, — R".
Together with equation ([3.37)), we will consider the initial Cauchy problem

v(k) = k), keZl, (3.38)
with a given ¢: Z°,  — R™
We will consider problem (3.37)), (3.38) together with the condition
z(k+1)=Cx(k+1—-0)+ Jr1 (3.39)

where k € Z3°, C = (¢;5) is a regular constant n x n matrix and .J; € R™ are impulses.

We assume that, for matrices A, B and C, equality
ACB = BCA
holds.

Remark 3.9. For A = C = I, the problem (3.37)) — (3.39) turns into (3.34) — ((3.36))
considered in Theorem [3.8

Theorem 3.10. Let A, B, C' be constant n X n matrices with the proterty ACB =
BCA, m be a fized integer and J; € R™. Then, the solution of the initial Cauchy

problem with impulses

z(k+1) = Az(k) + Bx(k —m) + f(k), keZy, (3.40)
w(k) = ok), keZ’,, (3.41)
zk+1)=Cx(k+1—-0)+ Jpr1, ke€ZY (3.42)

can be expressed in the form:
z(k) = Xo(k)(CA)™™p(=m)
+ (CA)m Z Xo(k‘ —m— ]) [90(]) - (CA)‘:O(] - 1)] (3.43)

j=—m+1

+ (CA™> Xo(k—m—1i)[Cf(i—1)+ J]

=1

where k € 73°, Xo(k) = (CA)*eBik B, = (CA)"'CB(CA)™.
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Proof. The problem (3.40) — (3.42)) is equivalent to the problem without impulses

x(k+1)=CAx(k) + CBx(k —m) + Cf(k) + Jpr1, k€ Zg, (3.44)
zv(k)=pk), keZ’

We prove (3.43]) for & > 0 first. We substitute (3.43) into the left-hand side £
and right-hand side R of the equation (|3.44)):

L=xk+1)
= Xo(k + 1)(CA)™p(=m)

> Xolk+1=m =) [p(j) = (CA(j —1)]
CA)mkfXO(m 1—m—14)[Cf(i— 1)+ J]

R = CAz(k) + CBx(k —m) + Cf(k) + L
= CAXo(k)(CA)™p (—m)

+ CA(CA)™ Z Xo(k —m —j) [p(j) — (CA)p(j — 1)]

]—7m+1

+ CA(CA)™ ZXO (k—m—4)[Cf(i —1)+ Ji]

=1

+ CBXy(k — m)(CA)’m (—m)

+ CB(CA)™ Z Xo(k —=2m — j) [p(j) — (CA)p(j —1)]

]—7m+1

+CB(CA)™ Z Xo(k—=2m =) [Cf(i — 1)+ L] + Cf(k) + Jpa

We will divide the proof into the following three parts:
1) We prove:

Xo(k +1)(CA) ™ p(=m) = CAXo(k)(CA)"p(—m)

(3.45)
+ CBXo(k —m)(CA) ™p(—m)

Ly =Xo(k+1)
_ (CA)k+1 eB1(k+1)

= CA(CA) et + CB(CA) el
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(CA)IH-I Blk—l-CB(CA)k mB lB eBl(k m)

= (CA} Bk L CB(CA™(CA)™(CB)'CAAeB
(OA)k—H Blk (CA>k+1( 1(k+1) effjk)

= (C4)

CA k+1 Bl k+1)

Ly =Ry and (3.45]) holds.

2) We prove:
(cA" ]_gﬂXo (k+1—=m—j)p(j) — (CA)p(j - 1)]
= CA(CA)™ ]—ZW:LHXO (k—m—j)[e(j) — (CA)p(j — )]+ (3.46)
+CB(CA)™ J_Z%_HXO —2m —j) [p(j) — (CA)p(j — 1)],

‘__Z 1Xo<k: +1—=m—j)[p(j) — (CA)p(j —1)] =
= Y [CAXo(k —m — j) + CBXo(k —2m — j)] [p(j) — (CA)p(j — 1)]

j=—m+1

Ly =Xo(k+1—m—j)

= (C’A)k+1_m_jeﬁl(k+1—m—j)
Ry = CAXo(k —m — j) + CBXo(k — 2m — j)

= CA(CA)k_m_jeﬁl(k_m_j) + C«B(CA)k—zm—jeﬁl(k—2m—j)

= (CA)’C‘Fl*Tn*jefll(k*m*j) + C«B<CA)k72mfjB;1Bleﬁl(k,2m,j)

( A>k+1—m—jeﬁ1(k—m—j) + CB(CA)k_2m_j(CA)m(C'B)_lCAAeﬁl(k_m—j)

= (CA)kJrlfm*jeﬁl(kfm*j) + (CA)kJrlfmfj (ef;(kJrlfmfj) _ eﬁl(k’m*j))
(CA)

—(CA k-i-l—m—jeBl(k—i-l—m—j)
m

Ly =Rs and ([3.46]) holds.
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3) We prove:

CA™ %Xo(k +1—m—i)[Cf(i —1)+ J]
= CA(CA)™ ;Xo(k; —m—1i)[Cf(i—1)+ J]+ (3.47)
+ CB(CA)™ Z Xo(k =2m =) [Cf(i = 1) + Ji]
+ Cf(k)+ Jip
Since
k+1
cA™ ZXO(k +1—m—i)[Cf(i—1)+ J]

= (CA)’”iXo(k +1-—m—)[Cf(i—1)+Jj]
+ (CAZ):’iXo(—m) [CF(k) + T

= (CA)mZk:XO(k+ L—m—i)[Cf(i —1) + Ji]
+ (OAZ>:1<CA> et OO f () + Ty

= (CA)™ ZXo(k: +1-m—19)[Cf(i — 1)+ J] + Cf(k) + Jita,

pas
it is enough to prove
ixo(m 1—m—i)[Cf(i — 1)+ J]
= C’Azk;Xo(k: —m =) [Cf(i—1)+ J]
+CB kixo(k —2m — i) [Cf(i—1)+ J]
Ly :iXO(lH—l —m —4) [Cf(i —1) + Ji]
= f:(cA)’f“—m—ieﬁl(’f“—m—“ [Cf(i—1) + Ji]

@
I
—

Ry — CAZk:XO(k—m—i) (CF(i—1) + Ji]
LOB'S® Xolk—2m— ) [CH(i— 1)+ J]

i=1
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AN Xolk—m — i) [~ 1)+ ]

Jj=1

+CB (ﬁ:Xo(k —9m —0) [Cf(i — 1) + J]

— > Xok=2m—49)[Cf(i—1)+ Ji])
i=k—m-+1
= CA i(CA)’“‘m‘i et =MD [Of (i = 1) + Jj)

i=1

k
+CBY (CAF im0 [Cf(i — 1) + Jj]
=1
k
—CB 3 (CAf eyt [Cf(i - 1) + ]

i=k—m+1

= [for i €Ly gl 18 eBl(k 2m—i) _ @}

{C«A(CA)IC m—i Bl(k m— z)+C¢B<C¢A)k 2m— 1eB1(k’ 2m— z} [Cf(Z—l)—i-Jl]

I
™M=

=1

Il
M»

{(C«A)k—i-l—m—i eﬁl(k—m—i) + C«B(CA)k—Qm—iBl—lBl eﬁl(kz—Zm—i)]

.
I

Cf—1) + Ji]

k
= Z [(CA)k-i—l—m—i eﬁl(k’—m—i) + CB(C«A)k—2m—z(C«A)m(CB)—chA eﬁl(k—m—i)]
=1
CfGE = 1)+ i)
k
= Z {(CA)k—H—m—i eBl(k—m—i) + (CA)k+1—m—i (eﬁl(k—l-l—m—i) . eﬁl(k—m—i))}
=1
Cf(i— 1)+ i)
k
= Y (CAyHT BT (O f (- 1) + ]

=1

L3 =R3 and (3.47) holds.
Since (3.45)), (3.46), (3.47) holds, it is obvious that £ = R and (3.43)) is a solution

of (). 0

Remark 3.11. For k € Z°, | the problem (3.40) — (3.42)) is equivalent to the prob-

lem (2.27), (2.28) and, by Theorem 2.8 formula (3.43) is equal to formula (2.29),1.e.,

2(k) = Xo(k)A™p(=m) + A™ > Xo(k —m —j) [p(j) — Ap(j — 1)]

j=—m+1

where Xo(k) = AkeBik By = A=1BA—™,
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4 DISCRETE MATRIX DELAYED
EXPONENTIALS FOR TWO DELAYS

In this chapter we define two discrete matrix delayed exponentials for two delays
and we prove their main properties. Results of this chapter were already published
in |12} [16].

BCEk
mn

4.1 Discrete Matrix Delayed Exponential e

BCE

We define a discrete matrix function e, >

called the discrete matrix delayed expo-
nential for two delays m,n € N, m # n and for two r X r commuting constant

matrices B, C.

Definition 4.1. Let B, C be constant r X r matrices with the property BC' = CB

and let m,n € N, m # n be fixed integers. We define a discrete r X r matriz function

BCEk

e~ called the discrete matriz delayed exponential for two delays m, n and for two

r X r constant matrices B, C' as follows:
o Zf ke Z—max{m,n}—l
—0o0 Y

sow._ )1 if keZl

max{m,n}>

e N N A ey
I+(B+C) Y BZ(JJ< , >< o ) if keZy
i=0,j=0 t i+y+1
where " "
+m +n
P = LWJ Che {nJrlJ (4.

and O is the r X r null matriz, I is the r X r unit matriz.

i+g\ (45 (it
i ) gt )
we can replace (Z + ‘7> by (l +‘7> in Definition and in the computations below
l J

if deemed necessary.

Remark 4.2. Because

Let us show an example illustrating this special exponential function.

BCEk

Example 4.3. For k € Z}? we will construct the matrix eZ<* if m = 2 and n = 3.

Computing particular matrices generating efS* for k € Z?, we get

BCO __
eyg = 1,

e =1+B+C,
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eys’ =1+ (B+0)2,

eys? =1+ (B+0)3,

e =1+ (B+C)4+ B),

eys” =1+ (B+C)(5+3B+0),
s =1+ (B+C)(6+6B+30),
ST =1+ 7+10B +6C + B?),

eBSY = [ 4 (B+C)(9+ 21B + 15C + 1082 + 8BC + C?),

P10 = [ + (B + C)(10 + 28B + 21C + 20B* + 20BC + 4C? + B?),

P = I 4 (B + C)(11 + 36B + 28C + 35B% + 40BC + 10C* + 5B° + 3B*C),

eys'? =1+ (B+C)(12+45B 4 36C + 56 B> + T0BC + 20C” + 15B* + 15B°C
+ 3BC?).

)
( )
( I
( I
( I
(B +C)(
PS8 = I+ (B + C)(8 + 158 + 10C + 4B* + 2BC),
( I
( I
( I

I

BCk

The main property of e;, " is given by the following theorem.

Theorem 4.4. Let B, C' be constant v X r matrices with the property BC = CB
and let m,n € N, m # n be fized integers. Then,

AeBCk — Beﬁg(k*m) + Ceﬁg(k*") (42)

mn

holds for k € Zg°.

Proof. Let k > 1. From ((1.4) and (4.1), we can see easily that, for an integer k
satisfying
(poy = D(m+1) +1 <k <puy(m+1) Alge —D(n+1) +1 <k < quyn+1),

the relation

Aept = A

mn

Py —Lqer)—1 /s N [k — mi— ni
I+(B+C) Y B%CJ(”,J>< o "j>
i=07=0 1 1+j+1

holds in accordance with Definition 4.1| of eZ2¢*. Since AT = O, we have

P~ a1 1+ 7\ (k—mi—nj
AeBF=A|(B+C) > B”CJ< ) ( o ) (4.3)
i=0,j=0 U it+j+1
By the definition of the forward difference, i.e.,
Aept = epl () — 0k, (4.4)

we conclude that it is reasonable to divide the proof into four parts with respect to

the value of integer k. In case one, k is such that

(P —D)(m+1) +1 <k <pry(m+1)A(qgw —1)(n+1)+1 <k <qu(n+1),
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in case two

k=pumm+1)A(gw —1)(n+1)+1<k<qun+1),
in case three

Py —1)(m+1) +1 <k <pgy(m+1) ANk =qu(n+1),

and in case four
k= p(k)(m + 1) Nk = q(k)(n + 1).

We see that the above cases cover all the possible relations between k, p«) and g).

L (py —1)(m+1)+1< k< pry(m+1)
ANagwy —1D(n+1)+1<k<qun+1)

From ((1.4) and (4.1]), we get

k—m+m k
p(km):{ m—+1 J<m—|—1<p(k)’

k—m+m k k—m—1
p(’f‘m):{ m+1 J>m+1_1: m+1 O Pw T2

Therefore, pg—m) = pa) — 1 and, by Definition @,
P(k)—2:q(k—m)—1

) ) . . k: _ _ . _ .-
ent =14 (B+O) Y B (Z ﬂ) ( it m) Y
i=0,j=0 ! i+j+1

Similarly, omitting details, we get (using (1.4)), and (4.1))) g—n) = qu) — 1 and
p(k_n)fl,q(k)f2 ) ) . . kj o o s .
BCm T4 (B+C) Y B (l J > < e ) (4.6)
i=0,j=0 t i+j+1
Let qx—m) = 1. We show that

<k—m—mi—nj

S =0 if i20, J>qum). 4.7
itj+1 ) =5 I = dEm (4.7)

In accordance with (|1.4)),

k—m+n >k—m+n _k:—m—l
n+1 n-+1  on+1

q(k—m) = \\

or

k—m<n+1Dgum+1<(m+1)i+n+1)j+1 if ¢>0, J>qu-m).
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From the last inequality, we get
E—m-—-mi—nj<i+j+1 if ¢>0, J2=>qu-m

and (4.7) holds by (L.5). For that reason and since qu_m) < qu), we can replace
qk—m) DY quy in (4.5). Thus, we have

Py ~2am =t N\ i+ 1) —nyg
1=0,7=0 v s J T 1

It is easy to see that, by (1.8)), formula (4.8]) can be used instead of (4.5) if gr—m) < 1
also.

Let p—n) > 1. Similarly, we can show that

<k—n—mi—nj

S —0 if i>pgy, >0
i+ 1 ) Plh=n), J

and, since pz—n) < Py, we can replace p,_ny by py in (4.6). Thus, we have

Py~ Lam—2 e Nk — mi — 1
BCU-m 1y (proy Y piod' mi—n(G D) g
i=07=0 1 1+7+1

It is easy to see that, by (1.8)), formula (4.9)) can be used instead of (4.6) if p—ny < 1,

too.

By (1.4), we also conclude that

Pk+1) = Pk)s  4k+1) = d(k) (4-10)
because
_|k+1+m < k 1< 1
P+1) = m1 =l Pk) )
and
_|k+1+m k+14m |- k - 1
Plet1) = m+1 m+1 _m—i—l_p(k) m+1
The second formula can be proved similarly.
Now we are able to prove that
DB = Bl 4 g
Pk)—2,q(k)—1 /s N [k — 1) —
i=0,j=0 ( i+7+1 (4.11)
Py~ bamw =2 Wz Nk — mi — 1
+C|I+B+0) Y B@(Zﬂ)( mi =]+ )>
=070 1 1+7+1
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With the aid of (4.3)), (4.4)), (1.6]), and (4.10), we get

BCk _ _BC(k+1) _ BCk
Aemn = Cnn — Con

Pe+1)—Lak+1)—1

—I+(B+C) Y Bicj<i+,j><k+.1_m_nj>

=070 1 1+7+1
Py —Lqr)—1 . . . .
- (B+0) Z Bicy Z—l-—j k-—m‘z—n]
i=0,j=0 v i+7+1
Pk)y—Lak)—1 /s N (k41— mi—ni
=I+(B+C) > BZC]<H"J>< +_ mi nJ)
=070 7 1+7+1
Py —L,q(k)—1 /s N\ [k — i — ni
e o) ()
i=0,j=0 v i+j+1

—(B—i—C)p(k) O 1BC] z—i—] k+1—mi—nj\ (k—mi—nj
B 10]0 it+j+1 i+j+1

DP(k)— 1q(k) 1 e
_(B+0) (z—i—])(k‘ .mz'n]>

zO]O Z+]

) Bl

i=1,j=1 L+

By (1.7), we have

=(B+0C)

P(k)—1 o am—1 1 o
APk — (B4 C) [T+ Y BC°<Z )(k ‘mz>+ > BOOJ< ; )(k ."‘7>
=1 ¢ J
Pk)y—L,qr)—1 . . . .
i+ =1\ (k—mi—nj
+ B'C S
i:lX,j::l < i —1 ) ( 1t

Py —L,q(k)—1

I\ Lk — i — mi
N Z B’CJ<Z+‘7 )( .mz‘nj>
i=1j=1 vt
P~ 1q<k)1 1+ —1\(k—mi—nj
(S | i)
Pk)—Lak)—1

B'CY
T e [ 1
i=0,j=1 v vty

Now, in the first sum, we replace the summation index ¢ by 7+ 1 and, in the second

=(B+C) |1+

11]0

sum, we replace the summation index j by j + 1. Then,

P(k>—2241<k>—1 Bt (2 + j) (k —m(i+1)— nj>

AeBCk B + C
( s i=0,j=0 4 i+J+1

mn
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Pk)—1,q(k)—2

+ Y Bt (’ ﬂ) (’f —mi—n(j+ 1))

=070 i t+7+1
—2,q()—1 S : .
_papmic) S o) (FomisD —n
i=0,j=0 U i+y+1
p( )71,(]( )72 . . . .
roremre) Y poftTI(FmminG D
i=0,j=0 U i+y+1
~2,q()—1 o . .
=B ]+(B—|—C')p(k) fk) BiCY PG\ (kmm+d) —n
i=0,j=0 U i+j+1
p( .)—17(]( )—2 . . - .
colivomro) Zk pici({ T (k-mi-nl+D)
=070 1 1+ +1

= Befﬁ(k*m) + C’eﬁg(k’").
By (4.8) and (4.9), we conclude that formula (4.11)) is valid.

I k=pry(m+1)A(qw —1)(n+1)+1<k<qun+1)

In this case,

E—m+m k

= [5250]-[ -
k+1+m E+1+m k

p<k+1)—{ —— J< il mri T lTPetlL
E+14+m E+1+m

p“““):{ m+1 J m+l  m+1 ®

and p+1) = Pk + 1. In addition to this (see relevant computations performed in

the case I.), we have q—n) = q) — 1 and qu41) = q)- Then

Pk —Lagr) 1 o N\ [k — i — i
e =I+(B+C) B’Cﬂ(ﬁjx - n‘7>,
—o70 7 1+5+1
Py A~ i+ 5\ (k+1—mi—nj
eﬁg(kJrl) -7 + (B + C) Z BiCY ] . i .
i=0,j=0 t i+l

and

P(k)—1,q(k—m)—1

i+ 9\ [(k—m—mi—nj
eﬁi’(k—m) — I+ (B + C) Z BiCY (Z +.7> < m ‘m'l nj>’ (4,12)
1=0,7=0 ¢ U J T 1

Pk—n)—L1,4(k)—2

i g\ (k—n—mi—nj
eﬁg(k—n) =1+ (B+0) Z BiCY (Z + j) ( n ,mz nj). (4.13)
=070 1 1+j+1
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As with the computations performed in the previous part of the proof, we get

k—m—mi—nj
o =0 if >0, 7>qr-m
< i+j+1 ) J = Q=m)

and y . .
—n—mi—nj . ,
o =0 if ©>pu_n), > 0.

< i+j+1 ) = Ple=n)>J

So we can substitute g for q_m) in (4.12)) and pg, for pe—y) in (4.13). Accordingly,

we have
ORE O 4 j '
mn =070 { i+7+1
Py —1,q(k)—2 . : ; 1
) i\ (k—mi—n(j+1)
BC(k=n) _ [ 4 (B4 C BiCY ! . 4.15
€ +(B+C) Z 7 i+7+1 ( )

mn
i=0,j=0

It is easy to see that, by ([1.8)), formula (4.14]) can also be used instead of (4.12) if
qk—m) < 1 and formula (4.15)) can also be used instead of (4.13) if pp—n) <1

We have to prove

AeBF — Beﬁg(k_m) + Ceﬁg(k_”)
Py —1L,q(r)—1 s A\ (k— 1) —
i=0,j=0 t i+J+1 (4.16)
Py —Lak)—2 /s Nk — mi — 1
+C|I+(B+C) Y Bl(ﬂ(lJf])( mi = n(j+ )>
i—07=0 1 1+7+1
Therefore,
AeBCk — (BC(k+1) _ BCk
Pk)d(k)—1 . k41— mi—ni
i=07=0 1+7+1

P(k)— 1Q(k T
- (B+0) pios ”3 b —mi =]
1+7+1

1= 0] 0
p<k) 1Q(k) 1 . . .
_(B+0) 3 BO](z—i—j Kk%—.l—‘??lz—nj)_(k.—m‘z—nj
=070 1+j+1 1+j+1
Q(k) 1 .
n Z BP(MC’J(p(k +]> <k+1—m]?(k)—nj> '
D(x) Pk +J+1

7=0

With the aid of the equation k = pgy(m + 1), we get

kE+1— —njg 1—n9
(i) o)
Py +7+1 Py + 147
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and, by (1.6)), we have

[Pk —Lg(r)—1 - i+ g\ (k—mi—nj
AePF=(B+C)| > Ble( / )( i+ ) o
| i=0,j=0 ! v
i Py —1 k — mi ) —1 k—mnj
B0 |1+ Y BZC()(Z)( ‘mz>+ 3 Booa< )( ,m)
i=1 l L j=1 0 /
-1, -1 . . ; )
. P(k) unc) B t+ 7\ (k—mi—nj + BPO)
= i 1+

By (1.7), we have

Pt t—1\ (k—mu Wt k—nj
AeBSF — (B+C) |1+ ZBC°< 1)( | > ZBOCJ< )( | >
=1 v J
Pk)—Lqr)—1 . .
n 3 B’C9<Z+j 1)(1{;—.77%'—71])
=11 1—1 1+
Py —Lar)—1 o i
LY <Z +j 1 (k: m@ . ng) L+ g
i=1,=1 v+
Py —Lqr)—1 /s N [k — i — i
L [r S () ()
=170 1—1 1+
Pk)—L,qr)—1 . - . S
SR () ),
i=0j=1 [ 1+

Now we replace in the first sum the summation index ¢ by ¢ + 1 and, in the second

sum, we replace the summation index j by j + 1. Then,

—2,q(e—1 o . .
AeBCk _ (B + C) p(k) Zq(k) Bitlci i+7\(k— m(z + 1) —nj
m =070 i i+j+1
Pk)—L,qk)—2 . . T .
oy piom(THI) (o RS e
i=07=0 7 1+7+1
P(k)—2,q(k)—1 . . . .
i+ g\ (E—=m(i+1)—nj
=B+BB+C B'cY BP® (B + C
Pk)—1,q(k)—2 . . . .
rcromro) Y ot b= mi = n(j+1)
=070 7 1+7+1
k) —2,4(k)—1 . . . . s
=070 7 1+7+1
Pk)—Lqk)—2 . . . .
volivmre) y poH)(FmmonUEy
i=07=0 ) t+7+1
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For k = pgy(m + 1), we have

Brw~! = q% B~y (p(’“ -1 +9> (k —mpr —1+1) = nJ)

20 Py — 1 Py —1+j+1
where
(k—m(p(k)—l—i—l)—nj) _ (k—mp(k)—nj> _0 i >0
Py —1+7+1 Py +J
Thus,
Py —Lak)—1 /s N [k — 1) —
ABCH—B|I+(B+C) Y BZCU(ZJ,F‘?)( mii +1) ”]>
=070 1 1+7+1
Py~ Lak)—2 /s N\ [k — mi — 1
+C|I+(B+C) Y Bl(ﬂ(lﬂ>< mi = n(j + )>
=070 1 t+j+1

= Beﬁg(k_m) + Ceﬁg(k_”)
and formula (4.16)) is proved.
III. (pay —1)(m+1)+1 <k <pry(m+1)ANk=qu(n+1)
In this case, we have (see the relevant computations in the cases I. and II.)

P—m) =Pk) — L, Dae+1) = D)

and
Ak-n) = > Qoe+1) = gy + 1.
Then,
Py LAt Nk — mi — ny
eBCk — 1+ (B+C) Z B’CJ< , )( S >,
=0 7 1+7+1
P —Lagw i+7\(k+1—mi—nj
emn " =T14H(B+C) > BCY iy
= 7 1+7+1
and

P m2Akem =t +J\[(k—m—mi—nj
eBCk=m) — 1+ (B +C) 3 BZOJ< , ) ( o ) (4.17)
i=0,j=0 t it+j+1
Pk—n)— L) —1

Bk _ [y (BrCO) Y B9 (”.J) (’“ T ”J). (4.18)
=070 1 t+7+1

Like with the computations performed in case 1., we can get
k—m—mi—nj 0 if i>0 >
= if 1 , > Qk—m
i+j+1 =% J = Qlem)
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i+j+1

and " . .
( _”_mz_”]> =0 if i>puoa, J>0.
So we can substitute qg for qg—n) in (4.17) and py for pg—p) in (4.18)). Thus, we

have
) _ [ (1) S BC ( + ) ( i+ 1) = nj ) (4.19)
i=07=0 1 1+7+1
Py —Lar)—1 /s N\ (ke — i — 1
BCU) _ [ (ByC) S O ( +x7> ( mi = n(j + )>. (4.20)
i=07=0 7 1+ +1

It is easy to see that, by ([1.8)), formula (4.19) can also be used instead of (4.17) if
q(k—m) < 1 and formula (4.20)) can also be used instead of (4.18)) if pr—n) < 1.

Now we have to prove

AeBCF — Beﬁg(kfm) + Ceﬁg(k’”)

mn

-2, -1 . . . .
:B<LHB+CfW§?)ZﬂﬁZ+] k=m(i+1)=nj
=070 7 1+7+1 (4.21)
D( )—1,q( y—1 . . . .
+CALHB+C)ka pici(( I\ (Fmmimnl+1)
5 i i+j+1

Considering the difference by its definition, we get

BCk _ . BC(k+1) _ . BCk
Ae e —e,.,

Pk)—L,q(k) /s N\ (k+1—mi—ni
=070 1 1+7+1
Py~ L) —1 . . ; ;
1-B+c) Y po'T b~ mi —ng
=070 1 1+j+1
p<k)_§§(k>_13icj i+ kE+1—mi—nj k—mi—nyj
) 1+5+1 1+5+1

(4

=(B+0C)

i=0,j=0
Pyl <Z + Q(k)> (k? +1—-—mi— TZQ(k)>

+ Bi'C® .
Z 1 L+ qm +1

i=0
With the aid of the equation k = qy(n + 1), we get
kE+1—mi— 1—mu

< + 1 —mi nCJ(k)> _ <Q(k) + mz) _0 i s,

L+ qm +1 qr +1+1
and
P~ Lawm=t +9\ (k—mi—nj
Aept* = (B+C)| Y B’OJ( | )( o )wqw
i=07=0 /) 1+
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Pt 1\ (k—mu aw ! k—mnj
i=1 i J
Pr)—1,qr)—1 . .
oy poi(t k_””_’” 4 O
i=1,j=1 U i+

By (1.7), we have

AeBCk (B‘I—C

mn

1+p(§;130‘)<2 )(k ‘mz> q(gBOOJ< )(’“‘]”‘7>

Py~ Lag —1 . .
SR (451 (i)
=11 t—1 v+
Py —Laek)— . .
Z+j—1> (k—mz—ng)
+ .y + 1
i:lz,j:zl ( L+
Py~ L,q(k)—1

= (B+C) |1+

Z Bicy 1+ —1\[k—mi—nj
= i—1 i+
Pk)—Lar)—1

S Bicj(Hj,_l)(k_W._nj)+Cq<k>

i=0,j=1 t t+)

Now we replace in the first sum the summation index ¢ by ¢ 4+ 1 and, in the second

sum, we replace the summation index j by j + 1. Then,

~2,q()—1 S : .
P(k) z‘é(k) B0 (Z _|_j> (k —m(i+1)— nj)

AeBC’k (B + C)

" i=0,j=0 ¢ i+t
D( )—l,q( )—2 . . . .
S pom (l ﬂ) (k il 1>> el
i—07=0 1 1+7+1
~2,q()—1 o . :
_papmic) S o) (FomitD —n
=070 ? 1+7+1
Pk~ L (k) =2 ~ ;
i=0,j=0 U i+j+1
+ C10 (B + C)
Pk)—2,q(k)—1 L — 1) —
—BlI+(B+C) Y BlCﬁ(Z”)( m{i 1) ”]>
=070 7 1+ +1
Pk~ L4 =2 ] ;
colivmro s ot (Fmmion D)
i=0,j=0 i i+j+1

+ (J"UO_I)}

o4



For k = quy(n + 1), we have

1 , ,
Caw p% Bicaw 1 (l ROk 1) <k —mi—n(qe — 1+ 1))

rar i 7+ dik) — 1+1
where
(k—mi—n(Q(k)—1+1)>_(k_mi_”q(’“)>_o if i>0.
i+qu—1+1 anll(0))
Thus,
-2, —1 . . . y
AeBCk — BT+ (B + C)% f“ gici(tT k=m(it1)=nj
et = i i+j+1
Py~ L=t N (e —mi—n(f + 1
+o|i+B+0) Y B%Cﬂ<2ﬁ>< s —nl ¥ )>
i—670 ) 7 +] +1

= BeBglhom 4 C

and formula (4.21]) is proved.

IV. k= p(k)(m—{— )Nk = q(k)(n +1)

In this case, we have (see similar combinations in the cases II. and III.)

Dk—m) = Pk)» Ph+1) =Pk T 1

and
dk—n) = qk)>  qik+1) = qe) + 1.
Then,
P 3 (k= mi —nj
Bk=I+(B+0) Y BZ(JJ< , >< L >,
i=0,j=0 t i+
P(i) A(k) : ,
ECU) _ [y C) S B Z” b L=mi = nj)
cn 1=0,7=0 Z+]+ 1
and

e £ A N e Py
egi’(k—m) — I+ (B + C) Z BiCY (Z +.7> < m -mz n])j (4,22)
=570 7 1+7+1

Pk—n)— L) —1 /s Nk —n—mi—ni
Bk 14 (B+C) Y BiCY (Z i ]> ( nom "3>. (4.23)
=070 1 1+7+1

As before,
k—m—mi—nj
—0 if i>0, > qum
( i+j+1 ) =5 T = Ak
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i+j+1

) for qumy in (E22) and pey for g in @23) and

and L . ‘
( _"_””_”‘7>=0 if Q> pn. J20.

So we can substitute g

p(k)—l,q(k>—1 ) ) . . ]{,‘ _ . 1 _ -
B (g S _B%ﬁ<zfj>< m(i +1) 7U>7 (4.24)
1=0,7=0 v et J +1
Pa~baw =t N e i — i+ 1
=670 7 1+ +1

It is easy to see that, by ([1.8)), formula (4.24]) can also be used instead of (4.22) if
qk—m) < 1 and formula (4.25) can also be used instead of (4.23) if pr—n) < 1.

Now it is possible to prove the formula
Al = Bt 4 Ol
Pk —Lqr)—1

I+(B+C) Y B%ﬂ<itj>cﬁ_?$;ia_naﬂ (4.26)

i=0,j=0
Pk)—Lqr)—1 . . . .
i+ i\ (k—mi—n(j+1)
I+ (B B'C?
(B0 ) C( i)( i+j+1

i=0,j=0

=B

+C

By (4, we get

AeBH = B — ep
. B+Cp(k)z: BC](@—}-])(Z{—I—l—mi—nj)

1=0,7=0
Pk —Liqr)—1 . .
i+ g\ (k—mi—nj
-1 - (B B'CY
wror 5 o) ()

1=0,7=0
p(k)iq(k)lBiCj i—f—j k+1—mi—nj k—mi—nj
5= i i+j+1 i+g+1

q(k) . .
_|_ZBP(k)CJ< ]> <k+1—m]?(k)—n]>
=0 P(k) Py +J+1
Py (z + (](k)) (k +1—mi— nq(k)>

+ > B'C1% ‘
; 7 i+ qu) + 1

i+j+1

=(B+0C)

With the aid of equations k = pg(m + 1), k = qu)(n + 1), we get

E+1-— —nj 1—mny
<+ PG W>:<m“+ m>201fj>a

P+ +1 P+ 1+

k+1—mi— L= mi

+‘ me—nqe)\ _ (k) T mz =0 if >0,
g +1 qu) + 141
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and
[Py —Law—1 i+ 7\ [(k—mi—nj
AeBCE (B 4 () Z Bzc«j( _ ) ( o ) + BPk) 4 k)
i=0,j=0 ! vy
[ Pyl k—mi\ @l M7\ (k—nj
=(B+0) |1+ 3 B’C()(Z)( -W)Jr 2 BOC](?))( 'n]>
=1 t t j=1 /
p(k>717q(k)71 . . . . .
+ ) BU (Z H) (k " m) + BP0 4 10
T 7 1+
By (1.7), we have
Py —1 ) Wt ‘
1\ [k — — 1\ (k-
Aept =(B+C) [T+ 3. B(JO(Z 1)( ‘m2>+ 2 BOC]( )( m)
2 i = 0 J
+p(k)—12wk) IBZCJ i4+j—1\(k—mi—nj
= i—1 1+
Pk~ Lq(k)— — —mi—nj
+ 2 <Z o (k n nj) + B 4 O
i=1,j=1 vt
p(k)—17Q(k)_1 . . . .
—(B+C) > Bic’j(H-j_l)(k_m'_m)
i=1,j=0 11 vy
Pk~ La(r) 1 i — —mi—mnj
+ > B (2 o 1) (k " m) + BP® + O
) L+

i=0,j=1

We replace in the first sum the summation index ¢ by ¢ + 1 and, in the second sum

we substitute the summation index j by j 4+ 1. Then,

P( ) =24k~ 1 R ' '
AP By [Ty S BYC (Z ﬂ) (k e nj>
=070 1 1+ 7+ 1
Py = La(r) =2 4 —mi—n(jg
+ > BT <Z H) <k mi = nlj+ 1>> + BP®) 4 O
—07 0 7 1+ J +1
P =24~ N\ [k —  +1) —nyg
_ B+ B(B+C) Z Bzcj<l—f]>< 7”'.1(2#'L ) n])
=070 ) 1+ J +1
Py ~baw =2 e N e omi — (i 4 1
+C+CB+C) Y BZC]<H'])< o )>
i—670 ) 1 +] +1
+ BP® (B + C) + C (B +C)
P(k)—2,q(k)—1 e . E_ . 1) — .
e ol ) e
i—670 ) 1 +] +1
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+C|I+(B+C) s 1%2 (it g\ (k—mi—n(j+1)
= Oj 0 v Z+] +1
+ CU»~ 1)]
Because k = py(m = quy(n + 1), we can BP®»~! and C%~! express in the
form
1 .
Bre-1 — q”“z): . 1CJ< —1 +]) (k' —m(pgy —1+1) — nj)
=0 Py — 1 pry —1+7+1
1 .
Caw~1 Mﬁj Bicaw-1 (T aw = 1) [k —mi—nlge —1+1)
1 t+qm —1+1
where
k— —1+1)-— k — —nj
( e — 1+ 1) ”J> ( P ”3>:o it j>0,
p(k)—1+j+1 p()+j
<k—mi—n((J(k)—1+1)> _ (k—mi—nq(k)> _0 if is0.
i+ qu —1+1 i+ qr)
Thus,
p '_17q 1 . .
AeBCk — B I+(B+C) ® Z(k) Bicy i+j3\[(k—m(i+1)—nj
o i=0,j=0 U i+7+1
Py —Lqr)—1 b —mi— 1
to|i+B+o) Y BCJ<Z+‘7)< mi —n(j+ )>
i=0,j=0 [ 1+7+1

= Beﬁg(k*m) + Ceﬁg(k’").

Therefore, formula (4.26)) is valid.

We have proved that formula (4.2]) holds in each of the above cases 1., I1., III.
and IV. for k£ > 1. If k = 0, the proof can be done directly because p) = q() = 0,
P =q0) =1,

AeBCO _ oBC1 _ BCO

mn mn emn
3.0 1+ g\ (1—mi—nj
=I+(B+0C) Y B S
=070 ) 1+7+1
~1,-1 . .
—mi — nj
—I—(B+0C) B'CY .
2ol
:]+B+C’—I:B+C’,
and
BeBCm) 4 CeBO) — BI 4 CT =B+ C.
Formula (4.2]) holds again. Theorem is proved. O
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4.2 Discrete Matrix Delayed Exponential 82¢*

Analyzing the applicability of eZ¢* to a representation of the solution to initial
problem (5.1] , . we see that, unfortunately, this does not lead to satisfactory
results because, as we will see below, an additional condition det(B + C) # 0 is
necessary. A small difference in the definition results in representations of solutions
of initial problems without this assumption.

Now we give a second definition of a discrete matrix delayed exponential for two

delays 2k,

Definition 4.5. Let B, C be constant r X r matrices with the property BC' = CB

and let m,n € N, m < n be fized integers. We define a discrete r X r matriz function

&BCk called the discrete matriz delayed exponential for two delays m, n and for two

r X r constant matrices B, C' as follows

e if kez™l,
I if keZy,
~BCk .__ Pk)—Lqr)—1 . . . .
Cun = \14 5 Bioj<z—|ij><k—r.n—.mz—n]>
i=0,j=0 t i+j+1
Py —Lqk)—1 . . . .
i+ g\ (kE—n—mi—nj
+C B'C| o if kelZy
2, ()T v vem
where L .
+m +n
= = 4.27
P {m—i—lJ’ %) LwrlJ (427)

and O is the r X r null matriz, I is the r X r unit matriz.
Remark 4.6. For k € 7, it is easy to deduce that 85C%F = eB(k—m),

In order to compare both types of discrete delayed matrices for two delays and
see the difference between both definitions, we consider the following example where
delays are the same as in Example

BCk

Example 4.7. For k € Z}*, we will construct the matrix é2¢% if m = 2 and n = 3.

Computing particular matrices generating €; g"“ for k € Z?, we get

<BCO _

€y3 =1,
sBC1 _

€3 =1,
~BC2

€5 =1,
éy5° =1+ B,

é§§4—1+2B+C,
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&Y% =1+ 3B +2C,

é§’§6 =1+4B+3C + B?,

&)ST =1+ 5B+4C + 3B*+ 2BC,

&)5® =1+ 6B +5C +6B*+ 6BC + C°,

&89 = I+ 7B+ 6C + 10B* + 12BC + 3C? + B,

éfg’lo =1 +4+8B +7C +15B? + 20BC + 6C? + 4B* + 3BC,

&M =1+ 9B +8C + 21B* + 30BC + 10C* 4+ 10B* + 12B>C + 3BC”,

8751 =1+ 10B +9C + 28B* + 42BC + 15C* + 20B° 4 30B°C + 12BC* + C°
+ B*.

BCk

The main property of €, " is given by the following theorem.

Theorem 4.8. Let B, C be constant r x r matrices with the property BC = C'B
and let m,n € N, m < n be fixed integers. Then,

ABCk — pgBC(k=—m) 4 OgBCk-n) (4.28)
holds for k € Zg°.

Proof. Let k > 1. From (|1.4) and (4.27)), we can see easily that, for an integer k
satisfying

(Pry —D(m+1) +1 <k <pry(m+1)A(ge —1(n+1)+1 <k < quy(n+1),

the equation

g —1 o . .
A~BCI<: A [+Bp(k> zq:(k) BiCv t+J7\(k—m—mi—nj
i=0,j=0 i i+j+1
n Cp(k)_iq:w_lBin i+J\(k—n—mi—nj
=070 ) 1+7+1

holds by Definition [4.5| of 8¢, Since AI = O, we have

—L,qg—1 o . ,
AeBCk — A Bp(k> i@ Bicy t+ 3\ [(k—m—mi—n)
" i=0,j=0 i i+7+1
Pk)—Lgr)—1 . . L . . (429)
v s pes(iHA)(Ron o mi=nd) |
i=0,j=0 i 1+J+1
By the definition of the forward difference, i.e.,
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we conclude that it is reasonable to divide the proof into four parts given by the

four values of integer k. In the first case, k is such that
Py —D(m+1) +1 <k <pry(m+1)A(qe —1)(n+1)+1 <k <qp(n+1),

in the second case,

k=pwm+1)A(qw —1)(n+1)+1<k<quhn+1l),
in the third case,

Py —1)(m+1) +1 <k <pgy(m+1) ANk =qu(n+1),
and, in the fourth case,

k=pu(m-+1) ANk =qun+1).

We see that the above four cases cover all the possible relations between k, p) and

q(k)-
Now we consider (in parts I.-IV. below) all four cases and perform auxiliary

computations. The proof will be finished in part V.

L (pay —1)(m+1)+1< k< pup(m+1)
ANgry —1D(n+1)+1<k<qurn+1)

From ((1.4) and (4.27)), we get

kE—m-+m k
P(k—m)z{ 1 J§m+1<p(k)7

k—m-+m k k—m-—1
p““"”):{ m+ 1 J>m+1_1:nm>p(k)_2'

Therefore, p(x—m) = pry — 1 and, by Definition 5]

P(k)—2,q(k—m)—1 . . . .
gt —rep S po(TH) (R )
i=0. = (3 1 ]
nI=0 (4.31)

P(k) _27Q(k77n) -1

i+ I\ (k—m—n—mi—nj
B'CY .
O 2 C( ' )( i+j+1 )

i=0,j=0 ¢

Similarly, omitting details, using (L.4f) and (4.27)), we get qu—n) = qu) — 1 and

P(k—n)—L:q(k)—2 . . o T
&BCk-n) _ 14 p Z B 2—|‘-j k—n . m‘ mi —nj
" i i+j+1
i=0,5j=0 J (4.32)

P(k—n)—1:q(k)—2

i+ (k—n—n—mi—nj
B'CY )
O D C( ‘ )( i+j+1 )

i=0,j=0 4
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Let q—m) = 1. We show that

(k‘—m—m—mz’—nj

o =0 if 120, J2>qr-m),
i+j+1 ) I = Ak—m)

" S (4.33)
—m—n—mi—nj o ,
=0 if >0, > Qk—m)-
( i+ji+1 ) =% 7= Alem)
By (1.4)),
k—m+n k—m+n k—m-—1
Qi) = 1=
n+1 n-+1 n-+1
or

k—m—-—m<n+1)qpm+1<(m+1)i+n+1)7j+1 if 020, j>qr-m
and
k—m—n<n+1)qum+1<(m+1)i+n+1)j+1 if >0, 7> qu-m).
From the last inequalities, we get
E—=m-m-mi—nj<i+j+1 if 120, j=>qu-m),
E—m-n—-mi—nj<i+j+1 if 120, j2=>qu-m),

and (4.33)) holds by (L.5)). For that reason and since g—m) < q), We can replace
q(k—m) DY q) in (4.31)). Thus, we have

p(k)—Q,q(k)—l . i _ B ) B )
gbOk=m) =1+ B > B¢V (l +J> (k m- "”Q +1) n])
i=0,j=0 v 1+7+1
Pk)—2:4(k)—1 L , . (4.34)
+c Y pici(t T k—”me+U—n7'
i=0,j=0 t i+7+1

It is easy to see that, by ((1.8), formula (4.34) can be used instead of (4.31) if
Ak—m) < 1, too.
Let p(x—n) > 1. Similarly, we can show that

k—n—m—mi—nj
. . :0 lf Z> —n)s 207
< i+j+1 ) = Ple=nys - J
" ‘ . (4.35)
—n—n—mi—nj o ,
o =0 if > pr_n), > 0.
( i+j+1 ) = Ple=ny> - J

and, since pz—n) < Pky, wWe can replace p—ny by py in (4.32)). Thus, we have

p(k)_17Q(k)_2 . . . .
o1 k—m-—mi—n 1
=070 ) 1+7+1
’ (4.36)
PTG\ (k—n—mi—n(j+ 1)
vo Y Bo('T o .
i=07=0 ) 1+7+1
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It is easy to see that, by (|1.8), formula (4.36) can be used instead of (4.32) if
Pk—n) < 1, too.
By Definition [4.5]

Pk+1)—Lq(k+1)—1

GECUH) _ 4 B 3 Bicj<z—|.—j)<k+1—m—mz—n]>

i=07=0 1 1+7+1
Pk+1) ~Lad(k+1)—1 . . . .
it + I\ (E+1—n—mi—nj
+C > BCJ( . )( itit1 :
i=0,j=0 J
By (|1.4), we also conclude that
Pk+1) = DPk)s  d(k+1) = (k) (4.37)
because " L
1
Plk+1) = Torm < +1<pw +1,
(k+1) m+ 1 m+ 1 (k)
and
_|k+1+m >k+1+m_1_ k S s 1
Pler1) = m+1 m+1 _m+1_p(k) m+1°
The second formula can be proved similarly. Then
Py —1,q)—1 . . . .
éBC(k+1):]+B(M Z(k) BiCY 1+ 7\ (k+1—m—mi—ny
mn 5 i i+j+1
Pk)—Lqr)—1 . . . .
it I\ (E+1—n—mi—nj
LSS BO]( i )( i+j+1 '
i=0,j=0 J
Now we are able to prove that
A&BCk — pBClk=—m) | OgBC(k=—n)
p(k>—2,q<k)—1 ' ) . . ]{j - o . 1 . .
_Bli+B Y B%”(Z—i,_j)( m.mgz—i- ) ng)
=070 ) 1+j+1
Pk)—2,4(k)—1 . . . .
it i\ (E—n—m(i+1)—nj
co o)
p(k;fl,q“{>72 . + . k‘ . . 1 (438)
+Clr+B Y BiCj<Z,j>< e mi =]+ )>
i=0,j=0 t t+y+1
Py —Lak)—2 . . . .
i+ g\ (k—n—mi—n(j+1)
e )
i=0,j=0 J
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IL. k=pry(m+1)A(gw —1)(n+1)+1<k<qun+1)

In this case,

B k—m-+m B k B
Ploom) =070 | T x| PO

k+1+m E+1+m k

p(kﬂ):{ m+ 1 J< mtl mritiTPetlh
E+14+m E+1+m k

p“““):{ m+1 J> m+l  om+1 I®

and p41) = i) + 1. In addition to this (see the relevant computations performed
in case I.), we have q—n) = qu) — 1 and q41) = q)- Then,

P(k)»9( )—1 . . . .
éﬁg(kﬂ):[_i_g ki BiCj<Z4,_j> (k’—i—l—-m.—mz—nj)
=070 l 1+j+1

DP(k)4(k)—1 . . & 1 S (4.39)
+C Z Bzc«] (nlV +1l—n—m njy
i=0,j=0 i i+7+1

and

Py~ L4k—my =1 i+i3\(k—m—m—mi—nj
Cn N =I+B > HC%:'>< i+ )
=070 7 1+7+1

Py—1,q —1 (440)
o * fw) Bicd <1+j> (k—mfn.— mi—nj))
i=07=0 1 t+7+1
P(k—n)—L,q(x)—2 . . o TR
éﬁg(k,n) _ /4B Z BiC (zfg) (k; n . m' mi ng)
i=0,j=0 l i+7+1 (4.41)
Poeom L =2 +i\(k—n—n—mi—mnj .
oy B’Cﬂ< | )( - )
i=07=0 1 1+7+1
For k = pgy(m + 1), i = p) and j > 0, we have
<k+1—m—mz’—nj>:<p(k)+1—m—nj _0
1+ +1 Py +1+7 ’
- Y | (4.42)
k+1—n—mi—nj _ Py +1—n—mnj _0
1+ +1 Py +1+J

and, for k = puy(m +1),4=pu — 1 and j > 0, we have
(k—m—m—mi—nj) B (p(k)—m—nj>
i+j+1 Pk +J

(4.43)
<k—m—n—mi—nj>_(p(k)—n—nj) 0
i+j+1 Py +J '
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Thus, we can substitute pg) — 1 for pg,y in (4.39)) and puy — 2 for pry — 1 in (4.40).
As with the computatlons performed in the previous part of the proof,

- - ) hold. So we can substitute g for g—m) in and pgy for pgr_n)

Accordingly, we have

P(k)~ 1q<k>1 —m—=—mi—ni
GBCUH) _ [ B <z+j><k:—|—1.m mi ny)

i= 0] 0 Z+]+1
+Cp<k> L)~ lB’CJ @4_] E+1—n—mi—nj
i 0] 0 1+7+1 ’
SBC(e-m) _ | Bp(k) 240~ Z—|—j k—m—m(i+1)—nj
emn - + 1
”“ 0 A (4.44)
D(k)— 2‘1(k) 1 E—
+C BiCY Z+‘7 nj
i 0] 0 z—l—j—i—l
éBc(k—n):]+Bp(k) S (“FJ) (k m— mi—anrl)
mn . 2+]_|_1
0] 0 (4.45)

+Cm> i'I:(k) QB"CJ<Z+‘7><k n—mi—n(j+1 >

i=0,j=0 i+j+1

It is easy to see that, by (1.8), formula (4.44)) can also be used instead of (4.40)
if gk—m) < 1 and formula (4.45) can also be used instead of (4.41)) if p—n) < 1.

Therefore, we see that (like in part I.) the relation (4.38]) must be proved.

III. (pay —1)(m+1)+1<Ek<ppy(m+1) Ak =qurn+1)

In this case, we have (see the relevant computations in cases I. and II.)

Pk—m) = Pk) — L, DPar+1) = Pk

and
Qk—n) = dk)>  dk+1) = gy + 1.
Then,
P(k)—1,q(k) . . . .
GBCH) _ 4 B kz k BiCj(gfj) <k+1—.m‘—mz—n]>
=070 7 1+7+1
Py —Lge) (4.46)
Lo Y B ’H‘—j k+1‘—n’—mz—n‘7
=070 1 1+7+1
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and

P(k)—2:q(k—m)—1 . . _ _ TR
BCGh-m) _ [ | 3 BiCY <Z4.—j> (k’ m —m —mi ny)

i=0,j=0 L i+J+1 (4.47)
Py =2 0k-m) ~1 i1+ 7\ [(kE—m—n—mi—nj '
R ()
=070 1 1+7+1
P(k—n)— L) —1 . . o TR
BCh—n) _ [ 4 Y BZCJ’(H,j)(k nomem "‘7>
i=0,j=0 ¢ 1+7+1 (4.48)
Po-m Law=t i+j3\[(k—n—n—mi—nj '
+C > B’OJ< , )( o )
=070 7 1+7+1
For k = quy(n+ 1), j = qu) and i > 0, we have
k+1—m—mi—nj _ qry + 1 —m —mi _0
1+7+1 t+qm +1 7 (4.49)
k+1—n—mi—nj _ qw) +1—n—mi _0 .
1+j+1 i+ qm +1
and, for k = quy(m +1), j = qu) — 1 and i > 0, we get
k—n—m—mi—nj _ qky — M — mi _0
1+ +1 L+ g ’ (4.50)

(k;—n—n—mi—nj) _ (q(k) —n—mz’) _0

1+7+1 i+ qr)

Thus, we can replace g by g — 1 in and gu) — 1 by gy — 2 in (4.48).
Like with the Computatlons performed in cases I. and II., formulas ,

hold and we can substitute q(x) for g—m) in and p(x) for p(x—y) in (4.48)). This

means that

Py —Lqr)—1 . . I
BCU+D) _ 14 3 B H—] k+1 ' m. mi — nj
1=0,7=0 Z—I—]—'—l
+Cp<k> Ly~ IBZC’J z—l—] k4+1—n—mi—nj
= O] 0 Z+]+1 7
D(k)— 2f1(k) 1 B
éﬁg(k—m) — 4B B z—l—] k—m—m—mi—nj
1= O] 0 Z+]+1
Py — Qq(k) 1 . (4.51)
+C BiCY Z+J m—n—mi—nj
1= O] 0 Z+]+1
P(k)— 1Q(k) -2 o B
éig(k_"):.f—f—B Bicy z—i—j k—n—m-—mi—nj
= 0] 0 Z_I_J_I_l
Pey— 1q(k) g . (4.52)
+C BiCY Z+J n—n-—mi—mnj
1= Oj 0 Z+]+1



It is easy to see that, by (1.8), formula (4.51)) can also be used instead of (4.47)
if gk—m) < 1 and formula (4.52) can also be used instead of (4.48)) if p_n) < 1.

Therefore, we see that (as in parts 1., II.) the equation (4.38]) must be proved.

IV. k= p(k)(m—f— )Nk = q(k)(n +1)

In this case, we have (see similar combinations in the cases II. and III.)

Plh—m) = P(k)>  Plht1) = Pk) T 1

and
dk—n) = qk),  qe+1) = qe) + 1.
Then,
P(k)-9(k) . . _ N - .
BCG+D) — [ 4 B Z Bicy Zf] k+1‘m’ mi —nj
i=0,j=0 L 1+7+1 (453)
Lo S pei(ttA) (oo mien |
i=0,j=0 i i+j+1
and
—1, (k) —1 o , _
éBC(k—m):I+Bp(k) g ) BiCY 1+ 7\ (k—m—m—mi—nj
" i=0,j=0 i i+7+1
Py~ L4k —m)—1 . N (ke . . (4'54)
+C 3 BiCY t+) —m—n—mi—nj
i=0,j=0 U i+7+1 ’
P(k—n)— L) —1 . . o T
potn _ gy pigs( I (Moo m e mi e
=070 1 1+7+1
’ (4.55)

Pk—n)—Lak)—1

LC Z Bi0j<z'—|‘—j><k—n'—n‘—mz'—nj>‘
=070 7 1+7+1

As in part II., for k = pgy(m +1), i = pgy, and j > 0, formulas hold and,
for k = puy(m + 1), i = pwy — 1, and j > 0, formulas hold. Thus, we can
substitute px) — 1 for py,) in and p(x) — 2 for pg) — 1 in (4.54).

As in part IIL., for k = quy(n+1), j = qu), and i > 0, formulas hold and,
for k = quy(m +1), j = qw — 1, and i > 0, formulas hold. Thus, we can
replace qu) by qy — 1 in (4.53) and gu) — 1 by gu) — 2 in .

As before, , hold and we can substitute g for q—n) in and
P for pee—n) in [@53).
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Thus, we have

P(k)— 1Q(k) 1 _ B
éﬁg(k—kl):]_i_B Bic ’L+] k+1 m. mi — nj
1= 0] 0 Z+]+1
+Cp<k> i(k) IBZC’J Z—I—j k+1—n—mi—nj
1=0,7=0 Z+]+1 7
P(k)— 2%) 1 S
éﬁg(k—m) — 4B B z—l—] k—m—m—mi—nj
i= O] 0 1+ +1 A
P~ 200~ t+ 7\ (k—m—n—mi—nj (4:56)
+C BiCY , o 7
7,02‘7:0 ( )( Z+]+1 >
D(k)— 1(1(k) -2 _ .
ﬁgmm:]+3 BTy2+j k—n—m—mi—nj
i= O] 0 1+7+1 A
P L 2 t+ 7\ (k—n—mn—mi—ny (4.57)
+C BiCY o )
2, ()t

It is easy to see that, by (L.8]), formula (4.56|) can also be used instead of (4.54])
if gk—m) < 1 and formula (4.57) can also be used instead of (4.55)) if pr—n) < 1.
Therefore, we see that (as in all the previous parts) the equation (4.38) must be

proved.

V. The proof of formula (4.38))

Now we prove the equation (4.38)). With the aid of (4.29), (4.30)), (1.6]), and (4.37)),

we get
A~BCk — &BC(k+1) _ gBCk
_[_i_Bp(k)_iq:(k)_lBiCj i+j\(k+1—m—mi—nj
5 i i+j+1
_i_Cp(k)iq:(k)lBiCj i+5\(k+1—n—mi—nj
= i 1+j+1
_]_Bp(k)iq:(k)lBiCj i+ 7\ [(k—m—mi—nj
= i 1+7+1
_Op(k)gm 1301 i+7\ [(k—n—mi—nj
i=0,j=0 i i+j+1

_ Bp(k)—i(k)—l Bioj Z—l-j k+1 _ m‘— mi — n]
) Z‘|—]+1

i=0,j=0
k—m—mi—nj
i+j+1
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.\ Cp(k)iq:(ml Bic (@ + j) Kk +1—n—mu— nj)

=070 i t+7+1
k—n—mi—nyj
1+7+1

Pk)—Lqr)—1 . . ; 1
i+ I\ (k—m—mi—nj
=B Y BlCJ( . )( o )

50 i 1+
. ka)—gk)—lBicj (Z +j> (l{; —n—mi— nj)
i=0,j=0 ‘ 1+
Py —1 . a1
i\ (k—m —mi k—m—nj
[ () E e
% A= J
N <k)—§1:<k)—13icj (z +j> (k; —m—mi— nj)
i=1,j=1 ‘ 1+
P —1 L — ' O k—n—nj
+Cli+ Y 3100@( "o m) 3 B%‘J()( " nj)
i=1 ‘ J

Px)—L.qr)—1

D> Bicj(*,j)(’f‘”.‘m?‘”j)

i=1,j=1 t vt

By (1.7), we have

A~BCk B

(O i — kE—m—mi
I+ ZBZ(JO< 1)( . )
i=1 o !

LOhe k—m—nyj
J
+ BO(JJ< >< : )
2 0 j
+p(k)_§(k)_1 B (z +j— 1> (k —m —mi— nj)

T 1—1 1+ g
i=1,j=1 U ity
P(k)—1 ;
i—1\(k—n—mi
C|I B'C?
reli+ g e ) ()
KOs —1\(k—n—ny
J
+ BOC’J< )( . )
+p<k>§<k)1Bioj i+j—1\(k—n—mi—nj
7 1—1 1+
N p(k>_§(k)_1 BiCS (Z +j— 1) <k —n—mi— n])
i=1,j=1 U it

69



. [+p(k)§k)lBiCj i+ji—1\[(k—m—mi—nj
= i—1 ]
) p(k)%(k)l B (z +j— 1) <k; —m —mi— nj)
57 i i+7
o ]+p(k>§k)1Bin i+j—1\(k—n—mi—nj
i=1,j=0 i1 )
i=0,j=1 U it

Now, in the first and third sums, we replace the summation index ¢ by 7 4+ 1 and, in
the second and fourth sums, we replace the summation index j by j 4+ 1. Then

_27 -1 . . y /
T P Z%W prica (! I)(Rom om0y
B e i 1+j+1
e i i+j+1
—2, -1 . . 3 )
Lo I+p(k) Ztl(k) Bi—l-lcvj i+ k—n—m(2+1)—n]
e i 1+7+1
. p(k)‘i%(k)_z Bicj—H 1+ k—n—mi— n(] + 1)
e i i+7+1
_ B4R p(k)_g(k)_leCj PG\ (kmm—mml 1) = n
e i 1+5+1
N Bcp(k>_§(k)_2 B i+j\(k—m—mi—n(j+1)
e i 1+j5+1
+C+Bcp<k)_§q:<k>_13icj i+j\(k—n—m(i+1)—nj
= i i+7+1
+c2p(k>_§(k>_23icj 147\ (k—n—mi—n(j+1)
= i 1+J+1
—B I+Bp(k)§(k”3¢cj i+j\(k—m—-m(i+1)—nj
=, i 1+7+1
e i i+j+1
Lo ]_’_Bp(k)—i%(k)_?BiCj 1+ k;_m—mi—n(j+1)
e i 1+5+1
+ Cp(k)_li(k)_?Bij i+J\(k—n—mi—n(j+1)
e i 1+7+1
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= BeBlk=m) 4 CEBOtk—n),
By (4.34) and (4.36)), we conclude that formula (4.38) is valid.

We have proved that formula (4.28) holds in each of the considered cases I., 1.,
II. and IV. for & > 1. If k = 0, the proof can be done directly because p() = () = 0,

P =qq) =1,

A&BCO _ gBC1 _ BCO

X0 Ai+ 5\ [1—m—mi—nj
Cren R po (o momom)
ino ) t+7+1
RS B@Cﬂ<2“><1_7_.mi_”j>
=070 1 i1+7+1
—Lt 14+ 73\ [—m —mi—nj
—-I1-B Z Bl(ﬁ( >< S )
=070 7 1+75+1
—1,—1 . .
_c Z B t+7\[—n—mi—mnj
i=07=0 1 1+7+1
=1+B0+C60—-1—-B6—-C6=0,
and
BeBm + ceBCm = BO + CO = ©.
Formula (4.28)) holds again. Theorem 4.8 is proved. O
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5 SOLUTIONS OF LINEAR DISCRETE
SYSTEMS WITH TWO DELAYS

In this chapter, we deal with the discrete system
Axz(k) = Bx(k —m) + Cx(k —n) + f(k) (5.1)

where m, n € N, m < n are fixed, k € Z3°, B = (b;;), C = (¢;;) are constant r X r
matrices, f: Z5° — R" is a glven r x 1 vector, and z: Z*, — R".

Together with equation (|5 , we consider an initial Cauchy problem

z(k) = o (k) (5.2)

with a given ¢: Z°, — R".

With the aid of both discrete matrix delayed exponentials, we give formulas
for the solutions of homogeneous and nonhomogeneous initial problems , .
The results of this chapter are published in [16].

5.1 Homogeneous Initial Problem

Consider a homogeneous initial Cauchy problem
Ax(k) = Bx(k —m) + Cx(k —n), keZ, (5.3)
z(k) = o(k), keZ’,. (5.4)

First, we derive formulas for the solution of (5.3), (5.4]) with the aid of the discrete

BC’k

matrix delayed exponential e;”"* and then with the aid of the discrete matrix delayed

exponential 82,

Theorem 5.1. Let B, C' be constant r X r matrices such that
BC =CB, det(B+C)#0,

and let m,n € N, m < n be fized integers. Then, the solution of the initial Cauchy
problem (5.3)), (5.4) can be expressed in the form

n

=" BTy, (5.5)

7=0
where k € 2%, and

Vg = §0<_n) - sza
s=1

n—~{
ve=(B+O)" [Ap(—0) = > Aelltvy|, (€Z.
=1
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Proof. We are going to find the solution of the problem ([5.3)), (5.4) in the form

n

=" eBCky, ke, (5.6)

j=0

with unknown constant vectors v;. Because of linearity (taking into account that k
varies), we have, for k > 0,

Ax(k) _ Ai: BC( k+]) ZA [ BC(k+] ] Zn: [ BC(k+J } v;.

j=0 7=0

Using formula (4.2)):

Il
M=

Ax(k) = Y (BeBCH—mt) 4 CeBCh=n4) o,

<.
|

Il

m o
1M-

@)

3

k m+])v —I—CieBC(k n+])
7=0

Bx(k —m) + Czx(k —n).

Now we conclude that, for any v; and k € Z$, the equation Ax(k) = Bx(k —m) +
Cz(k —n) holds. We will try to satisfy initial conditions (5.4). By (5.6, we have,
for ke 2,

BCO BC1 BC2
Cmn V0t € U1 € U

el D, 5+ e8Iy, + el = 9(0),

BC(-1) BCO BC1
Cmn Vo + €y U1 €, U2 F

BC(n—3)

+eB¢ BC(n— Z)U 3 +eBC’(n 1)

Un—2 + €, Un:(;p(_l)a

eﬁg( Doy + eBC( Dy + B0y + -+

BC(n—4)

+e,,, Un—2 ~|—eBC(” 3 U +eBC(" 2)

Un = 90(_2)7

eﬁg( Doy + eBC( Dy + eﬁg(_l)w + e

BC(n—5)

4eBC BC(n=1),, | | oBC(n=3)

Up—2 + €, Up = 80(_3)7

BC(—n+3) BC(—n+4) BC(—n+5)
Cmn Uo + € vt e, Vgt
BC1 BC2 BC3
+emn Up—2 + Cmn Un—1 + Cnn Un = 90(_” + 3)’
BC(—n+2) BC(—n+3) BC(—n+4)
Cmn Vo + Cmn vy + Cmn Vg + -

BCO BC1 BC2 _
tenn Un—2 1 €y Un—1 + €, Up = QO(—TL + 2)7
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BO(—n+1) BCO(—n+2) BC(—n+3)
Cmn Vo + €, U1t ep, PRI

e oz + e vn + e v = p(—n + 1),

POy 4 B0y, 4 @BU T2y,
+eB002y 5 4By, 4 6By, = o(—n).
By Definition , eBCk = [ for k € Z°,. So we have

BC1 BC2 BC(n—2 BC(n—1 BC
Vo + €, U1 €, Vg e emn(n )Un*Z + emn(n )'Un,1 + emnnvn = 90<O ) (EO)

Vo + 1 +eb vy + o+ €Dy, 4 eBUTy, 4 B0y, = (1), (B))

Vo 4+ v + vy 4 - 4By o 4 BTy 4 BTy, = p(—2), (Fs)
Vo + vy + vy F - 4 eBC0y o @BOTy ) @BOSy = p(—3), (Fs)
vg+ U1+ Uyt + eﬁglvn_g + efgzvn_l + efﬁgvn =p(—n+3), (En_3)
Vo+ U1 + U+ -+ Uy_o+ eﬁglvn,l + eﬁgzvn =p(—n+2), (En—2)

Vo + V1 + vy + e+ Vg + v 5, = p(—n + 1), (Ep_y)

vo+ v+ v+ Vpo + U U, = (). (Ey)

Subtracting the neighbouring equations (E,_1 — E,, Ey o — E,—1,..., Ey— Ey), we
get

(eii'l - I)Un = @(_n + 1) - (,0(—71), (En—l - En)
(eDS = Non_1 + (eh? — el v, = p(—n+2) —p(—n+1), (Epa— Fy1)

(681 — I + (eBS2 — eBMyu,

+(eB93 — By, = p(—n +3) — p(—n +2),

mn

(€39 — s + (e84 — BNy 4 -

mn mn

Hepe " — BN,y 4 (e Y — P )0y, (B> — Ej)

e " —ent v, = 9(=2) — o(=3),

mn

(e’ = 1)v2 + (e = € Jvs + -+

Hepe " — B w5+ (e TP — e )0y, (Er — E)
Hepa "D = epl N, = o(=1) = p(-2),
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(€BCT _ Yoy + (eBC2 — eBChyy, 4 ...
e ™™ = ent vy + (enf 7Y = 20 v, (Eo — En)
Hemn" = " )vn = 9(0) = p(=1).
By Definition [4.1] we have
Bl I=1+B+C—-1=B+0C,

and, from the foregoing equations, we get

= (B+C)'Ap(—n),

vnor = (B+O) 7 [Ap(=n+1) = (€27 —eptun] |

Vpo = (B+C)! {Acp(—n +2) — (eBC2 _BCyy, | — (PO eBCQ)vn] ,

mn mn mn mn

v3=(B+CO)! {A(p(—S) — (eBO2 _eBOLy, . (eBOIY) _ B

mg(nis))vnf2
= (e = el vy — (et — el 0 ),
vy = (B+C) 7 [Ap(=2) = (eh? — el vy — - = (b= — bl v,
— (e "7 = enl o,y — (e Y — eﬁi(”‘”)vn} :
v = (B +C) 7 [Ap(—1) — (€8S — B vy — - — (e8I — oBCDy,
T L I R |
The above formulas can be shortened to
n—~{
w=(B+C)” [Aw—@ 3 (B —
t=1
n—~{
(B + C) [ Z Ae Ut+g]
where ¢ € Z. Finally, from equation (F,), we get
Vo QO(—TL) - Z Vs.
s=1
Theorem [5.1] is proved. O

Now we express the solution of the homogeneous Cauchy problem by &3¢,
In this case, the condition det(B + C') # 0 is not necessary.
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Theorem 5.2. Let B, C' be constant r xr matrices with BC' = CB and let m,n € N,
m < n be fized integers. Then, the solution of the initial Cauchy problem (j5.3)), (5.4)

can be expressed in the form

n

Z €nn Ck+d) wj7 (57)
7=0
where k € 22, and
wy = A(P(_g . 1) A~BC €+n71)90(_n)

——l—m—2

— > ASPICTTIAg(s), Cezy
Wy = A(p(—g — 1), (e ZZ 71n,

Proof. We are going to find the solution of problem (j5.3)), (5.4]) in the form

n
=" &BCW Iy, k>0 (5.8)
7=0
with unknown constant vectors w;. Because of linearity (taking into account that k

varies), we have

AZeBC(k+])w _ ZA [ ~BC (k+j) } zn: [~BC(k+J)]

J=0

We use formula (4.28]):

n

Z (BeBC (k—m-+7) + CeBC (k— n+j)> w;
=0

S,

an: BC(k— m—i—])w +C«Z~BC(k n+]
7=0

= Bx(k —m) + Cxz(k —n).

Now we conclude that, for any w; and k € Zg°, the equation Ax(k) = Bx(k —m)+
Cz(k —n) holds. We will try to satisfy initial conditions (5.4). By (5.8, we have,
for k€ 70,

~BC0 ~BC1 ~BC2
Con Wo T+ € W1+ € "Wy + - e

+eBCMm=2)y ) &8Oy 4 8By, = 0(0),
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~BC(-1) ~BCO ~BC1
Cmn Wo + €y, W1 + € Wa A+ e

+6B0M=3)yy 5 4+ &BC2qp, | 4 8By, = p(—1),

~BC(-2) ~BC(-1) ~BCO o
Cmn Wo + €, wy + €, w2 +

+8B00 N,y + 8BS, + 85D, = p(—2),

&BC(-8) 0 4 GBOCDy 4 gBOCN ) 4 .

+6B0M=5) gy 5 4 &BC ey, 4 8By, = p(—3),

~BC(—n+3) ~BC(—n+4) ~BC(—n+5) o
Cmn Wo + € w1+ €y, wz +

~BC1 ~BC2 ~BC3
TCn Wn—2 + €, "Wyt + €, Wy = (p(_n + 3)’

~BC(—n+2) ~BC(—n+3) ~BC(—n+4) .
Cmn wo + €, wy + €, wy + -

~BCO ~BC1 ~BC?2
+emn Wp—2 + Cmn Wn—1 + Cmn Wn = QD(—TL + 2)7

~BC(—n+1) ~BC(-n+2) ~BC(—n+3)
€mn wo + Cmn wy + €mn Wg + -+

+é§$(’1)wn,2 + éﬁgown,l + éﬁglwn =p(—n+1),

~BC(—n) ~BC(—n+1) ~BC(—n+2) .
Cmn Wo + €, w1 + €, wy +

+éﬁg(_2)wn_2 + éﬁg(_l)wn_l + éﬁgown = p(—n).

By Definition we have 889% = © for k € Z~L and 2% = [ for k € Z7*. Thus,
we have

~BC(m+1) ~BC(m+2)

Wy + Wy + W + -+ Wy + € Wil + €,p Wiy + -0+ (E)
0
e+ B w1+ & w0 = (0),
Wy 4 Wy + Wz 4 -+ A W1 + EECT T gy o 4 &BCFDyy p (B
E,
—i—éﬁg("’?’)wn,g + éﬁg("’Q)wn,l + éﬁg(”*l)wn = p(-1),
Wy + Wy + Wy + -+ -+ Wippo + T gy g 4 &BOED ()
By
e + 8 T+ &, = (-2),
Wp—m—2 + Wp—m—1 + Wp—pm + - ~
(Enfmf2)

Fwp_g + &BCMHI Dy 4 &BOMIDy, — o(—n 4+ m 4 2),
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Wp—m—1 + Wp—m + Wn—m+1 + - ~

(En m 1)
FWp_g + Wy + BTy — o(—n +m+ 1),

Wp—m + Wn—m+1 + Wp—m+2 + - ~

(En—m)
W9 + Wy1 + Wy = (=1 +m),
Wp_9 + Wp_1 + ’LUnQO(—n + 2)7 ( ~71—2)
W1 + Wy = 90(_” + 1)7 ( ~nfl)
wy, = p(=n). (En)
We see directly that w, = ¢(—n). Substracting the neighbouring equations (£,_; —
E, Eyo—FEn1,....,Ep_p — En,mﬂ), we immediately get the formulas for w,_1,
Wn—2, .-, Wn—m'

Wp—1 = (p(—?”L + 1) - <p(—n) = A‘P(_n)a (Enfl - En)
Wp—2 = 90(_” + 2) - 90(_” + 1) = A‘P(—n + 1): (En—Q - En—l)

Wymt1 = p(—n+m —1) — p(—n + m — 2) . _
(En—m—H - En—m+2)

=Ap(—n+m —2),

=p(-n+m)—p(-n+m—1) = Ap(—n+m —1), (En_m — ~n_m+1)

wn—m

Further, substracting the neighbouring equations (En—m—l — Epmy Epnes —
Epmt, ..., Ey— El) we get

Wp—m-1 + { BC(m+1) I} Wy = 90(_” +m+ 1) - 90(—” + m) (Enfmfl - Enfm)

= Wpom-1 = Ap(—n+m) — {éﬁg(mﬂ) - I} p(=n),

Wp—m—2 + { ﬁg(mﬂ) ]} w1 + [ BC’(m+2) ~Bg(m+1)} w

n ~

(En—m—2 - En—m—l)
=p(-n+m+2)—p(-n+m+1)

= Wy, = AQO( n+m+ 1) [ BC(m+2) éBC(m+1)} (p(_n)

mn mn

. [eBC(m+1 I} ASO( )

mn

Wy + [ BC(m+1) _ [} Wiz + {~BC(m+2) éﬁg(ml)} Whnpa + -+ -

~BC(n—4)

[GBC0=) _ 5By, (Ey — E3)

e —gncen-a) :

Wn— 2+

mn mn
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= wy=Ap(—3) — [éBC(n—2) _ éBC(n—3)} o(—n)

[ — 0] Ay — R — 809 g+ 1)
e [éﬁg(mﬂ) &BC( mH)} Ap(—m — 5)

I P—)

wy + [éﬁg(mJﬂ) _ I} Winga + { BC(m+2) éﬁg(erl)} Wygs + -

— B0 g,y + [BC0D _ gBCD) (By — )

mn

+ [eBG =
+ e = &R fwa = (=1) - p(-2)
= w = Ap(=2) — [§5 — gPC 2] (—n)
. [éBC(n—Q) éBC n—3) :| A(,O( ) . [éBC(n_S) _ éﬁg(n—4):| AQO(—TL + 1)

mn mn mn

R [éBC(m+2) eBC m+1)} Ap(—m — 4)

mn

~ [eBge e — 1] Ap(m —3),

wo + [éﬁg(m—i-l) . [} Wt + { BC(m+2) éBC(m+1)} Wona + -+

 [eBEn2) - S50y 4 B - S50y (B~ )
+ [em = eV w, = 9(0) — p(=1)

= wo = Ap(=1) = 680" — & V] p(—n)

mn mn

— [6BSD — GBI Ap(—n) — 6852 — &BCI] Ap(—n + 1)

mn mn mn

o [éfg(mw) eBC m+1)} Ap(—m — 3)
- [éﬁg(mﬂ) - I] Ap(—m — 2).
The previous formulas can be written as

_ AQO( /— 1) {~BC( l+n) BC( l+n— 1)} 90(_71)

—L—m—2
S et gt s
- —L—m—2
= Ap(—L = 1) = Agpl T Dop(—n) — Z NG TR Ap(s),
e zym™
- A90<_£ - 1)7 te Zz im
wy, = @(—n).
Theorem [5.2]is proved. O
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5.2 Nonhomogeneous Initial Problem

We consider a nonhomogeneous initial Cauchy problem

P>
=
=

I

Bx(k —m) + Cx(k —n) + f(k), keZy, (5.9)
z(k) = k), keZ° (5.10)

—_n

By the theory of linear equations, we can obtain its solution as the sum of
a solution of adjoint homogeneous problem , (satisfying the same initial
data) and a particular solution of being zero on an initial interval.

Let us, therefore, find such a particular solution z,(k), k € Z%, of the initial

Cauchy problem

Ax(k) = Bx(k —m) + Cx(k —n) + f(k), keZy, (5.11)
(k) =0, keZ’,. (5.12)
Theorem 5.3. The solution © = x,(k) of the initial Cauchy problem (5.11)), (5.12))

o0
—n

can be represented on 7= in the form

k
=Y eBCOf(0-1), keZy. (5.13)

=1
Proof. We are going to find a particular solution x,(k) of problem ({5.11f), (5.12)) in
the form (j5.13). We substitute (5.13)) into (5.11)). Then, we get

k k—m
[kaﬁ)f ] B mk‘mf g_]_)

= /=1
. (5.14)

+ OB £ (5 — 1) + f(k).

(=1

We modify the left-hand side of equation (5.14)). With the aid of (1.9)), we obtain

k k
A[Zéﬁ?“)fo—l)] G- £ 41— 1) + > A [eBCE D f(j — 1)
/=1

(=1

and, applying Theorem [4.8] we get

k k
A[32eBE00 (G - )] =B + 3 [t 4 e 0] 1 1)
/=1

/=1



k—n
+O D e (1) + Z G Of( 1)
=1 (=k—n+1
By Definition , we have &8¢0 = [ &BCGh-m=0 — @ for ¢ € Zf_, ., and
gBCk—n=0 = @ for £ € Z§_,,.,. Thus, we get
Z~BC’/€ —0) 1)‘| Z éBCk m— E)f ] 1 +CZeBCk n— Z)f<]_1)
= =1

and - holds. O

Combining the results of Theorems [5.1] [5.2) and [5.3] we get immediately the fol-
lowing two theorems, which describe the solution of (5.9), (5.10). The first theorem

uses both discrete matrix delayed exponentials and the second one uses only the dis-

crete matrix delayed exponential e2¢*.

Theorem 5.4. Let B, C' be constant r X r matrices such that
BC =CB, det(B+C)#0,

and let m,n € N, m < n be fized integers. Then, the solution of the initial Cauchy
problem (5.9), (5.10) can be expressed in the form:

n

_ Zeﬁg(k—w v + Z~BO(k Orip 1)

J=0

where k € 22, and
vo = p(=n) = Y,
s=1

n—/
ve=(B+O)" [Ap(=0) = > Aellvy|, (€Z.
=1

Theorem 5.5. Let B, C be constant r xr matrices with BC' = CB and let m,n € N,
m < n be fized integers. Then, the solution of the initial Cauchy problem ({5.9),

(5.10) can be expressed in the form:

n k
(k) =D enc ;43 RO f(L - 1)

=0 =
where k € 22, and
—t—m—2
we = Ap(— = 1) = AegfT " Dp(—n) = 37 Ae TP Ay(s),

vezrmt,
U)g:Ag0<—f—1), ez}

n—m?

w, = p(—n).
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5.3 Examples

Below, we show four examples to demonstrate the results achieved.

Example 5.6. Let us represent the solution of the scalar (r = 1) problem ([5.3)), (5.4)
where we put m = 2, n =3, B=05b, C =¢, p(=3) =1, p(=2) =2, p(-1) = 3,

¢(0) = 4, using Theorem 5.1 We get

Ax(k) = ba(k — 2) + ca(k — 3), k€L, (5.15)
2(=3) = p(=3) =1,
7(=2) = p(-2) =2, (5.16)
z(=1) = p(=1) =3,

2(0) = ¢(0) =4

t=1

L= (¢ ) 0+ 0] = 040 L= 00+ =0,

1
vy = (b+c)! [A@(—Z) - ZAegiﬁ,ng] =(b+c)! [Agp(—Q) = Aegi%vg}
2
vy = (b+ c)_l lAgp(—l) — Z Aegféth] =(b+ c)_l [Agp(—?) - Aegféw — Aegfgvg}
t=1
=0+ 1 (fF—ebF) b+ =+ 1=+ )b+ "] =0,
3

vo=(=3) =Y vs=1—(b+c)".

s=1
Thus, we get

w(k) =elf 1= (b+ o) +es3 b+ o)

We give values of x(k) for k € Z3:

z(l)=4+ 2b+ ¢,
x(2) =4+ 5b+ 3c,
r(3) =44+ 9b+ 6¢,
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z(4) =4+ 13b+10c + 26>+ b,

z(5) =4+ 17b+ ldc+ TV + 6bc+ ¢,

2(6) = 4 + 21b + 18¢ + 16b* + 17bc + 4c?,

2(7) = 4 + 25b + 22¢ + 29b* + 36bc + 10c¢* + 26° + bc,
(

2(8) = 4 + 29b + 26¢ + 461> + 63bc + 20¢* + 9b* + 9b%c + 2bc>.

Example 5.7. Let us represent the solution of the scalar (r = 1) prob-

lem (5.9), (5.10) where we put m =2, n =3, B=05b, C =¢, p(-3) =1, p(—2) = 2,
¢(—1) =3, ¢(0) =4, f(k) =k + 1, using Theorem [5.5] Thus, we have

Az(k) =ba(k—2)+cx(k—3)+k+1, keZd, (5.17)
o(~3) = p(-3) = 1,
o(~2) = p(~2) =2, s,
v(~1) = p(~1) = 3,
£(0) = p(0) = 4.

—1—(14+b-1)=1-),
wy = Ap(=2) =1,
wy = Ap(—3) =1,
ws = p(—3) = 1.

Thus, we get

k
w(k) = &L — b) + S 4 B 4 el Sy,
/=1

The first eight values of the homogeneous problem are given in the previous
Example [5.6, Now, we compute the first eight values of a particular solution

k
_be(k—t
z,(k) = 627:; ¢
—1
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Together, we get

z(l)= 5+ 20+ ¢,

xr(2) = 7+ 5b+ 3c,

z(3) =10+ 9b+ 6c,

x(4) =14 + 14b+ 10c + 20>+ be,

z(5) =19+ 21b+ 15¢ + Tb* + 6bc+

z(6) = 25 + 31b + 22¢c + 166 + 17bc + 4c?,

2(7) = 32 + 45b + 32¢ + 306* + 36bc + 10c* + 2b° + bc,

7(8) = 40 + 64b + 46¢ + 51b* + 65bc + 20c + 9b® + 9b*c + 2bc?.

Example 5.8. Let us represent the solution of the scalar (r = 1) problem (/5.3), (5.4)
where we put m =2, n =3, B=b=4,C =c=—1, p(-3) =1, p(—2) = 2,
¢(—1) = 3, ¢(0) = 4, using Theorem [5.1] Thus, we have

where

Ax(k) =4x(k —2) —x(k—3), keZ, (5.19)
2(=3) = ¢(=3) =1,
2(=2) = p(-2) =2, 5o
2(-1) = p(~1) =3,

2(0) = ¢(0) =4

0
1
w= 0407 [6(-8) = 3 At = 0407 =

t=1

t=1

1
vy = (b+c)™! lAgp(—Q) — ZAeg%ng] =(b+c)! [Agp(—?) - Aegﬁvg}
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=(b+c)! [1 — (egcg - eé"%) (b+ c)_l} =(b+c)! {1 —(b+c)(b+ c)_l} =0,
vy = (b+c)! [A(p(—l) — Z: Aegi’;th] =(b+c)t [Agp(—Q) — Aegfévg — Aegfgvg}
=+ 1 (fF—ebF) b+ =+ 1= b+ )b+ =0,

vgzgp(—3)—ZvS:1—(b+c)_1:;.

s=1

Thus, we get

o(h) = o2 e L

and
x(l):e§f§-§+eg‘j§-;:4-§+25-;:11,
x(2):egf32-§+egf§-;:7-§+49-;:21,
x(3):egf33-§+egf§-;:1O-§+82-:1)):34,
x(4):e§f§-§+egf§-?1):25-§+172-;:74,
x(5)-e§f§~§+egf§é_49~§+343-;_147,
x(6):egf§-§+egf§-;:82~§+622-:_13:262,
x(?):egfg-eregf;O-;:172-§+1228-;:524,

1

2 2 1
bc8 bell
— . — . = 4 ¢ = 242 = = 1038
7(8) = ey 3 + ey 3 343 3 + 2428 3

Example 5.9. Let us represent the solution of the the scalar (r = 1) problem ([5.9)),
(5.10) where we put m =2, n =3, B=b=4,C =c=—1, p(=3) =1, p(-2) = 2,
¢(—1) =3, ¢(0) =4, f(k) = k+ 1, using Theorem [5.5] Thus, we have

Ax(k) =4x(k—2) —z(k—3)+k+1, keZy, (5.21)
2(=3) = p(=3) =1,
z(-2) = p(-2) =2, (5.22)
z(—1) = p(-1) =3,

z(0) = ¢(0) =4

3 ' k
2(k) =3 o, 1383 0, kez



where
wo = Ap(—1) — A#Tp(=3) — Y A&E P Ap(s) = 1 — (83 —&3) - 1
=1-(14+b—-1)=1-b= -3,
wy = Ap(=2) =1,

wy = Ap(—3) =1,

(k) = &% (=3) + &S 4 ahgF ) el Z (k=0
=1

and

(1) = &3 (~ 3)+~§C§+~§C§+~b6“+z~b‘3“ = 341454+8+1=12,
2(2) = &3 (~ 3)+é‘2’0§’+e§‘3§+e’5‘f§+2~b62 = —34+54+8+11+3=24,
(3) = &3 (~ 3)+é§c§+e§C§+egC§+Z~bC” = —15+4 8+ 11+ 30+ 6 = 40,

C

—~

/=1
4
o(4) = &A(—3) + &5 + &S+ abT + > e = 24+ 11 4+ 30 + 57 + 14 = 88,

N o
w

5
2(5) = &3(—3) + &8 + &7 + &b + Y ans’ 0 = —33 4+ 30 + 57 + 93 + 30 = 177,

ol

2(6) = &58(—3) + &b + &% + &d + Z &0 = —90 + 57 4 93 + 202 + 57 = 319,

2(7) = &7 (—3) + &% + &b + a9’ + Z A0 = 171 4 93 4 202 4 400 + 114

= 638,

2(8) = &5 (—3) + &by + &40 + &bl + Z 50y — _279 4+ 202 + 400 + 715 + 228

= 1266.
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5.4 Comparison with Known Results

During the preparation of this thesis, several papers on similar problems were pub-
lished. In our opinion paper [20], overviewed in section 2.4} includes the most related
results. Now we will compare our results with those given in [20].

For matrix systems with two delays , a solution of the problem is
described by using discrete matrix delayed exponential for two delays . This
definition is rather complicated and its practical utilization is troublesome. These
problems do not arise in our definitions (in Definition and Definition |4.5]).

Let us compare the formulas representing solutions. Formula (2.46|) uses matrix
solution of the problem , where discrete matrix delayed exponential for
two delays is utilized. Therefore, the final formula has all above disad-
vantages. Our formulas and to representat solutions of the problem ([5.3)),
are perhaps more suitable for possible applications.

Paper [20] considers homogeneous problem , and nonhomogeneous
problems , and , . The derived formulas, , and
(2.56)) representing solutions are based on the definition of discrete multi-delayed
matrix exponential which is even more complicated that the above discrete
matrix delayed exponential for two delays . In the thesis, such problems are
not considered. It is an open question how to extend our definitions of discrete
matrix delayed exponentials (i.e. how to modify Definitions , in order to get

results similar to Theorems [5.1} [5.2] [5.4]
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6 CONCLUSION

Results presented in the thesis are important in two aspects. First, the known notion
of discrete matrix delayed exponential function is used to get analytical representa-
tions of solutions to systems of linear dicscrete equations with a single delay and with
impulses. Second, the definition of discrete matrix delayed exponential function is
generalized to the case when linear systems contain two delays. A generalization is
derived that copies, in a sense, the original definition of discrete matrix delayed ex-
ponential function. In addition to this, another definition of discrete matrix delayed
exponential function is suggested. For both discrete matrix delayed exponentials,
their main properties are proved and they are used in formulas describing analytical
solutions of linear discrete systems with two delays.

The future progress can be achieved by further generalizations of discrete matrix
delayed exponential functions to the case when problems with multiple delays are
considered. The results known in this field seem to be too cumbersome and so it may
be expected that new results on the representation of solutions of linear problems

with multiple delays will be very useful for applications.
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