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subjects of consideration are those properties of pseudo-Riemannian spaces which

answer the question on existence or non-existence of Einstein tensor preserving

diffeomorphisms under consideration.

We obtained the systems of equations for the theory of conformal, geodesic,

and holomorphically projective mappings which preserve the Einstein tensor.

We introduce and examine invariants under considered mappings and examine

classes of pseudo-Riemanian spaces which are closed under mappings under

consideration.
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Abstrakt

Předložená disertačńı práce je věnována studiu speciálńıch (pseudo-)

Riemannových prostor̊u a difeomorfismů (konformńıch, geodetických a

holomorfně projektivńıch zobrazeńı), při kterých se zachovává Einstein̊uv tensor.

Studuj́ı se vlastnosti pseudo-Riemannových prostor̊u, které odpov́ıdaj́ı na otázku

existence nebo neexistence invariantnosti Einsteinova tensoru při studovaném

difeomorfismu.

Nalezena soustava rovnic pro teorii konformńıch, geodetických a holomorfně

projektivńıch zobrazeńı, která zachovávaj́ı Einstein̊uv tensor. Zavád́ıme a

studujeme invarianty uvažovaných zobrazeńı a zkoumáme tř́ıdy pseudo-

Riemannových prostor̊u, které jsou uzavřeny vzhledem k těmto zobrazeńım.
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Introduction

A few words about the topic

In differential geometry, we investigate geometric spaces generalizing the

Euclidean space of dimension n, the so-called differentiable manifolds. For

morphisms of such objects, we take diffeomorphisms between our spaces,

i.e. invertible and sufficiently differentiable mappings with a differentiable inverse.

If the manifold is endowed with a particular geometric structure, we are

interested in diffeomorphisms which preserve the structure. Often, the structure

is represented by a connection, by metric tensor field, in combination with

some additional tensor fields, related to each other by some identities, or with

a particular system of curves etc. Such geometry-preserving mappings play a

key role in the theory. A lot of works is devoted to investigations of conformal,

geodesic and holomorphically projective mappings, see [1]-[34].

Motivations for investigation of such particular diffeomorphisms comes from

physics, particularly from mechanics and the theory of relativity, and the reached

results have applications in many branches of technical sciences, especially in

modelling of dynamical processes.

In modelling by means of diffeomorphism, the so-called invariants,

i.e. geometric objects or properties which are preserved, play an important role.

A particular branch of differential geometry is devoted to the study of

special Riemannian and Kähler spaces. Especially symmetric spaces and their

generalizations play an important role. Attention is paid also to other special

classes of pseudo-Riemannian spaces that are distinguished by some algebraic or

differential conditions on objects characterizing the inner geometry such as the
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Riemannian tensor, Ricci tensor, scalar curvature, or objects constructed from

them, such as the Einstein tensor, the tensor of concircular curvature, the tensor

of conformal curvature, the Bochner tensor etc.

In this respect, the topic of the dissertation thesis appears to be actual.

Relationship of the thesis with grant projects and projects of

international cooperation

The topic is related to grant from Grant Agency of Czech Republic GAČR

P201/11/0356 with the title: Riemannian, pseudo-Riemannian and affine

differential geometry, and from project by the Council of Czech Government

MSM 6198959214.

The goal of dissertation is to investigate Einstein tensor preserving

diffeomorphisms:

∗ conformal mappings

∗ geodesic mappings

∗ holomorphically-projective mappings.

Objects under consideration are special pseudo-Riemannian spaces and

diffeomorphisms between them that preserve the Einstein tensor.

The subject of consideration are those properties of pseudo-Riemannian

spaces which answer the question on existence or non-existence of Einstein tensor

preserving diffeomorphisms under consideration.
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Theoretical and practical applicability of the obtained results.

The investigations are of fundamental theoretical character. The main results

of the dissertation may be applied in further development of diffeomorphisms

of pseudo-Riemannian spaces, and may be also used in various applications

concerning modelling of physical fields, optimalisation of movements of

mechanical systems, dynamical processes in electromagnetic fields and gravity

in theoretical mechanics and theoretical physics.

Methods

The spaces under consideration are of arbitrary signature of metric. The

investigations use local coordinates. We assume that all functions under

consideration are sufficiently differentiable, and use tensor methods.

New results obtained in thesis

Among new results obtained in thesis, let us emphasize:

1. We obtained the systems of equations for the theory of conformal, geodesic,

and holomorphically projective mappings which preserve the Einstein

tensor.

2. We introduce and examine invariants under considered mappings and

examine classes of pseudo-Riemanian spaces which are closed under

mappings under consideration.

3. We investigate geometric properties of special pseudo-Riemanian spaces in

connection with the question whether the spaces admit Einstein tensor

preserving conformal, geodesic, holomorphically projective mapping or not.
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The geometrical problems that we deal are the modern and current. These

problems are extended and comprehensive studied. Selection of publications

dedicated to it is given in the References.

The content of thesis and recent results

First Chapter is devoted to Einstein tensor preserving conformal mappings of

(pseudo-) Riemannian manifolds. We obtained fundamental equations providing

tools for decision whether a space admits Einstein tensor preserving conformal

mappings or not.

We proved that the mappings under consideration are concircular, that is,

preserve geodesic circles. It follows that in a special coordinate system, we are

able to give a formula for a metric tensor of spaces admitting Einstein tensor

preserving conformal mappings.

In the theory of concircular mappings (introduced by Kentaro Yano [203]),

that is conformal mappings preserving geodesic circles, we obtained a new result:

such mappings preserve the Einstein tensor.

Note that during 1923 – 1925 H.W. Brinkmann [135] studied conformal

mappings of Einstein spaces, including conformal mappings between Einstein

spaces. In the case that both spaces are Einstein, then the Einstein tensors

vanish, i.e. Einstein tensors trivially preserves. Moreover these Einstein spaces

are equidistant. We obtained following results:

Theorem I.1.3 A pseudo-Riemannian space Vn (n > 2) admits an Einstein

tensor preserving conformal mapping onto some pseudo-Riemannian space V̄n if

and only if Vn is an equidistant space.
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We constructed objects invariant under conformal mappings and introduced

classes of spaces closed under concircular mappings.

Theorem I.2.1 A Riemannian space admits an Einstein tensor preserving

conformal mapping onto a Riemannian space if and only if the mapping under

consideration preserves the tensor of concircular curvature.

We introduced the notion of mobility degree of a pseudo-Riemannian space

with respect to concircular mappings. We found lacunas in the distribution of

the degrees. We obtained boundaries of the lacuna and found necessary and

sufficient conditions for spaces, distinct from spaces of maximal mobility degree,

under concircular mappings (see § 3).

Examining these tensor conditions we distinguished the class of weak

semisymmetric and Z-semisymmetric spaces, and also introduced three closed

disjoint subclasses which are related to the structure of curvature of such spaces.

We proved the following:

Theorem I.5.1 Let Zhijk ≡ Rhijk−B (ghkgij−ghjgik), Zij = Zα
ijα, Z = Zαβg

αβ.

If the vectors ai and bi from the equations

Zhijk = e (ahbi − aibh) · (ajbk − akbj), e = ±1, (∗)

are non-isotropic then the constant B is non-zero, and moreover, the equations

1

2
ZZhijk = ZhkZij − ZhjZik

are satisfied.

Theorem I.5.2 If one of the vectors from the equations (∗), let us say ai, is

non-isotropic, and bi is isotropic, then

B =
R

n(n− 1)
and Zij = ebibj.
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Theorem I.5.3 If both vectors from the equations (∗) are isotropic, then the

space of maximal mobility degree with respect to concircular mappings is an

Einstein space.

The results of Chapter I was published in [C1], [C7], [C9].

Second Chapter is devoted to investigation of geodesic mappings of pseudo-

Riemannian spaces. At the beginning, we pay attention to geodesic mappings

of spaces that admit concircular mappings. We check that such spaces admit

non-trivial geodesic mappings (see Theorem II.6.1 and II.6.2).

Further, we examine spaces admitting Einstein tensor preserving geodesic

mappings.

In 1980, J. Mikeš [59] proved that the image V̄n of an Einstein space Vn

under a geodesic mapping is the Einstein space again. This result was a starting

point for further developments of this topic, for investigations of V.S. Sobchuk

[108] who studied harmonic spaces and S. Formella [149] who paid attention to

mappings of conformal harmonic spaces.

We have given here basic equations of this theory (Theorem II.6.3), presented

methods of determining invariant objects, and distinguished classes of spaces

closed under Einstein tensor preserving geodesic mappings (Theorem II.7.1). We

studied properties of special spaces admitting the mappings under consideration:

spaces of constant curvature, harmonic spaces, spaces of quasiconstant curvature

etc. (see § 7 and 8)

In 1953, C. Takeno and M. Ikeda proved that four-dimesional centrally

symmetric spaces of non-constant curvature do not admit non-trivial geodesic
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mappings. A similar result was obtained in 1954 by N.S. Sinyukov for symmetric

and recurrent spaces. A problem was posed, what is the cardinality of the class of

spaces admitting geodesic mappings. N.S. Sinyukov built the theory of invariants

of geodesic preserving mappings. It was proved that if we start with a pair of

spaces of constant curvature, it is possible to construct a sequence of pairs of

spaces which are related by geodesic mappings, see [71, 170, 178, 96].

We solve an analogous problem in the case when we start from an initial pair

of pseudo-Riemannian spaces and consider Einstein tensor preserving geodesic

mappings (see § 9).

In § 10 and § 11 we obtained results of special pseudo-Riemannian spaces,

including spaces with quasiconstant curvature.

The results obtained in [C2] was cited in [129], the results was used and

generalized to geodesic mappings of Weyl spaces.

The results of Chapter II was published in [C2], [C6], [C7], [C8], [C9].

The Third Chapter is devoted to holomorphically projective mappings of

Kähler spaces, whose preserve the Einstein tensor.

The theory of Kähler spaces is studied more than 85 years. In 1925, P.A.

Shirokov [123] started to investigate special Riemannian spaces, that he himself

called A–spaces. Independently, the same class of spaces was investigated also by

E. Kähler, that is why thay are mostly referred to as Kähler spaces, see [96, 178].

Holomorphically projective mappings of Kähler spaces are natural

generalizations of geodesic mappings, these mappings were developed by Otsuki,

Ishihara and Tashiro, see [8, 178, 96, 98].

Various aspects of the geometry of Kähler spaces were studied in a great

15



amount of works published by many authors. Some of the results can be found

in the monographs and survey papers [8, 72, 96, 170, 178, 204, 206].

From various points of view, attention was paid to special Riemannian and

Kähler spaces satisfying additional conditions concerning the Riemannian tensor,

the Ricci or Bochner tensor etc., and many papers are devoted to this subject.

We are interested here in those properties of Kähler spaces which are related

to holomorphically projective mappings preserving the Einstein tensor. The

fundamental equation of this case was found in Theorem III.14.2. Hence we

proved

Theorem III.14.3 The Einstein tensor is preserved under a holomorphically

projective mapping if and only if the tensor of holomorphically sectional curvature

is preserved.

In this way, the methods developed in the theory of conformal and geodesic

mappings of Riemannian spaces are transferred to the theory of holomorphically

projective mappings of Kähler space. We received similar results for hyperbolic

Kähler spaces [C4].

The results of Chapter III was published in [C3], [C5], [C10].
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CHAPTER I

CONFORMAL MAPPINGS

PRESERVING THE EINSTEIN TENSOR

§ 1. Basic equations of the theory of conformal mappings

of Riemannian spaces preserving the Einstein tensor

Let Vn and V̄n (n > 2) be pseudo-Riemannian spaces with the metric tensors

gij(x) and ḡij(x), respectively.

Definition I.1.1. Under a conformal mapping we mean a diffeomorphism of Vn

onto V̄n such that the following is satisfied

ḡij(x) = e2σ(x)gij(x) (I.1.1)

where σ is a function in Vn.

If σ is constant then the mapping is called a homothety, and, moreower,

if σ = 1 then the mapping is an isometry.

In what follows, if not otherwise stated, we restrict ourselves onto non-

homothetic mappings.
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From (I.1.1) we obtain

ḡij = e−2σgij (I.1.2)

where gij and ḡij are components of the matrix inverse to the metric tensor

matrix expression of the space Vn and V̄n, respectively. The following is satisfied:

Γ̄hij = Γhij + δhi σj + δhj σi − σhgij; (I.1.3)

R̄h
ijk = Rh

ijk + δhkσij − δhj σik + ghα(σαkgij − σαjgik) +

(I.1.4)

+∆1σ(δ
h
kgij − δhj gik);

R̄ij = Rij + (n− 2)σij + (∆2σ + (n− 2)∆1σ)gij; (I.1.5)

R̄ = e−2σ(R + 2(n− 1)∆2σ + (n− 1)(n− 2)∆1σ). (I.1.6)

Here and in what follows Γhij are components of the connection (Christoffel

symbols of second type), Rh
ijk are components of the Riemannian curvature

tensor, Rij are components of the Ricci tensor that are defined by the following

formulas

Rij
def
= Rα

ijα; (I.1.7)

R
def
= Rαβg

αβ is the scalar curvature, δji is the Kronecker symbol (a coordinate
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form of the identity tensor),

σi ≡
∂σ

∂xi
≡ σ,i, σh = σαg

αh;

σij = σ,ij − σ,iσ, j, (I.1.8)

∆1σ and ∆2σ are the first and second symbol of Beltrami which are defined by

∆1σ = gαβσ,ασ,β; ∆2σ = gαβσ,αβ, (I.1.9)

and comma denotes the covariant derivative of the metric (Levi-Civita)

connection in Vn.

Objects in the space V̄n that correspond to the objects in Vn under a

conformal mapping will be denoted by bar.

The Einstein tensor is introduced by

Eij = Rij −
R

n
gij. (I.1.10)

Definition I.1.2. A conformal mapping f : Vn → V̄n satisfying

Ēij = Eij (I.1.11)

is called Einstein tensor preserving conformal mapping.

Let us examine Einstein tensor preserving conformal mappings f : Vn → V̄n

of psedo-Riemannian manifolds in what follows.
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From the equality (I.1.5) we obtain

σij =
1

n− 2
(R̄ij −Rij) + αgij, (I.1.12)

where

α
def
= −

(

1

(n− 2)
∆2σ +∆1σ

)

.

On the other hand, from (I.1.10) and (I.1.11) we get

R̄ij −Rij =
R̄

n
ḡij −

R

n
gij. (I.1.13)

Accounting (I.1.1) and (I.1.13), the equations (I.1.12) read

σij = βgij, (I.1.14)

here we put

β
def
=

1

n
(∆2σ −∆1σ).

Denote ϑ
def
= −e−σ. Using the formula (I.1.8) of the tensor σij, we can

write (I.1.14) as

ϑi, j = ρgij, (I.1.15)

where ϑi = ϑ,i, ρ
def
= e−σ · β.

The vector ϑi satisfying the equations (I.1.15) is called concircular, and the

spaces in which such a vector field exists, are called equidistant.

20



So we have in fact proved:

Theorem I.1.1. If a pseudo-Riemannian space Vn admits a conformal

mapping preserving the Einstein tensor then Vn is an equidistant space.

If ρ 6= 0 we say that the equidistant space is of regular type while in the case

ρ ≡ 0 the space will be called singular.

If ϑi is an isotropic vector, i.e. ϑαϑβgαβ = 0, then the equidistant space is

necessarily singular. Equidistant spaces of the basic type are characterized by the

property that locally, there exists a coordinate system in which the metric tensor

of the equidistant space takes the coordinate form

ds2n = dx12 + f(x1)ds
2
n−1(x2, ..., xn). (I.1.16)

Here f(x1) 6= 0 is some function, and ds2n−1 is a metric of an (n − 1)-

dimensional pseudo-Riemannian space.

According to the Theorem I.1.1, we can formulate the following

Theorem I.1.2. If a pseudo-Riemannian space Vn (n > 2) admits an Einstein

tensor preserving conformal mapping then each point has a neighborhood in which

the metric tensor can be presented in the form (I.1.16).

On the other hand, if in Vn (n > 2), the metric tensor takes locally the

form (I.1.16), then in the space, there exists a concircular vector field ϑi ≡ ϑ,i,

satisfying (I.1.15). Plugging σ = − ln(−ϑ(x)), from (I.1.5) we obtain

R̄ij = Rij + αgij, (I.1.17)

where α is some function.
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By (I.1.1) the last formula reads

Ēij ≡ R̄ij −
R̄

n
ḡij = Rij + α∗gij, (I.1.18)

where α∗ is some function.

Contracting (I.1.18) with gij and using (I.1.1) and (I.1.2), we check that

Ēij = Eij, that is, the Einstein tensor is preserved under conformal mapping.

So we have proved

Theorem I.1.3. A pseudo-Riemannian space Vn (n > 2) admits an Einstein

tensor preserving conformal mapping onto some pseudo-Riemannian space V̄n if

and only if Vn is an equidistant space.

Special conformal mappings for which the tensor σi satisfies (I.1.14) are called

concircular mappings, [203, 96, 170, 178].

Recall that under a geodesic circle we mean a curve for which the first

curvature is constant and the second curvature vanishes. Concircular mappings

are characterized by the property that any geodesic circle in Vn is mapped onto

a geodesic circle in V̄n again.

From the Theorem I.1.3 it follows

Corollary I.1.1. A conformal mapping of Vn preserves geodesic circles if and

only if the mapping preserves the Einstein tensor.
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If the tensor σi satisfies

σi,j = ασiσj + βgij, (I.1.19)

where α = α(σ) and β = β(σ) are some functions, then the corresponding

mapping is called quasiconcircular, [50].

Let us examine existence of Einstein tensor preserving quasiconcircular

mappings. By the Theorem I.1.3, from (I.1.14) we get the necessary conditions

α = 1, and β =
1

n
(∆2σ −∆1σ), (I.1.20)

hence the following is proved.

Theorem I.1.4. Besides concincular mappings, there are no other

quasiconcircular mappings of a pseudo-Riemannian space Vn preserving the

Einstein tensor.

The above theorem is a generalization of the resultats by Leyko, [50].

Particularly, as a consequence, we obtain

Corollary I.1.2. If an Einstein space admits a quasiconcircular map onto an

Einstein space then the corresponding map is necessarily concircular.

Moreover, a quasiconcircular (i.e. torse-forming) vector field in Einstein

spaces is concircular, see L. Rach̊unek and J. Mikeš [181].
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§ 2. Objects invariant under concircular mappings

As well known, [96, 86, 145, 170, 178], the tensor of conformal curvature is

invariant under conformal mappings:

Ch
ijk = C̄h

ijk. (I.2.1)

Recall that the tensor of conformal curvature Ch
ijk is introduced by

Ch
ijk = Rh

ijk − P h
k gij + P h

j gik − δhkPij + δhjPik, (I.2.2)

where

P h
k = Pαkg

αh,

and

Pij =
1

n− 2

(

Rij −
R

2(n− 1)
gij

)

. (I.2.3)

The deformation tensor Pij satisfies:

P̄ij − Pij =
1

n− 2

(

R̄ij −Rij −
R̄

2(n− 1)
ḡij +

R

2(n− 1)
gij

)

. (I.2.4)

If the Einstein tensor is preserved under a conformal mapping then using

(I.1.11), we can write (I.2.4) as

P̄ij − Pij =
R̄

2n(n− 1)
ḡij −

R

2n(n− 1)
gij. (I.2.5)
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Accounting (I.1.1) and (I.1.2) we obtain

P̄ h
k ḡij − P h

k gij = P̄αkḡ
αhḡij − Pαkg

αhgij =

= P̄αkg
αhgije

−2σe2σ − Pαkg
αhgij =

= (P̄αk − Pαk)g
αhgij =

=

(

R̄

2n(n− 1)
ḡαk −

R

2n(n− 1)
gαk

)

gαhgij =

=
R̄

2n(n− 1)
ḡαkg

αhgije
−2σe2σ −

R

2n(n− 1)
gαkg

αhgij =

=
R̄

2n(n− 1)
ḡαkḡ

αhḡij −
R

2n(n− 1)
gαkg

αhgij =

=
R̄

2n(n− 1)
δhk ḡij −

R

2n(n− 1)
δhkgij.

(I.2.6)

By (I.2.5) and (I.2.6) we can write (I.2.1) in the form:

Ȳ h
ijk = Y h

ijk, (I.2.7)

where Y h
ijk are components of the concircular curvature tensor

Y h
ijk = Rh

ijk −
R

n(n− 1)
(δhkgij − δhj gik). (I.2.8)

Hence if a Riemannian space Vn admits an Einstein tensor preserving

mapping then the tensor of concircular curvature defined by (I.2.8) is necessarily

invariant under the mapping under consideration.
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On the other hand, if the Riemannian space Vn admits a conformal mapping

onto V̄n and the conditions (I.2.7) are satisfied then contracting over the indices

h and k we check that (I.1.9) holds, another speaking, the Einstein tensor is

preserved.

So we establish:

Theorem I.2.1. A Riemannian space admits an Einstein tensor preserving

conformal mapping onto a Riemannian space if and only if the mapping under

consideration preserves the tensor of concircular curvature.

We conclude that invariant objects of Einstein tensor preserving conformal

mappings are: the Einstein tensor, the tensor of concircular curvature, and the

tensor of conformal curvature. Using these facts we construct the following

algebraic invariants (functions) with respect to Einstein tensor preserving

conformal mappings:

EαiY
α
jkl =K

1 ijkl
, (I.2.9)

EαiC
α
jkl =K

2 ijkl
, (I.2.10)

Y h
αijY

α
klm =K

3

h

ijklm
, (I.2.11)

Y h
iαjY

α
klm =K

4

h

ijklm
, (I.2.12)
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Y h
αijC

α
klm =K

5

h

ijklm
, (I.2.13)

Y h
iαjC

α
klm =K

6

h

ijklm
, (I.2.14)

Y α
ijkC

h
αlm =K

7

h

ijklm
, (I.2.15)

Y α
ijkC

h
lαm =K

8

h

ijklm
. (I.2.16)

If the function K
i
(i = 1, 2, . . . , 8) for i fixed vanishes in Vn then the space

Vn is said to be K
i

- flat (i = 1, 2, . . . , 8). The classes of K
i

- flat spaces are

closed under Einstein tensor preserving conformal mappings. That is, a K
i

- flat

space admits Einstein tensor preserving conformal mappings only onto K
i

- flat

spaces.

Let us examine the introduced invariant objects:

K
1

: EαiY
α
jkl = RαiR

α
jkl −

R

n
Rijkl −

−
R

n(n− 1)
(Rilgjk −Rikgjl) +

R2

n2(n− 1)
(gilgjk − gikgjl).

(I.2.17)

Then a K
1

- flat Riemannian space is characterized by the conditions
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RαiR
α
jkl −

R

n
Rijkl −

R

n(n− 1)
(Rilgjk −Rikgjl) +

(I.2.18)

+
R2

n2(n− 1)
(gilgjk − gikgjl) = 0.

Using (I.2.11) and (I.2.12) we check that the condition (I.2.18) is satisfied also

by the K
2

- flat and K
3

- flat spaces. The contraction of (I.2.18) yields

RαiR
α
l =

2R

n
Ril −

R2

n2
gil, (I.2.19)

Rα
βR

β
α =

R2

n
. (I.2.20)

Plugging (I.1.13) into (I.2.19) and (I.2.20), we verify that also the following is

satisfied:

R̄αiR̄
α
l =

2R̄

n
R̄il −

R̄2

n2
ḡil, (I.2.21)

and

R̄α
βR̄

β
α =

R̄2

n
. (I.2.22)

Consequently, the following holds:

Theorem I.2.2. The class of pseudo-Riemannian spaces which satisfy (I.2.18),

(I.2.19) and (I.2.20), is closed under Einstein tensor preserving conformal

mappings.
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§ 3. On the mobility degree of Riemannian spaces

with respect to concircular mappings

As we have checked, if a pseudo-Riemannian space admits an Einstein tensor

preserving conformal mappings then the function of conformality ϑ
def
= −e−σ

satisfies

ϑi, j = ρgij. (I.3.1)

The integrability conditions of the last set of equations read

ϑαR
α
ijk = gijρ,k − gikρ,j. (I.3.2)

Using contraction we get:

ρ,i =
1

n− 1
ϑαR

α
i . (I.3.3)

As was shown earlier [33], [36, p. 85-86], these equations are satisfied if

Vn ∈ C2 (i.e. gij ∈ C2), ϑi(x) ∈ C2 and ̺(x) ∈ C1.

It is easily see, formula (I.3.1) is true when

Vn ∈ C2, ϑi(x) ∈ C1, ̺(x) ∈ C0.

Then from Lemma 3 (Hinterleitner, Mikeš [154]: Let λh ∈ C1 be a vector field

and ρ a function. If ∂iλ
h − ρ δhi ∈ C1 then λh ∈ C2 and ρ ∈ C1.) and formula

(I.3.1) it follows that: ϑi(x) ∈ C2, ̺(x) ∈ C1. We also have that the equations

(I.3.2), (I.3.3) are satisfied.

Moreover, easy to prove that if Vn ∈ Cr (r ≥ 2) and ϑi(x) ∈ C1, then

ϑi(x) ∈ Cr, ̺(x) ∈ Cr−1.

From this viewpoint we specify and generalize the results involving

concircular vector fields below.
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Definition I.3.1. The upper boundary for the number of substantial parameters

in the general solution of the system of equation (I.3.1) is called the mobility

degree under concircular mappings of the pseudo-Riemannian space.

The system of equations (I.3.1), (I.3.3) is closed. It is a system of linear

differential equations with respect to the vector σi and function ̺, of Cauchy

type, in first order covariant derivatives with coefficients uniquely determined by

the pseudo-Riemannian space Vn .

The system of equations (I.3.1), (I.3.3) in a pseudo-Riemannian space, for

any family of initial values of the functions under consideration in the given point,

admits at most one solution. Consequently, the number of free parameters in the

general solution of the system is at most n+ 1.

Since the system is linear, it admits at most

n+ 1

linearly independent solutions with constant coefficients. It is obvious that the

mobility degree of the space coincides with the cardinality of the system of

independent (substantial) equidistant vector fields of the space.

It is known that the only spaces in which a linearly independent vector field

exists are just the spaces of constant curvature. Hence under the Einstein tensor

preserving conformal mappings, the maximal mobility degree have also just the

spaces of constant curvature.

Contracting the condition (I.3.2) with giβϑβ, we obtain easily

ρ,k = B ϑk, (I.3.4)

where B is some function.
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We are going to prove the following:

Theorem I.3.1. If a pseudo-Riemannian space Vn ∈ C2 (n > 2) admits at

least two linearly independent equidistant vector fields ϑi(x) ∈ C1 with constant

coefficients then B in the equations (I.3.4) is a constant, uniquely determined by

the space Vn.

Remark. In [33] and [36, p. 88] the similar Theorem was published but proof was

done only for Vn ∈ C3, ϑi(x) ∈ C3 and ̺(x) ∈ C2.

Proof. Let in Vn there exist at least two linearly independent equidistant vector

fields with constant coefficients ϑi and ϑ̃i.

Then the following is satisfied:

ϑαR
α
ijk = B(gijϑk − gikϑj), (I.3.5)

ϑ̃αR
α
ijk = B̃(gijϑ̃k − gikϑ̃j) (I.3.6)

where B, B̃ are some functions.

Multiplying (I.3.5) by ϑ̃k and contracting over k we get by (I.3.6)

(B − B̃)(gijϑαϑ̃
α − ϑ̃iϑj) = 0.

Suppose B 6= B̃. Then gijϑαϑ̃
α − ϑ̃iϑj = 0.

From the last formula we get ϑαϑ̃
α = 0 and ϑ̃iϑj = 0, a contradiction, since

the vector fields are non-zero. Hence B = B̃ holds.

That is, the function B is uniquely defined by the space Vn itself.
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Because ϑk and ϑ̃k are gradient-like vector fields (ϑk = ϑ,k and ϑ̃k = ϑ̃,k)

from equation (I.3.4) the fact

B = B1(ϑ) = B2(ϑ̃)

follows. Note that ϑ and ϑ̃ are indenpendent variables, then from this fact it

follows: B is constant. This finishes the prove of the Theorem I.3.1.

Note that the above theorem is analogous to some results proven earlier

under additional assumptions, [200].

Theorem I.3.2. The are no Riemannian spaces Vn ∈ C2, distinct from spaces

of constant curvature which admit more than (n − 2) linearly independent

equidistant vector fields ϑi(x) ∈ C1 with constant coefficients.

Remark. In [36, p. 86] the similar Theorem was published but proof was done

only for Vn ∈ C3, ϑi(x) ∈ C3 and ̺i(x) ∈ C2.

Proof. Let us suppose the opposite. Let Vn be a space which is not of constant

curvature and yet admits more than (n − 2) linearly independent equidistant

vector fields with constant coefficients.

The integrability conditions (I.3.1) read

ϑαZ
α
ijk = 0, (I.3.7)

where

Zh
ijk

def
=Rh

ijk − B(δhkgij − δhj gik). (I.3.8)
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We can write the tensor Zh
ijk as

Zh
ijk =

m
∑

s=1

b
s

h
Ω
s ijk

(I.3.9)

where b
s

h are some linearly independent vectors, and Ω
s
ijk are linearly independent

tensors. Since Vn is not of constant curvature, m ≥ 2 holds.

From the conditions (I.3.7) we obtain, using the representation (I.3.9) of the

tensor:

ϑα b
1

α

= 0,

ϑα b
2

α

= 0,

. . .

ϑα b
m

α

= 0.

Since m ≥ 2, among the equations of the system (I.3.10) there are at least

two substantial equations.

From the previous facts it follows that there exist less or equal n−2 linearly

independent vector fields ϑi, a contradiction.

This proves the Theorem I.3.2.

The following holds

Theorem I.3.3. Let Vn ∈ C2, (n > 2), be a pseudo-Riemannian spaces in

which there are (n− 2) linearly independent equidistant vector fields ϑi(x) ∈

C1. Then Riemannian tensor has the following expression

Rhijk = B (ghkgij − ghjgik) + e(ahbi − aibh)(ajbk − akbj), (I.3.10)

where ai and bi are non-colinear and pairwise orthogonal vectors,

e = ±1, B = const.
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Proof. The proof of above theorem follows from the proof of the Theorem I.3.2.

The condition is necessary. Indeed, let Vn (n > 3) admit n − 2 linearly

independent equidistant vector fields. It follows from Lemma 3 (Hinterleitner,

Mikeš [154]) that ϑi(x) ∈ C2, ̺i(x) ∈ C1. The equations (I.3.2) and (I.3.3) are

satisfied.

Then the Theorem I.3.2 holds, and we can proceed according to its proof.

Analysing the system (I.3.10), we see easily that among the vectors b
s

i there are

at least two independent vectors.

Using Zh
ijk 6= 0, (I.3.9), the definition and properties of Zh

ijk, we get the

conditions (I.3.10).

Addition these two vector fields, denoted by ai and bi, we can choose

orthogonal.

Finally the following theorem holds.

Theorem I.3.4. In pseudo-Riemannian spaces Vn ∈ C3 (n > 3) in which

there are (n−2) linearly independent equidistant vector fields ϑi(x) ∈ C1, and

only in such spaces, the following relations are satisfied

Rhijk = B(ghkgij − ghjgik) + e(ahbi − aibh)(ajbk − akbj), (I.3.10)

ai, j =
1

ξ
j
ai+

2

ξ
j
bi + ciaj; (I.3.11)
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bi, j =
3

ξ
j
ai+

4

ξ
j
bi + cibj; (I.3.12)

ci, j =
5

ξ
j
ai+

6

ξ
j
bi + cicj − Bgij, (I.3.13)

where ai and bi are non-colinear and pairwise orthogonal vectors;

ci,
s

ξ
j
(s = 1, . . . , 6) are some vectors; e = ±1, B = const.

Remark. This theorem was proved for

Vn ∈ C3, ϑi(x) ∈ C3, ̺(x) ∈ C2,

in [33]. Detailed proof is contained in [36, p. 88-92].

Proof. It follows from results mentioned above that condition

Vn ∈ C3 and ϑi(x) ∈ C1

imply

ϑi(x) ∈ C3 and ̺(x) ∈ C2.

Now, the proof follows from [33] and [36, p. 88-92].

That is, according to the definition of Zhijk, in pseudo-Riemannian spaces

with maximal mobility degree under concircular mappings, the following holds:

Zhijk = e(ahbi − aibh)(ajbk − akbj). (I.3.14)
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Contracting with ghk and accounting orthogonality of ai and bi, we find

Zij = −e(aαaαbibj − bαbαaiaj), (I.3.15)

Z = −2eaαaαb
αbα (I.3.16)

where Zij
def
=Zα

ijα; Z
def
=Zαβg

αβ.
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§ 4. On weak symmetric pseudo-Riemannian spaces

Let us examine some special pseudo-Riemannian spaces.

Definition I.4.1. A pseudo-Riemannian space Vn, in which there exists a tensor

Ai1i2...ik such that

Ai1i2...ik,j =
1

τjAi1i2...ik+
2

τi1Aji2...ik+
3

τi2Ai1ji3...ik + . . .+
k+1

τikAi1i2...ik−1j (I.4.1)

holds is called A – weak symmetric.

Here α
τi are some vectors.

If the Riemannian tensor satisfies (I.4.1), the space is called weak symmetric.

If (I.4.1) holds for a tensor Zhijk, defined by (I.3.8):

Zα
ijk

def
=Rh

ijk − B(δhkgij − δhj gik),

then (I.4.1) reads

Zhijk,m = amZhijk + bhZmijk + ciZhmjk + djZhimk + fkZhijm. (I.4.2)

Alternating the last equalities over h and i and using algebraic properties of

the tensor Zhijk, we get

τhZlijk + τiZlhjk = 0, (I.4.3)

where τh
def
= bn − cn.
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Suppose τh 6= 0, then we can choose a vector ζh satisfying ταζα = 1.

Multiplying (I.4.3) by ζh and contracting over h, we get

Zlijk + τiζ
αZlαjk = 0. (I.4.4)

Once more multiplying by ζ l and contracting over l we check

ζαZαijk = 0. (I.4.5)

Hence from (I.4.4) we get Zhijk = 0, which corresponds to spaces of constant

curvature. Consequently, τi = 0, that is, bn = cn.

Similarly, we check dn = fn.

Hence we proved

Theorem I.4.1. In Z - weak symmetric spaces, distinct from spaces of constant

curvature, the following holds

Zhijk , m = amZhijk + bhZmijk + biZhmjk + djZhimk + dkZhijm. (I.4.6)

Definition I.4.2. We say that a pseudo-Riemannnian space Vn admits a vector

enveloppe relative to a tensor Aijkl if there exists a vector field τh in Vn such

that

τhAijkl + τiAjhkl + τjAhikl = 0. (I.4.7)

If the tensor Aijkl satisfies the algebraic conditions

Aijkl + Ajikl = 0, (I.4.8)
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Aijkl − Aklij = 0, (I.4.9)

Aijkl + Aiklj + Ailjk = 0, (I.4.10)

then in Vn there exists at most two linearly independent (non-zero) vector fields

satisfying (I.4.7).

For the proof, let us use methods suggested in [27].

Suppose the number of linearly independent vectors τ
α

satisfying (I.4.12)

equals three, and choosing a coordinate system in such a way that linearly

independent vectors τ i
α
(α = 1, 2, 3) have components τi

α

= δαi from (I.4.12),

accounting (I.4.8), (I.4.9), (I.4.10), we obtain Ahijk = 0. If α ≤ 2, then the system

of equations (I.4.12) has a non-trivial solution.

Hence we proved

Theorem I.4.2. The maximal number of linearly independent vectors among

vectors belonging to the vector enveloppe of the non-zero tensor Aijkl, is at most

two.

The equation

Rhijk , l +Rhikl , j +Rhilj , k = 0 (I.4.11)

is called the Bianchi identity.
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Let us prove the following:

Theorem I.4.3. In a pseudo-Riemannian space Vn (n > 2), the tensor Zhijk

satisfies the Bianchi-like identity, if and only if B = const.

Proof. Let B = const, then, differentiating (I.3.8), we obtain

Zhijk , l = Rhijk , l (I.4.12)

and, consequently, Zhijk satisfies

Zhijk , l + Zhikl , j + Zhilj , k = 0 (I.4.13)

Vice versa, let (I.4.13) be satisfied, then by (I.4.11) and (I.3.8), we get

B, l(ghkgij − ghjgik) +B, j(ghlgik − ghkgil) +

(I.4.14)

+B, k(ghjgil − ghlgij) = 0.

Contracting with ghk, we get

B, lgij − B, jgil = 0. (I.4.15)

Finally, contracting with gij, we check B, l = 0 .

The proof is finished.

Alternating (I.4.6) over the indices i, j, k we can see that in a pseudo-

Riemannian space Vn the following holds:

(bi − di)Zhmjk + (bj − dj)Zhmki +

(I.4.16)

+(bk − dk)Zhmij = 0.
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Hence there are three possible types of weak Z - symmetric spaces:

I case: bi = di and

Zhijk , m = amZhijk + bhZmijk + biZhmjk +

(I.4.17)

+bjZhimk + bkZhijm.

II case: bi 6= di and in Vn there exists just one vector envelope

relative to the tensor Zhijk, defined by the vector (bi − di)

III case: bi 6= di and in Vn there exists another vector envelope

relative to the tensor Zhijk,

defined by the vector non-collinear with the vector (bi − di).

If B = const, alternation of (I.4.6) over j, k,m and h, i,m gives

(am − 2dm)Zhijk + (ai − 2di)Zhikm +

+(ak − 2dk)Zhimj = 0,

(am − 2bm)Zhijk + (ah − 2bh)Zimjk +

+(ai − 2bi)Zmhjk = 0.

Consequently, if B = const then weak Z - symmetric spaces can be

I case: a) ai = 2bi ⇒

Zhijk , m = 2bmZhijk + bhZmijk + biZhmjk +

(I.4.18)

+bjZhimk + bkZhijm
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b) ai 6= 2bi

and there exists one-vector envelope in Vn relative to the

tensor Zhijk generated by (ai − 2bi).

II case:

The assumption that both vectors (ai−2di) and (ai−2bi) are equal zero,

which contradicts to di 6= bi. Hence among the vectors (ai − 2di)

and (ai − 2bi), at least one is non-zero.

Suppose (ai−2bi) = 0, and (ai−2di) 6= 0, then there are two possible

cases:

a) (ai = 2bi) and di − bi = α(ai − 2di); (here α is a coefficient of

similarity), and, as a consequence,

Zhijk , m = 2bmZhijk + bhZmijk + biZhmjk +

(I.4.19)

+djZhimk + dkZhijm,

and necessarily, α = 1
2 .

If (ai = 2bi) and di− bi 6= µ(ai− 2di), then two linearly independent vectors

are in the envelope with respect to Zhijk, and the space is of the type III.

Let the vectors (ai−2bi) and (ai−2di) are non-zero, then according to linear

dependence or independence of the triple (di− bi), (ai− 2bi), (ai− 2di), we get:

b) A triple of linearly dependent vectors:

one vector is in an envelope of the tensor Zhijk.
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In the class of spaces of the type III, let us distinguish the following

subclasses:

a) (di − bi), (ai − 2bi) are non-zero and linearly independent,

(ai − 2di) is either zero, or non-zero and linearly independent of the

previous set of vectors b) (di − bi), (ai − 2di) are non-zero and linearly

independent,

(ai − 2bi) is either zero, or non-zero and linearly independent of the

previous set of vectors.

Calculating covariant derivative of (I.3.8), accounting the conditions (I.3.10),

(I.3.11), (I.3.5) that are satisfied in pseudo-Riemannian spaces with maximal

mobility degree under concircular mappings, and using associativity we obtain:

Zhijk , m = 2(
1

ξm+
4

ξm)Zhijk + chZmijk + ciZhmjk +

(I.4.20)

+cjZhimk + ckZhijm.

That is, such spaces necessarily belong to the type I, and since B = const,

they might belong either to the type a), then

1

ξm+
4

ξm = ci, (I.4.21)

or to the type b), then
1

ξm+
4

ξm 6= ci and the vector (
1

ξm+
4

ξm − ci) represents a

vector envelope relative to the tensor Zhijk.

Obviously, linearly independent vectors ai, bi from the equation (I.4.21) form

a linear envelope with respect to the tensor which means that

1

ξm+
4

ξm = ci + αai + βbi, (I.4.22)
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for some functions α, β.

So we have given a proof of

Theorem I.4.4. Pseudo-Riemannian spaces with maximal mobility degree with

respect to concircular mappings are Z-weak symmetric, the tensor Zhijk satisfies

the conditions (I.4.20), and the vector (
1

ξm+
4

ξm) satisfies (I.4.22).
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§ 5. On a tensor indication for pseudo-Riemannian spaces

with maximal mobility degree under concircular

mappings

Let us prove the following theorems that can be used for finer classification.

Due to the following results, we can decompose the class of all spaces

with maximal mobility degree under concircular mappings into three disjoint

subclasses:

Theorem I.5.1. If the vectors ai and bi satisfying (I.3.14) are non-isotropic,

then the constant B is non-zero, and moreover, the following holds

1

2
Z Zhijk = ZhkZij − ZhjZik (I.5.1)

where Z = Zαβg
αβ.

Proof. Multiplying (??) by al and alternating, we check

alZhijk + ahZiljk + aiZlhjk = 0. (I.5.2)

Multiplying by al and contracting over l, we get

aαaαZhijk = ahaαZ
α
ijk − aiaαZ

α
hjk. (I.5.3)

Contracting with ghk we get :

aαaαZij = aαaβZαijβ + aia
αZαj (I.5.4)

and finally,

aαaαZ = 2aαaβZαβ. (I.5.5)
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Contracting (I.5.2) with glj we have

aαZ
α
khi + ahZik − aiZhk = 0. (I.5.6)

Contracting the last tensor formula with gkh we get

2aαZ
α
i = Zai. (I.5.7)

By (I.5.6), (I.5.3), we can write the above as

aαaαZhijk = ahakZij − ahajZik −

(I.5.8)

−aiakZhj − aiajZhk.

Analogously, the vector bi satisfies

bαbαZhijk = bhbkZij − bhbjZik −

(I.5.9)

−bibkZhj − bibjZhk.

First we multiply (I.5.8) with bαbα, then (I.5.9) with aαaα, and create the sum.

After some rearranging, with the account of (I.5.5) and (I.5.7), we finally obtain

the desired result.

Theorem I.5.2. If one of the vectors comming into the equation (I.3.14), let us

say ai, is non-isotropic, and bi is isotropic, then

B =
R

n(n− 1)
(I.5.10)

and

Zij = ebibj. (I.5.11)
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Proof. By bαb
α = 0, from (I.3.15) we get Z = 0 , and consequently, due to the

definition of Zhijk, the formula (I.5.10) holds.

Similarly, from (I.3.14) it follows (I.5.11), which finishes the proof.

Pseudo-Riemannian spaces in which the equations (I.5.10), (I.5.11) are

satisfied, that is,

Rij =
R

n
gij + ebibj, (I.5.12)

are called almost-Einstein spaces.

Note that the vector bi from (I.5.12) is necessarily isotropic. Hence almost-

Einstein spaces form a subclass in the class of spaces with maximal mobility

degree under concircular mappings.

Let us pass to the third class, completing the list of possibilities.

Theorem I.5.3. If both vectors comming to the equation (??) are isotropic then

the space with maximal mobility degree under concircular mappings is an Einstein

space, that is, satisfies

Rij =
R

n
gij. (I.5.13)

Since the Einstein tensor is invariant under concircular mappings, the spaces

satisfying (I.5.13) admit concircular mappings only onto Einstein spaces again.

In a similar way, we can check that also the class of almost-Einstein spaces

satisfying (I.5.12) is closed.

Indeed, examine concircular mappings of almost-Einstein spaces. Then

Ēij = Eij = ebibj. (I.5.14)
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From the above we have

Theorem I.5.4. The class of almost-Einstein spaces is closed under concircular

mappings.

Since we have distinguished three disjoint subclasses, and two of them are

closed, also the remaining third class must be closed.

Definition I.5.1. A tensor Hijklm1m2...m2p−1m2p
is called the Bochner tensor of

order p of the first type with respect to the tensor Aijkl if

Hijklm1m2...m2p−1m2p
= 2pAijkl , [m1m2][m3m4]...[m2p−1m2p]. (I.5.15)

If the Riemannian tensor satisfies the condition (I.5.15), we call H simply

the Bochner tensor of the first type.

Pseudo-Riemannian spaces are classified into classes according to vanishing

of the Bochner tensor of order p of the first type.

Definition I.5.2. A pseudo-Riemannian space Vn is called 1/2 p-symmetric

(p = 1, 2, . . . ) with respect to the tensor Aijkl, if the Bochner tensor of order p

of the first type with respect to the tensor Aijkl vanishes on the space.

Particularly, if p = 1 then the conditions

Aklα[jR
α
i]m1m2

+ Aijα[lR
α
k]m1m2

= 0 (I.5.16)

are satisfied, the pseudo-Riemannian space is called A–semisymmetric.
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Particularly, when the tensor Aijkl coincides with the Riemannian tensor,

the space is called semisymmetric. Geometric properties of semisymmetric spaces

were examined by many authors, such spaces play an important role in up-to-date

Riemannian geometry.

Plugging the conditions (I.3.14) into (I.5.15) and considering the definition

of Zijkl, we check

Theorem I.5.5. Pseudo-Riemannian spaces with the maximal mobility degree

under concircular mappings are Z–semisymmetric. Particularly, if B = 0, they

are semisymmetric.
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CHAPTER II

GEODESIC MAPPINGS

PRESERVING THE EINSTEIN TENSOR

§ 6. Fundamental equations of the theory

of geodesic mappings preserving the Einstein tensor

Definition II.6.1. A diffeomorphism of a pseudo-Riemannian space Vn with the

metric tensor gij onto a pseudo-Riemannian space V̄n with the metric tensor ḡij

is called a geodesic mapping if each geodesic of Vn is mapped onto a geodesic

of V̄n.

There exists a geodesic mapping of Vn onto V̄n if and only if the following

equivalently Levi-Civita equations are satisfied [161] (see [2, 3, 86, 96, 145, 170,

178, 199, 206]):

Γ̄hij = Γhij + ϕiδ
h
j + ϕjδ

h
i , (II.6.1)

ḡij,k= 2ϕkḡij + ϕiḡjk + ϕj ḡik, (II.6.2)
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where Γhij (Γ̄
h
ij) are components of the Riemannian connection of Vn or V̄n,

respectively (objects in V̄n corresponding to the given ones under geodesic

mappings are denoted by bar), δhi is the Kronecker tensor, “ , ” denotes covariant

derivative in Vn, and ϕi is some vector (necessarily a gradient-like).

If the vector ϕi 6= 0 we say that the mapping is a non-trivial geodesic

mapping or affine.

Necessary conditions for geodesic mappings to be read:

R̄h
ijk = Rh

ijk + ϕijδ
h
k − ϕikδ

h
j , (II.6.3)

R̄ij = Rij + (n− 1)ϕij. (II.6.4)

Here Rh
ijk is the Riemannian curvature tensor, Rij is the Ricci tensor, and

ϕij = ϕi, j − ϕiϕj.

On the other hand, a pseudo-Riemannian space Vn admits non-trivial

geodesic mappings if and only if the following system of Sinyukov equations

(see [96, 71, 170, 178]) is solvable in Vn

aij,k= λigjk + λjgik , (II.6.5)

nλi,j = µgij + aαiR
α
j − aαβR

α β
. ij . , (II.6.6)

(n− 1)µ,k= 2(n+ 1)λαR
α
k + aαβ(2R

α
. k,

β −Rαβ
. . ,k ) , (II.6.7)
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with respect to the tensor regular aij = aji 6= cgij , vector λi 6= 0 and a function µ,

where

Ri
j = Rαjg

αi; Rk h
.ij. = Rαijβg

αkgβh;

Rij
.. ,k= Rαβ,k g

αigβj; Ri
j,
k= Rαj,β g

αigβk.

Here gij are elements of the matrix inverse to gij.

According to the well-known solution of the above system of differential

equations, the metrics of corresponding spaces related by geodesic mappings can

be determined from the equations:

aij = e2ϕḡαβgαigβj; (II.6.8)

λi = −e2ϕϕαḡ
αβgβi. (II.6.9)

Let us prove the following:

Theorem II.6.1. If a pseudo-Riemannian space Vn admits Einstein-preserving

conformal mappings then Vn admits non-trivial geodesic mappings.

Proof. Let a pseudo-Riemannian space Vn admits Einstein-preserving conformal

mappings. Then in Vn, the conditions (I.1.15) are satisfied, i.e. Vn is equidistant.

As shown by Sinyukov [96], we use this fact for construction of the tensor aij:
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aij = c gij + ϑiϑj, (II.6.10)

where c is some constant.

Covariant derivating of the last equation yields the equations (II.6.5) where

λi = βϑi. (II.6.11)

This finishes the proof.

The integrability conditions of (II.7.5) read

aα(iR
α
j)kl = λl(igj)k − λk(igj)l, (II.6.12)

where λij = λi,j, and from (I.1.15) follows

σαR
α
ijk = B (gijσk − gikσj).

Multiplying (II.6.12) by σl and contracting over l, we get:

(Baαiσ
α − λαiσ

α)gjk + (Baαjσ
α − λαjσ

α)gik +

(II.6.13)

+σj(λki − Baki) + σi(λkj − Bakj) = 0.

Alternating the last formula over j and k, switching i ↔ k in the obtained

formula, and then summing with (II.6.13), we get

(Bσαaαi − λαiσ
α)gjk = (Bakj − λkj)σi. (II.6.14)
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Contracting with gjk we have

n(Bσαaαi − λαiσ
α) = (Ba− λ)σi, (II.6.15)

here a = aαβg
αβ and λ = λαβg

αβ .

By (II.6.15), we can write (II.6.14) as

σi

(

λ− Ba

n
gjk +Bajk − λjk

)

= 0. (II.6.16)

As σi 6= 0 it follows

λi,j = µgij +Baij, (II.6.17)

where µ = λ− Ba
n .

Pseudo-Riemannian spaces admitting non-trivial geodesic mappings such

that the vector λi satisfies (II.6.17), are denoted by Vn(B).

So we can formulate the result as follows:

Theorem II.6.2. If a pseudo-Riemannian space Vn admits a conformal mapping

preserving the Einstein tensor then the space Vn is of the class Vn(B).
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Definition II.6.2. If a geodesic mapping of the space Vn satisfies

Ēij = Eij, (II.6.18)

we speak about an Einstein tensor preserving geodesic mapping.

Recall that

Eij = Rij −
R

n
gij. (II.6.19)

If this is the case then the deformation tensor of the Ricci tensor satisfies:

Tij = R̄ij −Rij =
R̄

n
ḡij −

R

n
gij. (II.6.20)

On the other hand, accounting (II.6.4), we have

Tij = R̄ij −Rij = (n− 1)ϕij. (II.6.21)

Comparing the equations we have:

ϕij =
R̄

n(n− 1)
ḡij −

R

n(n− 1)
gij. (II.6.22)

Let us calculate covariant derivative of (II.6.9)

λi,j = −e2ϕϕα,j ḡ
αβgβi + e2ϕϕαϕβ ḡ

αβgji +

(II.6.23)

+ e2ϕϕjϕαḡ
αβgβi.
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By (II.6.8) and (II.6.16), we have

λi,j = µ gij +
R

n(n− 1)
aij, (II.6.24)

where

µ = e2ϕ
(

ϕαϕβ ḡ
αβ −

R̄

n(n− 1)

)

. (II.6.25)

Obviously, by means of (II.6.18), accounting (II.6.8) and (II.6.9), we obtain

from (II.6.17) the formula (II.6.16), and consequently (II.6.12), which proves the

theorem:

Theorem II.6.3. The conditions (II.6.5), (II.6.18) and (II.6.19) are necessary

and sufficient conditions in a pseudo-Riemannian space Vn for existence of

Einstein tensor preserving geodesic mappings.

Hence we proved that pseudo-Riemannian spaces Vn, admitting Einstein

tensor preserving geodesic mappings, belong to the class Vn(B) where B =
R

n(n− 1)
.

If we account the Ricci identity, the integrability conditions for the equations

(II.6.5) read

aiαR
α
jkl + ajαR

α
ikl = λi,l gjk + λj,l gik − λi,k gjl − λj,k gil. (II.6.26)

Plugging (II.6.20) into the last equality and accounting (II.6.18), we have:

aiαY
α
jkl + ajαY

α
ikl = 0. (II.6.27)
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§ 7. Objects invariant under Einstein tensor preserving

geodesic mappings

Objects invariant under geodesic mappings are the so-called Thomas projective

parameters

T̄ hij = T hij;

(II.7.1)

T hij = Γhij −
1

n− 1
(δhi Γ

α
jα + δhj Γ

α
iα),

and the Weyl tensor of projective curvature

W̄ h
ijk = W h

ijk;

(II.7.2)

W h
ijk = Rh

ijk −
1

n− 1
(δhkRij − δhjRik).

Plugging the last into (II.6.20) and using associativity we get

Ȳ h
ijk = Y h

ijk. (II.7.3)

Here

Y h
ijk = Rh

ijk −
R

n(n− 1)
(δhkgij − δhj gik) (II.7.4)

is the tensor of concircular curvature.

So we in fact proved the following:

Theorem II.7.1. The tensor of concircular curvature is invariant under

Einstein tensor preserving geodesic mappings.

57



The last formula enables us to verify invariance of the tensors K
1 ijkl

, K
3 ijkl

and K
4 ijkl

(introduced in the second paragraph) under Einstein tensor preserving

geodesic mappings. If we moreover account invariance of the tensor of projective

curvature we have:

G
1
ijkl =K

1 ijkl
= EαiY

α
jkl (II.7.5)

G
2
ijkl = EαiW

α
jkl (II.7.6)

G
3

h
ijklm =K

3

h
ijklm = Y h

αijY
α
klm (II.7.7)

G
4

h
ijklm =K

4

h
ijklm = Y h

iαjY
α
klm (II.7.8)

G
5

h
ijklm = Y h

αijW
α
klm (II.7.9)

G
6

h
ijklm = Y h

iαjW
α
klm (II.7.10)

G
7

h
ijklm = Y α

ijkW
h
αlm (II.7.11)

G
8

h
ijklm = Y α

ijkW
h
lαm. (II.7.12)
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Let us introduce the object G
2 ijkl

as follows:

G
2

: EαiW
α
jkl = RiαR

α
jkl −

R
nRijkl −

1
n− 1(RilRjk −

(II.7.13)

−RikRjl) +
R

n(n− 1)
(gilRjk − gikRjl).

Then G
2

– flat spaces are characterized by the conditions

RiαR
α
jkl −

R
nRijkl −

1
n− 1(RilRjk −

(II.7.14)

−RikRjl) +
R

n(n− 1)
(gilRjk − gikRjl) = 0.

Contracting the last formula we get

RαiR
α
l =

2R

n
Ril −

R2

n2
gil. (II.7.15)

The formula (II.7.15) coincides with he equations (I.2.19), hence the

conditions (II.7.15) characterize K1, K2, K3 and G
2

flat spaces.

Let us examine the question of existence of equidistant vector fields in

pseudo-Riemannian spaces satisfying (II.7.15). Accounting (II.7.22) and (II.8.4),

let us multiply (II.7.15) by ϕl, and contracting in l, we check B = R
n(n− 1)

.

Therefore we proved

Theorem II.7.2. If the conditions (II.7.15) are satisfied in a pseudo-

Riemannian space that admits an equidistant vector field then

B =
R

n(n− 1)
.
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Let us consider another way how to construct objects invariant under

diffeomorphisms by means of covariant derivative. A covariant derivative in Vn

(with respect to the natural Riemannian connection) of a tensor field S of

type

(

p
q

)

, denoted here by comma, as usual, is in any coordinate system given

as follows:

S
i1i2...ip
j1j2...jq , k

(x) = ∂kS
i1i2...ip
j1j2...jq

(x) +

+Γi1kα(x)S
αi2...ip
j1j2...jq

(x) + . . .+ Γ
ip
kα(x)S

i1i2...ip−1α

j1j2...jq
(x)− (II.7.16)

−Γβkj1(x)S
i1i2...ip
j2j3...jq

(x) − . . .− Γβkjq(x)S
i1i2...ip
j1j2...jq−1β

(x).

In the case of a vector feld Φ, we have

Φi ,̄ j = ∂jΦi − ΦαΓ̄
α
ij (II.7.17)

where Γ̄ijk are components of the connection of the image of the given pseudo-

Riemannian space Vn under the geodesic mapping, and “ ,̄ ” denotes the

covariant derivative in the image space.

Using (II.6.1) we have

Φi ,̄ j = Φi , j − Φiϕj − Φjϕi. (II.7.18)

Alternating the last formula we get

Kij = K̄ij (II.7.19)

where we denoted

Kij
def
= Φi , j − Φj , i. (II.7.20)
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Hence we proved

Theorem II.7.3. The tensor K is invariant under geodesic mappings.

Examining the tensor field Eij, by (II.7.16) we can write

Eij , k = ∂kEij − EαjΓ
α
k i − EiαΓ

α
kj. (II.7.21)

Assume an Einstein tensor preserving geodesic mapping, then

Ēij ,̄ k = Eij ,̄ k. (II.7.22)

By (II.7.21) and (II.6.1) we get

Ēij ,̄ k = Eij , k − 2ϕkEij − ϕiEjk − ϕjEik. (II.7.23)

Contraction over h, j in (II.6.1) gives

Γ̄αiα = Γαiα + (n+ 1)ϕi. (II.7.24)

Calculating ϕi from the last formula, plugging into (II.7.23), and then using

associativity, we check

Ēijk = Eijk (II.7.25)

where

Eijk
def
= Eij , k +

1

n+ 1
(2ΓαkαEij + ΓαiαEjk + ΓαjαEik). (II.7.26)
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We obtain the following theorem.

Theorem II.7.4. The object Eijk is invariant under Einstein tensor preserving

geodesic mappings of pseudo-Riemannian spaces.

Note that from the definition of Christoffel symbols and the rules for the

derivation of the functional determinant, we obtain the formula

Γαiα =
1

2
∂i ln |g| (II.7.27)

that holds in any pseudo-Riemannian space Vn. Here g = det ‖gij‖. Hence Γαiα is

a gradient vector.

Pseudo-Riemannian space in which the Einstein tensor Eij satisfies

Eij , k = 2ukEij + uiEjk + ujEik (II.7.28)

are called weak symmetric with respect to the tensor Eij.

We can see that the property of weak symmetry is preserved under Einstein

tensor preserving geodesic mappings if the following holds:

ui = −
1

n+ 1
Γαiα. (II.7.29)
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§ 8. Einstein tensor preserving geodesic mappings

of spaces of constant curvature

Let us examine pseudo-Riemannian spaces Vn that admit non-trivial Einstein

tensor preserving geodesic mappings, in relation to the scalar curvature R of the

space.

Let the scalar curvature R of the space Vn is constant. Then the tensor of

concircular curvature satisfies

Y h
ijk , l = Rh

ijk , l. (II.8.1)

Under the assumption that the Einstein tensor is preserved under the

geodesic mapping, the integrability conditions of the equations (II.6.5) take the

form (II.6.27). Differentiation of (II.6.27) can be by (II.8.1) and (II.6.5) written

as follows:

λiYhjkl + λjYhikl + λαY
α
jklgih + λαY

α
iklgjh +

(II.8.2)

+aαiR
α
jkl , h + aαjR

α
ikl , h = 0.

Alternating over k, l, h and using properties of the tensors Yhijk and Rh
ijk , l

we get

λαY
α
j(klgh)i + λαY

α
i(klgh)j = 0. (II.8.3)

Here (klh) denotes alternation over indices without division.

Contracting the last equation with ghi we obtain

(n− 1)λαY
α
jkl = λαE

α
l gjk − λαE

α
k gjl. (II.8.4)
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Multiplying (II.8.4) by λj and contracting in j, we find

λαE
α
l λk − λαE

α
k λl = 0. (II.8.5)

Since λk 6= 0, there exists a vector ξk such that λαξα = 1. Hence

λαE
α
l = λαξβEαβλl. (II.8.6)

Assume λαξβEαβ 6= 0, then, multiplying (II.6.27) by λl, we have

aαjY
α
ikβλ

β + aαiY
α
jkβλ

β = 0. (II.8.7)

By (II.8.4) we get

aαi λαgkj + aαj λαgki − λjaki − λiakj = 0. (II.8.8)

Contraction with gkj yields

aαi λα =
a

n
λi, (II.8.9)

where a = aαβg
αβ.

Plugging (II.8.9) into (II.8.8) and using associativity we get

λi(akj −
a

n
gkj) + λj(aki −

a

n
gki) = 0. (II.8.10)

Alternation over k, i gives:

λi(akj −
a

n
gkj)− λk(aij −

a

n
gij) = 0. (II.8.11)

Interchanging k and j gives

λi(akj −
a

n
gkj)− λj(aki −

a

n
gki) = 0. (II.8.12)
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Composing (II.8.12) and (II.8.10) we check

λi(akj −
a

n
gkj) = 0. (II.8.13)

But this is a contradiction under the assumption of non-trivial geodesic

mappings, hence the following holds:

λαξβEαβ = 0, (II.8.14)

and consequently,

λαE
α
i = 0. (II.8.15)

Hence

λαY
α
ijk = 0 (II.8.16)

Theorem II.8.1. If a pseudo-Riemannian space Vn of constant curvature admits

non-trivial Einstein tensor preserving geodesic mappings then the conditions

(II.8.16) are satisfied in the space.

Differentiating (II.6.24) and using R = const we have

λi , jk = µkgij +
R

n(n− 1)
(λigjk + λjgik) (II.8.17)

where µk = µ, k = ∂kµ.

Alternating we get

λαR
α
ijk = µkgij − µjgik +

(II.8.18)

+
R

n(n− 1)
(λjgik − λkgij).
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By (II.8.16) we check

2R

n(n− 1)
(λkgij + λjgik) = µkgij − µjgik. (II.8.19)

Contracting with gij we obtain

µk = 2 ·
R

n(n− 1)
λk. (II.8.20)

Theorem II.8.2. If a pseudo-Riemannian space Vn of constant curvature admits

Einstein tensor preserving geodesic mappings, then in the space, there exists a

solution of the equations (II.7.5), (II.7.24), (II.9.20) with respect to a tensor aij,

vector λi and a function µ.

Now let us examine Einstein tensor preserving geodesic mappings under

additional assumptions.

Let the vector λi from (II.6.24) be of non-zero constant norm, that is,

λαλ
α = const = c 6= 0. (II.8.21)

Differentiating and using (II.6.24) we get:

µλi +
R

n(n− 1)
aαiλ

α = 0. (II.8.22)

Note if R = 0 then µ = 0 and consequently, λi is covariantly constant.
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Assume R 6= 0, then (II.8.22) reads

aαiλ
α = ρλi, (II.8.23)

where

ρ
def
= −

n(n− 1)

R
µ. (II.8.24)

Differentiating (II.8.23) and using (II.8.21), we have

c gij + λiλj + aαiλ
α
, j = ρjλi + ρλi , j. (II.8.25)

Contracting the last formula wih λi:

2cλj = cρj. (II.8.26)

If c 6= 0 then ρj = 2λj, and (II.8.25) reads:

R

n(n− 1)
aαja

α
i − λiλj = (ρµ− c)gij − 2µaij, (II.8.27)

or, denoting

Aij =
R

n(n− 1)
aαja

α
i − λiλj, (II.8.28)

Aij = (ρµ− c)gij − 2µaij. (II.8.29)

Differentiating (II.8.28), accounting the scalar curvature, we get

Aij , k =
R

n(n− 1)
(λαa

α
i gjk + λαa

α
kgik)−

(II.8.30)

−µ(λjgik + λigjk).

By (II.8.22) we have

Aij , k = −2µ(λjgik + λigjk). (II.8.31)
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Hence

Aij , k = −2µaij , k. (II.8.32)

Differeniating (II.8.29) we get

Aij , k = (ρµ− c), k gij − 2µ, k aij − 2µaij , k. (II.8.33)

Subtracting (II.8.32) from the last formula we have

gij(ρµ− c), k = 2µ, k aij. (II.8.34)

Contracting with gij we get

n(ρµ− c), k = 2aµ, k, (II.8.35)

or

(ρµ− c), k =
2a

n
µ, k. (II.8.36)

Plugging (II.8.36) into (II.8.34) we obtain

µ, k (aij −
a

n
gij) = 0. (II.8.37)

As the geodesic mapping is non-trivial we have µ, k = 0 and µ = const. But

then from (II.8.20) it follows R = 0, a contradiction with the assumption R 6= 0.

Hence we proved

Theorem II.8.3. If a pseudo-Riemannian space Vn of constant scalar curvature

admits a non-trivial Einstein tensor preserving geodesic mapping and the

vector λi has a constant norm then the space Vn has a nonvanishing scalar

curvature.
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§ 9. Invariants of geodesic mappings

Before the theory of geodesic mappings was developed, a problem was posed

on cardinality of the class of spaces admitting non-trivial geodesic mappings. The

question was aswered by N.S. Sinyukov who constructed an infinite sequence of

disjoint spaces which are related by geodesic mappings. See [96].

Let a pseudo-Riemannian space Vn admits a non-trivial geodesic mapping,

corresponding to the vector ϕi, onto a space V̄n. Then in Vn, there exists a solution

of the system (II.6.5), satisfying (II.6.8).

Let us assume aij as a metric tensor of a pseudo-Riemannian space
1

V
n
:

aij
def
=

1

g
ij
. (II.9.1)

Let us construct the metric tensor of
1

V̄
n

as follows

1

ḡ
ij
= e2ϕgij, (II.9.2)

that is, we introduce a conformal mapping between Vn and
1

V̄
n
, corresponding to

the same vector field ϕi.

Then, as was proved by N.S Sinyukov [96], if a pseudo-Riemannian space Vn

with the metric tensor gij admits a non-trivial geodesic mapping corresponding

to the vector ϕi onto a space V̄n with the metric tensor ḡij, then the pseudo-

Riemannian space
1

Vn with the metric tensor
1

gij , satisfying (II.9.1), admits

a geodesic mapping, corresponding to the same vector field ϕi, onto a pseudo-

Riemannian space
1

V̄n with the metric tensor
1

ḡij, satisfying (II.9.2).
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Definition II.9.1. A correspondence, given by the formulas (II.6.8), (II.9.1),

(II.9.2), sending a pair of pseudo-Riemannian spaces Vn and V̄n, for which there

exists a non-trivial geodesic mapping, onto a pair
1

Vn and
1

V̄n , related by a

non-trivial geodesic mapping again, is called an invariant geodesics preserving

mapping of pseudo-Riemannian spaces.

The diagram

Vn
gm ϕ
−→ V̄n

↓
cm ϕ

ց
1

V
n

gm ϕ
−→

1

V̄
n

describes the introduced geodesics preserving mappings, accounting the formulas

(II.6.8) and (II.6.9).

Another possibility is to describe the situation as follows

Vn
gm ϕ
−→ V̄n

aij ↓ ↓ aij

1

V
n

gm ϕ
−→

1

V̄
n

where aij = aαjg
αi, and

1

g
ij
= gαia

α
j , (II.9.3)

1

ḡ
ij
= ḡαia

α
j . (II.9.4)

The last two systems are equivalent. Using the first one, examine the case

when the pseudo-Riemannian spaces Vn and V̄n are related by a non-trivial

Einstein tensor preserving geodesic mapping, corresponding to the vector ϕi.

70



Hence in Vn, the following equations are satisfied

ϕij =
R̄

n(n− 1)
ḡij −

R

n(n− 1)
gij. (II.9.5)

Differentiating and accounting (II.6.2), we get

ϕij , k =
R̄, k

n(n− 1)
ḡij +

R̄
n(n− 1)

(2ϕkḡij +

(II.9.6)

+ϕiḡjk + ϕj ḡik)−
R, k

n(n− 1)
gij.

Since Vn and
1

V̄n are related by a conformal mapping (II.9.2), the conditions

(I.1.5) must hold:

ϕij = Pij + ρgij (II.9.7)

where

Pij
def
=

1

n− 2
(R̄ij −Rij),

ρ =
∆2ϕ

n− 2
+ ∆1ϕ.

Differentiating (II.9.8) we have

ϕij , k = Pij , k + ρkgij. (II.9.8)

Let us subtract (II.9.8) from (II.9.6):

Pij , k =
R̄, k

n(n− 1)
ḡij +

R̄
n(n− 1)

(2ϕkḡij +

(II.9.9)

+ϕiḡjk + ϕj ḡik)− (
R, k

n(n− 1)
− ρk)gij.
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Excluding R̄
n(n− 1)

ḡij from the last formula by means of (II.9.5):

Pij , k =
R̄, k

n(n− 1)
ḡij + 2ϕkϕij + ϕiϕjk +

+ϕjϕik +
R

n(n− 1)
(2ϕkgij + (II.9.10)

+ ϕigjk + ϕjgik)− (
R, k

n(n− 1)
− ρk)gij.

We pass to the covariant derivative in
1

V̄n, denoted by
1

,̄ and, using the formulas

(I.1.3), (II.7.16), we get

P
ij

1

,̄k
+ 2ϕkPij + ϕiPjk + ϕjPik − 2Pαkϕ

αgij =

=
R̄, k

n(n− 1)
ḡij + 2ϕkϕij + ϕiϕjk +

(II.9.11)

+ϕjϕik +
R

n(n− 1)
(2ϕkgij +

+ϕigjk + ϕjgik)− (
R, k

n(n− 1)
− ρk)gij.

Now using (II.9.8) we have

P
ij

1

,̄k
=

R̄, k

n(n− 1)
ḡij + ( R

n(n− 1)
− ρ)(2ϕkgij +

(II.9.12)

+ϕigjk + ϕjgik)− (
R, k

n(n− 1)
− ρk − 2Pαkϕ

α)gij.
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Finally, by (II.9.2), we have

P
ij

1

,̄k
=

R̄, k

n(n− 1)
ḡij + ( R

n(n− 1)
− ρ)e−2ϕ(2ϕk

1

ḡ
ij
+

(II.9.13)

+ϕi
1

ḡ
jk
+ ϕj

1

ḡ
ik
)− e−2ϕ(R, k − ρk − 2Pαkϕ

α)
1

ḡ
ij
.

So we proved:

Theorem II.9.1. If pseudo-Riemannian spaces Vn and V̄n are related by a non-

trivial Einstein tensor preserving geodesic mapping, then in the space
1

V̄n, which

is obtained by an invariant geodesics preserving mapping, there exists a tensor

Pij, satisfying the conditions (II.9.13).

If the scalar curvature of the pseudo-Riemannian space V̄n is constant, then

the equations (II.9.13) read

P
ij

1

,̄k
= uk

1

ḡ
ij
+ vi

1

ḡ
jk
+ vj

1

ḡ
ik
. (II.9.14)

Here ui and vi are vectors.

The theorem II.9.1 is a generalization of the results of N.S. Sinyukov and

formulas on invariant geodesics preserving mappings for spaces of constant

curvature and Einstein spaces.

73



§ 10. Einstein tensor preserving geodesic mappings

of special pseudo-Riemannian spaces

A pseudo-Riemannian space Vn, in which there exists a tensor Ah
i1i2...ik

satisfying

Aα
i1i2...ik , α

= 0 (II.10.1)

will be called an A–harmonic pseudo-Riemannian space.

In the case that the Riemannian tensor of Vn satisfies (II.10.1), the space

Vn is called harmonic. So according to the type of tensor satisfying (II.10.1), we

speak about:

a harmonic space, if

Rα
ijk , α = 0 (II.10.2)

Ricci–harmonic space, if

Rα
i , α = 0, (II.10.3)

Einstein–harmonic space, if

Eα
i , α = 0 (II.10.4)

conformally–harmonic space, if

Cα
ijk , α = 0 (II.10.5)

projectively–harmonic space, if

W α
ijk , α = 0 (II.10.6)

concircular–harmonic space, if

Y α
ijk , α = 0 (II.10.7)
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and, finally, Brinkmann–harmonic space, if

P α
i , α = 0, (II.10.8)

here Pij =
1

n− 2

(

Rij −
R

2(n− 1)
gij

)

is the Brinkmann tensor, P i
j = gαiPαj.

Note the following

Theorem II.10.1. A pseudo-Riemannian space will be: Ricci–harmonic,

Brinkmann–harmonic, Einstein–harmonic, if and only if the scalar curvature

of the space is constant.

From the Bianchi identity, we can easily see that the Ricci tensor of a Ricci–

harmonic space Vn satisfies the Codazzi equations:

Rα
ijk , α = Rij , k −Rik , j . (II.10.9)

Contracting the last formula we check R, i = 0.

Theorem II.10.2. A harmonic pseudo-Riemannian space is necessarily a space

of constant scalar curvature.

Considering the definitions of W h
ijk and Y h

ijk, we get

Rα
ijk , α =

1

n− 1
(Rij , k −Rik , j) = 0, (II.10.10)

Rα
ijk , α =

1

n(n− 1)
(R, kgij −R, jgik) = 0. (II.10.11)
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Contracting once more we get

Rα
k , α =

1

n− 1
(R, k −Rα

k , α) = 0, (II.10.12)

Rα
k , α =

1

n
R, k. (II.10.13)

From (II.10.12), (II.10.13) it follows R,i = 0. Consequently we have

Theorem II.10.3. The classes of harmonic, projective–harmonic and

concircular–harmonic pseudo-Riemannian spaces are equivalent.

Let us examine Einstein tensor preserving geodesic mappings of harmonic

spaces.

The integrability conditions of (II.6.5), under the assumption that the

geodesic mapping preserves the Einstein tensor, take the form (II.6.27), and for

(II.6.24), accounting R = const, read

λαY
α
ijk = 0. (II.10.14)

Differentiating (II.6.27) and using the above formula, we get

λiYhjkl + λjYhikl + aiαY
α
jkl , h + αjαY

α
ikl , h = 0. (II.10.15)

Contracting with ghl, we get

λiEjk + λjEik = 0. (II.10.16)

Alternating over i and k we find

λiEjk − λkEji = 0. (II.10.17)
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Interchanging j ↔ k, we have

λiEkj − λjEik = 0. (II.10.18)

Composing the result with (II.10.16), we verify the following

Theorem II.10.4. If a harmonic space admits a nontrivial Einstein tensor

preserving geodesic mapping then the space is an Einstein space.

As well known, the four-dimensional Einstein space distinct from spaces of

constant curvature admits no non-trivial geodesic mappings. Hence we have

Corollary II.10.1. A four-dimensional harmonic space, distinct from spaces

of constant curvature, admits no non-trivial Einstein tensor preserving geodesic

mapping.

Note that in general, a harmonic space may admit a non-trivial geodesic

mapping, as proved in the papers by V.S. Sobchuk, J. Mikesh and J. Radulovich

[107, 172]: there were found harmonic spaces admitting non-trivial geodesic

mappings onto harmonic spaces.
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§ 11. Geodesic mappings of spaces

with quasiconstant curvature

A pseudo-Riemannian space Vn (n > 2) with the metric tensor gij is called a

space wit quasiconstant curvature if its Riemannian tensor Rh
ijk satisfies:

Rhijk = α(ghjgik − ghkgij) + β(ϕnϕjgik −

(II.11.1)

−ϕnϕkgij + ϕiϕkghj − ϕiϕjghk),

where α, β are vector invariants, and ϕi is the unit vector [25], [163].

Contracting (II.11.1) we check

Rij = −(α(n− 1) + β)gij − β(n− 2)ϕiϕj. (II.11.2)

From (II.11.2), we obtain for the scalar curvature R = Rαβg
αβ:

R = −n(α(n− 1) + β)− β(n− 2), (II.11.3)

and (II.11.2) reads

Rij =
R

n
gij +

β(n− 2)

n
gij − β(n− 2)ϕiϕj. (II.11.4)
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From the last formula it follows that that for Einstein spaces, that is, for

spaces satisfying Rij =
R
n gij, the function β is necessarily non-vanishing, and

hence the space with quasiconstant curvature is necessarily a space of constant

curvature.

The integrability conditions of the equations (II.6.5) are:

aαiR
α
jkl + aαjR

α
ikl = λligjk + λljgik − λkjgil − λkigjl. (II.11.5)

Alternating over (i, k, l), we get

aαiR
α
jkl + aαkR

α
jli + aαlR

α
jik = 0. (II.11.6)

From the last formula, contracting with gij, we get

aαlR
α
h − aαkR

α
l = 0. (II.11.7)

This formula was obtained by Sinyukov [96] with used alternation of formula

(II.6.6).

Plugging (II.11.2) into (II.11.7) we verify that under the assumption β 6= 0

we obtain

ϕαaαi = ρϕi, (II.11.8)

where ρ is a function, and ϕh = ϕαg
αh.

Hence we proved

Theorem II.11.1. If a pseudo-Riemannian space with a quasiconstant curvature

admits a geodesic mapping then the vecor ϕi satisfies the conditions (II.11.8).

Differentiating (II.11.8), we obtain, using (II.6.5),

ϕαλαgij + λiϕj + aαiϕ
α
, j = ρ, jϕi + ρϕi, j. (II.11.9)
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Contracting (II.11.9) with ϕi we have

ρ, j = 2ϕαλα ϕj, (II.11.10)

and consequently,

Theorem II.11.2. The eigenvalue ρ corresponding to the eigenvector ϕα of the

matrix aij is constant if and only if the vectors ϕh and λi are orthogonal.

A solution of the equations (II.6.5), satsfying the conditions

aij = u gij + v Rij, (II.11.11)

is called canonical [29].

Let us prove:

Theorem II.11.3. In a pseudo-Riemannian space of a quasiconstant curvature,

the only solutions of the equations (II.6.5) are just canonical solutions.

Proof. By (II.11.1) and (II.11.8), the equations (II.11.5) read:

β(ϕjϕlaik − ϕjϕkail + ϕiϕlajk − ϕiϕkajl) =

(II.11.12)

= Λligjk + Λljgik − Λkjgil − Λkigjl.

Here we denoted

Λli
def
= λli + αali + ρβϕiϕl. (II.11.13)

Contracting (II.11.13) with gjk, we get

aϕiϕl − ail = nΛli − Λgil, (II.11.14)
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where we introduced

a
def
= aαβg

αβ; Λ
def
= Λαβg

αβ.

We can express Λli as follows

Λli =
Λ

n
gli +

βa

n
ϕiϕl −

β

n
ail. (II.11.15)

Alternating (II.11.12) over i and k we have

β(ϕjϕlaik − ϕjϕialk − ϕiϕkajl + ϕlϕkaji) =

(II.11.16)

= Λljgik − Λijglk − Λkigjl + Λklgji.

Let us switch j and l in the last formula:

β(ϕlϕjaik − ϕlϕiajk − ϕiϕkajl + ϕjϕkali) =

(II.11.17)

= Λljgik − Λilgjk − Λkigjl + Λkjgli.

Composing (II.11.17) and (II.11.12) we get:

β(ϕjϕlaik − ϕiϕkajl) = Λljgik − Λikgjl. (II.11.18)

By (II.11.15), the formula (II.11.18) can be written as

ϕjϕl(naik − agik)− ϕiϕk(najl − agjl) = aikglj − aljgik. (II.11.19)
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We contract (II.11.19) with ϕjϕl and use (II.11.15). The resulting formula

reads

(n− 1)aik = (a− ρ)gik + (nρ− a)ϕiϕj. (II.11.20)

If we put

u =
αβ − 2βρ+ aα− nαρ

β(n− 2)
, (II.11.21)

v =
a− nρ

β(n− 1)(n− 2)
(II.11.22)

we finish the proof by means of (II.11.20) and (II.11.2).
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CHAPTER III

HOLOMORPHICALLY PROJECTIVE

MAPPINGS OF KÄHLER SPACES

PRESERVING THE EINSTEIN TENSOR

In this part we discuss holomorphically projective mappings of Kähler and

pseudo-Kähler spaces which preserve the Einstein tensor. We prove that the

tensor of h-concircular curvature is invariant under Einstein tensor-preserving

holomorphically projective mappings.

§ 12. Kähler spaces

Recall that a (pseudo-) Riemannian spaceKn is called a (pseudo-) Kähler space if

it is endowed with a metric tensor g (which is positive definite in the Riemannian

case and of arbitrary signature in the pseudo-Riemannian case) and at the same

time with an affinor structure F (i.e. a tensor field of the type (1, 1)) satisfying

the following relations [72, 178, 96, 98]

F 2 = −Id , g(X,FX) = 0 , ∇F = 0 .
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Here X are all tangent vectors of TKn and ∇ is the metric connection of Kn.

The structure F is a complex structure.

In local coordinates, the conditions are

F h
αF

α
i = −δhi ; F(ij) = 0; F h

i,j = 0 (III.12.1)

where Fij = giαF
α
j , (i j) denotes symmetrization without division over i and j,

“ , ” is a covariant derivative of the natural connection in Kn, and δhi is the

Kronecker symbol.

Let us note that first time, Kähler spaces has been studied by P.A. Shirokhov

[123] who called them A-spaces, and later independently by E. Kähler [155],

see [8, 96, 170, 178].

For convenience, we introduce in Kn the operation of conjugation:

A...
ī... ≡ A...

α...F
α
i ; B ī...

... ≡ Bα...
... F

i
α. (III.12.2)

Here A and B are arbitrary tensors od any type.

According to (III.12.1) and (III.12.2) the following hold:

A¯̄i = −Ai; B
¯̄i = −Bi;

AᾱB
α = AαB

ᾱ; AᾱB
ᾱ = −AαB

α;

(Aī) , j = Aī , j; (B ī) , j = B ī
, j.

(III.12.3)

The metric tensor and the Kronecker tensor satisfy

gīj̄ = gij; gīj = −gij̄; δhī = δh̄i = F h
i ; δh̄ī = −δhi . (III.12.4)
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The Riemannian tensor and the Ricci tensor satisfy the additional identities

Rh̄ījk = Rhijk; Rα
ᾱjk = 2Rjk̄; Rīj̄ = Rij, (III.12.5)

where Rhijk = ghαR
α
ijk.

In Kähler spaces Kn, the following tensors are defined:

the tensor of holomorphically projective curvature

P h
ijk ≡ Rh

ijk −
1

n+ 2
(δh[kRj]i + δh[k̄Rj̄]i + 2δhī Rj̄k); (III.12.6)

the tensor of holomorphically-sectional curvature of Kn

Hh
ijk ≡ Rh

ijk −
R

n(n+ 2)
(δh[kgj]i + δh[k̄gj̄]i + 2δhī gj̄k); (III.12.7)

the Bochner tensor of Kn

Bh
ijk ≡ Rh

ijk + (δh[jBk]i+ δh[j̄Bk̄]i+2δhī Bj̄k) +Bh
[jgk]i+Bh

[j̄gk̄]i+2Bh
ī gj̄k (III.12.8)

where
Bh
i ≡ ghαBαi,

Bij ≡
1

n+ 4

(

Rij −
R

2(n+ 2)
gij

)

.
(III.12.9)

In the above formulas as well as in what follows, [i, j] denotes alternation without

division, R = Rαβg
αβ is the scalar curvature, and gij are elements of the matrix

inverse to ‖gij‖.
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For the tensor of holomorphically projective curvature, the following is

satisfied:

Phijk = Phij̄k̄ = Ph̄ījk = −Phikj;

Ph(ijk) = 0;

P α
αjk = P α

ᾱjk = P α
jkα = P α

jkᾱ = 0,

(III.12.10)

where (i, j, k) denotes cycling in i, j, k. The tensor of holomorphically sectional

curvature and the Bochner tensor satisfy [8], [72]:

Hhijk = −Hihjk = Hjkhi = Hh̄ījk;

Hhijk +Hhjki +Hhkij = 0;

Bhijk = −Bihjk = Bjkhi = Bh̄ījk;

Bhijk +Bhjki +Bhkij = 0.

(III.12.11)

Tensor of holomorphically projective curvature and Bochner tensor play an

important role in the F -decompositions theory, see [159, 160, 169].
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§ 13. Fundamental equations of the theory

of holomorphically projective mappings

An analytic planar curve L of a Kähler space is a curve given by the equations

xh = xh(t) such that the following holds

dξ

dt
+ Γhαβξ

αξβ = ̺1(t)ξ
h + ̺2(t)F

h
αξ

α (III.13.1)

where ξh ≡ dxh(t)/dt and ̺1(t), ̺2(t) are functions.

Definition III.13.1. A diffeomorphism f between Kähler spaces Kn and K̄n

is called a holomorphically projective mapping if f maps any analytical planar

curve of Kn onto an analytical planar curve of the space K̄n.

We can suppose that M̄ =M , due to the diffeomorphism f , where M is the

“common” manifold on which the metrics g and ḡ and the complex structure F

of Kn and K̄n are defined.

Any holomorphically projective mapping f from Kn onto K̄n preserves the

structures and is characterized by the following condition [98], [72]:

(∇̄ − ∇)(X, Y ) = ψ(X)Y + ψ(Y )X − ψ(FX)FY − ψ(FY )FX (III.13.2)

for any vector fields X, Y , where ∇̄ and ∇ are the metric connections of Kn and

K̄n ψ is a linear form.

Holomorphically projective mappings of Kn onto K̄n are called non-trivial

if ψ 6= 0. The case when the mapping is affine, i.e. ψ 6≡ 0, is not considered here.
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In coordinate system this equation has the following formula:

Γ̄hij = Γhij + δhi ψj) − δh
(̄i
ψj̄), (III.13.3)

where necessarily ψi ≡ ψ,i and

F̄ h
i = F h

i .

Note that in [180] (see [8, 96, 72, 187, 204]), it was a priori supposed that the

structure tensor should be preserved under holomorphically projective mappings.

On the other hand, in [98] it was already proved that the structure tensor is

necessarily preserved.

The conditions (III.13.3) can be equivalently written as [8, 72, 178, 96, 98]:

∇Z ḡ(X, Y ) = 2ψ(Z)ḡ(X, Y ) + ψ(X)ḡ(Y, Z) + ψ(Y )ḡ(X,Z)

+ψ̄(X)F̄ (Y, Z) + ψ̄(Y )F̄ (X,Z)
(III.13.4)

are satisfed where ∇ is the metric connection of Kn, ψ is a linear form and

X, Y, Z are tangent vectors, ψ̄(X) = ψ(FX), F̄ (X,Z) = ḡ(X,FZ).

Let us rewrite the equations (III.13.4) in local coordinates:

ḡij,k = 2ψkḡij + ψiḡjk + ψj ḡik + ψīḡj̄ k + ψj̄ ḡī k, (III.13.5)

where ḡij(x) and ψk(x) are components of ḡ and ψ, respectively, “ , ” is the

covariant derivative on Kn, x = (x1, x2, . . . , xn) is a point of a coordinate

neighborhood U ⊂ M . The equations (III.13.4) and (III.13.5) hold when Kn

and K̄n ∈ C1, i.e. if gij(x) and ḡij(x) ∈ C1 in any coordinate neighbourhood U .
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As well known, from (III.13.3) it follows

R̄h
ijk = Rh

ijk + δhkψji − δhjψki + δhkψj̄i − δhj̄ψk̄i + 2δhī ψj̄k; (III.13.6)

R̄ij = Rij + (n+ 2)ψij; (III.13.7)

where Rh
ijk(R̄

h
ijk) and Rij(R̄ij) are correspondingly the tensor of Riemann and

Ricci of the space Kn (K̄n) and

ψij ≡ ψi,j − ψiψj + ψīψj̄. (III.13.8)

It follows

ψij = ψji = ψīj̄. (III.13.9)

The important invariants under holomorphically projective mappings are the

so-called generalized Thomas’ parameters

T̄ hij = T hij;

T hij = Γhij −
1

n+2(δ
h
i Γ

α
jα + δhj Γ

α
iα − F h

i F
β
j Γ

α
βα − F h

j F
β
i Γ

α
βα)

(III.13.10)

and the tensor of holomorphically projective curvature

P̄ h
ijk = P h

ijk;

P h
ijk = Rh

ijk −
1

n+2 (δ
h
kRji − δhjRki

−F h
k F

α
j Rαi + F h

j F
α
k Rαi + 2F h

i F
α
j Rαk).

(III.13.11)
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On the other hand (Domashev and Mikeš [18]), if there exists a non-trivial

holomorphically projective mapping of Kn onto K̄n then in Kn the following

equation can be solved:

aij,k = λigjk + λjgik + λīgj̄k + λj̄gīk (III.13.12)

with respect to a tensor aij satisfying the equations

aij = aji; aīj̄ = aij, det aij 6= 0 (III.13.13)

and a non-zero vector λi. This vector must satisfy the equations

λi, j = λj, i = λī,j̄. (III.13.14)

Solutions of the equations (III.13.5) and (III.13.12) are related by

aij = e2ψḡαβgαigβj, (III.13.15)

λi = −e2ψḡαβgαiψβ, (III.13.16)

where ‖ḡij‖ = ‖ḡij‖
−1.

In 1978 J. Mikeš [12, 61] proved that necessary and sufficient condition for

existence of non-trivial holomorphically projective mappings of the given pseudo-

Kähler space onto pseudo-Kähler spaces is existence of a solution for the system

of equations (see [72, 178, 96])

aij,k = λigjk + λjgik + λ̄iFjk + λ̄jFik, (III.13.17)

nλi,j = µgij + aαiR
α
j − aαβR

α
ij
β, (III.13.18)

µ,k = 2λαR
α
k (III.13.19)

with respect to a regular symmetric tensor aij, a co-vector λi 6= 0 and a

function µ.

Here Ri
j = Rαjg

αi; Rk
ij
h = Rαijβg

αkgβh; Fij = F α
i gαj, and gij are elements

of the matrix inverse to gij.
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§ 14. Basic equations for Einstein tensor – preserving

holomorphically projective mappings

We call a holomorphically projective mapping Einstein tensor-preserving if it

satisfies:

Ēij = Eij, (III.14.1)

where

Eij = Rij −
R

n
gij (III.14.2)

is the Einstein tensor and R = Rαβg
αβ is the scalar curvature.

If this is the case, the deformation tensor for the Ricci tensor takes the form:

Tij = R̄ij −Rij =
R̄

n
ḡij −

R

n
gij. (III.14.3)

On the other hand, accounting (III.13.7) we obtain

Tij = R̄ij −Rij = (n+ 2)ψij. (III.14.4)

Comparing we get:

ψij =
R̄

n(n+ 2)
ḡij −

R

n(n+ 2)
gij. (III.14.5)

Substituting the last expression into (III.13.6) and using the notation

Hh
ijk = Rh

ijk −
R

n(n+ 2)
(δhkgij − δhj gik + F h

k F
α
i gαj − F h

j F
α
i gαk + 2F h

i F
α
j gαk)

(III.14.6)

(and similarly with bar) we find

H̄h
ijk = Hh

ijk. (III.14.7)

Here Hh
ijk are components of the tensor of holomorphically-sectional curvature,

where H is an analogue of the tensor of concircular curvature [61, 170, 178, 96,

204].
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Hence we have proved:

Theorem III.14.1. The tensor of holomorphically sectional curvature is

invariant under all Einstein tensor-preserving holomorphically projective

mappings.

Let us apply covariant differentiation to the formula (III.12.5):

λi,j = −e2ψψα,j ḡ
αβgβi + e2ψψαψβ ḡ

αβgji + e2ψψjψαḡ
αβgβi. (III.14.8)

By (III.13.16) and (III.14.5), we get

λi,j = µgij +
R

n(n+ 2)
aij, (III.14.9)

where

µ = e2ψ
(

ψαψβ ḡ
αβ −

R̄

n(n+ 2)

)

. (III.14.10)

Obviously using (III.13.5), (III.12.5), from (III.14.8) and (III.14.9) we get

(III.14.5), and consequently also (III.14.1), hence we have proved:

Theorem III.14.2. A pseudo-Kähler space admits an Einstein tensor-

preserving holomorphically projective mapping if and only if the conditions

(III.13.17), (III.14.9) and (III.14.10) are satisfied.

We say that a Kähler space Kn belongs to the class Kn[B] if it admits a

geodesic mapping and the corresponding vector satisfies [57, 178]

λi,j = µgij +Baij (III.14.11)

for some function B.

So we have actually proved that a Kähler spaceKn admitting Einstein tensor-

preserving holomorphically projective mappings belongs to the classKn[B] where

B = − R
n(n+2) .
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From (III.13.7), for Einstein tensors of the spaces Kn and K̄n which are

determined by

Eij = Rij −
R

n
gij (III.14.12)

it follows

Ēij − Eij +
R̄

n
ḡij =

R

n
gij + (n+ 2)ψij. (III.14.13)

If the Einstein tensor is preserved under the holomorphically projective

mapping, i.e.

Ēij = Eij, (III.14.14)

then (III.14.13) reads

Bḡij = Bgij + ψij (III.14.15)

where B = R
n(n+2) .

Plugging (III.14.15) into (III.13.6), using associativity and (III.12.7), we

check

H̄h
ijk = Hh

ijk. (III.14.16)

On the other hand, if the conditions (III.14.16) are satisfied then by

contraction, we get (III.14.14). Hence we have proved

Theorem III.14.3. The Einstein tensor is preserved under a holomorphically

projective mapping if and only if the tensor of holomorphically sectional curvature

is preserved.

If we differentiate covariantly (III.13.14) and consider (III.13.13), (III.14.15)

we get

λi,j = µgij +Baij. (III.14.17)

Examining the integrability conditions of (III.14.17) in detail we find

µ ,i = 2Bλi. (III.14.18)
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Hence we proved:

Theorem III.14.4. If the given Kähler space Kn admits an Einstein tensor

preserving holomorphically projective mappings then the system of equations

(III.13.12), (III.14.17), (III.14.18) is solvable in Kn with respect to the tensor

aij, the vector λi and the function µ.

Kähler spaces in which the vector λi satisfies (III.14.17) are denoted by

Kn[B], and in this case, neessarily B = const holds (see [57, 178]).

Considering the definition of a constant B, we check the following:

Corollary III.14.1. If a Kähler space Kn admits a non-trivial Einstein tensor

preserving holomorphically projective mappings then Kn is a space of constant

scalar curvature.

In this way, the methods developed in the theory of conformal and geodesic

mappings of Riemannian spaces are transferred to the theory of holomorphically

projective mappings of Kähler space. We received similar results for hyperbolic

Kähler spaces [C4].
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M. L. Gavrilchenko and J. Mikeš, On solutions of a system of differential

equations in covariant derivatives, In: Resp. Sci. Conf. “Differ. and Integr.

Equations and their Applications,” Abstracts of Reports. Part I, Odessk.

Univ., Odessa (1987), pp. 55-56.

13. Голиков В.И. Поля тяготения с общими геодезическими// Дисс....

канд.физ.-мат. наук. Казань, 1963.

Golikov, V. I. Gravitational fields with common geodesics. (Russian) PhD.

Thesis. Kazan Univ. 1963. (supervisor A.Z. Petrov).

99



14. Голиков В.И. Геодезические отображения гравитационных полей обще-

го типа. Труды Семин. вект. и тенз. анализа, 12, 1963, 97-129.

Golikov, V. I. Geodesic mapping of gravitational fields of general type.

(Russian) Tr. Semin. Vektor. Tenzor. Anal.

15. Голиков В.И. Поля тяготения с общими геодезическими// Ученые за-

писки Казанского университета. Казань: Изд-во Казанск. ун-та, I: 1963.

- 2 С. 72-95, II: 1963. - 12. С. 59-67.

Golikov, V. I. Gravitational fields with common geodesics. (Russian) Uch.

spiski Kazanskogo Universit., Kazan, I: 1963, 2, 72-95, II: 1963, 12, 59-67

16. Горбатый Е. 3. О геодезическом отображении эквидистантных рима-

новых пространств и пространств первого класса// Укр. геом. сб. -

1982. - 12. - С. 45-53. Gorbatyi, E.Z. On geodesic mapping of equidistant

Riemannian spaces and first class spaces. (Russian) Ukr. geom. sb., 12, 45-53

(1982).

17. Грибков И. В. Одно характеристическое свойство римановых и псевдо-

римановых метрик с общими геодезическими// VIII Всес. науч. конф.

по соврем. пробл. дифференц. геометрии/ Тез. докл. - Одесса, 1984. -

С. 39.

Gribkov, I.V. A characteristic property of Riemannian and pseudo-

Riemannian metric with general geodesics. (Russian) In abstract: VIII All

Union Conf. modern diff. geom., Odessa, p. 39, (1984).

18. Домашев В.В., Микеш Й. К теории голоморфно-проективных отображе-

ний келеровых пространств// Мат. заметки. - 1978. - 23, 2. - С. 297-303.
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Mikeš, J. On global concircular vector fields on compact Riemannian spaces.

Archives at Ukr. NIINTI, N. 615-Uk88, (1988).

65. Микеш Й. Об оценках порядков групп проективных преобразований ри-

мановых пространств// Мат. заметки. - 1988. - 43, 2. - С. 256-262.
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J. Mikeš and S. M. Pokas, "Lie-groups of second order transformations in

associated Riemannian spaces,"Odessk. Univ. (1981); Deposited at VINITI,

30.10.81, No. 4988-81 (1981).

80. Микеш Й., Радулович Ж., Хаддад М. Геодезические и голоморфно-

проективные отображения m-псевдо и m-квази симметрических рима-

новых пространств// Изв. вузов. Мат. - 1996. - 3. - С. 30-35.
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