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Disertacni prace.

Disertatni prace se zabyva celularnimi automaty, zejména jejich schopnosti
modelovat fyzikalni systémy, a zkouma moZznost jejich aplikace v didaktice fyziky.
Nejprve byla provedena reSerSe na dané téma, na jejiz zakladé jsou v praci
prezentovany informace o historii, vlastnostech a klasifikaci celularnich automatt.
Pozornost byla vénovana zejména vlastnosti celularnich automatli generovat
extrémné komplexni chovani, na zakladé velmi jednoduchych pravidel. Této velmi
zajimavé vlastnosti celuldrnich automatli je vyuZito k modelovani nékterych
sloZitych prirodnich systémi, zatimco vlastni popis téchto systémii je realizovan
popisem jednoduchych zakonitosti, kterymi se celularni automat fidi. MoZnost za
komplexni matematicky aparat byla rozpoznana jako prinosem pro didaktiku
fyziky a tvofi vlastni zaklad této prace. Za ucelem podporit a demonstrovat tento
koncept byla vytvorena celd fada modell prirodnich fyzikalnich systémf, jejichZ
popis je vzdy dan pouze jednoduchymi pravidly souvisejictho celularniho
automatu. Nakonec, za ticelem dale demonstrovat potencidl celuldrnich automati
v didaktice fyziky, jsou v praci predstaveny vysledky soucasného vyzkumu
voblasti fyziky dopravy, vjehoZ kontextu je vpraci zdliraznéna schopnost
celularnich automatli jednoduSe popsat systém, ktery jesté nebyl do detailu

poznan, a jeZ je v soucasnosti pfedmétem vyzkumu.
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Dissertation thesis.

This thesis deals with the problem of cellular automata, especially with their ability
to model physical systems, and explores their potential in didactics of physics. In
order to understand the concept in detail, research on the topic was conducted,
and based on this research, compiled information about the history, classification,
function and typology of cellular automata is presented. Special focus was given to
study the remarkable property of cellular automata to exhibit even the most
complex behavior, while following only very basic and simple rules. This very
special property of cellular automata is utilized to model some of the most complex
systems occurring in nature, while the description of the system itself is still being
given only by the basic rule set of the underlying cellular automaton. The ability to
study such complex systems, while not having to rely on complex mathematics is
understood to have a great potential in didactics of physics and is the fundament of
this thesis. To support the presented concept, several models of highly complex
physical systems are presented in this thesis while their rule-based description is
always delivered in a simple sentence, or by utilizing only elementary visual
schematics. Finally, to further highlight the potential of cellular automata in
didactics of physics, some of the very recent research on physics of traffic is
presented to highlight the remarkable ability of cellular automata to describe even

not yet fully understood systems where scientific research is still ongoing.

Keywords
Cellular automata, didactics of physics, complex system modeling, system
dynamics, freeway traffic, traffic gas models, Excel based modeling, number

variance, super-chaotic statistics.



Contents

008 06 L1 U 0 (o) o 1PN 7
1. Cellular automata description and hiStory ... 8
1.1  Description of cellular automata......ni i ———— 9
1.2 History of cellular automata ... ssenens 15
1.3  Classification, types and application of cellular automata.........ccccusurreruenne 21
1.3.1 Classification of cellular automata ..., 21
1.3.2 Typesand application of cellular automata........coumunmrnsrnnesnesnerssresnnenn, 23

2. Modelling of physical systems using cellular automata .........ccoeevmeinenerinerinernnnns 28
2.1  Randomness in nature and cellular automata ... 29
2.1.1  Environmentinduced randomness.......mmnn 31
2.1.2 Randomness induced by initial conditions........ccmiiisiniinisenninenns 32
2.1.3 Randomness intrinsically generated by a system.......oevniineinen, 34

2.2  Continuity and discreteness in nature and cellular automata.........ccccouc... 37
2.3 Computational equivalence of natural and artificial systems........cccccou.e. 44

3. Potential of cellular automata in didactics of physics ..., 50
3.1  Cellular automaton approach to model fluid flow ..., 53
3.1.1 Introduction to fluid floW.......comnnn 53
3.1.2  Fluid flow simulation cellular automaton ... 55

4, Pilot didactical purpose cellular automaton models ... 59
4.1  Microsoft Excel as a cellular automaton programming interface .............. 59
4.2 ANESIMUIATOT .o 61
4.2.1  Introduction t0 ants ... ————————— 61
4.2.2 Antsimulation cellular automaton ... ——— 63
4.2.3  Examples of interesting ant simulator dynamics patterns..........c......... 67

4.3 FlocKing SIMUIAtor ... s ssssnens 73



4.3.1 Introduction to flocking and swarm formation..........n.. 74

4.3.2  Flocking simulation cellular automaton ... 74
4.3.3  Examples of interesting flocking simulator dynamics patterns............ 77
44  Freeway traffic SIMulator.... s 80
4.4.1 Introduction to traffic flow modelling ..., 80
4.4.2 Nagel-Schreckenberg model cellular automaton ... 81

443 Examples of interesting freeway traffic simulator dynamics patterns

83

45  Further simulator ideas and potential in didactics of other school subjects

88
4.5.1 Nuclear reaction Simulation ... ———— 88
4,5.2  Lightning strike sSIMulator ... 90
4.5.3  Simulation of water boiling........cmm i —————— 92
4,54  Crystallization of water and snowflake formation.......n. 93
4.5.5  Fur pattern formation ... s 95
4.5.6  Diffusion-limited aggregation ... 96
4.5.7 Cellular automata in didactics of computer science........oumeeseennens 97
Cellular automata and the physics of trafficC......iiiiis 99

51  Quantitative analysis of probabilistic dependencies in a thermal balanced

EFAFTIC GAS orveeeeeer e 100
5.1.1  Model deSCription ... 101

5.1.2 Mathematical tools for quantitative analysis of probabilistic

AEPENAEINCIES. ..ot bR 105
5.1.2.1  Pearson’s correlation coefficient.......ninn, 106
5.1.2.2  NUMDET VArIANCE ..cvreerercerirrersesisss s ssssssss s ssssssssssssans 108
5.1.2.3  Convolution perturbance ..., 109

5.1.3 Potential in didactics of phySiCS ... 111



52  Traffic Flow Merging - Statistical and Numerical modeling of

IMNICTOSEIUCTUTE. ..ot s e s b s b 113
5.2.1 Classical approach to traffic merging.......cm.., 114

5.2.2 Empirical observations of traffic merging and their statistical

INEEIPIrEtAtiONS. oo 115
5.2.2.1  Origin of the data..... 115
5.2.2.2  Macroscopic characteristics of a traffic merging systems............ 117
5.2.2.3  Microscopic characteristics of a traffic merging systems............. 119
5.2.2.4  Modeling traffic merging by utilizing a cellular automaton......... 124

5.3  Super-chaotic statistics in traffic flow.......e, 130

5.3.1  Origin of the data....... 130

5.3.2  The difference between the fast and the slow lane .......cccouununrnnnnee. 133

5.3.3  Number variance of traffic flow ..., 138

(000 1 7od 11 13 o) o F00 T 142

Bibliography ... e 143



Introduction

The ability to teach well has been a challenge ever since John Amos Comenius and
Wolfgang Ratke placed the very first fundaments of what we today call didactics.
This is especially true when one is concerned with teaching natural science,
physics in particular. Traditionally, a mathematical approach to didactics of
physics has been adopted for many years with great success. However successful
this approach might be if applied in general, there still are systems in physics,
which can’t be easily addressed with this current approach, as the related
mathematics is simply too complex. The aim of this thesis is to introduce a new
kind of description mechanism for these systems, which could serve as a
complementary didactical tool to the currently adopted mathematical approach.
This description mechanism is based on cellular automata, especially their
property to generate or mimic complex behavior. First of all, a general description
of cellular automata will be given and a simple example of how a cellular
automaton works will be presented. A brief history of the concept will be discussed
to introduce how cellular automata were invented. After that, the potential of
cellular automata in didactics of physics will be discussed in detail and several
cellular-automaton-based models of physical systems will be explored. Each of
these physical systems which will be modeled are especially difficult to
educationally address through the standard mathematical approach to highlight
the potential benefits of the cellular automaton approach. Finally, several models
from current research on physics of traffic will be discussed to highlight, that the
very same tools that can be utilized for the description of standard school subjects
in didactics of physics can be in fact used to address not yet known and understood
physical phenomena, further highlighting the potential of cellular automata in

didactics of physics.



1. Cellular automata description and history

A cellular automaton is a mathematical idealization of a physical system, where
space and time are discrete, and where all physical quantities can take only a finite
set of discrete values [1]. It represents a discrete model of computation. A cellular
automaton consists of a regular uniform grid (or array) of cells (usually infinite in
extend), each of which have a finite number of possible states described by a
discrete variable. The grid itself, can have any non-infinitive number of
dimensions. For each of the cells, a set of cells called “neighborhood” exists
(typically, the neighborhood is the cell itself together with cells directly adjacent to
it). The state of the cellular automaton at any point in time is defined by the
individual discrete values of each cell. An initial state (the state of the cellular
automat at time zero) is created by assigning a discrete variable to each cell. A
cellular automaton evolves in discrete time steps, where a new configuration of the
cells is acquired by a simultaneous update of all cell states based on the values of
variables of cells in their neighborhood, and based on a definite set of rules
(typically mathematical functions) [1], [2]. Cellular automata can simulate a variety
of real-world systems. The have found application in biology, physics,
mathematics, social science, philosophy, computer science, art, technology,
artificial intelligence and artificial life, catastrophe theory, chaos theory,
complexity theory, cybernetics, dynamical system theory, evolution theory,
nanotechnology, nonlinear dynamics, self-organization, statistical mechanics,

traffic modeling and many others.
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Picture 1. State transition chart of a general cellular automaton [2].




1.1 Description of cellular automata

Before moving to a more detailed discussion about cellular automata, their
classification and their properties, let us describe and demonstrate on a simple
cellular automaton example what basic terms apply and what properties and
behavior a cellular automaton may exhibit. For this purpose, we have chosen a one
dimensional, two states cellular automaton (the rule 254 automaton described in
[3]). This automaton lives in a universe represented by a line of cells, which
stretches indefinitely in both directions (left and right). Each cell can have only one
of two possible states (discrete numeric state represented by either “1” or “0”, or
for better imagination by black and white color). Each cell has a neighborhood
(simply the directly adjacent left and right cell, see picture 2). At time (t = 0), a
state is assigned to each cell in the universe (in our example, only one cell will be
black, all the others will be white). A set of definite rules describe, how a cell state
can change with each step (what the new color of the cell will be) based on the
colors of the cell’s neighborhood. For this specific case, the rule specifies (see
picture 3) that a cell should be black in the next step, if the cell itself, or either of its
neighbors is black in the previous step. In total, there are 8 different rules (8
possible transition possibilities) which can be listed in a look up table (this applies
in general - all rules for each possible cellular automaton, no matter the complexity
can be listed in a look up table, it is just more compact to define a sentence or a
mathematical function, which can describe many possible states at once). A general
feature of cellular automata is, that for most of them their evolution can be
displayed in a visual way. In fact, for simple cellular automata (like the one in this
example), not even a computer is necessary and a sheet of graph paper is
sufficient. The graphical representation of the behavior of the first example cellular
automat (rule 254) can be seen in picture 4. As you can see, starting from a single

black cell and applying rule 254 results in a simple growing pattern.

Picture 2. Graphical example a cells (visualized black) “neighborhood” (red colored

cells) [3].
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Picture 3. Graphical representation of the rule set (rule 254) used in the first

example. A cell will have a black color in its next generation, if and only if it is black
in the previous generation or at least one of its neighbors is black in the previous

generation [3].

step 1:

step 2:

step 3:

step 4:

step &:

step 6:

step 7:

step 8:

step 9:

step 10:

Picture 4. The first 10 steps of evolution of the first example cellular automaton

(rule 254). The evolution exhibits a simple growth pattern. [3].

As a next example, let us investigate what happens, if we slightly modify the rule
set. Let's say as a new rule, black cells for which both neighborhood cells have
white color, will now be white instead of black in the next generation. The
graphical representation of the rule modification can be seen in picture 5. As can
be seen, even the initial conditions remained the same (still starting from a single
black cell), just a slight modification of the cellular automaton rule results into a
completely different pattern. Instead of a growing pattern, the new rule leads to a
checkboard pattern, although the pattern again is very simple (see picture 6). One
could come to the conclusion, that for such an easy automaton (only one
dimensional and a maximum of 8 rules), all possible patterns which can be
generated will be very simple, but surprisingly this is not the case. Let us consider

yet another example. The rule set for this third example states, that a cell should be
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black in the next generation if and only if one of the neighbor cells (but not both) is
black in the previous generation. Again, the rule set is very simple, but the pattern
the automaton now exhibits is not simple anymore (see picture 7 and picture 8). It
seems, that the new rule (rule 90 as described in [3]) generates a pattern
containing self-similar nested structures, with the overall pattern being much like
a fractal. But even the pattern is not as simple as patterns from rule 254 and 250, it
still is highly regular when observed on a larger scale. As a last example, let us
explore, whether it is possible to generate even a more complex pattern,
containing no, or only limited regularities. One could assume, that due to the
simplicity of the underlying rules, the cellular automaton could never exhibit
complex behavior, however this can be proven wrong. Some of the rules (rule 30 in
particular), show very complex behavior. Rule 30 can be summarized as follows. If
a cell and its right neighbor are white in the previous step, the cell will have the
same color as the left neighbor in the previous step. Otherwise, it will have the
opposite color. For better imagination, see picture 8 where rule 30 is visualized.
The pattern generated by rule 30 can be observed in picture 10 (small scale) and
picture 11 large scale. The remarkable complexity of the emerging pattern is
fascinating. Also, it is unclear where such an irregularity and complexity comes
from. The automaton started, as all the other examples, from a single black cell,
and the underlying rules were also very simple. Yet, it could produce this
extremely complex pattern. This is a fundamental phenomenon common to all
cellular automata and is both strange as well as fascinating. The fact that even the
underlying rules of a system (doesn’t matter whether it is a cellular automaton or a
natural system) are very simple and even though the starting conditions of that
system are very simple, the system is still capable of producing behavior of
extreme complexity. Nobody knows where this complexity comes from. I believe
that it is possible to take advantage of this fact (without going deeper into detail of
origin of the complexity) and utilize it to describe some of the most complex
systems occurring in nature just by finding the underlying rules, without having to
rely on complex mathematical descriptions. This possibility to describe a system
without having to apply hard mathematical rigor can be advantageous in didactics,

as it can open a completely new universe to students which do not have deep
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knowledge of mathematics, but yet would like to investigate the fascinating beauty

of these complex natural systems.
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Picture 5. Graphical representation of the updated rule set (rule 250). The
difference between the original rule set (rule 254 top row) and the new rule set

(250 bottom row) is highlighted in red [3].

step 1:

step 2:

step 3:

step 4:

step &:

step 6:

step 7:

step 8:

step 9:

step 10:

Picture 6. The first 10 steps of evolution of the modified rule example cellular

automaton (rule 250). The evolution exhibits a checkboard pattern [3].
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Picture 7. The result pattern of the rule 90 automaton displayed on a small-scale

grid. The pattern is no longer simple and contains interesting triangle like nested

structures [3].

Picture 8. The result pattern of the rule 90 automaton displayed on a larger scale

grid. The automaton exhibits a regular fractal like pattern [3].
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Picture 9. Graphical representation of the final rule set (rule 30) [3].
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Picture 10. The result pattern of the rule 30 automaton displayed on a small-scale

grid. The pattern shows almost no overall regularity and seems random
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Picture 11. The result pattern of the rule 30 automaton displayed on a larger scale
grid. The pattern is a result of five hundred automaton steps. The asymmetry of the
left and right side of the pattern is a direct consequence of the asymmetry of the

underlying rule set.

1.2 History of cellular automata

The history of cellular automata began at the Los Alamos National Laboratory
(famous laboratory in the US, well known for its role in the Manhattan Project and

World War II) in the late 1940’s, and is closely related to the names Stanislaw Ulam
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(1909-1984) and John von Neumann (1903-1957). Ulam was a mathematician,
especially known for his contribution to pure and applied mathematics (set theory,
topology, projective algebra, graph theory and combinatorics), famous for
inventing the Monte Carlo computation method as well as coinventing the
hydrogen bomb (together with Edward Teller). Von Neumann was a physicist,
computer scientist and mathematician (probably one of the best mathematicians of
his time, who integrated both pure and applied science [4]). He made extensive
contributions in many fields, including physics (quantum mechanics,
hydrodynamics, statistical mechanics), economics (game theory), computer
science (Von Neuman architecture, stochastic computing) and mathematics
(operator algebra, geometry, topology, set theory). Together with Herman
Goldstein he designed the architecture of first electronic computers.

In the late 1940’s, one of the questions that John von Neumann was concerned
with was the “concept of complication”. In one of his papers [5] he pointed out, that
while it is tempting to expect that when an automaton performs a certain
operation, this operation must have a lower degree of complication then the
automaton itself, thus if an automaton would have the ability of constructing
another automaton, which again could construct another automaton, this
construction sequence would show a complexity degeneration tendency. This
however is in contradiction to what can be seen in nature. Living organisms can
reproduce themselves without any decrease in complexity. On the top of that,
enduring evolution makes the complexity of living organisms even grow. Could it
be possible for a machine to produce another machine as complicated as itself? To
answer this question, von Neuman suggested an automat consisting of a relatively
low number of standardized parts, each of which has a specific function. This
“catalogue” of parts is defined to be able to permit construction of wide variety of
functions and mechanisms, to have sufficient axiomatic rigor to answer the
question. Von Neuman was wondering, whether there exists an aggregate out of
such parts, which, placed in a reservoir full of parts, could build other aggregates
out of these parts, which are exactly same as the original one. Through applying
Turing’s theory of computing automata (Turing was a famous English logician, who
could prove that a completely general description of any automata can be given in

a finite number of words [6]), von Neumann was able to prove that building of
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such an aggregate is feasible, the same way as it is feasible to build a completely
general computation automat [5]. However, as much as it was theoretically
possible to build such an aggregate of parts, the difficulty to actually build the
aggregate, and the complexity and costs of a reservoir full of floating parts
hindered von Neumann from actually building such an aggregate and reservoir to
make his proof convincing [7]. Here is, where Ulam (who was working with von
Neuman at the Los Alamos National Laboratory, and who may have already
considered independently the same problem) suggested in 1951 to use a discrete
system of cells, each of which could hold a finite number of states (representing
individual machine parts), and each of which would have a finite number of
connections to its neighbor cells. The state of the neighbors at time t(n) would
induce in a certain way the state of the cell in time t(n + 1). Utilizing this concept,
von Neuman was able to introduce in 1952 a description of the first self-
reproducing cellular automaton. It was based on a two-dimensional lattice of cells,
each of which had only a small neighborhood (only cell which touch are considered
neighbors) and which could hold 29 different states. Von Neumann gave a proof,
that a certain configuration could self-reproduce by designing a 200000-cell
automat that could do so [3], [8]. This design is called von Neumann'’s universal

constructor (see picture 13).

Picture 12. John von Neumann'’s and Stanislaw Ulam'’s photos from their Los

Alamos ID batch. [9], [10]
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Picture 13. John von Neumann'’s universal constructor on a sheet of paper. [11]

Interesting is, that John von Neumann never published his findings. It seems, that
once he solved the problem, he moved on to other thinks. Considering Ulam’s and
von Neumann’s contribution to the invention of cellular automata, one can say,
that the “cellular” portion comes from Ulam, and the “automata” portion from von
Neumann [7].

In the 1960s, most of the scientific research on cellular automata was related to
capturing the essence of self-reproduction by studying mathematical properties of
cellular automata, and even more simple self-reproducing cellular automata were
found. Also, it was found out, that cellular automata could be considered parallel
computers, and detailed research (often similar to research on Turing machines)
was conducted in this field [3]. At the end of 1960s, cellular automata were studied
as a certain type of dynamic systems [12]. Although at that point in time, even
though general-purpose computers could have been used to run cellular automata,
they were mostly used for studding more traditional systems like partial
differential equations. However, there were exceptions. Stanislaw Ulam used
computers to produce what he called “recursively defined geometrical objects”,
which were in fact objects evolving from black cells of simple 2D cellular automata.
Ulam discovered, that very simple rules could generate a very complex pattern,

and mentioned that this could have implications relevant to biology [3]. Another
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exception, and also a big event in the history of cellular automata was the
discovery of a simple set of rules by John Conway, which he called “The Game of
Life” and which can exhibit a wide range of complex behavior. The Game of Life
went widely known in the early computing community thanks to Martin Gardener,
which published its rules in a Scientific American article [13]. The rules of the
game are remarkably simple. There is a universe consisting of a two-dimensional
grid of square cells, which can have only one of two possible states - life or dead
(or present and non-present). Every cell has its so called “neighborhood”, which
consists of cells which are directly adjacent to it (vertically, horizontally or
diagonally). The game evolves in discrete steps in time following 3 simple rules

(which Conway called “genetic laws”):

1) Survivals. Every alive cell with two or three alive neighbors survives for

the next generation.

2) Deaths. Every alive cell with four or more neighbors dies from
overpopulation, every alive cell with one or zero neighbors dies from

isolation.

3) Births. Every dead cell which has exactly three alive neighbors comes into

life.

Very important is, that all the births and deaths need to happen simultaneously.
They form a single generation, a single “move” in the game of life [13].

Even though the rules are quite simple, the possible evolution of individual
patterns can be extremely complex. Some initial configurations, lead to emergence
of complicated macroscopic patterns, other lead to spontaneous self-organization.
There are configurations which will evolve chaotic behavior. Some configurations
lead to formation of a universal constructor. Theoretically, any Turing machine can
be formed through the game of life, as it is computationally universal [14], [15]. As
an example, game of life can simulate a counter, it is possible to construct logic
gates (like OR, AND, NOT, XOR). In fact, several programable computer

architectures were implemented in the game of life [16]. It is even possible to
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implement the famous Tetris game in game of life [17]. As can be seen, the game
attracted a lot of attention through popularization by Martin Gardener, and
extensive effort was put in finding specific initial conditions, that could show
interesting behavior, however no real systematic scientific research was
conducted, as the topic was more or less treated as recreation [3]. There was,
however, also a completely opposite direction of thinking, taking cellular automata

far more seriously.
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Picture 14. Example of some basic patterns from Conway’s Game of Life. Some
patterns just stay still, others move or blink. A combination of multiple patters may

behave extremely complex [18].

Starting in 1969 with Konrad Suze (inventor of the first working computer - the
2.3), who published his book Calculating Space [19], [20]. In his book he suggested,
that the physical laws of the universe are discrete, and that basically all processes
in the universe and even the universe itself could be an output of a deterministic
computation of a giant cellular automaton [21]. Independently of Suze, Edward
Fredkin also suggested that the Universe itself could be some sort of a highly
parallel computational device, similar to a cellular automaton [22]. This was the
foundation of a view today known as the simulation hypothesis,

pancomputationalism and digital physics, which states that the whole universe,

20



inclusive earth and everything else, could in fact be a computer simulation [23],
[21].

In 1981, Steven Wolfram began working on cellular automata. Wolfram was asking
himself, why is it that complex patterns could arise in nature - apparently violating
the second law of thermodynamics [3]. Wolfram published his first paper
investigating cellular automata (rule 30 in particular) in 1983 [1]. In this paper, he
already discussed in raw form several core ideas, that later lead to formulation of
what Wolfram himself called “a new kind of science”, especially the idea that
instead of using mathematical equations (a traditional approach to science),
complex phenomena can be reproduced by simple cellular automata models.
Twenty years later, Steven Wolfram published his life work in a book. Wolfram
argues, that cellular automata have significance in all disciplines of science
inclusive physics, and that sufficiently complicated automata could be capable of
simulating any physical system, supposing there is an appropriate input and
sufficient computational time. And exactly this approach (to use a cellular
automaton instead of mathematical equations) to describe a physical system is the
very fundament of this thesis. The approach to describe a (sometimes very)
complex system, just by a simple set of rules of a cellular automaton, instead of
hard mathematical rigor is of indisputable value in the didactics of physics, as it
makes these systems available for study even for first grade and second grade

students.

1.3 Classification, types and application of cellular automata

1.3.1 Classification of cellular automata

Even though the behavior and properties of cellular automata vary significantly
(based on their underlaying rules and initial configuration conditions), and the
individual patterns yield by individual cellular automata always differ one from
another, still the number of essentially different types of patterns is limited [3].
This was discovered by Steven Wolfram after he observed thousands and
thousands of unique cellular automaton pattern evolutions. Wolfram argues, that

based on the behavior and complexity of the observed patterns, almost all cellular
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automata can be assigned to one of four basic classes. These classes are numbered

1-4, based on their growing complexity [3]:

e C(lass 1 - The cellular automaton behavior is very simple, and almost all
initial configurations lead to a stable uniform final configuration, even if the

initial configuration is random.

e C(lass 2 - The cellular automaton behavior is simple. Initial configurations
may evolve into many different final configurations, but all of them are built
just from a set of simple structures which either last forever, or repeat itself

after only a small number of steps.

e C(Class 3 - The cellular automation behavior is complicated. Initial
configurations seem to evolve randomly or chaotically. Although small-scale
structures always seem to form at certain steps, they later are consumed by

the surrounding chaos.

e C(lass 4 - The cellular automaton behavior is complex. Initial configurations
evolve in a mix of order and chaos. Simple local structures emerge and
move around to interact with other local structures in a very complex way.

Cellular automaton may be capable of universal computation.

Although there are some cellular automata, which can’t be classified by this
system (based on their properties, they may fall into several of the above-
mentioned classes and are not clearly distinguishable), they remain more or less a
quite unusual specialty as most of the cellular automata behavior falls into one of
the four mentioned classes [3]. Interesting is to consider the overall activity of
individual cellular automata classes. One would assume, that the activity of the
cellular automaton is proportional to its complexity. However, this is not always
the case. It is no surprise, that for class 1 and class 2 automata, the activity quickly
slows down to states, where activity is no longer present. Highest activity is
(counterintuitively) present in class 3 automata, and not in class 4. The reason for

this is, that class 3 automata seem to have a lot of cells changing at every step. This
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allows for maintaining a high degree of activity forever. Class 4 cellular
automatons in contrary, are somewhere in the middle. They do not settle down
like class 2 automata, so the activity does not cease to exist, but they also cannot
maintain the high level of activity seen in class 3. This seems to be a general

characteristic, seen for example also in other types of cellular automata [3].

1.3.2 Types and application of cellular automata

Cellular automata can be also categorized according the rule logic they follow [2].
This of course makes it possible to define many custom categories - based on
which subset of rule features the cellular automata share. Therefore, it is difficult

to obtain a complete list of cellular automata types. The most famous types include

[2]:

e Linear cellular automata - these automata utilize XOR logic. If cellular
automaton rules contain only XOR logic (in general an affine transform of
the type x — x@c where @ represents the exclusive or as a generalization
of addition in vector space or cellular automaton state space), and if these
rules apply to every cell of the cellular automaton, then the automaton can
be considered a linear cellular automaton. Typical applications of linear
cellular automata include studies in graph theory, -cryptographic

applications and VLSI design and test [2], [24], [25].

e Complement cellular automata - these automata utilize XNOR logic
(inversion of the above mentioned modulo-2 logic). The rule needs to apply

to all cells of the automaton. Typically, it is utilized in cryptography [26].

e Additive cellular automata - these automata utilize a combination of the
above mentioned XOR and XNOR logic. Their typical applications include
VLSI design and testing, bit error correction, fault diagnosis, data
encryption, image processing, and in many other real-life problems like. [2],

[26], [27], [28].
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Non-linear cellular automata - in general utilize the AND/OR/NOT logic

and are usually powerful pattern recognizers [2].

Uniform cellular automata - If all cells follow the same rule, the

automaton is considered uniform [2].

Hybrid cellular automata - these automata are the opposite of uniform
automata. If the automaton cells obey different rules, the automaton is
considered hybrid. Typically, they are utilized in cryptography, but have
many other applications including idealization of real physical systems like
fluid dynamics, plasma physics, crystal growth, chemical systems,

economics or traffic flow systems [29].

Null boundary and periodic boundary cellular automata - If in a one-
dimensional cellular automaton both first and last cell are considered
neighbors, the automaton is considered a periodic boundary automaton. It
the opposite case is considered a null boundary automaton. It needs to be
mentioned, that this condition applies in any finite number of dimensions.
Typical applications include pattern recognition, pattern generation and

fault diagnosis [30].

Programable cellular automata - If a cellular automation contains some
control logic, or some control signals, it is considered programable. Based
on the control signal state (which can dynamically change during the
automations runtime), the automaton behavior can be directly controlled.
Typically, such an automaton is utilized in parallel computing and parallel

computer design [2].

Reversible cellular automata - A cellular automation is considered
reversible, if it can at any state return to its initial conditions. In these types
of automata also reverse iteration is possible. Typically, the automaton has

arule for a standard step t = ¢ + 1, and it has also a reverse rule to that rule
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used for a backward step t =t — 1. In such a case, the automaton can

eventually reach its initial state ¢ = 0. Usual applications are related to

cryptography [31].

o Fuzzy cellular automata - These automata utilize fuzzy logic. They are
capable of pattern recognition and pattern classification. Their fundamental
advantage is their ability to handle not only binary patterns, but also multi-

cell state patterns including any rational number in (0,1) [32].

As can be seen, the typology of cellular automata is wide, and so is the range of
application, ranging from physics and mathematics through computer science and
cryptography up to biology, material technology and traffic modeling and even up
to philosophy and social science. The most famous and most utilized applications

however can be summarized into the following four categories [3], [2]:

a) Parallel computing application category of cellular automata

In machine and computer design, after initial proof of concept prototypes,
utilization of cellular automata was standardized already from the early 1980s.
Typical application in computer and machine design include sorting machines,
parallel multipliers, prime number sieves and parallel processors. Other
applications consider cellular automata as fault resistant computing machines. For
pattern recognition and image processing, two-dimensional cellular automata
were put to a good use as well. A very interesting utilization of cellular automata
are complex system simulators, which are based on high degree parallelism
capability, which can lead to several orders magnitude higher simulation
performance then standard computational systems, while still working at
comparable costs. Also, cellular automaton based self-replicating structures can be

used to solve NP-complete problems [2].
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b) Physical, biological and chemical system modeling

A second major category of cellular automata utilization is the modeling of physical
or biological systems, as an alternative approach to standard differential equations
which are traditionally used for this purpose. Physical systems, where this
approach was especially successful were all sort of systems where pattern
formation occurs. The most prominent systems among them include modeling of
hydrodynamical systems, diffusion systems, spin systems, and diverse forms of
regular, dendritic or random growth pattern systems. Cellular automata are also
utilized heavily in chemical system modeling, for example investigation on
absorption and desorption phenomena, heterogenous catalysis, various diffusion
systems modeling, solidification process and also phase transformation and alloy
formation processes [2]. Although the modeling capabilities of cellular automata
are undisputed (a throughout investigation on how deep cellular automation
models can reflect physical reality will be delivered in the next chapter), no
rigorous attempts were ever made to investigate their capabilities in didactics, as
cellular automata themselves always remained a topic of scientific investigation, or

were utilized as a scientific modeling or engineering application tools.

c) VLSI design and testing

A major application category of cellular automata is also VLSI design (very large-
scale integration design - integrated circuit design). Typical use cases of cellular
automata in VLSI design include implementation of multi-stage noise shaping
cascades utilized in various VLSI application (whenever a parallel generation of
random analog vectors is required), including analog encryption, secure
communication, self-tests, stochastic neural networks and simulated annealing

optimalization in machine learning [2].

d) Pattern recognition

The fourth and last major category of cellular automata application is related to

pattern recognition. The solution is based on a syntactic evaluation approach,
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where a finite cellular automaton works as a so called “language acceptor”, where
the initial configuration of the automaton is defined by an input string, and the
acceptance of the input string is represented by a machine halt in a specific
condition (specific automaton state). By acceptance or rejection of certain input
strings, the automaton can be trained to recognize patterns. It is a fundamental
approach in machine learning and now popularized in neural-network-approach-

based pattern recognizers [2].

27



2. Modelling of physical systems using cellular

automata

In the previous chapters a brief description and classification of cellular automata
was given. It was shown that cellular automata found application in many fields.
For a complete picture, also a historical context was provided. It was as well
proven on a simple example, that such an elementary algorithm indeed can
produce behavior of great complexity. But is the simple fact that cellular automata
can produce complex behavior enough to make the conclusion they can also model
physical systems or physical reality? This chapter will explore to what extend the
behavior of cellular automata is similar to the behavior seen in nature, and will
show that the very same fundamental concepts, that make natural systems behave
as they do can in fact be found also in cellular automata. To see that there might be
a common principle working in nature and in cellular automata, one can just have
a look on the pictures of natural systems and pictures of simple program outputs
described in [3]. When the detailed level structure is compared, there are
obviously differences, but once both systems are observed from an overall level it
is immediately visible that there are surprising similarities. As highlighted in [3], it
is astonishing how often cellular automata show behavior that is almost identical
to what can be seen in nature. That can’t be a coincidence. It is suspected [3] that
there might be a deep correspondence between cellular automata and natural
systems, much deeper than a plain visual similarity. That is not only the case when
natural systems and cellular automata are compared. The similarities apply also
when two independent natural systems are compared. And although individual
systems may be (and usually are) build up from completely different physical,
biological or chemical components, their overall behavioral patterns are
remarkably similar. This suggests, that a certain universality exists which is
independent on the underlying rules, and that principally it does not matter
whether the components of a system are real molecules or idealized cells [3]. It is
this universality that makes cellular automata so much suitable as a tool in
didactics of physics, as they do not merely reproduce natural patterns without a

deeper context to the studied system. Instead, it directly touches the (highly
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abstract) fundaments of the system itself, but in a neat sandbox-like framework of
simple rules, easily explainable to a student by plain words and traditional
sentences. In its essence it is similar to mathematics heavily utilized in didactics of
physics. Both tools (from didactical perspective) utilize a certain language as the
building block of the interface between the student and the studied matter. But
while mathematics uses formal language, the cellular automaton concept can
utilize natural language, which I believe is (especially for basic or secondary school
education) a major benefit. Obviously, when not considering the didactical aspect,
the formal language of mathematics (besides some of its known issues [33]) is in
many respects superior to almost all know tools to scientifically address a studied
topic, however when the didactical aspect is taken into consideration, most of the
students will not appreciate the high level of abstraction the mathematical
axiomatic system is able to provide and in most cases in our current approach in
didactics of physics, equation and formulas are memorized in a repetitive learning
ritual rather than throughout studied to establish a deeper understanding of the
fundamental underlying principles in the universe on the most abstract level. This
chapter intends to highlight some of the basic phenomena seen in nature and show
that they have a counterpart in cellular automata, to highlight the immense

potential of cellular automata in modeling physical systems.

2.1 Randomness in nature and cellular automata

One of the fundamental phenomena seen in nature is randomness. There are many
systems in nature exhibiting at least at some degree randomness and as seen in
one of the examples in the previous chapters, cellular automata are perfectly
capable of exhibiting such randomness too. Essentially, there are three main
mechanisms how to introduce randomness to a system. First of all, randomness
can be introduced to a system as part of its underlying rules. In case of a cellular
automaton, this would correspond to an automaton rule choosing a cell color by
random, in case of a natural system it would correspond to a random external
environment continuously affecting the system [3]. A schematic representation in

form of a cellular automat can be found in picture 15 (a). A second possibility how
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to introduce randomness to a system is to set it up in the initial configuration of
the system. For a cellular automaton this could mean that the initial cell states of
such an automaton are chosen randomly, but the rules the automaton will later
follow do not involve randomness anymore. A similar concept applies also for a
natural system. In this case, all the randomness in the system is a function of the
randomness already present in the systems initial configuration. The concept is
presented in picture 15 (b). Both the first and the second mechanism assume, that
initially there is no randomness present in the system and that it is introduced
from the outside of the system (either initially, or continuously). In both cases, no
conclusion can be made about the real origin of the randomness. There is a third
possible mechanism of how randomness can enter a system, and it is in fact
responsible for the majority of randomness seen in natural systems. The
randomness can simply emerge as a product of individual system parts interaction
as shown in picture 15 (c). This emergence is a fundamental property of complex
systems and both natural systems as well as cellular automata are known to show
emergence occurrence as their inherent aspect [34]. This shows a deep
correspondence between natural systems and cellular automata, which reaches far
beyond simple visual similarity. All three sources of randomness in a system will

be studied deeper in the corresponding chapters.

;
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(a) (b) (c)
Picture 15. Schematic examples of how randomness may occur in a system. The
randomness can be a result of external environmental influence where each cell
(or component) of a system is continuously influenced by an external random
input (a), it can be a result of initial random configuration of a system (b) or it can

emerge as a property of the system itself from individual system part interaction

(c) [3]-
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2.1.1 Environment induced randomness

As discussed in the previous chapter, randomness of any specific system may be a
result of continuous interaction of that particular system with its environment. A
classic example of such a system is the notoriously know Brownian motion. It is a
natural phenomenon occurring in a system where particles are submerged in a
certain medium (for example gas or liquid) which causes these particles to exhibit
random motion, and was first described by the biologist Robert Brown in 1827
while observing a pollen immersed in water through his microscope [35]. At that
time, nobody could explain the origin of this phenomenon, and it was the
physicists Albert Einstein who could explain more than 80 year later the random
walk like motion of pollen through continuous interaction with the surrounding
water molecules [36]. It is an excellent example of how the surrounding
environment can induce randomness (in this particular case originating from
physical properties of the underlying thermodynamic temperature) in a system. In
a two dimensional, two states cellular automaton analogy of the described
Brownian motion system one of the cells in the automatons von Neumann
neighborhood (also called 4-neighborhood) would be randomly chosen to change
its state based on a simple (non-random) rule set. The random choosing of a
neighboring cell simulates the random influence of the external environment. For
comparison see picture 16 (a)-(c). Most left picture (a) is a camera-traced real
system particle trajectory captured by special video imaging technology (see [37]
for reference). Middle picture (b) shows a cellular automaton approach. Right
picture (c) shows the extremely simplified cellular automaton analogy described
above. As you can see, the real physical system (a) and the cellular automaton
approach (b) are near-identical. Even the simplest cellular automaton case (c)

shows patterns very similar to a real physical system.
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(a) (b) (c)

Picture 16. (a) - Real Brownian motion of an of 3T6 mouse fibro-blast cells

endosome containing fluorescent Dil-LDL capture by a feature point tracking
technology described in [37]. (b) and (c) show patterns generated by a cellular

automaton approach [38].

2.1.2 Randomness induced by initial conditions

A second mechanism responsible for random behavior of systems is the
randomness coming from initial system conditions. This topic is heavily studied by
chaos theory and in principle applies to systems, that although being deterministic
by nature are very sensitive to small variations in their starting conditions. Even an
infinitesimally small variation in the systems initial configuration might result in a
dramatical difference in its later state. A very famous metaphor mentioned in
correspondence with chaos theory is the so called “butterfly effect” introduced by
Edward Lorenz during his study of weather prediction models [39]. The metaphor
mentions, that theoretically just a small butterfly flapping its wings might create
tiny changes in the atmosphere, that could cascade and result into a tornado on the
other side of the world. A simpler everyday example of how tiny changes in initial
conditions of a system can affect the behavior and resulting state of a system can
be found in dice games. Consider a well-known dice game called “craps”. In this
game, players (called “shooters”) usually roll two dices in a way, that the throw is
powerful enough to hit the farther back wall of the playing table. Theoretically, if a
player would throw the dices two times with exactly the same initial position,
strength, hand rotation, hand height and with all other throw parameters being
exactly the same, the dices should show exactly the same result. Practically this not

even close to possible, as no human being is able to control the throw in such a
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precise manner and there will always be a slight difference in initial throw
conditions. These tiny changes in the initial conditions can result in completely
different outcomes of the throws in a complex way and such throws are considered
uniformly random. There are many other physical systems showing this kind of
initially introduced randomness, among them some of the most prominent being
fluid flow, stock market, road traffic, double rod pendulum or the famous three
body problem. A cellular automaton analogy of randomness induced by initial
conditions is for example a one-dimensional cellular automaton with a
neighborhood equal to the neighborhood described in picture 2 in chapter 1.1. The
initial state of the automaton is generated randomly, with each cell having a
certain probability to have state 0 (black cell). That means the initial conditions are
completely random. After that, for each step of the automaton the cells are updated
by an elementary rule - to change a cell to have black color only if its right cell has
also a black color. The right cell is always set to have white color. In such a way, all
black cells are shifted one cell to the left in each step. This update is completely
deterministic and one can easily know the automaton state after arbitrary many
steps. The black cells distribution though remains random as in the initial
automaton state and is a result of the initial randomness propagating step after

step through the automaton evolution.

Gly=0 , 924=0 Glg=0 , 625=0.1

(a) (b)
Picture 17. Example of randomness induced by initial conditions in a double rod
pendulum system. The randomness is based on extreme sensitivity of a system to
its initial conditions. Picture (a) and (b) show two separate double rod pendulum
systems, where one system differs from the other only by an extremely small

displacement of the second rod (displacement of only 0.1 rad). Even though the
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initial conditions are nearly the same and both systems follow the same physical

rules, each rod system generates a completely different trajectory.

2.1.3 Randomness intrinsically generated by a system

In the two previous chapters, two sources of randomness were discussed. Both had
something in common. They described sources of randomness that essentially
came from the outside of the system. Although in such a case a system based on its
external random input (either continuous input or set up in its initial conditions)
can show random behavior, it never can generate randomness by itself. This
chapter will show that there are physical and artificial systems, that can generate
randomness intrinsically, without utilizing external environment as a source for
randomness. It will be shown that such a system does not necessarily need to be
extremely complex and have sophisticated rules. In fact, a system might be
(counterintuitively) extremely simple, working only with elementary rules, yet it
still can generate randomness. A good example is the cellular automaton based on
rule 30 described in [3] and show in pictures 10 and 11 in chapter 1.1. Even
though the overall picture shows some regularities (for example stripe-like
patterns to the left of the picture), if one considers only the middle cell of the
automaton for each step (an array of cells going from top to bottom as seen
schematically in picture 18 - a) and checks the color distribution in this array of
cells (highlighted in red), the overall pattern is distributed uniformly random as
seen in picture 18 (b) [40], [41]. In fact, the algorithm is utilized as a random

number generator in the famous Wolfram Mathematica software [3].
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(b)

Picture 18. Uniform random numbers generated by the rule 30 cellular automaton
described in [3]. Left picture (a) shows a schematic representation of how the
automaton intrinsically generates a uniformly random cell distribution (red cell
array). Blue cells act as the seed for the generator and different seeds will yield
different uniformly distributed cell sequences [40]. Right picture (b) compares the
distribution generated by the rule 30 cellular automaton (blue bars) with the

continuous uniform distribution (red line) [41].

As discussed in [3], the intrinsic generation of randomness might be the major
source of randomness seen in natural system. This does not mean that external
environment sources or initial configuration sources of randomness do not
contribute to randomness in nature. But whenever there is a large amount of
randomness generated in a natural system in a short time, intrinsic source of
randomness is most likely the origin. As mentioned in the previous chapters,
randomization of initial conditions can lead to a certain level of randomness in a
system, but practically there is a limit to the amount of chaos (in the stochastic
sense) that this source can contribute. During the systems evolution no additional
randomness is added, and therefore it maintains certain limits imposed initially.
Also, a system can be continuously affected by surrounding environmental noise.
The issue with this source of randomness however is, that it can take a lot of time
to reach a certain level of randomness, as the system does not contribute any
portion of randomness internally. Therefore, the simplest way how to get a larger
level of randomness fast is the intrinsic generation of randomness, especially with
increasing system complexity, as the systems complexity has a dampening effect
on the environmental induced randomness, but has an amplification effect on
intrinsic randomness generation due to its inherent emergent behavior ability
which in certain sense is a function of the systems complexity. And indeed, nature
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contains many systems on all scale levels, which show intrinsic randomness
generation, and among them there are even systems directly resembling cellular
automaton behavior (see picture 19 as an example). Examples range from atomic
scale physics, where the uncertainty principle guaranties an intrinsic source of
randomness [42], through single cell living organisms - where intrinsic noise in
biochemical processes in bacteria can deliver an evolutionary advantage [43], up

to self-generated variability in decision making in higher organisms [44].

Picture 19. Comparison between the rule 30 cellular automaton output (b) and a
shell of a sea snail of the species Conus textile [45]. The remarkable similarity is no
coincidence. The snail grows (like a one-dimensional cellular automaton) one layer
(line) of cells at a time. The cell color depends on interaction between neighboring
pigment cells (similar to an automaton rule where a color of the cell is defined by
its neighborhood state). It is an impressive example of how general principles yield
- independently of the way how they are implemented (may it be artificially
through a computer algorithm or naturally through a biological mechanisms) -
similar patterns, further highlighting the deep correspondence between cellular
automata and natural systems. Note, that the random like snail texture draws its
randomness intrinsically through complex interaction between the snail’s tissue

elements.

As a final conclusion of this chapter, it needs to be noted, that both physical
systems and cellular automata are perfectly capable of exhibiting random
behavior. Furthermore, it is clear that both utilize the very same three mechanisms
to do so. This shows that there is a deep correspondence between cellular

automata and nature, which suggests that cellular automata resemble physical
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reality on a far deeper level than it would be primarily expected. They do not just
visually look alike, they share the very same fundamental principles (at least from
randomness and random behavior perspective - but it will be shown later that in

many other aspects), that make the systems behave like they do.

2.2 Continuity and discreteness in nature and cellular automata

Another fundamental concept in modeling physical reality is its apparent
continuity. Many natural systems seem to exhibit behavior that is in many respects
smooth and continuous (although many others exhibit discrete behavior as will be
discussed later). So why should an artificial system like a cellular automaton,
which features discrete elements (cells), be able to model a natural system with
continuous behavior? The central point here is, that natural systems themselves
can look on a microscopical level quite discrete (matter consists of discrete
elements - atoms and molecules), but when looking on a large enough sample, the
behavior can look smooth and continuous. An example is water. On microscopical
level it's made up of molecules, but observed from a larger distance, it seems like a
continuous fluid. Considering this example, it is completely plausible that also an
artificial system (cellular automaton), which is discrete on a microscopic level,
could exhibit continuous behavior when observed on a large enough scale or from
a far enough distance. A fundamental question is, why systems consisting of
discrete elements can have continuous behavior. And as described in [3], the key
element seems to be randomness. Without randomness, a systems macroscopic
structure in many aspects resembles its microscopic arrangement, like for example
in case of crystals. In a single crystal, atoms are arranged near perfectly
periodically and this order is reflected in the crystals macroscopic structure as

seen in picture 20.
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(b)

Picture 20. Microscopic and macroscopic structure of a halite (NaCl) crystal. The

perfectly periodical cubic arrangement of atoms (a) [46], is reflected in the

macroscopic structure of the crystal (b) [47].

But once randomness is present in a system, it tends to average out these
microscopic arrangements, being able to smoothen out any traces of discreteness,
so the final result might look continuous. This seems to apply independently of the
systems underlying rules and independent of the system being an artificial cellular
automaton, or a real physical system. To demonstrate this concept, imagine four
one-dimensional cellular automation particle systems, where a particle exhibits a
random walk-like motion (see picture 21 for reference). Each step, the particle can
move randomly to the left or to the right. How exactly (how many steps to the left
or to the right) this random movement is done depends on internal automaton
rules (each of these four automatons have a different though still random
movement rule). Independently of what automaton is observed, when considering
just one discrete particle, it will exhibit its random-walk motion and end in a
certain discrete position. But if one does not look at the individual particle
positions (microscopic view), but rather takes into consideration the overall
particle distribution after many independent runs of the automaton (macroscopic
view), it can be immediately noticed that the resulting distribution is continuous
and smooth. The randomness seems to completely wash away the microscopic
details of the automaton and that despite the difference in each automatons rule
set. In this particular random walk case (but in general this applies for many

similar systems and for a wide range of individual microscopic structures and
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underlying system rules), the resulting distribution will always be the so-called
Gaussian distribution as suggested by the Central Limit theorem [3]. Similar
systems can also be found in the physical world. An excellent example is the
famous Galton board [48], which is vertical board consisting of rows of pegs and
equally sized bins (and illustration can be found on picture 22). A large number of
small beads are dropped from the above and bounce either left or right as they hit
the pegs. Finally, dependent on the random path the beads have chosen, they land
in one of the collecting bins at the bottom of the board. The number of beads in
each bin (the height of the accumulated beads in each bin) approximates the
gaussian distribution. Finally, it needs to be said that the resulting distribution
does not necessarily need to be a Gaussian distribution. Dependent on the internal
automaton or physical system structure, the smooth behavior and the resembled
distribution might be any possible distribution. In natural systems the most
famous distributions include the Poisson distribution, log-normal distributions,
exponential and gamma distributions, uniform distributions, power laws,
binominal distribution and even some discrete distributions [49]. All these smooth
macroscopic patterns however are a result of the underlying interactions of many
hidden small-scale discrete structures, and on top of that it does not even need to

be a natural system at all as was demonstrated in [3].
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Picture 21. Four random walk one dimensional cellular automatons. Each
automaton has a different underlying rule for each step. In case (a), a particle can
move one position to the left or to the right (chosen by random). In case (b), it can
move either 0 or 1 or 2 to the left or to the right (chosen randomly). In case (c), it
can move either 0 pr 1 step to the left or to the right, and in case (d) italternates by
moving to the left or to the right. As can be seen, independently of the rules, the

resembled distribution will always be a Gaussian distribution [3].
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Picture 22. Example of a Galton board. The accumulated beads in the bins

approximate the bell curve demonstrating the central limit theorem. [48]

But what about discreetness in nature and cellular automata? Alternative to the
above-mentioned continuity coming from discrete structure, one needs also to
consider that there are many systems in nature showing discrete behavior. A
natural question arises in this context. If there is a possibility for a discrete system
to show continuous behavior, is it also possible for a continuous system to show
discrete behavior? And in deed that seems to be the case [3]. Many natural systems
(even systems showing otherwise complex behavior) show at some level discrete
behavior. A classic example is boiling water. When some water is taken, and its
temperature is slowly but continuously increased (let’s say starting from 10° C).
First of all, not much happens. The water just gets hotter and hotter. But when the

temperature of 100° C is reached, suddenly a sharp discrete transition occurs, and
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all the water is transformed into steam. Many other systems with otherwise
continuous changes exhibit this sort of discrete transition behaviour. Some
systems (traditionally gradient based systems) can lead to formation of discrete
patterns (an example is a zebra or a tiger hide, where continuous interaction of
individual pigment cells can lead to very discrete, sharp colour transition looking
patterns). Yet another example of a simple physical system exhibiting sharp state
transition (based on continuous change in initial conditions) is a ball on a wavy
surface (see picture 23). When a ball starts to the left of the central hump, it will
always roll towards the left-hand minimum, however if the initial starting position
is changed continuously and the ball passes the top of the hump, suddenly the ball
does not roll to the left-hand minimum anymore, but rolls to the right-hand
minimum instead. A discrete transition in the systems behaviour occurs. Even
though the mathematical equation which describes this system is very smooth and
continuous, the behavior itself is essentially discrete [3]. Cellular automata can also
exhibit such sharp transition behavior, even the variation of their initial condition
is smooth and continuous. As an example, see picture 24. Until a certain threshold
in black cell density is reached (very similar to the hump and ball example
previously mentioned) the automaton produces only white stripes. However, once
the density passes the 50% black cell threshold, only black stripes survive. As can
be seen this cellular automaton is able to exhibit the sharp discrete transition
behavior seen so often I natural systems. The automaton shown in picture 24
(based on rule 184 as described in [3]) is not some special case. Many other
cellular automata of diverse properties are able to exhibit such sharp discrete
behavior. A particularly interesting example can be seen on picture 25. The two-
dimensional automaton used to generate this picture is able to produce (within
several automaton steps only) patterns with continuous (but sharply separated)

boundaries. Similar patterns are often found in nature in animal fur pigmentation.
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Picture 23. A system of a ball and wavy surface. When the initial ball position is
anywhere to the left of the central hump, it will always roll to the left. But once the
initial ball position is anywhere to the right of the central hump, it will always roll

to the right. Even if the change in initial ball position is continuous and smooth,

eventually a sharp and discrete transition occurs [3].

N

51% black 55% black 60% black

Picture 24. A one-dimensional cellular automaton based on rule 184. The
automaton shows discrete change of behavior based on continuous change of
initial automaton conditions. After the number of black cells in the initial

configuration reaches more than 50% off all cells, the automaton makes a sharp

transition and show different behavior [3].
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Picture 25. A two-dimensional cellular automaton which starts from a random
initial condition. The rule set states that a cell in the next generation will have a
white color, if there are less than 4 black cells in its neighborhood (diagonal cells
included) otherwise it will have a black color. After only a small number of steps,
continuous sharp borders between black and white picture parts arise. Although
the border shape is smooth, the transition from one side of the border to the other

is sharp [3].

As was discussed above, there is a remarkable correspondence between real
physical systems and cellular automata also when it comes to the discreetness
and/or continuity of the systems behavior point of view. It again shows how
deeply cellular automata can resemble a real system, further strengthening the
assumption that there is a deeper natural law acting on both cellular automaton as
well as on a real system in nature, which is the real reason why they look so much
alike, rather than just coincidentally look similar on a mere visual level. Therefore,
the cellular automaton approach to modeling physical reality has a great potential,
as both the modeled system as well as the artificial model in fact share common

fundament.

2.3 Computational equivalence of natural and artificial systems

As was already discussed in chapters 1.2 and 1.3 but ultimately mentioned in [6]

and [3], there are certain cellular automata (or Turing machines in general)
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capable of universal computation. As a matter of fact, these automata or these
Turing machines are not only able to compute and solve a certain specific problem
described by their initial programing or configuration. They can be used to
simulate and compute literally any other cellular automaton or Turing machine.
This special property of automata is often referred to as computational
universality. What's really interesting is, that such a universal automaton does not
necessarily need to be extremely complex in configuration or rule set. In fact, some
of the most basic automatons (like for example the game of life automaton with
only a two-dimensional universe, two possible cell states, and with three basic
rules) are already capable of universal computation, as was demonstrated in [14],
[15], [16]. There are even one-dimensional cellular automata that are
computationally universal, like for example the rule 110 cellular automaton
described in [3]. It seems that universality is not some think uncommon in cellular
automata, and especially class 4 automata are often regarded as universal. Four

examples of class 4 automata can be found on picture 26.
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Picture 26. Examples of different class 4 cellular automata described in [3]. The top
left automaton is the already discussed rule 110 which universality was confirmed.
The remaining three shown automata are suspected to be universal, but were not
yet confirmed universal. An assumption is made that all class 4 cellular automata,
which are capable of forming a rich enough set of localized structures (like for

example triangle patterns in rule 110) will support universality [3].

When considering how simply computational universality can arise in cellular
automata, one wonders if such computational universality can also arise in natural
systems. And indeed, it can be shown that it does. Schematically seen is a
computational problem (as seen in picture 27 - a) basically a mapping of a certain
input domain to a corresponding output domain. This is a very general think. It is

not necessary to do any concrete assumptions about the origin or properties of the
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domains itself (like their nature, physical implementation etc). The input domain
might very well be a multidimensional array of virtual cells (as in case of a cellular
automaton) or an electrical signal. It can even be a quantum system (as
demonstrated in quantum computing experiments [50]) or a set of molecules or
chain of proteins as often seen in living organisms. Thus, even natural systems are
able to solve computational problems. But to be able to assess computational
universality in natural systems (in the same context as in artificial systems), one
needs to prove that such a natural system is able to solve not just one, but many
computational problems. A certain descriptor (as seen in picture 27 - b), needs to
be present to specify which problem is determined to be solved. And indeed, there
are systems in nature which show presence of such descriptors (or instruction
sets). The most common example is a core biological process called protein
biosynthesis which happens in living cells. During this process a certain input
domain (proteinogenic amino acids) is transformed to an output domain
(polypeptide chain) according a descriptor known as DNA, while following a
certain grammatic while doing so. The genetic code (in other words the rule set to
keep the analogy with cellular automata) is highly similar in all living systems and
can be easily captured in a simple table of 64 entries [51] (again note the similarity
to cellular automata and the rule look up table described in chapter 1.1). The
molecular implementation of this process is extremely complex, and will not be
discussed in detail, however note the remarkable similarity of this biological
system to a general computer system which utilizes source code (set of
instructions) interpreted by a compiler. It was shown, that DNA (or RNA) based
universal computation is plausible [52], and that DNA/RNA based computational
systems which exist in living cells, are Turing-equivalent and can compute any

computable function.
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Picture 27. Schematic representation of a computation problem and a general
computation system which can address such a problem. Note the black box of the
computational system in picture b. The black box may contain any possible
mechanism which translates the input domain to its output domain controlled by

the descriptor [52].
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Picture 28. An example of a combinatorial logic circuit (a) utilizing combinators B,
C, and K. Picture (b) shows an RNA based implementation of simple addition. The
RNA program itself (C) represents an addition operation of 2+6. Transcript
operations and references necessary for program execution, together with

combinator definition are represented in A and B [52].
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Another example of a natural system capable of universal computation is the
human brain. Being one of the most complex systems in nature, even after decades
of intensive research, the human brain was so far not fully understood. It contains
billions of brain cells and more then 100 trillion connections through which the
individual cells interact in a highly unilinear fashion accompanied by super-
complex chemical interactions as well. Through this interaction of multiple
physical and functional elements, complex mental states emerge. The emergent
behaviour (being one key aspect of all complex systems) is thought to be key for
further understanding of the human brain [53]. As can be seen both real physical
systems and cellular automata are capable of universal computation. This is yet
another common feature shared by both the artificial as well as the real-world
physical system, which goes far beyond a simple visual correlation and again
highlights how deeply cellular automata correspond to real systems in nature.

[t is intriguing, how vastly both systems correspond. They share similarities on the
origin of their random behaviour, similarities in experienced complexity and
emergent behaviour, they resemble continuity and discreetness in their behaviour
in the very same way, and they even share the same capability of universal
computation. Therefore, if one describes a certain feature of a system utilizing an
artificially implemented cellular automaton model, the knowledge or insight
gained can be easily utilized when making assumption on how a real physical

system works, just because they behave on similar fundamental principles.

(b)

Picture 29. Artistic representations of neural pathways in parts of a human brain.

The structures are extremely complex [54].
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3. Potential of cellular automata in didactics of

physics

In physics, traditionally, a mathematical approach to research has been
established, and indeed it always had a great success. This inevitably led to a
general assumption, that serious physics research must always be founded on solid
mathematical rigor, and possibly be backed up with a lot of complex equations. But
even armed with solid mathematics, there are still very basic physical phenomena,
which could not yet be explained. As an example, take fluid dynamics, and
especially the phenomenon of turbulence. The state-of-the art mathematical
description is realized through the famous Navier-Stokes equations [55], which is
a set of non-linear partial differential equations which describe the flow of viscous
fluids. Until now, it is not known, whether these equations have always a solution
in three dimensions. In fact, it is one of the unsolved mathematical mysteries and
one of the 7 so called millennium problems [56], [57]. Therefore, when modelling
fluid dynamics (which has major importance in everyday engineering) a computer
aided approach is always preferred, and an empirical measurement for both model
validation as well as model initial input parameters is conducted [58]. There are
many other physical phenomena, where a mathematical approach still could not
provide a proper description, and theoretically, there might even be systems
where a complete and consistent description will never be possible because of the
very nature of the axiomatic system of mathematics [33].

Our educational system and approach to didactics of physics follows the trend of
utilizing mathematical description of physical systems, and indeed our course
books about physics are full of simple mathematical descriptions and models of the
basic physical phenomena teched to today’s students. This of course fulfills its
purpose and is in many aspects excellent to teach physics, but some of today’s
students (especially the ones not interested in mathematics or the ones with poor
mathematical understanding) have trouble to follow this approach, and as a result
physics is sometimes regarded as a difficult and I dare to say “unpopular” subject,
even for first grade and second grade students. But even for students familiar with

mathematics who like the subject, today’s physics course books offer only simple
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models of very basic phenomena, which are easily captured with mathematical
tools available for the everyday student, and are often stripped of any “extras”, just
to make it enough elementary to be captured with a simple enough mathematical
equation. Individual topics and example systems are picked up on purpose to meet
the requirement for mathematical simplicity, and as a result a lot of interesting
physics and physical systems are easily missed, because they just simply do not fit
into the box defined by the mathematical constraints. Other topics are stripped of
the very essence, that makes the system behave as it does, just to ensure
application of mathematics is possible. Again, take fluid dynamics and turbulent
flow as an example. In order to make the description possible (even for not
elementary school students), the model is simplified, flow fields are considered
absolutely symmetric, flow is modeled around a cylinder with uniform free stream
flow by superimposing a flow filed of an ideal vortex, the description is done in two
dimensions and viscosity is not taken into consideration (no boundary layer), even
though this in fact is the real source of turbulence and the experienced dynamics of
the system [59]. It is far more interesting to model flow around real-life objects
like fish or bird like shapes, or around airplanes or city buildings (instead of
modeling flow around an abstract cylinder). More complex, real-life phenomena in
nature and technology tent to be omitted in education, as their behavior and
dynamics is so complex, that their rigorous description borders on several
disciplines. Each of these disciplines tent to describe only part of the system with
tools inherent to the respective subject, and fail in providing a general description
of the system and introduce its beauty to students. Take for example the complex
system of a superorganism called the ant colony. This topic is briefly touched in
biology where a short description of ant morphology, reproduction,
communication or nest construction is discussed - simply topics that can be easily
captured by biological lessons because of their simplicity, and the didactical tools
used by biology (more relying on description than abstract theories or
mathematical description), but other aspects of the superorganism, like how it
organizes, or where the extreme complexity of the system’s dynamics comes from
(which is the real source of why are ants from evolution perspective so successful)
is completely omitted. Here, physics could provide some description options and

some valuable insight even for secondary school class if it would have the right
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tools to do it (mathematical rigor is not the right tool here). It would promote
synergy between individual school subjects, as the real-life phenomena are not
restricted to some specific subject only. Further continuing with the ant example,
there is a lot of potential for a physics lesson to describe the dynamics, chemistry
lesson to describe the pheromones and concentration mechanisms, mathematics to
describe the graph theory or the relation to computer science and computer search
algorithms. Such a system would be a gold mine for education, if there was a way
how to describe it in a simple enough way to catch the student’s interest. Another
example are traffic systems, for example freeway traffic. This subject is not
included in our physics coursebooks at all, because although the experienced
dynamics is interesting (take for example the famous congestion forming out of
nowhere), the combination of complex mathematics and socio-dynamical
interactions make it impossible to be described easily for a secondary school
student. There are a lot of other interesting examples, and real-life systems
exhibiting a lot of interesting behavior which could be introduced to students,
were there a way how to do the description easy enough and without heavily
relying on mathematical description. And exactly here it is where cellular automata
could bring a completely new kind of description possibility. As discussed in
previous chapters, the ability of a cellular automaton to exhibit even the most
complex behavior, just by following very simple rules is an ideal foundation for this
new kind of description. Such a cellular automaton, and especially its underlying
rules could be explained in a very easy way to the student, and then the student
could investigate the complex dynamics which is generated by such a system. The
student can try to modify the rules and experience the influence of such a rule
change of the system. In this way, a student could experiment and study systems,
which current traditional mathematical approach to didactics of physics would
never make possible. Some of these systems and the corresponding cellular
automatons will be presented in this thesis. It needs to be point out as well, that
some of the cited literature suggests [3], that a description of physical (social,
philosophical, computer and many other) systems is feasible (and even
advantageous) by utilizing cellular automata and that it in fact represents a
completely new kind of science which touches almost every scientific research

area, without the necessity to heavily rely on complex mathematical rigor, and that
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the fact that the systems can be represented by simple programs is not a
coincidence but rather that here is a deep correspondence between simple
programs and systems observed in nature [3]. Some of the literature even
suggests, that the whole universe and every think in it is an output of a giant
cellular automaton [23], [21]. The aim of this thesis is not to investigate whether
this might be true or not, but if there is a solid scientific interest in explaining the
universe with cellular automaton approach, there certainly is a solid possibility to
utilize this approach also in traditional didactics, much like mathematics is utilized
today for example in didactics of physics. Let us now explore some of the
biological, physical and social systems, which might very easy by simulated by a

cellular automaton approach.

3.1 Cellular automaton approach to model fluid flow

As a first example of how a cellular automaton could be utilized in didactics of
physics is a cellular automaton modeling fluid flow. Fluid flow was chosen as an
example especially because it is so difficult to address with the standard
mathematical approach to didactics of physics, and is therefore a good example
how to address the topic by different means, and possibly bring the topic closer to
a secondary grade student. First of all, a short introduction to fluid flow will be
given to describe the topic from general point of view, after that, a cellular

automaton approach of the flow description will be shown.

3.1.1 Introduction to fluid flow

In physics, fluid flow or fluid dynamics is studied as part of continuum mechanics.
[t basically describes the flow of fluids, liquids and gasses. Due to the complexity of
the topics, there are several independent sub disciplines focusing on individual
states of matter and their flow (for example aerodynamics is focused to study the
motion of gasses, hydrodynamics focuses on the motion of liquids). Fluid dynamics
in general has many practical applications, ranging from weather forecast, aircraft
or car motion simulation (aerodynamical force calculations for fuel consumption

optimization), animal locomotion study, urban planning and bridge building
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(simulation of airflow around these objects is crucial for their stability in various
environmental conditions), pipeline flow simulation (transport of petroleum or
water), blood flow in medicine, up to nuclear fission weapon explosion dynamics
modeling (the explosion dynamics is responsible for holding the fission material
long enough together to assure enough energy is released) and gas motion study in
stars or interstellar space (for example nebulae formation or convective zone
dynamics in stars) [60]. In general, there are two types of flow patterns - laminar
flow and turbulent flow. Laminar flow is characteristic with its streamlined flow
where the fluid glides along distinct regular layers without mixing fluids from
individual layers. Laminar flow is fairly simple to model and describe with simple
mathematics. Turbulent flow starts to form when in some parts of the fluid the
kinetic energies overcome the overall damping effect of the fluid’s viscosity. It is
characterized by the formation of vortices (turbulent flow patterns of various size),
which interact with one another in a very complex way displaying chaotic
dynamics. Turbulent flow in general is very difficult to model with mathematics
and therefore, in general, science and engineering relies on computational fluid
dynamics (CFD) [61]. Due to the microscopic nature of fluids (fluids on
microscopic level consist of a large number of molecules), it is possible to model

fluid flow with cellular automata [3].
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(a) (b)

Picture 30. Picture left shows an example of vortices on a soap bubble. The

patterns are extremely complex [62]. The right picture shows a vortex formation
known as Karman vortex street. The street formed in Earth’s atmosphere as a

result on air flow around an island [63].

3.1.2 Fluid flow simulation cellular automaton

Fluids consist on microscopic level of discrete particles. These particles collide
with each other, which is the origin of the experienced dynamics. A simple
idealization of this concept can be given by a cellular automaton consisting of a
fixed grid (the automaton universe) and a collection of discrete particles. The
particles are allowed to move along the grid. If a particle meets another particle
both particles adopt a new heading according a set of simple collision rules
(described in picture 31). If a particle hits a foreign object (special part of the grid)
it is reflected and travels in the opposite direction [3]. Four consecutive algorithm

steps can be seen in picture 32.
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Picture 31. Particle collision rules applicable for the fluid flow simulation cellular
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Picture 32. Four consecutive automaton steps. The particles collide according the
rules described on picture 31. When a particle meets a foreign object (in black), it

gets bounced back [3].

When observed on microscopic scale, the automaton does not show any surprising
patterns. However once zoomed out, the system shows a very interesting dynamics
and remarkable fluid flow patterns, which are similar to patterns observed in
nature. Pictures 33 and 34 shows how complex, vortex-like patterns start to

emerge when the system is observed from a larger scale perspective.

Picture 33. Remarkable flow patterns start to show up when the system is
observed from a larger perspective. The picture most left shows the basic grid with
the individual particles. Consecutive pictures show a zoomed-out view, which is
obtained by averaging the particle headings. A steady and uniform stream of

particles is inserted to the automaton (on a left side) to simulate a real fluid

56



30% of maximum veloci

1S

1

JIIIIIIIITIY
S——

il

ticle veloc

incoming par

stream. In this example, the
defined for the automaton. [3]

A
S | S
S | S
perzzzIziiiiiii S i S
I S ] S
P & § B3
) )
£z 2
v 1% z
7
7 :
{ st
]
\
N
N
N
o
S
2 =
2 —
Q Yo rs
g (@
= A
AN
N
o o
S S
S S
S S
= ®
o Q
k) 2
w ©w

step 60000
57




step 70000
Picture 34. Further evolution of the cellular automaton for another 70000 steps.
The average speed of incoming particles is about 40% of maximum speed. The
example consists of about 30 million cells and each individual velocity vector is

calculated as an average of 20x20 cells. [3]

Even the cellular automaton rules are very simple, again the dynamics it exhibits is
extremely complex, much like in a real-world vortex exhibiting system (compare
with picture 30). The remarkable similarity to a real system is not only based on a
visual perception of the dynamics. When the physical quantities of the system (like
viscosity or Reynold’s number) are calculated (this can be done based on particle
numbers and flow speed), and based on these quantities a comparison to a real
experiment is done, it can be seen that the agreement with the experimental result
is very good. This is remarkable concerning the simple underlying rules of the
automaton [2]. In fact, the automaton and its rules are so simple, that they can be
easily explained to a secondary school (or even a primary school) student with
plain word, and literally no mathematical description is necessary to explain the

phenomenon of turbulence and turbulent flow to a student.
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4. Pilot didactical purpose cellular automaton

models

In this chapter, three pilot cellular automaton models will be explored to explain
the potential of cellular automaton description approach in didactics of physics.

Because of practical reasons, these models were implemented in Microsoft Excel.

4.1 Microsoft Excel as a cellular automaton programming

interface

As discussed in the previous chapters concerning cellular automata, the key
elements of every cellular automaton are a regular uniform grid of cells from
which each can have a specific state (represented for example by a discrete
number, or a color), and which is governed by a set of rules describing how a cell
should change based on its own state and the state of other cells. To model such a
system is fairly easy. For example, in Conway’s “Game of Life”, a piece of graph
paper (grid of cells) and a pencil (to change the cell states) is sufficient in order to
explore the whole game and all the possibilities it provides. There is, however, a
variety of other tools. For scientific research, Matlab [64] is used regularly as the
state-of-the-art tool for modeling and simulation. Unfortunately, for the purpose of
didactics and simple modeling, such advanced software is simply too complex and
expensive to be bought by a standard elementary or secondary school, and
therefore Matlab remains a domain of technical universities or large corporates,
which have their own research and development and can afford the related costs.
And even if a university student has the opportunity to utilize Matlab during his
study, the exploration of the tool is rather limited (it is usually used only for a few
highly specialized courses), and after leaving university, the student most probably
never gets to utilize Matlab ever again (if he does not continue his career as a
researcher, which is rather rare). There is a tool however, which is fairly common
both for secondary school, as well as universities and further in most of the

companies (no matter the size), which can be used for simulation and modeling.
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The mentioned tool is Microsoft Excel [65]. Although it is usually used in a
completely different context (Excel is largely regarded as a spreadsheet software,
rather than a tool for simulation or modeling). In the consecutive chapters a robust
framework for utilizing Microsoft Excel as a simulation and modeling tool will be
presented, primarily to implement simple cellular-automaton-based models of real
physical systems. The potential of these models in education, and in foremost in
didactics of physics, will be further discussed. The main and fundamental
advantage of Excel hereby is, that it is present on most of the computers in schools
and business environments and is usually already present in the installation
package utilized to set-up the computers in these environments. Excel, as its
inherent feature, contains “cells”, and an integrated development environment,
based on the programming language Visual Basic 6 [66], which can
programmatically access these “cells” (the cells are regarded as objects and Visual
Basic utilizes standard object-oriented approach much like Matlab to access these
objects). This means Excel contains all necessary tools for implementing a cellular
automaton - a grid of cells (needed to construct the cellular automaton universe),
an environment for designing governing rules of any possible cellular automaton,
and an environment to run the resulting automaton. These features, together with
its near to omni-presence in today’s school and university environments make it a
perfect tool to be used in application of cellular automata in didactics of physics
(and possibly in didactics of various other school subjects). It will be shown, that
Excel can be utilized in much more ways than just for standard spreadsheet
calculation, and that it has a vast potential in didactics of physics. In the
consecutive chapters, three cellular automaton models will be shown, each
representing an interesting physical system. The systems were chosen on purpose
to be sort of “border systems”, which are on the edge of physics and other school
subjects (in this case biology and traffic research) and which would be very
difficult to describe by utilizing standard mathematical description approach
common in today’s didactics of physics. It will be shown, that by utilizing the
concept of describing a system by a cellular automaton with a set of simple rules,
even such complicated “border systems” can be effectively described and brought
to the attention of students, and that even very complex system dynamics can be a

result of very simple underlying rules, which can be comprehended even by
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elementary school students, and that literally no understanding of mathematics is

necessary to study such a system from an educational perspective.

4.2 Antsimulator

The first example of a cellular automaton modelling a physical system is the so
called “ant simulator”. The simulator will show some of the basic concepts of how
ants search for food to keep their bodies alive. However, before moving to a

detailed description of the automaton itself, let's first explore the world of ants.

4.2.1 Introduction to ants

Ants are one of the most successful groups of insects in the animal kingdom. They
dominate their respective environments as predators, scavengers and indirectly
also as herbivores [67]. One can argue, that much of the success can be related to
the fact, that ants are eusocial insects - they have the highest level of social
organization in animal society, featuring cooperative brood care, existence of
castes (specialized behavioral groups performing only a certain specialized task -
for example workers perform food production and brood care, soldiers perform
defense tasks, egg-layer assure offspring), common food procurement and
distribution and overlapping generations [68]. Ants form colonies that range in
size from only a dozen individuals, up to highly organized super-societies
containing tens of millions of individuals which form diverse specialized groups.
Ant colonies are sometimes described as superorganisms, because individuals
collectively work together to support the colony and operate as a unified entity.
Ants as a species are extremely successful. They have colonized almost every
landmass on Earth, excluding only Antarctica [69], [70]. They are estimated to
form 15-25% of the terrestrial animal biomass. In fact, if compared to the number
of humans on earth, there is more than a million ants for each human being on
earth [71]. Ants show a variety of interesting behavioral patterns. They range from
nomadic “hunters”, “gatherers” and “cattle breeders” up to species cultivating fungi

as a food source [69]. Some species carry on slavery by kidnapping the ants of
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other species to work for them, other show social parasitism - by allowing females
to migrate into colonies of a different species and let them raise their descendants
[72]. Due to the division of labor and communication between individuals, ants are
able to solve complex problems. Task like transportation of food, overcoming
obstacles, building anthills are performed almost optimal [73]. Principles of their
behavior have withstood the proof of one hundred million years.

One of the key aspects of why ants are so much successful, is the way how they
share information, especially information about food source location. This
communication is extremely sophisticated. It does not merely show other nest
mates the direction to food, but it rather organizes the whole system (ant colony)
in a very interesting way, allowing the system to self-regulate its food search
activity. It is able to promote food locations with higher profitability, while keeping
memory of previously profitable locations. Investigation showed, that ant
communication is manly based on chemical marking. Ants put pheromone trails
(there are many different types of pheromones secreted from different ant body
parts), which can provide either positive feedback or negative feedback to the ant
colony to organize it foraging activity. When a successful forage ant finds a food
source, and returns to the nest, it lays down a pheromone trail. Other ants,
attracted by the pheromone trail, finally also find the food source and put down a
pheromone trail during their way back to the nest. In such a way, the pheromone
trail marking the path to the food source gets reinforced steadily while more and
more ants find the food source and put more and more pheromone trails providing
positive feedback. On the other hand, when the food source is depleted (or is too
far away), the pheromone trail does not get reinforced fast enough and eventually
evaporates, providing negative feedback [73]. Even though the individual ants
possess only minimal intelligence, the system as a whole is able to organize itself in
a very complex way solving many difficult problems (for example find the shortest
path between two point - in context of ants between food source and nest) not
unlikely a cellular automaton, which in mathematics (especially graph or network
theory) is a well know problem difficult to solve, and while it can be solved in
linear time, the related algorithms are quite sophisticated [74] (in comparison to
what a second grade student has in its mathematical portfolio for comprehension).

One way how to make this intriguing topic available even for second grade school
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students is to describe the system not mathematically, but by a cellular automaton
with some simple rule set. A student could study this rule set and the resulting
systems dynamics. By making changes to the rules, the student could study the
influence of each rule on the dynamics and with this experimenting and hands on
approach even such a complex system could be available for study in a secondary
grade school environment. To following example implemented in Microsoft Excel

will show the basic principles.

4.2.2 Ant simulation cellular automaton

The universe of the ant simulation cellular automation consists of a two-
dimensional grid of cells. Each cell can have one state of a possible set of different
states. The states are no longer so simple like it was for elementary cellular
automata - just black and white color, but they are still simple enough to be
described in plain sentences. A cell can contain a pheromone trail (a discrete
number describing the pheromone scent intensity), or food (again a discrete value
describing the richness of the food source), or an ant, or a superposition of the
mentioned states (a cell state can contain an ant, food, pheromone - all this at the
same automaton step). Important is, that even the automaton states are
complicated objects, a cell still can have only one specific discrete state from a
finite discrete cell state set. The neighborhood is defined to be only directly
adjacent cells both vertically, horizontally and diagonally, with the direct
neighborhood being the 3 cells directly in front of the ant cell.
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Picture 35. Example are from the ant simulator cellular automaton universe. A cell
can contain and ant, food or pheromone or a superposition of all these states. The
direct neighborhood of the ant is highlighted in green color (darker green means

higher pheromone value).

At time (¢ = 0), a state is assigned to each cell in the universe based on initial
configuration of the ant simulator (the number of ants, food source location and
other variables). The whole cellular automaton is governed by simple rules, which

can be described in two sentences:

1) An ant searching for food will always make a step towards the neighbor cell
with the highest pheromone value, if there is none it will choose a neighbor

cell at random.

2) An ant which already found food will return to the nest by the shortest

possible way and drop pheromone trails each step.

For better visualization of the rule set, the rules are described as actions done by
each ant as listed in table 1. Each action is done in a top-down consecutive order as
listed in the table. Please note that each ant action is in fact a whole set of rules
which apply to the ant cell and neighbor cells, and which define how the cell states

should change in the next automaton step based on their current values.
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Table 1. Summary of cellular automaton rules, for simplification described as

individual ant actions rather than a look up table.

Scent for pheromone (3 neighboring Drop a pheromone

cells)

Do a step towards the cell with the Do a step towards the nest

largest pheromone value.

If no pheromone, pick one of the 3

neighboring cells at random

If food is found, return with food

The simulation itself is caried out in an excel sheet. The excel sheet is divided into
2 separate parts. First, the so called “arena” (see picture 36 right), is the place
where the cellular automaton runs. All steps are executed here. Second part is the
GUI part (graphical user interface part - see picture 36 left). In this part, the
student can modify individual model parameters, place food sources and control
the simulation. A short description of the individual GUI parts can be reviewed at
picture 37, and a short description of the arena and its elements is present on

picture 38.
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37 B[ Minimum pheromone vaiue:

Show Pheromone trails

Pheromone Trail Color

Picture 36. The ant simulator excel sheet is divided logically into two separate
parts. Left, the GUI is intended to adjust the simulation parameters and for general
simulation control. Right, the “arena” is where the cellular automaton simulation

actually runs.

Simulation Control Food piles

- Describes the location and
= Is used to run, stop or reset

the simulation size of each food pile

= Is used to adjust the arena

food source

Food Pile 1 120 40 3

—
“ L — = 2
FoodPile 3 182 83 5

stop
“ peeizArs

Number of Ants: 100 250

Model Parameters Pheromone evaporationr4 10% |ll 200

= Defines the detail of the model|
operation.

= The whole model dynamics
can be changed by adjusting

these parameters

Pheromone dispersion rat

Pheromone drop value:

Maximum pheromone valy

Minimum pheromone valul

Show Pheromone trails
On Food Change Ant Color
Step rate

Food Pies

Ant sensitivity min

Model Acceleration Rate

Pheromone Trail Color

120
100
80
60

20

Ant Tasks

Model Charts
= Graphically show important

model statistics during runtime

Picture 37. Short description of the individual GUI control units. A more detailed
description together with a program manual will be provided in a separated

document.
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Picture 38. The ant simulator arena where the cellular automaton runs. Some of

the arena elements are described individually on the right side of the picture.

4.2.3 Examples of interesting ant simulator dynamics patterns

Even though the underlying rules of the cellular automaton are fairly simple, the
exerted complexity of the systems dynamics is not. Dependent on the automaton'’s
initial configuration, several very interesting patters emerge. Some of these
patterns will be show here as an example, and the reasons why such a pattern
emerged will be discussed. Finally, several questions will be asked, as an example

what questions could be asked to a student investigating the system.
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numberOfants =5
pheromoneEvaporationRate = 1%
pheromoneDispersionRate = 1%
algorithmSteps = 181

Picture 39. Example of pheromone trail formation. Darker green represents a
higher pheromone concentration. The pheromone evaporation rate was set to be
extremely low. Left trail is older than the right trail and exhibits more pheromone
concentration at the outer parts of the trail, due to the fact that pheromone

dispersion was working for a longer time.
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(a) (b)
Picture 40. Example of pheromone trail formation. While both trails show a
uniform evaporation rate (set to 10%) resulting in higher concentration of
pheromone near the ant producing the trail, the trail in the right picture is broader

due to a higher pheromone dispersion rate (set to 60%).

numberfAnts =5
pheromoneEvaporationRate = 10%
pheror persionRate = 50%

(a) (b)
Picture 41. Example of pheromone trail formation. While for the left picture, a
stabile path from nest to food source could not be established (not enough positive
feedback enforced by strong enough pheromone trail - because of limited number
of ants), the right picture shows a stabile path between food source and ant nest. In

the right picture, the number of ants was increased to have a strong enough
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positive feedback to form a stabile path. Whether the feedback is strong enough to
maintain a stable path between food source and nest depends on the
environmental conditions (pheromone evaporation and dispersion rates) and on

the number of ants that produce pheromone.

(a) (b)
Picture 42. Example of pheromone trail formation with multiple food sources
available. After an initial phase of gathering, where all three food sources were
selected (left picture, after 61 algorithm steps), one main path was established
between the closest and largest food source (right picture after 238 algorithm
steps). Eventually, one of the paths (solutions) was reinforced so much, that it
dominated the other paths (solutions). This is an example how ants can put focus
on the most promising food source first, gaining the best ratio between spend

energy and amount of gathered food, which results in an evolutionary advantage.

70



numberOfAnts =50
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(a) (b)
Picture 43. Example of pheromone trail formation in dependence on the
surrounding environmental conditions (pheromone evaporation rate and
pheromone dispersion rate). As can be seen, that if there is no “natural selection”
force acting on the pheromone trails (the trails never evaporate, nor disperse)
stable paths are always formed no matter the food source location or the number
of food sources (picture left). However, if there is a selection force acting on the
pheromone trails (negative reinforcement of the trails is possible), semi-stable
paths start to emerge and disappear in dependence on food location and distance.

In the picture right, after some time, one of the paths was reinforced enough to

stabilize. The other one nearly evaporated.

71



an 2
algorithmsteps = 200

(a) (b)
Picture 44. Example of pheromone trail formation in dependence on the maximum
sensitivity of an ant towards pheromone concentration (if pheromone value is
above the antSensitivityMax threshold, the pheromone value is considered to be
zero). Interesting to see is, that if the ant sensitivity is unlimited (responding to
any pheromone concentration) as shown in the left picture, a stable path between
food source and ant nest will not be established. In contrary, if there is a maximum
limit on sensitivity towards pheromone, a stable path between food source and ant
nest is established immediately. This is because if there is no threshold on the
sensitivity towards pheromone, the ants always follow the highest pheromone
gradient. But this gradient points towards the ant (which is returning to the nest,
moving effectively from the food source rather than towards it). As a result, ants
follow other ants to the nest, not towards food. If, however, there is a defined
threshold on the maximum sensitivity towards pheromone, some of the ants are
able to follow lower pheromone concentration on the edges of the trail, and in

some cases finally reach the food source.

Interesting questions to ask the student:

1) What is the reason for forming of a positive feedback loop resulting in
promotion of one of the food source selection solutions?
2) What is the reason for forming a negative feedback loop resulting in

demotion of some of the food source selection solutions?
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3) What does trail evaporation mean? How is it done?

4) What does trail dispersion mean? How is it done?

5) Why is always the closest food source selected?

6) What is the effect of the existence of a maximum pheromone sensitivity
threshold?

7) What happens if an ant trail never evaporates? How does it affect the
systems dynamics?

8) What is the potential of this ant behavior in robotics and swarm

intelligence? List some application possibilities

As can be seen, even such simple rules can generate a system of remarkable
complexity, which in many aspects reflects the dynamics of an ant society. Because
the environment of the simulation is Microsoft Excels, it can by immediately made
available on most of the computers available in school environments. As a
complementary didactical material, it can be utilized in didactics of physics and
biology. It is important to be said, that the implementation of the algorithm itself is
fairly easy, as the algorithm itself is not complicated. There is a potential of this
approach to be utilized in didactics of computer science or programming, as it
demonstrates very simple principles of object-oriented approach to programming
and such an algorithm could be easily implemented by a talented second grade
school student. There is also a vast potential in didactics of cybernetics and
robotics, as the utilized algorithm principles in many ways correspond to artificial
intelligence and bio-robotic modelling [75]. As can be seen, by utilizing cellular
automaton approach for description of a physical system, many interesting
systems can be explored, which otherwise would be unavailable for didactical
purposes. This promotes interdisciplinary approach to education, which is an

undisputable advantage.

4.3 Flocking simulator

A second example of a cellular automaton modelling a physical system is the so

called “flocking simulator”. The simulator will show some of the basic concepts of
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how flocking behavior in bird flocks emerges and what rules can lead to such and
interesting dynamics. But first of all, a short theoretical description of the topic will

be presented.

4.3.1 Introduction to flocking and swarm formation

A flock or a swarm is usually a cluster of objects (in most cases biological objects of
similar size like insects, birds or fish) which exhibit collective behavior (much like
ants in the previous example), and is extensively studied in many fields of science,
especially in physics, biology, network theory, information theory and computer
science [76]. Flocks and swarms are one of the most sophisticated achievements in
collective behavior in animal kingdom and are inspiration for both science as well
as engineering. The complex behavior is thought to be a result of simple local
interactions between individual members, and is again an example how simple
underlying rules can form a very interesting and complex dynamics. All swarming
systems share some common features like the lack of a central controlling element
(a leader), only local perception of the environment, and a fast adaptation
possibility to a sudden change in the environment or surrounding. Due to a high
degree of emergent behavior (behavior which is not present in the individual
agents, but which emerges as a result of interaction of these agents) presence, a
swarm can solve complex problems essential for swarm individuals survival - like
for example predator avoidance, locomotion energy saving, food gathering or
nesting [76]. From a broader perspective, swarm systems are studied in physics as
systems which are not in a thermal equilibrium (so called active matter physics
and active matter system) [77], [78], however the utilized mathematics is far
beyond the target of a second grade student. Therefore, we will utilize the cellular
automaton description approach for simulating a simple flocking system to bring

this system to the student’s attention without relying on mathematics.

4.3.2 Flocking simulation cellular automaton

Similar to the ant simulator, the universe of the flocking simulation cellular

automation consists also of a two-dimensional grid of cells. Each cell can have one
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state of a possible set of different states, where a cell state is a discrete number
giving information about bird presence, its speed, and its heading. The
neighborhood is a configurable parameter, and is usually composed of all cells in a
certain radius around a cell. At time (¢t = 0), a state is assigned to each cell in the
universe based on the initial configuration of the flocking simulator (let n be the
total number of birds, then n cells from the universe are picked by random and a
bird with a random orientation is assigned as the cell’s state, all the others cells are
left blank). The whole cellular automaton is governed by simple rules, which can

be described in three sentences:

1) If a bird is too close (what is too close is defined by a configurable
parameter of the simulator), turn away (change orientation to face in a

different direction). This is called separation.

2) Ifabird is not too close, adjustits orientation to face in an average direction
of all birds in its neighborhood (flock) and towards the position average of

all birds in its neighborhood. This step is called alighment and cohesion.

3) Advance the bird by a certain step (speed is a configurable parameter of the

simulator). This is called motion.

For better visualization of the rules, please see picture 28.
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Picture 45. Visualization of the flocking simulator rules. Picture to the most left

shows separation behavior, and is the upmost important biological imperative
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(collision avoidance is essential for survival and is therefore evaluated first). The
middle picture shows alignment behavior - align towards the average direction of
surrounding flock members. The right picture shows cohesion behavior - align
towards the average position of the surrounding flock members. Alignment and
cohesion are the second important biological imperative (staying close together

with other flock members assures lesser attack surface and protection) [79].

Also similar to the ant simulator, the simulation itself is caried out in an excel
sheet. The excel sheet is divided into 2 separate parts. First, the so called “arena”
(see picture 46 right), is the place where the cellular automaton runs. It is in many
aspects the same as in the ant simulator with the only difference being the arenas
topology, where the ant arena is simply a rectangular “box” with rigid borders and
an ant will bounce of these borders, whereas the flocking simulator topology is a
torus, and the left and right (or top and bottom respectively) border are wrapped.
That means if a bird moves beyond the edge of the border, it appears directly at the
opposite border edge of the arena. Second part is the GUI part (see picture 46 left).
In this part, the student can modify individual model parameters like number of
birds, the visual perception of birds, separation distance and so on to control the

simulation.
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Picture 46. The flocking simulator excel sheet is divided logically into two separate

parts. Left, the GUI is intended to adjust the simulation parameters (like number of
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birds, or bird vision) and for general simulation control. Right, the “arena” is where

the cellular automaton simulation is caried out.

4.3.3 Examples of interesting flocking simulator dynamics patterns

Consistent with other cellular automatons, the dynamics observed as a result of
the flocking simulator is quite complex, even though the underlying rules are quite
simple. Dependent on the automaton’s initial configuration, several very
interesting patterns emerge. Let us now discuss some of these patterns in detail,
and explore what lead to he observed behavior. Finally, similar to the ant simulator
example, and consistent with all the other examples delivered, several questions

will be asked, as example questions for students investigating the system.

(a) (b)
Picture 47. The picture to the left shows the cellular automaton at time (¢ = 0). As
can be seen, bird position and bird alignments are distributed randomly. The
picture to the right shows further evolution of the automaton. As can be seen, after
only a few steps, the automaton starts to form compact bird clusters, each with a
dozen bird individuals. A cluster, once formed, stays reasonably compact. The
individual birds perform a circling motion around the center of the cluster, and the

central spot itself exhibits a random walk like motion in relation to the ever-
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changing bird position distribution. The resulting dynamics is very similar to what

can be seen in real flocking systems.

(a) (b)

Picture 48. The picture to the left shows, what happens if the bird vision is
restricted from its original 360° to only 70°. The flock formation still works, but the
clusters are more compact compared to the example with unrestricted vision. This
is a result of a change in rule 1. Because the vision is now restricted, far less birds
are considered neighbors (flock members) and the collision avoidance behavior
towards them is not executed. As a result, the cluster is more compact. The picture
to the right shows how the dynamics is affected if rule 2 would be omitted (no
alignment and cohesion behavior). As can be seen, the automaton does not form
compact aggregates anymore. Although in some cases (when the birds come too
close to another bird) a collision avoidance maneuver is executed and as a result
the bird heading is slightly changed, the overall dynamics shows bird motion
following straight paths.
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Picture 49. The picture to the left shows, how a restriction of the cohesion behavior
affects the overall dynamics. As can be seen, after only a few steps, the bird
headings get synchronized for all birds in the cellular automaton. As a result, all
birds uniformly fly in the same direction forming a very regular pattern. The
picture to the right shows how the magnitude of rule 1 and rule 2 parameters
affect the flocking dynamics. As can be seen, under a certain combination of
alignment, cohesion and separation, a different flock shape is formed. The flock is
no longer a cluster, but while still showing compact behavior, it is stretched in one
direction. Under this setting (especially at the distant edges of the flock) birds can
spontaneously leave the flock (the forces imposed by rule 1 and 2 are not strong

enough to prevent the bird leaving the flock).

Interesting questions to ask the student:

1) What behavioral elements need to be present in order to flock?

2) Under which minimal vision angle flocking starts to work?

3) With limited vision, much more dense bird aggregates form, even the
separation distance parameter didn’t change. Can you explain why?

4) Why do birds in nature form flocks? What is the evolutionary advantage?

5) What is the maximum separation distance in order flocking to work?

6) Whatif there is no bird alignment? Will flock still form? Why?
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7) What happens if alignment, cohesion and separation happen at the same
rate? Why?

8) Can you name other flocking systems in nature?

4.4 Freeway traffic simulator

The third example of a cellular automaton modelling a physical system is the so
called “freeway traffic simulator”. The simulator will show some of the basic
concepts of how congestions or traffic jams formations can occur in freeway traffic,
even there is no blocking object (like works on road or traffic accident) or speed
restriction imposed. The automaton is based on the so-called Nagel-Schreckenberg
model, and is an example on how human psychology can have an impact on traffic
microstructure, and traffic jam formation. First, some of the theoretical aspects of

the Nagel-Schreckenberg model, and traffic in general will be explored.

4.4.1 Introduction to traffic flow modelling

Traffic on freeways is a highly complex phenomenon. Traffic agents, driven by
their need to reach their travel targets, form a complicated transport network
which is a subject of scientific interest ever since automotive traveling and
transportation started to be affordable for the major population. Although the
individual agents may (and do) significantly differ in their properties (each human
being is an individual, and traffic participants are no exception), they all share the
same roads and freeways. By operating on the same resource, the agents interact
with one another and form a specific microscopic and macroscopic structure.
During the last twenty years, a variety of models describing traffic and traffic flow
were developed. While some of the models focus on the time-space evolution of
traffic flow quantities like traffic density or velocity, and review the system from a
large scale perspective and collective vehicular flow point of view (macroscopic
view of traffic flow) [80], [81], [82] other models focus predominantly on the
dynamics of individual traffic agents, and how they influence or are influenced by

other agents (microscopic view on traffic flow) [83], [84], [85]. Between these two
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worlds, there is a variety of hybrid model approaches which utilize in some ratio
both the macroscopic and the microscopic perspective [86], [87], [88]. Due to the
wide range of application, mathematical modelling of traffic flow remains a big
challenge even for scientific research, and is therefore not suitable for didactics of
physics in a second-grade school environment with the standard mathematical
approach to didactics of physics. However, researchers in [85] showed, that a
simple cellular automaton model can be utilized to simulate and explain some of
the basic aspects of traffic flow, especially how traffic jams can form without any

apparent reason. Such an automaton might be utilized for didactical purpose.

4.4.2 Nagel-Schreckenberg model cellular automaton

The Nagel-Schreckenberg cellular automaton is much simpler than the previous
two examples. The universe of this automation consists only of a one-dimensional
line of cells (representing a road), which ends are wrapped (the ends are
connected so the whole line forms a circle, much like a giant roundabout). Each cell
can have one state of a possible set of different states. It is eighter empty, or
contains a car with an assigned single discrete velocity value. At time (t = 0), a
state is assigned to each cell by placing a fixed number (configurable parameter of
the model) of cars with random initial velocities (between 0 and the maximum

velocity). For the cellular automaton the following simple rules apply:

1) For all cars, which didn’t reach maximum velocity (a configurable model

parameter), the velocity is increased by one. This step is called acceleration.

2) Each car checks the distance (in cells) to the next car in front of it. If this
distance is lower than the actual velocity value of the car, the velocity is
adjusted to be equal to the number of empty cells in front of the car (this is

done in order to avoid collision). The step is called slowing down.
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3) For each car with a non-zero velocity, the velocity is reduced by one unit
with a certain probability p (for example if p=0.1, then in 10% of the cases

the velocity is reduced by one unit. This step is called randomization

4) At least, all cars move forward by number of cells defined by their velocity.
For example, if the velocity is 4, the car moves forward by 4 cells. This step

is called car motion.

The simulation is caried out in an excel sheet. Again, the excel sheet is divided into
2 separate parts. The GUI part and the arena part (please see picture 50), where
the GUI part serves for simulation control and the simulation itself is caried out in

the arena part.

EEEEEEEEEEEEEEEEEEEEEEEEEERFFFFFFFFFFFFFFFFEFFFFFFFFCCCCCCCCECCEECCECEEE

Picture 50. The freeway traffic simulator is divided logically into two separate
parts (left the simulation control and right the arena where the simulation takes
place). The GUI part contains far more charts then the previous two examples. The
charts display basic traffic macroscopic quantities - traffic density, traffic intensity

and mean velocity and capture the relation between these quantities.
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4.4.3 Examples of interesting freeway traffic simulator dynamics patterns

[t is not surprising, that the dynamics of traffic flow is heavily dependent on traffic
density, and in context of the Nagel-Schreckenberg model, also heavily on the step
3 probability (please see the cellular automaton rules - step 3 in the previous
chapter). In fact, the stochastic parameter p is fundamental. Without it, the model
is reduced to a deterministic cellular automaton, where the cars move in a set
pattern and do not model the behavior of a real human driver anymore. The
stochastic parameter p is what allows for spontaneous traffic jam formation in this
model [89]. The following examples (summarized in pictures 51-54) show, how
the dynamics can change with increasing traffic density (number of cars) and how

itis dependent on the noise parameter p.
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(a) (b)
Picture 51. The picture left shows the evolution of the automaton with 10 cars and
p = 0.15. Car speed is highlighted by color, where brighter shades of green
correspond to higher car speed and shades of red correspond to low speed
(eventually zero speed for dark red). As can be seen, even though there was a
randomly introduced congestion (upper left part of the picture), it quickly
dissolved and never formed again. The car density is simply too low to
spontaneously form traffic jams. The picture right shows the same simulation,
however the number of cars was doubled (now featuring 20 cars). As can be seen,

although the noise parameter didn’t change (p = 0.15), a traffic jam formed (thick
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red line). With increasing algorithm steps, the traffic jam seems to be moving to the
left. The same dynamics can be experienced in real freeway traffic, where
sometimes a traffic jam forms out of nowhere (such a jam is also called a ghost
jam) and the resulting disturbance in the car distribution starts to travel

backwards in form of a wave (sometime also called a traffic wave).
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(a) (b)

Picture 52. Influence of the stochastic parameter p on the model behavior. The

picture left shows evolution of an automaton with 20 cars, but an extremely low
noise parameter (p = 0.01). As can be seen, the automaton is reduced to a
deterministic model and no traffic jam formed (compare to picture 34 right),
where for the same number of cars a traffic jam formed immediately with a noise
parameter p = 0.15. The picture right shows evolution of an automaton with only
10 cars, but with a high noise parameter (p = 0.40). It can be seen, that even with a
small number of cars, a traffic jam can form if the noise parameter is high enough
(compare to picture 51 left where for the same number of cars but with a lower

noise parameter a traffic jam didn’t form).
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(b)
Picture 53. Similar to real road traffic, a traffic jam can form spontaneously, and

(a)

10, p = 0.4).

number of cars

4

can also spontaneously dissolve (see picture left;
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Picture to the right shows what happens if the noise parameter is equal to 1. The
resulting model is reduced to a deterministic cellular automaton and does not

reflect real road traffic anymore.

(b)

Picture 54. The influence of maximum velocity on the model dynamics. Although

(a)

both pictures (left and right) share the same number of cars and noise factor

4) traffic

(number of cars = 15, p = 0.2). In the picture left (maximum velocity

7) a traffic jams forms

jams do not form. In the picture right (maximum velocity

It is widely known, that maximum velocity can have a big

almost immediately.
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impact on traffic jam formation. In fact, in many countries inclusive Czech
Republic, freeway traffic is usually monitored and simulation of future system
development are caried out. Based on simulation results, maximum speed is
adjusted to prevent spontaneous traffic jam formation and optimizing car through

put rate (traffic intensity). This allows for better road (limited resource)

utilization.

6

5 =—y=5p=0,1
F —y=5:p=0,25
£
E 5 | v=5;p=04
c —y=5;p=0,7
37
=

1 N

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Car density [cars per cell]

0.8
— 0.7 —y =5-p=0,1
o
§ 0.6 - m—y =5:p=0,25
% 0.5 - =
g 0s v=5;p=04
@ 0.4
So3 - —v=5;p=0,7
302 -
01

0 T T T T Y
0 0.2 0.4 0.6 0.8 1 1.2
Car density [cars per cell]

Picture 55. Upper figure shows a mean velocity vs density plot for several different
noise parameters p. As can be seen, with increasing noise, there is a lower mean
velocity for the traffic flow, and traffic starts to condense (sudden break down in
mean velocity) at lower densities. The condensation is a sign of congested traffic.
The lower picture shows the fundamental diagram (special diagram utilized in
traffic research showing a plot of traffic intensity vs traffic density) for several
different noise parameters p. This diagram shows a sudden break down in traffic
intensity highlighting that from a certain density, the traffic intensity stops to grow
and starts decrease almost linearly. As can be seen with increasing noise, this
breakdown point is shifted to lower densities, and affect the maximum traffic

intensity.
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Picture 56. Upper figure shows a mean velocity vs density plot for several different
maximum velocity parameter values. As can be seen, the higher the velocity limit
is, the sooner (sooner means at lower densities) the transition to congested flow
happens. The lower picture shows the fundamental diagram for several different
maximum velocity parameter values. As can be seen, with increasing maximum
velocity limit, the flow intensity gradient is also increasing, but the transition to

congested flow is sharper and happens at lower densities.

Interesting questions to ask the student:

1) How does the noise parameter p affect traffic jam formation?

2) What does the noise parameter p represent in real road traffic?

3) What model setting allow for best resource (road) utilization (maximum
traffic intensity?

4) Whatis a fundamental diagram?

5) Why do traffic jams appear out of nowhere?

6) How does vehicle speed affect traffic jam formation?
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7) Why does a traffic jam seem to move backwards against traffic flow?
8) Is it possible for a traffic jam once spontaneously formed to also
spontaneously dissolve? Can you adjust the model settings to show an

example?

4.5 Further simulator ideas and potential in didactics of other

school subjects

Due to the vast range of application of cellular automata (as demonstrated in
chapter 1), and due to their extensive ability to model all different kinds of systems
in nature (as asserted in chapter 2), cellular automata certainly show great
potential also in didactics of other school subjects. Some promising models with
great didactical potential (which in their nature are easily implementable by a
cellular automaton) will be shown. As discussed in the previous chapters nearly
any natural phenomenon can be modeled by a cellular automaton, but because the
target group are mainly first grade or second grade students, models with
interesting dynamics or models which yield complex or aesthetic patterns were

chosen, simply to attract and provoke curiosity in students.

4.5.1 Nuclear reaction simulation

In physics and in chemistry a process called nuclear reaction is well known and is
studied in physics or in chemistry class throughout the world. In a very simplified
schematical description, the process involves two nuclei (or a nucleus and a
subatomic particle) which collide and produce new nuclei or new subatomic
particles. One of the most prominent examples of a nuclear reaction is the nuclear
controlled chain reaction of Uranium-235 in nuclear power plants or in nuclear
weapons. The reaction starts, when a Uranium-235 atom absorbs a neutron, and as
a result, fissions into two fragments releasing three new neutrons and a vast
amount of energy. If further Uranium-235 atoms are present, they might collide

with the newly generated neutrons and the fission process repeats, releasing even
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more neutrons and more energy (see picture 57 — a). In power plants, this reaction
is controlled by an additional mechanism, which absorbs (or slows down) some
number (the number can be controlled) of the neutrons prohibiting their future
collision with a Uranium-235 atom and a potential fission (see picture 57 - b). The

process is schematically described on picture 57.
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Picture 57. Schematic representation of a controlled nuclear fission of uranium-

235 [90].
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What one can immediately notice is how easy this process could be modeled by a
two-dimensional cellular automaton. This automaton would consist of certain cells
representing the Uranium-235 (with colors representing before/after collision
states), other cells would represent neutrons (with cell states either “present”

“non present”) and yet other cells would represent the moderator (a neutron cell
colliding with a moderator cell would switch to “non present”). A control GUI of
this automaton would interface with the student and assure the model is
configurable (the student could set the number of Uranium-235 cells, number of
initial neutron cells, number of moderator cells, it could provide options for
random initial cell distribution or allow for certain structures to be set) and a
certain chart filed showing the cellular automaton current macroscopic state (how
many Uranium-235 cells are still present, how many neutron cells are present,
what is the amount of released energy or if the reaction is increasing or

diminishing. It could even report if the reaction is out of control and if the reactor
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will explode). Certainly, it would allow for an interactive environment, in which the
student could learn a lot not only about nuclear reactions or nuclear power plants,

but also about self-regulating systems.

4.5.2 Lightning strike simulator

A lightning strike is an electrical discharge between atmosphere and ground. It
often occurs in nature as a repeated event during a storm and is visually very
impressive. In a simplified understanding, the lightning strike stars in clouds by a
polarization of positive and negative charges within the cloud. Usually, the positive
charges accumulate at top of the cloud and the negative charges at bottom. As the
static charge in the cloud builds up, it starts to ionize the surrounding air, making it
more conductive. Electrons start to travel through the conducting air forming a
step ladder (with a familiar zig-zag pattern which is thought to be attributed to
dust particles present in the atmosphere). As the step ladder approaches the
earths surface, positive charges from the earth start to migrate upwards towards
the step ladder. The upwards migrating positive charges are often referred to as
streamers. Once contact between the streamer and ladder is made, the positive
charges on the earth surface fly very quickly towards the negative charges in the
cloud. The flash of light seen is called lightning. A schematic representation of

whole process can be seen on picture 58 a-e.

90



]
.a--l':,H
e,

+ +:,-_|_+ + +
Leadsr

+F-'I-_- hun
atroke
+ 4+

Picture 58. A schematic representation of how a lightning strike forms (a-e). On

picture f (bottom right) a picture of a real lightning is shown. [91]

It needs to be mentioned, that the above-mentioned description is extremely
simplified and in fact one needs to have deeper understanding of electrical physics
and thermodynamics to have at least some understanding of the process. It needs
to be pointed out as well, that even though this phenomenon is subject of scientific
research for many decades, the process is not yet fully understood. Therefore, a
cellular automaton model of this process could certainly support in teaching of this
complicated matter. The cellular automaton again could contain a GUI and an
arena where the actual automaton would run. Inside the arena, three separated
areas (cloud, air and ground) would contain specific types of cells. The cloud cells
(at the bottom region of the cloud) would be generated by random at initialization

phase of the automaton (the exact number of charge cells would be a configurable
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parameter) and would perform random motion inside the cloud. The air area
would contain randomly distributed dust particles (the number and maybe also
the distribution pattern could be a configurable parameter). The ground area
would contain cells representing positive charges and could contain some peak-
like positive charge displacements (representing houses or trees) which would be
a subject of initial configuration and could be placed randomly in the ground area.
During the actual run of the automaton, certain rules (gradient rules similar to the
ant simulator related to positive and negative charges would represent the electric
filed, certain random walk rules including the dust cells would assure the top-
down movement of negative charges form the cloud toward ground). Finally, when
the random path like trajectories of the step ladders and the streamers connect a
discharge would be released (basically just a graphical highlighting in white, blue
or yellow of the drawn trajectories). Such a cellular automaton could help to
provide a solid understand of the rules behind lightning strike formation just by
focusing on charge movement rules instead of the complicated underlying forces
behind the charges themselves. This would make the topic more accessible for first

and second grade student.

4.5.3 Simulation of water boiling

Everybody who prepared tea or who cooks eggs for breakfast knows the
phenomenon of water boiling and how fascinating it is. As a standard in todays
first and second grade physics class, the water boiling phenomenon is simply
explained as the related phase transition of water to steam which occurs in water
when a certain boiling point heat threshold is reached. The physics behind the
intriguing (seemingly random) bubble pattern formation and the specific noise
which boiling water is producing is usually completely omitted. When water boils,
a certain kind of inhibition process occurs (in some way similar to dendritic crystal
growth), which is related to the energy consumed by the phase transition of water
to steam. As the steam bubble forms, the necessary phase transition energy is
drawn from the surrounding water heat, decreasing locally its temperature and

inhibiting further boiling its direct vicinity [3]. This phenomenon can be very easily
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simulated by a two-dimensional cellular automaton [92]. The principle is based on
a slight disproportionality of the heat distribution among the cells (each cell state
is defined by an integer number representing the temperature) which is randomly
set up during initialization phase of the automation. After the water (cells in
automaton) is heated (gradual step by step increase of the integer number of each
cell which represents the temperature) and upon certain cells reach the phase
transition temperature, energy from surrounding cells is drained (a process
similar the diffusion step of the ant simulator but with an opposite gradient). If the
cell temperature is represented by color, interesting bubble patterns will form,

much like patterns in a glass of boiling water.
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Picture 59. A real glass of boiling water (a) [93] a one-dimensional cellular
automaton output patter simulation boiling water (b) [3], and a two-dimensional

cellular automaton showing heat transfer in a bubble (c) [92].

4.5.4 Crystallization of water and snowflake formation

It is well known, that water, upon freezing, can generate strikingly beautiful
patterns. The physical mechanism behind snowflake formation is very similar to
the boiling mechanism described above, but goes in the opposite direction. Once a
certain part of the forming snowflake solidifies (freezes), certain amount of heat is
released, preventing the water in its direct vicinity from further freezing. This
simple rule, when reflected by a simple two-dimensional cellular automaton can

generate patterns which remarkably resemble real snowflake patterns [3]. For
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comparison see picture 60 (real snowflakes) and picture 61 (cellular automata

generated patterns).
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Picture 61. Evolution of a two-dimensional cellular automaton. The automaton rule

states, that a cell shall be black in the next step only if exactly one of its neighbors
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was black in the previous step. The patterns are remarkably similar to real

snowflakes [3].

4.5.5 Fur pattern formation

In animals interesting fur coat or skin patterns emerge. This pattern formation is
thought to be a result of evolution, as animals with specific coat patterns gain a
significant survival advantage. Some animals develop patterns which help them
blend with their environment to avoid potential predators [94], other (often
poisonous) animals show bright colored warning patterns to scare of an attacker
[95]. The mechanism of the cellular automaton class resembling these kinds of
patters was discussed in chapter 2. Here, | would like to present a comparison
between real fur patterns and cellular automaton outputs to further highlight how

similar they can get - see picture 62.

7" Longhains <" “Fabbyis
(Seal Point) (Mackerel)

Picture 62. Fur textures of real feline like animals (a) [96] vs patterns generated by

a cellular automaton (b) [97].

95



4.5.6 Diffusion-limited aggregation

Diffusion-limited aggregation is a process often described in chemistry and
physics, which is related to processes where particles perform a random walk due
to Brownian motion and then settle and form aggregates. They often occur in
systems where diffusion works as the primary mechanism for particle transport
[98], and can be observed in many systems including mineral deposit, dendritic
growth of crystals, coral growth, but also in a system with a dielectric breakdown
or the Hele-Shaw flow (flow between two parallel plates separated by a very small
gap) which can sometimes be observed when injecting a large quantity of oil into
water. The fractal like patterns generated by these systems are visually very
intriguing and could therefore provoke interest in the topic in students. They are
extremely hard to rigorously study and only a few non-trivial solutions are known
[99], but are very easy to reproduce with a cellular automaton. The idea behind the
cellular automaton is to add cells to a cluster based on a random walk picking of
the added cell position. The random walk starts far away from the cluster, but once
the random-walking cell reaches a cell adjacent to the cluster, it will keep its

position. Only one cell at a time can perform this aggregation algorithm [3].

(a) (b)

Picture 63. Left (a) a so-called Lichtenberg figure burned into wood. Such figures

often appear within dialectical breakdown and is an example of a diffusion-limited
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aggregation pattern [100]. Right (b) shows a viscous fingering picture often

occurring in Hele-Shaw flow [99].
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Picture 64. Picture left (a) shows a diffusion-limited aggregation model based on a
simple cellular automaton described in [3]. Right picture shows a multi color
example of the aggregation where the cell colors were chosen based on time of

arrival of the random particle [101].

4.5.7 Cellular automata in didactics of computer science

An absolutely typical example is the application of cellular automata in didactics of
computer science and informatics. Not only that computer science directly borders
on physics (system modelling is a typical tool used in physics, and computer
science provides one of the most common tools utilized in modelling of these
systems - programming languages and computers), cellular automata themself are
also a typical filed of study in computer science, due to their connection to artificial
languages and automated computing. There is however a fundamental difference
in the substance of the didactical aspect. While for physics (and also other similar
subjects, like biology or chemistry as will be shown later in this chapter) the
potential of cellular automata lies in their ability to describe a complex system
with simple rules - which can be expressed in natural language, for computer
science, the benefit is simply the fact, that they can be very easily implemented in

any programming language. That makes them perfect as a sandbox environment
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for demonstrating basic programming archetypes as are for example object-
oriented programming, accessing classes and methods, working with arrays and
indexes or parsing strings and basic MISRA application. To further demonstrate
this concept, let us return to the ant simulator example described in chapter 4.2.
Even though the ant simulator looks complex, it in fact is not. Very basic
programming tools and very basic object-oriented approach was utilized in its
implementation, and any second grade student interested in informatics and
programming can implement a similar automaton. As an example, refer to picture
65, which shows two print screens of two ant simulator source code parts. Both
source code examples show basic programming structures taught in programming

classes.

Function BubbleSort(ByVal v_tempArray As Variant) As Variarn
Dim v_Temp As Variant
Dim i As Integer
For antIndex = 1 To n Dim b NoExchanges &s Boolean
oColl ants.Add New clshnt be
- . . . . b NoExchanges = True
oColl_ants.Item(antIndex).antShape = ActiveSheet.Shapes (antlnde: For i = 0 To UBound (v tempArray} — 1
oColl ants.Item(antIndex).antHame = "Ant " & striantIndex) If v temphrray(i) > v_r.err.p;\rray(i + 1) Then
oColl_ants.Item(antIndex).antStatus = "searchingForFood" b NoExchanges = False
DCDll_ants.Itert.(anti[ndex] .antShape.Rotation = rand(3&0) v_Temp = v_tempArray(i)
oColl ants.Item(antIndex).antShape.Top = ¥ v_tempArray (i} = v_tempArray(i + 1)

oColl ants.Item{antIndex).antShape.left = x v_temphrray(i + 1) = v _Temp
End If
Hext 1
Loop While Not (b_NoExchanges)
BubkbleSort = v_tempArray
End Function

(a) (b)

Picture 65. Screen shots of source code parts of the ant simulator. Only very basic

Hext

programming principles were utilized, making the source code easily accessible to
any programming student. Picture left (a) shows and example of how ants are
initialized at the beginning of the simulation. An array of instances of the clsAnt
class is iteratively generated and configured by a for cycle. Picture right (b) shows
a classic example of a sorting algorithm commonly known as bubble sort which is a

standard example used in any programming class.
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5. Cellular automata and the physics of traffic

As could be seen during the exploration of various cellular automata and their
ability to model interesting phenomena in nature, the underlying rules of even a
very complex system do not necessarily need to be complex as well. Remarkably
simple rules can capture the essential mechanisms responsible for many
phenomena seen in nature. Some of the phenomena (usually the very basic
phenomena easily described by mathematics) are subject to school education,
other are not yet fully understood and are subject to scientific research. The ability
of cellular automata as a new kind of description tool to be applied both for known
phenomena as well to unknown phenomena make it a very interesting tool to be
utilized in didactics of physics. It does not only make it possible to investigate
complex systems that border on several school subjects (like ants in physics,
biology or computer science, or snow flake formation in in chemistry and physics)
but also promotes synergy between individual school subjects. It can be in the
same way utilized to explore systems that are not yet “discovered” and that are
currently subject to scientific research. Similar to the promotion of inter-
disciplinary thinking, this approach promotes synergy between science and
education. It encourages and supports a student in trying to figure out, why an
unknown, not yet understood system exhibits a certain behavior, and puts them
temporarily in a role of a researcher. They are challenged to try out their reasoning
and critical thinking, and explore their creative potential to come up with some
think new. In this way, a student can not only learn to understand, but a student

can learn how to think [102].

In this chapter, some of our recent research on physics of traffic will be presented
where simple cellular automata were utilized to model the studied systems. In
contrary to the previous chapters, this chapter will utilize a far more mathematical
approach and a more rigorous language for describing the explored systems,
following standard notion utilized in theoretical physics. And it will seem to the
reader that the whole style in which this thesis is written has changed. The reader,
until now exploring certain new concepts in didactics of physics, will be challenged
with concepts and language utilized in theoretical physics rather than in didactics,
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which at first can look confusing. The reader could argue that it does not
correspond to the topic of this thesis at all, but there is a certain very important
logic behind why the following chapter is part of this thesis. This whole thesis
emphasizes a certain (highly theoretical) concept, namely that cellular automata
represent a completely new and fundamentally different approach for description
of physical systems, and that this approach has a certain potential in didactics of
physics. It was argued, and backed up by multiple examples and numerous
references, that cellular automata basically embody a new description language
and represent therefore potentially a completely new vector of approach in
didactics, bordering upon being a completely new paradigm in education.
Therefore, it is so much important to prove, that when cellular automata are being
referred to as a new “language”, they should be capable of delivering the cognitive
access to literally any topic, no matter how complicated or abstract it may be.
Therefore, in this last chapter a completely different topic is raised (physics of
traffic), and although accompanied by advanced statistics and within the
framework of random matrix theory, there is always a cellular automaton utilized
in describing the topic. It is therefore always possible to understand any of the
modeled systems and any of the assessed topics, just by understanding the
governing rules of the corresponding cellular automaton. This should act as a proof
of concept - a proof that cellular automata are powerful enough to explain even the
most theoretical concepts about physics of traffic in a natural language, which is

otherwise only explainable by the formal language of mathematics.

5.1 Quantitative analysis of probabilistic dependencies in a

thermal balanced traffic gas

As briefly discussed in the previous chapter about traffic flow modeling, traffic in
its essence is a highly complex phenomenon. The agents (traffic participants) exert
influence on each other during their trips, and organize themselves in a very
interesting way, which leads to emerging of complex micro structural patterns. A
key aspect of the system is the interaction happening between the traffic

participants, and a lot of thought has been given about the nature of these
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interactions, especially about their range. While some of the research on traffic
considers the interaction to happen only between the directly neighboring agents
(short-ranged interactions) [85], [103], [104]. Other research suggests that there
might be more agents interacting [105]. The interaction range is a measure of how
many cars ahead of the driver’s car still have influence on the driver’s decision
making, and this chapter will explore some of the tools which might be utilized to
quantify (in a sense to assign a certain real number) this measure. The tools
(mainly mathematical tools) are quite simple and can easily be a subject of
technical university study for a bachelor degree. To create the substrate on which
these tools can be tested a cellular automaton approach will be utilized. The reason
for this is the ability of a cellular automaton to generate a complex enough system
to reflect reasonably on real road traffic, while still maintaining a good enough
ability to design the microstructure of the system just by carefully choosing the
underlying automaton rules. The approach is not very different from the presented
cellular automaton utilization approach in didactics of physics. First, a simple way
how to generate complex behavior is selected (the cellular automaton), and then
the dynamics of the system is studied by utilizing certain tools. The difference here
is, that for the scientific perspective (or educational perspective at university level)
the tools utilized to study the system might be quite advanced (rigorous,
mathematical approach) while for first and secondary grade school a verbal
description or a visual evaluation is quite sufficient to have a grasp on the core

properties of a system.

5.1.1 Model description

The model utilized to study the interaction range and related applicable tools for
its quantification is based on the modified Metropolis algorithm [106], [107], [108]
(the algorithm is part of the Markov Chain Monte Carlo method family of
algorithms). From physics point of view, the operation of the automaton can be
understood as relaxation of a one-dimensional gas (one dimensional set of
particles) towards its thermal equilibrium (the ensemble of particles exerts

repulsive force on each other, until they reach some equilibrium state - much like a
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classical gas exposed to a thermal bath). From traffic research point of view, the
particles are considered traffic agents and the repulsive forces acting represent the
collision avoidance behavior of a driver. It is well known, that once this gas (also
called traffic gas) stabilizes in its equilibrium state, the resulting interparticle
spacing statistics (i.e., the spacing distribution) is very similar to intervehicle

spacing distribution seen in real road traffic. The automaton works as follows:

Imagine M point like particles located equidistantly on a circle with a mean
distance equal to 1. The particles move on the circle, but are prohibited to change
their order. An inverse temperature parameter f (also called statistical resistivity)
specifies the systems entropy. A positive [ (i.e., a positive value of entropy)
represents the amount of chaos in the generalized stochastic sense, and when
related to traffic gas models, it can be thought of as a parameter reflecting the
mental pressure the driver is experiencing during his trip. An integer parameter N
specifies the number of interacting agents. The particle positions are repeatedly

updated according to following simple rules:

1) Calculate the potential energy of the particle ensemble using the following

formula:

M N
Uy == ) > (e — 1) (1)

k=11=1

where M represents the number of particles on the circle, N represents the

number of interacting agents, and x is the particle position.

2) Pickarandom particle-indexj € {1, 2, ..., M}.
3) Draw a random number y uniformly distributed in the interval (0, 1).

4) Compute a new position for the particle x]' = x; +y. Because the particles
are prohibited to change their order, only values of y that are less than x;,,

are accepted.

5) Calculate the potential energy U, using the same formula as for U;
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6) If U, < U, then the move is accepted, the particle changes its position, and
the traffic gas takes its new configuration. However, if U, > U;, then the

—BAU

move is accepted only with a probability of e , Where f specifies the

systems entropy, and AU = U, — U;.

This system reaches its equilibrium state very quickly (typically within a few
thousand iterations - see picture 66 for reference). The resulting inter-particle
spacing distribution is used as a substrate to test the mathematical tools for

interaction range quantification.
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Picture 66. Relaxation of the particle system into associated thermal equilibrium.
The data displayed is the result of 60 000 iterations of the above-mentioned
algorithm for the temperature parameter f =1, N = 2 and M = 100. The blue line
represents the potential energy for one complete realization of the model. The red
line represents the mean potential energy of 400 realizations of the algorithm. As
can be seen, the particle system very swiftly reaches its equilibrium state (only
about 8000 iterations are needed), and then fluctuates around a certain mean

value of the potential energy.
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Picture 67. Probability density functions for diverse temperature parameters 8. N
=1 and M = 100. The shape of the density function describing the interparticle
spacing distribution changes with increasing . While for f approaching 0, the
distribution describes a stochastically independent process, for increasing g (i.e.,
increasing mental strain of the driver), the distribution starts to be similar to

spacing distributions seen in real traffic situations.
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Picture 68. Probability density functions for various interaction ranges N. § = 1 and
M = 100. The shape of the density function changes with increasing N, but after N =
3 there is no further significant change in the distributions shape. The interaction
range N seems to have influence on the distribution shape only for a maximum of 3

interacting elements.

5.1.2 Mathematical tools for quantitative analysis of probabilistic

dependencies

Measuring dependencies among data is a crucial part of statistical inference and is
essential for understanding the nature of relations between elements of a system.
This is especially valid for traffic systems. There are many dependence measures.
The most prominent among them are the Pearson’s correlation coefficient,
distance correlation and mutual information [109], [110], [111], but there are also
other measures like kernel measures of conditional dependence, mutual
dependence, number variance or convolution perturbance [112], [113], [114],

[115]. In the following sub-chapters, we will discuss the Pearson’s correlation
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coefficient as one of the most used tools for dependence detection, the number
variance - which comes originally from random matrix theory, and convolution
perturbance - a relatively new approach for dependence measure. These
mathematical tools will be applied on the data generated by the model described in

the previous chapter, and the obtained results further discussed.

5.1.2.1 Pearson’s correlation coefficient

Pearson’s correlation coefficient is a measure of the linear correlation between two
variables x and y. It has a value between +1 and -1, where 1 is a total positive linear
correlation, O is no linear correlation, and -1 is a total negative linear correlation. It
is defined as the covariance of the two variables divided by the product of their

standard deviations:

B Cov(x,y)
- \/ Var(x)Var(y)

Pxy (2)

Pearson’s correlation coefficient is symmetric: Corr(x,y) = Corr(y,x). A key
mathematical property of the coefficient is that it is invariant under changes of
scale and location of the random variables. The disadvantage of the coefficient is
that it captures only a linear dependence. A zero value of the coefficient does not
mean that the two random variables are automatically independent. It only implies
that they are linearly independent. Unfortunately, dependencies upon traffic data
are thought to be highly nonlinear [115], [116]. Nevertheless, the Pearson’s
correlation coefficient is a valuable tool for a first glance assessment of the level of

dependence in the data.
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Picture 69. The figure shows the interpolated Pearson’s correlation coefficients for
diverse interaction ranges N. While for N = 1, there is only a limited correlation
related to statistical noise of the sample, for N > 1 there is a clearly visible increase
in correlation. The correlation coefficient continues to grow until N = 6 (black line).
After N = 6 there is no further significant increase in correlation. The interaction
range N seems to have major influence on the amount of correlation only for a
maximum of 6 interacting elements. As can be seen, the correlation coefficient also
increases with increasing f. Especially interesting is, that with increasing N (the
number of interacting agents) the amount of correlation starts to significantly
increase already for lower values of f. As [ represents the mental strain
experienced by the driver (which is usually highly dependent on the traffic density,
as will be shown later), it is clearly visible that if the driver needs to react to
multiple traffic participants (for example not only the car directly ahead of him, but
also to other cars farer ahead), the amount of dependance (or amount of
correlation) he introduces to the data by making adjustment of its speed and
position increases very fast even in the lower traffic density region. This means,
that if a driver faces a situation where he needs to react to multiple drivers, the

amount of action he takes towards the traffic participants (adjusting position or
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speed) increases dramatically with the stress he experiences. This is very similar

to what can be seen in real traffic.

5.1.2.2 Number variance

Number variance was originally used to describe the eigenvalues in random matrix
theory, i.e., for describing the spectral rigidity of energy levels in quantum chaotic
systems. It also accurately describes the variance in particle position for a certain
class of interacting gases (for example Dyson’s Coulomb gas) [117], [118]. [t can be
used for the investigation of statistical variances in traffic data, and it can deliver
information on the amount of dependence among a data set. We have used the
number variance for the detection of previously introduced dependencies among
the data generated by the above-mentioned model. The number variance is
calculated as follows:

Imagine a set {r; : i = 1.. M} of distances between point-like particles located on a
circle. The mean distance over the complete set is equal to one. If we divide the
interval [0, M] into subintervals [(k — 1)M, kM], each of a length L, and define
n,(L) to be the number of particles in the kth subinterval, we know that the

average value 71(L) taken over all subintervals is equal to:

M/L

1
AW = 377 ), M) = 1L 3
k=1

The number variance A, (L) is then defined as:

M/L

1
ML) = g7 ) (L) = 1? )
k=1

This quantity describes the variance in the number of particles contained in a fixed
part of the circle, and measures fluctuations of this number. A significant
advantage of this method is that it can capture also non-linear dependencies upon

a dataset.
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Picture 70. Plot of the number variance for diverse interaction ranges N, where f§ =
1 and M = 100. While the number variance of independent events (black line with
diamonds) is a straight line with a slope (gradient) of 1, the slope of the lines
representing the results for different interaction ranges N is shifted to lower
numbers. Hereby lower gradients represent higher levels of dependence. The
gradient of number variance (also called statistical compressibility) is an important
indicator of the traffic regime it describes, and can help to deliver important

inference on the corresponding traffic microstructure.

5.1.2.3 Convolution perturbance
[t is well known from probability theory, that the probability density of the sum of

two (or more) independent random variables is the convolution of their individual

densities:
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h2) = (f * g)(2) = f f(z-0g@)de ©

But what if the variables are not independent? Does this convolution property
break down? We have investigated the data generated by our model and were
looking if there are any differences between the convolution of the probability
densities describing the inter-particle spacing, and the density of the sum of these
inter-particle spacings. In a system, where only two particles interact, it can be
reasonably expected, that successive inter-particle spacings are not correlated, and
therefore the density resulting from the convolution should match the density of
the sum of the spacings. If, however, there are more particles interacting, and there
is a certain correlation between individual inter-particle spacings, the convolution
should not be equal to the sum of the individual inter-particle spacing densities.
We have interpreted the level of difference between these two densities, i.e., the
sum of the absolute distance between each point of one density to the
corresponding point of the other density, as a probabilistic dependence of the
random variables describing the inter-particle spacing. We call this measure

“convolution perturbance”.
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Picture 71. Plot of the convolution perturbance for diverse values of f where M =
100. As can be seen, the amount of difference (the distance) between the
convolved densities, and the density of the sum of the inter-article spacings does
increase with the interaction range N, and also increases with the temperature
parameter f5. Such a behavior has been expected due to the nature of f and N, and
as can be seen, the convolution perturbance was able to meet this expectation and

give information about the dependence upon the dataset.

5.1.3 Potential in didactics of physics

The previous chapters have shown a simple way how to set-up a system potent
enough to model automotive traffic (although no comparison to real road traffic
data was delivered yet). Hereby the cellular automaton approach discussed in this
thesis was selected, mainly because of the ability of cellular automata to generate
very complex dynamics based on very simple rules. Traffic in its essence is also a
system with a very complex dynamics, which is also based on very simple rules

(simple actions like “accelerate”, “break” or “change direction” are enough to let
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the complex microscopic and macroscopic structure seen in real road traffic to
emerge). The rules of the above-mentioned model were carefully selected to
introduce artificial correlation to the model’s output, and a special attention was
given to the rules to be easily configured (an integer N describes the number of
interacting agents and a driver’s mental strain factor f describes how likely the
drive is to react to its environment and both of these parameters can be easily
configured by the student itself, just by changing the initial configuration numbers
of the model). In addition, several tools to detect the introduced correlation were
given to the student to be applied on the output data (the tools match the
requirement to be simple enough to be taught to bachelor degree students). Now,
under the teacher’s guidance, the student is able to investigate what happens to
the system if the initial configuration is changed, and the student is encouraged to
apply the received mathematical tools on a system that very closely matches real
road traffic system. The benefit of this interdisciplinary approach (in this case the
disciplines are physics and mathematics) is, that the student is immediately able to
utilize the tools learned in one subject (mathematics) in the other subject (physics)
and on top of that in physics of a very concrete every day experienced system (real
road traffic). The student learns to understand how basic underlying rules of a
system affect its dynamics while utilizing tool acquired in another subject to study
the system from a mathematical perspective both at the same point in time.

Interesting is, that the same types of tools are utilized in current state-of-the art
scientific research related to traffic, and similar cellular automata are utilized to
construct traffic models which are an essential part of such research. The
remarkable ability of cellular automata to model the most complex phenomena
just by applying several very simple rules can be utilized both in science as well as
in didactics and shows how thin the border can be between school subjects and
scientific research if the same tools are applied. It is a great example of the
potential of cellular automata in didactics. The following chapters will show
several other examples of scientific research on real road traffic, where, similar to
the example above, cellular automata were used to model the studied system and
mathematics to study the systems properties. This time however, these examples

will contain also real road data, taken from real road measurements, which will be
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compared to the cellular automaton output, and the similarities and differences

between a real system and the cellular automaton system will be evaluated.

5.2 Traffic Flow Merging - Statistical and Numerical modeling of

microstructure

This chapter will show a freeway traffic system, which especially people

commuting by cars on freeways to major cities for work know all too well. The

discussion is about construction works on freeways.

(a) (b) (c)
Picture 72. Road work ahead. A very typical situation experienced by drivers on a

freeway in real road traffic.

What actually happens to traffic macroscopic and microscopic structure in the
vicinity of a region where traffic streams are forced to merge? We have
investigated the statistical distribution of the time headways, as well as their
changes induced by a merging process, and verified through measurement, that
the resulting statistics can be well described by the generalized inverse gaussian
distribution, and on top of that, that the same distribution (but with different
parameters) can be utilized also describe the headway distribution of classical free
flow traffic). Furthermore, we can show, that the dynamics of the merging process
can be easily described by a simple cellular automaton like model (a
thermodynamic particle-like model, very similar to the model described in the
previous chapter) with an implicit gap-acceptance rule controlling the merging
process. It is yet another example, how a simple cellular automaton can describe
even the most complex systems. It has also an important practical application.
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Road works in general, and line reduction in particular have a crucial impact on
traffic capacity. Compared to a free flow regime on a resource (road) without a
bottle neck, the capacity of a bottle neck can be reduced up to 30% [119].
Furthermore, traffic flow withing the bottleneck itself is significantly unstable and
traffic conditions may change suddenly in a very short time. It can easily happen
without any obvious reason, that a free-flow regime suddenly changes to
synchronized flow, or to a stop-and-go regime. A good model of this process would
help to apply dynamic traffic control, and support prevention of complications
resulting from such sudden changes like loss of road capacity. The detection of
individual vehicular interactions is very difficult, as the information provided on
individual cars by single point measurements is usually not sufficient. However it
has been demonstrated in [104], [120], [121], that one can detect such interactions
by means of a segmented analysis of vehicular headways/clearances and make
assumption about the interactions by analyzing the statistical properties among
these segments. It opens up an opportunity to comprehend the essence of
vehicular merging (zipping). By analyzing real road data (particularly from
construction works on Czech freeways) we can show, that before, during and after
the merging process, the distribution describing the time clearances is a
generalized inverse gaussian distribution. The consecutive chapters will also show
how stochastic resistivity (a parameter reflecting on the mental strain of the driver)
evolves during the merging process. Finally, we will show the implementation of a
simple merging model which can reasonably reflect on the vehicular
microstructure withing the zipping area, and compare the model outputs with the
data measured on a real-road. From practical point of view, the results of the

model can be used for example for optimized traffic dynamics control of real road

Zipping.

5.2.1 Classical approach to traffic merging

Research on zipping processes in vehicular traffic has been ongoing for a long time.
Earlier works of Daganzo [122], Zheng [123], Hidas [124], Wang [125], and others

have been trying to find an effective simulation tool for merging operations.
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Roughly speaking, a general problem of these attempts is the fact that they all are
neglecting the statistical nature of traffic flows and/or do not take into account
different distributions of headways in various traffic regimes. Usually, the models
consider traffic to be uniformly distributed. However, recent research shows [120],
[126], [117], [127], [128], that this is by no means the case. Rather, different traffic
regimes show different distributions each of which describes a certain specific case
and a certain specific traffic regime. Therefore, when modelling traffic merging,

one needs to look for an alternative approach.

5.2.2 Empirical observations of traffic merging and their statistical

interpretations

5.2.2.1 Origin of the data

The data utilized for the follow up statistical analysis was measured during
construction works on the Czech Highway D1 (notoriously famous for its ever-
lasting construction works and resulting traffic congestions) from June to August
2016 on a 16km long road segment. The segment was chosen because it contains
an area, where a two-line traffic flow merges (because of the roadworks) into one
line (see picture 73 for a schematic description). Three sets of radar detectors
(Wavetronics SmartSensor HD, with an accuracy of 0.1s for time measurements
and 0.1km/h for velocity measurements) were put into three critical locations. The
first and second detector (D1 and D2) have been placed in front of the merging
area (localization: 216,5 km - one for the left line, one for the right line), the third
detector (D3) has been placed directly inside the construction area (localization:
227,1 km). The last radar (localization: 232,5 km) was put behind the construction
work exit area, where the flow can utilize two lines again. Unfortunately, data from
this radar was not finally used (no detector was placed) for the analysis, because of
the exit towards Olomouc (situated directly after the construction site). The exit

disrupted the traffic flow far too much to make any statistical analysis reasonable.
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Picture 73. Schematic representation of the D1 highway segment where the

measurements were made. The chosen segment is 16km long.

The collected data (3.22 million events in total) has the following structure. The

sets

T =t j=1,2.,NAk=12.,M] (6)

TOu0 = {00+ j = 1,2, ,N A k=12,..,M} 7

contain chronologically ordered time-stamps, each time stamp representing a kth
car from the jth sample. The set T%) contains the timestamps captured during
entering the detector line, whereas the set T°*Y) contains the timestamps captured
when the vehicle left the detector line. Constants M and N represent the sampling

size and the total number of samples. In a similar way,
V={vjx:j=12..,NAk=12.,M} (8)

is the set of vehicular velocities. For each sub-sample j, it is possible to calculate

the local traffic intensity

M

T(in) _(out) (9)
M jn1

]j:
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and local average velocity

— leglzl v],k

V=" (10)

based on these quantities a good approximation of the local traffic density can be

obtained [127], [103]:

b 11
Individual (re-scaled) time-clearances are then calculated as follows:
_ M(TJ'(,iI?) - Tj(,(l)clitl) )
Xjk = M T(in) _vM T(out) (12)
i=1"%j,i i=1"j,i—-1
which ensures for all sample means that
M
—1 Xj
g = 2%k _ g (13)

J M

[t is well known [129], [128], [126], [130], [131] that such a re-scaling procedure
brings a considerable advantage when investigating relations in many types of
systems, including economic, physical, biological, socio-physical or purely

mathematical systems.

5.2.2.2 Macroscopic characteristics of a traffic merging systems

The macroscopic variables I;, p; and 7 characterize the macroscopic state of the jth
sample. To understand what traffic regime the explored sample is experiencing,
one needs to check its position on the so-called Intensity-Density plane (ID-plane,
also called fundamental diagram). The position of the sample on the plane is

defined by its ID coordinates pj,I;. and helps to identify what traffic regime
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vehicles from this sample are experiencing. Usually, a driver from a sample far
right to the bottom of the ID plane (high traffic density, low traffic intensity)
experiences congested traffic, whereas a driver from a sample with lower traffic
density and higher traffic intensity most probably experiences free flow. What is
essential before moving to any sort of statistical analysis is to assure that only a
homogenous data sample will be analyzed. Because traffic, in general, is not
uniform, when observing a larger sample of successive vehicles, it is clearly visible
that each part of a larger sample has a different microstructure. Indeed, it is well
known, that traffic dynamics exhibits many surprising patterns like traffic jams,
stop-and-go waves propagating through the traffic sample, transitions to and from
congested traffic states, local instabilities or meta-stabilities of traffic flow,
scattering, platoon formation or traffic synchronization. Therefore, a larger sample
of traffic data is difficult to be described with a single probability distribution, and
is rather a mix of several different distributions, as it is a mix of several different
traffic states at the same point in time. To avoid analyzing a non-homogenous data
sample, consequently only samples from a limited region of the ID plane, that
contain samples of similar statistical properties and traffic microstructure were

subject of the analysis.
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Picture 74. Fundamental diagram showing data from the D1, D2 and D3 detectors.
Blue and red dots highlight data from detector D1 and D2 (left line and right line)
which captured data before the vehicles entered the road work merging area.
Purple marks show data from the D3 detector directly from the construction area
where the flow has been merged. Strait lines highlight vehicles within the
fundamental diagram, which move with the same velocity. It is immediately visible,
that by merging of the two lines (which exhibit free traffic flow states), the mean
velocity dropped dramatically from 120 km/h to roughly 80 km/h. This is a result
of a traffic phase change induced by the zipping area, in which traffic suddenly

swings from free flow to synchronized flow [132].

5.2.2.3 Microscopic characteristics of a traffic merging systems

As discussed, standard traffic flow without any merging can be very well descried
by the generalized inverse gaussian distribution (GIG distribution) [133], [134].
We have investigated if this is true also for the area directly after zipping occurs

(data captured by the D3 detector), and if the same general principles apply also
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for a merged traffic stream. The aim was to investigate, whether the merging
process had some fundamental impact on the microscopic nature of traffic. To be

more specific, we wanted to know, if the probability density function

_B
f(x) = AD(x)x%e xe P* (14)

where ®(x) is the Heaviside step function, and where A and D are scaling and

normalization constants:

BT
e :%: 2(5) F Ka+11(2\/ﬁ_D) B+0,a€R as)
ﬁ B=1la>-1
3.—6_2\/g
D=a+f+—s— (16)

2

where K, ,;(x) represents a modified Bessel function of the second kind, and I'
represents the gamma function, could accurately describe not only bot streams

before merging, butalso the final merged traffic stream.

A crucial statistical quantity is the stochastic resistivity f = 0, which describes the
systems resistance to stochastic influences. When referring to traffic, it can be
understood as a parameter reflecting on the mental strain the driver is
experiencing and acts as an indicator of repulsive forces in the system. Lower
values of £ correspond to a system being close to a Poissonian system of random
non-correlated events and suggest no interaction between individual
particles/elements/agents. In contrary, extremely high values if f — oo lead to an
equidistant arrangement of particles, which corresponds to a deterministic system.
Therefore, a particular value of the resistivity (detected in vehicular systems)
reveals an extent to which interaction forces (i.e. socio-dynamical impulses

influencing driver’s decisions and maneuvering) are damped by stochastic
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fluctuations. Higher values of £ indicate stronger mental strain of the driver, and
stronger interactions between individual drivers. As an illustration of how well the
generalized inverse gaussian distribution can described the traffic data, please see
picture 75. The parameters a and B of the associated GIG distribution were
estimated based on the measured time headways by the Minimum Distance
Estimation method (MDE), where the distance to be minimized can be described

by the following metrics:

1

o 2
n= ( f H(x) —f(x)|2dx> a7
0

where H(x) represents the histogram of scaled time headways, and f(x)

represents the GIG probability density function.
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Picture 75. Measured time headway distribution (histogram) with its
corresponding estimated GIG distribution (green, blue and purple line). The
picture shows how two traffic streams (measured by the D1 and D2 detectors)
having an equal density between 7 and 10 vehicles per kilometer merge into one
stream having a density between 10 and 14 vehicles per kilometer. As can be seen,
the statistical model very accurately reproduces the empirical distributions both
for each individual line before merging (green and blue line), as well as the final

merged flow (purple line).
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Picture 76. Estimated stochastic resistivity parameter f for each line in relation to
traffic density. As can be seen, for lower densities, less ten 7 vehicles per kilometer,
the mental strain parameter f is pretty low, indicating that in low density traffic,
there is not much mental pressure exerted on the driver (this is in correspondence
to our everyday experience during driving). However, once the traffic density
increases, the pressure the driver is experiencing also increases. For the merged
stream (because of the just undergone zipping procedure and because of the
narrower driving line related to the surrounding construction work), the mental
strain level rises already at densities around 8 vehicles per kilometer as the driver
needs to evaluate more information in a short time. Especially interesting is the
evolution of the mental strain parameter for the fast line (the line that is being
merged). For densities up to 15 vehicles per kilometer, drivers in both lines
experience roughly the same amount of stress. However, for densities beyond that,
there is a very sharp increase in the stress level the drivers experience in the fast
line. This is because the merging procedure is about to start and there is far too
low space in front of the driver resulting in a higher repulsive force acting on the

driver (drivers in the fast line are forced to slow down because of many other cars

123



in front of them did slow down as they prepare for the zipping maneuver).
Interesting is, that this is in no way the case for the slow line. There (at least at the
location measured by the detector) seems to be no dramatic increase in the stress

level experienced by the driver.

5.2.2.4 Modeling traffic merging by utilizing a cellular automaton

In the previous chapter, empirical data from a traffic merging procedure were
studied in detail together with a statistical model based on the generalized inverse
gaussian distribution. It could be shown, that the mentioned distribution can very
accurately model the assessed situation. In this chapter, a traffic flow merging
simulation based on a simple thermodynamic gas (traffic gas) cellular automaton
will be presented. In many ways, it is very similar to the simple gas model
described in the previous chapters, however it has been extended to incorporate
the zipping procedure. The automaton consists of two one-dimensional thermal-
like gases whose particles are attracted/repulsed by a combined and

n-parametrized potential

1
(p:nlnx+; (n>0) (18)

and controlled by a fixed value of the stochastic resistivity f > 0. For such a gas,
analytical solutions of associated steady-state distributions are well known [104]
and lead to headways that are GIG distributed. Moreover, it is shown in [135] and
discussed in [127] that a general system with asymmetric, forwardly-directed
interactions and driving terms (which is a typical variant of traffic models) can be
very reliably approximated by the many particle thermodynamic system like this.
Above that, it is well known that the above-mentioned thermal-like gas generates
GIG-distributed headways also in far-from-equilibrium states, which represents a
great benefit for modelling of merging traffic. The model has random initial
conditions (location of particles in each stream) and fixed parameters f; and S,
assigned to the individual to-about-to-be-merged streams, and consists of three

segments (see picture 77). The first segment contains the two traffic streams, that
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are going to be merged. The second segment contains the merging area, and the
third segment contains the merged stream together with a detection are. All these
segments change their states according to bellow described rules, but each
segment has different values of configuration parameters. In the third segment,
particles are captured by a virtual detector (much like vehicles were captured by a
real radar detector in the real road example given above) and related headway

distributions were acquired also in the same way (MDE).

Picture 77. Schematic example of the merging automaton. Two separate traffic
streams (brown and grey curves, containing blue and green particles) merge into
one stream according to fixed merging rules. A detection area after the merging are

captures information about passing particles.
Consider an ensemble of N point like particles at positions x;(t) > x,(t) > - >
xy(t), where t is an integer value representing the time step of the automaton.

The particle positions are updated by applying the following steps:

1) Timert is increased by one
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2) Potential energy of the particle ensemble is calculated based on the

following formula:

N-1 N-1
1
U(R) =1 ) 0(a®) = 1) + ) s (19)
k=1 k=1 1

3) Pickarandom particle-index ! € {1, 2, ..., N}.

4) A mean headway in the given segment is evaluated

N-1
1
W= > (1) ~ e (0) (20)
k=1

5) Draw a random number § uniformly distributed in the interval (0, 1) and
compute a new position for the [th particle: x;(t + 1) = x;(t) + éw. Because
the particles are prohibited to change their order, the new position is
accepted only if x;(t + 1) < x;_,(t) otherwise the position is not updated
and stays the same x;(t + 1) = x;(t) and the algorithm is skipped to step 9.

6) The potential energy of the new particle configuration is evaluated

- x_1(t) —x,(t + 1) 1
U=ms ”ln< X1 (0 — 2,0 ) EETNO EETCESY
1 (21)

x4 —x0)

7) If U’ < U(t) then the [th particle takes on the new value x;(t + 1)

8) If U’ > U(t) then the Boltzmann factor h = e_ﬁ(U,_U(t)) is compared with
another random number r uniformly distributed in the interval (0, 1). If h >
r the [th particle takes on the new value x;(t + 1) too. Otherwise, the
original configuration remains unchanged and x;(t + 1) = x;(¢t).

9) Forevery k # [l we setx, (t + 1) = x,(t).

In this manner, particles positions from the first and second segment, where the

coefficients of resistivity (required in step 8) are specified at the beginning of a
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simulation procedure, are updated periodically before they enter the zipping area.
Here they are merged into one one-dimensional ensemble (keeping the order in
which particles entered the segment), that is described by a potential energy
respective to the zipping area. An effective value of resistivity in the zipping area is

then calculated as an average resistivity of all particles lying within this area:

-3

N
=1
Where £, is either f8; or 8, in dependence from which line the particle entered the
merging area. This represents an implicit merging rule reflecting an empirical
behavior of drivers moving in the vicinity of a merging point. After the particles
pass through the zipping area to the detection area, their headways are recorded
and statistically evaluated. It needs to be mentioned, that in the zipping are itself,
the particle positions are updated in the very same way like they are in the two
lines prior the merging, with the only difference being the § parameter utilized in
step 8, which is calculated as a merged parameter from £; or 3, in dependance on
the particle configuration within the merging area. The above-mentioned
algorithm is executed individually for both lines and the zipping area until the each
of the segments reaches its individual thermal equilibrium and their headway
distributions are statistically stable in time. The models output can be seen in
picture 78. A comparison of the models output and real road merging data is

displayed in picture 79.
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Picture 78. The histogram shows the headway distribution for individual lines as
well as the merging are acquired by relaxing the merging particle gas cellular
automaton model into its thermal equilibrium. Green, blue and purple curves
represent an associated GIG probability density function. As can be seen, the GIG

also very accurately fits the data generated by the automaton merging model.

128



& ©  Detector 1 (Entrance area)
1F @] Simulation -
> 0 1 1 1 |
et
) 0 0.5 1 1.5 2 2.5 3 3.5 4
c
(1) 1 T T T T T T T
D O
O  Detector 2 (Entrance area)
_2,‘\ 05 - ¢} s Simulation i
o) o
m | | 1 | |
o 0
e 0 0.5 1 1.5 2 2.5 3 3.5 4
& 1 I Q ID T T T T T T
oVAO ©  Detector 3 (Detection area)
9 e Simulation
05} s
%00
0 | | 1 |
0 0.5 1 1.5 2 2.5 3 3.5 4

Time Headway [dimensionless]

Picture 79. Comparison between real road headway probability distribution and
simulation result distribution. As can be seen, the headway distribution acquired
by the model very accurately matches the real road equivalent. The initial
configuration parameters of the model were chosen based on estimated

parameters from the real road merging.

Based on stochastic analysis of original vehicle-by-vehicle data measured in the
vicinity of the zipping area it is clearly visible, that regardless of the detector
position, all the time-clearance distributions belong to the family of the generalized
inverse Gaussian distributions. The estimation procedure based on MDE however
reveals significant differences in the stochastic resistivity of in-flow and out-flow
streams. It confirms an intuitive opinion that streams in the left (fast) and right
(slow) lanes (before the zipping area) are not statistically equivalent, despite the
fact that they can have the same or similar macroscopic properties. Evolution of
the stochastic resistivity (for evolving traffic density), which is one of the
fundamental description quantities in physics of traffic, clearly shows that driver

strategies (decision rules and maneuvering) are different in the fast and slow
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entrance-lanes and are also different inside the construction area. It is also very
interesting, that a simple cellular automaton model, which follows only basic
intuitive rules can generate output remarkably similar to the real road situation.
Both real road data, as well as the automaton model output highlight, that the
merging procedure amplifies synchronization among cars. In other words, drivers
experiencing a merging situation in real road traffic are more likely to adapt their
driving behavior based on the behavior of surrounding cars to avoid collision. This
is a result of increased mental strain experienced during the merging procedure,
which in many aspects challenges the driver, and it is of no surprise that such a

driver will adjust its driving behavior accordingly.

5.3 Super-chaotic statistics in traffic flow

In the previous chapter, traffic merging was investigated in detail. Analysis of data
from a real road construction site showed, that there is a significant difference in
statistical properties between the fast (left) and slow (right) line, and that
imposing some restriction area on the common resource (road) can lead to a
dramatic change in the driver’s behavior and traffic flow in general. But is this the
case also for unrestricted traffic? We have investigated the nature and level of
correlation among vehicles in real road two-lane traffic data, and found out that
there is a remarkable difference in the driver’s behavior between the two driving
lines, even when there is no apparent external influence or traffic restriction

imposed on the system.

5.3.1 Origin of the data

The data we base our investigation on was measured by a set of inductive dual-
loop traffic detectors, located on the DO motorway in Prague (also commonly
known as the Prague Ring). The advantage of using a dual-loop detector system is
that is can capture both the vehicle speed as well as its length with a good
precision. To illustrate how the system works, please refer to picture 80. The

measurement system consists of two separate loops, the Mioop and the Sioop, both

130



with the same loop length and a fixed distance between them. When one of the
loops detects a vehicle, a timer is started, and when the vehicle is detected by the
second loop, the timer is stopped. The time at which the vehicle arrives at the Mioop
- t;n_on and the time at which the vehicle arrives at the Sioop - t5_,5, Can be used to

calculate the vehicle speed [136]:

ldist + lloop
speed = 23
P (ts—on - tm—on) ( )
Where: 50, = Loop length in meters
laist = Distance between the two loops in meters
ts_on = Vehicle entry time at the firstloop
tim—on= Vehicle entry time at the second loop
lloop
>
Mloop Sloop
DRIVE
---------- > .~ -
DIRECTION Laise
tm—on tm—off its—on ts—off

Picture 80. A schematic diagram of an inductive dual-loop traffic detector [136].

Based on the vehicle speed, and based on the Ong;;,. - the time the vehicle spends

moving across the detector, the vehicle length can be obtained by:

ONyime—m + ONpjme—
time—M time S)] _ llOOp (24)

Lyenicie = [Sp@@d( 2
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Where: speed is the Vehicle speed, [;,,, is the Loop length in meters, Ongjp._pyis
the time the vehicle moves across the firstloop and Onju.—s is the time the

vehicle moves across the second loop.

In a similar way, other important macroscopic and microscopic quantities can be
extracted out of the data. Especially important are the time and distance headways
(the time or the distance between two vehicles passing a detector), traffic density
(the number of vehicles in a fixed road length), traffic intensity (the number of
vehicles passing a point in a fixed time) and mean velocity (sum of velocities of
fixed number of vehicles, divided by the number of vehicles). Also, similar to the
assessment of the real road merging data explained in the previous chapter, a
unification procedure had to be done for the data, to avoid analyzing a non-
homogenous data sample. We have split the data into small samples each
containing only a limited number of entries. Then, for each of the individual sample
sets, the random variables describing the data (like for example time headways, or
distance headways) were re-scaled to have a mean value of one. Finally, for each of
the individual sample sets, local traffic density and traffic intensity was calculated,
in order to understand at what position this sample set is located in the
fundamental diagram. Only limited regions of the fundamental diagram, containing
samples of similar statistical properties and traffic microstructure were subject of
evaluation. Picture 81 shows the resulting fundamental diagram of the acquired
data. Left, the fast and slow lane is represented by different colors, showing a
difference in shape of the fundamental diagram. The heat map representation of
the fundamental diagram (see picture 81 right) shows the number of vehicles
belonging to the same region of the fundamental diagram. The heat is proportional
to the number of vehicles. The two separate heat-center lines visible on the figure
are the fast and the slow lane. The slow lane has a bigger heat-center as it contains
in general more vehicles. The data in picture 81 represents 52 billion vehicles

captured by 8 different detectors during a period of one year.

132



<10"
4500 4500 8

" +  fastlane
4000 . v *  slow lane 4000
Savet et .
r, L]

3500

3500
3000 3000

2500 2500

2000 2000

1500 1500

Traffic Intensity [vehicles/h]
Traffic Intensity [vehicles/h]

1000 1000

500

= CEE . 1
500 B ._.t—.-‘:g" R

0 = 0
0o 10 20 30 4 5 6 70 80 9 0O 10 20 30 40 5 60 70 B0 90

Traffic Density [vehicles/km] Traffic Density [vehicles/km]

(a) (b)

Picture 81. Fundamental diagram representation of the measured data.

5.3.2 The difference between the fast and the slow lane

As can be seen on the heat map representation of the fundamental diagram in
picture 81, already on macroscopic level both lanes display differences. For the
same traffic densities, the fast lane exhibits a sharper increase in traffic intensity,
and is able to maintain this increase even in more dense traffic before finally
entering saturation and congested traffic. The comparison of mean velocities,
displayed in picture 82 confirms this observation. While both lanes contain a
similar region of slow-movers for low densities < 20 vehicles/km, the faster
moving vehicles show different properties in the mean velocity trend. For the slow
lane, the maximum mean velocity seems to slightly grow for densities below 10
vehicles/km, and then enters a bound regime, experiencing a linear decrease in
mean velocity, until reaching the threshold value at density 35 vehicles/km,
followed by a sharp breakdown in mean velocity which signalizes that the traffic
has entered congestion. For the fast lane however, there seems to be a bound
regime from the very beginning, displaying as well a decrease in mean velocity, but
with a milder slope. Also, vehicle in the fast lane seem to enter the congestion

related breakdown in mean velocity later, at density 40-45 vehicles/km.
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Picture 82. Mean velocity comparison of the fast and slow lane.

To understand the differences in the microscopic structure, we have once again
utilized the generalized inverse gaussian distribution to assess the distribution of
the random variables describing the time headways between vehicles. As
discussed in the previous chapter, the GIG distribution is perfect for such an
assessment, as it not only very accurately describes time headways between
vehicles in real road traffic, but can also describe a general many particle systems
in far-from-equilibrium state. (Interesting is to mention that the GIG distribution is
known to accurately describe not only traffic data, but also for example the
intervals between failures of air-conditioning equipment, intervals between pulses
along nerve fibers, fracture toughness of MIG welds and has a close connection to
the hazard functions and lifetime modelling in general [134]). For the purpose of
investigating the micro structure of unrestricted two-lane traffic flow, we

introduce the probability density function:

_B
f(x) = AD(x)x% xe P* (25)
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where @ (x) is the Heaviside step function, and

1

A= (26)

a+1

2 (%)T Kes1(2(a + 1),/DB)

where K, ,1(x) represents a modified Bessel function of the second kind, and g >
0,D > 0 and a are real parameters (compared to the previous notion of the GIG
from the traffic merging model, we didn’t express D to be a function of ¢ and £ so
the current function is a three-parameter function rather than a two parameter
one from the previous chapter). Similar to the previous example, the § parameter
indicates the systems entropy. It represents the amount of chaos in the system and
when referring to traffic, it can be understood as a parameter reflecting on the
mental strain the driver is experiencing and acts as an indicator of repulsive forces
in the system. As can be seen in picture 84 (b), the stress parameter f is heavily
influenced by traffic density. When traffic density is low, the driver experiences
low stress levels, as there is no necessity to respond to the local traffic (no
repulsive forces slowing down vehicles). The probability distribution is reduced to
the Poisson distribution - see picture 83 (b). However, with increasing traffic
density, the driver is forced more and more to respond to its surrounding and the
driver needs to evaluate more and more information in a short time, increasing the
stress level consistently. The correlation between individual drivers rises, and the
data can no longer be described by the Poisson distribution. Once the stress level is
unbearable, the driver slows down. If this happens in a larger scale, the system
enters a congested state and the mean velocity and traffic intensity decreases
dramatically, sometimes even halting the whole traffic flow. Note the difference in
B parameter dependence on traffic density for the fast and slow lane in picture 84
(b).

The o parameter on the other hand represents attractive forces in the system. It
represents the desire of the driver to follow or catch upon a vehicle. In short range
interaction, the repulsive forces always prevail, reflecting on the instinct for self-
preservation, however when the distance between the drivers gets sufficient,

attractive interaction gains more and more ground. Note the difference in a
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parameter dependence on traffic density for the fast and slow lane in picture 84
(a).

The interaction of the driver with other vehicles is defined by a ratio between the
stress parameter 3 and the attraction parameter a. Both are dependent on traffic

density (larger densities result in larger value for both of the parameters). Let us
therefore introduce the force ratio k = — %, which represents the level of attractive
force presence in the system. As can be seen in picture 83 (a-f), the generalized

inverse Gaussian distribution can very accurately describe situations in both the

fast and the slow lane, for low and high densities.
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5.3.3 Number variance of traffic flow

Finally, to assess the nature of inter-vehicle interaction, and the character of
difference between the slow and the fast lane, we have used the number variance
distribution (which detailed description was delivered in chapter 7.1.2.2). For this
purpose, the entire fundamental diagram was sliced into 100 pieces, each piece
representing a small traffic density region. Consecutively, applying the formula (4),
the number variance distribution for both fast and slow lane was calculated for
each of these density regions separately. Consistent with the observations made
utilizing the fundamental diagram view and the GIG density estimation (for which
the fast and the slow lane showed major differences) also the statistical properties
of the number variance distribution differ lane to lane considerably. While the
number variance distribution of the data from the slow lane - see picture 85 (a) -
confirms the expectation that there is no correlation between vehicles for ultra-
low densities (the red curve matches exactly the curve for independent events),
and that higher traffic densities (green, blue and purple line) show increasing
correlation with increasing traffic density, the number variance of the fast lane
shows a completely different (and extremely unexpected) behavior. Indeed,
against the expectation, the number variance distribution obtained for the fast lane
- see picture 85 (b), shows for lower densities a gradient higher than 1, making this
distribution super-Poissonian and not matching the distribution for independent
events at all - see the red, green and blue curve in picture 85 (b). Similar super-
Poissonian distributions can be found for example in photon counting experiments
and statistics of light, in quantum optics [137], [138], [139], [140]. In these
experiments, thermal light (for example sun light) shows intensity fluctuations as
its inherent aspect and as a result, there is a statistical tendency for photons to
arrive simultaneously at a detector, resulting in so called “photon bunching” (this
phenomenon can be in general attributed to the wave-particle duality of photons
and is in physics known as the Hanbury Brown and Twiss effect [141]). The related

probability distribution of photon arrival time at the detector is super-Poissonian.
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For fast lane traffic data, the super-Poissonian character of the number variance

distribution might be attributed to a similar effect, which we call “vehicle

bunching” in order to keep the analogy with thermal light and quantum optics.

However, the source of the bunching is different. It originates in the driver’s lane-

changing behavior. Imagine a common traffic situation experienced on freeways. A

driver in the slow lane wants to overtake a slower moving vehicle and decides to

change to the fast lane. When there is a vehicle moving in the fast lane, it might

need to slow down in order to avoid collision with the lane-changing vehicle from
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the slow lane. When there are more vehicles moving in the fast lane, they are
slowed as well, forming a bunch of vehicles moving within a close distance, not
unlike bunched photons - see picture 86. Not many of such overtaking maneuvers
originating in the slow lane are necessary to block the fast lane locally, which
results in traffic intensity fluctuations in the fast lane. As a result, the fast lane
exhibits super-Poissonian like statistics for traffic densities as far as 20
vehicles/km. Also note that the probability distribution of time headways for the
fast lane for ultra-low densities shown in picture 83 is not exactly a Poisson
distribution as the probability of having very small time-headways is much larger
than in should be for an uncorrelated sample. This is because it captures the small
time-headways between individual vehicles which form a vehicle bunch in the fast

lane.
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Picture 87. The gradient of Number Variance (statistical compressibility) in

relation to traffic density. A gradient of 1 indicates independent events.
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Interesting is also to review the evolution of the number variance gradient (also
called statistical compressibility) with traffic density. As can be seen in picture 87,
for the slow lane the gradient decreases with increasing traffic density, indicating
an increase in correlation among the vehicles. This trend continues until reaching a
local minimum in statistical compressibility (local correlation maximum) at
densities approximately 10 vehicles/km. Note that this is exactly the density,
where the estimated parameter D reaches its maximum value - see picture 84 (c).
For the fast lane, the statistical compressibility starts already at values larger than
1, indicating positive correlation and “vehicle bunching”. Beginning at traffic
density of about 5 vehicles/km, the vehicle bunching effect starts to increase. At
the same time, the compressibility decrease in the slow lane starts to slow down,
as more and more vehicles perform a lane-change, exiting the slow lane
(increasing entropy) and feeding the vehicle bunching effect at the fast lane. Also,
the estimated parameter £ (i.e. the mental strain parameter) starts to separate at
this density, showing different values for the slow lane and the fast lane (£ in the
fast lane increases faster, because some of the vehicles in the slow lane are doing
the lane change maneuver, increasing stress level for drivers in the fast lane). This
effect culminates in traffic densities approximately 15 vehicles/km. From this
density onwards, fewer and fewer vehicles from the slow lane try to perform a
lane-change maneuver, as the fast lane is simply too occupied to do the maneuver
safely, and the willingness to start such a maneuver decreases. As a result, the
number of vehicle-bunching situations decreases, intensity fluctuations dissipate,
and the slow lanes f§ parameters run perpendicular to the fast lane  parameter,
indicating that the mental stress level increases with traffic density in the same
manner for both slow and fast lane. Starting at traffic densities 20 vehicles/km
onwards, the statistical compressibility for the fast lane falls below 1, and the
system transits from its super-Poissonian regime to the standard sub-Poissonian
regime seen in the slow lane, until finally reaching a congested state for both lanes,
indicated by a similar compressibility for both of the lanes - this happens at traffic
density approximately 30 vehicles/km. Note, that this is exactly the density where

there is a break down in mean velocity for the slow-lane - see picture 82.
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Conclusion

The aim of this thesis was to deliver a complete and comprehensive overview of
cellular automata and their potential in didactics of physics. The concept itself was
based on the ability of cellular automata to exhibit even the most complex
dynamics, while being in fact generated only by a set of very simple rules. This
remarkable ability of cellular automata to describe a system just by describing
these underlying simple rules was proven to be advantageous in didactics of
physics, because it permits to study even the most complex systems from an
educational perspective without having to rely on complex mathematical rigor.
This is especially important in education of first grade and second grade students,
where the education in mathematics just started and where students do not have
enough mathematical understanding to be able to comprehend complex systems.
However, it is these systems which exhibit a variety of very interesting dynamics,
which often borders on several subject, and which, if sufficiently explained to
students would promote synergy between individual school subject. It was shown,
that cellular automata can deliver an easy way how to describe these systems, and
make their study possible in first grade and second grade school environments,
where a standard mathematical description approach would not be possible
because of the related requirements for mathematical simplicity. This concept was
not only shown to be applicable to already well understood systems which border
on several school subjects, but also to systems that are not yet fully understood,
and which are currently subject to scientific research. It establishes an
interdisciplinary approach to teaching, and promotes synergy between science and
education. The student is not simply expected to just memorize content through a
repetitive learning ritual, which often results in development of a database-like
understanding of physics through memorizing simple equations, without having
deeper understanding of the highly abstract concept and relations defined by these
equations. In contrary, the student is expected to put its own hands on the subject,
study the underlying rules and their impact on the dynamics of the studied system.
It challenges the student not only to memorize, but also to think. And a student

who can think should be the contribution of our educational system to our society.
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