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Abstract
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subjects of consideration are those properties of pseudo-Riemannian spaces which
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diffeomorphisms under consideration.

We obtained the systems of equations for the theory of conformal, geodesic,
and holomorphically projective mappings which preserve the Einstein tensor.
We introduce and examine invariants under considered mappings and examine
classes of pseudo-Riemanian spaces which are closed under mappings under

consideration.
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Abstrakt

PredloZzend diserta¢ni préce je vénovdna studiu specidlnich (pseudo-)
Riemannovych prostoru a difeomorfismu (konformnich, geodetickych a
holomorfné projektivnich zobrazeni), pii kterych se zachovéva Einsteinuv tensor.
Studuji se vlastnosti pseudo-Riemannovych prostoru, které odpovidaji na otazku
existence nebo neexistence invariantnosti Einsteinova tensoru pii studovaném

difeomorfismu.

Nalezena soustava rovnic pro teorii konformnich, geodetickych a holomorfné
projektivnich zobrazeni, kterd zachovdavaji Einsteinuv tensor. Zavadime a
studujeme invarianty uvazovanych zobrazeni a zkoumdme tfidy pseudo-

Riemannovych prostoru, které jsou uzavieny vzhledem k témto zobrazenim.
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Introduction

A few words about the topic

In differential geometry, we investigate geometric spaces generalizing the
Euclidean space of dimension n, the so-called differentiable manifolds. For
morphisms of such objects, we take diffeomorphisms between our spaces,
i.e. invertible and sufficiently differentiable mappings with a differentiable inverse.
If the manifold is endowed with a particular geometric structure, we are
interested in diffeomorphisms which preserve the structure. Often, the structure
is represented by a connection, by metric tensor field, in combination with
some additional tensor fields, related to each other by some identities, or with
a particular system of curves etc. Such geometry-preserving mappings play a
key role in the theory. A lot of works is devoted to investigations of conformal,

geodesic and holomorphically projective mappings, see [1]-[34].

Motivations for investigation of such particular diffeomorphisms comes from
physics, particularly from mechanics and the theory of relativity, and the reached
results have applications in many branches of technical sciences, especially in

modelling of dynamical processes.

In modelling by means of diffeomorphism, the so-called invariants,

i.e. geometric objects or properties which are preserved, play an important role.

A particular branch of differential geometry is devoted to the study of
special Riemannian and Kéhler spaces. Especially symmetric spaces and their
generalizations play an important role. Attention is paid also to other special
classes of pseudo-Riemannian spaces that are distinguished by some algebraic or

differential conditions on objects characterizing the inner geometry such as the



Riemannian tensor, Ricci tensor, scalar curvature, or objects constructed from
them, such as the Einstein tensor, the tensor of concircular curvature, the tensor

of conformal curvature, the Bochner tensor etc.

In this respect, the topic of the dissertation thesis appears to be actual.

Relationship of the thesis with grant projects and projects of

international cooperation

The topic is related to grant from Grant Agency of Czech Republic GACR
P201/11/0356 with the title: Riemannian, pseudo-Riemannian and affine
differential geometry, and from project by the Council of Czech Government
MSM 6198959214.

The goal of dissertation is to investigate FEinstein tensor preserving

diffeomorphisms:

x conformal mappings

* geodesic mappings

« holomorphically-projective mappings.
Objects under consideration are special pseudo-Riemannian spaces and
diffeomorphisms between them that preserve the Einstein tensor.

The subject of consideration are those properties of pseudo-Riemannian
spaces which answer the question on existence or non-existence of Einstein tensor

preserving diffeomorphisms under consideration.



Theoretical and practical applicability of the obtained results.

The investigations are of fundamental theoretical character. The main results
of the dissertation may be applied in further development of diffeomorphisms
of pseudo-Riemannian spaces, and may be also used in various applications
concerning modelling of physical fields, optimalisation of movements of
mechanical systems, dynamical processes in electromagnetic fields and gravity

in theoretical mechanics and theoretical physics.
Methods

The spaces under consideration are of arbitrary signature of metric. The
investigations use local coordinates. We assume that all functions under

consideration are sufficiently differentiable, and use tensor methods.
New results obtained in thesis
Among new results obtained in thesis, let us emphasize:
1. We obtained the systems of equations for the theory of conformal, geodesic,

and holomorphically projective mappings which preserve the Einstein

tensor.

2. We introduce and examine invariants under considered mappings and
examine classes of pseudo-Riemanian spaces which are closed under

mappings under consideration.

3. We investigate geometric properties of special pseudo-Riemanian spaces in
connection with the question whether the spaces admit Einstein tensor

preserving conformal, geodesic, holomorphically projective mapping or not.
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Author’s contribution to the work

The supervisors formulated the open problems and recomended the necessary
apparatus and methods useful to the solution during her studies. The main results

of the thesis were obtained by the author herself.
References

The main results of the thesis were published in eight papers and two proceedings

from international scientific conferences, see p. 95.
The structure and volume of the thesis

The thesis consist of an introduction, three chapters and a list of references. The
chapters are devided into paragraphs. Each chapter is provided with conclusions.
The formulas and theorems are enumerated by triples of numbers: the first one
means the chapter, the second denotes the paragraph, the third one is the number
of the formula in the paragraph. The text consists of 130 pages. The list of

references consists of 207 items.
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The geometrical problems that we deal are the modern and current. These
problems are extended and comprehensive studied. Selection of publications

dedicated to it is given in the References.

The content of thesis and recent results

First Chapter is devoted to Einstein tensor preserving conformal mappings of
(pseudo-) Riemannian manifolds. We obtained fundamental equations providing
tools for decision whether a space admits Einstein tensor preserving conformal

mappings or not.

We proved that the mappings under consideration are concircular, that is,
preserve geodesic circles. It follows that in a special coordinate system, we are
able to give a formula for a metric tensor of spaces admitting Einstein tensor

preserving conformal mappings.

In the theory of concircular mappings (introduced by Kentaro Yano [203]),
that is conformal mappings preserving geodesic circles, we obtained a new result:

such mappings preserve the Einstein tensor.

Note that during 1923 — 1925 H.W. Brinkmann [135] studied conformal
mappings of Einstein spaces, including conformal mappings between Einstein
spaces. In the case that both spaces are Einstein, then the Einstein tensors
vanish, i.e. Einstein tensors trivially preserves. Moreover these Einstein spaces

are equidistant. We obtained following results:

Theorem 1.1.3 A pseudo-Riemannian space V,, (n > 2) admits an Einstein
tensor preserving conformal mapping onto some pseudo-Riemannian space V,, if

and only if Vi, is an equidistant space.

12



We constructed objects invariant under conformal mappings and introduced

classes of spaces closed under concircular mappings.

Theorem 1.2.1 A Riemannian space admits an FEinstein tensor preserving
conformal mapping onto a Riemannian space if and only if the mapping under

consideration preserves the tensor of concircular curvature.

We introduced the notion of mobility degree of a pseudo-Riemannian space
with respect to concircular mappings. We found lacunas in the distribution of
the degrees. We obtained boundaries of the lacuna and found necessary and
sufficient conditions for spaces, distinct from spaces of maximal mobility degree,

under concircular mappings (see § 3).

Examining these tensor conditions we distinguished the class of weak
semisymmetric and Z-semisymmetric spaces, and also introduced three closed

disjoint subclasses which are related to the structure of curvature of such spaces.

We proved the following:

Theorem 1.5.1 Let Zyiji = Rhiji— B (gnrgij — 9ni9in), Zij = Zfar Z = Zapg™’.
If the vectors a; and b; from the equations
Znije = e (apb; — a;by) - (ajby — axb;), e = +£1, (+)

are non-isotropic then the constant B 1s non-zero, and moreover, the equations
1
§ZZhijk = ZnZij — ZnjZik

are satisfied.

Theorem 1.5.2 If one of the vectors from the equations (x), let us say a;, s
non-isotropic, and b; is isotropic, then
R

B = m and Zij = ebibj.

13



Theorem 1.5.3 If both vectors from the equations (%) are isotropic, then the
space of maximal mobility degree with respect to concircular mappings is an

Einstein space.

The results of Chapter I was published in [C1], [CT7], [C9].

Second Chapter is devoted to investigation of geodesic mappings of pseudo-
Riemannian spaces. At the beginning, we pay attention to geodesic mappings
of spaces that admit concircular mappings. We check that such spaces admit

non-trivial geodesic mappings (see Theorem 11.6.1 and 11.6.2).

Further, we examine spaces admitting Einstein tensor preserving geodesic

mappings.

In 1980, J. Mikes [59] proved that the image V,, of an Einstein space Vj,
under a geodesic mapping is the Einstein space again. This result was a starting
point for further developments of this topic, for investigations of V.S. Sobchuk
[108] who studied harmonic spaces and S. Formella [149] who paid attention to

mappings of conformal harmonic spaces.

We have given here basic equations of this theory (Theorem I1.6.3), presented
methods of determining invariant objects, and distinguished classes of spaces
closed under Einstein tensor preserving geodesic mappings (Theorem I1.7.1). We
studied properties of special spaces admitting the mappings under consideration:

spaces of constant curvature, harmonic spaces, spaces of quasiconstant curvature
ete. (see § 7 and 8)

In 1953, C. Takeno and M. Ikeda proved that four-dimesional centrally

symmetric spaces of non-constant curvature do not admit non-trivial geodesic

14



mappings. A similar result was obtained in 1954 by N.S. Sinyukov for symmetric
and recurrent spaces. A problem was posed, what is the cardinality of the class of
spaces admitting geodesic mappings. N.S. Sinyukov built the theory of invariants
of geodesic preserving mappings. It was proved that if we start with a pair of
spaces of constant curvature, it is possible to construct a sequence of pairs of

spaces which are related by geodesic mappings, see |71, 170, 178, 96].

We solve an analogous problem in the case when we start from an initial pair
of pseudo-Riemannian spaces and consider Einstein tensor preserving geodesic

mappings (see § 9).

In § 10 and § 11 we obtained results of special pseudo-Riemannian spaces,

including spaces with quasiconstant curvature.

The results obtained in [C2| was cited in [129], the results was used and

generalized to geodesic mappings of Weyl spaces.

The results of Chapter II was published in [C2], [C6], [CT7], |C8], [C9].

The Third Chapter is devoted to holomorphically projective mappings of

Kéhler spaces, whose preserve the Einstein tensor.

The theory of Kahler spaces is studied more than 85 years. In 1925, P.A.
Shirokov [123] started to investigate special Riemannian spaces, that he himself
called A—spaces. Independently, the same class of spaces was investigated also by

E. Kéhler, that is why thay are mostly referred to as Kéhler spaces, see [96, 178].

Holomorphically projective mappings of Kahler spaces are natural
generalizations of geodesic mappings, these mappings were developed by Otsuki,
[shihara and Tashiro, see |8, 178, 96, 98].

Various aspects of the geometry of Kéhler spaces were studied in a great

15



amount of works published by many authors. Some of the results can be found
in the monographs and survey papers (8, 72, 96, 170, 178, 204, 206].

From various points of view, attention was paid to special Riemannian and
Kéhler spaces satisfying additional conditions concerning the Riemannian tensor,

the Ricci or Bochner tensor etc., and many papers are devoted to this subject.

We are interested here in those properties of Kéhler spaces which are related
to holomorphically projective mappings preserving the Einstein tensor. The
fundamental equation of this case was found in Theorem III.14.2. Hence we
proved
Theorem I11.14.3 The Einstein tensor is preserved under a holomorphically
projective mapping if and only if the tensor of holomorphically sectional curvature

1S preserved.

In this way, the methods developed in the theory of conformal and geodesic
mappings of Riemannian spaces are transferred to the theory of holomorphically
projective mappings of Kéahler space. We received similar results for hyperbolic
Kéhler spaces [C4].

The results of Chapter III was published in [C3], [C5], [C10].
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CHAPTER 1

CONFORMAL MAPPINGS
PRESERVING THE EINSTEIN TENSOR

§ 1. Basic equations of the theory of conformal mappings

of Riemannian spaces preserving the Einstein tensor

Let V,, and V,, (n > 2) be pseudo-Riemannian spaces with the metric tensors

Gij (z) and Qij(x), respectively.

Definition I.1.1. Under a conformal mapping we mean a diffeomorphism of V,

onto V,, such that the following is satisfied
gij(x) = €7 Wgy;(x) (I1.1.1)
where o is a function in V,.
If o is constant then the mapping is called a homothety, and, moreower,

if 0 = 1 then the mapping is an isometry.

In what follows, if not otherwise stated, we restrict ourselves onto non-

homothetic mappings.

17



From (I.1.1) we obtain
gl =egY (1.1.2)

where ¢ and g% are components of the matrix inverse to the metric tensor

matrix expression of the space Vj, and V,,, respectively. The following is satisfied:

fzhj - F?j + 5?‘7j + 5?‘72' — Uhgij; (I.1.3)

R?jk - Zk + 51@”%‘1‘ - 5?(% + gha<aakgij - Uajgik) +
(1.1.4)
+A10 (6295 — 07 gk );

Rij = Rij + (n — 2)oij + (Ag0 + (n — 2)A10)gij; (1.1.5)

R=e¢2(R+2(n— 1A+ (n—1)(n—2)A0). (1.1.6)

Here and in what follows thj are components of the connection (Christoffel

h

symbols of second type), R} are components of the Riemannian curvature

tensor, R;; are components of the Ricci tensor that are defined by the following
formulas

Rij déf R?ja; (117)

RY Raggo‘ﬁ is the scalar curvature, 5{ is the Kronecker symbol (a coordinate

18



form of the identity tensor),

do
— — h ah
o; = : 0., O = 0qn9
ox'
O35 — 0,45 — 0,40 j, (118)

Ao and Ayo are the first and second symbol of Beltrami which are defined by
Ao = go‘ﬁa,aaﬁ; Aoo = gaﬁavafg, (L.1.9)

and comma denotes the covariant derivative of the metric (Levi-Civita)

connection in V,,.

Objects in the space V, that correspond to the objects in V,, under a

conformal mapping will be denoted by bar.

The FEinstein tensor is introduced by

R
n
Definition 1.1.2. A conformal mapping f : V,, — V,, satisfying

is called Finstein tensor preserving conformal mapping.

Let us examine Einstein tensor preserving conformal mappings f : V,, — Vj,

of psedo-Riemannian manifolds in what follows.

19



From the equality (1.1.5) we obtain

where
1

(L o).

On the other hand, from (I.1.10) and (I.1.11) we get

_ R R
Rij — R = i — —Jij-

Accounting (I.1.1) and (I.1.13), the equations (I.1.12) read

0ij = Bij,
here we put

g %(Aga—Ala).

Denote ¢ % —e¢=2.  Using the formula (I.1.8) of the tensor

write (1.1.14) as

ﬁi,j = PYij,

where ¥; =7, p e oo o

(1.1.12)

(1.1.13)

(1.1.14)

0ij, We Call

(1.1.15)

The vector ¥; satisfying the equations (I.1.15) is called concircular, and the

spaces in which such a vector field exists, are called equidistant.

20



So we have in fact proved:

Theorem 1.1.1. If a pseudo-Riemannian space V,, admits a conformal

mapping preserving the Finstein tensor then V,, is an equidistant space.

If p = 0 we say that the equidistant space is of reqular type while in the case

p = 0 the space will be called singular.

If 19; is an isotropic vector, i.e. ﬁaﬁggo‘ﬁ = 0, then the equidistant space is
necessarily singular. Equidistant spaces of the basic type are characterized by the
property that locally, there exists a coordinate system in which the metric tensor

of the equidistant space takes the coordinate form

ds® = dx'? + f(x1)ds?_(za, ..., zp). (I.1.16)

Here f(z') # 0 is some function, and ds? ; is a metric of an (n — 1)-

dimensional pseudo-Riemannian space.
According to the Theorem I.1.1, we can formulate the following

Theorem 1.1.2. If a pseudo-Riemannian space V,, (n > 2) admits an FEinstein
tensor preserving conformal mapping then each point has a neighborhood in which

the metric tensor can be presented in the form (1.1.10).

On the other hand, if in V,, (n > 2), the metric tensor takes locally the
form (I.1.16), then in the space, there exists a concircular vector field ¥; = 9,

satisfying (1.1.15). Plugging o = — In(—4(x)), from (I.1.5) we obtain

Ri; = Rij + agij, (1.1.17)

where « is some function.

21



By (I.1.1) the last formula reads

gij = Rij + a"gij, (1.1.18)

where o is some function.

Contracting (I.1.18) with ¢ and using (I.1.1) and (I.1.2), we check that

Ez-j = Fjj, that is, the Einstein tensor is preserved under conformal mapping.
So we have proved

Theorem 1.1.3. A pseudo-Riemannian space V,, (n > 2) admits an Einstein
tensor preserving conformal mapping onto some pseudo-Riemannian space V,, if

and only if V,, is an equidistant space.

Special conformal mappings for which the tensor o; satisfies (I.1.14) are called

concircular mappings, (203, 96, 170, 178].

Recall that under a geodesic circle we mean a curve for which the first
curvature is constant and the second curvature vanishes. Concircular mappings
are characterized by the property that any geodesic circle in V), is mapped onto

a geodesic circle in V,, again.
From the Theorem I.1.3 it follows

Corollary 1.1.1. A conformal mapping of V,, preserves geodesic circles if and

only if the mapping preserves the Finstein tensor.

22



If the tensor o; satisfies

O0j; — Q00 + Bgijv <1119)

where @ = «a(o) and § = (o) are some functions, then the corresponding

mapping is called quasiconcircular, [50].

Let us examine existence of Einstein tensor preserving quasiconcircular

mappings. By the Theorem 1.1.3, from (I.1.14) we get the necessary conditions

1
a=1, and f=— (Ago0 — Ayo), (1.1.20)
n

hence the following is proved.

Theorem 1.1.4. Besides concincular mappings, there are no other
quastconcircular mappings of a pseudo-Riemannian space V,, preserving the

Einstein tensor.

The above theorem is a generalization of the resultats by Leyko, [50].
Particularly, as a consequence, we obtain
Corollary 1.1.2. If an Einstein space admits a quasiconcircular map onto an

FEinstein space then the corresponding map s necessarily concircular.

Moreover, a quasiconcircular (i.e. torse-forming) vector field in Einstein

spaces is concircular, see L. Rachunek and J. Mikes [181].

23



§ 2. Objects invariant under concircular mappings

As well known, |96, 86, 145, 170, 178], the tensor of conformal curvature is

invariant under conformal mappings:

ch, =Ct (1.2.1)

17k ijk-

Recall that the tensor of conformal curvature C’Zhjk is introduced by

Ciiw = Riyp — Pigij + Pl gin — 61 Pij + 8} P, (1.2.2)
where
Pk};L — Pakgaha
and
1 R
Fij = Rij— ——gij | - 1.2.3
1= (o gpy) 123

The deformation tensor F;; satisfies:

_ 1 _ R R
Pi-Pi=— (Ryj—Rj— — Gt — g ). 1.2.4
W T g (R” R 2(n—1)g”+2(n—1)9”> (12.4)

If the Einstein tensor is preserved under a conformal mapping then using
(I.1.11), we can write (1.2.4) as

(1.2.5)



Accounting (I.1.1) and (I.1.2) we obtain
Plgi; — Plgij = Paxg®"gij — Parg™"gij =

—20620

= Purg™gije — Porg®gi; =

— (pak - Pak)gahgij —

B R B R oh
- 2n(n _ 1) Jak 2n(n _ 1) Gok | 9 Gij =
R - ah
2n(n — 1) Jokd " Jij
o R —  —ah—= R ah
- 2n(n _ 1) Gakd gm 2n(n _ 1) Gakd gzy -

R

—20 20
‘ 2n(n — 1)

R
2n(n — 1) k91

R

L —
2n(n — 1) k91

By (1.2.5) and (1.2.6) we can write (1.2.1) in the form:

vh _ vh
Y;jk — Y;’jka

where Y;?k are components of the concircular curvature tensor

R
ho_ ph h h
Yije = Rijr — m(%% — 07 Gir)-

(L.2.6)

9ok g™ gi; =

(12.7)

(1.2.8)

Hence if a Riemannian space V, admits an Einstein tensor preserving

mapping then the tensor of concircular curvature defined by (1.2.8) is necessarily

invariant under the mapping under consideration.

25



On the other hand, if the Riemannian space V,, admits a conformal mapping
onto V,, and the conditions (I.2.7) are satisfied then contracting over the indices
h and k we check that (I.1.9) holds, another speaking, the Einstein tensor is

preserved.

So we establish:

Theorem 1.2.1. A Riemannian space admits an FEinstein tensor preserving
conformal mapping onto a Riemannian space if and only if the mapping under

consideration preserves the tensor of concircular curvature.

We conclude that invariant objects of Einstein tensor preserving conformal
mappings are: the Einstein tensor, the tensor of concircular curvature, and the
tensor of conformal curvature. Using these facts we construct the following
algebraic invariants (functions) with respect to Einstein tensor preserving

conformal mappings:

BuYjiu =K (1.2.9)
Eai fkl :[2( ik (I.2.10)
yhye g’ (1.2.11)
aijt klm 3 ijklm’ e
vhye g (1.2.12)
iy~ klm B ijklm’ L.

26



h « h
Yaijcklm =K ) <1213>

YioiChinm =K (1.2.14)

Y5.Coum (1.2.15)
wk 7 ijklm e

ijClam =K S ijkim’ <1216)

If the function K (i = 1,2,...,8) for ¢ fixed vanishes in V}, then the space
V,, is said to be K - flat (i = 1,2,...,8). The classes of K - flat spaces are

closed under Einstein tensor preserving conformal mappings. That is, a K - flat
(3

space admits Einstein tensor preserving conformal mappings only onto K - flat

spaces.

Let us examine the introduced invariant objects:

R
[1( o B jkl = Ry ]O'Zk;l _E Rijk’l_

2 (1.2.17)
R R

_—Ri‘—Ri' — (919 — 9ikGi1).
"(n—l)( 19jk kgjl)+n2(n_1) (91956 — Girgjt)

Then a K - flat Riemannian space is characterized by the conditions
1

27



R R

R Ry — - Rijr — (Rugjr — Rirgji) +

n(n—1)
(1.2.18)
R?
+n2(n .y (9i19jk — 9irgit)

Using (1.2.11) and (1.2.12) we check that the condition (I1.2.18) is satisfied also
by the K - flat and K - flat spaces. The contraction of (I.2.18) yields
2 3

2R R?
RaiRla = WRZZ - ngl, <1219>
R2
R4R) = —. (1.2.20)

Plugging (1.1.13) into (I1.2.19) and (I1.2.20), we verify that also the following is
satisfied:

~ e 2R R
RaiRl = WRZZ - ﬁgil? <1221>
and 72
R4R. = —. (1.2.22)

Consequently, the following holds:

Theorem 1.2.2. The class of pseudo-Riemannian spaces which satisfy (1.2.18),
(1.2.19) and (1.2.20), is closed under Finstein tensor preserving conformal

mappings.

28



§ 3. On the mobility degree of Riemannian spaces

with respect to concircular mappings

As we have checked, if a pseudo-Riemannian space admits an Einstein tensor

preserving conformal mappings then the function of conformality M o
satisfies
191'7]' = pPGij- (I31)
The integrability conditions of the last set of equations read
Vo Riji = 9ijPk = GikP.j- (1.3.2)
Using contraction we get: .
pi=—"71 Vo Ry (1.3.3)

As was shown earlier [33], [36, p. 85-86], these equations are satisfied if
V., € C? (i.e. gij € C?), ¥;(x) € C* and o(x) € C.

[t is easily see, formula (1.3.1) is true when
V, € C?, 9y(x) € C', o(x) € C°.

Then from Lemma 3 (Hinterleitner, Mikes [154]: Let \* € C' be a vector field
and p a function. If O\N" — pél € C then \* € C? and p € C'.) and formula
(I.3.1) it follows that: 9;(x) € C?, g(z) € C'. We also have that the equations
(I.3.2), (1.3.3) are satisfied.

Moreover, easy to prove that if V;, € C" (r > 2) and ¥;(x) € C*, then
Vi(z) € C", o(x) € C" 1.

From this viewpoint we specify and generalize the results involving

concircular vector fields below.
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Definition I.3.1. The upper boundary for the number of substantial parameters
in the general solution of the system of equation (I.3.1) is called the mobility

degree under concircular mappings of the pseudo-Riemannian space.

The system of equations (1.3.1), (1.3.3) is closed. It is a system of linear
differential equations with respect to the vector o; and function p, of Cauchy
type, in first order covariant derivatives with coefficients uniquely determined by

the pseudo-Riemannian space V,, .

The system of equations (I1.3.1), (I.3.3) in a pseudo-Riemannian space, for

any family of initial values of the functions under consideration in the given point,

admits at most one solution. Consequently, the number of free parameters in the

general solution of the system is at most n + 1.
Since the system is linear, it admits at most
n—+1

linearly independent solutions with constant coefficients. It is obvious that the
mobility degree of the space coincides with the cardinality of the system of

independent (substantial) equidistant vector fields of the space.

It is known that the only spaces in which a linearly independent vector field
exists are just the spaces of constant curvature. Hence under the Einstein tensor
preserving conformal mappings, the maximal mobility degree have also just the

spaces of constant curvature.
Contracting the condition (1.3.2) with g?#5, we obtain easily
Pk = Bﬁk, (134)

where B is some function.
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We are going to prove the following:

Theorem 1.3.1. If a pseudo-Riemannian space V,, € C* (n > 2) admits at
least two linearly independent equidistant vector fields ¥;(z) € C* with constant
coefficients then B in the equations (1.8.4) is a constant, uniquely determined by

the space V.

Remark. In [33] and [36, p. 88| the similar Theorem was published but proof was
done only for V,, € C3, ¥;(x) € C® and o(z) € C?.

Proof. Let in V,, there exist at least two linearly independent equidistant vector
fields with constant coefficients ¢; and 1§,

Then the following is satisfied:

Doy, = B(gijUr — gird;), (L3.5)

lgaR%k = B(gij’l% — gik’@j) (1.3.6)

where B, B are some functions.
Multiplying (1.3.5) by U and contracting over k we get by (I.3.6)
(B — B)(gij0,9% — 9;0;) = 0.
Suppose B # B. Then gijﬁazga — 51'19]' = 0.

From the last formula we get 9,0% =0 and 1§ﬂ9j =0, a contradiction, since

the vector fields are non-zero. Hence B = B holds.

That is, the function B is uniquely defined by the space V,, itself.
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Because ), and 9 are gradient-like vector fields (¥ = ¥ and - 1%)
from equation (1.3.4) the fact

B = By(V) = Bx(V)

follows. Note that ¥ and o are indenpendent variables, then from this fact it

follows: B is constant. This finishes the prove of the Theorem 1.3.1.

[]

Note that the above theorem is analogous to some results proven earlier

under additional assumptions, [200].

Theorem 1.3.2. The are no Riemannian spaces V,, € C?, distinct from spaces
of constant curvature which admit more than (n — 2) linearly independent

equidistant vector fields 9;(z) € Ct with constant coefficients.

Remark. In [36, p. 86] the similar Theorem was published but proof was done
only for V;,, € C3, 9;(x) € C? and g;(x) € C*.

Proof. Let us suppose the opposite. Let V,, be a space which is not of constant
curvature and yet admits more than (n — 2) linearly independent equidistant

vector fields with constant coefficients.

The integrability conditions (1.3.1) read
VaZij = 0, (1.3.7)

where

def
z'hjk :Rz}'ljk — B(0}gij — 5?9@1@)- (1.3.8)
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We can write the tensor Z;‘jk as

h h
Zijk = Z; Q 9 ik (L.3.9)

where p/* are some linearly independent vectors, and Qi are linearly independent

S S
tensors. Since V,, is not of constant curvature, m > 2 holds.

From the conditions (1.3.7) we obtain, using the representation (1.3.9) of the

tensor:
9. b = 0,
1
Yo b = 0,
2
9. b = 0

Since m > 2, among the equations of the system (I1.3.10) there are at least

two substantial equations.

From the previous facts it follows that there exist less or equal n — 2 linearly

independent vector fields ¢;, a contradiction.

This proves the Theorem 1.3.2. ]

The following holds

Theorem 1.3.3. Let V, € C?, (n > 2), be a pseudo-Riemannian spaces in
which there are (n —2) linearly independent equidistant vector fields 9;(x) €

Cl. Then Riemannian tensor has the following expression

Rpyijk = B (gnkgij — 9njgir) + e(anb; — a;by)(a;by, — axb;), (1.3.10)

where a; and b; are non-colinear and pairwise orthogonal vectors,
e = +1, B = const.
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Proof. The proof of above theorem follows from the proof of the Theorem 1.3.2.
The condition is necessary. Indeed, let V,, (n > 3) admit n — 2 linearly
independent equidistant vector fields. It follows from Lemma 3 (Hinterleitner,
Mikes [154]) that 9;(z) € C?, o;(x) € C. The equations (1.3.2) and (1.3.3) are
satisfied.

Then the Theorem 1.3.2 holds, and we can proceed according to its proof.
Analysing the system (I1.3.10), we see easily that among the vectors b ? there are

S
at least two independent vectors.

Using Zihjk # 0, (1.3.9), the definition and properties of Z%,, we get the

ijk?
conditions (1.3.10).

Addition these two vector fields, denoted by a; and b;, we can choose

orthogonal.

Finally the following theorem holds.

Theorem 1.3.4. In pseudo-Riemannian spaces V, € C3 (n > 3) in which
there are (n—2) linearly independent equidistant vector fields ¥;(z) € C*, and

only in such spaces, the following relations are satisfied

Rhyijke = B(gni9i; — gnjgir) + e(anbi — a;by)(ajby — aib;), (I.3.10)
1 2
;. 5 :ijLH- fjbz + Ciay, (Igll)
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3 4
b@j :ijLH- fjbz + Cibj; (I.3.12)

5 6
Ci, j :fjafr Sjbz' + cicj — Bgij, (1.3.13)

where a; and b; are non-colinear and pairwise orthogonal vectors;
S

ci,fj_ (s =1,...,6) are some vectors; e = £1, B = const.

Remark. This theorem was proved for
Vi, € C3) 9;(z) € C°, o(z) € C?,
in [33]. Detailed proof is contained in |36, p. 88-92].
Proof. Tt follows from results mentioned above that condition
V, € C?® and ¥;(z) € O

imply
¥i(z) € C* and o(z) € C%.

Now, the proof follows from [33]| and [36, p. 88-92].

[]

That is, according to the definition of Zj;j1, in pseudo-Riemannian spaces

with maximal mobility degree under concircular mappings, the following holds:

Zhijk = e(ahbi — aibh)(ajbk — akbj). <1314)
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Contracting with ¢"* and accounting orthogonality of a; and b;, we find
Zij = —e(ao‘aabibj — babaaid]’), <I315)

Z = —2ea”a,b%b, (1.3.16)

&l ga .

where Z; ©z8. 297,590,
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§ 4. On weak symmetric pseudo-Riemannian spaces

Let us examine some special pseudo-Riemannian spaces.

Definition I.4.1. A pseudo-Riemannian space V,,, in which there exists a tensor
A such that

i1in. ik
1 2 3 k+1
Aisiy v =T Aiviy it TiyAjiy. it TisAivjis i + -+ TinAisig ip_1j (L4.1)

holds is called A — weak symmetric.

Here 7; are some vectors.

If the Riemannian tensor satisfies (1.4.1), the space is called weak symmetric.
If (I.4.1) holds for a tensor Zp;;x, defined by (1.3.8):

o def
o = R, — B(619i — 079k
then (1.4.1) reads
Zhijkm = QmZnijk + bnZmijk + ¢i Zomin + i Znimk + [ Znijm- (1.4.2)

Alternating the last equalities over h and ¢ and using algebraic properties of

the tensor Zp;;, we get
TwZiijk + TiZinjk = 0, (1.4.3)

def
where 75, = b,, — ¢,,.
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Suppose 7, # 0, then we can choose a vector (" satisfying 7,(® = 1.

Multiplying (1.4.3) by ¢ and contracting over h, we get

Zlijk + TiCaZlajk‘ = 0. (I44>

Once more multiplying by ¢! and contracting over [ we check

(* Zaiji = 0. (L4.5)

Hence from (1.4.4) we get Zp;jrz = 0, which corresponds to spaces of constant

curvature. Consequently, 7; = 0, that is, b, = ¢,.
Similarly, we check d,, = f,.
Hence we proved

Theorem 1.4.1. In Z - weak symmetric spaces, distinct from spaces of constant

curvature, the following holds

Zhijk . m = AmZnijk + bnZmijr + biZnmjr + dij Znimp + A Znijm- (1.4.6)

Definition 1.4.2. We say that a pseudo-Riemannnian space V,, admits a vector
enveloppe relative to a tensor Ajju if there exists a vector field 7, in V,, such
that

ThAijk + TiAjng + TjApir = 0. (1.4.7)

If the tensor A;jj; satisfies the algebraic conditions
At + Ajirg = 0, (1.4.8)
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At — Aty = 0, (1.4.9)
Ajirg + Airj + Aijr = 0, ([.4.10)

then in V,, there exists at most two linearly independent (non-zero) vector fields
satisfying (1.4.7).

For the proof, let us use methods suggested in [27].

Suppose the number of linearly independent vectors 7 satisfying (1.4.12)
«
equals three, and choosing a coordinate system in such a way that linearly

independent vectors 7;i (v = 1,2,3) have components 7; = 0§ from (1.4.12),

accounting (1.4.8), (1.4.9), (1.4.10), we obtain A,z = 0. If & < 2, then the system

of equations (I.4.12) has a non-trivial solution.
Hence we proved

Theorem 1.4.2. The mazximal number of linearly independent vectors among
vectors belonging to the vector enveloppe of the non-zero tensor A;ji, is at most

two.

The equation

Rpiji 1+ Rpirt j + Rpaj =0 (L4.11)

is called the Bianchi identity.
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Let us prove the following:

Theorem 1.4.3. In a pseudo-Riemannian space V,, (n > 2), the tensor Zyjj
satisfies the Bianchi-like identity, if and only if B = const.

Proof. Let B = const, then, differentiating (1.3.8), we obtain

Zhijk 1 = Rpijk 1 (1.4.12)

and, consequently, Z;;. satisfies

Zhijk 1+ Zhiki ,j + Zpij x =0 (1.4.13)

Vice versa, let (1.4.13) be satisfied, then by (1.4.11) and (1.3.8), we get

B 1(9nk9ij — 9njgik) + B, j(9rigix — gnigir) +

(L.4.14)
+B 1(9nj9i1 — 9nigi;) = 0.
Contracting with ¢"*, we get
B.1gij — B, jgi = 0. (1.4.15)
Finally, contracting with g%, we check B; =0 .
The proof is finished. ]

Alternating (1.4.6) over the indices ,j,k we can see that in a pseudo-

Riemannian space V), the following holds:

(bi — di) Znmji + (bj — dj) Znmpi +
(1.4.16)
‘f‘(bk — dk)thz'j = 0.
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Hence there are three possible types of weak Z - symmetric spaces:

I case: b; = d; and

Zhijk . m = QmZhijk + bnZmijr + biZpmjr +
(1.4.17)
+0; Znimk + brZnijm-

Il case: b; # d; and in V,, there exists just one vector envelope

relative to the tensor Zj, i, defined by the vector (b; — d;)

III  case: b; # d; and in V,, there exists another vector envelope
relative to the tensor Zj;jz,

defined by the vector non-collinear with the vector (b; — d;).

If B = const, alternation of (1.4.6) over j, k, m and h,i, m gives

(@ — 2dp) Zniji + (@i — 2d;) Zhim +

+(ar — 2dy) Znimj =0,

(am — Qbm)Zm’jk + (ah — Qbh)Zimjk +
+(CLZ' — Qbi)thjk = 0.

Consequently, if B = const then weak Z - symmetric spaces can be
I case: a) a; =20b; =

Zhijk.m = 2bm Znijr + b Zpmiji + 0i Zpmjr +
(1.4.18)
+0; Znimk + bk Zhijm
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and there exists one-vector envelope in V,, relative to the

tensor Zy;ji generated by (a; — 2b;).

Il case:

The assumption that both vectors (a;—2d;) and (a;—2b;) are equal zero,
which contradicts to d; # b;. Hence among the vectors (a; — 2d;)

and (a; — 2b;), at least one is non-zero.

Suppose (a; —2b;) = 0, and (a; —2d;) # 0, then there are two possible

cases:

a) (a; =2b;) and d; — b; = a(a; — 2d;); (here « is a coefficient of

similarity), and, as a consequence,

Zhijk.m = 2bm Znijr + b Zmiji + 0i Zymjr +
(1.4.19)
+d; Znimk + Ak Zhijm,

1

and necessarily, a = 3.

If (a; = 2b;) and d; — b; # p(a; — 2d;), then two linearly independent vectors

are in the envelope with respect to Zj;;x, and the space is of the type III.

Let the vectors (a; —2b;) and (a; —2d;) are non-zero, then according to linear

dependence or independence of the triple (d; — b;), (a; — 2b;), (a; — 2d;), we get:

b) A triple of linearly dependent vectors:

one vector is in an envelope of the tensor Zj;;s..
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In the class of spaces of the type III, let us distinguish the following

subclasses:

a) (d; —b;), (a; — 2b;) are non-zero and linearly independent,

(a; — 2d;) is either zero, or non-zero and linearly independent of the
previous set of vectors b) (d; —b;), (a; — 2d;) are non-zero and linearly
independent,

(a; — 2b;) is either zero, or non-zero and linearly independent of the

previous set of vectors.

Calculating covariant derivative of (1.3.8), accounting the conditions (1.3.10),
(I.3.11), (I.3.5) that are satisfied in pseudo-Riemannian spaces with maximal
mobility degree under concircular mappings, and using associativity we obtain:

1 4
Zhijk.m = 2(Emt Em) Znijk + ChZmijk + Cilhmjk +

(1.4.20)
+¢j Zhimk + CkZhijm-

That is, such spaces necessarily belong to the type I, and since B = const,
they might belong either to the type a), then

1 4
gm"’ gm = G, (I.4.21)

14 1 4
or to the type b), then &,+ &, # ¢; and the vector (&,,+ &, — ¢;) represents a

vector envelope relative to the tensor Z;j.

Obviously, linearly independent vectors a;, b; from the equation (1.4.21) form

a linear envelope with respect to the tensor which means that

1 4
gm_‘_ Sm = ¢ + aa; + /Bb'“ <I422)
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for some functions «, S.
So we have given a proof of

Theorem 1.4.4. Pseudo-Riemannian spaces with mazximal mobility degree with

respect to concircular mappings are Z-weak symmetric, the tensor Zyji. satisfies

14
the conditions (1.4.20), and the vector (§,+ &) satisfies (1.4.22).
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§ 5. On a tensor indication for pseudo-Riemannian spaces
with maximal mobility degree under concircular

mappings

Let us prove the following theorems that can be used for finer classification.
Due to the following results, we can decompose the class of all spaces
with maximal mobility degree under concircular mappings into three disjoint

subclasses:

Theorem 1.5.1. If the vectors a; and b; satisfying (1.3.14) are non-isotropic,

then the constant B is non-zero, and moreover, the following holds

1
57 Zniji = ZniZij — Zni Zi (15.1)

where Z = Zaﬁgo‘ﬁ.

Proof. Multiplying (?7) by a; and alternating, we check
a1 Zhijk + anZijr + a;i Zipgr = 0. (I.5.2)
Multiplying by a' and contracting over [, we get
a"aoZnijk = anGaZise — @i0a L (1.5.3)
Contracting with ¢"* we get :
a“anZi; = ao‘aﬁZaijg + a;a"Z,; (I.5.4)
and finally,

a“anZ = 2a"a’ Znp. (1.5.5)
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Contracting (1.5.2) with g% we have
Aoy + anZiy — ;i Zpi = 0. (L.5.6)
Contracting the last tensor formula with ¢*" we get
20,77 = Za,. (L5.7)
By (1.5.6), (1.5.3), we can write the above as

ao‘aaZm-jk = ahakZij — ahajZi —

(1.5.8)
—aiakZhj — aiathk.
Analogously, the vector b; satisfies
b Do Zhiji = bnbrZi; — bpb; Ziy, —
(L.5.9)

—bibeZn; — bib; Zn.

First we multiply (I.5.8) with b%b,, then (1.5.9) with a%a,, and create the sum.
After some rearranging, with the account of (1.5.5) and (1.5.7), we finally obtain
the desired result. O

Theorem 1.5.2. If one of the vectors comming into the equation (1.3.14), let us
say a;, 18 non-isotropic, and b; is isotropic, then

R
B (15.10)

and
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Proof. By b,b0* = 0, from (1.3.15) we get Z = 0 , and consequently, due to the
definition of Zj;ji, the formula (1.5.10) holds.

Similarly, from (1.3.14) it follows (I1.5.11), which finishes the proof. O

Pseudo-Riemannian spaces in which the equations (I1.5.10), (1.5.11) are
satisfied, that is, -
Rij = —Gg;j T+ ebibj, <1.5.12>
n

are called almost-Finstein spaces.

Note that the vector b; from (I.5.12) is necessarily isotropic. Hence almost-
Einstein spaces form a subclass in the class of spaces with maximal mobility

degree under concircular mappings.

Let us pass to the third class, completing the list of possibilities.

Theorem 1.5.3. If both vectors comming to the equation (??7) are isotropic then
the space with maximal mobility degree under concircular mappings s an Einstein
space, that s, satisfies

R

Since the Einstein tensor is invariant under concircular mappings, the spaces
satisfying (1.5.13) admit concircular mappings only onto Einstein spaces again.

In a similar way, we can check that also the class of almost-Einstein spaces

satisfying (1.5.12) is closed.

Indeed, examine concircular mappings of almost-Einstein spaces. Then
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From the above we have
Theorem 1.5.4. The class of almost-Einstein spaces is closed under concircular
mappings.

Since we have distinguished three disjoint subclasses, and two of them are

closed, also the remaining third class must be closed.

Definition 1.5.1. A tensor Hijrim,ms..ms,_1ms, 15 called the Bochner tensor of

order p of the first type with respect to the tensor A;jj if

Hijklmlmg...mgp_1m2p = QpAijkl , [mama][msmu)...[map_1map) - <1.5.15>
If the Riemannian tensor satisfies the condition (1.5.15), we call H simply
the Bochner tensor of the first type.

Pseudo-Riemannian spaces are classified into classes according to vanishing

of the Bochner tensor of order p of the first type.

Definition 1.5.2. A pseudo-Riemannian space Vj, is called 1/2p-symmetric
(p=1,2,...) with respect to the tensor A, if the Bochner tensor of order p

of the first type with respect to the tensor A;;;; vanishes on the space.

Particularly, if p = 1 then the conditions

Akla[jR% —|- Aija[le - 0 <I516)

mims Imyims

are satisfied, the pseudo-Riemannian space is called A-semisymmetric.
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Particularly, when the tensor A;j;; coincides with the Riemannian tensor,
the space is called semisymmetric. Geometric properties of semisymmetric spaces

were examined by many authors, such spaces play an important role in up-to-date

Riemannian geometry:.

Plugging the conditions (1.3.14) into (1.5.15) and considering the definition
of Zi;n, we check

Theorem 1.5.5. Pseudo-Riemannian spaces with the mazimal mobility degree

under concircular mappings are Z—semisymmetric. Particularly, if B = 0, they

are semisymmetric.
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CHAPTER 1II

GEODESIC MAPPINGS
PRESERVING THE EINSTEIN TENSOR

§ 6. Fundamental equations of the theory

of geodesic mappings preserving the Einstein tensor

Definition I1.6.1. A diffeomorphism of a pseudo-Riemannian space V,, with the
metric tensor g;; onto a pseudo-Riemannian space V,, with the metric tensor Jij
is called a geodesic mapping if each geodesic of V,, is mapped onto a geodesic
of V,.

There exists a geodesic mapping of V,, onto V,, if and only if the following
equivalently Levi-Civita equations are satisfied [161] (see [2, 3, 86, 96, 145, 170,
178, 199, 206]):

[y =T+ @id) + 960, (I1.6.1)

Gijsk = 201Gi; + ©iGik + ©Gik, (I11.6.2)
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where F?j (fi‘]) are components of the Riemannian connection of V;, or V,
respectively (objects in Vj,, corresponding to the given ones under geodesic

44

mappings are denoted by bar), 6% is the Kronecker tensor, “,” denotes covariant

derivative in V,,, and ¢; is some vector (necessarily a gradient-like).

If the vector ¢; # 0 we say that the mapping is a non-trivial geodesic

mapping or affine.

Necessary conditions for geodesic mappings to be read:

Rl = Rl + 0ii0) — pird), (IL6.3)
Rij = Rij + (n — 1)wij. (I1.6.4)

Here thjk is the Riemannian curvature tensor, R;; is the Ricci tensor, and
Pij = Pi,j — Pi¥j-

On the other hand, a pseudo-Riemannian space V,  admits non-trivial

geodesic mappings if and only if the following system of Sinyukov equations
(see [96, 71, 170, 178]) is solvable in V},

@ijk = Nigjk + AjGik (IL.6.5)
7’L>\i,j = Kgij + aaiR]O-é — aagR?‘iJé , (H.6.6)
(n — Do = 2(n 4+ 1)ARS + aas(2R%,” =R 1) | (11.6.7)
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with respect to the tensor regular a;; = a;; # cg;; , vector A; # 0 and a function g,

where

B= Rug™ RS = Rupo™

RY .= Ragk 9”9”7 Ri)=Rajs9"9"™".

Here g* are elements of the matrix inverse to g;;.

According to the well-known solution of the above system of differential
equations, the metrics of corresponding spaces related by geodesic mappings can

be determined from the equations:
ajj = ewgaﬁgaz‘gﬁj; (I1.6.8)

i = =0, g3:. (11.6.9)

Let us prove the following:

Theorem I1.6.1. If a pseudo-Riemannian space V,, admits Einstein-preserving

conformal mappings then V,, admits non-trivial geodesic mappings.

Proof. Let a pseudo-Riemannian space V,, admits Einstein-preserving conformal
mappings. Then in V,,, the conditions (I.1.15) are satisfied, i.e. V}, is equidistant.

As shown by Sinyukov [96], we use this fact for construction of the tensor a;;:
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Qj; = C(Gij + 19ﬂ9j, (HGlO)
where ¢ is some constant.

Covariant derivating of the last equation yields the equations (I1.6.5) where

A = B0, (1L.6.11)
This finishes the proof.

The integrability conditions of (I1.7.5) read

aa(iR?)kl = )‘l(igj)k - /\k(igj)la (I1.6.12)

where \;; = \; j, and from (I1.1.15) follows
O f}k =B (gz’jak - Qz'kUj)-

Multiplying (I1.6.12) by ¢! and contracting over [, we get:

(Baaiaa - Aaiaa)gjk + (Baajaa - )\ajo_a)gik +
(11.6.13)
+Uj()\ki — BCL]{;Z> + O'i()\kj - Bakj) = 0.

Alternating the last formula over j and k, switching ¢ <+ k in the obtained

formula, and then summing with (I1.6.13), we get

(BO’aam' — )\aiaa)gjk = (Bakj - /\kj)O'i- <11614)
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Contracting with ¢/* we have

n(Bo%a.; — Aaic®) = (Ba — \)oy, (I1.6.15)

here a = an,59®” and \ = )\aﬁgo‘ﬂ :

By (I1.6.15), we can write (11.6.14) as

A—DB
o; < - agjk + Bajk — )\jk> = 0. (H.6.16)

As o; # 0 it follows

)\i,j = Ugij + Ba@'j, (H.6.17)

A — Ba
g

where =

Pseudo-Riemannian spaces admitting non-trivial geodesic mappings such
that the vector \; satisfies (11.6.17), are denoted by V,,(B).

So we can formulate the result as follows:

Theorem I1.6.2. If a pseudo-Riemannian space V,, admits a conformal mapping

preserving the Einstein tensor then the space V,, is of the class V,(B).
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Definition I1.6.2. If a geodesic mapping of the space V,, satisfies

E;; = E;;, (I1.6.18)

we speak about an FEinstein tensor preserving geodesic mapping.

Recall that

R

If this is the case then the deformation tensor of the Ricci tensor satisfies:
R R
n

Tij = Rij — Rij = — Gij — — G- (11.6.20)

On the other hand, accounting (I11.6.4), we have

TZ‘j = Rij - Rij = (TL - l)apij. <H621)

Comparing the equations we have:

R R
i = ———0ii — ——0ij- 11.6.22
ey o e g X0 ( )
Let us calculate covariant derivative of (I1.6.9)
Xij = —€%0a,; 5 g8i + € 0a03g™ gji +
(I1.6.23)

+ 62@@]’ @agaﬁgﬁi .
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By (I1.6.8) and (II.6.16), we have

R
Nivi = fhGii + ———— a;, 11.6.24
j N99+n(n_1)ay ( )

where

R
= 62(’0 (g&a@ﬁ g p_ m) . <11625>

Obviously, by means of (I1.6.18), accounting (I1.6.8) and (I1.6.9), we obtain
from (I1.6.17) the formula (I1.6.16), and consequently (I1.6.12), which proves the

theorem:

Theorem 11.6.3. The conditions (11.6.5), (I11.6.18) and (11.6.19) are necessary
and sufficitent conditions in a pseudo-Riemannian space V, for existence of

FEinstein tensor preserving geodesic mappings.

Hence we proved that pseudo-Riemannian spaces V,,, admitting Einstein

tensor preserving geodesic mappings, belong to the class V,,(B) where B =

R
n(n—1)

If we account the Ricci identity, the integrability conditions for the equations
(I1.6.5) read

Aia R + aja Ry = Nist Gjk + Njt Gik — Nisk Gj1 — Njok Gil- (I1.6.26)

Plugging (I11.6.20) into the last equality and accounting (11.6.18), we have:

aiaY}%l + aja}/;%l = 0 <11627)
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§ 7. Objects invariant under Einstein tensor preserving

geodesic mappings

Objects invariant under geodesic mappings are the so-called Thomas projective

parameters
7h _ h.
T;'j - Ejv
(IL.7.1)
1
h _ 1h ho ho
;=14 - 1 (0; 50 +051%),
and the Weyl tensor of projective curvature
WZ}ij = ijjlk?
(IL.7.2)
1
Wi =Rl — — (0 Rij — 6! Rir).
Plugging the last into (I1.6.20) and using associativity we get
Vi =Y (I1.7.3)
Here R
Y =Rl — nln—1) (61.gi; — 67 gix) (IL.7.4)

is the tensor of concircular curvature.

So we in fact proved the following:

Theorem 11.7.1. The tensor of concircular curvature s invariant under

Einstein tensor preserving geodesic mappings.
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The last formula enables us to verify invariance of the tensors K ik K ikl

1 3

and K 4kl (introduced in the second paragraph) under Einstein tensor preserving
4

geodesic mappings. If we moreover account invariance of the tensor of projective

curvature we have:

i =K ) = BV (I1.7.5)
Gijkt = Eoi ji¥ (I1.7.6)
C??zhjklm :[?){?jklm = Ycﬁjnofm (IL.7.7)
??jklm :ff?jklm = Y;gjykofm (IL.7.8)
%;?jklm =Y Wi, (I1.7.9)
%:gklm =Y Wi (I1.7.10)
g?jklm =Y o (IL.7.11)
%:?j,dm = Y Wi (I1.7.12)
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Let us introduce the object &G . follows:
2

G ¢ EaWiy = iRy — ERiu — 1 (RaRy -

(I1.7.13)
—RiRji1) + %(%Rg’k — girRj1).

Then G — flat spaces are characterized by the conditions
2

R RS RRijkzl —

1
) 1 (Ralr —

n
(I1.7.14)

R

—RiRj) + m(giszk — gixRj1) = 0.

Contracting the last formula we get

2R R?
RaiRla = _Ril — —292‘1. (H.7.15)
n n
The formula (I1.7.15) coincides with he equations (1.2.19), hence the
conditions (I1.7.15) characterize K, K», K3 and G flat spaces.
2

Let us examine the question of existence of equidistant vector fields in
pseudo-Riemannian spaces satisfying (I1.7.15). Accounting (I1.7.22) and (I1.8.4),

let us multiply (I1.7.15) by ', and contracting in [, we check B = ﬁ

Therefore we proved

Theorem I1.7.2. If the conditions (I1.7.15) are satisfied in a pseudo-

Riemannian space that admits an equidistant vector field then

R

B:n(n—l)'
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Let us consider another way how to construct objects invariant under
diffeomorphisms by means of covariant derivative. A covariant derivative in V,

(with respect to the natural Riemannian connection) of a tensor field S of

type <]q9 >, denoted here by comma, as usual, is in any coordinate system given

as follows:
Siinge k@)= ST ()
FTIL (2)SE2 () 4.+ T ()Se s () - (IL7.16)
153 ilig...ip 153 ilig...ip
—Ly, (@)Sy (@) — o= Ty ()8, 570 ().

In the case of a vector feld ®, we have
O, =0;0; — @aff‘j (I1.7.17)

where f‘ék are components of the connection of the image of the given pseudo-
Riemannian space V,, under the geodesic mapping, and “ 7 7 denotes the

covariant derivative in the image space.

Using (I1.6.1) we have
Oisj = ®ij — igj — Dy (IL7.18)
Alternating the last formula we get
Ki; = Kj; (I1.7.19)

where we denoted

K, Yo, — o, (11.7.20)
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Hence we proved

Theorem I1.7.3. The tensor K is invariant under geodesic mappings.

Examining the tensor field E;;, by (I1.7.16) we can write

Eij k= OpEij — By, — By, (11.7.21)

Assume an Einstein tensor preserving geodesic mapping, then

By (I1.7.21) and (I.6.1) we get

Eijsk = Eij k — 205 Ei; — @iEjr, — 0B (I1.7.23)

Contraction over h, j in (I1.6.1) gives

[f =T+ (n+ g (I1.7.24)

Calculating ¢; from the last formula, plugging into (I1.7.23), and then using
associativity, we check
Eiji. = Eiji (11.7.25)

where

e 1
Eijk d:f Eij,k; + n—_H(QF%aEij + F?ank + F?aEik)- (11.7.26)
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We obtain the following theorem.
Theorem I1.7.4. The object Eyjj. is tnvariant under Einstein tensor preserving

geodesic mappings of pseudo-Riemannian spaces.

Note that from the definition of Christoffel symbols and the rules for the

derivation of the functional determinant, we obtain the formula
1
s, = 3 0;1n |g| (I1.7.27)

that holds in any pseudo-Riemannian space V,,. Here g = det ||g;;||. Hence I'$ is

a gradient vector.

Pseudo-Riemannian space in which the Einstein tensor £j; satisfies

Eij k= QUkEij + uiEjk + UjEZ'k <H728)

are called weak symmetric with respect to the tensor Lj;.

We can see that the property of weak symmetry is preserved under Einstein

tensor preserving geodesic mappings if the following holds:

1
e
n+1

w = — (I1.7.29)
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§ 8. Einstein tensor preserving geodesic mappings

of spaces of constant curvature

Let us examine pseudo-Riemannian spaces V,, that admit non-trivial Einstein
tensor preserving geodesic mappings, in relation to the scalar curvature R of the

space.

Let the scalar curvature R of the space V), is constant. Then the tensor of

concircular curvature satisfies

Vi = Ry oo (I1.8.1)

Under the assumption that the Einstein tensor is preserved under the
geodesic mapping, the integrability conditions of the equations (I1.6.5) take the
form (I1.6.27). Differentiation of (11.6.27) can be by (I1.8.1) and (I11.6.5) written

as follows:

AiYnjrl + A Ynikt + AaY 5 9in + MY gin +
(11.8.2)

. R& RO _

Alternating over k, [, h and using properties of the tensors Y3, and Rzk l
we get
AaYlagnyi + AaYiugn; = 0. (I1.8.3)

Here (klh) denotes alternation over indices without division.
Contracting the last equation with ¢™ we obtain
(n — 1)>\o¢ jofgl = AaElagjk — )\aEl(glgjl- (1184)
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Multiplying (I1.8.4) by A/ and contracting in j, we find

A BNy — M\aECN = 0. (IL.8.5)

Since A\, # 0, there exists a vector £¥ such that \,&“ = 1. Hence

AEy = NP B\, (11.8.6)

Assume A\*E°E, 5 # 0, then, multiplying (11.6.27) by AL, we have

a0 YigA + aoiY i\’ = 0. (11.8.7)

By (11.8.4) we get

af‘)\agkj + a;?‘)\ag/m' — )\jaki — )\iakj = 0. <H88>

Contraction with ¢* yields

A = 2 N, (11.8.9)
n

where a = aaggo‘ﬁ :
Plugging (11.8.9) into (I1.8.8) and using associativity we get

a a
Ni(ag; — " grj) + Aj(ari — - gri) = 0. (I1.8.10)

Alternation over k, 1 gives:

a a
Ailakj — o grj) — Me(ai; — - gij) = 0. (I1.8.11)

Interchanging £ and j gives

a a
Ai(ag; — o i) — Nj(aki — o gri) = 0. (I1.8.12)
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Composing (I1.8.12) and (I1.8.10) we check

a

But this is a contradiction under the assumption of non-trivial geodesic

mappings, hence the following holds:

NP,z =0, (11.8.14)
and consequently,
MBS =0. (I1.8.15)
Hence
AaYi =0 (I1.8.16)

Theorem I1.8.1. If a pseudo-Riemannian space V,, of constant curvature admits

non-trivial Einstein tensor preserving geodesic mappings then the conditions
(11.8.16) are satisfied in the space.

Differentiating (11.6.24) and using R = const we have

R
k= g+ ——— g+ Ajgi 8.1
A, jik ngj+n(n—1) (A g]k+>‘]gk) (I1.8.17)

where p = p,, = O

Alternating we get

AaR%'k = MkGij — MjGik +
(I1.8.18)

R
+ n(n—l) ( Jgk kg])

65



By (I1.8.16) we check

2R

n(n_l)(kg]+ i9ik) = Hrgij — Higik ( )

Contracting with g we obtain

R

R (I1.8.20)

P =2

Theorem I1.8.2. If a pseudo-Riemannian space V,, of constant curvature admits

Einstein tensor preserving geodesic mappings, then in the space, there exists a
solution of the equations (11.7.5), (11.7.24), (11.9.20) with respect to a tensor a;j,

vector \; and a function .

Now let us examine Einstein tensor preserving geodesic mappings under

additional assumptions.

Let the vector A; from (I1.6.24) be of non-zero constant norm, that is,

Ao XY = const = ¢ # 0, (I1.8.21)

Differentiating and using (I11.6.24) we get:

R

i+ ———
a Jrn(n—l)

4N = 0. (11.8.22)

Note if R = 0 then p = 0 and consequently, ); is covariantly constant.
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Assume R # 0, then (I1.8.22) reads
aai)‘a - p>\27

where
def n(n—1)

Differentiating (I11.8.23) and using (I1.8.21), we have

cgij + )\z')\j + aai)\?‘j = pj)\z- + 10>\i e
Contracting the last formula wih \’:
20)\]' = Cpj.

If ¢ # 0 then p; = 2);, and (11.8.25) reads:
R

nn—1) aajai — NAj = (pp — €)gij — 2pas;,

or, denoting

R

9= )

A

«
aajai — )\Z')\j,

Aij = (pp — €)gij — 2pai;.
Differentiating (11.8.28), accounting the scalar curvature, we get

Aij 1= ﬁ (MA@ gk + Ao gik) —

—1(Nigix + Nigik).-

By (I1.8.22) we have
Aij k= =2p(Nigir + Nigjn)-
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(I1.8.30)
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Hence
Aij,k = —2,ua,-j,k. <HS32)

Differeniating (I1.8.29) we get
Aij = (pp— ).k Gij — 20,k Qij — 204Q55 k- (I1.8.33)
Subtracting (I1.8.32) from the last formula we have
gii(pp —¢). k= 21 1, aij. (I1.8.34)

Contracting with ¢ we get

n(pp —c) = 2au, i, (I1.8.35)
or )
a
(P =¢)e = — k- (11.8.36)

Plugging (11.8.36) into (I1.8.34) we obtain
a
i (@i — - gi5) = 0. (11.8.37)

As the geodesic mapping is non-trivial we have p , = 0 and p = const. But

then from (I1.8.20) it follows R = 0, a contradiction with the assumption R # 0.
Hence we proved

Theorem 11.8.3. If a pseudo-Riemannian space V,, of constant scalar curvature
admits a non-trivial Einstein tensor preserving geodesic mapping and the
vector \; has a constant morm then the space V,, has a monvanishing scalar

curvature.
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§ 9. Invariants of geodesic mappings

Before the theory of geodesic mappings was developed, a problem was posed
on cardinality of the class of spaces admitting non-trivial geodesic mappings. The
question was aswered by N.S. Sinyukov who constructed an infinite sequence of

disjoint spaces which are related by geodesic mappings. See [96].

Let a pseudo-Riemannian space V,, admits a non-trivial geodesic mapping,
corresponding to the vector ;, onto a space V,,. Then in V,,, there exists a solution
of the system (I1.6.5), satistying (11.6.8).

1
Let us assume a;; as a metric tensor of a pseudo-Riemannian space V :
n

ajj = g. .. (I1.9.1)

1
Let us construct the metric tensor of Vn as follows

Lfl].. = g3, (I1.9.2)

v

that is, we introduce a conformal mapping between V,, and ‘_/n, corresponding to

the same vector field ;.

Then, as was proved by N.S Sinyukov [96], if a pseudo-Riemannian space V},
with the metric tensor g;; admits a non-trivial geodesic mapping corresponding
to the vector ¢, onto a space V,, with the metric tensor Gij, then the pseudo-
Riemannian space 1} with the metric tensor glij, satisfying (I1.9.1), admits
a geodesic mappmg, corresponding to the same vector field ¢;, onto a pseudo-

Riemannian space V with the metric tensor gzj, satisfying (11.9.2).
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Definition II.9.1. A correspondence, given by the formulas (11.6.8), (I1.9.1),

(I1.9.2), sending a pair of pseudo-Riemannian spaces V,, and V;,, for which there

1 1
exists a non-trivial geodesic mapping, onto a pair V,, and V,, , related by a
non-trivial geodesic mapping again, is called an invariant geodesics preserving

mapping of pseudo-Riemannian spaces.

The diagram

v, &5V,
cm @

N

voomev

describes the introduced geodesics preserving mappings, accounting the formulas
(I1.6.8) and (I1.6.9).

Another possibility is to describe the situation as follows

v, ¢ v,
a | L
Voo

n

where aé- = a4j9™, and
g, = Jaitt, (11.9.3)
1

9,; = Gaij (11.9.4)

The last two systems are equivalent. Using the first one, examine the case
when the pseudo-Riemannian spaces V,, and V,, are related by a non-trivial

Einstein tensor preserving geodesic mapping, corresponding to the vector ;.
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Hence in V;,, the following equations are satisfied

R R

Yij =
Differentiating and accounting (11.6.2), we get

o __ R _ R -
Yij k= mgm + m@%@kgzg +

(I1.9.6)
_ _ R
+©igik + ©igik) — n(n—’kl)gzj.

1
Since V,, and V,, are related by a conformal mapping (I1.9.2), the conditions
(I.1.5) must hold:

vij = Pij + pygij (11.9.7)
where
def 1 =
Py = - Z(sz — Ry),
p= i(’OQ + A

Differentiating (11.9.8) we have

@ij k= Pij &+ prgij- (11.9.8)

Let us subtract (I11.9.8) from (I1.9.6):
Ry R _
Py = mgm + m@%gm +
(11.9.9)
R}

—_1) - pk)gij-

+0igik + ©Gik) — (n(n
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R

Excluding mgij from the last formula by means of (I1.9.5):

Ry _
ko %+ 20015 + wipjk +

Pijk = n(n

+pjpik + %(2%‘9@' + (11.9.10)

R
+ wigjr + wjgik) - (n(n——kl) — ,Ok)gz'j-

1 1
We pass to the covariant derivative in V;,, denoted by and, using the formulas

(I.1.3), (I1.7.16), we get
P\ +20kBy + @iPj + 9Bk — 2Parg® g =
Ly

Ry _
1%t 201pij T Pigji +

(11.9.11)
+jpix + ﬁ@%gu’ +
R
+pigjk + Pigin) — (n(n—fl) — Pr)Yij-
Now using (11.9.8) we have
_ Ry R g
Pij L n(n — 1)923 + (n(n —1) p)(2¢kgij +

(11.9.12)

R
—’_kl) — pr — 2P0i0®) i

+igik + ©igik) — (n(n
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Finally, by (I1.9.2), we have

N Rak ..
P~ -+

R N2 z
n(n —1) ple = (2¢ Y, T

(11.9.13)

1

L L _ L
TP g, TP g,) =€ (R — pp — 2Parp®) "
So we proved:

Theorem 11.9.1. If pseudo-Riemannian spaces V,, and V,, are related by a non-

trivial Einstein tensor preserving geodesic mapping, then in the space Vi, which

15 obtained by an invariant geodesics preserving mapping, there exists a tensor
Py;, satisfying the conditions (11.9.13).

If the scalar curvature of the pseudo-Riemannian space V,, is constant, then
the equations (I1.9.13) read

(11.9.14)

Here u; and v; are vectors.

The theorem I1.9.1 is a generalization of the results of N.S. Sinyukov and
formulas on invariant geodesics preserving mappings for spaces of constant

curvature and Einstein spaces.
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§ 10. Einstein tensor preserving geodesic mappings

of special pseudo-Riemannian spaces

A pseudo-Riemannian space V,,, in which there exists a tensor A” satisfying

Zlig...ik

A9 ~0 (I1.10.1)

iliz...ik s &

will be called an A-harmonic pseudo-Riemannian space.

In the case that the Riemannian tensor of V,, satisfies (I1.10.1), the space
V}, is called harmonic. So according to the type of tensor satisfying (I1.10.1), we
speak about:

a harmonic space, if

k.o =0 (11.10.2)
Ricci—harmonic space, if
RY =0, (I1.10.3)
Finstein—-harmonic space, if
E',=0 (I1.10.4)
conformally—harmonic space, if
ijk.a =0 (11.10.5)
projectively—harmonic space, if
ika=0 (I1.10.6)
concircular—harmonic space, if
ijk,a =0 (11.10.7)
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and, finally, Brinkmann—harmonic space, if

Pﬁa =0, (I1.10.8)
1 R . .
here Pj; = P (Rij — mgij) is the Brinkmann tensor, PJ? = gV P,;.

Note the following

Theorem 11.10.1. A pseudo-Riemannian space will be: Ricci—harmonic,
Brinkmann—harmonic, Einstein—harmonic, if and only if the scalar curvature

of the space 1s constant.

From the Bianchi identity, we can easily see that the Ricci tensor of a Ricci-

harmonic space V;, satisfies the Codazzi equations:

¢ o=Rijx— R j. (I1.10.9)

ijk , «

Contracting the last formula we check R ; = 0.

Theorem 11.10.2. A harmonic pseudo-Riemannian space is necessarily a space

of constant scalar curvature.

Considering the definitions of VVZ’;k and Y;?k, we get

1

k.o = S (Rij & — Rig,j) =0, (I1.10.10)

1
& = —— (R rgii — R ;9i) = 0. I1.10.11
ijk , o n(n—l) (  kGij ,jgk) ( )
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Contracting once more we get

1
v =—— (R,— R} =0 I1.10.12
k,« n—1 ( kK k:,a) ) ( )

o
k,a

1
=~ R (11.10.13)
n

From (I11.10.12), (II.10.13) it follows R; = 0. Consequently we have

Theorem 11.10.3. The classes of harmonic, projective—harmonic and

concircular—harmonic pseudo-Riemannian spaces are equivalent.

Let us examine Einstein tensor preserving geodesic mappings of harmonic

spaces.

The integrability conditions of (I1.6.5), under the assumption that the
geodesic mapping preserves the Einstein tensor, take the form (I1.6.27), and for

(I1.6.24), accounting R = const, read

AaY i = 0. (11.10.14)

Differentiating (I11.6.27) and using the above formula, we get

/\ithkl + /\thikl + aij‘il T O‘jaYigl h = 0. (11.10.15)

Contracting with g™, we get

)\iEjk + AJEZ]C = 0. (HlOlG)

Alternating over ¢ and k we find

NEji — MEji = 0. (11.10.17)

76



Interchanging j <+ k, we have

NEy; — A\ Ey = 0. (11.10.18)

Composing the result with (I1.10.16), we verify the following

Theorem 11.10.4. If a harmonic space admits a nontrivial Einstein tensor

preserving geodesic mapping then the space is an Einstein space.

As well known, the four-dimensional Einstein space distinct from spaces of

constant curvature admits no non-trivial geodesic mappings. Hence we have

Corollary II1.10.1. A four-dimensional harmonic space, distinct from spaces
of constant curvature, admits no non-trivial Einstein tensor preserving geodesic

mapping.

Note that in general, a harmonic space may admit a non-trivial geodesic
mapping, as proved in the papers by V.S. Sobchuk, J. Mikesh and J. Radulovich
[107, 172]: there were found harmonic spaces admitting non-trivial geodesic

mappings onto harmonic spaces.
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§ 11. Geodesic mappings of spaces

with quasiconstant curvature

A pseudo-Riemannian space V,, (n > 2) with the metric tensor g;; is called a

h

space wit quasiconstant curvature if its Riemannian tensor lek satisfies:

Ruiji = a(9nigir — 9nigi;) + B(n@igin —
(IL.11.1)
—PnPrGij + PiPrIn; — PiPighk),

where «, § are vector invariants, and ¢; is the unit vector [25], [163].

Contracting (II.11.1) we check

Rij=—(a(n—1)+ B)gij — B(n —2)pip;. (I1.11.2)

From (I1.11.2), we obtain for the scalar curvature R = R,59*":

R=—-n(a(n—1)+p) — B(n —2), (IT.11.3)

and (I1.11.2) reads

R
Rij = —gij + ———8ij — B(n = 2)pip;. (I1.11.4)
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From the last formula it follows that that for Einstein spaces, that is, for
spaces satisfying R;; = % gij, the function 8 is necessarily non-vanishing, and
hence the space with quasiconstant curvature is necessarily a space of constant

curvature.

The integrability conditions of the equations (I1.6.5) are:

@i Ry + aaj Ry = Nigje + Nijir — Nejgir — Meigji- (I1.11.5)

Alternating over (i, k, 1), we get

aaiR‘?[kl + aakR?li -+ ClalR‘%k = 0. <11116)

From the last formula, contracting with ¢, we get
an Rj, — aor R = 0. (I1.11.7)
This formula was obtained by Sinyukov [96] with used alternation of formula
(I1.6.6).

Plugging (I1.11.2) into (II.11.7) we verify that under the assumption 5 # 0

we obtain

a0 = pp;, (I1.11.8)

where p is a function, and " = p,g*".

Hence we proved

Theorem I1.11.1. If a pseudo-Riemannian space with a quasiconstant curvature

admits a geodesic mapping then the vecor p; satisfies the conditions (I11.11.8).

Differentiating (I1.11.8), we obtain, using (I1.6.5),
©* Nagij + Aipj + aaip®; = pjpi + ppi ;- (I1.11.9)
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Contracting (I1.11.9) with ¢’ we have

P = 20"y ©j, (I1.11.10)

and consequently,

Theorem I1.11.2. The eigenvalue p corresponding to the eigenvector ¢ of the

matrix a;; 1s constant if and only if the vectors ©" and \; are orthogonal.

A solution of the equations (I1.6.5), satsfying the conditions

Q5 :ugij—l—vRZ-j, (Hllll)

is called canonical [29].

Let us prove:

Theorem I1.11.3. In a pseudo-Riemannian space of a quasiconstant curvature,

the only solutions of the equations (11.6.5) are just canonical solutions.

Proof. By (I1.11.1) and (I.11.8), the equations (II.11.5) read:

/5(%0j901aik — PR+ Pipiar — QOiQOkajz)

(I1.11.12)
= Nigjr + Nijgie — Miign — Mrigii-
Here we denoted
Ay; e i + aay; + pBeipr. (I1.11.13)
Contracting (I11.11.13) with g/%, we get
apipr — ai = nly; — Aga, (I1.11.14)
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where we introduced

0 D agsg™; A Napg®.

We can express Aj; as follows

A Ba 1o}
N = —gii + —vipr — —a.
n n n

Alternating (I1.11.12) over ¢ and k we have

5(%‘901@2% — QP — PiPra; + @l@kaji) =

= Nijgir — Nijoie — Mig + Mg

Let us switch 7 and [ in the last formula:

B(prpjair — Crpiajr — Qipraj + ©;ora;) =

= Nijgir — Nagin — Mg + Aijgui.
Composing (I1.11.17) and (I1.11.12) we get:
Bejpiair — pipra) = Nijgin — Nirgji-

By (II.11.15), the formula (II.11.18) can be written as

@j@l(naik - agik) - SOiSOk(najl - agjl) = Qikg1; — Al Gik-
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(IL.11.16)

(IL11.17)

(I1.11.18)

(I.11.19)



We contract (I1.11.19) with ¢/¢! and use (I1.11.15). The resulting formula

reads
(n— Daix = (a — p)gir + (np — a)pip;. (I1.11.20)
If we put
_9 _
_ af = 2Pp Faa —nap (I1.11.21)
p(n—2)
a—mnp
v = I1.11.22
B 1)n 7] i
we finish the proof by means of (I1.11.20) and (II.11.2). O

82



CHAPTER III

HOLOMORPHICALLY PROJECTIVE
MAPPINGS OF KAHLER SPACES
PRESERVING THE EINSTEIN TENSOR

In this part we discuss holomorphically projective mappings of Kéahler and
pseudo-Kéhler spaces which preserve the Einstein tensor. We prove that the
tensor of h-concircular curvature is invariant under Einstein tensor-preserving

holomorphically projective mappings.

§ 12. Kahler spaces

Recall that a (pseudo-) Riemannian space K, is called a (pseudo-) Kdhler space if
it is endowed with a metric tensor g (which is positive definite in the Riemannian
case and of arbitrary signature in the pseudo-Riemannian case) and at the same
time with an affinor structure F' (i.e. a tensor field of the type (1, 1)) satisfying
the following relations [72, 178, 96, 98]

F?=—-1d, g(X,FX)=0, VF=0.
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Here X are all tangent vectors of T'K,, and V is the metric connection of K,,.

The structure F' is a complex structure.

In local coordinates, the conditions are
h o h. _ 0. h
FaE - —52 s F(Zj) - 0, Fjl,j - 0 (IIIlQl)

where Fj = gia F}", (7 ) denotes symmetrization without division over 7 and j,

44 7

, 7 is a covariant derivative of the natural connection in K,, and 6" is the

Kronecker symbol.

Let us note that first time, Kéhler spaces has been studied by P.A. Shirokhov
[123] who called them A-spaces, and later independently by E. Kéhler [155],
see [8, 96, 170, 178].

For convenience, we introduce in K, the operation of conjugation:
Ay = Ap FYs B =BUE, (I11.12.2)
Here A and B are arbitrary tensors od any type.

According to (I11.12.1) and (II1.12.2) the following hold:

A- = —A;; B'= —-B"
AyB® = A,B%; AaB® = —A,B*; (I1.12.3)
(A7), = 4 (B').;=B';.
The metric tensor and the Kronecker tensor satisfy
G5 =95 9= —95 O =0 =F5 6 =-d. (I1.12.4)
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The Riemannian tensor and the Ricci tensor satisfy the additional identities

hagk ha]k, jok = QRjEZ; R~

ij

= Ryj, (I1.12.5)
where Rpijr = ghQR%k.

In Kéhler spaces K,,, the following tensors are defined:

the tensor of holomorphically projective curvature

1
Pl =Rl — —y (5[R] + 01 Ryyi + 207 Ryy); (I11.12.6)

7

the tensor of holomorphically-sectional curvature of K,

ij — Rzyk

?

R
n(n + 2) G k95l + 5k9.7 + 25hgjk) (II1.12.7)

the Bochner tensor of K,

where
Bzh = ghaBai7
b 1 . R (I1.12.9)
YT 4 " 2(n+2)g” '

In the above formulas as well as in what follows, [, j| denotes alternation without
division, R = R,39®” is the scalar curvature, and g are elements of the matrix

inverse to |g;;||.

85



For the tensor of holomorphically projective curvature, the following is

satisfied:

Prijk = Poizi = Prijr = — Phikj;
Phijn) = 0; (I11.12.10)
o(z)éjk = gjk: - j('Jli:a = ﬁf@ - 07

where (i, j, k) denotes cycling in 4, j, k. The tensor of holomorphically sectional

curvature and the Bochner tensor satisfy [§8], [72]:

th’jk = _Hihjk = ijzhi = Hﬁajk;
Hpyiji + Hyjgi + Hppij = 0;

(II1.12.11)
Brijk = —Binjk = Bijkni = Brij;

Bhijk + Bhjki + Bhkij = 0.

Tensor of holomorphically projective curvature and Bochner tensor play an

important role in the F-decompositions theory, see [159, 160, 169].
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§ 13. Fundamental equations of the theory

of holomorphically projective mappings

An analytic planar curve L of a Kéhler space is a curve given by the equations
o = 2"(t) such that the following holds

% + 060" = 01(D)E" + 0o(t) F€° (I1.13.1)

where " = da"(t)/dt and o1(t), 02(t) are functions.

Definition II1.13.1. A diffeomorphism f between Kdihler spaces K, and K,
is called a holomorphically projective mapping iof f maps any analytical planar

curve of K, onto an analytical planar curve of the space K,,.

We can suppose that M = M, due to the diffeomorphism f, where M is the
“common” manifold on which the metrics g and g and the complex structure F'
of K, and K, are defined.

Any holomorphically projective mapping f from K, onto K, preserves the

structures and is characterized by the following condition [98], [72]:
(V= V)(X,Y) = 0(X)Y + (V)X — b(FX)FY — (FY)FX  (IT113.2)

for any vector fields X, Y, where V and V are the metric connections of K,, and

K, 1 is a linear form.

Holomorphically projective mappings of K, onto K, are called non-trivial

if 1) # 0. The case when the mapping is affine, i.e. 1 # 0, is not considered here.
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In coordinate system this equation has the following formula:
mh _ Th h ho
I3 =135 + ;') — 5@%‘), (IT1.13.3)

where necessarily ¢; = 1 ; and
F' = F}.

Note that in [180] (see [8, 96, 72, 187, 204]), it was a priori supposed that the
structure tensor should be preserved under holomorphically projective mappings.
On the other hand, in [98] it was already proved that the structure tensor is

necessarily preserved.
The conditions (I11.13.3) can be equivalently written as [8, 72, 178, 96, 98]:

ng<X7 Y) - 2¢<Z>g(X7 Y) + ¢(X)g(Y, Z) + ¢(Y>Q<X7 Z)

o (I11.13.4)
+(X)E (Y, Z)+¢v(Y)F (X, Z)

are satisfed where V is the metric connection of K,, v is a linear form and
X,Y, Z are tangent vectors, ¢(X) = ¢(FX), F(X,Z) = §(X,FZ).

Let us rewrite the equations (/77.13.4) in local coordinates:

Gijk = 2VrGij + igik + Vigik + Vi + Gk, (II1.13.5)
where g;;(z) and y(z) are components of g and v, respectively, “,” is the
covariant derivative on K,, x = (x!, 2% ...,2") is a point of a coordinate

neighborhood U C M. The equations (//1.13.4) and (/11.13.5) hold when K,
and K,, € C1, ie. if g;j(z) and g;;(x) € C! in any coordinate neighbourhood U.
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As well known, from (II1.13.3) it follows

R}y, = Rl + 00 — 87Uk + 0jaby; — 00y + 26745, (111.13.6)
RZ‘J‘ = Rij + (TL + 2)¢ij; (111137>
where RZk(RZk) and R;;(R;;) are correspondingly the tensor of Riemann and

Ricci of the space K, (K,,) and

Vij = iy — vy + . (IT1.13.8)

It follows
Yij = Yy = V- (111.13.9)

The important invariants under holomorphically projective mappings are the

so-called generalized Thomas’ parameters

Th — Th.
17 17

(II1.13.10)

h _ Th 1_(Shpa ha h pBa h Ba
T =10 = 5 (0T, + 0715, — FUEG TG, — FYETTG,)
and the tensor of holomorphically projective curvature
ng = Pz};ka
Pl =Rl — — (6} Rji — 6] Ry (II1.13.11)

—F{F{ Rai + F]'F{! Roj + 2F]' F Ray,).
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On the other hand (Domashev and Mikes [18]), if there exists a non-trivial
holomorphically projective mapping of K, onto K, then in K, the following

equation can be solved:
aijk = Nigjk + NiGik + ANigjk + AjGik (I11.13.12)
with respect to a tensor a;; satisfying the equations

aij = aji;  ag; = aij,  detag; #0 (I11.13.13)

and a non-zero vector \;. This vector must satisfy the equations

Aijj = Nji = )xgj. (I1.13.14)

Solutions of the equations (I11.13.5) and (II1.13.12) are related by
Qi5 = 62¢§a6gm‘gﬂj, (1111315)

Ai = =g g, (111.13.16)

where |77 = [lgi;| -

In 1978 J. Mikes [12, 61] proved that necessary and sufficient condition for
existence of non-trivial holomorphically projective mappings of the given pseudo-

Kéhler space onto pseudo-Kéahler spaces is existence of a solution for the system
of equations (see [72, 178, 96])

aijr = Nigjk + Njgik + NiFjr Ny Fi, (I11.13.17)
nAij = pgij + @ai R — aasR%;;", (I11.13.18)
fg = 2X\ RS (I11.13.19)

with respect to a regular symmetric tensor a;;, a co-vector A; # 0 and a

function pu.

Here Ré- = Ra;g"™; Rkijh = Raij[ggakgﬁh; Fij = Ffgaj, and g* are elements

of the matrix inverse to g;;.
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§ 14. Basic equations for Einstein tensor — preserving

holomorphically projective mappings

We call a holomorphically projective mapping FEinstein tensor-preserving if it
satisfies:
E;; = E;;, (TI1.14.1)

where

R
Eij = Rij — —Jii (T11.14.2)

is the Einstein tensor and R = Raﬁgaﬁ is the scalar curvature.

If this is the case, the deformation tensor for the Ricci tensor takes the form:

_ R R
Tij = Rij — Rij = i = Yij- (T11.14.3)

On the other hand, accounting (II1.13.7) we obtain
Tij = Rij — Rij = (n + 2)¢U (111144)

Comparing we get:

Wi = R R
Y n(n 4+ 2) Jii n(n + 2)
Substituting the last expression into (I11.13.6) and using the notation

R « « «
H}y, = Ry, — nln+2) (Orgi; — 00 git + FYF gaj — F F Gok + 2 F}'F}' ga)
(I11.14.6)
(and similarly with bar) we find
Al = H,. (I11.14.7)

Here sz are components of the tensor of holomorphically-sectional curvature,

where H is an analogue of the tensor of concircular curvature [61, 170, 178, 96,
204].
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Hence we have proved:

Theorem II1.14.1. The tensor of holomorphically sectional curvature is
mvartant  under all Finstein tensor-preserving holomorphically projective

mappings.

Let us apply covariant differentiation to the formula (II1.12.5):

Nij = —€ 005" gai + €V 0athpg™ gji + €00 G 9. (I11.14.8)

By (II1.13.16) and (II1.14.5), we get

Mii = (g + ———a;;, 111.14.9
TR ey T ( )
where 7

Obviously using (I11.13.5), (II1.12.5), from (II1.14.8) and (II1.14.9) we get
(II1.14.5), and consequently also (II1.14.1), hence we have proved:

Theorem 111.14.2. A pseudo-Kdhler space admits an FEinstein tensor-

preserving holomorphically projective mapping if and only if the conditions
(II11.13.17), (I11.14.9) and (1I11.14.10) are satisfied.

We say that a Kéhler space K, belongs to the class K,[B] if it admits a

geodesic mapping and the corresponding vector satisfies [57, 178]
)\i,j = Kgij + Baij (HIl411)
for some function B.

So we have actually proved that a Kahler space K,, admitting Einstein tensor-

preserving holomorphically projective mappings belongs to the class K,,[B] where

_ R
B = " n(n+2)”
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From (I11.13.7), for Einstein tensors of the spaces K, and K, which are
determined by

R
Eij = Rij — —gij (I11.14.12)
n
it follows -
— R _ R
Eij = Eij + — gij = — gij + (n+ 2)¢y;. (111.14.13)

If the Einstein tensor is preserved under the holomorphically projective

mapping, 1.e.

By = B, (II1.14.14)
then (II1.14.13) reads
Bgij = Bgij + i (I11.14.15)
where B = n(7ﬁ|—2)'

Plugging (I11.14.15) into (II1.13.6), using associativity and (I11.12.7), we
check

Hl'. = H]). (I11.14.16)

On the other hand, if the conditions (II1.14.16) are satisfied then by
contraction, we get (II1.14.14). Hence we have proved

Theorem I11.14.3. The Einstein tensor is preserved under a holomorphically
projective mapping if and only if the tensor of holomorphically sectional curvature

1S preserved.

If we differentiate covariantly (I11.13.14) and consider (I11.13.13), (I11.14.15)
we get
>\i,j = ugi; + Baij. (IH.I4.17)

Examining the integrability conditions of (III1.14.17) in detail we find
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Hence we proved:

Theorem II1.14.4. If the given Kdihler space K, admits an Einstein tensor
preserving holomorphically projective mappings then the system of equations

(I11.13.12), (I11.14.17), (I11.14.18) is solvable in K, with respect to the tensor

a;j, the vector \; and the function p.

Kéhler spaces in which the vector \; satisfies (I11.14.17) are denoted by
K,[B], and in this case, neessarily B = const holds (see [57, 178]).

Considering the definition of a constant B, we check the following:

Corollary I11.14.1. If a Kdhler space K, admits a non-trivial Finstein tensor
preserving holomorphically projective mappings then K, is a space of constant

scalar curvature.

In this way, the methods developed in the theory of conformal and geodesic
mappings of Riemannian spaces are transferred to the theory of holomorphically
projective mappings of Kéahler space. We received similar results for hyperbolic
Kéhler spaces [C4].
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