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ABSTRACT
This doctoral thesis reformulates the model of linear motor with permanent magnets as
an errors-in-variables problem and derives identification methods that quantify parameter
uncertainty using Bayesian approaches. The study offers an alternative to classical least
squares methods, with the primary contribution being the Bayesian Generalized Total
Least Squares framework. This framework identifies errors-in-variables problems with ar-
bitrary noise covariance matrices. Appropriate approximations allow the maximum a pos-
teriori solution to be obtained using existing algorithms, enabling immediate application
in various practical problems. An analytical equation provides a normal approximation of
the posterior distribution, encompassing parameter uncertainty for advanced diagnostic
and control methods. For the Bayesian Total Least Squares framework, special case
of Bayesian Generalized Total Least Squares, previously unrecognized connection with
directional statistics is revealed. The proposed framework is applied for recursive iden-
tification of linear motors with permanent magnets, supporting continuous parameter
updates. Five algorithms are presented, demonstrating fast convergence and practical
viability through numerical analysis. The practicality and diverse applications of the
results are illustrated through both numerical and practical experiments.
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ABSTRAKT
Tato dizertační práce nachází novou formulaci modelu lineárního motoru s permanentními
magnety ve tvaru problému s chybami v proměnných. Odvozuje identifikační metody,
které kvantifikují nejistotu identifikovaných parametrů pomocí bayesovských přístupů.
Studie nabízí alternativu ke klasickým metodám nejmenších čtverců, přičemž hlavním
přínosem je bayesovský algoritmus obecných nejmenších totálních čtverců. Jedná se o al-
goritmus pro identifikaci problémů s chybou v proměnných s libovolnými kovariančními
maticemi šumu. Vhodné aproximace umožňují získat odhad maxima posteriorní distri-
buce pomocí existujících algoritmů, což umožňuje okamžité použití v mnoha praktických
problémech. Analytická rovnice poskytuje normální aproximaci posteriorní distribuce,
která obsahuje informaci o nejistotě parametrů, čehož může být využito v pokročilých
diagnostických a řídicích metodách. V rámci analýzy vláštního případu bayesovských
obechných nejmenších totálních čtverců je odhalena dříve nepoznaná souvislost se smě-
rovou statistikou. Navrhované algoritmy jsou aplikovány pro rekurzivní identifikaci pa-
rametrů lineárního motoru s permanentními magnety, podporující průběžnou aktualizaci
parametrů. V rámci práce je odvozeno pět algoritmů, jejich rychlá konvergence a vy-
užitelnost je demonstrována prostřednictvím numerické analýzy. Praktická použitelnost
a různé využití výsledků jsou ilustrovány prostřednictvím numerických i experimentálních
testů.
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Introduction
Electric drives are widely used in industry. While rotary drives have been utilized
for a relatively long time, linear electric drives have only recently become prevalent
due to several advantages they offer over rotary drives in many applications. Linear
electric drives provide benefits such as higher precision, direct linear motion, and
improved efficiency, making them suitable for a wide range of industrial applications.

Given the variety of different types of linear motors, it is not feasible to cover all
of them in this work. Therefore, the focus will be on the linear motor with permanent
magnets, which has recently gained significant popularity in the industry. This type
of motor is favored for its high force density, excellent dynamic performance, and
lower maintenance requirements compared to other types.

The aim of this work is to analyze the issues of linear drives identification. This
is beneficial for field of identification, control and diagnostics, as most control algo-
rithms rely directly on the knowledge of the model and its parameters and diagnos-
tics often rely on comparing model predictions with measured data. Improving the
quality of both control and diagnostics can be achieved by obtaining the model and
its parameters.

Modern identification methods provide not only the identified parameters but
also information about the uncertainty of each parameter, often using Bayesian
statistics to express the probability distributions of the parameters. Bayesian meth-
ods enhance the robustness and reliability of the identification process by quantifying
uncertainty, which is critical for high-precision and safety-critical applications. The
vast majority of statistical identification and estimation methods are based on the
Bayesian formulation of the least squares inference. This thesis focuses on analyzing
the possibility of reformulating the model of a linear motor with permanent mag-
nets as an errors-in-variables problem and deriving identification methods for such
a model while providing uncertainty information about the identified parameters.

In order to achieve this, the errors-in-variables model needs to be introduced,
and connections with classical least squares methods must be revealed. This involves
a detailed comparison of the two approaches, highlighting their similarities and
differences in handling measurement errors.

Then, the model of the linear drive needs to be formulated, explored, and con-
sequently reformulated as an errors-in-variables problem. This step is crucial for
developing a more accurate representation of the system, considering both input
and output measurement errors.

As existing methods for errors-in-variables identification do not provide param-
eter uncertainty information, a thorough Bayesian analysis of the problem needs
to be conducted, and novel identification algorithms need to be proposed and veri-
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fied. These new algorithms will be designed to integrate uncertainty quantification,
enhancing their applicability in real-world scenarios.

Finally, the proposed methods can be used for the identification of the refor-
mulated linear drive model. Numerous simulations and experimental validations
will be performed to demonstrate the effectiveness and accuracy of the proposed
identification techniques, ensuring their practical viability in industrial settings.
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1 Linear Motor Drives Today
Linear motor drives offer many advantages for industry. A detailed list of the ways
linear motor drives are used, their control options, modeling, and associated com-
plications will be covered in the following chapters.

1.1 Linear Motor Drive
Linear electric drives find their applications, particularly in scenarios requiring lin-
ear motion. Such applications are extensively represented in the industrial sector,
for instance, in processes involving machining, the movement of products along pro-
duction lines, specific robotic movements, or in the wafer bonding process to chip
leads [6, 7, 8, 9, 10].

In such applications, using linear motor drives is advantageous, particularly for
eliminating the need to convert rotary motion to linear motion. The conversions in
existing solutions pose challenges due to their cost, susceptibility to failure, main-
tenance demands, energy losses, and especially the nonlinearities they introduce,
such as backlash in gears [11, 12, 13, 6], which complicate their effective control.
Since many applications require high positional accuracy with large accelerations
and decelerations under varying loads, the demands on control are significant. This
can be addressed by enhancing knowledge of the model and its parameters, which
allows for improved control. As an extension, knowledge of parameter uncertainty
enables advanced control methods and diagnostics of the drives.

Additional properties of linear motors, such as the ability to mechanically iso-
late the primary and secondary parts to create corrosion, water, and dust-resistant
linear motor drives, their capacity to exert significant force, or the possibility of
having multiple independent sliders [14, 15, 16] on a linear track [17], enable the
development of new applications that were not achievable with rotary motors.

Linear motors are manufactured with various structural designs. The different
types of constructions generally derive from the designs of rotary motors. Con-
sequently, it is possible to find linear motors that are synchronous, asynchronous,
excited by permanent magnets, or externally excited [18]. This thesis will focus
solely on synchronous linear motors with permanent magnets, often abbreviated in
the literature as permanent magnet linear synchronous motor (PMLSM) or linear
permanent magnet synchronous motor (LPMSM).

Due to the similarity with rotary drives, linear motor drives often adopt ter-
minology such as rotor and stator, which can lead to confusion. Therefore, the
following terminology will be introduced in the subsequent chapters: The powered
part of the PMLSM drive will be referred to as the primary part, and the part
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containing only permanent magnets will be referred to as the secondary part of the
motor. The stator consists of the track on which the slider moves. It is generally
possible to create either a primary stator or a primary slider, so the terms are not
universally interchangeable. The following chapters will primarily focus on the case
of a powered slider, where the slider is the primary part of the motor. At the same
time, the track contains the permanent magnets and thus becomes the secondary
part of the motor.

The advantages of linear motor drives have been summarized in the previous
paragraphs. PMLSM drives have simple construction and are more expensive, but
they can generate high force, high speed, and high precision. However, it is also nec-
essary to highlight their disadvantages. Unlike rotary motors, they have a limited
range of motion and cannot be operated in speed control mode [10]. Additionally,
gears cannot be used, so changes in load often directly affect the inverter, neces-
sitating adjustments in control [19, 20, 21]. Another disadvantage, which will be
discussed in more detail in the following chapters, is the so-called end effect. This
occurs due to magnetic flux leakage at the edges of the slider, resulting in ripples
of the electromotive force. This effect must be considered and mitigated in most
control applications [12, 13].

1.2 Control of Permanent Magnet Linear Synchronous
Drives

As previously mentioned, linear motor drives differ from rotary motors in control
aspects almost exclusively by methods mitigating additional parasitic influence of
the end effect. Consequently, the same control methods used for rotary motors are
applied to linear motors. Applications include both scalar and vector classical con-
trol using two-degree-of-freedom controllers [22, 23, 24] or feedforward control [25,
26, 27, 28, 29, 30]. Examples also include the direct torque control [31], sensorless
control [32], backstepping control [33, 34], and adaptive backstepping control [25,
26].

Modern methods based on neural networks are also popular, such as fuzzy neural
networks [27], Elman neural networks [22, 35, 28, 36], modified Elman networks [37,
29], and static neural networks [23, 24, 38]. Optimal control is not specific to rotary
motors either, as evidenced by applications utilizing genetic algorithms [39], Grey
Wolf optimization [40], or particle swarm optimization algorithms [5, 41, 42, 43].

Apart from these methods, which primarily utilize vector control, optimal control
design is also used. These designs can employ various motor modeling techniques be-
yond the state-space description. An example is optimal control based on magnetic
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equivalent circuits [17].
The quality of control is usually directly dependent on the quality of the motor

model used. Therefore, the following section will focus on modeling linear motor
drives and their identification. Furthermore, methods providing stochastic estima-
tion of unknown parameters are introduced later in the thesis. The knowledge of
uncertainty allows for the development of diagnostic methods for the PMLSM drive.

1.3 Model of Permanent Magnet Synchronous Motor
Modern control, filtering, estimation, and diagnostic algorithms are founded on the
knowledge of the motor model. Linear motors are very similar to rotary motors,
on whose principles they are often based. Therefore, the same modeling methods
used for rotary motors can be applied to linear motors. Although other modeling
methods offer specific advantages and disadvantages, such as equivalent magnetic
circuit modeling [44, 45, 46, 47, 48, 49, 50], which allows for the modeling of certain
parasitic phenomena, this work will focus on the most widely used model. Specifi-
cally, it will consider the state-space model describing currents in the 𝑑𝑞 coordinates
and speed. The model will first be derived for a rotary motor and then adapted for
a linear motor.

The model of a PMSM motor in 𝑑𝑞 coordinates is widespread, so detailed deriva-
tion is not necessary. For more detailed derivation and examples of use, one can
refer to [51, 52, 53, 54, 55, 56, 57, 58].

The derivation is based on the voltage equations of the 𝑑 and 𝑞 components of
stator voltage.

𝑢𝑑 = 𝑅𝑖𝑑 + 𝜆̇𝑑 − 𝜔𝑒𝜆𝑞, (1.1)
𝑢𝑞 = 𝑅𝑖𝑞 + 𝜆̇𝑞 + 𝜔𝑒𝜆𝑑, (1.2)

where 𝜆𝑑 = 𝐿𝑑𝑖𝑑 + Ψ𝑃 𝑀 and 𝜆𝑞 = 𝐿𝑞𝑖𝑞 are the stator magnetic fluxes in 𝑑𝑞 coor-
dinates, 𝑅 is the stator resistance, and 𝜔𝑒 is the rotor electrical angular velocity,
𝐿𝑑 and 𝐿𝑞 are direct, and quadrature inductances respectively, 𝑖𝑑 and 𝑖𝑞 are direct
and quadratic stator currents respectively and lastly, ΨPM is the permanent magnet
flux; the dot above the magnetic fluxes denotes time derivative.

The electromechanical torque 𝑇𝑒 is then

𝑇𝑒 = 3𝑝𝑝

2 (Ψ𝑃 𝑀 𝑖𝑞 + (𝐿𝑑 − 𝐿𝑞)𝑖𝑞𝑖𝑑) = 𝑇𝐿 + 𝐵𝜔𝑚 + 𝐽𝜔̇𝑚, (1.3)

where 𝑝𝑝 is the number of pole pairs, 𝑇𝐿 is the load torque, 𝐵 is the damping
coefficient, and 𝜔𝑚 is the mechanical angular velocity, i.e., the angular velocity of
the rotor; 𝜔̇𝑚 is the time derivative of mechanical angular velocity, the mechanical
angular acceleration.
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This model holds under the assumptions [51]:
1. neglecting saturation, which can be modeled by changing the model parame-

ters,
2. the electromotive force is harmonic,
3. eddy current and hysteresis losses are negligible,
4. the rotor is not cage-type1.
The model can be adjusted into the form of state equations

𝑖𝑑 = 1
𝐿𝑑

(𝐿𝑞𝑖𝑞𝜔𝑒 −𝑅𝑖𝑑 + 𝑢𝑑) , (1.4a)

𝑖𝑞 = 1
𝐿𝑞

(−𝐿𝑑𝑖𝑑𝜔𝑒 −Ψ𝑃 𝑀𝜔𝑒 −𝑅𝑖𝑞 + 𝑢𝑞) , (1.4b)

𝜔̇𝑚 = 1
𝐽

(︂3𝑝𝑝

2 (Ψ𝑃 𝑀 𝑖𝑞 + (𝐿𝑑 − 𝐿𝑞)𝑖𝑞𝑖𝑑)− 𝑇𝐿 −𝐵𝜔𝑚

)︂
, (1.4c)

which hold under the condition
𝜔𝑒 = 𝑝𝑝𝜔𝑚. (1.5)

The problem with this model is that conditions 1 to 3 are practically never met,
which is especially evident in torque ripple. Multiple sources of ripple are included
under the term cogging torque, which can act in either direction of the motor’s
rotation. The sources of ripple can be divided into two groups.

The first group includes ripple sources caused by the motor’s design. Improved
properties can be achieved, for example, by using magnets of different qualities [60],
shapes [61, 62], or heights [63]. The analysis and analytical modeling of the magnetic
field are usually too complex to include all parasitic phenomena, such as saturation
or the distribution of magnetic flux [64, 65, 66, 67, 68, 61, 60, 63, 62]. Therefore,
other methods are used, such as finite element analysis [69, 70, 71] or the method
of equivalent magnetic circuits [45, 46, 47, 48, 49, 50]. The design and associated
analysis of the motor are not the focus of this work, and it will be assumed that the
design cannot be changed.

The second group consists of cogging torques caused by imperfections or faults
in the motor’s construction. These torques cannot be prevented. They manifest as
torque fluctuations with a period of at most one rotation. Most commonly, however,
the torque fluctuations occur with a period that is an integer multiple of the electrical
rotation, which happens, for example, when there is slot curvature that manifests as
any pole approaches. In PMSM drives, cogging torque lead to periodic disturbances
that can be estimated and suppressed, for example, by an inverse periodic function
describing one mechanical rotation of the motor.

1Cage-type PMSM motors (LS-PMSM) are used as an alternative to ACIM motors [59]
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1.4 Model of Permanent Magnet Linear Synchronous
Motor

The same model applies to a PMLSM motor under the same conditions. Since it
is a linear motor drive with linear motion, it is necessary to convert the angular
velocity dependence 𝜔𝑒 to the linear speed of the mover 𝑣, the moment of inertia 𝐽

to the mass of the moving part 𝑀 , and the dependence of the electrical torque 𝑇𝑒 to
the dependence on the electrical force 𝐹𝑒. The voltage equations in 𝑑𝑞 coordinates
are then given by

𝑢𝑑 = 𝑅𝑖𝑑 + 𝜆̇𝑑 −
𝜋

𝜏𝑠

𝑣𝜆𝑞, (1.6a)

𝑢𝑞 = 𝑅𝑖𝑞 + 𝜆̇𝑞 + 𝜋

𝜏𝑠

𝑣𝜆𝑑, (1.6b)

where 𝜏𝑠 is the pole pitch. The electrical force is expressed as

𝐹𝑒 = 3𝜋𝑝𝑝

2𝜏𝑠

(Ψ𝑃 𝑀 𝑖𝑞 + (𝐿𝑑 − 𝐿𝑞)𝑖𝑞𝑖𝑑) . (1.7)

It is again possible to derive the state equations.

𝑖𝑑 = 1
𝐿𝑑

(︂
𝐿𝑞𝜋

𝜏𝑠

𝑖𝑞𝑣 −𝑅𝑖𝑑 + 𝑢𝑑

)︂
, (1.8a)

𝑖𝑞 = 1
𝐿𝑞

(︃
−𝐿𝑑𝜋

𝜏𝑠

𝑖𝑑𝑣 − Ψ𝑃 𝑀𝜋

𝜏𝑠

𝑣 −𝑅𝑖𝑞 + 𝑢𝑞

)︃
, (1.8b)

𝑣̇ = 1
𝑀

(︂3𝜋𝑝𝑝

2𝜏
(Ψ𝑃 𝑀 𝑖𝑞 + (𝐿𝑑 − 𝐿𝑞)𝑖𝑞𝑖𝑑)− 𝐹𝐿 −𝐵𝑣

)︂
, (1.8c)

where 𝑀 is the mass of the entire moving part, which in most cases includes the
mover and the load, and 𝐹𝐿 is the load force. As evident, the models are equivalent
with the substitutions 𝜔𝑒 = 𝜋

𝜏𝑠
𝑣, 𝐽 = 𝑀 , and 𝑇𝑒 = 𝐹𝑒

𝜏𝑠

𝜋
.

Fig. 1.1: Differences between an ideal (left) and non-ideal (right) linear motor drive
with permanent magnets and a primary mover. Source: [72]

This model type is again prevalent, as evidenced by for example [73, 74, 75,
76, 77, 78, 79, 8]. Just as with rotary drives, the conditions for the accuracy of
this model are not met, resulting in ripples in the simulated force compared to the
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true generated force. In the case of PMLSM drives, both sources of ripples occur,
as with PMSM. The group caused by the motor’s design is again periodic and can
be suppressed in the same way as with PMSM motors. The second group is not
periodic and requires describing the ripple with an aperiodic function that accounts
for the entire drive path. In the case of PMLSM drives, there is an additional source
of ripple called the end effect caused by the drive’s design, as shown in Figure 1.1.
The end effect leads to a periodic disturbance that cannot be distinguished from
the disturbances in the first group. The end effect, like the cogging force, can be
minimized by the motor’s design [80].

Further reduction of detent forces, that is, cogging force and end effect, can
be achieved using an appropriate control algorithm. Typically, detent forces are
measured as deviations from the model and described by a function, whose inverse
function is then forwardly injected into the control algorithm [81]. As there is usually
no way of distinguishing the effect from other detent forces, cogging mitigation
methods are successfully used in PMLSM drives to suppress both cogging and effect.
It is, however, essential to acknowledge this difference between the model and actual
motor for identification.

1.5 Identification of Permanent Magnet Linear Syn-
chronous Drive

Previous chapters focused on formulating the linear motor model, emphasizing the
critical importance of an accurate model for the control of the motor. However,
an accurate model formulation alone is insufficient for a control algorithm. It is
necessary to determine the correct model parameters to reflect real-world condi-
tions accurately. While some parameters can be considered known, as they can be
directly measured or are documented in relevant technical literature, other parame-
ters, such as inductances, exhibit nonlinear dependencies on the operating point and
are typically identified only for specific operating point. The process of determining
such model parameters is known as model identification, and it can be performed
using various approaches.

Identification methods can be categorized into two main groups: offline and on-
line. Offline identification methods are conducted before the controlled process,
necessitating preparation before the initial operation and process interruption if ad-
ditional identification is required. The primary drawback of these methods is their
inability to adjust the model parameters in real time, rendering them incapable of
responding to parameter changes and disturbances. This limitation is addressed by
online identification methods, which enable realtime identification and continuous
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adjustment of the estimated parameters during motor operation. Due to the simi-
larities between PMSM and PMLSM drives, PMSM identification methods can be
applied to PMLSM systems. This means that although this thesis refers almost
exclusively to PMLSM drives, results directly apply to PMSM drives.

An example of an offline method is the current decay test under direct current
voltage [82, 83, 84, 85, 86]. The test is conducted by positioning the rotor at an
electrical angle of 𝛼𝑒 = 𝜋

2 𝑟𝑎𝑑. Subsequently, a direct current voltage is applied
to two phases of the motor, causing the rotor to align to an electrical angle of
𝛼𝑒 = 0 𝑟𝑎𝑑, during which the current profile is measured. From the voltage and
current profiles, the inductances of the model in 𝑑𝑞 coordinates are then calculated.

Another example of an offline method is the measurement of mutual inductance
with the rotor at a standstill [87, 88, 89, 90]. This method leverages the fundamental
properties of the coils in the motor. By applying an alternating voltage to two coils
and observing the phase shift in the third coil, information about the self and mutual
inductance of the coils can be obtained. The issue with both methods is that the
inductance is not measured for the specific operating point at which the motor will
be operated. Additional offline identification methods can be studied in [91].

Today’s computational technology enables continuous, real-time identification,
which offers undeniable advantages over offline identification, primarily when the
motor is operated across multiple operating points. A popular example of online
identification algorithms includes those utilizing neural networks [92, 93, 94, 95].
However, these methods often provide results that are difficult to interpret.

Popular alternatives are methods based on least squares, for example, [96]. These
methods involve solving a system of equations derived from measurements of a suit-
ably excited motor. Subsequently, optimization is used to find parameters that
minimize the squared difference between the model output estimate and the actual
measured values of the motor output. These methods allow minor adjustments to
perform offline identification, online identification, and online identification with
forgetting.

From the perspective of Bayesian statistics, least squares methods can be in-
terpreted as maximum likelihood methods. Such an interpretation further enables
extending results to statistical results and defining additional estimators, such as
maximum a posteriori probability estimators or the Kalman filter. Bayesian statis-
tics opens up possibilities for new identification methods and is a highly advanta-
geous perspective that has been widely utilized in recent times.

However, applying these methods often leads to ignorance of some measurement
errors, which can be prevalent in the case of the PMLSM. This thesis aims to
formulate the identification of linear motor drives as an errors-in-variables problem,
which allows for seamless incorporation of measurement errors and explanation of
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other phenomenons, for example, detention forces, as measurement uncertainty.
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2 Preliminaries
The preliminary chapter is included in this work to establish a necessary founda-
tional understanding that enables readers to navigate and understand the research
presented in the subsequent chapters and its connection with existing methods.

2.1 Model definition
Throughout this work, we will consistently use a linear model

𝑦𝑖 = 𝑥𝑇
𝑖 𝜃, (2.1)

where 𝑦𝑖 ∈ R and 𝑥𝑖 ∈ R𝑚 are dependent variable (output) and independent variable
(input), respectively; 𝜃 ∈ R𝑚 is a sought-after vector of unknown parameters; the
𝑚 denotes the dimension of the problem.

This model provides a simplified and effective framework for analyzing and un-
derstanding a wide range of systems, including the PMLSM, the system under study.
This choice allows us to focus on the core aspects of the problem while maintaining
a transparent and manageable structure in our research. Reformulation of PMLSM
electrical state-space equations (1.8a) and (1.8b) into linear model will be presented
in the following chapter.

2.2 Dataset notation
Let us introduce a new notation for a dataset of 𝑁 samples 𝑠 available at time 𝑘.
This dataset will be further denoted as sequence

𝑆(𝑘) := {𝑠𝑖}𝑁
𝑖=0. (2.2)

In most cases, time specifications are not required and will be omitted for improved
readability.

Without loss of generality, the dataset 𝑆(𝑘) can also be represented as a matrix
of individual transposed vectors stacked underneath each other.

For example, assuming 𝑠𝑖 = [𝑠𝑖,1, 𝑠𝑖,2, 𝑠𝑖,3]𝑇 ∈ R3, the resulting matrix represen-
tation is

𝑆(𝑘) =

⎡⎢⎢⎢⎢⎢⎢⎣
𝑠𝑖,1 𝑠𝑖,2 𝑠𝑖,3

𝑠𝑖,1 𝑠𝑖,2 𝑠𝑖,3
...

𝑠𝑁,1 𝑠𝑁,2 𝑠𝑁,3

⎤⎥⎥⎥⎥⎥⎥⎦ . (2.3)

As intended representation is always apparent from the context, the representations
will be used interchangeably.
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2.3 Generalized singular value decomposition
The singular value decomposition (SVD) is a well-known, extensively applied de-
composition method used in both theoretical and applied contexts, as well as in
this thesis. The SVD decomposes given matrix 𝐴 ∈ R𝑚×𝑛 into three components:
𝐴 = 𝑈Σ𝑉 𝑇 , where 𝑈 ∈ R𝑚×𝑚 is an orthogonal matrix of left singular vectors,
𝑉 ∈ R𝑛×𝑛 is an orthogonal matrix of right singular vectors and Σ ∈ R𝑚×𝑛 =
diag(𝜎1, 𝜎2, . . . , 𝜎𝑟) is a diagonal matrix of singular values. Mathematical operator
𝑑𝑖𝑎𝑔 (𝑥1, 𝑥2, . . . ) represents a diagonal matrix with the specified elements 𝑥1, 𝑥2, . . .

on its main diagonal. The singular values are usually sorted in descending order
𝜎1 ≥ 𝜎2 ≥ · · · ≥ 𝜎𝑟 ≥ 0, where 𝑟 = min(𝑚, 𝑛).

Less known is the generalization of the SVD, the generalized SVD (GSVD).
As the GSVD is less known, let us define it here, using Theorem from [97]. To
comprehensively explore GSVD, including its properties and relationships with other
decompositions, refer to [98].

Theorem 1. GSVD of a matrix pair (𝐴, 𝐵). If 𝐴 ∈ R𝑚×𝑛 (𝑚 ≥ 𝑛) and 𝐵 ∈ R𝑝×𝑛,
then there exist orthogonal 𝑇 ∈ R𝑚×𝑚 and 𝑊 ∈ R𝑝×𝑝 and a nonsingular 𝑍 ∈ R𝑛×𝑛

such that

𝑇 𝑇 𝐴𝑍 = 𝐷𝐴 and 𝑊 𝑇 𝐵𝑍 = 𝐷𝐵 (2.4a)

with

𝐷𝐴 = diag(𝛼1, 𝛼2, . . . , 𝛼𝑛) ∈ R𝑚×𝑛, 𝛼𝑖 ≥ 0 (2.4b)

and

𝐷𝐵 = diag(𝛽1, 𝛽2, . . . , 𝛽𝑞) ∈ R𝑝×𝑛, 𝛽𝑖 ≥ 0, 𝑞 = min(𝑝, 𝑛) (2.4c)
𝛽1 ≥ · · · ≥ 𝛽𝑟 > 𝛽𝑟+1 = · · · = 𝛽𝑞 = 0, 𝑟 = rank(𝐵). (2.4d)

The elements of set {𝛼𝑖/𝛽𝑖}𝑟
𝑖=0 are known as the ordinary generalized singular

values of the matrix pair (𝐴, 𝐵), the remaining generalized singular values in which
𝛼𝑖 are nonzero are called infinite, and in the case when the 𝛼𝑖 is zero, the singular
values are called indefinite. The invertible square matrix 𝑍 represents the right
singular vectors associated with both 𝐴 and 𝐵.

The GSVD is a generalization of the SVD in that if 𝐵 = I, then the generalized
singular values are equal to the singular values of 𝐴.

2.4 Laplace Approximation
The Laplace approximation is a powerful method used in Bayesian statistics to ap-
proximate complex posterior distributions or problematic probability distributions
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in general. Named after the mathematician Pierre-Simon Laplace, this technique
leverages the simplicity of Gaussian distributions to simplify the often intractable
integrals involved in Bayesian inference. By approximating the probability distribu-
tion with a Gaussian centered at the mode, the Laplace approximation transforms
the challenging problem of computing the posterior into a more manageable one.
This approach is particularly useful in scenarios where the exact posterior is chal-
lenging to work with, providing a balance between computational efficiency and
accuracy. It is widely used in various applications, including machine learning,
which helps derive insights from complex models. For a more detailed analysis and
derivation of the Laplace approximation method, refer to [99, 100].

Assuming probability distribution

𝑝(𝑥|𝒟), (2.5)

where 𝑥 is the random variable and 𝒟 is set of distribution parameters, the surrogate
distribution 𝑞(𝑥|𝒟′) is obtained as

𝑞(𝑥|𝒟′) ≈ 𝑝(𝑥|𝒟). (2.6)

The surrogate, normal posterior probability distribution is

𝑞(𝑥|𝒟′) = 𝒩 (𝑥|𝜇̂, 𝐻(𝜇̂)), (2.7)

where the mean 𝜇̂ is the modus of the original probability distribution and the
covariance matrix 𝐻(𝜇̂) is the Fisher information of the sample data, or identically,
the Hessian matrix of the log-probability ln 𝑝(𝑥|𝒟) evaluated at the point 𝜇̂

𝐻(𝜇̂) = −∇∇𝑇 ln 𝑝(𝑥|𝒟)
⃒⃒⃒
𝑥=𝜇̂

. (2.8)

2.5 Bingham Distribution
The Bingham distribution emerges from a zero-mean multivariate normal distri-
bution in R𝑚+1, constrained to the unit hyper-sphere S𝑚. Introduced by [101] as
an antipodally symmetric distribution on the sphere S2, it was later generalized to
higher-dimensional sphere S𝑚. This section is adapted from the author’s earlier
research presented in [2].

The density function is given by

ℬ(𝑥|𝐴) = 𝑐(𝐴)−1 exp
(︁
−𝑥𝑇 𝐴𝑥

)︁
, (2.9)

where 𝑥 ∈ R𝑚+1, 𝑥𝑇 𝑥 = 1, and 𝐴 is a (𝑚 + 1)× (𝑚 + 1) symmetric, positive definite
matrix. The term 𝑐(𝐴) is an intractable integration constant, which poses the main
complication of the Bingham distribution [102].
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This distribution finds applications in various fields, such as paleomagnetic stud-
ies [103], wind speed modeling [104], biomedical image analysis [105], crystal orien-
tation analysis [106], and orientation estimation [107].

The covariance matrix 𝐴 can be spectrally decomposed, for example using sin-
gular value decomposition, into 𝐴 = ΓΛΓ𝑇 , where Γ is an orthogonal matrix con-
structed from the eigenvectors of 𝐴, and Λ = 𝑑𝑖𝑎𝑔(𝜆1, . . . , 𝜆𝑚+1) is the diagonal ma-
trix of the eigenvalues of 𝐴. Without loss of generality, we assume that the concen-
tration parameters Λ satisfy the identifiability constraint 𝜆1 ≥ · · · ≥ 𝜆𝑚 ≥ 𝜆𝑚+1 = 0.
These constraints ensure identifiability, as the density remains unchanged if a posi-
tive constant is added to the concentration parameter vector.

By decomposing the covariance matrix 𝐴, we obtain the concentration parame-
ter matrix Λ and the matrix of concentration vectors Γ = [𝛾1, 𝛾2, . . . , 𝛾𝑚+1], where
𝛾1, 𝛾2, . . . , 𝛾𝑚 are concentration axes vectors with corresponding concentration pa-
rameters 𝜆1, 𝜆2, . . . , 𝜆𝑚. The vector 𝛾𝑚+1 is the mean concentration vector, also
known as the modus vector.

The Bingham distribution can also be defined by the parameters Γ and Λ as

ℬ(𝑥|Γ, Λ) = 𝑐(Λ)−1 exp
(︁
−𝑥𝑇 ΓΛΓ𝑇 𝑥

)︁
. (2.10)

While this notation is more widely used, the version (2.9) is used in this thesis for
improved readability.

−1 0 1−1
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𝑥
2
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𝑥
2
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1
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𝑥
2

Fig. 2.1: Orthographic projection of Bingham distribution contour plot on the
sphere S2. The red line is the mean concentration vector; purple lines are con-
centration vectors, and concentration parameters are Λ = 𝑑𝑖𝑎𝑔(−60,−60, 0), Λ =
𝑑𝑖𝑎𝑔(−60,−10, 0) and Λ = 𝑑𝑖𝑎𝑔(−60,−1, 0) from left to right, respectively. Yellow
dots are samples drawn from the distributions.

The standard form of the distribution is

𝑝(𝑥|Λ) = 𝑐(Λ)−1 exp
{︃
−

𝑚∑︁
𝑖=1

𝜆𝑖𝑥
2
𝑖

}︃
(2.11)
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with respect to a uniform measure on the sphere and

𝑐(Λ) =
∫︁

𝑥∈S𝑚
exp

{︃
𝑚∑︁

𝑖=1
𝜆𝑖𝑥

2
𝑖

}︃
𝑑S𝑚(𝑥). (2.12)

Notably, the standard form does not include the concentration vectors Γ, as it
conveniently follows from the rotation of the distribution such that the concentration
vectors align with the main axes. If 𝑍 follows a Bingham distribution with density
𝑝(𝑥|𝐴), then 𝑊 = Γ𝑍 follows a Bingham distribution with density 𝑝(𝑥|Λ) (see [108]
and [101] for a detailed explanation).

Let 𝑍(𝑁) be a set of 𝑁 samples of unit vectors in S𝑚, sampled from a Bingham
distribution with density 𝑝(𝑥|Λ). The likelihood function is obtained as

ℒ(Λ) = 𝑐(Λ)−𝑁 exp
⎧⎨⎩−

𝑚∑︁
𝑖=1

𝜆𝑖

𝑁∑︁
𝑗=1

(︁
𝑥𝑖

𝑗

)︁2
⎫⎬⎭ (2.13)

= 𝑐(Λ)−𝑁 exp
{︃
−

𝑚∑︁
𝑖=1

𝜆𝑖𝜏𝑖

}︃
, (2.14)

where 𝜏𝑖 = 1
𝑁

∑︀𝑁
𝑗=1

(︁
𝑥𝑖

𝑗

)︁2
. The sufficient statistics for Λ is the set of 𝑁, 𝜏1, . . . , 𝜏𝑚.

The maximum likelihood estimator of the matrix of concentration vectors Γ is∑︀𝑁
𝑖=1 𝑥𝑖𝑥

𝑇
𝑖 .

To the author’s knowledge, analytical formulation of moments of the Bingham
distribution have not yet been derived. However, moments for similar directional
probability distributions [109], the von Mises and the Fisher distributions have been
derived using a method expected to be extendable to the Bingham distribution
[110]. Numerically approximated moments can be obtained using a fast algorithm
introduced by [111].

Establishing confidence limits based on concentration parameters has proven to
be complicated. An approximate formula was discovered by [101]. Another notable
method for establishing confidence limits, popular in paleomagnetism, is presented
in [112].

Although the cumulative distribution function of the Bingham distribution can-
not be expressed due to the doubly intractable normalizing constant [113, 114],
sampling using the Metropolis-Hastings algorithm is possible by approximating the
normalization constant [115]. Other methods bypassing the normalizing constant
altogether are presented in [116] and [117]. In this paper, we utilize the reversible-
jump MCMC [118] method introduced by [115] for the convenience of MATLAB
implementation in libDirectional [119].
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2.6 Least Squares
The least squares (LS) is a well-known, widely used identification method. Assuming
samples from linear model (2.1), obtained output samples are burdened with model
error

𝑦𝑖 = 𝑦𝑖 + 𝜀𝑖; 𝜀𝑖 ∼ 𝒩 (0, 𝜎2), (2.15)

where 𝜀𝑖 is the additive noise component caused by model imperfections. The usual
noise assumption, also used in this thesis, is that the 𝜀 is independent and identically,
normally distributed random noise with variance 𝜎2 and zero mean.

In this case, the least squares solution is obtained by finding such correction 𝑌 =
{𝑦𝑖}𝑁

𝑖=0 of noisy outputs 𝑌 = {𝑦𝑖}𝑁
𝑖=0, such that the errors between true and noisy

outputs are minimal in the sense of the 𝐿2 norm, subject to the linear model (2.1).
This can be achieved by solving the following constrained optimization problem
[120]:

[𝜃𝐿𝑆, 𝑌 ] := min
𝜃,𝑌

‖𝑌 − 𝑌 ‖2

s.t. 𝜃𝑋 = 𝑌
(2.16)

The vector of corrected outputs 𝑌 is typically unnecessary for the analysis. Since
the sought-after parameter vector 𝜃 can be derived analytically without the explicit
computation of 𝑌 , it is often omitted from the process altogether.

The analytical solution is obtained by [121]

𝜃𝐿𝑆 = (𝑋𝑇
𝑋)−1𝑋

𝑇
𝑌 , (2.17)

where 𝑋 = {𝑥𝑖}𝑁
𝑖=0 is sequence of inputs.

The simple analytical solution in connection with the Sherman–Morrison formula
leads to a well-known recursive algorithm, allowing for sequential incorporation of
new samples [120].

Algorithm 1 Recursive Least Squares (RLS)
Input: 𝑋, 𝑌 , 𝜃𝐿𝑆,0, 𝑃0, 𝜆

Output: 𝜃𝐿𝑆

1: 𝜃𝐿𝑆 ← 𝜃𝐿𝑆,0

2: 𝑃 ← 𝑃0

3: for 𝑖← 1 to 𝑁 do
4: 𝐿← (𝑃𝑥𝑖)/(𝜆 + 𝑥𝑇

𝑖 𝑃𝑥𝑖)
5: 𝜃𝐿𝑆 ← 𝜃𝐿𝑆 + 𝐿(𝑦𝑖 − 𝑥𝑇

𝑖 𝜃𝐿𝑆)
6: 𝑃 ← (I− 𝐿𝑥𝑇

𝑖 )𝑃 1
𝜆

7: end for
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In the Algorithm 1, 𝑋 and 𝑌 are data sequences, 𝜆 ∈ R is forgetting factor, 𝜃𝐿𝑆,0

is initial guess of the 𝜃𝐿𝑆 and 𝑃0 ∈ R𝑚×𝑚 is initial value of the precision matrix of
the parameter estimates. It is usually set to 𝑐I𝑑, where 𝑐 is a large number.

Assuming that the underlying model is autoregressive, this definition of least
squares aligns with the well-known autoregressive model with exogenous inputs
(ARX)

𝑦𝑖 = −
𝑁∑︁

𝑛=1
𝑎𝑛𝑦𝑖−𝑛 +

𝑀∑︁
𝑚=0

𝑏𝑚𝑢𝑖−𝑚 + 𝜀𝑖, (2.18)

which ignores the measurement error, and 𝜀 represents an error in the model. As the
erroneous value 𝑦𝑖 enters the model, the ARX can be expressed with the equations
(2.1) and (2.15) by following substitutions

𝑥𝑇
𝑖 = [𝑦𝑖−1, 𝑦𝑖−2, . . . , 𝑦𝑖−𝑁 , 𝑢𝑖−0, 𝑢𝑖−1, . . . , 𝑢𝑖−𝑀 ]𝑇 , (2.19)

𝜃𝑇 = [−𝑎1, −𝑎2, . . . , −𝑎𝑁 , 𝑏0, 𝑏1, . . . , 𝑏𝑀 ]𝑇 . (2.20)

While this is a correct method, one could argue that the model error can be ne-
glected, as the sample periods are oftentimes small. On the other hand, small
sample periods can amplify the measurement errors, and the measurement errors
can become dominant. In such a case, it is more appropriate to assume that the
model is true, i.e., ignoring the model error. The measurement errors and parameter
uncertainties can explain all model-data discrepancies (like for example detention
forces). In such case, the output error should be modeled as

𝑦𝑖 = 𝑦𝑖 + 𝜀𝑖; 𝜀𝑖 ∼ 𝒩 (0, 𝜎2
𝑦), (2.21)

Additional uncertainty can also be expressed for the input variable

𝑥𝑖 = 𝑥𝑖 + 𝜀𝑖; 𝜀𝑖 ∼ 𝒩 (0, 𝜎2
𝑥). (2.22)

This model is called the errors-in-variables model and should be described as

𝑥𝑇
𝑖 = [𝑦𝑖−1, 𝑦𝑖−2, . . . , 𝑦𝑖−𝑁 , 𝑢𝑖−0, 𝑢𝑖−1, . . . , 𝑢𝑖−𝑀 ]𝑇 , (2.23)

𝜃𝑇 = [−𝑎1, −𝑎2, . . . , −𝑎𝑁 , 𝑏0, 𝑏1, . . . , 𝑏𝑀 ]𝑇 . (2.24)

However, as the true data 𝑦𝑖 and sometimes even 𝑢𝑖 is only known with some un-
certainty, the best approximation of 𝑥𝑖 ≈ 𝑥̂𝑖 is

𝑥̂
𝑇

𝑖 = [𝑦𝑖−1, 𝑦𝑖−2, . . . , 𝑦𝑖−𝑁 , 𝑢𝑖−0, 𝑢𝑖−1, . . . , 𝑢𝑖−𝑀 ]𝑇 , (2.25)

which is usually the case for PMLSM identification problems, where the regressor
𝑥̂𝑖 usually consists solely of noisy current, voltage and position measurements.
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The presence of delayed, noisy measurements in the 𝑥̂𝑖 violates the assumptions of
the LS approach. Thus, the utilization of the LS method is considered inappropriate
by definition. This issue will be addressed in subsequent sections by introducing the
Total Least Squares method and its generalization, enabling the resolution of more
complex problems.

2.7 Total Least Squares
The total least squares (TLS) is a well-studied but less popular identification method
compared to LS [4, 122, 123]. The TLS also allows the identification of unknown
vector 𝜃 from data coming from the linear model (2.1). In the case of TLS, all
samples are burdened with noise:⎡⎣𝑥𝑖

𝑦𝑖

⎤⎦ =
⎡⎣𝑥𝑖

𝑦𝑖

⎤⎦+ 𝜀𝑖, 𝜀 ∼ 𝒩 (0, 𝜎2I), (2.26)

which makes this model an errors-in-variables model.
Similarly to LS, the 𝜀𝑖 is an independent, identically, normally distributed ran-

dom additive noise with zero mean and diagonal covariance 𝜎2I.
The TLS estimate is shown in [124] to be an unbiased maximum likelihood

estimator of 𝜃 within first-order error terms. For a comprehensive review of the
TLS, refer to [123].

As all variables are noisy, there is no need to distinguish between inputs and
outputs, and sequence of all measurements can be concatenated to

𝑑𝑖 =
⎡⎣𝑥𝑖

𝑦𝑖

⎤⎦ , 𝑑𝑖 =
⎡⎣𝑥𝑖

𝑦𝑖

⎤⎦ , 𝐷(𝑘) := {𝑑𝑖}𝑁
𝑖=0, 𝐷(𝑘) := {𝑑𝑖}𝑁

𝑖=0. (2.27)

The solution is obtained by minimizing the distance of measured data to the
flat affine subspace of dimension 𝑚, defined by the normal vector 𝜗 = [𝜃𝑇

TLS, −1]𝑇 .
In other words, the orthogonal distance is minimized. For this reason, total least
squares is sometimes referred to as an orthogonal regression.
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Fig. 2.2: Graphical illustration of orthogonal regression, also known as the total least
squares method. The estimated line (black line) is obtained from data (black dots)
by minimizing the orthogonal distance (blue lines) from the solution. Analogously,
distances from the orthogonal projection (red dots) to the measured data (black
dots) are minimized. The solution plane is fully specified by the yellow vector
[𝜃𝑇

TLS, −1]𝑇 .

The problem can be defined as minimizing Frobenius norm between corrected
data 𝐷̂ = {𝑑𝑖}𝑁

𝑖=0 and the measured data 𝐷 subject to the linear model (2.1).
It is, therefore possible to find the solution by solving the following constrained
optimization problem:

[𝜃TLS, 𝐷̂] := min
𝜃,𝐷̂

‖𝐷 − 𝐷̂‖𝐹

s.t. 0 = 𝐷̂𝜗.

Once again, the corrected data sequence 𝐷̂ is usually not required. As the
dimension of 𝐷̂ grows with a number of samples, identification methods try to omit
calculating it.
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In the case when corrected data sequence 𝐷̂ is needed, it can be calculated using
orthogonal projection of the measured data 𝐷 to the hyperplane defined by 𝜗:

𝐷̂ = {𝑑𝑖}𝑁
𝑖=0 =

{︃
𝑑𝑇

𝑖 𝜗

𝜗𝑇 𝜗
𝜗

}︃𝑁

𝑖=0
. (2.28)

The following theorem, formulated by [123], provides the TLS solution and out-
lines the assumptions necessary for its uniqueness:

Theorem 2. Solution of the total least squares problem.
Let

𝐷 = 𝑉 Σ𝑉 𝑇 , where Σ = diag(𝜎1, . . . , 𝜎𝑚+1)

be a singular value decomposition of 𝐷 and 𝜎𝑖, 𝑖 ∈ {1, 2, . . . , 𝑚 + 1} be the singular
values of 𝐷. After defining the partitioning

𝑉 =

𝑚 1[︃ ]︃
𝑉11 𝑣12

𝑣𝑇
12 𝑣22

, Σ =

𝑚 1[︃ ]︃
Σ1 0
0 𝜎𝑚+1

,

a TLS solution exists if and only if 𝑣22 is non-zero. In addition, it is unique if and
only if 𝜎𝑚 ̸= 𝜎𝑚+1. In the case when the TLS solution exists and is unique, it is
given by

𝜃TLS = −𝑣12

𝑣22
,

the corresponding TLS correction matrix is

𝐷 − 𝐷̂ = 𝑉 diag(0, 𝜎𝑚+1) 𝑉 𝑇

and nuisance variables are

𝐷̂ = 𝑉 diag(Σ1, 0) 𝑉 𝑇 .

Calculation of full singular Value Decomposition (SVD) is often avoided in prac-
tical applications due to its high computational complexity. Instead, only the sin-
gular vector corresponding to the smallest singular value [𝑣𝑇

12, 𝑣22]𝑇 is computed by
minimizing the Rayleigh quotient⎡⎣𝑣12

𝑣22

⎤⎦ := arg min
𝑣

𝑣𝑇
(︁
𝐷𝑇 𝐷

)︁
𝑣

𝑣𝑇 𝑣
, (2.29)

of which the minimal value is the smallest singular value.
The optimum can be achieved using the inverse iteration algorithm [98]. The

inverse iteration, also termed the inverse power method, constitutes an iterative pro-
cedure frequently employed to compute the eigenvalues and eigenvectors of a matrix.
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Distinguished among its advantageous features are its rapid convergence and numer-
ical stability. Moreover, its straightforward implementation makes the algorithm
suitable for online applications.

Algorithm 2 Inverse Iteration (II)
Input: 𝐷, 𝑣0

Output: 𝑣

1: 𝑣 ← 𝑣0

2: while Stopping condition do

3: 𝑣 ←
(𝐷𝑇 𝐷)−1𝑣

‖(𝐷𝑇 𝐷)−1𝑣‖
4: end while

In Algorithm 2, 𝑣0 represents the initial estimate for the singular vector, and 𝐷

denotes the matrix in consideration. The algorithm is typically terminated when
the change in 𝑣 between two successive iterations falls below a specified threshold.

The convergence rate can be further improved by using so-called shifts, which
means replacing line 3 in Algorithm 2 with

𝑣 ←
(𝐷𝑇 𝐷 − 𝜇I)−1𝑣

‖(𝐷𝑇 𝐷 − 𝜇I)−1𝑣‖
. (2.30)

In the particular case of finding the smallest eigenvector, 𝜇 is the smallest eigenvalue.
As it is usually not known in advance, it can be approximated in each iteration by
the Rayleigh quotient

𝜇 =
𝑣𝑇
(︁
𝐷𝑇 𝐷

)︁
𝑣

𝑣𝑇 𝑣
. (2.31)

This extension of the inverse iteration is known as the Rayleigh quotient iteration.
The algorithm exhibits sufficiently rapid convergence, allowing for only a single

iteration to be executed for each sample. Incorporating each sample into the inverted
matrix can be achieved using the Woodbury matrix inversion lemma. The resulting
algorithm proposed in [120] is presented in Algorithm 3.
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Algorithm 3 Recursive Total Least Squares (RTLS)
Input: 𝐷, 𝜃𝑇 𝐿𝑆,0, 𝑃0, 𝜆

Output: 𝜃𝑇 𝐿𝑆

1: 𝜃𝑇 𝐿𝑆 ← 𝜃𝑇 𝐿𝑆,0

2: 𝑃 ← 𝑃0

3: for 𝑖← 1 to 𝑁 do
4: 𝐿← (𝑃𝑑𝑖)/(𝜆 + 𝑑𝑇

𝑖 𝑃𝑑𝑖)
5: 𝑃 ← (I− 𝐿𝑑𝑇

𝑖 )𝑃 1
𝜆

6: 𝑍 ← 𝑃 [𝜃𝑇
𝑇 𝐿𝑆, −1]𝑇

7: 𝜃𝑇 𝐿𝑆 ← −𝑧12/𝑧22

8: end for

In Algorithm 3, the 𝑑𝑖 represents a value from the data sequence 𝐷 as proposed
in (2.27). The parameter 𝜆 ∈ R is the forgetting factor, 𝜃𝑇 𝐿𝑆,0 denotes initial guess
for 𝜃𝑇 𝐿𝑆 and 𝑃0 ∈ R(𝑚+1)×(𝑚+1) is the initial value of precision matrix; it is typically
set to 𝑐I𝑚+1, where 𝑐 is a large constant. The vector 𝑍 is [𝑧𝑇

12, 𝑧22]𝑇 , where 𝑧22 is
the last element of the vector.

2.8 Generalized Total Least Squares
The total least squares problem has several notable generalizations that account
for different restrictions on the covariance of the noise 𝜀. Among these, there is
the mixed least squares total least squares (LS-TLS) problem and the element-wise
weighted TLS (EW-TLS) problem; lastly, there is the most comprehensive of these
generalizations, the generalized total least squares (GTLS) problem. For an overview
of the mentioned and other generalizations, refer to [125, 122] and [126].

The LS-TLS problem assumes

𝜀 ∼ 𝒩 (0, 𝜎2ΣLS-TLS), (2.32)

where ΣLS-TLS is a diagonal matrix consisting exclusively of zeros and ones. Typ-
ically, the variables are reorganized such that ΣLS-TLS = diag

(︂[︁
0𝑇

𝑎 , I𝑇
𝑏

]︁𝑇)︂
, where

𝑎 + 𝑏 = 𝑚 + 1. This problem addresses scenarios where only some measurements
are corrupted with uncorrelated noise. It is apparent that the extreme cases of
LS-TLS are LS and TLS. The LS-TLS structure implies that the problem can be
divided into two subproblems. Usually, the solution is obtained sequentially. First,
the 𝑎-dimensional LS subproblem is solved, and then a correction is obtained from
the solution of the 𝑏-dimensional TLS subproblem. For more information about the
LS-TLS problem, refer [127].
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The EW-TLS problem still restricts the noise to be uncorrelated, but the vari-
ances can vary. The noise can be expressed as

𝜀 ∼ 𝒩 (0, 𝜎2 diag(𝜎EW-TLS)), (2.33)

where 𝜎EW-TLS ∈ R𝑚+1 is a vector whose elements are positive values. This problem
is fit for varying levels of precision across data points, making it particularly useful
when some measurements are more reliable than others. The classical approach
to addressing the EW-TLS problem involves rescaling the data to equalize vari-
ances. By doing this, the problem reduces the TLS subproblem. The solution to the
EW-TLS problem is generally obtained by first solving the TLS subproblem using
established TLS techniques, followed by rescaling the TLS subproblem solution to
obtain solution of the original problem.

It is apparent that TLS is a particular case of the EW-TLS. Conversely, by
definition, the EW-TLS problem can not be simplified to the LS-TLS problem.

The most comprehensive generalization of the TLS presumes an unconstrained
structure for the noise covariance matrix

𝜀 ∼ 𝒩 (0, 𝜎2ΣGTLS), (2.34)

except for obligatory requirements of symmetry and positive semi-definiteness.
The flexibility of the GTLS accommodates scenarios where the noise may exhibit

varying degrees of variances and correlation, making GTLS particularly useful for
identifying systems with complex error structures, such as in PMLSM. It is apparent
that all the mentioned problems (LS, TLS, LS-TLS, EW-TLS) are special cases
of GTLS. While restrictions imposed by the specific scenarios allow for simpler
algorithms, the solution can always be obtained by solving the GTLS formulation
of the problem.

A comprehensive analysis of GTLS algorithms is beyond the scope of this thesis.
Therefore, this section focuses exclusively on the properties of well-behaved GTLS
problems. Similar to other problems discussed therein, several algorithms for solving
GTLS exist, many of which address special considerations for zero variance measure-
ments, efficient computation, numerical stability, and under-determined systems, as
discussed in [97]. For the examples provided, we utilize an implementation based
on the algorithm presented in [97], sourced from github.com/iwoodsawyer/gtls.

The main idea is similar to the TLS. Let us recall that in the case of TLS, the
solution is calculated from the singular vector corresponding to the smallest singular
value of the dataset matrix 𝐷. Therefore, the singular vector can be obtained by
minimizing the Rayleigh quotient (2.29).

The findings from [97] can be summed up in the following theorem:
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Theorem 3. Solution of the generalized total least squares problem.
Let

𝑇 𝑇 𝐷𝑍 = 𝐷𝐷 and 𝑊 𝑇 ΣGTLS𝑍 = 𝐷Σ (2.35)

with

𝐷𝐷 = diag(𝛼1, 𝛼2, . . . , 𝛼𝑛) (2.36)
𝐷Σ = diag(𝛽1, 𝛽2, . . . , 𝛽𝑞) (2.37)

be a generalized singular value decomposition of the matrix pair (𝐷, ΣGTLS); and
{𝛼𝑖/𝛽𝑖}𝑚+1

𝑖=0 be the set of generalized singular values of the matrix pair (𝐷, ΣGTLS).
After defining the partitioning

𝑍 =

𝑚 1[︃ ]︃
𝑍11 𝑧12

𝑧𝑇
12 𝑧22

a GTLS solution exists if and only if 𝑧22 is non-zero. In addition, it is unique if
and only if 𝛼𝑑/𝛽𝑑 ̸= 𝛼𝑚+1/𝛽𝑚+1. In the case when the GTLS solution exists and is
unique, it is given by

𝜃GTLS = −𝑧12

𝑧22
.

The similarity to the TLS solution is noticeable. The GTLS solution is calculated
from the right singular vector corresponding to the smallest generalized eigenvalue
associated with the matrix pair (𝐷, ΣGTLS). The singular vector can be obtained by
minimizing the generalized Rayleigh quotient:⎡⎣𝑧12

𝑧22

⎤⎦ := arg min
𝑧

𝑧𝑇
(︁
𝐷𝑇 𝐷

)︁
𝑧

𝑧𝑇 ΣGTLS𝑧
. (2.38)

This fact allows for the enhancement of the recursive, inverse iteration-based
TLS algorithm 3 such that GTLS problems can be solved recursively. The resulting
algorithm introduced in [120] is:

36



Algorithm 4 Recursive Generalized Total Least Squares (RGTLS)
Input: 𝐷, ΣGTLS, 𝜃𝐺𝑇 𝐿𝑆,0, 𝑃0, 𝜆

Output: 𝜃GTLS

1: 𝜃GTLS ← 𝜃𝐺𝑇 𝐿𝑆,0

2: 𝑃 ← 𝑃0

3: for 𝑖← 1 to 𝑁 do
4: 𝐿← (𝑃𝑑𝑖)/(𝜆 + 𝑑𝑇

𝑖 𝑃𝑑𝑖)
5: 𝑃 ← (I− 𝐿𝑑𝑇

𝑖 )𝑃 1
𝜆

6: 𝑍 ← 𝑃ΣGTLS[𝜃𝑇
GTLS, −1]𝑇

7: 𝜃GTLS ← −𝑧12/𝑧22

8: end for

In Algorithm 4, the 𝑑𝑖 is value from dataset 𝐷 as defined in (2.27), 𝜆 ∈ R is
forgetting factor, 𝜃𝐺𝑇 𝐿𝑆,0 is initial value for 𝜃GTLS and 𝑃0 ∈ R𝑚+1×𝑚+1 is initial value
of precision matrix, usually set to 𝑐I𝑚+1, where 𝑐 is a large number.

The alternative approach supporting only regular noise covariance matrix pro-
posed by Leon Jay Gleser [128, 129] is summed up in the following theorem:

Theorem 4. Let the dataset 𝐷 be generated from an Errors-In-Variables process
with positive definite noise covariance matrix ΣGTLS ≻ 0. Assuming the upper tri-
angular factorization 𝐸−𝑇 𝐸−1 = ΣGTLS, the GTLS solution 𝜃GTLS is obtained as

𝜃GTLS = −𝐸11𝑣
′
12 + 𝑒12𝑣

′
22

𝑒22𝑣′
22

, (2.39)

where 𝑣′ is the singular vector corresponding to the smallest singular value of the
transformed dataset 𝐷′ = 𝐷𝐸, with the following partitioning:

𝑣′ =
⎡⎣𝑣′

12

𝑣′
22

⎤⎦ , 𝐸 =
⎡⎣𝐸11 𝑒12

0 𝑒22

⎤⎦ , (2.40)

where 𝑣′
22 is the last element of 𝑣′.

Proof. The singular vector 𝑣′ of the transformed dataset 𝐷′ is obtained by minimiz-
ing the Rayleigh Quotient (2.29). By substitutions of 𝐷′ = 𝐷𝐸 and 𝑣′ = 𝐸−1𝑣, we
obtain following optimization problem

𝑣′ := arg min
𝑣

(︁
𝑣𝑇 𝐸−𝑇

)︁ (︁
𝐸𝑇 𝐷𝑇

)︁
(𝐷𝐸) (𝐸−1𝑣)

(𝑣𝑇 𝐸−𝑇 ) (𝐸−1𝑣) . (2.41)

This is equivalent to the optimization problem for the generalized total least squares
(2.38).
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By recovering the singular vector 𝑣 corresponding to the smallest singular value
of the original dataset

𝑣 = 𝐸𝑣′ =
⎡⎣𝐸11𝑣12

′ + 𝐸12𝑣22
′

𝐸22𝑣22
′

⎤⎦ (2.42)

and plugging it into

𝜃GTLS = −𝑣12/𝑣22, (2.43)

we obtain (2.39) which concludes the proof.

Gleser’s result allows for solving GTLS problems using TLS algorithms by trans-
forming the dataset with a precomputed 𝐸. This is because the transformed dataset
has a covariance matrix Σ′

GTLS ≈ I, and the problem is thus reduced to a TLS prob-
lem. The TLS solution can then be transformed back to the original problem’s
solution. GTLS problems can, therefore, be solved using TLS algorithms, assuming
that the inputs and outputs are transformed correspondingly. However, the problem
with this method arises when the 𝐸−1 is ill-conditioned, which can lead to numerical
issues.

It should be reiterated that the transformation is only possible for a positive
definite covariance matrix, which results in some loss of generality. For a positive
semi-definite covariance matrix, only an approximate solution can be obtained by
replacing the covariance matrix with its nearest symmetric positive definite matrix
[130]. However, 𝐸−1 of the approximate covariance matrix could be ill-conditioned.
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3 Problem definition
In previous chapters, the modeling and identification of PMLSM were introduced.
The identification process is a crucial step, as many other areas, such as control and
diagnostics, directly depend on the quality of the identified parameters. However,
current identification methods have several disadvantages.

Focusing on online identification, which is essential for PMLSM due to their time-
variant parameters, most available methods provide only point estimates. While
prior estimates of parameters are often available from datasheets or offline identifi-
cation, the lack of uncertainty quantification for these estimates limits the potential
to combine information into a single, reliable estimate. Moreover, it prevents the
enhancement of online identification results using these prior estimates.

It should be noted that Bayesian methods which provide statistical results do
exist for least squares identification. However, as previously discussed, least squares
identification is often unsuitable because it typically relies on the least squares for
approach to ARX model identification. As shown in Section 2.6, using least squares
can violate the fundamental mathematical assumptions needed to ensure the validity
and reliability of the solution when measurement errors are significant.

An alternative approach to identification is to formulate the problem in terms
of errors-in-variables (EIV). This method assumes no error in the model itself, but
parameter uncertainty can express discrepancies between the model and reality.
However, existing EIV methods do not provide uncertainty quantification.

Addressing this issue requires the development of an EIV identification frame-
work and algorithm that can handle the specific conditions of PMLSM, such as small
sampling periods leading to large datasets and correlated noise across all variables.
This is the first objective of this thesis. The second objective is to reformulate the
PMLSM model as an EIV problem and apply the developed algorithm to successfully
identify PMLSM parameters.

Given its advantageous properties, the analysis and derivation will be conducted
from a Bayesian perspective. The intrinsic probabilistic interpretation of inputs,
outputs, and parameters allows for the seamless incorporation of measurement er-
rors while ensuring accurate determination of parameter uncertainty. Bayesian prior
information permits the integration of prior knowledge while providing a systematic
method to refine estimates as more data becomes available. This approach facili-
tates the development of recursive identification algorithms. Utilizing the Bayesian
framework also allows for further extensions, such as incorporating findings into
cost-benefit analyses in decision-making, leading to optimal decisions under uncer-
tainty. Models can also be compared based on their posterior probabilities, offering
a straightforward way to assess the relative plausibility of different models.
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It is evident that the proposed EIV identification solution addresses many of the
issues mentioned earlier.

Before proceeding, let us clearly define the two main objectives of this thesis.

3.1 Bayesian Errors-in-Variables
In order to derive a Bayesian understanding of Errors-in-Variables (EIV), let us first
define EIV.

Let once again begin by assuming a linear model

𝑦𝑖 = 𝑥𝑇
𝑖 𝜃, (3.1a)

where 𝑥𝑖 ∈ R𝑚 is 𝑖-th sample vector of linearly independent variables; 𝑦𝑖 ∈ R is
𝑖-th sample of linearly dependent variable and 𝜃 is vector of unknown variables. For
simplicity, let us assume that the vector is time-invariant 1.

Linear errors-in-variables arise when noisy samples of linearly independent and
linearly dependent samples 𝑥𝑖 ∈ R𝑚 and 𝑦𝑖 ∈ R, respectively, are obtained from the
linear EIV model (3.1a). We can further assume that the noise 𝜀 is additive, and
its properties are summed up by S.

⎡⎣𝑥𝑖

𝑦𝑖

⎤⎦ =
⎡⎣𝑥𝑖

𝑦𝑖

⎤⎦+ 𝜀𝑖 (3.1b)

The error-in-variables identification aims to find sought-after parameters 𝜃 from
noisy data [𝑥𝑇

𝑖 , 𝑦𝑖]𝑇 .
Although this definition is clear, one may encounter literature that utilizes the

following definition:

𝑦 = 𝑦𝑖 + 𝜀𝑦,𝑖, (3.2)
𝑥 = 𝑥𝑖 + 𝜀𝑥,𝑖. (3.3)

By this definition, the known input signal is noiseless, while the additive noise acts
on the system’s input. This type of model is referred to as the Berkson model, named
after Joseph Berkson, who first discussed the distinctions between the two types of
error models [131]. The confusion between the models may stem from Bayesian
analyses, such as [132], which demonstrated that the problems do not need to be
treated as distinct under certain conditions. The difference between the models can
be studied in the following figure from [133].

1As this assumption is unsuitable for PMLSM identification, it will be relaxed in section 4.6 by
introducing forgetting factor allowing for identification of slowly varying parameters.
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Fig. 3.1: Classical EIV (left), Berkson Model (right).

Our study focused exclusively on the classical Errors-in-Variables (EIV) model,
as it is more widely recognized and extensively validated in the literature. The
classical EIV model provides a comprehensive framework that ensures our findings’
reliability and generalizability.

Using sequence notation introduced in section 2.2, we can define following data
sequences:

𝐷 := {𝑥𝑖, 𝑦𝑖}𝑁
𝑖=0, (3.4)

𝐷 := {𝑥𝑖, 𝑦𝑖}𝑁
𝑖=0, (3.5)

𝑋 := {𝑥𝑖}𝑁
𝑖=0, (3.6)

𝑌 := {𝑦𝑖}𝑁
𝑖=0. (3.7)

This notation allows for defining probability density of unknown parameters 𝜃

in Bayesian sense, correspondingly with available literature [134, 135, 132] as

𝑝(𝜃, 𝑋|𝐷,S) ∝ ℒ(𝜃, 𝑋|𝐷,S)𝑝(𝜃)𝑝(𝑋). (3.8)

In this equation, the 𝑝(𝜃, 𝑋|𝐷) is joint posterior distribution for 𝜃 and 𝑋, ℒ(𝜃, 𝑋|𝐷)
is corresponding joint likelihood and 𝑝(𝜃) and 𝑝(𝑋) are prior distributions for 𝜃 and
𝑋 respectively.

The joint distributions can be separated into conditionals as

𝑝(𝜃|𝐷, 𝑋,S)𝑝(𝑋|𝐷,S) ∝ ℒ(𝜃|𝐷, 𝑋,S)𝑝(𝜃)ℒ(𝑋|𝐷,S)𝑝(𝑋). (3.9)

The target of Bayesian errors-in-variables is to infer a posterior distribution of the
unknown parameters 𝜃. However, note that this posterior distribution suffers from
a severe disadvantage. That is, the dimension of 𝑝(𝑋|𝐷,S) is 𝑁 and therefore grows
in time with the rising number of drawn samples. This is unsuitable for recursive
identification, as the computational complexity would grow unboundedly.

While there are applications that would benefit from inference about 𝑋, we are
only interested in conditional 𝑝(𝜃|𝐷, 𝑋,S).

The conditional is, however, unobtainable without knowledge of the nuisance pdf
𝑝(𝑋|𝐷,S). A widely used remedy for this issue is to replace the nuisance pdf with
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the expectation for each sample. Using defined sequence notation, we can write

𝑝(𝑋|𝐷,S) ≈ E
[︁
𝑋|𝐷,S

]︁
. (3.10)

This method has been popular for a few decades already. For example, this
method was disclosed in 1992 as the “most widely used approach” [136]. Refer to
[137, 138, 139] for both early and recent examples. Although this approach may
seem dated, there are no feasible alternatives, as most authors develop only batch
identification algorithms.

Resulting conditional posterior distribution is

𝑝
(︁
𝜃|𝐷,S,E

[︁
𝑋|𝐷,S

]︁)︁
∝ ℒ

(︁
𝜃|𝐷,S,E

[︁
𝑋|𝐷,S

]︁)︁
𝑝(𝜃). (3.11)

In the literature, distinctions are seldom made between (3.9) and 3.11. To make
the difference clear in this text, we will call (3.9) the Bayesian Errors-in-variables
(B-EIV) and 3.11 the Bayesian Generalized Total Least Squares (B-GTLS). The
connection between the Generalized Total Least Squares will be apparent in the
following chapter.

The first goal of this thesis is to propose the Bayesian Generalized Total Least
Squares framework, which would allow for solving errors-in-variables problems. As
the Generalized Total Least Squares can oftentimes be reduced into the Total Least
Squares problem, it is also be beneficial to analyze the special case of errors-in-
variables, when noise on all variables is uncorrelated and identical in magnitude.
This is the second goal of this thesis, leading to derivation of the Bayesian Total
Least Squares.

3.2 Errors-in-Variables Approach to PMLSM Identi-
fication

PMLSM model can be easily transformed into linear model (3.1) by rearranging the
first two state equations of the PMLSM (1.8), resulting in a set of linear equations

𝑢𝑑 = 𝐿𝑑𝑖𝑑 − 𝐿𝑞
𝜋

𝜏𝑠

𝑖𝑞𝑣 + 𝑅𝑖𝑑, (3.12)

𝑢𝑞 = 𝐿𝑑
𝜋

𝜏𝑠

𝑖𝑑𝑣 + 𝐿𝑞𝑖𝑞 + 𝑅𝑖𝑞 + Ψ𝑃 𝑀
𝜋

𝜏𝑠

𝑣. (3.13)

The terms of which can be separated into three groups. The first group comprises
unknown parameters 𝐿𝑑, 𝐿𝑞, 𝑅, and Ψ𝑃 𝑀 . The second group is known constants 𝜋,
𝜏𝑠. The third group is group of measured terms 𝑖𝑑, 𝑖𝑞, 𝑖𝑑, 𝑖𝑞, 𝑢𝑑, 𝑢𝑞 and 𝑣, known
only up to some error. Voltages 𝑢𝑑 and 𝑢𝑞 can be included in the last group, al-
though they are usually not measured values but rather known voltage input values.
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One could argue that there are numerous sources of disturbances caused by voltage
generation instrumentation, which could be explained by incorporating uncertainty
in the voltages. The input voltages could differ from the true voltages due to, for ex-
ample, inverter switching noise, inverter controller imperfections, or electromagnetic
interference induced in power lines. The evaluation of the magnitude of uncertainty
will be left to the statistician. No uncertainty can be simulated by setting arbitrarily
low variance.

Defined grouping allows to express the linear equations as

𝑦1 = 𝜃𝑇 𝑥1, (3.14)
𝑦2 = 𝜃𝑇 𝑥2, (3.15)

where the vector of unknown parameters 𝜃, the two vectors of independent variables
𝑥1, 𝑥2 and the two dependent variables 𝑦1, 𝑦2 are

𝜃 =

⎡⎢⎢⎢⎢⎢⎣
𝐿𝑑

𝐿𝑞

𝑅𝑖𝑑

Ψ𝑃 𝑀

⎤⎥⎥⎥⎥⎥⎦ , 𝑥1 =

⎡⎢⎢⎢⎢⎢⎣
𝑖𝑑

− 𝜋
𝜏𝑠

𝑖𝑞𝑣

𝑖𝑑

0

⎤⎥⎥⎥⎥⎥⎦ , 𝑥2 =

⎡⎢⎢⎢⎢⎢⎣
𝜋
𝜏𝑠

𝑖𝑑𝑣

𝑖𝑞

𝑖𝑞

𝜋
𝜏𝑠

𝑣

⎤⎥⎥⎥⎥⎥⎦ , 𝑦1 = 𝑢𝑑, 𝑦2 = 𝑢𝑞, (3.16)

respectively.
Typically only measured values of voltages 𝑢𝑑, 𝑢𝑞, currents 𝑖𝑑, 𝑖𝑞, and position 𝑙

are available. The derivatives in (3.16) can be approximated using Euler discretiza-
tion as follows:

𝑖𝑑 ≈
𝑖𝑑(𝑘)− 𝑖𝑑(𝑘 − 1)

𝑇𝑠

, (3.17)

𝑖𝑞 ≈
𝑖𝑞(𝑘)− 𝑖𝑞(𝑘 − 1)

𝑇𝑠

, (3.18)

𝑣 ≈ 𝑙(𝑘)− 𝑙(𝑘 − 1)
𝑇𝑠

, (3.19)

which inevitably leads to modeling errors. The resulting vectors of synthesized
measurements are

𝑥1 =

⎡⎢⎢⎢⎢⎢⎣
𝑖𝑑(𝑘)−𝑖𝑑(𝑘−1)

𝑇𝑠

− 𝜋
𝜏𝑠

𝑖𝑞
𝑙(𝑘)−𝑙(𝑘−1)

𝑇𝑠

𝑖𝑑

0

⎤⎥⎥⎥⎥⎥⎦ , 𝑥2 =

⎡⎢⎢⎢⎢⎢⎣
𝜋
𝜏𝑠

𝑖𝑑
𝑙(𝑘)−𝑙(𝑘−1)

𝑇𝑠
𝑖𝑞(𝑘)−𝑖𝑞(𝑘−1)

𝑇𝑠

𝑖𝑞

𝜋
𝜏𝑠

𝑙(𝑘)−𝑙(𝑘−1)
𝑇𝑠

⎤⎥⎥⎥⎥⎥⎦ . (3.20)

As the information regarding 𝑦1, 𝑦2, 𝑥1, and 𝑥2 is available only subject to
measurement and modeling error, the PMLSM identification is now formulated in
terms of error-in-variables problem.
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Based on the B-GTLS analysis provided in Chapter 4, the posterior distribution
for PMLSM is

𝑝
(︁
𝜃|𝐷1, 𝐷2,S1,S2,E

[︁
𝑋1|𝐷1,S1

]︁
,E
[︁
𝑋2|𝐷2,S2

]︁)︁
∝ (3.21)

ℒ
(︁
𝜃|𝐷1,S1,E

[︁
𝑋1|𝐷1,S1

]︁)︁
ℒ
(︁
𝜃|𝐷2,S2,E

[︁
𝑋2|𝐷2,S2

]︁)︁
𝑝(𝜃) (3.22)

The posterior distribution is an unusual function with several challenging features.
These features include significant non-linearity, possible multi-modality, and un-
known moments. The process of deriving moments is particularly complicated be-
cause of denominator terms in the exponent. Due to the multi-modality of the
problem, even a maximum a posteriori solution requires advanced and, therefore,
resource-demanding computation.

We propose approximating individual likelihoods by the normal distribution in
order to find a normal approximation of the posterior distribution.

𝑝
(︁
𝜃|𝐷1, 𝐷2,S1,S2,E

[︁
𝑋1|𝐷1,S1

]︁
,E
[︁
𝑋2|𝐷2,S2

]︁)︁
∝ (3.23)

𝑞
(︁
𝜃|𝐷1,S1,E

[︁
𝑋1|𝐷1,S1

]︁)︁
𝑞
(︁
𝜃|𝐷2,S2,E

[︁
𝑋2|𝐷2,S2

]︁)︁
𝑝(𝜃) (3.24)

where

𝑞
(︁
𝜃|𝐷𝑗,S𝑗 E

[︁
𝑋𝑗|𝐷𝑗,S𝑗

]︁)︁
≈ ℒ

(︁
𝜃|𝐷𝑗,S𝑗,E

[︁
𝑋𝑗|𝐷𝑗,S𝑗

]︁)︁
, 𝑗 ∈ {1, 2}. (3.25)

The existing GTLS method could provide an individual point estimate of the
likelihood. There is, however, no way to combine those estimates into a single
vector of parameters.

The third goal of this thesis is to utilize Bayesian Generalized Total Least Squares
in order to obtain an approximation of the PMLSM likelihood functions in real time.
For this, a recursive algorithm will be required. As the results provide uncertain
information, surrogate likelihoods and prior can be merged into a single surrogate
posterior distribution.
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4 Bayesian Generalized Total Least Squares
The goal of this chapter is to present a derivation of the functional form of the
Bayesian Generalized Total Least Squares (B-GTLS) problem

𝑝
(︁
𝜃|𝐷,S,E

[︁
𝑋|𝐷,S

]︁)︁
∝ ℒ

(︁
𝜃|𝐷,S,E

[︁
𝑋|𝐷,S

]︁)︁
𝑝(𝜃). (4.1)

defined in (3.11), which is an approximation of the conditional 𝑝(𝜃|𝐷,S, 𝑋) of the
Bayesian Errors-in-variables (B-EIV), defined in (3.9) and discussed in the previous
chapter.

In order to derive the functional form, noise assumptions need to be stated.
Consistently with the aforementioned definition of the GTLS, we can assume the
noise 𝜀 to be independent, normally distributed with zero mean and covariance
matrix Σ

𝑦𝑖 = 𝑥𝑇
𝑖 𝜃, (4.2a)⎡⎣𝑥𝑖

𝑦𝑖

⎤⎦ =
⎡⎣𝑥𝑖

𝑦𝑖

⎤⎦+ 𝜀𝑖, 𝜀 ∼ 𝒩 (0, Σ). (4.2b)

The noise is described by S, which in this case denotes knowledge of its distribu-
tion, mean, and covariance matrix. As this knowledge is required for all likelihoods
and posterior distributions, it would appear in all following equations, cluttering the
notation. For improved readability, we decided to omit writing of S from further
equations. Note, however, that the requirement for knowledge of the noise properties
did not vanish.

Due to the complex nature of deriving and formulating the functional expression
of the posterior, it is necessary to separate the process into several sections. In the
following sections, we will progressively introduce all key elements of the posterior
distribution: the hidden variables’ expectation E

[︁
𝑋|𝐷

]︁
, the likelihood function of

the dataset ℒ
(︁
𝜃|𝐷,E

[︁
𝑋|𝐷

]︁)︁
, and the prior 𝑝(𝜃). This will result in the posterior

𝑝
(︁
𝜃|𝐷,E

[︁
𝑋|𝐷

]︁)︁
.

Furthermore, we propose using the Laplace method for normal approximation,
making the functional form of the resulting surrogate posterior distribution conve-
nient for further implementation in other control and diagnostics methods. As the
final step in solving the problem defined in section 3.1, we propose the recursive
Bayesian generalized total least squares (B-RGTLS) algorithm. In the last Section
of this chapter, we recast PMLSM identification as an errors-in-variables problem
and present a new algorithm based on the proposed B-RGTLS, which addresses the
problem defined in Section 3.2.
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4.1 The Expectation of the Hidden Variables
The probability distribution of the hidden variables 𝑝(𝑋|𝐷) causes the Bayesian
Errors-In-Variables posterior distribution to grow in dimension with each incorpo-
rated sample. In order to avoid it and derive the B-GTLS, it needs to be approxi-
mated with its expectation

𝑞(𝑋|𝐷) ≈ E
[︁
𝑋|𝐷

]︁
. (4.3)

With noise assumption from (4.2), the expectation is obtained from the following
lemma:

Lemma 1. Assume the following partition of the covariance matrix

Σ =
⎡⎣Σ𝑥𝑥 Σ𝑥𝑦

Σ𝑇
𝑥𝑦 Σ𝑦𝑦

⎤⎦ . (4.4)

Let us further assume that hidden variables’ priors are uninformative 𝑝(𝑋) ∝ 1.
Then, the hidden variables sample expectation is

E

⎡⎣ 𝑥

𝑦
𝑑

⎤⎦ =

⎡⎢⎢⎢⎢⎢⎣
𝑥−

Σ𝑥𝑥𝜃𝑥𝑇 𝜃 − Σ𝑥𝑥𝜃𝑦 − Σ𝑥𝑦𝑥𝑇 𝜃 + Σ𝑥𝑦𝑦

𝜃𝑇 Σ𝑥𝑥𝜃 − 2Σ𝑇
𝑥𝑦𝜃 + Σ𝑦𝑦

𝜃𝑇 Σ𝑥𝑥𝜃𝑦 − Σ𝑇
𝑥𝑦

(︁
𝜃𝑦 + 𝜃𝑥𝑇 𝜃

)︁
+ Σ𝑦𝑦𝑥𝑇 𝜃

𝜃𝑇 Σ𝑥𝑥𝜃 − 2Σ𝑇
𝑥𝑦𝜃 + Σ𝑦𝑦

⎤⎥⎥⎥⎥⎥⎦ , (4.5)

where the subscript 𝑖 is omitted for improved readability.

Proof. Under the assumption of uninformative normal prior, the probability dis-
tribution for the hidden variables associated with the 𝑖th sample follows a normal
distribution:

𝑝(𝑑|𝑑, 𝜃) =(2𝜋)− 𝑚+1
2 det(Σ)− 1

2 (4.6)

exp
(︂
−1

2
(︁
𝑑− 𝑑

)︁𝑇
Σ−1

(︁
𝑑− 𝑑

)︁)︂
.

For improved readability, the subscript 𝑖 is omitted throughout the whole proof.
As for the normal distribution, the modus and the expected value coincide; the
following constrained optimization problem defines the expectation

E[𝑑|𝑑] := argmax
𝑑

− 1
2
(︁
𝑑− 𝑑

)︁𝑇
Σ−1

(︁
𝑑− 𝑑

)︁
s.t. 𝑑

𝑇
𝜗 = 0.

(4.7)

It can be restated using Lagrange multiplier 𝜆 as an unconstrained optimization
problem

E[𝑑|𝑑] := argmax
𝑑

𝐹 (𝑑, 𝜆) (4.8)

𝐹 (𝑑, 𝜆) = −1
2
(︁
𝑑− 𝑑

)︁𝑇
Σ−1

(︁
𝑑− 𝑑

)︁
− 𝜆𝑑

𝑇
𝜗, (4.9)
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which can be resolved by adhering to standard steps of setting the derivations to
zero

𝜕

𝜕𝑑
𝐹 (𝑑, 𝜆) = Σ−1(𝑑− 𝑑)− 𝜆𝜗 = 0, (4.10)

𝜕

𝜕𝜆
𝐹 (𝑑, 𝜆) = −𝑑

𝑇
𝜗 = 0, (4.11)

isolating the 𝑑 from (4.10)

𝑑 = Σ(Σ−1𝑑− 𝜆𝜗) (4.12)

and finding the 𝜆 by isolating it from (4.11), while plugging in the 𝑑 from (4.12)

𝜆 = 𝑑𝑇 𝜗

𝜗𝑇 Σ𝜗
. (4.13)

Plugging the 𝜆 back into (4.12) yields

E[𝑑|𝑑] = 𝑑− Σ 𝑑𝑇 𝜗

𝜗𝑇 Σ𝜗
𝜗. (4.14)

After rearrangement and substituting the original variables, (4.14) equals (4.5).

4.2 The Likelihood Function of the Dataset
The functional form of the dataset 𝐷 likelihood function arises as an approximation
of the B-EIV likelihood

ℒ
(︁
𝜃|𝐷,E

[︁
𝑋|𝐷

]︁)︁
≈ ℒ(𝜃|𝐷, 𝑋)ℒ(𝑋|𝐷)𝑝(𝑋). (4.15)

Assuming, that the hidden variables prior is uninformative normal 𝑝(𝑋) ∝ 1, as
stated in lemma 1, the approximative likelihood expectation of a sample is expressed
as

E [𝑥𝑖|𝑑𝑖] = 𝑥−
Σ𝑥𝑥𝜃𝑥𝑇 𝜃 − Σ𝑥𝑥𝜃𝑦 − Σ𝑥𝑦𝑥𝑇 𝜃 + Σ𝑥𝑦𝑦

𝜃𝑇 Σ𝑥𝑥𝜃 − 2Σ𝑇
𝑥𝑦𝜃 + Σ𝑦𝑦

. (4.16)

The likelihood is then defined by the following lemma:

Lemma 2. Let 𝑥𝑖 ∼ 𝒩 (E[𝑥𝑖|𝑑𝑖], Σ), ∀𝑖, where E[𝑥𝑖|𝑑𝑖] is defined in lemma 1 as
(4.16). Then, the Likelihood function takes the following functional form:

ℒ(𝜃|𝐷) = (2𝜋)− 𝑚+1
2 det(Σ)− 1

2 exp
⎛⎝−1

2
𝜗𝑇
(︁
𝐷𝑇 𝐷

)︁
𝜗

𝜗𝑇 Σ𝜗

⎞⎠ . (4.17)
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Proof. Let the proof begin by establishing the approximate likelihood function as
the product of normal distributed samples 𝑑𝑖, correspondingly with definitions in
the state-of-the-art Bayesian EIV literature [139].

ℒ
(︁
𝜃|𝐷,E

[︁
𝑋|𝐷

]︁)︁
=

𝑁∏︁
𝑖=1

𝒩

⎛⎝E
⎡⎣ E[𝑥𝑖|𝑑𝑖]
E[𝑥𝑖|𝑑𝑖]𝑇 𝜃

⎤⎦ , Σ
⎞⎠ (4.18)

=
𝑁∏︁

𝑖=1
(2𝜋)− 𝑚+1

2 det(Σ)− 1
2 exp⎛⎜⎝−1

2

⎛⎝𝑑𝑖−

⎡⎣ E[𝑥𝑖|𝑑𝑖]
E[𝑥𝑖|𝑑𝑖]𝑇 𝜃

⎤⎦⎞⎠𝑇

Σ−1

⎛⎝𝑑𝑖−

⎡⎣ E[𝑥𝑖|𝑑𝑖]
E[𝑥𝑖|𝑑𝑖]𝑇 𝜃

⎤⎦⎞⎠
⎞⎟⎠ .

(4.19)

As

E[𝑥𝑖|𝑑𝑖]𝑇 𝜃 =
⎛⎝𝑥−

Σ𝑥𝑥𝜃𝑥𝑇 𝜃 − Σ𝑥𝑥𝜃𝑦 − Σ𝑥𝑦𝑥𝑇 𝜃 + Σ𝑥𝑦𝑦

𝜃𝑇 Σ𝑥𝑥𝜃 − 2Σ𝑇
𝑥𝑦𝜃 + Σ𝑦𝑦

⎞⎠ 𝜃 (4.20)

=
𝜃𝑇 Σ𝑥𝑥𝜃𝑦 − Σ𝑇

𝑥𝑦

(︁
𝜃𝑦 + 𝜃𝑥𝑇 𝜃

)︁
+ Σ𝑦𝑦𝑥𝑇 𝜃

𝜃𝑇 Σ𝑥𝑥𝜃 − 2Σ𝑇
𝑥𝑦𝜃 + Σ𝑦𝑦

(4.21)

= E[𝑦𝑖|𝑑𝑖], (4.22)

we can write

ℒ
(︁
𝜃|𝐷,E

[︁
𝑋|𝐷

]︁)︁
∝ exp

(︃
−1

2

𝑁∑︁
𝑖=1

(︁
𝑑𝑖 − E[𝑑𝑖|𝑑𝑖]

)︁𝑇
Σ−1

(︁
𝑑𝑖 − E[𝑑𝑖|𝑑𝑖]

)︁)︃
. (4.23)

Plugging in (4.14), simplifying and rearranging, we obtain

ℒ
(︁
𝜃|𝐷,E

[︁
𝑋|𝐷

]︁)︁
∝ exp

⎛⎜⎜⎜⎜⎝−1
2

𝜗𝑇

(︃
𝑁∑︀

𝑖=1
𝑑𝑖𝑑

𝑇
𝑖

)︃
𝜗

𝜗𝑇 Σ𝜗

⎞⎟⎟⎟⎟⎠ . (4.24)

As the likelihood does not contain any variables other than 𝜗 and 𝑑𝑖, we can,
without loss of generality, write

ℒ
(︁
𝜃|𝐷,E

[︁
𝑋|𝐷

]︁)︁
= ℒ (𝜃|𝐷) . (4.25)

The acquisition of equation (4.17) necessitates the use of the identity

𝐷𝑇 𝐷 =
𝑁∑︁

𝑖=1
𝑑𝑖𝑑

𝑇
𝑖 , (4.26)

which concludes the proof.
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4.3 Establishing Prior Distribution
The prior distribution serves a crucial role in the statistical framework, enabling
statisticians to encapsulate pre-existing knowledge about the parameters in question
or to articulate uncertainty in the absence of such knowledge. Due to our specific
focus on recursive identification, the discourse is confined to the examination of
conjugate priors, given their compatibility with Bayesian updating mechanisms.

A natural choice of conjugate prior is

Lemma 3. Posterior distribution belongs in the same family of distributions when
likelihood (4.17) is multiplied with

𝑝(𝜃) ∝ exp
(︃

𝜗𝑇 Φ𝑝𝜗

𝜗𝑇 Σ𝜗

)︃
, (4.27)

where Φ𝑝 ⪯ 0 is a symmetric, negative semi-definite matrix representing the statis-
tician’s prior knowledge. The covariance Σ is determined by the identified process.

Proof. As the prior is proportional to the likelihood

ℒ(𝜃|𝐷) ∝ 𝑝(𝜃), (4.28)

the posterior is conjugate.

The fact that the process predetermines the covariance Σ makes stating the
prior belief challenging. This problem will be addressed further in the text by
generalizing the problem. However, stating the prior in the shape defined in (4.27)
is advantageous. For this case, we propose the following method for constructing Φ𝑝

by sampling the EIV model.
The first step of the procedure is to define the EIV process, assuming prior

information is available to the statistician. Next, similarly to (4.26), we can assume

Φ𝑝 = −1
2

𝑁𝑝∑︁
𝑘=1

𝜑𝑖𝜑
𝑇
𝑖 . (4.29)

Let 𝜑𝑖 represent the 𝑘-th sample from the simulated process. The configuration of
𝜑𝑖 mirrors the configuration of 𝑑𝑖. A smaller number of drawn samples 𝑁𝑝 suggests
a vague prior, whereas a larger number signifies a more informative prior.

Measurements obtained from previous experiments can be utilized in a similar
fashion.

When a statistician aims to represent a lack of prior knowledge with an unin-
formative prior, a uniform distribution over the parameter space 𝑝(𝜃) ∝ 1 can be
used:

Φ𝑝 = 0. (4.30)
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4.4 Functional Form of the Posterior Distribution
The shape of the posterior distribution (4.1) is a corollary of lemmas 1, 2 3:

Corollary 1. Let likelihood and prior be defined by (4.17) and (4.27) respectively.
Then, the functional form of the posterior distribution is

𝑝(𝜃|𝐷) ∝ exp
(︃

𝜗𝑇 Ω𝜗

𝜗𝑇 Σ𝜗

)︃
, (4.31a)

under the following assumption

Ω = −1
2𝐷𝑇 𝐷 + Φ𝑝 (4.31b)

The posterior distribution is a complex and unfamiliar function characterized by
several challenging attributes, such as high non-linearity and unknown moments.
The process of deriving these moments is exceptionally intricate, primarily due to
the presence of denominator terms within the exponent.

However, it also has a significant advantage: it is fully specified by {Ω, Σ}, a set
of two (𝑚+1)×(𝑚+1) matrices, regardless of the number of samples 𝑁 . Moreover,
the latter matrix is time-invariant, and the first matrix allows for recursive updates.

Theorem 5. Assume time-invariant matrix Σ and data matrix Ω(𝑘) encompassing
𝑁 samples be given in time 𝑘. Assume execution of further measurement, resulting
in new data-set 𝒟

𝒟 =
[︁
𝑑(𝑁+1), 𝑑(𝑁+2), . . . , 𝑑(𝑁+𝑀)

]︁𝑇
(4.32)

constructed from 𝑀 additional samples obtained up to time 𝑘 + 1.
The data matrix Ω(𝑘 +1) can be obtained without extrinsic knowledge of original

data-set 𝐷, by update formula

Ω(𝑘 + 1) = Ω(𝑘)− 1
2𝒟

𝑇𝒟, (4.33)

Proof. Using the posterior distribution encompassing data up to time 𝑘 as prior,
the posterior distribution in time 𝑘 + 1 can be expressed as

𝑝(𝜃|𝐷(𝑘 + 1)) = 𝑝(𝜃|𝐷(𝑘),𝒟) = ℒ(𝜃|𝒟)𝑝(𝜃|𝐷(𝑘)) = ℒ(𝜃|𝒟)ℒ(𝜃|𝐷(𝑘))𝑝(𝜃), (4.34)

resulting in

Ω(𝑘 + 1) = −1
2

𝑁∑︁
𝑖=1

𝑑𝑖𝑑
𝑇
𝑖 + Φ𝑝 −

1
2

𝑀∑︁
𝑖=𝑁+1

𝑑𝑖𝑑
𝑇
𝑖 (4.35)

As a direct consequence of (4.26) and (4.31b), (4.35) can be rearranged as (4.33).
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Another noteworthy result stemming from the resulting posterior shape (4.31a)
is the presence of the generalized Rayleigh quotient in the exponent. While the
derivation of the mean of the posterior distribution is complicated, the maximum
a posteriori (MAP) solution can be obtained by solving following constrained opti-
mization problem ⎡⎣𝜃𝑀𝐴𝑃

−1

⎤⎦ := argmax
𝜗

𝜗𝑇 Ω𝜗

𝜗𝑇 Σ𝜗

s.t. 𝜗22 = −1,

(4.36)

where 𝜗22 is the last element of 𝜗.
As the solution is scale-invariant

𝑐𝜗𝑇 Ω𝑐𝜗

𝑐𝜗𝑇 Σ𝑐𝜗
= 𝜗𝑇 Ω𝜗

𝜗𝑇 Σ𝜗
, 𝑐 ∈ R ∖{0}, (4.37)

the constraints can be temporarily relaxed. The solution of the unconstrained opti-
mization is obtained using generalized singular value decomposition as the general-
ized singular vector ⎡⎣𝜗12

𝜗22

⎤⎦ := argmax
𝜗

𝜗𝑇 Ω𝜗

𝜗𝑇 Σ𝜗
, (4.38)

corresponding to the smallest generalized singular value of the matrix pair (Ω, Σ),
as described in chapter 2.3.

The solution is then obtained by scaling such that the last element of the vector
is equal to −1:

𝜃𝐺𝑇 𝐿𝑆 = −𝜗12

𝜗22
. (4.39)

Upon detailed analysis, it is evident that the maximum a posteriori (MAP) solu-
tion aligns with the generalized total least squares (GTLS) solution, as elaborated in
Chapter 2.8. This equivalence implies that existing algorithms [97] can be effectively
utilized to obtain the MAP solution.

In Chapter 3.1, the principal result of this paper is termed Bayesian General-
ized Total Least Squares (B-GTLS), despite the underlying issue being an errors-
in-variables (EIV) problem. This nomenclature is justified by the uncovered rela-
tionship between Bayesian Errors-in-Variables (B-EIV) and Generalized Total Least
Squares (GTLS). Therefore, The presented EIV problem analysis can be perceived
as a stochastic generalization of the generalized total least squares and all its special
cases.
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4.5 Gaussian Approximation of the Posterior
Although the posterior distribution is now formally defined, the associated uncer-
tainty presents significant challenges in both manipulation and interpretation. To
effectively convey the properties of the posterior distribution 𝑝(𝜃|𝐷) in an under-
standable manner, we opted to use the Laplace approximation to generate a sur-
rogate posterior 𝑞(𝜃|𝐷) that follows a normal distribution. This choice was made
because deriving a Kullback-Leibler optimal normal approximation proved to be
complex, even for a special case of the posterior, as will be shown in chapter 5.5.

Lemma 4. Let posterior distribution be defined by (4.31). Then, the Laplace ap-
proximation is obtained as

𝑝(𝜃|𝐷) ≈ 𝑞(𝜃|𝐷) = 𝒩
(︁
𝜃, Σ̂(𝜃)

)︁
, (4.40a)

where 𝜃 is the maximum a posteriori point estimate (MAP)

𝜃 := argmax
𝜃

ln(𝑝(𝜃|𝐷1, 𝐷2)). (4.40b)

and

Σ̂−1(𝜃) = 2Ω11

𝛼(Σ, 𝜃)
−

4
(︂

𝛾(Ω, Σ, 𝜃)𝑇
− 𝛾(Ω, Σ, 𝜃)

)︂
𝛼(Σ, 𝜃)2

+ 8𝛼(Ω, 𝜃)𝛾(Σ, Σ, 𝜃)
𝛼(Σ, 𝜃)3

− 2𝛼(Ω, 𝜃)Σ11

𝛼(Σ, 𝜃)2
(4.40c)

is hessian of negative log posterior evaluated at 𝜃, where

𝛼(𝐴, 𝑥) = 𝑥𝑇 𝐴11𝑥− 2𝑎𝑇
12𝑥 + 𝑎22, (4.40d)

𝛾(𝐴, 𝐵, 𝑥) = 𝐴11(𝑥𝑥𝑇 )𝐵11 − 𝐴11𝑥𝑏𝑇
12 − 𝑎12𝑥

𝑇 𝐵11 + 𝑎12𝑏
𝑇
12, (4.40e)

with the following matrix partitioning

𝑀 =
⎡⎣𝑀11 𝑚12

𝑚𝑇
12 𝑚22

⎤⎦ . (4.40f)

Aside from the notable exception of the LS special case, closed-form expressions
for MAP estimates are not available, thus requiring the use of numerical methods
to solve.

For the general and the special cases, recursive algorithms tailored for solving
(4.40b) are readily accessible. The table 4.1 provides an overview of these algorithms.
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Special case Algorithm
LS RLS [120]

LS-TLS Recursive RTLS [140]
TLS RTLS [120]

GTLS RGLS [120]

Tab. 4.1: Available algorithms for MAP of special cases.

4.6 Recursive Approximate B-GTLS Algorithm
All key elements required for the design of the recursive algorithm are provided in
the previous chapters. The posterior distribution and its Laplace approximation are
presented, and the connection with the GTLS allows the design of the algorithm
based on the existing recursive GTLS algorithm 4.

Incorporation of the prior distribution in Bayesian statistics allows for intrinsic
recursive identification by selecting the posterior in step 𝑘 as prior for step 𝑘 + 1.

To avoid approximation error accumulation, the approximate posterior is used
only to interpret the result. The original posterior is selected as a prior for the next
identification step. This also retains the conjugacy of the inference.

The efficiency of the generalized inverse iteration allows for doing just a single
step of iteration for each data sample. The resulting 𝜃 of the RGTLS algorithm is
then used to obtain Laplace approximation of the covariance matrix using function
Σ̂−1(𝜃) from (4.40c). The forgetting factor provided by the recursive GTLS algo-
rithm allows for the recursive identification of EIV problems with slowly varying
parameters, which enables using this method for PMLSM identification.

This results in the following algorithm
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Algorithm 5 Bayesian Recursive Generalized Total Least Squares (B-RGTLS)
Input: 𝐷, Σ, 𝜃0, Φ−1

𝑝 , 𝜆

Output: 𝜃, Σ̂−1

1: 𝜃 ← 𝜃0

2: 𝑃 ← Φ−1
𝑝

3: 𝑃 −1 ← Φ𝑝

4: for 𝑖← 1 to 𝑁 do
5: 𝐿← (𝑃𝑑𝑖)/(𝜆 + 𝑑𝑇

𝑖 𝑃𝑑𝑖)
6: 𝑃 ← (I− 𝐿𝑑𝑇

𝑖 )𝑃 1
𝜆

7: 𝑍 ← 𝑃Σ[𝜃𝑇 , −1]𝑇

8: 𝜃 ← −𝑧12/𝑧22

9: 𝑃 −1 ← 1
𝜆
𝑃 −1 + 𝑑𝑖𝑑

𝑇
𝑖

10: Σ̂−1 ← Σ̂−1(𝜃)
11: end for

In the Algorithm 5, 𝑑𝑖 represents a value from dataset 𝐷 as specified in the
equation (2.27). The parameter 𝜆 ∈ R is forgetting factor, 𝜃𝐺𝑇 𝐿𝑆,0 is initial value for
𝜃𝐺𝑇 𝐿𝑆 identical with modus of the prior and Φ−1

𝑝 ∈ R𝑚+1×𝑚+1 is the inverse of the
prior matrix Φ𝑝. Calculation of surrogate covariance Σ̂−1 requires matrix Ω = 1

2𝑃 −1.
As calculating the inverse of 𝑃 at each step would be inefficient, 𝑃 −1 is obtained
recursively.

4.7 Recursive PMLSM Identification Algorithm
In chapter 3.2, the identification problem is presented as two interconnected EIV
problems based on the 𝑢𝑑 and 𝑢𝑞 equations, (3.14) and (3.15) respectively.

After solving each EIV problem separately, Laplace approximations of the like-
lihoods can be combined with prior into a single posterior approximation.

As described in the chapter 3.2, the extended synthesized measurements 𝑑1,𝑖 and
𝑑2,𝑖 based on (3.16) and (3.20) are considered to be normally distributed random
variables, constructed from measurements of current 𝑖𝑑, 𝑖𝑞, voltage 𝑢𝑑, 𝑢𝑞 and posi-
tion 𝑙. It is safe to assume that the uncertainty of the measurements is independent,
identically, and normally distributed.

𝜌PMSM =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑖𝑑(𝑘)
𝑖𝑞(𝑘)
𝑢𝑑(𝑘)
𝑢𝑞(𝑘)
𝑙(𝑘)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
∼ 𝒩

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑖𝑑(𝑘)
𝑖𝑞(𝑘)
𝑢𝑑(𝑘)
𝑢𝑞(𝑘)
𝑙(𝑘)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜎𝑖𝑑𝑖𝑑 𝜎𝑖𝑑𝑖𝑞 𝜎𝑖𝑑𝑢𝑑 𝜎𝑖𝑑𝑢𝑞 𝜎𝑖𝑑𝑙

𝜎𝑖𝑑𝑖𝑞 𝜎𝑖𝑞𝑖𝑞 𝜎𝑖𝑞𝑢𝑑 𝜎𝑖𝑞𝑢𝑞 𝜎𝑖𝑞𝑙

𝜎𝑖𝑑𝑢𝑑 𝜎𝑖𝑞𝑢𝑑 𝜎𝑢𝑑𝑢𝑑 𝜎𝑢𝑑𝑢𝑞 𝜎𝑢𝑑𝑙

𝜎𝑖𝑑𝑢𝑞 𝜎𝑖𝑞𝑢𝑞 𝜎𝑢𝑑𝑢𝑞 𝜎𝑢𝑞𝑢𝑞 𝜎𝑢𝑞𝑙

𝜎𝑖𝑑𝑙 𝜎𝑖𝑞𝑙 𝜎𝑢𝑑𝑙 𝜎𝑢𝑞𝑙 𝜎𝑙𝑙

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (4.41)
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For simplicity of the results, let us assume zero covariance between current, voltage,
and position measurements. However, this assumption can be relaxed. In such situ-
ation, the same procedure as the one presented holds, but the resulting synthesized
noise covariance matrices will be more complicated.

Lets now assemble all random variables into a single vector

𝜌 ∼ 𝒩 (𝜌, Σ𝜌) , (4.42)

where

𝜌 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑖𝑑(𝑘)
𝑖𝑞(𝑘)
𝑢𝑑(𝑘)
𝑢𝑞(𝑘)
𝑙(𝑘)

𝑖𝑑(𝑘 − 1)
𝑖𝑞(𝑘 − 1)
𝑙(𝑘 − 1)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, 𝜌 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑖𝑑(𝑘)
𝑖𝑞(𝑘)
𝑢𝑑(𝑘)
𝑢𝑞(𝑘)
𝑙(𝑘)

𝑖𝑑(𝑘 − 1)
𝑖𝑞(𝑘 − 1)
𝑙(𝑘 − 1)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (4.43)

and

Σ𝜌 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜎𝑖𝑑𝑖𝑑 𝜎𝑖𝑑𝑖𝑞 0 0 0 0 0 0
𝜎𝑖𝑑𝑖𝑞 𝜎𝑖𝑞𝑖𝑞 0 0 0 0 0 0

0 0 𝜎𝑢𝑑𝑢𝑑 𝜎𝑢𝑑𝑢𝑞 0 0 0 0
0 0 𝜎𝑢𝑑𝑢𝑞 𝜎𝑢𝑞𝑢𝑞 0 0 0 0
0 0 0 0 𝜎𝑙𝑙 0 0 0
0 0 0 0 0 𝜎𝑖𝑑𝑖𝑑 0 0
0 0 0 0 0 0 𝜎𝑖𝑞𝑖𝑞 0
0 0 0 0 0 0 0 𝜎𝑙𝑙

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (4.44)

With this vector of normally distributed random measurements, we can find a nor-
mally distributed approximation of the extended measurements.

As the vectors of extended synthesized measurements 𝑑1 and 𝑑2 does not consist
solely of linear transformations of the random variables 𝜌, the probability distribu-
tions of 𝑑1 and 𝑑2 are not normal. However, the only non-linear transformation is
the product of two normal variables. It is well-known that the distribution of the
Gaussian product with a sufficient signal-to-noise ratio is approximately normal.
Moreover, the errors-in-variables problem defined in this thesis requires normally
distributed measurement noise. For these reasons, the probability distributions of
𝑑1 and 𝑑2 are approximated by a normal distribution. Given the closeness to the
normal distribution, this approximation does not lead to significant error.
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The approximation is obtained by utilizing the moment-generating function,
which allows finding the first and second central moments, leading to a moment-
matching approximation of the synthesized measurements. For more information
regarding moment-generating functions, the reader is referred to [141].

Based on (3.16) and (3.20), the first extended synthesized measurement vector
is

𝑑1 =
⎡⎣𝑥1

𝑦1

⎤⎦ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑖𝑑(𝑘)− 𝑖𝑑(𝑘 − 1)
𝑇𝑠

−
𝜋

𝜏𝑠

𝑖𝑞

𝑙(𝑘)− 𝑙(𝑘 − 1)
𝑇𝑠

𝑖𝑑

0

𝑢𝑑

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∼ 𝒩 (𝜇1, Σ1). (4.45)

As the fourth element of 𝑥1 is zero, it is omitted in the following text, leading to
shortened synthesized measurement 𝑑12. The zero will be re-included later.

In this case, the moment-generating function is

𝑀𝑑12(𝑡) = E(𝑒𝑡𝑇 𝑑12) =
∞∫︁

−∞

𝑒𝑡𝑇 𝑑12 𝒩 (𝜌, Σ𝜌) 𝑑𝜌, (4.46)

where 𝑡 ∈ R4.
The integral can be solved, for example, as multiple integral

𝑀𝑑12(𝑡) =
∞∫︁

−∞

· · ·
∞∫︁

−∞

𝑒𝑡𝑇 𝑑12 𝒩 (𝜌, Σ𝜌) 𝑑𝜌1 . . . 𝑑𝜌8. (4.47)

Although calculating this integral is not particularly difficult in this case, the number
of variables makes the problem very laborious and space-demanding. The authors
were unable to record the resulting integral in a manner that would fit within this
work.

The first moment is obtained as

𝜇12 = E[𝑑12] =
𝜕

𝜕𝑡
𝑀𝑑12(𝑡)

⃒⃒⃒⃒
⃒
𝑡=0

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑖𝑑(𝑘)− 𝑖𝑑(𝑘 − 1)
𝑇𝑠

−
𝜋

𝜏𝑠

𝑖𝑞

𝑙(𝑘)− 𝑙(𝑘 − 1)
𝑇𝑠

𝑖𝑑

𝑢𝑑

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(4.48)
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The second moment is obtained as Hessian of the MGF:

E[𝑑12𝑑
𝑇
12] =

𝜕2

𝜕2𝑡
𝑀𝑑12(𝑡)

⃒⃒⃒⃒
⃒
𝑡=0

= [𝑀1, 𝑀2] , (4.49)

where

𝑀1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

2𝜎𝑖𝑑𝑖𝑑+(𝑖𝑑(𝑘)−𝑖𝑑(𝑘−1))2

𝑇 2
𝑠

𝜋(𝑙(𝑘−1)−𝑙(𝑘))(𝑖𝑑(𝑘)𝑖𝑞(𝑘)−𝑖𝑑(𝑘−1)𝑖𝑞(𝑘)+𝜎𝑖𝑑𝑖𝑞)
𝑇 2

𝑠 𝜏𝑠

𝜋(𝑙(𝑘−1)−𝑙(𝑘))(𝑖𝑑(𝑘)𝑖𝑞(𝑘)−𝑖𝑑(𝑘−1)𝑖𝑞(𝑘)+𝜎𝑖𝑑𝑖𝑞)
𝑇 2

𝑠 𝜏𝑠

𝜋2(𝑖𝑞(𝑘)2+𝜎𝑖𝑞𝑖𝑞)(𝑙(𝑘−1)2−2𝑙(𝑘)𝑙(𝑘−1)+𝑙(𝑘)2+2𝜎𝑙𝑙)
𝑇 2

𝑠 𝜏2
𝑠

𝑖𝑑(𝑘)2−𝑖𝑑(𝑘)𝑖𝑑(𝑘−1)+𝜎𝑖𝑑𝑖𝑑

𝑇𝑠

𝜋(𝑖𝑑(𝑘)𝑖𝑞(𝑘)+𝜎𝑖𝑑𝑖𝑞)(𝑙(𝑘−1)−𝑙(𝑘))
𝑇𝑠𝜏𝑠

𝑢𝑑(𝑘)(𝑖𝑑(𝑘)−𝑖𝑑(𝑘−1))
𝑇𝑠

𝑖𝑞(𝑘)𝜋𝑢𝑑(𝑘)(−𝑙(𝑘−1)+𝑙(𝑘))
𝑇𝑠𝜏𝑠

⎤⎥⎥⎥⎥⎥⎥⎥⎦
(4.50)

and

𝑀2 =

⎡⎢⎢⎢⎢⎢⎢⎣

𝑖𝑑(𝑘)2−𝑖𝑑(𝑘)𝑖𝑑(𝑘−1)+𝜎𝑖𝑑𝑖𝑑

𝑇𝑠

𝑢𝑑(𝑘)(𝑖𝑑(𝑘)−𝑖𝑑(𝑘−1))
𝑇𝑠

𝜋(𝑖𝑑(𝑘)𝑖𝑞(𝑘)+𝜎𝑖𝑑𝑖𝑞)(𝑙(𝑘−1)−𝑙(𝑘))
𝑇𝑠𝜏𝑠

𝑖𝑞(𝑘)𝜋𝑢𝑑(𝑘)(−𝑙(𝑘−1)+𝑙(𝑘))
𝑇𝑠𝜏𝑠

𝑖𝑑(𝑘)2 + 𝜎𝑖𝑑𝑖𝑑 𝑖𝑑(𝑘)𝑢𝑑(𝑘)
𝑖𝑑(𝑘)𝑢𝑑(𝑘) 𝑢𝑑(𝑘)2 + 𝜎𝑢𝑑𝑢𝑑

⎤⎥⎥⎥⎥⎥⎥⎦ . (4.51)

The second central moment can now be calculated as

E[(𝑑12 − 𝜇12)(𝑑12 − 𝜇12)𝑇 ]
=E[𝑑12𝑑

𝑇
12 − 2𝑑12𝜇

𝑇
12 + 𝜇12𝜇

𝑇
12)]

=E[𝑑12𝑑
𝑇
12]− 2E[𝑑12]𝜇𝑇

12 + 𝜇12𝜇
𝑇
12

=E[𝑑12𝑑
𝑇
12]− E[𝑑12]E[𝑑12]𝑇

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2𝜎𝑖𝑑𝑖𝑑

𝑇 2
𝑠

−𝜋𝜎𝑖𝑑𝑖𝑞(−𝑙(𝑘−1)+𝑙(𝑘))
𝑇 2

𝑠 𝜏𝑠

𝜎𝑖𝑑𝑖𝑑

𝑇𝑠
0

−𝜋𝜎𝑖𝑑𝑖𝑞(−𝑙(𝑘−1)+𝑙(𝑘))
𝑇 2

𝑠 𝜏𝑠
𝜎22

−𝜋𝜎𝑖𝑑𝑖𝑞(−𝑙(𝑘−1)+𝑙(𝑘))
𝑇𝑠𝜏𝑠

0
𝜎𝑖𝑑𝑖𝑑

𝑇𝑠

−𝜋𝜎𝑖𝑑𝑖𝑞(−𝑙(𝑘−1)+𝑙(𝑘))
𝑇𝑠𝜏𝑠

𝜎𝑖𝑑𝑖𝑑 0

0 0 0 𝜎𝑢𝑑𝑢𝑑

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

(4.52)

where

𝜎22 =
𝜋2(2𝑖𝑞(𝑘)2𝜎𝑙𝑙 + (𝑙(𝑘 − 1)− 𝑙(𝑘))2𝜎𝑖𝑞𝑖𝑞 + 2𝜎𝑙𝑙𝜎𝑖𝑞𝑖𝑞)

𝑇 2
𝑠 𝜏 2

𝑠

(4.53)

The values of 𝑙(𝑘)− 𝑙(𝑘−1) and 𝑖𝑞(𝑘) appear in the second central moment, in order
to provide a time-invariant covariance matrix, those need to be approximated with
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constants Δ𝑙0 and 𝑖𝑞,0 respectively, resulting in

Σ12=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2𝜎𝑖𝑑𝑖𝑑

𝑇 2
𝑠

−𝜋𝜎𝑖𝑑𝑖𝑞(Δ𝑙0)
𝑇 2

𝑠 𝜏𝑠

𝜎𝑖𝑑𝑖𝑑

𝑇𝑠
0

−𝜋𝜎𝑖𝑑𝑖𝑞(Δ𝑙0)
𝑇 2

𝑠 𝜏𝑠

𝜋2(2𝑖
2
𝑞,0𝜎𝑙𝑙 + (Δ𝑙0)2𝜎𝑖𝑞𝑖𝑞 + 2𝜎𝑙𝑙𝜎𝑖𝑞𝑖𝑞)

𝑇 2
𝑠 𝜏 2

𝑠

−𝜋𝜎𝑖𝑑𝑖𝑞(Δ𝑙0)
𝑇𝑠𝜏𝑠

0

𝜎𝑖𝑑𝑖𝑑

𝑇𝑠

−𝜋𝜎𝑖𝑑𝑖𝑞(Δ𝑙0)
𝑇𝑠𝜏𝑠

𝜎𝑖𝑑𝑖𝑑 0

0 0 0 𝜎𝑢𝑑𝑢𝑑

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (4.54)

The distribution of 𝑑12 ∼ 𝒩 (𝜇12, Σ12) is defined by (4.48) and (4.53).
For the second extended synthesized measurement vector

𝑑2 =
⎡⎣𝑥2

𝑦2

⎤⎦ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜋

𝜏𝑠

𝑖𝑑
𝑙(𝑘)−𝑙(𝑘−1)

𝑇𝑠

𝑖𝑞(𝑘)− 𝑖𝑞(𝑘 − 1)
𝑇𝑠

𝑖𝑞

𝜋

𝜏𝑠

𝑙(𝑘)−𝑙(𝑘−1)
𝑇𝑠

𝑢𝑞

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∼ 𝒩 (𝜇2, Σ2), (4.55)

an analogous procedure can be adopted.
The moment-generating function for the second vector is

𝑀𝑑2(𝑡) = E(𝑒𝑡𝑇 𝑑2) =
∞∫︁

−∞

𝑒𝑡𝑇 𝑑2 𝒩 (𝜌, Σ𝜌) 𝑑𝜌, (4.56)

where 𝑡 ∈ R5.
Once again, the integral can be solved as multiple integral similar to (4.47).

However, due to the higher dimensionality of the problem, the resulting function is
too large to be included in this thesis.

The first moment is

𝜇2 = E[𝑑2] =
𝜕

𝜕𝑡
𝑀𝑑2(𝑡)

⃒⃒⃒⃒
⃒
𝑡=0

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜋

𝜏𝑠

𝑖𝑑
𝑙(𝑘)−𝑙(𝑘−1)

𝑇𝑠

𝑖𝑞(𝑘)− 𝑖𝑞(𝑘 − 1)
𝑇𝑠

𝑖𝑞

𝜋

𝜏𝑠

𝑙(𝑘)−𝑙(𝑘−1)
𝑇𝑠

𝑢𝑞

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∼ 𝒩 (𝜇2, Σ2). (4.57)
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The second moment is obtained as Hessian of the (4.56):

E[𝑑2𝑑
𝑇
2 ] =

𝜕2

𝜕2𝑡
𝑀𝑑2(𝑡)

⃒⃒⃒⃒
⃒
𝑡=0

= [𝑀1, 𝑀2] , (4.58)

𝑀1=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜋2(𝑖𝑑(𝑘)2+𝜎𝑖𝑑𝑖𝑑)(𝑙(𝑘−1)2−2𝑙(𝑘)𝑙(𝑘−1)+𝑙(𝑘)2+2𝜎𝑙𝑙)
𝑇 2

𝑠 𝜏2
𝑠

𝜋(−𝑙(𝑘−1)+𝑙(𝑘))(−𝑖𝑑(𝑘)𝑖𝑞(𝑘−1)+𝑖𝑑(𝑘)𝑖𝑞(𝑘)+𝜎𝑖𝑑𝑖𝑞)
𝑇 2

𝑠 𝜏𝑠

𝜋(−𝑙(𝑘−1)+𝑙(𝑘))(−𝑖𝑑(𝑘)𝑖𝑞(𝑘−1)+𝑖𝑑(𝑘)𝑖𝑞(𝑘)+𝜎𝑖𝑑𝑖𝑞)
𝑇 2

𝑠 𝜏𝑠

2𝜎𝑖𝑞𝑖𝑞+(−𝑖𝑞(𝑘−1)+𝑖𝑞(𝑘))2

𝑇 2
𝑠

𝜋(𝑖𝑑(𝑘)𝑖𝑞(𝑘)+𝜎𝑖𝑑𝑖𝑞)(−𝑙(𝑘−1)+𝑙(𝑘))
𝑇𝑠𝜏𝑠

−𝑖𝑞(𝑘)𝑖𝑞(𝑘−1)+𝑖𝑞(𝑘)2+𝜎𝑖𝑞𝑖𝑞

𝑇𝑠

𝑖𝑑(𝑘)𝜋2(2𝜎𝑙𝑙+(−𝑙(𝑘−1)+𝑙(𝑘))2)
𝑇 2

𝑠 𝜏2
𝑠

𝜋(−𝑖𝑞(𝑘−1)+𝑖𝑞(𝑘))(−𝑙(𝑘−1)+𝑙(𝑘))
𝑇 2

𝑠 𝜏𝑠

𝑖𝑑(𝑘)𝜋𝑢𝑞(𝑘)(−𝑙(𝑘−1)+𝑙(𝑘))
𝑇𝑠𝜏𝑠

𝑢𝑞(𝑘)(−𝑖𝑞(𝑘−1)+𝑖𝑞(𝑘))
𝑇𝑠

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(4.59)

and

𝑀2=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜋(𝑖𝑑(𝑘)𝑖𝑞(𝑘)+𝜎𝑖𝑑𝑖𝑞)(−𝑙(𝑘−1)+𝑙(𝑘))
𝑇𝑠𝜏𝑠

𝑖𝑑(𝑘)𝜋2(2𝜎𝑙𝑙+(−𝑙(𝑘−1)+𝑙(𝑘))2)
𝑇 2

𝑠 𝜏2
𝑠

𝑖𝑑(𝑘)𝜋𝑢𝑞(𝑘)(−𝑙(𝑘−1)+𝑙(𝑘))
𝑇𝑠𝜏𝑠

−𝑖𝑞(𝑘)𝑖𝑞(𝑘−1)+𝑖𝑞(𝑘)2+𝜎𝑖𝑞𝑖𝑞

𝑇𝑠

𝜋(−𝑖𝑞(𝑘−1)+𝑖𝑞(𝑘))(−𝑙(𝑘−1)+𝑙(𝑘))
𝑇 2

𝑠 𝜏𝑠

𝑢𝑞(𝑘)(−𝑖𝑞(𝑘−1)+𝑖𝑞(𝑘))
𝑇𝑠

𝑖𝑞(𝑘)2 + 𝜎𝑖𝑞𝑖𝑞
𝑖𝑞(𝑘)𝜋(−𝑙(𝑘−1)+𝑙(𝑘))

𝑇𝑠𝜏𝑠
𝑖𝑞(𝑘)𝑢𝑞(𝑘)

𝑖𝑞(𝑘)𝜋(−𝑙(𝑘−1)+𝑙(𝑘))
𝑇𝑠𝜏𝑠

𝜋2(𝑙(𝑘−1)2−2𝑙(𝑘)𝑙(𝑘−1)+𝑙(𝑘)2+2𝜎𝑙𝑙)
𝑇 2

𝑠 𝜏2
𝑠

𝜋𝑢𝑞(𝑘)(−𝑙(𝑘−1)+𝑙(𝑘))
𝑇𝑠𝜏𝑠

𝑖𝑞(𝑘)𝑢𝑞(𝑘) 𝜋𝑢𝑞(𝑘)(−𝑙(𝑘−1)+𝑙(𝑘))
𝑇𝑠𝜏𝑠

𝑢𝑞(𝑘)2 + 𝜎𝑢𝑞𝑢𝑞

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(4.60)

The second central moment is obtained from (4.57) and (4.59) as

E[(𝑑2 − 𝜇2)(𝑑2 − 𝜇2)𝑇 ]
=E[𝑑2𝑑

𝑇
2 ]− E[𝑑2]E[𝑑2]𝑇

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜎11
𝜋𝜎𝑖𝑑𝑖𝑞(−𝑙(𝑘−1)+𝑙(𝑘))

𝑇 2
𝑠 𝜏𝑠

𝜋𝜎𝑖𝑑𝑖𝑞(−𝑙(𝑘−1)+𝑙(𝑘))
𝑇𝑠𝜏𝑠

2𝑖𝑑𝜋2𝜎𝑙𝑙

𝑇 2
𝑠 𝜏2

𝑠
0

𝜋𝜎𝑖𝑑𝑖𝑞(−𝑙(𝑘−1)+𝑙(𝑘))
𝑇 2

𝑠 𝜏𝑠

2𝜎𝑖𝑞𝑖𝑞

𝑇 2
𝑠

𝜎𝑖𝑞𝑖𝑞

𝑇𝑠
0 0

𝜋𝜎𝑖𝑑𝑖𝑞(−𝑙(𝑘−1)+𝑙(𝑘))
𝑇𝑠𝜏𝑠

𝜎𝑖𝑞𝑖𝑞

𝑇𝑠
𝜎𝑖𝑞𝑖𝑞 0 0

2𝑖𝑑(𝑘)𝜋2𝜎𝑙𝑙

𝑇 2
𝑠 𝜏2

𝑠
0 0 2𝜋2𝜎𝑙𝑙

𝑇 2
𝑠 𝜏2

𝑠
0

0 0 0 0 𝜎𝑢𝑞𝑢𝑞

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(4.61)

where

𝜎11 = 𝜋2(2𝑖𝑑(𝑘)2𝜎𝑙𝑙 + (𝑙(𝑘 − 1)− 𝑙(𝑘))2𝜎𝑖𝑑𝑖𝑑 + 2𝜎𝑙𝑙𝜎𝑖𝑑𝑖𝑑)
𝑇 2

𝑠 𝜏 2
𝑠

(4.62)
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To ensure a time-invariant covariance matrix, terms 𝑙(𝑘)−𝑙(𝑘−1 and 𝑖𝑑(𝑘) should
be approximated by the constants Δ𝑙0 and 𝑖𝑑,0, respectively. This approximation
results in a consistent covariance matrix over time

Σ2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜋2(2𝑖
2
𝑑,0𝜎𝑙𝑙+(Δ𝑙0)2𝜎𝑖𝑑𝑖𝑑+2𝜎𝑙𝑙𝜎𝑖𝑑𝑖𝑑)

𝑇 2
𝑠 𝜏2

𝑠

𝜋𝜎𝑖𝑑𝑖𝑞(−Δ𝑙0)
𝑇 2

𝑠 𝜏𝑠

𝜋𝜎𝑖𝑑𝑖𝑞(−Δ𝑙0)
𝑇𝑠𝜏𝑠

2𝑖𝑑,0𝜋2𝜎𝑙𝑙

𝑇 2
𝑠 𝜏2

𝑠
0

𝜋𝜎𝑖𝑑𝑖𝑞(−Δ𝑙0)
𝑇 2

𝑠 𝜏𝑠

2𝜎𝑖𝑞𝑖𝑞

𝑇 2
𝑠

𝜎𝑖𝑞𝑖𝑞

𝑇𝑠
0 0

𝜋𝜎𝑖𝑑𝑖𝑞(−Δ𝑙0)
𝑇𝑠𝜏𝑠

𝜎𝑖𝑞𝑖𝑞

𝑇𝑠
𝜎𝑖𝑞𝑖𝑞 0 0

2𝑖𝑑,0𝜋2𝜎𝑙𝑙

𝑇 2
𝑠 𝜏2

𝑠
0 0 2𝜋2𝜎𝑙𝑙

𝑇 2
𝑠 𝜏2

𝑠
0

0 0 0 0 𝜎𝑢𝑞𝑢𝑞

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(4.63)

As a result, the distribution of synthesized measurements 𝑑2 ∼ 𝒩 (𝜇2, Σ2) is fully
defined by (4.57) and (4.63).

Recalling from the problem definition, Section 3.2 proposes approximating indi-
vidual likelihoods by the normal distribution in order to find a normal approximation
of the posterior distribution.

𝑝
(︁
𝜃|𝐷1, 𝐷2,E

[︁
𝑋1|𝐷1

]︁
,E
[︁
𝑋2|𝐷2

]︁)︁
∝ 𝑞1

(︁
𝜃|𝐷1,E

[︁
𝑋1|𝐷1

]︁)︁
𝑞2
(︁
𝜃|𝐷2,E

[︁
𝑋2|𝐷2

]︁)︁
𝑝(𝜃),

(4.64)

where

𝑞
(︁
𝜃|𝐷𝑗,E

[︁
𝑋𝑗|𝐷𝑗

]︁)︁
≈ ℒ

(︁
𝜃|𝐷𝑗,E

[︁
𝑋𝑗|𝐷𝑗

]︁)︁
, 𝑗 ∈ {1, 2}. (4.65)

As the likelihood is equal to the posterior of the EIV process under the assump-
tion of uninformative prior 𝑝(𝜃) ∝ 1

ℒ
(︁
𝜃|𝐷𝑗,E

[︁
𝑋𝑗|𝐷𝑗

]︁)︁
= 𝑝(𝜃𝑗|𝐷𝑗), 𝑗 ∈ {1, 2}, (4.66)

the surrogate likelihood can be obtained as Laplace surrogate posterior 𝑝(𝜃𝑗|𝐷𝑗)

𝑞𝑗

(︁
𝜃|𝐷𝑗,E

[︁
𝑋𝑗|𝐷𝑗

]︁)︁
≈ 𝑞𝑗(𝜃𝑗|𝐷𝑗). (4.67)

B-GTLS algorithm can be utilized to provide such surrogate posterior by solving
the following EIV processes:

𝑦𝑖,1 = 𝑥𝑇
𝑖,1𝜃12⎡⎣𝑥𝑖,1

𝑦𝑖,1

⎤⎦+ 𝜀𝑖,1 = 𝜇𝑖,1 + 𝜀𝑖,1, 𝜀1 ∼ 𝒩 (0, Σ1),
(4.68)

𝑦𝑖,2 = 𝑥𝑇
𝑖,2𝜃⎡⎣𝑥𝑖,2

𝑦𝑖,2

⎤⎦+ 𝜀𝑖,2 = 𝜇𝑖,2 + 𝜀𝑖,2, 𝜀2 ∼ 𝒩 (0, Σ2),
(4.69)
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where 𝜃12 is a subvector of 𝜃, missing its last element due to zero corresponding
measurements in the equation.

Both datasets 𝐷1 and 𝐷2 are composed of the same measurements (4.41), we
can, without loss of generality, simplify the terminology by writing just dataset 𝐷

representing the measurements. Solving the problem provides a surrogate likelihoods

𝑞1(𝜃12|𝐷) = 𝒩
(︁
𝜃12, Σ̂12(𝜃12)

)︁
(4.70)

𝑞2(𝜃|𝐷) = 𝒩
(︁
𝜃2, Σ̂(𝜃2)

)︁
(4.71)

respectively, as described in lemma 4.
The zero value omitted in the 𝑑11 can be re-included into the surrogate posterior

as

𝑞1(𝜃|𝐷) = 𝒩
(︁
𝜃1, Σ̂1(𝜃1)

)︁
, (4.72)

where

𝜃1 =
⎡⎣𝜃12

0

⎤⎦ , Σ̂1(𝜃1) =
⎡⎣Σ̂12(𝜃12) 0

0 0

⎤⎦ . (4.73)

Given the surrogate likelihoods (4.72) and (4.71), the surrogate posterior distri-
bution is

𝑝 (𝜃|𝐷) ≈ 𝑞 (𝜃|𝐷) = 𝑞1(𝜃|𝐷)𝑞2(𝜃|𝐷)𝑝(𝜃), (4.74)

where 𝑝(𝜃) = 𝒩 (𝜇𝑝, Σ𝑝) is conjugate normal prior distribution of the parameters 𝜃

with parameters 𝜇𝑝 and Σ𝑝 selected by the statistician.
As the likelihoods and prior distributions are normal, the posterior distribution

is also normal

𝑞 (𝜃|𝐷) = 𝒩 (𝜇𝜃, Σ𝜃) , (4.75)

with

Σ−1
𝜃 = Σ̂1(𝜃1)−1 + Σ̂2(𝜃2)−1 + Σ−1

𝑝 (4.76)

and

𝜇𝜃 = Σ𝜃

(︁
Σ̂(𝜃1)−1𝜃1 + Σ̂(𝜃2)−1𝜃2 + Σ−1

𝑝 𝜇𝑝

)︁
. (4.77)

This process can be summed up in the single recursive algorithm
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Algorithm 6 Bayesian Recursive PMLSM GTLS (PMLSM-RGTLS)
Input: 𝐷, Σ1, Σ2, Σ−1

𝑝 , 𝜇𝑝 𝜆

Output: 𝜇̂𝜃, Σ̂−1
𝜃

1: 𝜃12 ← 𝜇𝑝,21

2: 𝜃2 ← 𝜇𝑝

3: 𝑃1 ← 𝑐I
4: 𝑃2 ← 𝑐I
5: 𝑃 −1

1 ← 1
𝑐
I

6: 𝑃 −1
2 ← 1

𝑐
I

7: for 𝑖← 1 to 𝑁 do
8: 𝜇12 ← evaluate from (4.48)
9: 𝐿← (𝑃1𝜇12)/(𝜆 + 𝜇𝑇

12𝑃1𝜇12)
10: 𝑃1 ← (I− 𝐿𝜇𝑇

12)𝑃1
1
𝜆

11: 𝑍 ← 𝑃1Σ1[𝜃𝑇
12, −1]𝑇

12: 𝜃12 ← −𝑧12/𝑧22

13: 𝑃 −1
1 ← 1

𝜆
𝑃 −1

1 + 𝑑12,𝑖𝑑
𝑇
12,𝑖

14: Σ̂−1
12 ← evaluate from (4.53)

15: Σ̂−1
1 ← evaluate from (4.73)

16: 𝜇2 ← evaluate from (4.57)
17: 𝐿← (𝑃2𝜇2)/(𝜆 + 𝜇𝑇

2 𝑃2𝜇2)
18: 𝑃2 ← (I− 𝐿𝜇𝑇

2 )𝑃2
1
𝜆

19: 𝑍 ← 𝑃2Σ2[𝜃𝑇
2 , −1]𝑇

20: 𝜃2 ← −𝑧12/𝑧22

21: 𝑃 −1
2 ← 1

𝜆
𝑃 −1

2 + 𝑑2,𝑖𝑑
𝑇
2,𝑖

22: Σ̂−1
2 ← evaluate from (4.63)

23: Σ̂−1
𝜃 ← evaluate from (4.76)

24: 𝜇̂𝜃 ← evaluate from (4.77)
25: end for

In Algorithm 6, the 𝐷 denotes the dataset containing true measurements of 𝑑 and
𝑞 voltages, 𝑑 and 𝑞 currents and position; Σ1 and Σ2 are synthesized measurements
noise defined by (4.53) and (4.63), respectively; 𝜇𝑝 and Σ−1

𝑝 are prior mean and
variance, respectively; 𝜆 is forgetting factor and 𝑐 is a large number.

Examination of the algorithm reveals a structure consisting of two parallel B-
RGTLS algorithms for parameter identification using synthesized data. The first
surrogate likelihood is augmented, and the resulting surrogate likelihoods are com-
bined with the prior distribution to compute the surrogate posterior distribution.
This is repeated for each data sample. This process is illustrated in the following
figure, referencing the corresponding equations.
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Data

Synthe-

sizing

(4.48),(4.57)

𝑑𝑖

B-GTLS1 (Alg. 5)
𝜇12

B-GTLS2 (Alg. 5)
𝜇2

Padding

(4.73)

𝑞1(𝜃12|𝐷)

Posterior
Calculation

(4.77),(4.76)

𝑞1(𝜃|𝐷)

𝑞2(𝜃|𝐷)

Prior

𝒩 (𝜇𝜃, Σ̂−1
𝜃

)

Fig. 4.1: Structure of the PMLSM-RGTLS algorithm.
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5 Bayesian Total Least Squares
In the previous chapter, Bayesian generalized total least squares arise from Bayesian
analysis of errors-in-variables

𝑦𝑖 = 𝑥𝑇
𝑖 𝜃, (5.1a)⎡⎣𝑥𝑖

𝑦𝑖

⎤⎦ =
⎡⎣𝑥𝑖

𝑦𝑖

⎤⎦+ 𝜀𝑖, 𝜀 ∼ 𝒩 (0, Σ), (5.1b)

problem. The approximative posterior distribution is derived

𝑝
(︁
𝜃|𝐷,E

[︁
𝑋|𝐷

]︁)︁
∝ ℒ

(︁
𝜃|𝐷,E

[︁
𝑋|𝐷

]︁)︁
𝑝(𝜃), (5.2)

given arbitrary noise covariance matrix Σ. The result can be interpreted as a sta-
tistical expansion of the well-known generalized total least squares (GTLS).

As TLS is more popular compared to GTLS, and many GTLS problems can
be transformed into TLS problems, the special case of the errors-in-variables with
identity noise covariance deserves its chapter. Therefore, in this chapter, we will
focus on the same problem as GTLS, but with the assumption of Σ = 𝜎2

𝑛I, stemming
from the definition of the total least squares (TLS) introduced in chapter 2.7. As the
TLS is a special case of the GTLS, we can expect B-GTLS to reduce into Bayesian
expansion of the total least squares (B-TLS).

The goal of this chapter is to explore this special case. It will be shown that
the simpler form of the posterior allows for the interpretation of the posterior using
directional statistics. This section, along with its findings, serves as an extension of
the author’s earlier work published in [1].

5.1 Derivation of the Bayesian Total Least Squares
Deriving the B-TLS from the ground up would be repetitive, as the derivation can
be analogous to the B-GTLS. Alternative derivations can be studied, for example,
in [2, 1]. We will follow the derivation of the B-GTLS from chapter 4 and remark
on uniqueness that substitution of Σ = 𝜎2

𝑛I causes in the next section.
The problem is defined as the identification of parameter 𝜃 from a linear model

𝑦𝑖 = 𝑥𝑇
𝑖 𝜃, (5.3a)

based on samples burdened with normal noise with zero mean and unit covariance
multiplied with variance 𝜎2

𝑛⎡⎣𝑥𝑖

𝑦𝑖

⎤⎦ =
⎡⎣𝑥𝑖

𝑦𝑖

⎤⎦+ 𝜀𝑖, 𝜀 ∼ 𝒩 (0, 𝜎2
𝑛I). (5.3b)
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The result of the identification process is an approximative posterior distribution
of the parameter vector

𝑝
(︁
𝜃|𝐷,E

[︁
𝑋|𝐷

]︁)︁
∝ ℒ

(︁
𝜃|𝐷,E

[︁
𝑋|𝐷

]︁)︁
𝑝(𝜃), (5.4)

which requires approximation of the hidden variables’ probability. The expected
value of the probability functions as such approximation

𝑝(𝑋|𝐷) ≈ E
[︁
𝑋|𝐷

]︁
. (5.5)

From (4.5), the expectation of the hidden variables is

E

⎡⎣ 𝑥

𝑦
𝑑

⎤⎦ =

⎡⎢⎢⎢⎢⎣
𝑥−

𝜃𝑥𝑇 𝜃 − 𝜃𝑦

𝜃𝑇 𝜃 + 1
𝜃𝑇 𝜃𝑦 + 𝑥𝑇 𝜃

𝜃𝑇 𝜃 + 1

⎤⎥⎥⎥⎥⎦ = 𝑑−
𝑑𝑇 𝜗

𝜗𝑇 𝜗
𝜗. (5.6)

The likelihood of the dataset is from (4.17) equal to

ℒ(𝜃|𝐷) = (2𝜋𝜎2
𝑛)− 𝑚+1

2 exp
⎛⎝− 1

2𝜎2
𝑛

𝜗𝑇
(︁
𝐷𝑇 𝐷

)︁
𝜗

𝜗𝑇 𝜗

⎞⎠ . (5.7)

Choosing the prior to be conjugate results in

𝑝(𝜃) ∝ exp
(︃

𝜗𝑇 Φ𝑝𝜗

𝜗𝑇 𝜗

)︃
, (5.8)

where Φ𝑝 ⪯ 0 is a symmetric, negative semi-definite matrix representing prior knowl-
edge of the statistician.

Formulation of the likelihood (5.7) and prior (5.8) leads to the following posterior
distribution

𝑝(𝜃|𝐷) ∝ exp
(︃

𝜗𝑇 Ω𝜗

𝜗𝑇 𝜗

)︃
, (5.9a)

where

Ω𝑗 = − 1
2𝜎2

𝑛
𝐷𝑇 𝐷 + Φ𝑝. (5.9b)

As the resulting posterior is a special case of B-GTLS, all properties of the B-
GTLS are carried over, including unknown moments, full specification by {Ω 𝜎2

𝑛}
and recursive update

Ω(𝑘 + 1) = Ω(𝑘)− 1
2𝜎2

𝑛

𝒟𝑇𝒟, (5.10)

where

𝒟 =
[︁
𝑑(𝑁+1), 𝑑(𝑁+2), . . . , 𝑑(𝑁+𝑀)

]︁𝑇
. (5.11)

The possibility of obtaining a MAP solution using existing GTLS algorithms is also
retained. Furthermore, connections with the total least squares will be revealed in
the next section.
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5.2 Bayesian Total Least Squares properties
This section will focus on new properties emerging from the simplified form of the
posterior distribution compared to B-GTLS.

Inspection of the resulting hidden variables expectation reveals, that (5.6) is
a well known mathematical expression of the orthogonal projection (2.28). This
directly connects the B-TLS with the TLS. The TLS minimizes the perpendicular
(orthogonal) distances to the line. From the definition of the TLS provided in
chapter 2.7, the minimized distance is the difference between the measured value
and its orthogonal projection to the solution, which can be obtained using (5.6).

Compared to the TLS understanding of minimizing orthogonal distances, in this
scenario, in order to obtain maximum a posteriori estimate 𝜃𝑀𝐴𝑃 , the probability
of the orthogonal projections of samples from the dataset 𝐷 is maximized.

Subsequent connection is apparent in the exponent of the likelihood (5.7) and the
posterior functional form (5.9a), which encompasses solely the Rayleigh quotient.
By optimizing the Rayleigh Quotient, the probability distribution function is maxi-
mized. As a consequence, not only GTLS but also simpler TLS-based algorithms [3,
142] can be utilized to obtain maximum likelihood and maximum a posteriori point
estimates.

As the scale-invariant property (4.37) of the likelihood, prior and posterior dis-
tributions is also carried over, we can define the following scaling factor

𝑐 = 1√
𝜗𝑇 𝜗

= 1
‖𝜗‖

. (5.12)

Utilizing the scaling factor and the following substitution 𝑣 = 𝑐𝜗, the distribu-
tions take functional form proportional to the Bingham distribution introduced in
chapter 2.5

𝑝(𝜃) = ℬ(𝑣|Φ𝑝) ∝ exp
(︃

𝜗𝑇 Φ𝑝𝜗

𝜗𝑇 𝜗

)︃
, (5.13)

ℒ(𝜃|𝐷) ∝ ℬ
(︃

𝑣

⃒⃒⃒⃒
⃒−𝐷𝑇 𝐷

2𝜎2
𝑛

)︃
∝ (2𝜋𝜎2

𝑛)− 𝑚+1
2 exp

⎛⎝− 1
2𝜎2

𝑛

𝜗𝑇
(︁
𝐷𝑇 𝐷

)︁
𝜗

𝜗𝑇 𝜗

⎞⎠ , (5.14)

𝑝(𝜃|𝐷) = ℬ(𝑣|Ω) ∝ exp
(︃

𝜗𝑇 Ω𝜗

𝜗𝑇 𝜗

)︃
. (5.15)

The prior, likelihood, and posterior probability distributions, represented by the
directional Bingham distribution, provide a clearer understanding of the vector 𝑣

in the following context: The singular vector 𝑣, which corresponds to the smallest
singular value of matrix 𝐴, acts as the orthogonal vector to the solution hyperplane.
The Bingham distribution ℬ(𝑣|𝐴) allocates probability values to all potential direc-
tions that this orthogonal vector might assume. These possible directions encompass
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all points within R𝑚+1 constrained by the unit hypersphere S𝑚, where 𝑚 denotes the
dimension of 𝜃. The vector 𝑣 is identified as the mode of the resulting probability
distribution function.

In a manner similar to TLS, the vector 𝑣 = [𝑣𝑇
12, 𝑣22]𝑇 can be normalized to

derive the unknown vector 𝜃

𝜃 = 𝑓(𝑣) = −𝑣12
𝑣22

, (5.16)

where 𝑣22 is the last element of vector 𝑣.

−3 −1.5 0 1.5 3−3

−1.5

0

1.5

3

𝑥

𝑦

Fig. 5.1: Geometrical interpretation of the Bingham distribution on circle S. The
colored circle shows the Bingham distribution for the dataset 𝐷 (black dots). The
lighter the color, the higher the probability. The solution (black line) is defined by
its orthogonal vector 𝜗 (yellow). The scaled orthogonal vector 𝑐𝜗 coincides with
the mean concentration vector of the Bingham distribution, the MAP solution. The
expectation of the nuisance pdf E

[︁
𝑋|𝐷

]︁
is displayed as red dots. The connection

with TLS is apparent by comparing this figure with Figure 2.2.

It should also be noted that by the antipodal property of the Bingham distribu-
tion, there are always two antipodal points, 𝑣 and −𝑣, with the same probability,
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resulting in a multimodal posterior distribution. It seems as if there are two possible
MAP solutions to the problem. However, normalization using (5.16) results in the
same solution

𝜃 = 𝑓(𝑣) = 𝑓(−𝑣). (5.17)

Compared to the general case of B-GTLS, the simpler functional form of the
special case prior, likelihood, and posterior distribution functions allow for sim-
pler maximum likelihood estimators and maximum a posteriori estimators based on
TLS, establishing confidence limits based on knowledge of the Bingham distribution,
sampling from the Bingham posterior density, and visual representation and natural
representation of the calculation.

5.3 Normal Prior
Previous chapters described the case where the functional form of the prior prob-
ability distribution is chosen to be conjugate to the TLS likelihood function. If
conjugacy is not a requirement, choosing any probability distribution for the prior
is possible, thereby achieving different properties. In the following paragraphs, we
will compare the previously chosen conjugate Bingham prior with a normal prior.

The Bingham prior, as introduced in the previous chapters, 𝑝ℬ(𝜃) = ℬ(𝑣|Φ𝑝)
allows the formulation of the posterior distribution of the transformed parameters
of the identified system in the form of the well-known Bingham distribution

𝑝ℬ(𝑣|𝐷) ∝ ℬ(𝑣|Ω) = ℬ

⎛⎝𝑣

⃒⃒⃒⃒
⃒⃒−𝐷𝑇 𝐷

2𝜎2
𝑛

+ Φ𝑝

⎞⎠ , (5.18)

where the subscript denotes posterior with Bingham prior.
Although the Bingham distribution has an analytical form, it is not a closed

mathematical expression due to its normalization constant. Therefore, working with
this posterior can be challenging. Additionally, the posterior distribution represents
the probability distribution of the transformed parameters 𝑣 instead of the param-
eters 𝜃, necessitating a back-transformation to interpret the results.

Expressing Bayesian assumptions of transformed parameters in the form of a Bing-
ham prior distribution can also be problematic, as most statisticians are accustomed
to working with other, more common distributions. In particular, the normal dis-
tribution is widely used.

Using a normal prior 𝑝𝒩 (𝜃) = 𝒩 (𝜇𝑝, Σ𝑝), however, leads to a posterior distribu-
tion

𝑝𝒩 (𝜃|𝐷) ∝ ℒ(𝜃|𝐷)𝑝𝒩 (𝜃), (5.19)
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where the subscript denotes posterior with normal prior. The posterior functional
form is an unknown probability distribution with an unknown normalization con-
stant. Resultingly, the situation is not improved using the normal prior compared
to the Bingham prior.

A closed mathematical expression for the posterior distribution 𝑝(𝜃|𝐷) does not
emerge when using both prior functions. This can be addressed with an appropriate
approximation. Similarly to the B-GTLS, the normal distribution is selected as
a suitable functional form of the surrogate posterior. The possibility of Laplace
approximation for both priors is analyzed. To add to that, variational approximation
is also developed.

5.4 Laplace Approximation of the Posterior
As the exact analytical solution for both the normal and the Bingham prior is
infeasible, the Laplace approximation is proposed for the posterior distribution in
order to provide a tractable and convenient normal approximation of the posterior
probability distributions.

Let us begin by examining the case with Bingham prior

Lemma 5. Let posterior distribution be defined by (5.18). Then, the Laplace ap-
proximation is obtained as

𝑝ℬ(𝑣|𝐷) ≈ 𝑞𝐿(𝜃|𝐷) = 𝒩
(︁
𝜃, Σ̂ℬ(𝜃)

)︁
, (5.20)

where 𝜃 is the maximum a posteriori point estimate (MAP)

𝜇̂ := arg min
𝜇

[𝜇𝑇 , −1]Ω[𝜇𝑇 , −1]𝑇
𝜇𝑇 𝜇 + 1 , (5.21)

where Ω = −𝐷𝑇 𝐷
2𝜎2

𝑛
+ Φ𝑝, and the surrogate covariance

Σ̂ℬ(𝜃) = 4𝑡1𝑇𝜃

𝑡3
0
− 2𝑇𝜃Ξ𝜃 − 𝜇Ξ𝑇

𝑛

𝑡2
0

+−2Ξ𝜃𝑇𝜃 − Ξ𝑛𝜇𝑇

𝑡2
0

− I𝑡1

𝑡2
0

+ Ξ𝜃

𝑡0
, (5.22)

is hessian of negative log posterior evaluated at 𝜃, where

𝑡0 = 𝜇𝑇 𝜇 + 1 (5.23)
𝑡1 = [𝜇𝑇 − 1]Ξ[𝜇𝑇 − 1]𝑇 (5.24)
𝑇𝜃 = 𝜇𝜇𝑇 ; (5.25)

Ξ𝜃 ∈ R𝑛×𝑛, Ξ𝑛 ∈ R𝑛×1 are the submatrices of

Ξ =
[︁ Ξ𝜃 Ξ𝑛

Ξ𝑇
𝑛 𝜉2

𝑛

]︁
(5.26)

and Ξ = Ω−1.
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As in the case of the Bingham prior, the posterior is a B-TLS problem, and the
TLS algorithm can be utilized to obtain the MAP solution 𝜇̂.

In the case of a Gaussian prior, it is impossible to express the posterior’s mode
analytically, and it must be found using an optimization method. The Laplace
approximation is fairly similar

Lemma 6. Let posterior distribution be defined by (5.19). Then, the Laplace ap-
proximation is obtained as

𝑝𝒩 (𝑣|𝐷) ≈ 𝑞𝐿(𝜃|𝐷) = 𝒩
(︁
𝜃, Σ̂𝒩 (𝜃)

)︁
, (5.27)

where 𝜃 is the maximum a posteriori point estimate (MAP)

𝜇̂ := arg max
𝜇

𝑝𝒩

⎛⎝⎡⎣ 𝜇

−1

⎤⎦ ⃒⃒⃒⃒⃒𝐷
⎞⎠ , (5.28)

and the surrogate covariance is

Σ̂𝒩 (𝜃) = Σ̂ℬ(𝜃)
⃒⃒⃒⃒
⃒
Ξ−1= −𝐷𝑇 𝐷

2𝜎2
𝑛

+ Σ−1
𝑝 , (5.29)

where Σ𝑝 is the covariance matrix of the normal prior.

5.5 Variational Approximation of the Posterior Dis-
tribution

The variational approximation is a significantly more complex method compared to
the Laplace approximation, but it provides an optimal result [143, 144]. There are
several popular variational approximation methods, the most well-known being the
"mean field variational Bayes approximation" [99, 145]. However, this method cannot
be used in this case because the parameter vector 𝜃 appears in the denominator of the
exponent. Therefore, this chapter will focus exclusively on the variational method
known as the "fixed-form variational approximation."

For the reasons described in the earlier chapter, the normal probability distribu-
tion is chosen as the functional form of the surrogate variational posterior.

𝑞VB(𝜃|𝜇, Σ) = 𝒩 (𝜃|𝜇, Σ) ≈ 𝑝(𝜃|𝐷). (5.30)

The optimal parameters are obtained by minimizing the Kullback-Leibler diver-
gence 𝐷KL(𝑞VB(𝜃|𝜇, Σ)||ℒ(𝜃|𝐷)𝑝(𝜃)).
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Minimization of the 𝐷KL can be achieved by maximizing the lower bound of
the marginal log-likelihood, often referred to as ELBO, which stands for "Evidence
Lower Bound" [145]

L (𝑞VB(𝜃|𝜇, Σ)) =
(︃

ln ℒ(𝜃|𝐷)𝑝(𝜃)
𝑞VB(𝜃|𝐷)

)︃
, (5.31)

Unfortunately, the integral of the Kullback-Leibler divergence and the integral
of ELBO diverge when using the Bingham prior. Therefore, this method can only
be utilized for a normal prior.

ELBO can be expressed analytically from the equation (5.31)

L (𝑞VB(𝜃|𝑧)) =
∫︁ ∞

−∞
𝑞(𝜃|𝑧) lnℒ(𝜃|𝐷)𝑑𝜃+

+
∫︁ ∞

−∞
𝑞(𝜃|𝑧) ln 𝑝(𝜃)𝑑𝜃 −

∫︁ ∞

−∞
𝑞(𝜃|𝑧) ln 𝑞(𝜃|𝑑)𝑑𝜃, (5.32)

where 𝑧 = [𝜇𝑇 , vec(Σ)𝑇 ]𝑇 .
The expression of the second and third integrals is straightforward, but the first

integral is complicated. In the case of a single variable, it can be expressed using
special functions such as
∫︁ ∞

−∞
𝑞(𝜃|𝑧) lnℒ(𝜃|𝐷)𝑑𝜃 = −1

2

(︃
𝜎2 + (𝜇− 𝜇𝑝)2

𝜎2
𝑝

− ln
(︃

𝜎22𝜋𝑒

𝑒𝑎

)︃
+

+
√

𝜋√
2𝜎2

[︃
(𝑐− 𝑎) 𝑉

(︃
−𝜇√
2𝜎2

,
1√
2𝜎2

)︃
− 𝑏𝐿

(︃
−𝜇√
2𝜎2

,
1√
2𝜎2

)︃]︃)︃
,

(5.33)

where 𝜇 and 𝜎 mean value and variance respectively of the surrogate distribution,
and 𝜇𝑝 and 𝜎𝑝 are the mean and variance respectively of the normal prior. Terms
𝑎, 𝑏, and 𝑐 are members of

−𝐷𝑇 𝐷

2𝜎2
𝑛

=
⎡⎣𝑎 𝑏

𝑏 𝑐

⎤⎦ . (5.34)

Functions 𝑉 (𝛼, 𝛽) and 𝐿(𝛼, 𝛽) are the real and imaginary components of the
Faddeeva function 𝑤(𝛾) [146] or implementation, the Faddeeva function can be
computed either using an efficient computational method [147] or a method that
guarantees accuracy [148]. Numerical results show that for the purposes of approx-
imation, the first method is sufficient.

An analytical expression of the posterior is not possible, and it must be obtained
by numerically solving the optimization problem

𝑧* := arg min
𝑧

− L (𝑞VB(𝜃|𝑧))
s.t. Σ ≻ 0, (5.35)
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constrained by the requirement for the positive definiteness of the covariance matrix
of the surrogate distribution Σ ≻ 0. Numerical optimization is possible, because
the function L (𝑞VB(𝜃|𝑧)) is differentiable, thanks to the following property of the
Faddeeva function

𝜕𝑤(𝛾)
𝜕𝛾

= 2𝑖√
𝜋
− 2𝛾𝑤(𝛾). (5.36)

5.6 Design of Recursive Identification Approximation
Algorithms

The posterior distribution approximation is useful for real-time applications only if
recursive identification can still be performed. It is also important that the approx-
imation in the recursive algorithm does not introduce error. Three such algorithms
are presented in this chapter.

The most straightforward algorithm provides the Laplace approximation for
a Bingham prior. The Laplace approximation requires the mode of the posterior
distribution, which is obtained using the RTLS algorithm from [120].

Algorithm 7 Inverse Iteration Laplace RTLS (IIL-RTLS)
Input: 𝐷, 𝜇0, Φ𝑝

Output: 𝜇, Σ
1: 𝜇← 𝜇0

2: Σ← Σ̂ℬ(𝜇0)
3: 𝑃 ← Φ−1

𝑝 ◁ Initialization
4: for 𝑘 ← 1 to 𝑁 do
5: 𝑃 ← 𝑓(𝑑𝑖) ◁ Sample incorporation
6: 𝑉 ← 𝑃 [𝜇𝑇 − 1]𝑇

7: 𝜇← 𝑉12/𝑣22 ◁ Modus calculation
8: Σ← Σ̂ℬ(𝜇) ◁ Laplace covariance
9: end for

In the algorithm 7, 𝑣22 denotes the last element of 𝑉 = [𝑉 𝑇
12 𝑣22]𝑇 . A new sample

is incorporated by

𝑓(𝑥𝑖) = 𝑃 −
1

2𝜎2
𝑛
𝑃 (𝑥𝑖𝑥

𝑇
𝑖 )𝑃

1 + 1
2𝜎2

𝑛
(𝑥𝑇

𝑖 𝑃𝑥𝑖)
. (5.37)

In the case of a normal prior, it is possible to use iterative convergence of pos-
terior in time in combination with the iterative convergence of the optimization
algorithm seeking the mode of 𝑝(𝜃|𝐷). The proposed algorithms are inspired by the
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Levenberg-Marquardt optimization algorithm [149, 150, 151] for both the Laplace
and variational approximations.

Algorithm 8 Recursive Laplace TLS (L-RTLS)
Input: 𝐷, Σ𝑝, 𝜇𝑝

Output: 𝜇, Σ
1: 𝜇← 𝜇𝑝

2: Σ← Σ̂𝒩 (𝜇𝑝)
3: 𝜆← 𝜆0

4: Φ← 0 ◁ Initialization
5: for 𝑘 ← 1 to 𝑁 do
6: Φ← Φ + (2𝜎2

𝑛)−1𝑑𝑖𝑑
𝑇
𝑖 ◁ Sample incorporation

7: for 𝑖← 1 to 𝑖max do
8: 𝐽 ← −𝑝(𝑋|𝜃)𝒢(𝜇|𝜇𝑝, Σ𝑝)
9: 𝜇̂← 𝜇− (𝐻𝜇 + 𝜆I)−1 𝑔𝜇 ◁ Mode estimation update

10: if −𝑝(𝑋|𝜃)𝒢(𝜇̂|𝜇𝑝, Σ𝑝) > 𝐽 then ◁ If 𝜇̂ unsuitable
11: 𝜆← min(𝜆𝜄, 𝜆max) ◁ Increase 𝜆

12: else ◁ If 𝜇̂ is suitable
13: 𝜆← max(𝜆/𝜄, 𝜆min) ◁ Decrease 𝜆

14: 𝜇← 𝜇̂ ◁ Accept mode estimation
15: Σ← Σ̂𝒩 (𝜇) ◁ Update surrogate covariance
16: end if
17: end for
18: end for
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Algorithm 9 Recursive VB TLS (VB-RTLS)
Input: 𝐷, Σ𝑝, 𝜇𝑝

Output: 𝑧

1: 𝑑← [𝜇𝑇
𝑝 , vec(Σ𝑝)𝑇 ]𝑇

2: 𝜆← 𝜆𝑝

3: Φ← 0 ◁ Initialization
4: for 𝑘 ← 1 to 𝑁 do
5: Φ← Φ + (2𝜎2

𝑛)−1𝑑𝑖𝑑
𝑇
𝑖 ◁ Sample incorporation

6: for 𝑖← 1 to 𝑖max do
7: 𝐿← −L (𝑞VB(𝜃|𝑑)) ◁ Evaluation of ELBO (5.33)
8: 𝑧 ← 𝑑− (𝐻L + 𝜆I)−1 𝑔L ◁ Parameter estimation update
9: if −L (𝑞VB(𝜃|𝑧)) > 𝐿 or Σ(𝑧) ⪯ 0 then ◁ If 𝑧 unsuitable

10: 𝜆← min(𝜆𝜄, 𝜆max) ◁ Enlarge 𝜆

11: else ◁ If 𝑧 is suitable
12: 𝜆← max(𝜆/𝜄, 𝜆min) ◁ Decrease 𝜆

13: 𝑧 ← 𝑧 ◁ Accept estimate
14: end if
15: end for
16: end for

In conjunction with rejecting unsuitable estimands, the variable damping pa-
rameter 𝜆 ensures continuous progress in optimization and guarantees the positive
definiteness of the surrogate covariance matrix Σ ≻ 0.

The parameter 𝜆 > 0 is the damping factor adopted from the Levenberg-
Marquardt optimization algorithm. The scaling parameter 𝜄 > 1 controls the mag-
nitude of the change in the scaling parameter. The damping factor is bounded by
limits 𝜆𝑚𝑖𝑛 and 𝜆𝑚𝑎𝑥, which should be set according to the bit width of the data
type used for computation.

The learning gradient and Hessian are

𝑔𝜇 := − 𝜕
𝜕𝜃

(︂
𝑝(𝑋|𝜃)𝑝𝒢(𝜃)

)︂
(5.38)

𝐻𝜇 := − 𝜕2

𝜕𝜃2

(︂
𝑝(𝑋|𝜃)𝑝𝒢(𝜃)

)︂
. (5.39)

In the algorithm 9, the learning gradient and Hessian are

𝑔L := − 𝜕
𝜕𝑑

(︂
L (𝑞VB(𝜃|𝑧))

)︂
, (5.40)

𝐻L := − 𝜕2

𝜕𝑑2

(︂
L (𝑞VB(𝜃|𝑧))

)︂
. (5.41)
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While the calculation of the gradients and Hessians is straightforward, the author
was unable to formulate them in a manner that is not needlessly long for presentation
here.

All learning parameters are implemented with the inversion of the covariance
matrix, ensuring precision. This parameterization leads to a numerically more stable
algorithm.
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6 Numerical Analysis
This chapter presents a numerical analysis of the proposed algorithms to demon-
strate their correctness and fast convergence to the actual values. We provide thor-
ough simulations, highlighting the performance and accuracy of each algorithm.
While the thesis up to this point has been structured to derive the most general
concepts first, followed by simpler special and derived cases, the order of this chap-
ter is reversed. We will present the analyses, starting with the most straightforward
algorithm and progressing to the most complex one.

6.1 Comparison of Approximation Methods
In chapter 5, two approximations of the posterior distribution were proposed. To
recapitulate, the posterior density for normal prior is in the equation (5.19) presented
as

𝑝(𝜃|𝐷)𝒩 ∝ ℒ(𝜃|𝐷)𝑝𝒩 (𝜃) ∝ exp
⎛⎝𝜗𝑇

(︁
−𝐷𝑇 𝐷

2𝜎2
𝑛

)︁
𝜗

𝜗𝑇 𝜗

⎞⎠𝒩 (𝜃|𝜇𝑝, Σ𝑝), (6.1)

where 𝐷 is dataset containing the matrix, 𝜎2 is the variance of the noise, and 𝜇𝑝

and Σ𝑝 are prior mean vector and covariance matrix.
For this posterior, two ways of obtaining a surrogate posterior were presented.

Those are the Laplace approximation 𝑞𝐿(𝜃|𝐷) and the variational Bayes approx-
imation 𝑞VB(𝜃|𝐷). The presented approximation methods have their advantages
and disadvantages. While the Laplace approximation can be used for normal and
Bingham priors, the variational approximation only applies to a normal prior. The
Laplace approximation is significantly simpler compared to the variational approxi-
mation, as it only requires knowledge of the mode of the approximated distribution.
However, the variational approximation provides an optimal estimate.
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Fig. 6.1: The visual comparison of the posterior 𝑝𝒩 (𝜃|𝐷), the Laplace surrogate
posterior 𝑞L(𝜃|𝜇̂), and VB surrogate posterior 𝑞VB(𝜃|𝑧*) for 𝑁 = 50 samples and
noise covariance 0.5I, all normalized such that their maxima are equal to one.

Figure 6.1 shows a one-dimensional comparison of the Laplace and variational ap-
proximations for a normal prior. It is evident that while the Laplace approximation
is valid in the vicinity of the mode of the distribution, the variational approximation
accounts for the skewness of the original distribution by shifting the mean of the
surrogate distribution.

Similar results can also be observed for B-GTLS and Bayesian PMLSM GTLS
presented in chapter 4. To recapitulate, the posterior distributions (4.31) and (3.21)
are

𝑝(𝜃|𝐷) ∝ exp
⎛⎝𝜗𝑇

(︁
−1

2𝐷𝑇 𝐷 + Φ𝑝

)︁
𝜗

𝜗𝑇 Σ𝜗

⎞⎠ (6.2)

and

𝑝 (𝜃|𝐷1, 𝐷2) ∝ ℒ (𝜃|𝐷1)ℒ (𝜃|𝐷2) 𝑝(𝜃), (6.3)

respectively, where

ℒ (𝜃|𝐷𝑗) ∝ exp
⎛⎝𝜗𝑇

(︁
−1

2𝐷𝑇
𝑗 𝐷𝑗

)︁
𝜗

𝜗𝑇 Σ𝑗𝜗

⎞⎠ (6.4)

The Laplace surrogate posterior for B-GTLS is proposed in Lemma 4 as

𝑝(𝜃|𝐷) ≈ 𝑞(𝜃|𝐷) = 𝒩
(︁
𝜃, Σ̂(𝜃)

)︁
. (6.5)
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Having a surrogate posterior for the B-GTLS problem, the Bayesian PMSM
GTLS problem is approximated in (4.74) as a product of likelihood approximates

𝑝 (𝜃|𝐷1, 𝐷2) ≈ 𝑞 (𝜃|𝐷1, 𝐷2) = 𝑞1(𝜃|𝐷1)𝑞2(𝜃|𝐷2)𝑝(𝜃), (6.6)

where 𝑞𝑗(𝜃|𝐷𝑗) approximates the likelihood as (6.5) under assumption Φ𝑝 = 0.
In order to provide a visual example of the posterior distributions, likelihoods and

their respective surrogates, the PMLSM problem is simplified to two EIV problems

0 = 𝜗𝑇 𝑑1, (6.7)
0 = 𝜗𝑇 𝑑1, (6.8)

where the measured datasets 𝐷1 and 𝐷2 consists of measurements

𝑑1,𝑖 = 𝑑1,𝑖 + 𝜀1,𝑖, 𝜀 ∼ 𝒩

⎛⎝0,

⎡⎣ 2 0.3
0.3 0.7

⎤⎦⎞⎠ , (6.9)

𝑑2,𝑖 = 𝑑2,𝑖 + 𝜀2,𝑖, 𝜀 ∼ 𝒩

⎛⎝0,

⎡⎣ 0.5 0.002
0.002 0.001

⎤⎦⎞⎠ . (6.10)

Assuming 𝑣𝑎𝑟𝑡ℎ𝑒𝑡𝑎 = [1.5, −1]𝑇 , 𝑁 = 50 samples of independent variables are
drawn from 𝒩 (0, 10). The resulting posterior distribution and likelihood surrogates
can be studied in the following figure.
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𝑞(𝜃2|𝐷2)
𝑝(𝜃|𝐷1, 𝐷2)
𝑞(𝜃|𝐷1, 𝐷2)

Fig. 6.2: The visual comparison of the posteriors 𝑝𝒩 (𝜃1|𝐷1), 𝑝𝒩 (𝜃2|𝐷2),
𝑝𝒩 (𝜃|𝐷1, 𝐷2) and the corresponding Laplace surrogate posteriors 𝑞𝒩 (𝜃1|𝐷1),
𝑞𝒩 (𝜃2|𝐷2), 𝑞𝒩 (𝜃|𝐷1, 𝐷2) for 𝑁 = 50 samples, all normalized such that their maxima
are equal to one.
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In the picture 6.2, we can observe that individual approximations are compara-
ble to the Laplace approximation in the B-TLS case and that the approximation
𝑝 (𝜃|𝐷1, 𝐷2) ≈ 𝑞 (𝜃|𝐷1, 𝐷2) does successfully recover modus and variance of the true
posterior distribution.

6.2 Numerical analysis of B-TLS-based algorithms
The proposed algorithms based on B-TLS are subjected to numerical analysis us-
ing MATLAB simulations. The purpose of this analysis is to verify the function-
ality of the algorithms, particularly their convergence to the results obtained by
computationally much more intensive optimization algorithms implemented within
MATLAB’s optimization toolbox. The comparison is sourced from the author’s
previously published research in [1].

The presented experiments are conducted with the following parameters.

𝜇𝑝 = 5
Σ𝑝 = 𝜎2

𝑝 = 100
𝜇0 = 𝜇𝑝

𝑧0 = [𝜇𝑝, Σ𝑝]𝑇

Φ𝑝 = diag([10, 10])
𝜆𝑚𝑖𝑛 = 10−10

𝜆𝑚𝑎𝑥 = 1010

𝜆0 = 𝜆𝑚𝑖𝑛

𝜄 = 2

Tab. 6.1: B-TLS numerical analysis simulation parameters.

However, the results are valid for a wide range of suitable parameters. As ex-
pected, selecting unreasonable parameters, such as 𝜄 = 0, leads to failure.

The simulations were performed with synthetic data generated by sampling from
a problem with errors in variables.

𝑑𝑖 = [𝑥𝑖 𝜃𝑥𝑖]𝑇 + 𝒩 (𝜀|0, 𝜎𝑛I), (6.11)

where 𝑥𝑖 is sampled from 𝒩 (𝑥𝑖|0, 1) and 𝜃 = 1.8. This resulted in a dataset 𝐷

with 𝑁 = 500 samples. Each experiment is repeated a thousand times, and their
variance and average convergence values are presented along with the first conducted
experiment.

In the case of the Bingham prior, only one algorithm is available, namely Algo-
rithm 7. This algorithm performs recursive identification, and its result 𝑞L(𝜃|𝜇) is
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compared with the alternative posterior 𝑞L(𝜃|𝜇*), where the mode 𝜇* is calculated
using the TLS algorithm based on singular value decomposition.

0 50 100 150 200 250 300 350 400 450 500

−
15

0d
B

−
10

0d
B

−
50

dB

𝑘

𝐷
K

L

𝐷KL(𝑞𝐿(𝜃|𝜇*)||𝑞𝐿(𝜃|𝜇))

Fig. 6.3: The Kullback-Liebler divergence from the true MAP-centered 𝜇* Laplace
estimate to the estimate calculated by Algorithm 7. The mean and variance over
1,000 runs are represented with the bold line and transparent area, respectively, and
the 𝐷KL of a single run is denoted by the thin line.

From Figure 6.3, it is evident that despite the poor initial estimate, the result of
Algorithm 7 converges to the surrogate posterior 𝑞L(𝜃|𝜇*).

In the case of the normal prior, it is possible to use Algorithms 8 and 9. Both
algorithms are compared with the optimal variational estimate 𝑞VB(𝜃|𝑧*). This
estimate was obtained by a computationally intensive numerical solution of the
optimization problem (5.35) at each step.
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Fig. 6.4: The Kullback-Liebler divergence from the optimal posterior estimate
𝑞VB(𝜃|𝑧*) to the various estimation methods. The mean and variance over 1,000
runs are represented with the bold line and transparent area, respectively; the 𝐷KL

of a single run is denoted by the thin line.

From Figure 6.4, it is evident that the results of both algorithms are numeri-
cally very close. The Laplace approximation is computationally significantly less
demanding, but it quickly converges to a suboptimal solution 𝑞L(𝜃|𝜇*) ̸= 𝑞VB(𝜃|𝑧*).
The variational approximation converges more slowly but to an optimal solution.

For both algorithms, it is possible to choose the number of optimization steps
performed for each sample using the parameter 𝑖max. Simulations show that single
optimization step 𝑖max = 1 is sufficient for convergence. The progression of 𝑞VB10(𝜃|𝑑)
indicates that increasing the number of optimization steps, in this case to 𝑖max = 10,
results in significantly faster convergence. However, this effect is minimal with
a sufficient number of samples.
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6.3 Numerical analysis of B-GTLS-based algorithms
Both B-GTLS-based algorithms were also evaluated through numerical analysis us-
ing MATLAB simulations. This analysis aimed to confirm the effectiveness of the
algorithms, specifically their ability to converge to solutions comparable to those
produced by more computationally demanding optimization algorithms found in
MATLAB’s optimization toolbox.

The numerical experiment is executed with the following arbitrarily selected
parameters:

𝜇𝑝 = 5, Σ1 =
⎡⎣2.0 0.3
0.3 0.7

⎤⎦ , and Σ2 =
⎡⎣0.500 0.002
0.002 0.001

⎤⎦ . (6.12)

However, testing different initial conditions did not cause significant changes in the
results.

The simulations were performed with synthetic data generated by sampling from
a problem with errors in variables.

𝑑𝑖,𝑗 = [𝑥𝑖,𝑗 𝜃𝑥𝑖,𝑗]𝑇 + 𝒩 (𝜀|0, Σ𝑗), (6.13)

where 𝑥𝑖 is sampled from 𝒩 (𝑥𝑖|0, 10) and 𝜃 = 1.8. This resulted in two datasets
𝐷𝑗, 𝑗 ∈ {1, 2} with 𝑁 = 500 samples. In each iteration, surrogate posterior
𝑞(𝜃1|𝐷1) produced by algorithm 4.6 is compared with ideal Laplace approximate
𝑞(𝜃1|𝜇*

1) calculated from the true MAP 𝜇*
1 obtained by computationally demanding

MATLAB’s optimization toolbox calculation. This experiment is repeated a thou-
sand times, and Kullback-Liebler divergence is used to compare the two surrogate
distributions. Variance and average convergence values are presented.
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Fig. 6.5: The Kullback-Liebler divergence from the true MAP-centered Laplace es-
timate to the estimate calculated by Algorithm 4.6. The mean and variance over
1,000 runs are represented with the bold line and transparent area, respectively, and
the 𝐷KL of a single run is denoted by the thin line.

In figure 6.5, fast convergence of the surrogate posteriors is exhibited. The ap-
proximation 𝑞(𝜃1|𝐷1) is after 25 samples so close to the 𝑞(𝜃1|𝜇*

1), that small number
quantization of 𝐷KL is apparent.

The Bayesian PMLSM GTLS algorithm design is based on two ideas. The first
one is an approximation of two likelihoods with different noise covariance Σ𝑗. The
second idea is the transformation of true measurements into synthesized measure-
ment vectors. To separate the influence of the transformation, let us look at the
convergence of the Kullback-Liebler divergence from the ideal surrogate posterior
𝑞(𝜃|𝜇*) to surrogate posterior 𝑞(𝜃|𝐷) = 𝑞(𝜃1|𝐷1)𝑞(𝜃2|𝐷2)𝑝(𝜃) based on (6.6). The
ideal surrogate is calculated from the true MAP 𝜇*, obtained through a compu-
tationally demanding optimization process using MATLAB’s optimization toolbox.
The prior is uninformative 𝑝(𝜃) ∝ 1 to simplify the experiment and amplify influence
of the approximations.
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Fig. 6.6: The Kullback-Liebler divergence from the true MAP-centered Laplace es-
timate to the estimate calculated by (6.6). The mean and variance over 1,000 runs
are represented with the bold line and transparent area, respectively, and the 𝐷KL

of a single run is denoted by the thin line.

As apparent from the figure 6.6, the surrogates converge on average after a few
samples.

Furthermore, relative error

𝛿𝑥 =
⃒⃒⃒⃒
⃒𝑥− 𝑥*

𝑥*

⃒⃒⃒⃒
⃒100 (6.14)

of the mean and variance can be analyzed.
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Fig. 6.7: Relative error of the MAP approximate (top) and covariance (bottom) in
the example. The mean and variance over 1,000 runs are represented with the bold
line and transparent area, respectively, and the 𝐷KL of a single run is denoted by
the thin line.

Figure 6.7 shows that, on average, the relative error of both the mean and the
variance reduces.

6.4 Forgetting Factor
All proposed algorithms allow for the identification of systems with slowly varying
parameters due to the incorporation of the forgetting factor 𝜆. This factor is analo-
gous to the forgetting factor in the well-known LS algorithms with forgetting, which
are designed to give more weight to recent observations and less to older ones. The
forgetting factor, therefore, requires no further explanation.

A numerical demonstration of the forgetting factor is presented on B-RGTLS
(Algorithm 4.6). The data is generated with true parameters 𝜃 = [3, 0.5, 8]𝑇 , which
are after 𝐾1 = 5000 samples switched for 𝜃 = [−2, 3, 10]𝑇 . Additional 𝐾2 = 5000
samples are obtained with new parameters. Independent variables are generated
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by sampling from the multivariate normal distribution 𝒩 (0, 3I). All true data are
corrupted with additional normal noise with zero mean and covariance

Σ =

⎡⎢⎢⎢⎢⎢⎣
1 0.4 0 0.2

0.4 1.5 0 0
0 0 0.8 0.5

0.2 0 0.5 2

⎤⎥⎥⎥⎥⎥⎦ . (6.15)

The experiment is repeated two times, one time with no forgetting 𝜆1 = 1 and
the second time with 𝜆2 = 0.999. The results are presented in the following picture.
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Fig. 6.8: Comparison of identification of system parameters with and without for-
getting factor active.

Figure 6.8 demonstrates advantages stemming from forgetting factor utilization
in the case of time-variant parameters. After the abrupt change of system parame-
ters, an algorithm with forgetting shows a rapid decrease in the error because older,
less relevant data has less influence on the current estimate. In the case without
forgetting, the error decreases slowly after the parameter change, as the algorithm
considers the entire history of data, making the algorithm less responsive to sudden
changes.
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7 Examples
Proposed algorithms and frameworks apply to many applications, not excluding
systems with large dimensions, slowly variable parameters, zero variance measure-
ments, under-determined systems, numerically unstable cases, or applications re-
quiring real-time implementation. This chapter provides a handful of examples
using the derived frameworks to highlight the contributions of methods proposed in
this thesis. Although the primary research is focused on the application of PMLSM
identification, the examples also show the application of PMSM and a total capacity
of the battery cell identification.

7.1 Quality of Identification using B-TLS
One of the main advantages of the B-TLS compared to B-GTLS is the simpler
posterior distribution in the form of the Bingham distribution. This allows, for
example, improved posterior approximations, graphical demonstration of parameter
uncertainty, and sampling from the parameter density function. The latter of those
will be demonstrated in this simple simulation example.

The selection of proper identification inputs for identifying PMSM parameters
is demonstrated on example previously presented in author’s conference paper [2].
To keep the example simple, not all parameters are to be identified. |Identification
of the full PMLSM model is the goal of another examples. While the number of
parameters for B-TLS is not limited, a small number of identified parameters al-
lows for a graphical demonstration of the parameter posterior distribution. Utilizing
discretized model from [41] or [152]. Assuming simplifying conditions of zero me-
chanical angular velocity 𝜔𝑚 = 0 and zero direct current 𝑖𝑑 = 0, the equation for
𝑖𝑞(𝑘 + 1) becomes linear difference equation

𝑖𝑞(𝑘 + 1) = 𝜃1𝑖𝑞(𝑘) + 𝜃2𝑖𝑑(𝑘) + 𝜃3𝜔𝑚 + 𝜃4𝑢𝑞(𝑘) = 𝜃1𝑖𝑞(𝑘) + 𝜃4𝑢𝑞(𝑘). (7.1)

Linear equations are identifiable using the B-TLS algorithm.
From the definition of the identified model, it is evident that all variables are

subject to noise caused by either the measurement 𝑖𝑞(𝑘) or the signal generation 𝑢𝑞.
Let us further assume that the signals are scaled such that the noise of each variable
has identical and known precision 𝜆𝑛.

The extended vector of estimands is in the form 𝜗 = [𝜃4, 𝜃1,−1]𝑇 .
The advantage of using Bayesian inference compared to maximum likelihood

methods is obtaining information about the identification quality. The quality of
identification directly depends on the choice of the identification signal, in this case,
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the input voltage 𝑢𝑞. This demonstration aims to use the derived Bayesian infer-
ence to estimate the parameters 𝜃4 and 𝜃1 from (7.1) using two input signals and
subsequently compare the identification quality in both cases.

The chosen input signals are a pseudorandom binary sequence (PRBS) and
a pseudorandom Gaussian sequence (PRGS). Segments of the simulated signals are
shown in Figure 7.1.
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Fig. 7.1: Comparison of simulated data for PRGS (left) and PRBS (right).

The simulation allows for a priori knowledge of the correct parameters

𝜃 = [0.3 − 0.4] . (7.2)

Assuming uninformative prior 𝑝(𝜃) ∝ 1, both input signals result in the maxi-
mum a posteriori solution with comparable deviations from 𝜃 after a sample size of
𝑁 = 1000.

𝜃𝑀𝐴𝑃,PRGS = [0.2988 − 0.39589]𝑇 ,

𝜃𝑀𝐴𝑃,PRBS = [0.29921 − 0.39926]𝑇 . (7.3)

A small deviation in both cases could lead to the misleading conclusion that the
identification quality is comparable for both signals. However, this conclusion would
be incorrect, as is evident from the posterior probability distribution

𝑝(𝜃|𝐷) ∝ ℬ(𝑣|ΓΛΓ𝑇 ), (7.4)

with the following concentration matrices for the signals PRBS and PRGS.

ΛPRGS
.= 𝑑𝑖𝑎𝑔 (1092.0, 10.0, 0) ,

ΛPRBS
.= 𝑑𝑖𝑎𝑔 (4330.5, 168.6, 0) , (7.5)
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and the vectors of the mean direction axes

𝛾3,PRGS = [−0.2678, 0.3557, 0.8954]𝑇 ,

𝛾3,PRBS = [−0.2690, 0.3664, 0.8907]𝑇 . (7.6)

As follows from the construction of the prior probability distribution, the vectors of
the mean direction axes results, after scaling 𝜃MAP = − [𝛾3,1, 𝛾3,2]𝑇

𝛾3,3
from Theorem 2,

identical to the maximum a posteriori solution (7.3).
The high values of concentration parameters ΛPRGS compared to ΛPRBS indicate

greater uncertainty. Therefore, the PRGS signal achieves lower identification quality
compared to PRBS. This fact is also evident from the visualization of results in
Figure 7.2, where the more distant contours indicate greater uncertainty in the
case of PRGS compared to PRBS. The lower identification quality is also apparent
from the greater variability of parameters sampled from the posterior distribution
of PRGS compared to PRBS.

−1 0 1−1

0

1

𝑣1

𝑣 2

−1 0 1−1

0

1

𝑣1

𝑣 2

Fig. 7.2: Orthographic projection of the contour plot of the unnormalized posterior
probability distribution for identification signals PRGS (left) and PRBS (right).
The mean direction axis is marked in red, and the concentration axes are marked in
purple. Sampled parameters are shown in yellow. The better identification quality
in the case of PRBS is evident from the lower variability of the sampled parameters
and the tighter contours.

This result can be further presented by taking 20 parameter samples 𝜃 from
the posterior probability distribution. Step transition characteristics are plotted
for these parameters. The higher variance of parameter samples in the case of
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PRGS results in a higher variance of the step transition characteristics, as shown in
Figure 7.3.
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Fig. 7.3: Step transition characteristics of the simulated system using the true pa-
rameters 𝜃, maximum a posteriori parameters 𝜃𝑀𝐴𝑃 , and parameters 𝜃 sampled
from the posterior probability distribution for PRBS signals (left) and PRGS sig-
nals (right). The better identification quality for PRBS is evident from the lower
variability of the characteristics.

7.2 Quality of Identification using B-TLS in practice
Despite the simulation demonstrating the method’s functionality, it is appropriate to
test it in practice. This has already been published in author’s previous research [2].
The simulated example from Section 7.1 is a potential practical application. Al-
though the identified system is a rotary motor, given the similarities in the models
described in Section 1.3, the same method applies to PMLSM.

The TGT2-0032-30-24 motor was subjected to the voltage from Chapter 7.1 with
a sampling period of 𝑇𝑠 = 10 𝑚𝑠, and the current values were recorded using an NI
cRIO-9038. The conditions 𝜔𝑚 = 0 and 𝑖𝑑 = 0 were ensured by locking the rotor
and controlling the 𝑖𝑑 current using a PID controller implemented in the cRIO-9038.
Figure 7.2 shows a segment of the measured values.
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Fig. 7.4: Comparison of measured data for PRGS (left) and PRBS (right).

In this case, the real constants 𝜃 cannot be known, so the convergence of the
maximum a posteriori method to the correct value cannot be proven. However, by
definition, it is identical to TLS, whose convergence is proven. What can be verified
through practical measurement is the conclusion that the PRGS signal achieves
lower identification quality than PRBS.

Another obstacle compared to the simulation is the unknown precision, or vari-
ance, of the process noise 𝜆𝑛. However, this can be estimated from the measured
data as 𝜆𝑛 ≈ 16 · 103.

It is now possible to proceed identically to Chapter 7.1. The posterior probability
distribution has the following concentration matrices:

ΛPRGS
.= 𝑑𝑖𝑎𝑔 (−2.8390, −0.2159, 0) 106,

ΛPRBS
.= 𝑑𝑖𝑎𝑔 (−2.0399, −0.2454, 0) 106, (7.7)

and the vectors of the mean direction axes

𝛾3,PRGS = [−0.9557, 0.0899, 0.0228]𝑇 ,

𝛾3,PRBS = [−0.9968, 0.0776, 0.0197]𝑇 . (7.8)

The higher values of concentration parameters ΛPRGS compared to ΛPRBS indicate
more significant uncertainty, thus confirming the simulation’s conclusion. The re-
sults can also be compared graphically in the following Figure.
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Fig. 7.5: Orthographic projection of the contour plot of the unnormalized posterior
probability distribution of measurements with PRGS signals (left) and PRBS signals
(right). The mean direction axis is marked in red, and the concentration axes are
marked in purple. The better identification quality in the case of PRBS is evident
from the lower variability of the sampled parameters and the tighter contours.

The practical example follows theoretical results from the simulation, proving
applicability of the method. This concludes the example.

7.3 Approximate Recursive Identification with Confi-
dence Intervals

In some cases, it is crucial to identify not only a point estimate of a parameter
but also its confidence interval. In the Bayesian approach, this can be interpreted
as the probability that the parameter lies within a given interval of the posterior
distribution.

The reliability of the result can be important for several reasons. In previous
chapters, it was used to evaluate the quality of identification. This approach can be
extended to assess suitable identification signals to minimize confidence intervals.

Another reason might be applications where safety is the main priority. In such
cases, it is necessary to consider not only the most probable parameter estimate.
Often, confidence intervals are used to define the region where the actual parameter
is likely to be found.
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Such a case is presented in this simple experiment, previously published by au-
tor’s journal paper [1], where the previously mentioned algorithms 8 and 9 are used
to identify the total capacity of a battery cell. An overview of other applications
using confidence intervals can be found in the book [153].

The results of the proposed algorithms are compared with those from [154], where
more information about the simulated problem can also be found.

The total capacity of the battery cell 𝜃, measured in ampere-hours, appears in
a linear model.

𝑞 = Δ𝑧𝜃, (7.9)

where 𝑞 =
∫︀ 𝑡2

𝑡1
𝜂𝑖(𝜏)
3600 , 𝑑𝜏 is the measurement of accumulated ampere-hours, and Δ𝑧 =

𝑧(𝑡2)−𝑧(𝑡1)
100 is the measurement of the difference in the state of charge of the battery

cell. Here, 𝑧(𝑡) is the percentage state of charge of the battery cell at time 𝑡, 𝜂 is
a dimensionless efficiency factor, and 𝑖(𝑡) denotes the current through the battery
cell at time 𝑡.

Since both expressions in (7.9) needed for identification are measured quantities 𝑞

and Δ𝑧, this case is a suitable example of a problem with errors in variables. A com-
mon assumption is that the noise is independent, identically distributed Gaussian
noise with zero mean and proportional variances 𝜎𝑞 and 𝜎𝑧. Due to proportionality,
the input signals can be scaled so that the total least squares method is an optimal
estimator of the total capacity of the battery cell 𝜃.

Synthetic data for the problem with errors in variables are generated with the
actual total capacity of the battery cell 𝜃 = 10 and noise variances 𝜎𝑞 = 𝜎𝑧 = 0.5.
The parameters of the algorithms are the same as those given in Chapter 6.2. All
algorithms are initialized with virtual correct measurements Δ𝑧 = 1, 𝑞 = 𝜃.

For comparison, the problem is also identified using the least squares (LS)
method and the total least squares (TLS) method, where the confidence interval is
estimated by inverting the Fisher information. Motivation and details about these
methods are available in [154]. The least squares method ignores measurement error
in Δ𝑧.
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Fig. 7.6: The battery cell total capacity estimation results for the different algo-
rithms. The mean and 3𝜎 interval approximations are represented by the bold line
and transparent area, respectively.

The results of recursive identification are shown in Figure 7.6. It is evident that
the least squares method provides a biased parameter estimate and a poor estimate
of the confidence interval due to ignoring the measurement error in Δ𝑧.

The average value estimates of all other algorithms are practically identical. The
variational method 𝑞VB(𝜃|𝐷) provides a slightly biased MAP estimate, which allows
for an optimal estimate of the confidence interval.

The confidence interval estimate using the Laplace approximation of the posterior
𝑞L(𝜃|𝜇) is very similar to the optimal confidence interval estimate, rendering the VB
approximation needlessly complicated for cases with sufficient number of samples.

The confidence interval provided by the improved TLS algorithm from [154]
is significantly underestimated due to the simplified derivation using the Fisher
information matrix.

Therefore, the proposed algorithms provide an accurate estimate of both the
mean value and the confidence interval compared to other available methods.

7.4 Recursive PMLSM Identification Simulation
After the derivation of the B-GTLS method, the application of the proposed algo-
rithm for recursive identification of PMLSM drive is the main contribution of this
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thesis. The formulation of PMLSM identification as an EIV problem is presented
in chapter 3.2, and the formulation for B-GTLS is presented in chapter 4.7. To
recapitulate, the identification is divided into two EIV problems

0 = 𝜗𝑇 𝜇1, (7.10)
0 = 𝜗𝑇 𝜇2, (7.11)

where the extended vector of unknown parameters 𝜗 and the two vectors of inde-
pendent synthesized measurement variables 𝜇1, 𝜇2 are

𝜗 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝐿𝑑

𝐿𝑞

𝑅𝑖𝑑

Ψ𝑃 𝑀

−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
, 𝜇1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑖𝑑(𝑘)− 𝑖𝑑(𝑘 − 1)
𝑇𝑠

−
𝜋

𝜏𝑠

𝑖𝑞

𝑙(𝑘)− 𝑙(𝑘 − 1)
𝑇𝑠

𝑖𝑑

𝑢𝑑

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, 𝜇2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜋

𝜏𝑠

𝑖𝑑
𝑙(𝑘)−𝑙(𝑘−1)

𝑇𝑠

𝑖𝑞(𝑘)− 𝑖𝑞(𝑘 − 1)
𝑇𝑠

𝑖𝑞

𝜋

𝜏𝑠

𝑙(𝑘)−𝑙(𝑘−1)
𝑇𝑠

𝑢𝑞

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∼ 𝒩 (𝜇2, Σ2),

(7.12)

respectively.
Assuming that the measurements are independently, identically, and normally

distributed

𝜌 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑖𝑑(𝑘)
𝑖𝑞(𝑘)
𝑢𝑑(𝑘)
𝑢𝑞(𝑘)
𝑙(𝑘)

𝑖𝑑(𝑘 − 1)
𝑖𝑞(𝑘 − 1)
𝑙(𝑘 − 1)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∼ 𝒩

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑖𝑑(𝑘)
𝑖𝑞(𝑘)
𝑢𝑑(𝑘)
𝑢𝑞(𝑘)
𝑙(𝑘)

𝑖𝑑(𝑘 − 1)
𝑖𝑞(𝑘 − 1)
𝑙(𝑘 − 1)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜎𝑖𝑑𝑖𝑑 𝜎𝑖𝑑𝑖𝑞 0 0 0 0 0 0
𝜎𝑖𝑑𝑖𝑞 𝜎𝑖𝑞𝑖𝑞 0 0 0 0 0 0

0 0 𝜎𝑢𝑑𝑢𝑑 𝜎𝑢𝑑𝑢𝑞 0 0 0 0
0 0 𝜎𝑢𝑑𝑢𝑞 𝜎𝑢𝑞𝑢𝑞 0 0 0 0
0 0 0 0 𝜎𝑙𝑙 0 0 0
0 0 0 0 0 𝜎𝑖𝑑𝑖𝑑 0 0
0 0 0 0 0 0 𝜎𝑖𝑞𝑖𝑞 0
0 0 0 0 0 0 0 𝜎𝑙𝑙

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(7.13)

the synthesized measurements’ probability distribution expressing their respective
uncertainties are approximated as

𝑑1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑖𝑑(𝑘)− 𝑖𝑑(𝑘 − 1)
𝑇𝑠

−
𝜋

𝜏𝑠

𝑖𝑞

𝑙(𝑘)− 𝑙(𝑘 − 1)
𝑇𝑠

𝑖𝑑

𝑢𝑑

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∼ 𝒩 (𝜇1, Σ1) (7.14)
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and

𝑑2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜋

𝜏𝑠

𝑖𝑑
𝑙(𝑘)−𝑙(𝑘−1)

𝑇𝑠

𝑖𝑞(𝑘)− 𝑖𝑞(𝑘 − 1)
𝑇𝑠

𝑖𝑞

𝜋

𝜏𝑠

𝑙(𝑘)−𝑙(𝑘−1)
𝑇𝑠

𝑢𝑞

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∼ 𝒩 (𝜇2, Σ2), , (7.15)

where

Σ1=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2𝜎𝑖𝑑𝑖𝑑

𝑇 2
𝑠

−𝜋𝜎𝑖𝑑𝑖𝑞(Δ𝑙0)
𝑇 2

𝑠 𝜏𝑠

𝜎𝑖𝑑𝑖𝑑

𝑇𝑠
0 0

−𝜋𝜎𝑖𝑑𝑖𝑞(Δ𝑙0)
𝑇 2

𝑠 𝜏𝑠

𝜋2(2𝑖
2
𝑞,0𝜎𝑙𝑙 + (Δ𝑙0)2𝜎𝑖𝑞𝑖𝑞 + 2𝜎𝑙𝑙𝜎𝑖𝑞𝑖𝑞)

𝑇 2
𝑠 𝜏 2

𝑠

−𝜋𝜎𝑖𝑑𝑖𝑞(Δ𝑙0)
𝑇𝑠𝜏𝑠

0 0

𝜎𝑖𝑑𝑖𝑑

𝑇𝑠

−𝜋𝜎𝑖𝑑𝑖𝑞(Δ𝑙0)
𝑇𝑠𝜏𝑠

𝜎𝑖𝑑𝑖𝑑 0 0

0 0 0 0 0

0 0 0 0 𝜎𝑢𝑑𝑢𝑑

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (7.16)

Σ2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜋2(2𝑖
2
𝑑,0𝜎𝑙𝑙+(Δ𝑙0)2𝜎𝑖𝑑𝑖𝑑+2𝜎𝑙𝑙𝜎𝑖𝑑𝑖𝑑)

𝑇 2
𝑠 𝜏2

𝑠

𝜋𝜎𝑖𝑑𝑖𝑞(−Δ𝑙0)
𝑇 2

𝑠 𝜏𝑠

𝜋𝜎𝑖𝑑𝑖𝑞(−Δ𝑙0)
𝑇𝑠𝜏𝑠

2𝑖𝑑,0𝜋2𝜎𝑙𝑙

𝑇 2
𝑠 𝜏2

𝑠
0

𝜋𝜎𝑖𝑑𝑖𝑞(−Δ𝑙0)
𝑇 2

𝑠 𝜏𝑠

2𝜎𝑖𝑞𝑖𝑞

𝑇 2
𝑠

𝜎𝑖𝑞𝑖𝑞

𝑇𝑠
0 0

𝜋𝜎𝑖𝑑𝑖𝑞(−Δ𝑙0)
𝑇𝑠𝜏𝑠

𝜎𝑖𝑞𝑖𝑞

𝑇𝑠
𝜎𝑖𝑞𝑖𝑞 0 0

2𝑖𝑑,0𝜋2𝜎𝑙𝑙

𝑇 2
𝑠 𝜏2

𝑠
0 0 2𝜋2𝜎𝑙𝑙

𝑇 2
𝑠 𝜏2

𝑠
0

0 0 0 0 𝜎𝑢𝑞𝑢𝑞

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

(7.17)

In the covariance matrices, the parameters Δ𝑙0, 𝑖𝑑,0, and 𝑖𝑞,0 are to be stated by the
statistician. In this case, they are approximated from data as

Δ𝑙0 = 1
𝑁

𝑁∑︁
𝑘=1

𝑙(𝑘 − 1)− 𝑙(𝑘), (7.18)

𝑖𝑑,0 = 1
𝑁

𝑁∑︁
𝑘=0

𝑖𝑑(𝑘), (7.19)

𝑖𝑞,0 = 1
𝑁

𝑁∑︁
𝑘=0

𝑖𝑞(𝑘). (7.20)

The B-GTLS algorithm is utilized to obtain two approximations of the likelihood

𝑞1(𝜃12|𝐷) = 𝒩
(︁
𝜃12, Σ̂12(𝜃12)

)︁
(7.21)

𝑞2(𝜃|𝐷) = 𝒩
(︁
𝜃2, Σ̂(𝜃2)

)︁
, (7.22)
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where the first surrogate likelihood omits the Ψ𝑃 𝑀 parameter due to no utilization
of the parameter in its linear equation. After padding of the first surrogate, the
likelihoods and prior can be combined into a single posterior surrogate distribution

𝑞 (𝜃|𝐷) = 𝒩 (𝜇𝜃, Σ𝜃) . (7.23)

The continuous model of the PMLSM drive based on equations (1.8) is simulated
in MATLAB using the ode45 function with parameters presented in Table 7.1.

Sampling Period 𝑇𝑠 = 50 [𝜇𝑆]
Number of Samples 𝑁 = 10001 [−]
Direct Inductance 𝐿𝑑 = 405 [𝜇𝐻]
Quadrature Inductance 𝐿𝑞 = 665 [𝜇𝐻]
Stator Resistance 𝑅 = 380 [𝑚Ω]
Permanent Magnet Flux Ψ𝑃 𝑀 = 25.94 [𝑚𝑊𝑏]
Pole Pitch 𝜏𝑠 = 30 [𝑚𝑚]
Load Force 𝐹𝐿 = 0 [𝑁 ]
Damping Coefficient 𝐵 = 1 [−]
Mass of the Mover 𝑀 = 1.98 [𝐾𝑔]

Tab. 7.1: PMLSM simulation parameters.

The independent variables, voltages 𝑢𝑑 and 𝑢𝑞, are sampled from normal distri-
bution ⎡⎣𝑢𝑑

𝑢𝑞

⎤⎦ ∼ 𝒩 (0, 10I) . (7.24)

The voltages change with the sample period of 𝑇𝑢 = 17.24 𝑚𝑠, resulting in 𝑁𝑢 = 30
samples.

In order to demonstrate the ability of the B-GTLS algorithm to handle even
extreme noise conditions, we decided to design additive normal noise with an exor-
bitant covariance matrix, resulting in the following noisy measurements

𝜌PMSM ∼ 𝒩

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑖𝑑(𝑘)
𝑖𝑞(𝑘)
𝑢𝑑(𝑘)
𝑢𝑞(𝑘)
𝑙(𝑘)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

12 5 0 0 0
5 12 0 0 0
0 0 0.05 0.03 0
0 0 0.03 0.05 0
0 0 0 0 0.0001

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (7.25)

Figure 7.7 shows the resulting noise free output of simulation and simulated mea-
surements. The figure’s first 0.5 𝑠 shows simulated data and corresponding noisy
measurements used for the identification.
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Fig. 7.7: Comparison of identification and validation data (black) with measure-
ments (blue) and simulation with identified parameters (red), respectively.

The prior distribution is selected as

𝑝(𝜃) = 𝒩
(︁
1.5 𝜃, diag(10−8, 10−8, 10−2, 10−4)

)︁
, (7.26)

where 𝜃 = [𝐿𝑑, 𝐿𝑞, 𝑅, Ψ𝑃 𝑀 ]𝑇 .
The measurements and prior distribution are provided to the PMLSM-RGTLS

algorithm (Algorithm 6), resulting in the following surrogate posterior distributions
and surrogate likelihoods.
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Fig. 7.8: Demonstration of scaled surrogate posterior distributions of the PMLSM
parameters obtained from PMLSM-RGTLS algorithm.

Figure 7.8 shows that the surrogate likelihoods from individual equations provide
both information about the sought-after parameter vector 𝜃, except for the first
surrogate posterior missing information about Ψ𝑃 𝑀 , as was designed. The resulting
posterior combines information from the prior and surrogate likelihoods. While the
noise conditions are extreme, the parameters are close to the actual values.

Utilizing the modus of the surrogate posterior, the MAP estimate 𝜃, simulation
with new input data is done. This time with voltage period 𝑇𝑢 = 10.2 𝑚𝑠, resulting
in voltage 𝑁𝑢 = 50 samples. The simulation using MAP estimate of 𝜃 can be visually
compared with simulation using true parameters 𝜃 in the second half of Figure 7.7.
It is apparent from the figure that the identified parameters sufficiently approximate
the true parameters, as there is no visible difference between the simulations.
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As the identification is recursive, the evolution of the MAP estimate can also be
plotted.
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Fig. 7.9: Evolution of the MAP parameter estimates provided by the PMLSM-
RGTLS algorithm.

Figure 7.9 shows that even with strong, correlated noise, the estimation of the
PMLSM parameters converges to the actual parameters with a growing number of
samples.

The reader can observe that uncertainty plays a significant role in the process
of combining estimates from individual equations. In the 𝐿𝑑 plot of Fig 7.9, the
posterior closely follows 𝜃1 (green line) due to its lower uncertainty compared to 𝜃2

(blue line). This could never be achieved without the uncertainty estimate. The
respective uncertainties are compared in Fig 7.8.
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This numerical example demonstrates successful application of the PMLSM-
RGTLS algorithm for real-time identification of PMLSM parameters. However, it
is important to validate these findings with real data, which is addressed in the
following example.

7.5 Recursive PMLSM Identification
The theoretical experiment proves the viability of the proposed PMLSM-RGTLS
algorithm, and a practical experiment is the next logical step. In this experiment,
we aim to demonstrate the practical implementation of the proposed algorithm. We
will evaluate its performance by applying it to a test scenario similar to that in the
theoretical case.

In this study, we used hardware provided by the Central European Institute of
Technology through the Research and Innovation Centre on Advanced Industrial
Production. The purpose of the innovation center is to deploy multiple testbeds to
provide a testing environment that closely mimics real industrial conditions.

Fig. 7.10: Photo of used linear dynamometer.

One of the testbeds is a dynamometer for an industrial linear actuator, pictured
in Figure 7.10, which allows accurate evaluation of the algorithm’s capabilities un-
der realistic conditions. This dynamometer consists of two linear PMLSM primary
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mover drives on a 5 𝑚 long track; one drive contains the tested motor, which can be
controlled by a National Instruments CompactRIO NI-cRIO-9038, while the other
motor provides either position or force feedback to the tested motor, establishing
safety boundaries or simulating load force. The drives are permanently connected
and must be operated simultaneously. Currently, only one feedback mode can be
used at a time.

Fig. 7.11: Schematic view on used linear dynamometer, the tested and feedback
motors are highlighted in purple and blue, respectively.

The inverter of the tested motor is the Hybrid Kit for HybridPACK™1 by In-
fineon, which consists of the Driver Board 6ED100HP1-FA (a six-channel IGBT
driver) and the HybridPack™1 power module. The logic board from the pack is
replaced with the mentioned CompactRIO.

While this solution provides complete control over the tested motor, it also has
the disadvantage of high nonlinearity in the voltage output of the IGBT power
module at low voltages. Mitigation of this effect necessitates the use of higher
voltage.

The experiment design is identical to the theoretical case, with additional pre-
ventive measures. The main difference is that, in the simulation, the position can
freely deviate from the starting position. In the practical case, the mover should
not move close to the end of the base. This cannot be guaranteed in the load force
feedback mode of the dynamometer; therefore, position feedback is utilized, allowing
sufficient voltage to mitigate the nonlinearity of the IGBT power module. While
the goal of the dynamometer in this feedback mode is to hold the position of both
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motors, the control is not ideal, and the tested motor’s mover still moves. This
effect can be modeled as substantial friction. Since the algorithm does not require
knowledge of the load force, mass of the mover, or friction, this preventive measure
does not pose a problem.

The tested motor, together with the entire dynamometer track, is a proto-
type machine. Its electrical parameters are known only from finite-element method
(FEM) simulations. They may therefore differ from actual parameters. From the
FEM simulations, the values of inductances are dependent on the state of the motor.
The mean over all possible states is selected as the point estimate. The resistance
is accurate for a temperature of 20∘𝐶. All parameters used in the experiment and
its validation are summarized in Table 7.2.

Sampling Period 𝑇𝑠 = 50 [𝜇𝑆]
Number of Samples 𝑁 = 303173 [−]
Direct Inductance 𝐿𝑑 = 405 [𝜇𝐻]
Quadrature Inductance 𝐿𝑞 = 665 [𝜇𝐻]
Stator Resistance 𝑅 = 380 [𝑚Ω]
Permanent Magnet Flux Ψ𝑃 𝑀 = 25.94 [𝑚𝑊𝑏]
Pole Pitch 𝜏𝑠 = 32 [𝑚𝑚]

Tab. 7.2: Tested PMLSM drive parameters based on construction parameters and
FEM simulations.

The independent variables are generated analogously to the previous experiment,
with a sampling period of 𝑇𝑢 = 10𝑚𝑠. Executing the experiment for approximately
15.1𝑠 results in 𝑁 = 303173 data samples. The data is split into two parts: the
identification part (the first 8𝑠 of the data) and the verification part (the remaining
data).

From the data, measurement uncertainty is empirically estimated as

𝜌PMSM ∼ 𝒩

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑖𝑑(𝑘)
𝑖𝑞(𝑘)
𝑢𝑑(𝑘)
𝑢𝑞(𝑘)
𝑙(𝑘)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.3162 0.3700 0 0 0
0.3700 0.3162 0 0 0

0 0 0.1802 0 0
0 0 0 0.1802 0
0 0 0 0 8.4853 · 10−6

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (7.27)

The 𝜎𝑢𝑑𝑢𝑞 parameter does not appear in the noise covariance matrices and is therefore
estimated as 0. Comparing the noise covariance matrix with the previous example
(7.25), current and position uncertainty is considerably lower. This is expected, as
the noise was exaggerated in the theoretical case. Voltage noise, on the other hand,
is more significant. While in the theoretical case, only the switching noise of the
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inverter is considered the primary source of uncertainty, in the practical case, the
noise from the voltage DC-DC converter used as the power source is the prominent
source of voltage noise.

Details of the measured data with approximated 𝜎 intervals are presented in
Figure 7.12.
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Fig. 7.12: Detail of experiment data with 𝜎 intervals.

The prior distribution is selected

𝑝(𝜃) = 𝒩
(︁
𝜃, diag(104, 104, 102, 1)

)︁
, (7.28)

where 𝜃 = [𝐿𝑑, 𝐿𝑞, 𝑅, Ψ𝑃 𝑀 ]𝑇 is the original estimate of the parameters, assembled
from FEM estimations in Table 7.2.
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The PMLSM-RGTLS algorithm (Algorithm 6) receives the synthesized measure-
ments built from the identification part (the first 8𝑠) of the measured data and the
prior distribution as inputs. This process yields the corresponding evolution of the
surrogate posterior MAP and surrogate likelihood MAPs depicted in Figure 7.13.
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Fig. 7.13: Evolution of the MAP parameter estimates provided by the PMLSM-
RGTLS algorithm.

Similar to the previous example, in the 𝐿𝑑 plot shown in Figure 7.13, the posterior
closely follows 𝜃1 (green line) due to its lower uncertainty compared to 𝜃2 (blue line),
which has a higher uncertainty. Similarly, in the 𝐿𝑞 plot, the posterior follows 𝜃2

(blue line).
From Figure 7.13, it is apparent that the 𝐿𝑑 and 𝑅 parameter MAPs converge

close to the parameters estimated by the authors of the tested drive, while the
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MAPs of the 𝐿𝑞 and Ψ𝑃 𝑀 parameters seem to converge to different values. This
discrepancy does not necessarily indicate a fault in the identification process. To
determine which parameter approximation is better, verification is performed.

The differences and relative errors of individual parameters can be compared in
the Table 7.3.

𝐿𝑑 [𝜇𝐻] 𝐿𝑞 [𝜇𝐻] 𝑅 [𝑚Ω] Ψ𝑃 𝑀 [𝑚𝑊𝑏]
Original parameters (𝜃) 405.00 665.00 380.00 25.94
MAP approximation (𝜃𝑀𝐴𝑃 ) 391.42 425.04 361.44 30.43
Relative error ( 𝜃−𝜃𝑀𝐴𝑃

𝜃
100 [%]) 3.35 36.08 4.88 -17.33

Tab. 7.3: Comparison of the original parameters and parameters obtained from
PMLSM-RGTLS algorithm.

To verify the results, simulations with the estimated parameters are executed
and compared with the verification part of the measured data. Analogous to the
previous chapter, simulations are conducted using Matlab’s ode45 solver to solve
the PMLSM state equations (1.8). Since the mechanical parameters (such as the
joint mass of the two movers, damping coefficient, and load force in the case of the
position feedback mode) are unknown, the speed of the mover 𝑣 is estimated from
the data rather than from the simulation. However, only the position is measured.
The Euler approximation Δ𝑙 can be utilized, but the resulting signal is noisy. For
filtration, an angle tracking observer (ATO) improved with a first-order Butterworth
filter from [155] is used. The Laplace transform of ATO’s transfer function is

𝐺(𝑠) =
3𝑃 2𝑠(𝑠 + 𝑃

3 )
(𝑠 + 𝑃 )3 , (7.29)

where 𝑠 is the Laplace variable, and 𝑃 is ATO’s tuning parameter, which is set to
1700. The resulting signals are depicted in Figure 7.14.
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Fig. 7.14: Comparison of euler Δ𝑙 and ATO filtered euler 𝑣ATO mover speed approx-
imations.

The simulation, using the measured voltages, estimated speed 𝑣ATO, and pa-
rameter estimates 𝜃 and 𝜃𝑀𝐴𝑃 , results in 𝑖̂𝑑 and 𝑖̂𝑞 current waveforms. These are
compared with the measured current waveforms 𝑖. The mean squared errors for the
individual parameter estimates are:

𝑀𝑆𝐸𝜃 =
𝑁𝑣∑︁
𝑘=1

(𝑖𝑑(𝑘)− 𝑖̂𝑑(𝑘)|𝜃)2 + (𝑖𝑞(𝑘)− 𝑖̂𝑞(𝑘)|𝜃)2 = 1.2245, (7.30)

𝑀𝑆𝐸𝜃𝑀𝐴𝑃
=

𝑁𝑣∑︁
𝑘=1

(𝑖𝑑(𝑘)− 𝑖̂𝑑(𝑘)|𝜃𝑀𝐴𝑃 )2 + (𝑖𝑞(𝑘)− 𝑖̂𝑞(𝑘)|𝜃𝑀𝐴𝑃 )2 = 0.7481, (7.31)

where 𝑁𝑣 is number of verification samples.
The fact that 𝑀𝑆𝐸𝜃 is considerably larger than 𝑀𝑆𝐸𝜃𝑀𝐴𝑃

shows that the iden-
tification process improved the estimates. This can also be observed visually in
Figure 7.5.
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The identification is successful, demonstrating that the Bayesian Generalized
Total Least Squares is useful, and that the derived PMLSM-RGTLS algorithm is
both effective and applicable under real industrial conditions. The PMLSM-RGTLS
algorithm is designed so that existing GTLS algorithms can be utilized for real-
time implementation. By selecting an appropriate forgetting factor, this algorithm
can accurately track parameters in real time. This concludes the experiment and
validates the approach.
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Conclusion
The main goal of this thesis is an analysis of the errors-in-variables problem from
the Bayesian point of view with a primary goal of proposing a new, EIV-driven view
on PMLSM parameter identification, opening entryway for the derivation of novel
diagnostic and control algorithms. The main advantage of the Bayesian framework
is the incorporation of prior knowledge, resulting in inherent sequential learning.
Probabilistic interpretation allows for expressing uncertainty of not only resulting
parameters but also uncertainty of measurements or lack thereof. Stochastic in-
terpretation of results also allows for the integration of multiple data sources. All
mentioned properties are utilized in this thesis. Additionally, employment of the
Bayesian framework allows for the extension of the results with existing Bayesian
methods, such as Bayesian decision-making, robustness-improving methods, and
various regularization methods. This, however, does not exclude expansions of the
results by utilizing non-statistical methods, as maximum a posteriori (MAP) or
mean estimate can always be utilized as a point estimate.

The thesis provides three main contributions:
I. The main contribution is the proposed Bayesian generalized total least squares

(B-GTLS) framework, allowing for the identification of EIV problems with the arbi-
trary noise covariance matrix. It is shown that under classical EIV assumptions, the
MAP solution is equal to the solution provided by the well-known generalized total
least squares algorithm. This implies that existing, numerically stable, and efficient
algorithms can be used to obtain the MAP solution. The posterior distribution is
an unknown distribution function with unfavorable properties. An analytical equa-
tion providing a normal approximation of the posterior distribution is derived such
that the only required information is the noise covariance and the MAP solution,
which can be provided by the existing algorithms. The B-GTLS framework can,
therefore, be perceived as a statistical extension of the GTLS framework for solving
EIV problems. The mentioned properties of the B-GTLS allow for the derivation of
algorithms suitable for problems with extreme noises, large dimensions, and multiple
sources and, due to support of existing GTLS algorithms, also problems with, E.g.,
slowly varying parameters, zero variance measurements, under-determined systems
and numerically unstable cases while achieving the possibility of implementation in
realtime hardware due to efficient computation and guaranteed numerical stability.
It is also shown that B-GTLS problems with non-singular noise covariance can be
solved by scaling the data such that the noise covariance is the identity matrix. The
simpler B-TLS problem can be solved to obtain a solution, which can be re-scaled
back to the B-GTLS framework. This motivates the second main contribution.

II. A special case of B-GTLS with an scaled identity covariance matrix is an-
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alyzed, resulting in the Bayesian total least squares (B-TLS) framework. Its sim-
pler form allows for additional possibilities stemming from the transformation of
the posterior distribution into the Bingham distribution. This allows, for example,
a graphical representation of the results, sampling from the posterior distribution,
and the derivation of variation approximation of both likelihood and posterior distri-
bution. All other properties are carried over from the B-GTLS framework, meaning
that existing algorithms can also be utilized in this case. This leads to additional
advantages compared to B-GTLS, stemming from the bigger popularity of the TLS
problem and a more comprehensive selection of available algorithms.

III. The B-GTLS framework is utilized for the design of online, recursive algo-
rithm for identification of PMLSM and PMSM parameters. This method does not
require knowledge of the mover mass, load force, and friction coefficient, nor does it
require locking of the rotor or unique design of identification inputs, as is custom-
ary for many identification algorithms. As rapid measurements of the PM(L)SM
are usually available, model error can be neglected and the measurement error is
dominant. This leads to re-casting the identification problem as an EIV problem,
which natively supports assigning uncertainty also to the inputs, in this case, direct
and quadrature voltages, which can be altered due to disturbances of voltage genera-
tion. The PMLSM model is transformed into a linear EIV problem with synthesized
measurements by the moment matching technique. The algorithm is validated on
both simulation and practical experiment. The simulation experiment shows, that
the algorithm converges to the actual parameters even in case of substantial noise.
The practical experiment confirms simulation results and proves applicability in real
industrial conditions.

As an unexpected finding, the shape of the EIV posterior distribution under
the B-TLS formulation recovers previously unrecognized connection with directional
analysis. This connection allows for the utilization of findings from directional statis-
tics to provide graphical and geometrical representation, sampling from the posterior
distribution, and a window for further possible research.

For the B-GTLS and B-TLS, five algorithms are derived in total. Those are
the I. B-RGTLS, the algorithm based on recursive GTLS that provides statistical
results for the general EIV problem; II. the PMLSM-RGTLS algorithm builds upon
B-RGTLS, and allows for recursive online identification of the PM(L)SM parame-
ters; III. the IIL-RTLS algorithm, providing posterior approximation for the EIV
problem with identity covariance assuming prior in form of Bingham distribution;
IV. the Recursive Laplace TLS algorithm, providing posterior approximation for the
EIV problem with identity covariance assuming prior in form of normal distribution
and V. Recursive VB TLS, providing variational posterior approximation for prob-
lems with identity covariance and two measurements. All designed algorithms are
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numerically analyzed, showing fast convergence.
Utilization of the algorithms is further demonstrated by both numerical and

practical experiments, illustrating various ways of posterior parameter uncertainty
utilization.

Existing recursive identification methods supporting errors-in-variables problems
are almost nonexistent, as the recent research of the errors-in-variables methods
usually analyzes only batch identification. The closest work is [156], which formu-
lates a Bayesian view on the maximum likelihood identification of problems with
correlated errors. However, the error covariance is approximated with the Fisher
information matrix, which can be imprecise for a smaller number of samples, as was
demonstrated by an example.

While the work provides numerous novel views and algorithms, there is still
room for further development, improvements, and extensions. Those are mainly the
derivation of improved posterior approximations, implementation of more sophis-
ticated forgetting methods, or extension of the algorithms by decision algorithm,
allowing for storing only essential parts of data. Another possible improvement is to
regularize the algorithm to provide sparse approximates, store only sparse matrices,
or adding support for identification of some parts of the noise covariance matrix.
Furthermore, specialized algorithms can be generated for the identification of var-
ious other models, which could, by their structure, provide additional constraints
and information about the parameters.

The application of the algorithms and findings presented in this study extends
naturally to other domains, such as diagnostics, control systems, model comparison,
mitigation of adverse effects, and decision-making processes.

In conclusion, this doctoral thesis has presented a comprehensive study of the
errors-in-variables and, thanks to appropriate approximations of problematic com-
ponents, results in a practical framework that extends existing GTLS and TLS
methods by providing accurate normal posterior approximations entailing posterior
uncertainty. The practicality of the research is confirmed by the formulation of
recursive algorithms, which, by expanding on existing algorithms, preserves the ad-
vantages of years behind the development of TLS and GTLS methods. Examples
demonstrate the extensive application possibilities opened by proposed algorithms.

PMLSM identification problem is reformulated into an errors-in-variables prob-
lem, and the B-RGTLS algorithm is utilized for real-time PMLSM identification.
B-RGTLS’s ability allows for online adaptation of identified parameters and enables
derivation of novel diagnostic and control methods that incorporate parameter un-
certainty.
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