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Introduction

Physics of quantum information brings ideas from quantum physics, mathemat-

ics and computer science in order to do tasks impossible within laws of classical

physics: fast computation beyond the classical level, unconditionally secure dis-

tribution of cryptographic key, teleportation of states to briefly mention a few of

them.

Since the born of quantum information in the 80’s of the nineteenth century

the discipline evolved into a quite mature state. It has been proposed many

quantum protocols and many of them were successfully experimentally tested.

Quantum key distribution has been even transformed into commercially available

products.

Many quantum protocols are based on the coherent superposition of quantum

states or use as a resource entangled states. These resources are however subject

to environment that causes reduction or even loss of them. The problem of

keeping the quantum resources robust or less vulnerable to environment is of

huge importance in quantum communication and processing of information.

This PhD thesis contributes to the problem of loss of quantum entanglement

with two new protocols that are able in some particular cases recover lost entan-

glement, and further contributes to the problem of decoherence where uncovered

a role of distinguishability in the process of decoherence.
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Chapter 1

State of the Art

Quantum physics is still a subject of huge progress after almost 100 years from its

foundation. It is mainly caused by development of experimental techniques that

are able to manipulate with objects (single photons, atoms, molecules etc.) at

the level where the description of physical phenomena by laws of classical physics

fails. With such skills we can nowadays set up much more complex and precise

experiments to test our theoretical predictions at the fundamental and applied

level or even harness the laws of quantum physics in quantum cryptographical

systems that became recently commercially available.

Quantum physics lies on a few rather simple principles. One of them, the

superposition principle [1], postulates that whenever a quantum state can be

found in either one of two states |ψ1〉 or |ψ2〉, it can also be found in a state |ψ〉
given by their complex linear combination |ψ〉 = c1|ψ1〉 + c2|ψ2〉. We call such a

superposition of states a coherent one. The coherent superposition of quantum

states can be manifested in quantum interference behaviour, where the probability

of finding the system in a superposed state |ψ〉 is not generally given by a sum of

the corresponding probabilities of finding the system in state |ψ1〉 and |ψ2〉. The

quantum interference occurs if principal indistinguishability of possible physical

states, the quantum system can evolve to, is assured. The coherent superposition

of states is not generally allowed in classical physics.

Extending the superposition principle to at least two spatially separated

quantum objects may lead to another non-classical phenomena, quantum entan-

glement. It lies at center of interest of the contemporary quantum physics. En-

tanglement was first recognized by Schrödinger [2], Einstein, Podolsky and Rosen

[3] in 1930’s. It is a property of compound quantum systems that are in a very

special way correlated (entangled). Imagine two quantum systems labeled a, b

such that each of them may be found in orthogonal states |ψ〉 or |ψ⊥〉. According

3



CHAPTER 1. STATE OF THE ART

to superposition principle quantum state |Ψ−〉 = (1/
√

2)(|ψ〉a|ψ⊥〉b − |ψ⊥〉a|ψ〉b)
is also an allowed state, entangled state. Correlation in such states is very un-

usual and does not have a counterpart within classical physics. Moreover in 1964

John Bell proved that all states that could be explained by local hidden variable

theories must satisfy certain inequality - now called Bell inequality [4]. The exis-

tence of states violating the Bell inequality shows that certain correlations carried

by quantum systems cannot be explained by laws of classical physics. Version

of Bell inequality, called CHSH inequality, suitable for experimental testing was

introduced here [5]. Many experiments, testing the violation of Bell inequality

for such states, were performed which confirmed the violation of Bell inequality

as was predicted by quantum theory [6, 7, 8]. The first experiments were build

using quantum states of light and the experimental methods of quantum optics.

Figure 1.1: The emergence of quantum information theory.

The coherent superposition and entanglement were incorporated as a central

notion into a new interdisciplinary domain called quantum information theory

(see Fig. 1.1) brings together ideas from the fields of quantum mechanics, theory

of information and theory of computation. The two quantum properties play

crucial roles in quantum information transfer and processing.

In classical information theory an elementary amount of information carried

by a classical system is known as a bit - a two-state object. The system can be ei-

ther in one state or the other. The classical information processing can be always

explained by transformation of bits. Analogously an elementary processing unit

in quantum information is called a qubit (quantum bit) - a two-state quantum

system. The superposition principle says that a physical system can be found

also in complex superposition of basis states of the qubit. Coherent superposi-

tion is responsible for enormous amount of parallel processing threads ensuring

huge non-classical computational power of a potential quantum computer [9].

The unconditional security of quantum key distribution [10, 11] is based either

on complementarity or Bell inequality violation. Entanglement is also a resource

for quantum teleportation [12] and quantum dense coding [13] which have been
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M. Gavenda

demonstrated in pioneering experiments involving entangled quantum states of

light [14, 15, 16, 17]. Cryptographical systems based on quantum key distribution

are today even commercially available [18, 19]. Entanglement is also responsible

for efficiency of quantum computation algorithms [9] that are the building blocks

of potential quantum computer. Moreover entanglement can help in such tasks

as the reduction of classical communication complexity [20], quantum estima-

tion of damping constant [21], frequency standards improvement [22] and clock

synchronization [23].

However, many systems cannot preserve quantum properties for long time

due to decoherence or/and influence of noise [24, 25]. According to Żurek: “The

decoherence is caused by the interaction in which the environment in effect

monitors certain observables of the system, destroying coherence between the

pointer states corresponding to their eigenvalues”. Quantum superpositions are

not treated equally by decoherence. The interaction with the environment sin-

gles out the preferred set of states - pointer states, while the other loss their

coherence - decohere. Decoherence process leads to environment-induced super-

selection, einselection, which enforces classicality.

Traditional view of quantum decoherence is based on processes which contin-

uously in time lower the coherence between the states of quantum system. The

coherence vanishes after an infinite amount of time. We can distinguish two main

physical reasons behind such a continuous kind of decoherence. Fluctuations of

external macroscopic physical parameters of the system (quantum state) [26] can

give rise to decoherence. We call such a decoherence continuous dephasing. Due

to fluctuations of the parameters the non-diagonal terms (”phase” terms) of out-

going density matrices decay whereas the diagonal terms representing energy of

the system are preserved.

Continuous unitary coupling of the system to the environment is another

source of decoherence. The joint state consisting of system and environment

becomes entangled due to the coupling. Environmental states monitor the ob-

servables of the system leading to destruction of quantum coherence between

system states. Decohered states are einselected. That model of decoherence was

described in [27, 28] and it was experimentally tested in Ref. [29].

Since the first two mechanisms of decoherence have been already extensively

investigated, we have focused our attention to different kind of decoherence mech-

anism. It is based on mixing quantum particle with other quantum particle

representing noise. This model of decoherence shows opposed to the above two

mechanisms discrete character. We have considered the microscopic noise, rep-

5



CHAPTER 1. STATE OF THE ART

resented by a single photon emitted by environment and mixed up with signal

represented by another single photon (system). Further, no spontaneous emis-

sion from the system [30] or collision to the environment appear [31]. Therefore,

the only relevant source of decoherence is noise and its distinguishability from

the signal. The role of principal distinguishability between “signal” and “noise”

photon has been investigated. The coherence of the signal particle is lowered

not continuously but by steps proportional to number of noise particles involved.

We can recognize an elementary “unit of decoherence” (impact of decoherence)

which cannot be divided in time. From the above reasons the decoherence model

we describe can be considered as discrete one. The theoretical predictions and

experimental test of our model were published in [32].

The decoherence can cause failure of quantum information tasks. Therefore

we need to combat the decoherence in order to maintain the quantum superposi-

tion of states as a resource in quantum information processing. First method to

combat decoherence was introduced in [33]. States of the system were encoded to

special states that are immune to system-environment coupling. The procedure

was afterwards generalized and is know as a decoherence free subspace method.

The states of the system are encoded on subspaces (decoherence free subspaces)

of the entire Hilbert space in such a way that the quantum superposition is pre-

served [34].

Active protection of coherent superpositions are based on quantum control

theory and quantum error correction techniques. Doherty et. al. [35] proposed

a technique based on POVM measurement and Hamiltonian feedback. Viola

et. al. [36] use the technique of dynamical decoupling and control theory to bend

the evolution of quantum system. Buscemi et. al. [37] give limits on reversion

of quantum decoherence by classical feedback from the environment. The search

for protocols for reverting or at least slowing down the process of decoherence is

very important for future applications of quantum information processing.

Although scientific interest in entanglement lasts over 30 years the research

has focused predominantly on its static properties, its carriers (entangled states),

measures and applications. Only recently discovered phenomena called Sudden

Death of Entanglement (SDE) turned the attention to the question of dynami-

cal properties of entanglement, its time evolution in noisy environment. Yu and

Eberly showed [38] that the entanglement of a pair of non-interacting qubits in

the presence of spontaneous emission may decay not exponentially but in finite

time. Generally SDE leads to finite time disentanglement of previously entangled

quantum state. Due to SDE entanglement completely vanishes and no entangle-

6
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ment can be distilled back - entanglement breaking. Therefore the quantum states

leaving entanglement breaking channel cannot serve to its application purpose.

Dodd et al. [39] investigated connection between SDE and quantum decoherence.

They found that disentanglement occurs after a finite time unlike decoherence

which vanishes in a given basis asymptotically. After the discovery of SDE, it has

been examined in several distinctive model situations involving pairs of atomic,

photonic and spin qubits [40, 41, 42], continuous Gaussian states [43], multiple

qubits [44] and spin chains [45]. SDE was also experimentally verified by using

entangled photon pairs [46] and atomic ensembles [47]. There was also reported

opposite phenomena to the SDE - entanglement sudden birth [44] in particular

environments. It shows an oscillatory behaviour of entanglement.

From the current state of research we know that the SDE is a real funda-

mental problem in quantum physics. It is necessary to avoid or at least delay

it in order to provide robust resource for quantum information tasks. Known

entanglement enhancement protocols as distillation [48], purification [49] and

concentration [50] cannot be exploited for avoiding SDE. The prerequisite for

their successful operation is a presence of at least a bit of residual entanglement

in input states, but the output states suffering from SDE are no more entangled.

Quantum analog of classical error correction methods have been studied [51]

to provide protection against SDE. The method uses the appropriately designed

redundancy of the input systems. Unfortunately error correction is very com-

plicated in practice because noisy channels are dynamical systems with not very

well predictable behaviour. In [52] we have proposed probabilistic quantum fil-

tering method, quantum adaptation, which can properly adapt sequential con-

secutive quantum channels in order to avoid SDE. Being able to partially control

the channel we have to divide the whole quantum channel into smaller pieces

and apply quantum filters which properly matches the quantum channels one

to the other. Contrary to distillation procedures to successfully adapt a quan-

tum channel there is no need for residual entanglement leaving the channel. The

impossibility to avoid the SDE by protocols acting just on the system of inter-

est lead the researchers to think about active operations jointly on the system

of interest and environment. Although the complete inversion of joint system-

environment dynamics is practically impossible due to generally very complex

dynamical environment, some partial information from the environment can be

helpful [53].

In [54] the idea of unlocking of hidden entanglement was presented. There has

been estimated that in order to unlock the hidden entanglement from a separable
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mixed state of two subsystems an additional bit or bits of classical information

is needed. The classical information determines which entangled state is actually

present in the mixture. However no strategy was presented in order to extract

this information from the system of interest or the environment.

In [55] Yamamoto et al. used the concept of measurement feedback control

to avoid SDE in a quantum network consisted of two distantly separated cavities

connected via one-way optical field. The method uses a direct measurement on

one cavity followed by back control of both of them.

Other methods use dynamic manipulation such as mode modulation [56] or

the quantum Zeno effect [57].

In [58, 59] we have shown that entanglement lost in particular SDE channel

can be localized [60] back for the further application just by performing suitable

measurement on the surrounding system and the proper feed-forward quantum

correction. The measurement and feed-forward operation substitute, at least

partially, a full inversion of the coupling. That requires to keep very precise

interference with the surrounding systems.

Although above methods show ”way to go”, the issue of how to avoid SDE-

type decorrelation in a realistic physical system is incompletely resolved at this

time and requires further research. For review on SDE see [61].

8



Chapter 2

Goals of the thesis

During the course of my phd studies we found several open problems in quantum

information that were worth to study.

• I already mentioned that environment inevitably couples to our state of

interest and may lead to decrease of entanglement. It is well known that

quantum entanglement can be even lost in some quantum channels. Such

a behaviour, called sudden death of entanglement, generally give rise to

malfunction of quantum protocols. It is natural to ask how to avert the loss

of entanglement. We cannot combat the total loss of entanglement with the

usual techniques such as quantum distillation, purification or concentration

because the necessary prerequisite for such a protocols to be successful is

that the state posses at least a bit of quantum entanglement. Strategy

different from the usual one has to be implemented. One of the goals of

this thesis is to propose a protocol that would deal with the problem of

sudden death of entanglement. The protocol must inevitably works with

the intestines of quantum channel or with the environment it couples to.

Our goal is to find simple protocol that would achieve the task not for a

general quantum channel but rather to verify on simple examples that the

principles of the methods work. We will investigate two different approaches

with the relation to the above problem.

– The goal in this approach is to divide the entanglement breaking chan-

nel into a shorter pieces, which are no more entanglement breaking.

Between the adjacent quantum channels propose probabilistic quan-

tum filtering to properly adapt the channels so that the whole sequence

of channels is again entanglement preserving (see Fig. 2.1 and 2.2).

– If the previous approach (adaptation) is not enough or suitable for

combating the SDE, the goal is to propose new protocol that would

9
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Figure 2.1: Division of channel

Figure 2.2: Adaptation of channel

work actively with environment. In this case the quantum channel is

not described as a black box connecting input and output quantum

states but this time the structure of the environment is stressed (see

Fig. 2.3). Obviously we cannot usually control the whole environment

of the system of interest but since the part of environment predom-

inantly responsible for the dynamics of the state of interest is much

smaller we could deal with it. Therefore the relevant and accessible

part of the environment can be measured and afterwords a proper feed-

forward quantum correction may be applied to the outgoing state, we

call the protocol quantum localization. An experimental proposal that

would test the theoretical predictions of quantum localization is also

desirable.

Figure 2.3: Environment measurement and quantum correction

• The controlled behaviour of quantum systems in coherent superpositions is

nowadays a central issue in the quantum information business. In order to

have the systems under such control we must avoid the decoherence. The

decoherence process can have several reasons: It can arise from fluctuations

of the external macroscopic parameters, it can appear as the result of coher-

ent coupling between the system and the environment or it can be evoked

by mixing the system with some other system representing noise.

10
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– The previous approaches raise the question if there exist an elemen-

tary decoherence process lowering the coherence of the system by a

discrete amount. Such decoherence unit cannot be further divided

and its correction is possible by detection of environment only. The

aim is to investigate decoherence process based on mixing system and

noise particle which depends on principal distinguishability between

them only and observe its discrete nature (see Fig. 2.4). To focus on

the process under our interest, it is necessary that no fluctuations of

physical parameters, collisions of particles and no emissions from envi-

ronment or system appear. Even presence of such additional (partly)

distinguishable system can cause decoherence of the system of interest.

The goal is to propose a simple quantum interferometric model where

we could uncover such a type of decoherence, calculate theoretical pre-

dictions, propose an experimental setup and perform an experimental

verification with a collaboration of quantum optical laboratory.

Figure 2.4: Mixing signal and noise particle in an interferometer
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Chapter 3

Methods and Tools

3.1 Quantum states

3.1.1 Pure states

The concept of state of physical system is in quantum theory more stressed than in

classical theories. In classical deterministic theories the physical state is assigned

to individual systems whereas the probabilistic nature of quantum mechanics

force us to use the notion of (quantum) ensembles. In [1] state space and states are

postulated by following expression: “To any isolated physical system is associated

a complex vector space V with inner product (Hilbert space) also called state

space. The system is completely described by unit vector in the system’s space.”

Such defined quantum state is called pure and mathematically is expressed in

Dirac notation by a vector |ψ〉, called ket vector, in state space V . The inner

product of vectors |φ〉 and |ψ〉 is a function (|φ〉, |ψ〉) from V × V to C satisfying

the usual requirements from the theory of vector spaces [62]. Algebraic dual space

V d to the space V is a set of linear functionals from V to C with definition of

adding and multiplication via inner product:

(c〈v| + 〈w|)(|ψ〉) = c(v, ψ) + (w, ψ), (3.1)

Vectors from V d are called dual vectors and in Dirac notation are labeled by bra

vector 〈ψ|. The inner product of two vectors |φ〉, |ψ〉 in Dirac notation is labeled

by 〈φ|ψ〉 and its particular definition depends on the type of vector space we work

with.

Superposition postulate of quantum mechanics says that if a quantum system

can be found in a quantum state given by a vector |ψ1〉 or by a vector |ψ2〉 then

it can be also found in a complex coherent superposition of the two states |ψ〉

13
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given by

|ψ〉 = a|ψ1〉 + b|ψ2〉, (3.2)

where a, b are complex numbers.

The simple example of a quantum system is a system with two dimensional

state space, called qubit (quantum bit):

|ψ〉 = a|H〉 + b|V 〉, (3.3)

where |H〉 = [0, 1]T , |V 〉 = [1, 0]T are two-dimensional basis (column) vectors

representing e.g. the polarization state of a photon (horizontal and vertical) and

a, b being complex numbers satisfying normalization condition |a|2+ |b|2 = 1. We

can then represent any polarized state of a photon giving the proper a, b. The

inner product in space of qubits is given just by scalar product of two vectors

|φ〉 = c|H〉 + d|V 〉 = [c, d]T , |ψ〉 = a|H〉 + b|V 〉 = [a, b]T in C2:

〈φ|ψ〉 = (c∗〈H| + d∗〈V |)(a|H〉 + b|V 〉) = (3.4)

= c∗a〈H|H〉 + c∗b〈H|V 〉 + d∗a〈V |H〉 + d∗b〈V |V 〉 = c∗a+ d∗b

〈φ|ψ〉 = [c∗, d∗] · [a, b]T = c∗a+ d∗b, (3.5)

where the orthonormality of the basis vectors |H〉, |V 〉 was used (〈H|H〉 =

〈V |V 〉 = 1, 〈H|V 〉 = 〈V |H〉 = 0) and the dual vector (row vector) is cre-

ated by transposition and complex conjugation from the state space vector:

〈φ| = ((|φ〉)T )∗ = (([c, d]T )T )∗ = [c∗, d∗].

3.1.2 Mixed states

Pure state is just a mathematical fiction that cannot describe the physical reality

because it is experimentally impossible to prepare an ensemble of precisely the

same states. What we can just know is the probability pi that our system is in

a pure state |ψi〉. The whole ensemble of such states, the system could be in, is

called a mixed quantum state and mathematically may be expressed by a density

matrix

ρ =
∑

i

pi|ψi〉〈ψi|. (3.6)

It is a convex sum of pure states |ψi〉 the quantum system may be in with a

natural condition that
∑

i pi = 1. The transition from mixed states to more

mixed states is a result of decoherence.

E.g. the general mixed state of a qubit ρ can be represented by 2× 2 matrix

14



M. Gavenda 3.1. QUANTUM STATES

in Bloch’s form:

ρ =
11 + ~m · ~σ

2
, (3.7)

where ~m ∈ R3, ||~m|| ≤ 1 and ~σ is a vector of matrices ~σ = [σ1, σ2, σ3] and σj are

the Pauli matrices

σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0

0 −1

)
. (3.8)

The decoherence can be here visualize by the purity P = Tr[ρ2] of the mixed

state ρ. The purity is equal to one for pure qubits and 1/2 for completely mixed

qubits. When pure qubit is subject to decoherence process its purity is lowered

from the unit value for pure state to value 1/2 for completely mixed state.

3.1.3 Evolution of quantum states

The time evolution of a quantum state |ψ〉 resp. ρ of a closed quantum system

evolves unitarily between times t1 and t2 according to

|ψ(t2)〉 = U(t2, t1)|ψ(t1)〉 resp. ρ(t2) = U(t2, t1)ρ(t1)U(t2, t1)
† (3.9)

where U(t2, t1) is a unitary operator (U(t2, t1)U(t2, t1)
† = 11), called propagator

(evolution operator), satisfying a composition property U(t2, t0) = U(t2, t1)U(t1, t0).

From the evolution postulate we can derive the famous Schrödinger equation:

i~
d

dt
|ψ〉 = H|ψ〉, (3.10)

where ~ is Plank’s constant, H is Hamiltonian operator of the system. The

extension of evolution postulate involving density matrices is straightforward

iρ̇(t) = [H(t), ρ(t)]. (3.11)

3.1.4 Composite systems

To model decoherence process based on coupling with environment we need to

deal with compound quantum states made from composition of other quantum

states. The state space of a composite physical system H is a tensor product

H = HA ⊗HB of the state spaces HA, HB of its components A, B.

A joint physical system with density matrix ρ of two at most classically

correlated systems A and B described by their density matrices ρA and ρB is
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given by tensor product

ρ = ρA ⊗ ρB (3.12)

The structure of possible states of composite space HA⊗HB is much more richer

and involves also correlated states that cannot be written by the form of (3.12)

- entangled states. The system A may label e.g. the system of interest and the

system B environment.

E.g. the most general density matrix of two-qubits can be expressed in the

following form

ρAB =
1

4

(
11 ⊗ 11 +

3∑

j=1

11 ⊗mjσj +

3∑

j=1

σjnj ⊗ 11 +

3∑

i=1

3∑

j=1

tijσi ⊗ σj

)
, (3.13)

where (m1, m2, m3) ∈ R3, (n1, n2, n3) ∈ R3 and tij are elements of 3 × 3 real

matrix called correlation matrix.

3.1.5 Quantum measurement

The quantum measurement is a physical process described by set {Mj} of mea-

surement operators acting on states of the quantum system. If the system is in a

pure state |ψ〉 than the probability of getting the result j of the measurement is

pj = 〈ψ|M †
jMj |ψ〉, (3.14)

where
∑

j M
†
jMj = 11 and the state of the system after the measurement is

Mj |ψ〉√
pj

(3.15)

If the measurement operator is a projector (MiMj = Miδij) then such a measure-

ment is called projective measurement or von Neumann measurement. A more

general class of measurements is allowed in quantum mechanics. Noticing that

the operator M †M in the formula (3.14) is positive we can replace it by some

positive operator Ej with condition
∑

j Ej = 11. Then such a set of operators are

called POVM elements from “positive operator-valued measure” and measure-

ment is POVM measurement or generalized measurement. There exist a square

root of the operator
√
Ej = Bj for any positive operator Ej defined by Ej = B2

j .

We can then define measurement operators similar to the case of projectors above

by Mj =
√
Ej .

We can extend the description of the quantum measurement to mixed states
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by density matrix approach. Suppose we measure quantum state ρ by measure-

ment operators Mj then we get the result j with probability of success

pj = Tr[ρM †
jMj ] (3.16)

and the state ρ collapses to the state ρj

ρj =
MjρM

†
j

pj
(3.17)

Measurement on a subsystem HB of a composite system HA ⊗HB is repre-

sented by a tensor product of measurement operators MB
j on the subsystem B

and identity operator 11A on subsystem A

Mj = 11A ⊗MB
j . (3.18)

After the measurement we can trace out over the subsystem B (it can represent

e.g. environment) and get the state ρAj of a subsystem A conditioned on the result

j of a measurement on the subsystem B (environment).

ρAj = TrB[Mjρ
AB] = TrB[(11A ⊗MB

j )ρAB] (3.19)

3.2 Quantum channels

3.2.1 Physical motivation

Throughout the thesis we successfully use the concept of quantum channel. Quan-

tum channel is a physical map that takes as an input density matrix of a state of

interest and produces as an output generally different density matrix. It can be

represented in various mathematical forms. Which representation to use depends

on the particular problem we solve.

The physical picture behind the quantum channel is rather straightforward.

Imagine at input a quantum state of our interest represented by its density matrix

ρ. State ρ is always surrounded by some other system, called usually environment,

and assign it density matrix σ. Supposing that the two states are initially non-

correlated its compound state can be described by tensor product of the two states

ρ ⊗ σ. According to the evolution postulate of quantum mechanics a quantum

state of a closed system evolves unitarily via an unitary operation U . Therefore

applying that unitary transform to our compound system we get at the output
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following state U(ρ⊗ σ)U †. Since we are interested in the state of the system at

the output we shall perform tracing operation over the environmental state. We

may summarize the action of a quantum channel Φ by following expression called

an environmental model of quantum channel:

Φ(ρ) = Tr2
[
U(ρ⊗ σ)U †] , (3.20)

where I generalized the map with assumption of Tr [Φ(ρ)] ≤ 1, the probability of

success of the operation (quantum channel) may be less than or equal to one.

3.2.2 Representations of quantum channel

Environmental model

We have described the environmental model of a quantum channel in the previous

subsection and the model is represented by the formula (3.20).

Kraus form

From the mathematical point of view the quantum channel is a completely posi-

tive trace decreasing map and Kraus has shown that such a map is of the form:

Φ(ρ) =
∑

i

AiρA
†
i , (3.21)

where Ai are operation elements or Kraus operators, satisfying
∑

iA
†
iAi ≤ 11.

Moreover if no loss of particle appears the map Φ is a trace preserving with
∑

iA
†
iAi = 11 and the output of the channel is again a density matrix (the oper-

ation is deterministic)

ρ′ = Φ(ρ). (3.22)

We call the (3.21) form the Kraus representation or operator-sum representation.

Affine maps

We found useful a representation of qubit quantum channels by affine maps. If a

qubit is described in a Bloch’s form by density matrix ρ = 1
2
(11 + ~m · ~σ) then the

action of the quantum channel may be represented by an affine map

Φ(ρ) =
1

2
(11 + (T̂ ~m+ ~t) · ~σ), (3.23)
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where T̂ is a 3× 3 real matrix and ~t is 3D vector. The Bloch’s vector of the state

is changed from ~m to T̂ ~m + ~t.

Jamio lkowski isomorphism

Very useful in dealing with quantum channels is a relation between quantum

states and quantum channels. The quantum channel Φ can be represented as a

quantum state ρΦ in a larger space via so called Jamio lkowski isomorphism. It

uses an action of the map Φ on a part of the maximally entangled state |Ψ−〉:

ρΦ = (Φ ⊗ 11)(|Ψ−〉〈Ψ−|) (3.24)

3.2.3 Quantum filters

An example of a trace decreasing quantum map is a a quantum filter. It is

a probabilistic operator applied on a quantum state represented by a density

matrix ρ to produce another quantum state represented by a density matrix ρ′.

The performance of the quantum filter can be described by the transformation

ρ′ =
FρF †

Tr(FρF †)
(3.25)

where F is quantum operation (filter) that can be decomposed into F = UF0V ,

where U, V are single-qubit unitary operations and F0 = diag(1,
√
r) with 0 ≤

r ≤ 1. The term Tr(FρF †) gives the probability of success of the filter F .

Single-copy distillation procedure involving filtration operations was used by

Verstraete et. al. in [63, 64] to concentrate entanglement up to states with max-

imal possible violation of CHSH Bell inequality. They found that entanglement

of formation, concurrence, negativity, fidelity and the CHSH-violation of a mixed

state ρ are all maximized under the same stochastical local filtering operations

(SLOCC). These operations bring the state ρ into a state diagonal in the Bell

basis.

Multi-copy distillation protocols were found which can asymptotically bring

any two-qubit entangled state to the maximally entangled two-qubit state [65,

66, 67]. The usage of Bell diagonal states in multi-copy distillation protocols were

shown here [68].
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3.2.4 Examples of quantum channels

Unital channels

Important class of quantum channels consists of unital quantum channels or

doubly-stochastic channels. Quantum channel is unital if it maps an identity

operator to itself:

Φ(11) = 11. (3.26)

The unital quantum channel leaves the maximally mixed state intact.

Depolarizing channel

Suppose we have a qubit ρ which is with probability 1 − p totally depolarized

(replaced by a completely mixed state) and with probability p is left untouched.

Then the quantum channel, called depolarizing channel, is expressed by following

equation:

Φ(ρ) = pρ+
1 − p

2
11 (3.27)

The corresponding Kraus operators for the depolarizing channel are

A0 =

√
1 + 3p

4
11, Ai =

√
1 − p

4
σi, (3.28)

where i = 1, 2, 3 and σi being the Pauli matrices.

When one qubit from the maximally entangled state of two qubits |Ψ−〉
(singlet) passes the depolarizing channel, we get at the output Werner state

p|Ψ−〉〈Ψ−| +
(1 − p)

4
11 ⊗ 11. (3.29)

The Werner state has concurrence equal to (3p−1)/2 and the maximal Bell factor

is equal to 2p
√

2. The Werner state is entangled for p > 1/3 and it is violating

Bell inequalities for p > 1/
√

2

Amplitude damping channel

Quantum channel representing the dynamics of an atom spontaneously emitting

a photon is known as an amplitude damping channel with Kraus operators being

A0 =

(
1 0

0
√

1 − γ

)
, A1 =

(
0

√
γ

0 0

)
. (3.30)
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When one qubit from the singlet is send via the amplitude damping channel the

state at the output has the concurrence equal to
√

1 − γ and maximal Bell factor

equal to 2
√

2(1 − γ).

Phase damping channel

There is a quantum channel, phase damping channel, with exclusively quantum

properties. The phase damping channel maintains the diagonal elements of the

density matrix, therefore preserving the energy of quantum state but lowers the

off-diagonal (phase) terms. It may describe a photon propagating via an optical

fiber, where the phase of the photon is randomly perturbed by scattering. The

Kraus operators of the phase damping are

A0 =

(
1 0

0
√

1 − γ

)
, A1 =

(
0 0

0
√
γ

)
. (3.31)

When one qubit from then singlet is send via the amplitude damping channel

the state at the output has the concurrence equal to (1/2)(
√

2 − γ + 2
√

1 − γ −√
2 − γ − 2

√
1 − γ) and maximal Bell factor equal to 2

√
1 + (1 − γ)2

3.3 Quantum entanglement

Entanglement is the central notion we work with. Two chapters of the pre-

sented thesis deal with entanglement and entanglement recovery. The definition

of quantum entanglement is usually done via notion of quantum separability. A

composite quantum state ρ is separable if it can be expressed as a convex sum of

its corresponding subsystems ρ1, . . ., ρn:

ρ =
∑

i

piρ1 ⊗ . . .⊗ ρn (3.32)

A state which is not separable is called entangled. The definition of an entangled

state does not give us a straightforward direction to decide whether a particular

state is entangled or not. Entanglement criteria providing this decision for various

classes of quantum states were therefore introduced.
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3.3.1 Entanglement of bipartite states

The entanglement between just two parties A and B is the simplest scenario

we can study in this business. We are interested in correlations carrying by the

quantum state ρAB shared by the two parties A and B.

Entanglement criteria

Very important entanglement criterion for bipartite states, called positive partial

transpose (PPT), has been found by Asher Peres [69]. If ρAB is a separable state

then a partially transposed matrix ρTB

AB is also a density matrix (has non-negative

eigenvalues). In this thesis we deal mainly with bipartite states of two qubits

and in such a case the PPT criterion is also a necessary condition of separability.

In different words, system of two qubits is separable if and only if its partial

transpose is a positive operator [70].

Another approach to characterize entangled states is via entanglement wit-

nesses. The state ρAB is separable if it has a non-negative mean value Tr(WρAB) ≥
0 for all observables W that (1) have non-negative mean value and (2) have non-

negative mean on product states [70, 71].

LOCC and entanglement quantification

Since in this thesis we need to evaluate how much are our protocols successful,

we have to quantify the amount of entanglement possessed by quantum state

after our recovery stage. The initial idea for quantifying the entanglement is

connected to the quantum teleportation protocol and the distillation of entangle-

ment. In order to faithfully teleport a quantum state we need perfect (maximal)

entanglement between the teleporting parties. However if the parties share just

non-maximal entangled state the protocol would fail. The natural question is:

Could we enhance the amount of entanglement just by an operation consisting

from local operations performed by the two parties and classical communication

between them? Yes, it is possible using the distillation protocol.

Distillation is able to prepare by local operations and classical communication

(LOCC) a maximally entangled state from many copies of non-maximal entangled

state. By LOCC procedure itself, without discarding or filtering some states, we

could not increase the entanglement. So that rejecting some part of the ensemble

is necessary part of the distillation protocol. Fact is that we cannot distill any

entanglement from separable states, so that for distillation protocol to work at
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least a bit of residual entanglement is needed. The supremum of rates by which

we asymptotically approach the maximally entangled state Φ+ is called distillable

entanglement. It can be mathematically defined as follows

ED(ρ) = sup
{
r : lim

n→∞

(
inf
Λ

||Λ(ρ⊗n) − Φ+
2rn||1

)
= 0
}
, (3.33)

where Λ is a LOCC operation, n number of copies of ρ. Such a defined quan-

tification of entanglement is a protocol dependent. Distillable entanglement as a

measure of entanglement only give sense for the task of distillation of quantum

states. However to find the optimal distillation protocol is in general very com-

plex task. For different task we would need different measure of entanglement

suitable for that task.

Imagine we would like to reverse the process of distillation: create some state

ρ from copies of maximally entangled state. A measure which arises from that

task is called entanglement of cost.

EC(ρ) = inf
{
r : lim

n→∞

(
inf
Λ

||ρ⊗n − Λ(Φ+
2rn)||1

)
= 0
}
. (3.34)

Pure bipartite states fulfill following equality EC = ED but it does not hold gen-

erally for mixed states and multipartite states. In general there is an irreversibil-

ity between creation and distillation processes. As a consequence there exist so

called bound entangled states which cannot be distilled. However Masanes in

[72] showed that we can activate the bound entanglement so that it can be used

for some non-classical task. In our discussions we only focus to an elementary

unit of entanglement (ebit) represented by a two-qubit state, therefore the above

complications are not present.

3.3.2 Bell inequalities

The entangled states carries correlations that has no classical counterpart. Such

strong correlations were subject to discussion from the very beginning of the

quantum theory. Einstein, Podolsky and Rosen (EPR) claimed according to

their thought experiment [3] that quantum theory has to be incomplete because

it cannot predict with certainty all the measurement results on the EPR pair

(maximally entangled state). Bell showed in [4] that theories admitting criteria

of EPR, now called local realistic theories, possess in state ρ maximal correlations

given by inequality:

B = |Tr[Bρ]| ≤ 2, (3.35)
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where B = A1 ⊗ B1 + A1 ⊗ B2 + A2 ⊗ B1 − A2 ⊗ B2 is a correlation operator.

There are states in quantum theory that violate the Bell inequality (3.35). To

say whether particular state violates Bell inequality we have to find a correlation

operator (measurement) which is generally a nontrivial task.

For states consisting of two qubits the decision whether state ρ violates the

Bell inequality is hidden in a property of so called correlation matrix t of the

state ρ [73] emerging in expression (3.13). The elements of t are

tij = Tr(ρσi ⊗ σj). (3.36)

The maximal violation of Bell inequality Bmax (sometimes called maximal Bell

factor) is then given by

Bmax = maxB = 2
√
t211 + t222, (3.37)

where t11 and t22 are two largest eigenvalues of the matrix tT t. The Bmax may

be used as an entanglement measure for pure two-qubit states but not for mixed

states because it is not entanglement monotone.

Every state that violates Bell inequality is entangled but the opposite impli-

cation is not true. There exist states that are entangled but does not violate the

Bell inequality [74]. There has been shown [75] that Bmax gives a fundamental

limit on the prediction of measurement results in two complementary basis on

the two-qubit state. It also represents a device independent detection of entan-

glement used in cases when the entire Hilbert space of the system is not precisely

defined.

3.3.3 Entanglement measures

Another approach for quantifying entanglement uses axiomatically defined mea-

sures. Such measures can quantify entanglement independently on a given task.

Axioms of entanglement measure

There has to be given a list of possible postulates leading to plausible measures

of entanglement (labeled as E). Plenio et. al. in [76] gave following list of axioms:

• Monotonicity axiom: Entanglement cannot increase under local operations
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and classical communication.

E(Λ(ρ)) ≤ E(ρ) (3.38)

where Λ(ρ) =
∑

i(Ai ⊗ Bi)ρ(A†
i ⊗ B†

i ) is so called “separable operation”.

Every LOCC operation can be written as a separable operation but not vice

versa.

• Separability axiom: Entanglement vanishes on separable states.

E(ρ) = 0 if ρ is separable (3.39)

Additional properties can be required from the entanglement measures, they

are not necessarily needed for the consistency of the measure but in some context

they are natural and suitable.

• The normalization condition assures suitable behaviour of entanglement

measures. For the ensemble of n maximally entangled states (Φ+
2 )⊗n is

E((Φ+
2 )⊗n) = n (3.40)

• Convexity condition is often required:

E

(
∑

i

piρi

)
≤ piE(ρi) (3.41)

• Additivity axiom. A measure satisfying

E(ρ⊗n) = nE(ρ) (3.42)

is said to be additive.

• Some type of continuity condition may be required. The asymptotic conti-

nuity condition states the following:

||ρn − σn||1 → 0 ⇒ |E(ρn) − E(σn)|
log dn

→ 0 (3.43)

Examples of entanglement measures

I will briefly review most important measures of entanglement:
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• Relative entropy of entanglement :

inf
σ∈SEP

Trρ(log ρ− log σ) (3.44)

This measure is based on a distance of entangled state from the set of

separable states.

• Entanglement of formation and following measures are based on “convex

roof” approach. We first define an entanglement measure E(ψi) on ensemble

of pure states ψi only. Then we extend the measure to mixed states ρ =
∑

i pi|ψi〉〈ψi| by convex roof operation:

E(ρ) = inf
∑

i

piE(ψi), (3.45)

where the infimum is taken over all ensembles of {pi, ψi} satisfying ρ =
∑

i pi|ψi〉〈ψi|.

• Schmidt number is an extension of Schmidt rank from pure states to mixed

states via convex roof:

rS(ρ) = min(max
i

[rS(ψi)]) (3.46)

• Concurrence C for two qubits in pure state was introduced by Wooters [77]

C = 〈ψ|θ|ψ〉, (3.47)

where θ is anti-unitary transformation θψ = σy ⊗ σyψ
∗ It can be straight-

forwardly extended to the mixed states: define an auxiliary matrix ρ̃ by

ρ̃ = (σy ⊗ σy)ρ
∗(σy ⊗ σy). The concurrence C(ρ) of the qubit ρ is

C(ρ) = max{0, λ1 − λ2 − λ3 − λ4}, (3.48)

where the λis are the square roots of the eigenvalues, in decreasing order,

of the matrix R = ρρ̃.

• Negativity is a measure

N(ρ) =
||ρT2 ||1 − 1

2
, (3.49)

where ||A||1 = Tr
√
A†A is trace norm and ρT2 means partial transpose of ρ.
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• Measure called logarithmic negativity is more often used than negativity

LN(ρ) = log2 ||ρT2
||1 (3.50)

For other measures of entanglement follow the review [78].

The entanglement of formation can be expressed via concurrence with for-

mula:

E(ρ) = H

(
1 +

√
1 − C2(ρ)

2

)
, (3.51)

where H is entropy function H(p) = −p log p− (1 − p) log(1 − p).

In chapters 4 and 5 we have introduced protocols which are able to recover

in some cases a lost entanglement. To evaluate the quality of the solution we

have used the concurrence as a measure of entanglement. The concurrence for

two-qubit mixed states can be calculated by finding the eigenvalues of a specially

designed matrix (3.48). The concurrences of the corresponding states during

different stages of the localization protocol were calculated analytically. In quan-

tum adaptation protocol we had to search for optimal solution using numerical

methods, because we had to optimize the concurrence over all parameters of the

recovery operations (quantum filtrations).

According to [79] we know that all entangled two-qubit states are distillable.

Therefore we can use the distillable entanglement as a measure of entanglement

for two-qubit states.

3.3.4 Entanglement of multipartite states

Entanglement of multipartite states has much more richer structure and its quan-

tification is more complex task than in case of bipartite states. It involves differ-

ent kind of correlation between the parties involved. The notion of separability

is more branched compare to bipartite case. We can consider full multipartite

separability via formula (3.32). But we can imagine also separability between

group of parties with respect to some partition of the whole ensemble. Although

in reality we always deal with multipartite states, physical situations in this thesis

allow us to use models based on change of entanglement between two qubits.
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3.4 Decoherence and evolution of entanglement

3.4.1 Decoherence

Quantum superposition postulate says that any coherent superposition of quan-

tum states is also an allowed quantum state. Decoherence is a physical process

that can destroy such a coherent superposition between states of a quantum sys-

tem in a given preferred basis [24, 25].

We can distinguish three different types of physical mechanisms leading to

decoherence.

Macroscopic fluctuations

Some parameters of a density matrix of the system may be influenced by macro-

scopic fluctuations. Then the off-diagonal elements of density matrix may be

lowered and therefore cause the decoherence. There is no coupling with reservoir

present (no entanglement). The fluctuations are rather slow and we could in

principle undo its effect by sending a pulse probing the noise.

Generally we can express the dynamics of a density matrix ρ undergoing such

a macroscopic fluctuations in the parameter φ of the evolution operator U by

ρ′ =

∫
p(φ)U(φ)ρU †(φ)dφ, (3.52)

where we have performed an averaging over some probability distribution p and

ρ′ is an outgoing density matrix.

Imagine we have a polarization state of a photon which propagates via an

optical fiber. The polarization state of the photon may be influenced by an effect

called stochastic polarization mode dispersion (PMD). The fluctuation in bire-

fringence changes the photon polarization randomly. Due to PMD the elements

of the density matrix change along the propagation axis of the fiber. The off-

diagonal elements of the density matrix exponentially decay and in infinite length

(time) vanish.

Environment-induced selection

Decoherence process may be caused by coupling the system S with with some

other quantum system A (let’s call it apparatus), which creates an entangled state

of the system - apparatus pair. In this point this model substantially differs from
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the previous model of decoherence. When we trace out the apparatus degrees

of freedom then the density matrix of the system turns into off-diagonal form.

Such a view could on first sight solve the emergence of decoherence but it does

not. The problem is the basis ambiguity of the apparatus states. Having two

quantum systems only there is no reason for apparatus to monitor the system in

e.g. a basis {|A0〉, |A1〉}, it could as well monitor in a different basis {|A+〉, |A−〉}.

The question is: “What causes the preference of some states in the decoherence

process?” Żurek shows that consistent theory of decoherence has to involve ad-

ditional system called environment E, that interacts with the apparatus. The

states of the apparatus are continuously monitored by the environment states

and they effectively collapse to the preferred basis - pointer basis.

The simplest case of such a model of decoherence is given by a system con-

sisting of three qubits, labeled by A, S, E to distinguish its role in the pro-

cess. The process starts with a so called premeasurement where the system

|ψ〉 = a|S0〉 + b|S1〉 is entangled with the apparatus :

(a|S0〉 + b|S1〉)|A0〉 → a|S0〉|A0〉 + b|S1〉|A1〉 (3.53)

As we can see this state is basis ambiguous. Żurek solved this ambiguity by

introducing system E that couples to the apparatus A

(a|S0〉|A0〉 + b|S1〉|A1〉)|E0〉 → |φ〉 = a|S0〉|A0〉|E0〉 + b|S1〉|A1〉|E1〉 (3.54)

The environment consists usually from very large amount of systems. Explicit

physical models show that the states of the environment become orthogonal

asymptotically in time: 〈E0|E1〉 = 0. The damping occurs on very short time

scales so that in fact the decoherence is very rapid process even though the van-

ishing of off-diagonal terms appears asymptotically. We get the reduced state of

the apparatus - system pair by tracing out the environment:

ρAS = TrE |φ〉〈φ| = |a|2|S0〉〈S0|A0〉〈A0| + |b|2|S1〉〈S1|A1〉〈A1| (3.55)

The joint state of system and apparatus is no more entangled and the state of

the system

ρS = TrA[ρAS] = |a|2|S0〉〈S0| + |b|2|S1〉〈S1| (3.56)

lost its coherence - decohered. The states of the apparatus are called pointer

states.

Quantum erasing is a method for a full recovery of the coherence in the
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system. The method turns the environmental degrees of freedom to a state where

they lose the monitoring capacity on the system’s degrees of freedom. The states

of the system are forced to be again indistinguishable and coherence is recovered.

Quantum erasing is in general very hard task because it has to control the whole

complex environment.

Mixing distinguishable particles

The decoherence in both previous models behaved continuously in time. A dis-

crete character of decoherence may be caused by incoherently mixing a system

particle with some other particle, called “noise” particle. The particles are during

the whole process in principal distinguishable. When we verify the coherence of

the system particle our measurement apparatus is unable to distinguish between

them (technical indistinguishability). The coherence of the system particle is

lowered by a fixed amount coming from the presence of single “noise” particle

only. Contrary to the above mentioned cases of decoherence this model behaves

discretely. The decoherence changes in discrete steps proportional to the number

of “noise” particles involved. The detailed study of this kind of decoherence is

left to the chapter 6.

3.4.2 Evolution of entanglement

The decoherence process can affect not only superposition of quantum states

but also the entanglement shared among parties. The quantum superposition

generally decay asymptotically in time due to decoherence. We might therefore

take as granted that the entanglement decay also asymptotically. That would

mean that in every particular time the quantum state would posses a nonzero

amount of entanglement and we could exploit distillation protocols to increase it.

Entanglement breaking channels

However the above statement is not true. There exist so called entanglement

breaking channels that, no matter how strongly is the input state entangled al-

ways, produce non-entangled (separable) state. The entanglement breaking chan-

nel (EBC) Φ maps any quantum state to separable one. This is equivalent to the

statement that state (11 ⊗ Φ)|β〉〈β| is separable for |β〉 = (1/
√
d)
∑

j |j〉 ⊗ |j〉
a maximally entangled state in d-dimensions. The complete characterization of

EBC was given in [80]. Qubit entanglement breaking channels were investigated
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here [81].

Sudden death of entanglement

A weaker version of entanglement breaking property of quantum states were found

by Yu and Eberly in [38]. They showed that in the preferred basis the entangle-

ment of quantum state can in the presence of environment vanish in finite time.

They have called the effect a Sudden Death of Entanglement (SDE). The SDE is

in general dependent on input states and we may sometimes avoid its effect by

simply using different input states carrying the same amount of entanglement as

the initial states.

3.5 Numerical methods

The complexity of the adaptation of quantum channels presented in this thesis

demanded the usage of modern techniques of numerical analysis. We have used

novel global optimization methods to search for global maximum. They are based

on new genetic and migration algorithms giving better results than conventional

local search algorithms.

Global optimization is a procedure (algorithm) that searches for optimal

parameters which give extremal value of a function, called an objective function.

The objective function is a mapping f : X 7→ R, where the domain X can contain

any given type of elements. It is not necessary that the objective function is a

function with definite prescription, it can also be a result of numerical calculation

(algorithm).

The global optimization techniques are very complex in general. The objec-

tive function can have multiple local extrema and global extrema. The important

part of the global optimization algorithm is a decision where to search in next

step of the algorithm, so called heuristic. By proper heuristic we can minimize

the chance to get stuck in local minimum. The global optimization business

started its grow after first computers were available in the second half of the

twentieth century. Basically two classes of global optimization algorithms can be

distinguished: deterministic and probabilistic (stochastic) ones.

Deterministic algorithms can be simulated by a deterministic finite automa-

ton. It is a device that consists of an input alphabet, set of states, initial state, set

of final states and transition function which with the knowledge of current state

of the automaton and an input word from alphabet, produces the next state the
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automaton will be in. Deterministic algorithms are mostly based on “divide and

conquer” principle. Roughly, the “divide and conquer” methods exploits division

of the search space into smaller pieces where we look for an optimal solution, the

results are collected and then all the solutions over all pieces are compared and

the best among them is chosen.

Probabilistic (stochastic) global optimization can be simulated also by the

finite automaton but with probabilistic stochastic transition function. There has

to be a source of random events which is used for decision about the next state

of the automaton. The presence of random element in the procedure may cause

failure to find the optima in finite amount of computation, therefore instead of

heuristic a term metaheuristic is used. However the global stochastic algorithms

can usually more efficiently escape from the local optima and search in different

part of space than the deterministic algorithms.

Large class of probabilistic global optimization algorithms is based on evo-

lution principle taken from Nature. The evolution algorithm uses metaheuristic

inspired by biological mechanisms of inheritance, mutation, crossover, natural se-

lection and survival of the fittest. A genetic algorithm (GA) is one class of many

evolution algorithms we know today. It was developed by John Holland in 1970’s.

GA is best suited for problems when the objective function is discontinuous, non-

linear, stochastic, has unreliable or undefined derivatives. In the chapter 4 about

adaptation of quantum channels a search for global optima of concurrence over

filtrations operations has to be performed. There is used biological terminology

in GA business. The basic genetic algorithm is based on following steps written

symbolically in pseudo code:

{

Initialize population;

Evaluate population;

while Termination_Criteria_Not_Satisfied

{

Selection of parents for reproduction;

Perform crossover;

Perform mutation;

Accept new generation;

Evaluate population;

}
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}

Initially we have to choose proper representation of the state space of chromo-

somes and create random population of chromosomes. We have to evaluate the

fitness of each chromosome in the population. Then we enter the loop and repeat

following steps until we fulfill the termination criteria: Selection step chooses a

list of parents for reproduction. It ensures that parents with better fitness have

better chances to produce offspring. Crossover is used to create a child by com-

bining the features of two parents. Mutation creates child by modifying with

some probability the parent genes.

Later in time we have found another algorithm called “Self organizing mi-

gration algorithm” (SOMA) based also on evolution idea. SOMA is migration

algorithm (MA) motivated by social behaviour of some mammals (e.g. wolfs

searching for food). SOMA works on population of candidate solutions in loops,

called migration loops. The population is initialized randomly over the search

space. In each loop the fitness of the whole population is evaluated and a indi-

vidual with highest fitness becomes a leader. In one migration loop all individuals

will move in the direction of the leader. The path of the migration is randomly

chosen. The movement of an individual from position ~r0 to a new position ~r can

be given by a formula

~r = ~r0 + tm~P , (3.57)

where t ∈ [0, path length], m is a difference between the leader and start position

of a individual, ~P control vector for movement perturbation. The vector ~P causes

an individual to move toward the leading individual.

We have used the free implementation of GA to MATLAB environment called

Genetic Algorithm Optimization Toolbox available here [82]. The source codes

of SOMA (self-organizing migration algorithm) are available free for MATLAB,

Mathematica, C language and others here [83]. We have adopted the above

mentioned programs to suit our needs and created set of programs based on

them that searched for global maximum and also provided the necessary self-

check. We have found the utility very successful in searching. In some cases it

gave us also a generic answer to the problem.

3.6 Experimental methods and techniques

We have proposed proof of principle experiments in chapters 5 resp. 6 to test the

theoretical predictions.
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The experiment described in chapter 5 was performed in the group of Prof De

Martini at the Dept of Physics, University of Rome, Italy by the experimentalists

Fabio Sciarrino, Eleonora Nagali and Francesco de Martini. The other experiment

described in chapter 6 was performed at Palacky University in Olomouc, the

Czech Republic by experimentalist Lucie Čelechovská, Jan Soubusta and Miloslav

Dušek.

The details of the particular experiments are provided in the corresponding

chapters.
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Chapter 4

Adaptation of Quantum Channels

In this chapter, a probabilistic quantum filtering is proposed to properly adapt

sequential independent quantum channels in order to stop sudden death of en-

tanglement. In the adaptation, the quantum filtering does not distill or purify

more entanglement, it rather properly prepares entangled state to the subse-

quent quantum channel. For example, the quantum adaptation probabilistically

eliminates the sudden death of entanglement of two-qubit entangled state with

isotropic noise injected into separate amplitude damping channels. The result

has a potential application in quantum key distribution through noisy channels.

4.1 Introduction

Recently, it has been recognized that the entanglement can be totally lost if a

noisy entangled state is inserted into a channel which is entanglement preserv-

ing for all the channel parameters (such as the amplitude and phase damping

channel) [38, 84, 85, 46]. Such the behavior is called the sudden death of entan-

glement (SDE). It is interesting how to stop the SDE, deterministically or even

probabilistically, at a cost of success rate of the transmission of entanglement.

The SDE has been reported as a property of a given non-maximally entangled

state passing through the quantum channel representing a finite-time continuous

interaction with a reservoir. A state preparation of the non-maximally entangled

state is considered to be independent from the subsequent noisy channel. Let us to

describe this situation in more abstract way. Such the non-maximally entangled

state can be generally understand as an output from some previous independent

channel applied on this maximally entangled state. Thus we have a composite

of two independent channels. The reservoirs corresponding to these two channels

are therefore considered to be independent. It very well corresponds to a broad
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class of realistic physical situations in which the reservoirs of two channels are not

interacting. Optimizing over input represented by maximally entangled states it

can be recognized whether the composite channel, exhibiting SDE, is actually

entanglement breaking channel [81]. For the entanglement breaking channel,

no entanglement propagates through the channel. Also no entanglement can

be distilled after the channel. Below, the SDE will be understand rather as a

property of a composition of channels with independent reservoirs. It is not

always possible to split a given quantum channel into independent sub-channels.

Then the reservoirs corresponding to sub-channels are not independent and their

exact dynamics and coupling have to be studied in a detail. We will focus just

on the case of independent channels.

We study two-qubit entanglement undergoing local unitary quantum dynam-

ics. This means that each qubit interacts just with its own reservoir resulting in

channels for which the Kraus decomposition is valid [86]. We concern only about

the cases when the SDE in the composite channel breaks entanglement completely.

To stop the SDE, single-copy distillation [63, 87, 88, 89] can be sometimes simply

placed between the channels. Then distillation increases entanglement before the

subsequent channel and any construction of the distillation is only optimized with

a respect to the state after the previous channel.

We propose an adaptation of quantum channels to prevent the SDE. The

probabilistic adaptation differs from the single-copy entanglement distillation and

purification [63, 87, 88, 89]. In the adaptation, even in the case that the entan-

glement could not be increased by single-copy distillation after first channel, still

the entangled state can be better prepared to the subsequent channel to preserve

entanglement. Basically, the proper adaptation depends on the subsequent noisy

channel. As will be demonstrated, it can help to stop the SDE when the single-

copy distillation is inefficient. It is rather complex problem to find generally

optimal adaptation between the channels. Therefore we rather discuss realistic

examples of the SDE to demonstrate a potential power of the adaptation. First,

we concentrate on a simple example of two subsequent single-qubit non-unital

channels with an anisotropic noise. We show by optimal unitary adaptation of

such the channels, the SDE is completely canceled for all the channel parameters.

Second, probabilistic adaptation between the channel with an isotropic noise and

the subsequent amplitude damping channel is analyzed. In this case, the SDE

cannot be stopped by the unitary adaptation. But if the probabilistic adaptation

is applied then the SDE vanishes completely. It demonstrates, that the SDE

can be partially or even fully caused by the improper adaptation of the noisy

channels. To find whether the SDE is really presented, it is necessary to discuss
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the optimal adaptation and then analyze if the entanglement passing through the

adapted channels will be broken or not. Such the results have a direct applica-

tion in quantum key distribution through composite realistic channels and in a

multi-qubit version, also in the cluster-state preparation for quantum computing.

4.2 Quantum Adaptation of Independent chan-

nels

From our point of view, the SDE is an entanglement breaking property of a

composition of independent quantum channels if at least single one is not entan-

glement breaking at all. We assume any particle from entangled state evolves

locally unitarily and reacts just with its own reservoir. Reservoirs are mutually

independent. For such a case we may describe the evolution of the entangled state

by using independent quantum channels in the form of Kraus decomposition [90]

χ(ρ) =
N∑

i=1

AiρA
†
i , (4.1)

where
∑

k A
†
kAk = 11. An important class of the channels are unital channels (for

example, depolarization channel or phase damping channel), which preserves the

isotropic noise. Such the channels transform maximal entangled state only to a

mixture of maximally entangled states. The channel is entanglement breaking

if no entanglement remains although any maximally entangled state |Ψ〉AB is

passing through the channel [81]. Mathematically, for single-qubit channel it

corresponds to a condition based on positive partial transposition criterion [73,

69], explicitly [χB(ρAB)]TA ≥ 0, where ρAB = |Ψ〉AB〈Ψ|. After such the channel

no entanglement can be distilled even by multi-copy distillation [65, 67, 79].

The basic asymmetrical and symmetrical configurations of the propagation

of two-qubit maximally entangled state through independent noisy channels are

depicted on Fig. 4.1. In the first case, a single qubit from maximally entan-

gled two-qubit state ρAB = |Ψ〉AB〈Ψ| is propagating through two independent

channels χB1 and χB2 having mutually independent reservoirs. In the second

case, both the qubits are symmetrically propagating through independent (but

simply identical) consecutive channels χA1, χA2 and χB1, χB2 all having mutually

independent reservoirs. The maximally entangled state ρAB passing through the
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asymmetrical composition of two channels χB2 ◦ χB1(ρAB) can be described as

χB2 ◦ χB1(ρAB) =
N1∑

i=1

N2∑

j=1

B2jB1iρABB
†
1iB

†
2j (4.2)

and the composite channel is entanglement breaking if

[χB2 ◦ χB1(ρAB)]TA ≥ 0. (4.3)

For the symmetrical configuration, the maximally entangled state going through

the symmetrical both-side channels is transformed to

χA2 ◦ χA1 ◦ χB2 ◦ χB1(ρAB) =

N1∑

i,k=1

N2∑

j,l=1

B2iB1jA2kA1lρABA
†
1lA

†
2kB

†
1jB

†
2i (4.4)

and the composite channel is entanglement breaking if

[χA2 ◦ χA1χB2 ◦ χB1(ρAB)]TA ≥ 0. (4.5)

For the asymmetrical situation, the entanglement breaking property does not

depend on a kind of maximally entangled state [81], but for the symmetrical con-

figuration it is not generally true [85]. The channel is sequentially entanglement

preserving if

[χBi(ρAB)]TA < 0, [χAi(ρAB)]TA < 0 (4.6)

and only such the channels will be taken into consideration. If the channel is

not sequentially entanglement preserving then the entanglement cannot be suc-

cessfully transmitted with a help of any adaptation method. Also the composite

channels preserving entanglement will be simply omitted in the following discus-

sion. It is obvious that two consecutive channels can break entanglement although

they do not break it separately. But this is not non-trivial effect of the SDE. A

non-trivial feature of the SDE [38, 84, 85, 46] is that each channel is entanglement

preserving separately but the whole concatenation (whole channel) is entangle-

ment breaking. Physically, we have different independent channels preserving

entanglement for any value of finite channel parameters. But their combination

exhibiting the SDE can give entanglement breaking channel for some values of

channels parameters. Since it is impossible to improve the composite channel just

by the operations before and after the channel, it is non-trivial case of the SDE.

To stop the SDE in the composite channel, a single-copy quantum filter

can be generally placed between the individual channels. The quantum filter on
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Figure 4.1: The channel adaptation for the maximally entangled state passing
through asymmetrical (A) and symmetrical (B) pairs of the independent chan-
nels with local unitary dynamics, dashed lines part the protocol virtually to the
preparation stage (mixed state from maximally entangled state) (left) and to the
other stages (right): ρAB – maximally entangled state, χAi,Bi – quantum channels,
FA,B – quantum filters.

single-qubit state can be described by the transformation

ρ′ =
FρF †

Tr(FρF †)
, (4.7)

where F †F ≤ 11. Generally, the quantum filtering can be decomposed as F =

UF0V , where U, V are single-qubit unitary operations and F0 = diag(1,
√
r),

0 ≤ r ≤ 1. If r = 1 the filtering is reduced just to unitary operation. It was theo-

retically described that such the local filtration applied after the noisy channel can

increase entanglement [63, 87, 88]. Recently, the local filtering has been experi-

mentally demonstrated for entangled pair of photons generated from spontaneous

parametric down-conversion [89]. The result of the optimal local filtration always

approaches the mixture of Bell diagonal states, from which more entanglement

cannot be further distilled by any single-copy local filters. It automatically ex-

cludes a chance to stop the SDE for a composition of the unital channels. On the

other hand, for the non-unital channels the single copy filtration could be able to

increase entanglement or perform proper adaptation of the channels.

With the filters between the channels, after the asymmetrical channels in the
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configuration (A) the maximally entangled state is

χB2 ◦ FB ◦ χB1(ρAB) =
1

S

N1∑

i=1

N2∑

j=1

B2jFBB1iρABB
†
1iF

†
BB

†
2j , (4.8)

where the success rate is S =
∑N1

i=1 Tr(FB1iρABB
†
1iF

†). On the other hand, the

composition symmetrical channels (B) with the inter-mediate filtration produces

χA2 ◦ FA ◦ χA1 ◦ χB2 ◦ FB ◦ χB1(ρAB) =

1

S

N1∑

i,k=1

N2∑

j,l=1

B2iFBB1jA2kFAA1lρABA
†
1lF

†
AA

†
2kB

†
1jF

†
BB

†
2i,

(4.9)

where the success rate is

S =

N2∑

j,l=1

Tr(FAA1lFBB1jρABB
†
1jF

†
BA

†
1lF

†
A). (4.10)

The task considered here is, by the application of quantum filters, transmit the

entanglement through the composite channel which is entanglement breaking.

It means to find if the composite channel, satisfying (4.3,4.6) or (4.5,4.6), will

preserve entanglement, i.e. will fulfill the conditions

[χB2 ◦ FB ◦ χB1(ρAB)]TA < 0 (4.11)

or

[χA2 ◦ FA ◦ χA1 ◦ χB2 ◦ FB ◦ χB1(ρAB)]TA < 0 (4.12)

at a cost of success rate of the filtration. It is impossible to solve such the

complex task analytically for all the compositions of any channels, even for some

specific channels it is sophisticated. Therefore, rather then general answer we will

analyze some physically interesting examples (for example, previously published

in Ref. [85]) to demonstrate that adaptation by single-copy filtration or even just

unitary operation can be powerful tool to stop the SDE.

4.3 Asymmetrical example

The simplest example of the adaptation for the asymmetrical configuration (A) is

following. In the asymmetrical configuration, the channel χB1 (χB2) transmits any

qubit state either perfectly with a probability p1 (p2) or, with probability 1 − p1
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(1− p2), the qubit is completely lost and another qubit in the pure state |0〉 (|1〉)
occurs in the channel. Here, for simplicity, we use just two orthogonal states but

similar analysis can be done for two general mixed states. It is easily to check

that both the channels are entanglement preserving for p1, p2 > 0. If such the

channels are combined, the maximally entangled state |Ψ−〉 = (|01〉 − |10〉)/
√

2

is transformed to the mixture

ρ = p1p2|Ψ−〉〈Ψ−| +
p2(1 − p1)

2
11 ⊗ |0〉〈0| +

1 − p2
2

11 ⊗ |1〉〈1|, (4.13)

which is entangled (using partial transposition criterion [73, 69]) if and only if

p1, p2 6= 0 satisfy

p2 >
1 − p1

1 − p1 + p21
. (4.14)

Then outgoing two-qubit state has the concurrence [77]

C(ρ) = p1p2 −
√

(1 − p1)(1 − p2)p2. (4.15)

Otherwise the composite of these two channels is entanglement breaking. This is

the SDE apparently accompanied by the entanglement breaking. But fortunately,

if the unitary transformation making |0〉 ↔ |1〉 is simply applied between the

channels, then the density matrix changes to

ρ′ = p1p2|Φ−〉〈Φ−| +
1 − p1p2

2
11 ⊗ |1〉〈1|, (4.16)

where |Φ−〉 = (|00〉 − |11〉)/
√

2, which is always entangled for any p1, p2 6= 0. All

the entanglement breaking channels vanish just simply by the unitary operation.

If two general states are considered instead of |0〉 and |1〉, the unitary transfor-

mation depends on both the channels. The same result can be obtained for any

maximally entangled state entering into the channels. The amount of entangle-

ment is simply given by the concurrence C ′(ρ) = p1p2. As a result, practically,

the composite channel is not entanglement breaking channel at all (for p1p2 > 0).

The entanglement can be further enhanced using local filtering after the com-

posite channel to approach maximal concurrence C ′′(ρ) =
√
p1p2. The optimal

filtering is |11〉 → √
p1p2|11〉 and |01〉 → ǫ|01〉, where ǫ → 0. It is evidently a

simple witness that even unitary adaptation between the different channels can

stop the SDE.
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Figure 4.2: The quantum adaptation for the maximally entangled state passing
through symmetrical pairs of consecutive depolarizing and amplitude damping
channels. Numerical optimization has been performed in a net of the points.
SDE happens for input |Φ−〉 in the union of crosses and dots and for input
|Ψ−〉 just in the area of crosses. The entanglement breaking happens just in
the area of crosses due to possible unitary conversion between input states. The
entanglement breaking in the area of crosses can be undone by our quantum
adaptation procedure. In the area where p < 1/3, the entanglement is broken
already in the depolarizing channel, on the other hand, the white area on the
right is not interesting since the entanglement is preserving.
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Figure 4.3: The plot of optimal parameter r of a diagonal filter depending on
the parameters γ and p of the channels (top figure) and the plot of concurrence
depending on the parameters γ and p of the channels (bottom figure). Both
plots are results of the quantum adaptation for the sequence of depolarizing and
amplitude damping channel. We used diagonal filters FA, FB = diag(1,

√
r) for

the adaptation.
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4.4 Symmetrical example

In the following example, we show that the SDE can depend on the input maxi-

mally entangled state in the symmetrical configuration and the adaptation by the

unitary operation is then insufficient to reduce the break of entanglement. But

using quantum filters, the break of entanglement can be completely eliminated.

Remind, if the filter is placed between the channels to improve the transmission,

it can just increase the entanglement from the first channel at the maximum

and then it can be send through the second channel. But such the cases cannot

be understand as the adaptation, it is exactly the known single-copy distillation

[63, 87, 88]. The adaptation means that the filter depends also on the parameters

of the subsequent channel. Since the filtering cannot increase the entanglement

of the mixture of the Bell states, the states with isotropic noise [74]

ρ′1 = p|Ψ−〉〈Ψ−| +
1 − p

4
11 ⊗ 11,

ρ′2 = p|Φ−〉〈Φ−| +
1 − p

4
11 ⊗ 11, (4.17)

where |Φ−〉 = (|00〉−|11〉)/
√

2, after the first channels are good candidates to see

an effect of the adaptation. For both the states, the entanglement is preserved

if p > 1/3. The states (4.17) can outcome from the depolarizing channel acting

on single (or both) of the qubits. The depolarizing channel on single qubit is

represented by the set of the Kraus operators

D3 =

√
1 + 3p

4
11, Di =

√
1 − p

4
σi (4.18)

where i = 1, 2, 3 and σi are the Pauli matrices

σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0

0 −1

)
. (4.19)

The depolarization is common physical decoherence process, it can arise from the

random isotropic unitary changes of the state in the channel.

Such the states (4.17) are then locally processed by the filters FA, FB and

then entry into the identical amplitude damping channels acting symmetrically on

both the qubits. The amplitude damping channel is non-unital channel described

by the Kraus matrices

A1 =

(
1 0

0
√

1 − γ

)
, A2 =

(
0

√
γ

0 0

)
. (4.20)
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It often arises from a resonant interaction of qubit system with zero-temperature

reservoir characterized by a Hamiltonian HA =
∑

k gkσ−a
†
k +g∗kσ+ak, where σ± =

1
2
(σ1±iσ2) are operators of the two-level system, ak, a

†
k are the reservoir operators,

gk is coupling constant and the averaging is over the modes of reservoir, for review

[91]. Physically, the source of decoherence is then just the spontaneous emission of

the two-level system. This non-unital amplitude damping channel will not break

the entanglement for any γ ∈ (0, 1), corresponding to finite time dynamics. This

channel has been used in Ref. [85], where non-trivial SDE has been recognized.

For the symmetrical configuration, the SDE depends on the input maximally

entangled state. In the Fig. 4.2 for channel parameters in the union of crosses and

dots the SDE occurs for the input state |Φ−〉 whereas for the input state |Ψ−〉
SDE appears just in the area of crosses. The unitary adaptation is able to make

conversion between these cases without any reduction of the break of entangle-

ment. But the same effect can be obtained if the input maximally entangled state

is changed. Therefore, in the region of dots the SDE is not accompanied by the

break of entanglement. Thus unitary adaptation cannot help to stop the break

of entanglement at all, contrary to the previous example.

Interestingly, quantum filtering can help to adapt the channels each to other.

Even for this specific example, it is complex to find the optimal filter analytically.

From this reason, the numerical genetic and SOMA algorithms for function op-

timization have been used [82, 83]. The optimization has been performed in a

net of the points and at the end, the optimized filters have been used to check

their ability to stop the SDE. There has been included, beside quantum filters,

also unitary operations into the optimization routine. The results of numerical

calculations are depicted in Fig. 4.2. In all the numerically analyzed cases, the

SDE is corrected (denoted by crosses). From the numerical optimization, it is also

possible to find that a quantum filtering is sufficient even taking both the filters

in the basis of the amplitude damping and identical thus FA, FB = diag(1,
√
r)

can be simply used. From the partial transposition criterion [73, 69], it is possible

to derive a sufficient condition

0 <
√
r <

2
√
p(1 + p) − (1 + p)

γ(1 − p)
(4.21)

for the quantum filters to stop the break of entanglement. The success rate of

the filtration is then S = p(1 − √
r)2 + (1 +

√
r)2. To find optimal filter and

the concurrence after the adaptation, the numerical optimization still has to be

performed. The results are depicted on Fig. 4.3, where the optimal parameter r

of the filter and maximal value of the concurrence are plotted as functions of the
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channel parameters γ and p. Evidently, in all the cases, the filtering completely

eliminates the SDE caused by the symmetrical amplitude-damping channels.

4.5 Conclusion

We have proposed and investigated an adaptation protocol for quantum channels

that can adapt concatenation of two quantum channels that is as a whole entan-

glement breaking. Each of the channels is entanglement preserving but together

they are entanglement breaking so that we cannot use distillation protocols acting

just before or behind the whole channel. We can also imagine that a preparation

of a mixed entangled state entering the second channel is a result of sending a

maximally entangled state to the first channel. The two-channel model thus de-

scribes a very broad class of entanglement breaking situations. The protocol in

general exploits quantum filtrations operating between the channels. The adap-

tation protocol is thus dependent on parameters of both the preceding and the

following channel and substantially differs from the distillation protocol.

Two different scenarios were investigated an asymmetrical and symmetrical

one. For the asymmetrical configuration we used a quantum channel that with

some probability lets the input state intact and with the rest probability confuses

the input state with different state. We have shown that a concatenation of two

channels of the above kind and being entanglement breaking, may be turned back

to entanglement preserving just by using unitary transform between the channels.

In the symmetrical configuration we showed that a concatenation of pairs of

depolarizing and amplitude damping channels has for some channel parameters

the entanglement breaking property. The entanglement breaking can be fully

undone in this example by proper quantum filtrations applied between the pairs

of subsequent channels.

The results of our investigation were published here:

• M. Gavenda and R. Filip, Quantum adaptation of noisy channels, Phys.

Rev. A 78, 052322 (2008).
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Chapter 5

Entanglement localization

We discuss, in this chapter, both theoretically and experimentally elementary two-

photon polarization entanglement localization after break of entanglement caused

by linear coupling of environmental photon with one of the system photons. The

localization of entanglement is based on simple polarization measurement of the

surrounding photon after the coupling. We demonstrate that non-zero entan-

glement can be localized back irrespectively to the distinguishability of coupled

photons. Further, it can be increased by local single-copy polarization filters up

to an amount violating Bell inequalities. The present technique allows to restore

entanglement in that cases, when the entanglement distillation does not produce

any entanglement out of the coupling.

Figure 5.1:

5.1 Introduction

Quantum entanglement, the fundamental resource in quantum information sci-

ence, is extremely sensitive to coupling to surrounding systems. By this coupling

the entanglement is reduced or even completely vanishes. In the case of partial

entanglement reduction, quantum purification and distillation protocols can be

adopted [66, 67, 92, 49, 93]. In quantum distillation protocols, entanglement can

be increased without any operation on the surrounding systems. Using a collec-
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tive procedure, the distillation probabilistically transforms many copies of less

entangled states to a single more entangled state, using a collective procedure

just at the output of the coupling [48]. Fundamentally, the distillation requires

at least a bit of residual entanglement passing through the coupling.

When the coupling with the environment completely destroys the entangle-

ment, both purification and distillation protocols can not be exploited. Hence

another branch of methods like unlocking of hidden entanglement [54] or entan-

glement localization [94, 95, 96, 60, 97] must be used. In reference [54] there has

been estimated that in order to unlock the hidden entanglement from a separable

mixed state of two subsystems an additional bit or bits of classical information

is needed to determine which entangled state is actually present in the mixture.

However no strategy was presented in order to extract this information from the

system of interest or the environment. Latter, to retrieve the entanglement, the

localization protocols [94, 95, 96, 60, 97] have been introduced working on the

principle of getting some nonzero amount of bipartite entanglement from some

multipartite entanglement. That means performing some kind of operation on the

multipartite system (or on its part) may induce bipartite entanglement between

subsystems of interest.

We can say that the entanglement breaks because it is so inconveniently

redistributed among system of interest and environment that it is transformed

into generally complex multipartite entanglement. Entanglement can be localized

back for the further application just by performing suitable measurement on the

surrounding system and the proper feed-forward quantum correction see Fig. 5.1.

The measurement and feed-forward operation substitute, at least partially, a full

inversion of the coupling which requires to keep very precise interference with

the surrounding systems. For many-particle systems, the maximal value of the

localizable entanglement depends on the coupling and also on initial states of

surrounding systems.

To understand the mechanism of the entanglement localization, we sim-

plify the complex many particle coupling process to a set of sequential couplings

with a single particle representing an elementary surrounding system E [24]: see

FIG. 5.2. Then, our focus is just on the three-qubit entanglement produced by

this elementary coupling of one qubit from maximally entangled state of two

qubits A and B to a third surrounding qubit E. Before the coupling to the qubit

B, we have typically no control on the quantum state of qubit E, hence consid-

ered to be unknown. Further, the qubit E is typically not interfering or weakly

interfering with the qubit B.
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Figure 5.2:

5.2 Theory

Let us assume that we generate a maximally entangled polarization state |Ψ−〉AB =

(|HV 〉 − |V H〉)/
√

2 of two photons A and B. The form of the maximally entan-

gled state is not relevant, as the same results can be obtained for any maximally

entangled state. The first photon is kept by Alice and second is coupled to the

surrounding photon E in an unknown state, ρE = 11/2 (completely unpolarized

state), by a simple linear polarization insensitive coupling (a beam splitter with

transmissivity T ). After the coupling, three possible situations can be observed:

both photons B and E go simultaneously to either mode k′B or mode k′E , or

only a single photon is separately presented in both output modes k′B or k′E (see

FIG. 5.2). We will focus only on the last case, that is a single photon output from

the coupling. In this case, it is in principle not possible to distinguish whether the

output photon is the one from the entangled pair (B) or the unpolarized photon

E. We investigate in detail, the impact of the coherence of the surrounding sys-

tem on the localization procedure. Note that the system E can be also produced

by the entanglement source and then coupled to the entangled state through a

subsequent propagation. Therefore, it is not fundamentally important whether

E is produced by truly independent source or not.

5.2.1 Coherent coupling

To understand the role of partial coherence in the entanglement localization, let

us first assume that both photons B and E are perfectly coherent (in princi-

ple indistinguishable). Then, if both the photons leave the linear polarization-

insensitive coupling separately, the coupling transformation can be written for
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any polarization state |Ψ〉B as:

|Ψ〉B|Ψ〉E → (T −R)|Ψ〉B|Ψ〉E,
|Ψ〉B|Ψ⊥〉E → T |Ψ〉B|Ψ⊥〉E −R|Ψ⊥〉B|Ψ〉E. (5.1)

Both the singlet state |Ψ−〉AB as well as ρE can be written in the general basis |Ψ〉
and |Ψ⊥〉, namely: |Ψ−〉AB = (|ΨΨ⊥〉AB − |Ψ⊥Ψ〉AB)/

√
2 and ρE = (|Ψ〉E〈Ψ| +

|Ψ⊥〉E〈Ψ⊥|)/2. Therefore, it is simple to find that the output state σI
coh (tracing

over photon E) is exactly a mixture of the entangled state with the unpolarized

noise (Werner state) [74]:

σI
coh =

4Fcoh − 1

3
|Ψ−〉〈Ψ−| +

(1 − Fcoh)

3
11 ⊗ 11, (5.2)

where the fidelity Fcoh, that is the overlap with the singlet state |Ψ−〉AB, takes

values 0 ≤ Fcoh ≤ 1 and reads:

Fcoh =
(1 − 3T )2

4 (1 − 3T (1 − T ))
. (5.3)

The state is entangled only if 1/2 < F ≤ 1 and the concurrence [77] reads

Ccoh = 2Fcoh− 1. If Fcoh < 1/2 the entanglement is completely lost and the state

(5.2) is separable. The explicit formula for concurrence is

CI
coh = max

(
0,

3T 2 − 1

2 (1 − 3T (1 − T ))

)
. (5.4)

The probability of such situation is P I
coh = (T 2 + (T −R)2 +R2) /2 and the con-

dition for entanglement breaking channel is T < 1/
√

3. In order to achieve a

maximal violation of Bell inequalities [73], we have to refer to the quantity BI
coh

given by the expression

BI
coh =

2
√

2T |1 − 2T |
1 − 3T (1 − T )

(5.5)

The violation appears only for T > 0.68, imposing a condition on the coupling

even more strict.

More generally, all the result that will be presented can be directly extended

for general passive coupling between two modes. It can be represented by Mach-

Zehnder interferometer consisting to two unbalanced beam splitters (with trans-

missivity T1 and T2) and two phase shifts −φ and φ separately in arms inside the

interferometer. All the results depends only on a single parameter: the proba-

bility T that the entangled photon will leave the coupling as the signal, which is
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explicitly equal to:

T = T1 + T2 − 2T1T2 +
√
T1T2R1R2 cos 2φ. (5.6)

Thus all results, here simply discussed for a beam splitter, are valid for any passive

coupling between two photons.

After the measurement of polarization on photon E, lets say by the projection

on an arbitrary state |Ψ〉E, the state of photons A,B is transformed into

σII
coh =

1

P II
coh

(
(T 2 + (T − R)2)|T 〉〈T | +R2|Ψ⊥Ψ⊥〉〈Ψ⊥Ψ⊥|

)
(5.7)

where the state |T 〉 represents the unbalanced singlet state:

|T 〉 =
1√

T 2 + (T − R)2
(T |ΨΨ⊥〉 − (T − R)|Ψ⊥Ψ〉) (5.8)

and P II
coh = T 2 + (T − R)2 + R2. Calculating the concurrence as measure of

entanglement, we found

CII
coh =

T |2T − 1|
1 − 3(1 − T )T

(5.9)

which is always larger than zero if T 6= 0, 1/2. It is worth notice that, irrespective

to polarization noise in the qubit E, it is possible to probabilistically localized

back to the original photon pair A and B a non-zero entanglement for all T 6=
0, 1/2.

A basic principle can be understood by comparing Eq. (5.2) and Eq. (5.7).

The unpolarized noise in Eq. (5.2) has been transformed to a fully correlated

polarized noise in Eq. (5.7) just by the measurement on E. This measurement

can be arbitrary and does not depend on the coupling strength T . Thus, it is not

necessary to estimate the channel coupling before the measurement. The positive

result comes from the observation that a fully correlated and polarized noise is

less destructive to maximal entanglement than the completely depolarized noise.

Further, the entanglement localization effect persists even if an arbitrary phase

or amplitude damping channel affects photon E after the coupling. If there is

still a preferred basis in which the same classical correlation can be kept, it is

sufficient for the entanglement localization. Unfortunately, the localized state is

entangled but the localization itself is not enough to produce a state violating

Bell inequalities. The maximal Bell factor BII
coh is identical to (5.5) although the

state has completely changed its structure.

However if T is known then the entanglement of state (5.7) and the Bell
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inequality violation can be further increased by the single-copy distillation [79,

98, 88]. First, a local polarization filter can be used to get the balanced singlet

state in the mixture. An explicit construction of the single local filter at Bob’s

side is given by |Ψ〉 → (T−R)/T |Ψ〉, |Ψ⊥〉 → |Ψ⊥〉 for T > 1/3. If T < 1/3 then a

different filtering |Ψ〉 → |Ψ〉, |Ψ⊥〉 → T/(T −R)|Ψ⊥〉 has to be applied. Thus the

Werner state (5.2) is conditionally transformed to a maximally entangled mixed

state (MEMS)[99, 100, 101, 102]:

((T −R)2|Ψ−〉〈Ψ−| +R2|Ψ⊥Ψ⊥〉〈Ψ⊥Ψ⊥|)
(T − R)2 +R2

(5.10)

where the probability of success is given by (T − R)2 + R2. Due to symmetry,

the same situation arises if the state |Ψ⊥〉 is detected, just replacing the state

Ψ ↔ Ψ⊥. If the local filtering on Bob’s side is applied according to the projection,

it is possible to reach the MEMS with twice of success probability. Now, a

difference between Eq.(5.10) and Eq. (5.2) is only in an additive fully correlated

polarized noise. Such result can be achieved by an operation on the photon B,

while a processing on other photon is not required.

Further local filtration performed on both photons A and B can give max-

imal entanglement achievable from a single copy. Both Alice and Bob should

implement the filtration |Ψ〉 → |Ψ〉 and |Ψ⊥〉 →
√
ǫ|Ψ⊥〉, where 0 < ǫ ≤ 1. The

filtered state is then

σIII
coh =

1

4P III
coh

(
ǫ(2T − 1)2|Ψ−〉〈Ψ−| + ǫ2(1 − T )2|Ψ⊥Ψ⊥〉〈Ψ⊥Ψ⊥|

)
(5.11)

where P III
coh = (ǫ(2T − 1)2 + ǫ2(1 − T )2) /4 is probability of success. The state

has the following concurrence for T 6= 0, 1/2

CIII
coh (ǫ) =

1

1 + ǫ (1−T )2

2(1−2T )2

(5.12)

As ǫ goes to zero, the concurrence approaches unity, except for T = 0, 1/2, where

it vanishes. Thus we can get entanglement arbitrarily close to its maximal value

for any T (except T = 0, 1/2). For T = 1/2, it could not appear due to bunching

effect between the photons at the beam splitter. Such result can be achieved

since we can completely eliminate the fully correlated polarized noise, which is

actually completely orthogonal to the single state |Ψ−〉. We stress once again

that maximal entanglement was probabilistically approached irrespective to the

initial polarization noise of the photon E, just by its single-copy localization

measurement and single-copy distillation.
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If ǫ → 0 we get simply BIII
coh = 2

√
2 for any T , except T = 0, 1/2. Since

the maximal entanglement allows ideal teleportation of unknown state we can

conclude that the coherent linear coupling with the photon even in an unknown

state could be practically probabilistically reversed. It is interesting to make a

comparison with the deterministic localization procedure. To achieve it, we need

perfect control of the state of photon E before the coupling. We can know it

either a priori or by a measurement on the more complex systems predicting

pure state of E. Being |Ψ〉E the state of E after coupling, three-photon state

is proportional to |Ψ〉A (T |Ψ⊥Ψ〉BE − R|ΨΨ⊥〉BE) − (T − R)|Ψ⊥ΨΨ〉ABE . This

belongs to non-symmetrical W-state, rather than to GHZ states, therefore the

maximal entanglement can not be obtained deterministically. It can be done by

the projection on |Ψ〉E followed by the single-copy distillation. From this point of

view, the unpolarized noise of photon E does not qualitatively change the result

of the localization, but only decreases the success rate.

0.2 0.4 0.6 0.8 1
T

0.2
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0.6
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C

Figure 5.3: Concurrence for indistinguishable photon E (p = 1): CI
coh without

measurement (dotted), CII
coh with measurement (dashed), CIII

coh with measurement
and LOCC filtration (full), for ǫ = 0.005.

5.2.2 Partially incoherent coupling

Up to now, we have assumed that both photons B and E are indistinguishable in

the linear coupling. On the other hand, if they are partially or fully incoherent

(in principle distinguishable), then it is in principle possible to perfectly filter

out surrounding photons from the signal photons after the coupling. Although

they are in principle partially or fully distinguishable, any realistic attempt to

discriminate them would be typically too noisy to offer such information. Here

we are interested in the opposite situation, when distinguishable photon B and
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Figure 5.4: Concurrence for distinguishable photon (p = 0): CI
inc without mea-

surement (dotted), CII
inc with measurement (dashed), CIII

inc with measurement and
LOCC filtration (full)

surrounding photon E cannot be practically distinguished after the coupling. It is

an open question whether the entanglement localization method can still help us.

For simplicity, let us assume a mixture of the previous case with a situation where

both the photons B and E are completely distinguishable. The state is mixture

pσcoh+(1−p)ρinc, where only with probability p the photons are indistinguishable.

After the coupling and tracing over photon E, the output state is once more a

Werner state (5.2) with fidelity

F (p) =
(4p+ 5)T 2 − 2(2p+ 1)T + 1

4 (1 − (2 + p)T (1 − T ))
(5.13)

and success probability P (p) = 1− (2 + p)T (1− T ). The concurrence is given by

C(p) = 2F (p) − 1. The entanglement between A and B is lost if

p >
T 2 + 2T − 1

2T (1 − T )
(5.14)

and thus for T <
√

2 − 1, the entanglement between A and B is lost for any p.

The maximal Bell factor

B(p) = 2
√

2T
|T − p(1 − T )|

1 − (p+ 2)(1 − T )T
(5.15)

gives violation of Bell inequalities only if p ∈ [0, 1] satisfies

p <
√

2 +
1

1 − T
− 1 +

√
2

T
. (5.16)
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Let us discuss first the entanglement localization for the fully distinguishable

photon case (p = 0). In this limit, after the coupling the fidelity reads:

Finc =
5T 2 − 2T + 1

4 (1 − 2T (1 − T ))
, (5.17)

and the concurrence and the maximal violation of Bell inequalities are

CI
inc =

T 2 + 2T − 1

2(1 − 2T (1 − T ))
, BI

inc = 2
√

2
T 2

T 2 + (1 − T )2
. (5.18)

The concurrence vanishes for T <
√

2 − 1 and the violation of Bell inequalities

disappears for T < 1+ 1√
2

(
1 −

√
1 +

√
2
)
≈ 0.608. In both cases, the thresholds

are lower than for the coherent coupling; the coherence of photon E leads to less

robust transmission of the quantum resources.

If the projection on |Ψ〉E is performed on the environmental photon after the

coupling, the resulting state reads

ρIIinc =
1

P II
inc

(
T 2

2
|Ψ−〉AB〈Ψ−| +

R2

2
|Ψ⊥〉A〈Ψ⊥| ⊗

11B

2

)
(5.19)

where P II
inc = (T 2 + R2)/2. Clearly, the additive noisy term in the Eq.(5.19) is

separable and the full correlation in the partially polarized noise (5.7) does not

arise here, in comparison with the fully coherent case. Except for T = 0, this

state is exhibiting non-zero concurrence

CII
inc =

T 2

2T 2 − 2T + 1
(5.20)

which is a decreasing function of T . The state just after the localization does not

violate Bell inequalities, since the maximal Bell factor is the same as after the

mixing BII
inc = BI

inc. Similarly to the previous discussion, projecting on |Ψ⊥〉E ,

we get an identical state, only replacing Ψ ↔ Ψ⊥. This means that even for

completely non-interfering photons B and E, a polarization measurement on the

photon E can localize entanglement back to photons A and B. To approach it

with maximal success rate, local unitary transformations doing Ψ ↔ Ψ⊥ have to

be applied if |Ψ⊥〉 is measured. Similarly to previous coherent case, the photon E

is not affected by the amplitude or phase damping channel. It is only important

to keep a preferred basis without any noise influence.

The physical mechanism which models the localization process for incoherent

coupling is different from the previous case. Here, the three-photon mixed state
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after the coupling is proportional to

T 2|Ψ−〉AB〈Ψ−| ⊗ 11/2E +R2|Ψ−〉AE〈Ψ−| ⊗ 11/2B (5.21)

describing just a random swap of the photons B and E at the beam splitter.

Although there is no correlation generated by the coupling between photons A

and B, contrary to previous case, still a correlation between photons A and E

will appear in the second part of expression due to the initial entangled state.

It is used to conditionally transform the locally completely depolarized state of

photon A to a fully polarized state. Of course, it does not have any impact on

the local state of photon B. But it is fully enough to localize entanglement for

any T after the projection on photon E. It is rather a non-local correlation effect

where the polarization noise is corrected not at photon B but at photon A.

The entanglement can be further enhanced using local filtration and classical

communication; in the limit ǫ → 0, it approaches the concurrence CIII
inc =

√
CII

inc,

at cost of a decreasing success rate. Optimal filtering is then given by

|Ψ⊥Ψ〉 → T√
2T 2 − 2T + 1

|Ψ⊥Ψ〉,

|Ψ⊥Ψ⊥〉 → ǫ|Ψ⊥Ψ⊥〉 (5.22)

whereas all other basis states are preserved. But, contrary to the case of two

perfectly interfering photons, maximal entanglement cannot be approached for

any T < 1. This is a cost of incoherence in the entanglement localization for

distinguishable photons. Of course, the collective protocols can be still used,

since all entangled two-qubit state are distillable to maximally entangled state

[79].

A maximal value of the Bell factor

BIII
inc = 2

√
1 +

T 2

T 2 + (1 − T )2
(5.23)

can be achieved if ǫ → 0 for any T. Although the maximal violation of Bell

inequalities is greater than 2 the full entanglement cannot be recovered at any

single copy. The partial violation of Bell inequalities guaranties important quan-

tum mechanical properties, for example, the security of quantum key distribution.

Also here it is instructive to make a comparison with the case in which the

photon E is in the known pure state |Ψ〉E. Then after the coupling the three-

photon state is proportional to T 2|Ψ−〉AB〈Ψ−| ⊗ |Ψ〉E〈Ψ| + R2|Ψ−〉AE〈Ψ−| ⊗
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|Ψ〉B〈Ψ| and after the projection on |Ψ〉E, it transforms to T 2|Ψ−〉AB〈Ψ−| +
1
2
R2|Ψ⊥〉A〈Ψ⊥| ⊗ |Ψ〉B〈Ψ|. Since both the contributions are not orthogonal there

is no local filtration procedure which could filter out the |Ψ−〉AB from the noise

contribution. Therefore, although we could have a complete knowledge about

pure state of the photon E, its incoherence does not allow to achieve maximal

entanglement from the single copy distillation.

For the mixture of both the distinguishable and indistinguishable photons,

the concurrence after the measurement is

CI(p) = max

(
0,

|(1 + p)T 2 − pT |
1 − (2 + p)T (1 − T )

)
, (5.24)

which is positive if p 6= T/(1 − T ) and

p <
1 − T

T
+

T

1 − T
. (5.25)

Except T = 0, p/(1 + p), the last condition is always satisfied since right side

has minimum equal to two. Even if the noise is a mixture of distinguishable

and indistinguishable photons, it is possible to localize entanglement just by a

measurement for almost all the cases. After the application of LOCC polarization

filtering, the concurrence can be enhanced up to

CIII(p, ǫ) =
2T 2|T − p(1 − T )|√

1 − 2(1 + p)(1 − T )T (ǫ(1 − T )2 + 2T 2)
. (5.26)

In the limit of ǫ→ 0, it approaches

CIII(p) = max

(
0,

|T − p(1 − T )|√
1 − 2(1 + p)T (1 − T )

)
(5.27)

which is plotted at the top of FIG. 5.5. The maximal entanglement can be only

induced for p = 1. Comparing both the discussed cases of the indistinguishable

and distinguishable photons, it is evident that it can be advantageous to induce

indistinguishability. For example, if they are distinguishable in time, then spectral

filtering can help us to make them more distinguishable and consequently, the

entanglement can be enhanced more by local filtering.

For partially indistinguishable photons given by parameter p, after the mea-

surement stage we get the same value of the Bell factor as after the mixing stage

BII(p) = BI(p). For enhancement of the Bell factor the local filtration operations

is also essential. We apply the two stage filtration operations as stated previously.

If the filtration parameter
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ǫ ∈
(
X1 −X2

X3
,
X1 +X2

X3

)
(5.28)

where X1 = 2T 2
√

1 − 2(p+ 1)(1 − T )T , X2 = 2T 2|T − p(1 − T )|, X3 = (T −
1)2
√

1 − 2(p+ 1)(1 − T )T , then we get following Bell factor

BIII(p, ǫ) =
4
√

2T 2|p(T − 1) + T |√
2(p+ 1)(T − 1)T + 1 (2T 2 + (T − 1)2ǫ)

(5.29)

otherwise we get

BIII(p, ǫ) =
2
√

4T 4(p(T−1)+T )2

2(p+1)(T−1)T+1
+ ((T − 1)2ǫ− 2T 2)2

2T 2 + (T − 1)2ǫ
. (5.30)

The particular cases of Bell factors given previously can be obtained from

the above relations setting p = 0 (p = 1) for incoherent (coherent) coupling

and additionally the maximal value of the Bell factor is obtained if ǫ goes to

zero. In order to get violation of the Bell inequalities BIII(p, ǫ) > 2 the filtration

parameter needs to be for the (5.29)

ǫ <
T 2(p(T − 1) + T )2

2(T − 1)2(2(p+ 1)(T − 1)T + 1)
(5.31)

and for the (5.30)

ǫ <
2T 2

(T − 1)2

( √
2|p(T − 1) + T |√

2(p+ 1)(T − 1)T + 1
− 1

)
. (5.32)

In both the cases, value of ǫ should rapidly decrease as T is smaller. In other

words, it means that for a given ǫ, the state violates Bell inequalities only if p is

sufficiently large. For any p and T , there is always some ǫ > 0 below the region

given by (5.28), therefore as ǫ→ 0, the maximal violation

BIII(p) = 2

√
1 +

(p(T − 1) + T )2

2(p+ 1)(T − 1)T + 1
. (5.33)

comes from the Eq. (5.29) since it is higher than the limit expression from

Eq. (5.30). The maximal violation of Bell inequalities is plotted at the bot-

tom of FIG. 5.5. Generally, for ǫ > 0 we have to compare the (5.29) and (5.30)

to find out which gives higher BIII(p).
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Figure 5.5: Maximal concurrence and maximal violation of Bell inequalities for
the localized state.

5.3 Experimental Implementation

Let us now describe the experimental implementation of the localization protocol

both for the fully incoherent and partially coherent coupling regime.

5.3.1 Experimental setup

The main source of the experiment is a Ti : Sa mode-locked pulsed laser with

wavelength (wl) λ = 795nm, pulse duration of 180fs and repetition rate 76MHz:

FIG.5.6. A small portion of this laser, got with a low reflectivity mirror M , gen-

erates the single photon over the mode kE using an attenuator (ATT ). The trans-

formation used to map the state |H〉E into ρE = IE
2

is achieved either adopting a

Pockels cell driven by a sinusoidal signal, either through a stochastically rotated

λ/2 waveplate inserted on the mode kE during the experiment [103]. The main

part of the laser through a second harmonic generation (SHG) where a bismuth

borate (BiBO) crystal [104] generates a UV laser beam having wave-vector kp

and wl λp = 397.5nm with power equal to 800mW . A dichroic mirror (DM) sep-

arates the residual beam at λ left after the SHG process from the UV laser beam.
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Figure 5.6: Schematic representation of the experimental setup. The dashed
boxes indicate the polarization analysis setup adopted by Alice and Bob.

This field pump a 1.5mm thick non-linear crystal of β-barium borate (BBO) cut

for type II phase-matching that generates polarization maximally entangled pairs

of photons. The spatial and temporal walk-off is compensated by inserting a λ
2

waveplate and a 0.75 mm thick BBO crystal on each output mode kA and kB [7].

The photons of each pair are emitted with equal wavelength λ = 795nm over the

two spatial modes kA and kB. In order to couple the noise with the signal, the

photons on modes kB and kE are injected in the two input arms of an unbalanced

beam splitter BS characterized by transmissivity T and reflectivity R = 1−T . A

mutual delay ∆t, micrometrically adjustable by a two-mirrors optical ”trombone”

with position settings Z = 2c∆t, can change the temporal matching between the

two photons. Indeed, the setting value Z = 0 corresponds to the full overlap of

the photon pulses injected into BS, i.e., to the maximum photon interference.

On output modes kB′ and kE′ the photons are spectrally filtered adopting two

interference filters (IF) with bandwidth equal to 3nm, while on mode kA the IF

has a bandwidth of 4.5nm.

Let us now describe how the measurement on the environment has been

experimentally carried out. According to the protocol described above, the pho-

ton propagating on mode kE′ is measured after a polarization analysis realized

through a λ
2

and a polarizing beam splitter (PBS). In order to restore the optimum

value of entanglement according to theory, a filtering system has been inserted

on kA and kB′ modes. As shown in FIG.5.6, the filtering is achieved by two sets

of glass positioned close to their Brewster’s angle, in order to attenuate one po-

larization in comparison to its orthogonal. The attenuation over the mode ki for

the H−polarization (V−polarization) reads AH
i (AV

i ). By tuning the incidence
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angle, different values of attenuation {Aj
i} can be achieved. Finally, to verify the

working of the overall protocol, the emerging photons on modes kA and kB′ are

analyzed in polarization through a λ
2

waveplate (wp), a λ
4

and a PBS. Then the

photons are coupled to a single mode fiber and detected by single photon count-

ing module (SPCM) {DA, DA′, DB′, DB}. The output signals of the detectors are

sent to a coincidence box interfaced with a computer, which collects the double

coincidence rates ([DA, DB], [DA, DB′ ], [DA′, DB], [DA′, DB′ ]) and triple coinci-

dence rates ([DA, DB, DE ], [DA, DB′, DE ], [DA′ , DB, DE ], [DA′ , DB′ , DE]). The

detection of triple coincidence ensures the presence of one photon per mode after

the BS. In order to determine all the elements of the two-qubit density matrix,

an overcomplete set of observables is measured by adopting different polarization

settings of the λ
2

wp and λ
4

wp positions [105]. The uncertainties on the different

observables have been calculated through numerical simulations of counting fluc-

tuations due to the Poissonian distributions. Here and after, we will distinguish

the experimental density matrix from the theoretical one by adding a ”tilde” .̃

As first experimental step, we have characterized the initial entangled state

generated by the NL crystal on mode kA and kB, that is the signal to be trans-

mitted through the noisy channel. The overall coincidence rate is equal to

about 8.000 coincidences per second. The experimental quantum state tomog-

raphy of ρ̃inAB is reported in FIG.5.8-a, to be compared with the theoretical one

ρinAB = |Ψin〉AB 〈Ψin|AB, where |Ψin〉 = (|HV 〉 + i|V H〉)/
√

2 (FIG.5.7-a). Al-

though the generated state differs from the singlet state, all the conclusions

from the previous section remains valid. We found a value of the concurrence

C̃in = (0.869 ± 0.005) and a linear entropy S̃in = (0.175 ± 0.005), where the

uncertainty on the concurrence has been calculated applying the Monte-Carlo

method on the experimental density matrix. The fidelity with the entangled

state |Ψin〉AB is F(ρ̃inAB, |Ψin〉AB) = 〈Ψin|AB ρ̃
in
AB |Ψin〉AB = (0.915 ± 0.002). The

discrepancy between theory and experiment is mainly attributed to double pairs

emission. Indeed by subtracting the accidental coincidences we obtain a concur-

rence equal to C̃ ′
in = (0.939±0.006) and a linear entropy of S̃ ′

in = (0.091±0.006).

The fidelity with the entangled state |Ψin〉AB is then equal to F ′(ρ̃inAB, |Ψin〉AB) =

(0.949 ± 0.003). Minor sources of imperfections related to the generation of our

entangled state are the presence of spatial and temporal walk-off due to the non

linearity of the BBO crystal as well as a correlation in wavelength of the generated

pairs of photons.
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5.3.2 Incoherent coupling

The experiment with distinguishable photons has been achieved by injecting a

single photon E with a randomly chosen mutual delay with photon B of ∆t >>

τcoh = 300fs. We note that the resolution time tdet of the detector is tdet >> ∆t,

hence it is not technologically possible to individuate whether the detected photon

belongs to the environment or to the entangled pair. To carry out the experiment

we adopted a beam splitter with T = 0.40 which, according to the theoretical

prediction (see FIG. 5.4), allows to study the entanglement localization process.

Since multi-photon contributions represent the main source of imperfections in

our calculations, we have subtracted their contributions in all the experimental

data reported for the density matrices of each step of the protocol.

I) Mixing

Without any access to the environmental photon, after the mixing on the

BS, once there is one photon per output mode, the theoretical input state

ρin = |Ψin〉〈Ψin| evolves into a noisy state represented by the density matrix

ρIinc, written in the basis {|HH〉, |HV 〉, |VH〉, |V V 〉, } as:

ρIinc =
1

4P I
inc




α 0 0 0

0 β iξ 0

0 −iξ γ 0

0 0 0 δ




(5.34)

with α = δ = R2, β = γ = R2 + 2T 2, ξ = 2T 2 and P I
inc = R2 + T 2, where

R = 1 − T indicates the reflectivity of the beam splitter. This matrix, shown in

FIG.(5.7-I), exhibits theoretically concurrence

CI
inc = max(0,

2T 2 − R2

2PI

). (5.35)

Because of the interaction with noise, ρIinc does not exhibit entanglement

(CI
inc = 0) and is highly mixed with linear entropy equal to SI

inc = 0.90. After-

wards we analyze experimentally how the entangled state is corrupted due to the

coupling with the photon E. In this case no-polarization selection is performed

on mode kE . The experimental density matrix ρ̃Iinc is shown in FIG.(5.8-I). As

expected, it exhibits C̃I
inc = 0, and S̃I

inc = (0.89 ± 0.01). The fidelity with theory

is high: F̃ I
inc = F (ρ̃Iinc, ρ

I
inc) = (0.997±0.006), with F (ρ, σ) = Tr2

[(√
ρσ

√
ρ
)1/2]

.

In this case, due to the coupling the entanglement is completely redirected and

no quantum distillation protocol can be applied to restore entanglement between
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photons A and B.

II) Measurement

As no selection has been performed on the photon E before the coupling, a

multi-mode photon E interacts with the entangled photon B. After the interac-

tion, a single mode fiber has been inserted on the output mode of the BS in order

to select only the output mode connected with the entanglement breaking. Let

us consider the case in which the photon on mode kE is measured in the state

|H〉E. After the measurement, the density matrix ρIinc evolves into an entangled

one described by the density matrix ρIIinc

ρIIinc =
1

4P II
inc




0 0 0 0

0 β iξ 0

0 −iξ γ 0

0 0 0 δ




(5.36)

where δ = R2, β = T 2, γ = R2 + T 2, ξ = T 2: FIG.(5.7-II). In this case the

concurrence reads

CII
inc =

T 2

2P II
inc

(5.37)

with P II
inc = P I

inc/2. The entanglement is localized back for all the values of

T 6= {0, 1
2
} but, as shown in the graph, the elements of the matrix are fairly

unbalanced. According to theory, we expect a localization of the entanglement

with CII
inc = 0.32, and success rate P II

inc = 0.27. Experimentally we obtain C̃II
inc =

(0.19 ± 0.02) > 0, a fidelity with the theoretical density matrix ρIIinc equal to

F̃ II
inc = (0.96±0.03), while the mixedness of the state decreases S̃II

inc = (0.72±0.02)

to be compared to theoretical prediction SII
inc = 0.74 . This is achieved at the

cost of a probabilistic implementation where the probability of success reads:

P̃ II
inc = (0.26 ± 0.01).

III) Filtration

The filtration is introduced onto the mode kA and kB, attenuating the vertical

polarization, in order to increase the concurrence and symmetrizing the density

matrix by a lowering of the |V V 〉〈V V | component in ρIIinc: FIG.(5.7-II). After

filters FA and FB, the density matrix reads:

ρIIIinc =




0 0 0 0

0 ǫβ iǫξ 0

0 −iǫξ ǫβ 0

0 0 0 ǫ2δ




(5.38)
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Figure 5.7: Theoretical density matrix for distinguishable photons, enlightening
the evolution of ρ through each step of the entanglement localization protocol.

where β = T 2, δ = R2, ξ = T 3

√
T 2+R2

. The concurrence reads

CIII
inc =

2ǫξ

2ǫβ + ǫ2δ
(5.39)

while the probability of success of the protocol is equal to P III
inc = 2ǫβ + ǫ2δ. The

intensity of filtration is quantified by the parameter 0 < ǫ ≤ 1, connected to the

attenuation of V polarization. The concurrence has a limit for asymptotic filtra-

tion (ǫ→ 0) lower than unity and maximal entanglement cannot be approached.

Of course, the collective protocols can be still used, since all entangled two-qubit

state are distillable to a singlet one. By setting the following attenuation values

AV
A = 0.33, AH

A = 1, the theory predicts the achievement of ρIIIinc (FIG.(5.7-III))
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with the mixedness SIII
inc = 0.76 and the concurrence CIII

inc = 0.42. The probability

of success of the filtration operation is P III
inc = 0.43 leading to an overall prob-

ability of success of the entanglement restoration Ptotal = P II
incP

III
inc = 0.12. The

highest concurrence value which can be obtained with the coupling T = 0.40 is

equal to C = 0.55 for Ptotal → 0. Experimentally we achieve the state shown

in FIG.(5.8-III with a fidelity F̃ III
inc = (0.89 ± 0.06) and measure a concur-

rence equal to C̃III
inc = (0.28 ± 0.02) > C̃II

inc while P̃ III
inc P̃

II
inc = (0.11 ± 0.01) and

S̃III
inc = (0.70 ± 0.02). The experimental results shown above demonstrate the

localization protocol validity, indeed a channel redirecting entanglement can be

corrected to a channel preserving relatively large amount of the entanglement.
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Figure 5.8: Experimental density matrix for distinguishable photons: a) ρ̃in, I)
ρ̃Iinc, II) ρ̃IIinc, III) ρ̃IIIinc . For each tomographic setting the measurement lasts from
5 s (a) to 30 minutes (III), the last case corresponding to about 500 triple coinci-
dence. Contributions due to triple accidental coincidences have been subtracted
from experimental data.

Let’s explain the choice of introducing experimentally just one set of filtration

instead of two. The glasses close to Brewster’s angle attenuate the V polarization.

67



CHAPTER 5. ENTANGLEMENT LOCALIZATION

Let ǫ be the intensity of attenuation, the |V H〉 element of the density matrix will

be attenuated by a factor
√
ǫ. Even if the theory expects an element |HH〉

close to zero, in the experimental case we obtain a non-zero element due to the

intensity of the coherent radiation, revealed by double photons contributions.

Hence a filtration of ǫ on both modes, since it introduces an attenuation of ǫ on

the element |V V 〉 and of
√
ǫ on both the elements |HV 〉 and |V H〉, would bring

to a wider comparability between |HH〉 and |HV 〉 elements, leading to a lower

concurrence.

5.3.3 Coherent coupling

In order to exploit the regime where our localization protocol works best, we let

the signal photon and the noise one be spatially, spectrally and temporal perfectly

indistinguishable in the coupling process. A good spatial overlap is achieved by

selecting the output modes through single mode fibers.

I) Mixing.

In the fully indistinguishable photons regime, we indicate with σI
coh the den-

sity matrix after the mixing on the BS, which is separable for T < 1/
√

3, as

shown in FIG. 5.3. The output state is a mixture of the initial state |Ψin〉〈Ψin|
and the fully mixed one [74]: FIG.5.9-I.

σI
coh =

1

4P I
coh




α 0 0 0

0 β iξ 0

0 −iξ γ 0

0 0 0 δ




(5.40)

with α = δ = R2, β = γ = T 2 + (T − R)2, ξ = −T (T − R). The concurrence

reads

CI
coh =

3T 2 − 1

2P I
coh

, (5.41)

where P I
coh = 3T 2 − 3T − 1.

II) Measurement.

A measurement is carried out on the environmental mode through the pro-
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Figure 5.9: Theoretical density matrix for perfectly indistinguishable photons
interacting on the BS.

jection on |H〉E′. Thus the state σI
coh evolves into σII

coh:

σII
coh =

1

4P II
coh




0 0 0 0

0 β iξ 0

0 −iξ γ 0

0 0 0 δ




(5.42)

with β = T 2, γ = T 2 + (T − R)2, δ = R2, ξ = −T (T − R). The state is

conditionally transformed into a maximally entangled state (MEMS) [99]: see

FIG.(5.10-II). In particular, it is found

CII
coh =

T |T −R|
2P II

coh

(5.43)
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and P II
coh = (T 2 + (T − R)2 +R2)/4.

III) Filtration

Due to the strong asymmetry of σII
coh a filter is introduced either on Alice or

Bob mode, depending on the value of T . If T > |2T − 1|, filter FB acts on Bob

mode, as |H〉B → 2T−1
T

|H〉B, while if T < |2T − 1|, the filter acts on Alice mode,

as |V 〉A → T
2T−1

|V 〉A. In order to increase the concurrence, a second filter is

inserted on both Alice and Bob mode, which attenuates the vertical polarization

component: |V 〉 → √
ǫ|V 〉. The filters FA and FB transform the density matrix

into σIII
coh :

σIII
coh =

1

4P III
coh




0 0 0 0

0 ǫα iǫα 0

0 −iǫα ǫα 0

0 0 0 ǫ2δ




(5.44)

where α = T 2, δ =
(

TR
R−T

)2
, for T < |2T − 1| and α = (2T − 1)2, δ = R2, for

T > |2T − 1|: FIG.5.9-II. The concurrence has value

CIII
coh =

2ǫα

2ǫα + ǫ2δ
(5.45)

while the probability reads P III
coh = (2ǫα+ǫ2δ)/4. Hence in the limit of asymptotic

filtration (ǫ→ 0), the concurrence reaches unity except for T = 1/2 [99].

5.3.4 Mixture of coherent and incoherent coupling

Let us now face up to a model which contemplates a situation close to the exper-

imental one. In fact a perfect indistinguishability between the photons B and E

is almost impossible to achieve experimentally. We consider the density matrix

τAB of the state shared between Alice and Bob after the coupling, as a mixture

arising from coupling with a partially distinguishable noise photon. The degree of

indistinguishability is parametrized by the probability p that the fully depolarized

photon E is completely indistinguishable from the photon E.

In order to maximize the degree of indistinguishability between the photon of

modes kB and kE mixed on the beam splitter BS we adopt narrower interference

filters and single mode fibers on the output modes. Hence we insert interference

filters on mode kB′ and kE′, with ∆λ = 1.5nm. Referring to the previous nomen-

clature, the density matrix τ can be written as: τAB = pσcoh + (1 − p)ρinc. As

first step, we have estimated the degree of indistinguishability between the pho-

ton belonging to mode kB and the one associated to kE. This measurement has
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been carried out by realizing an Hong-Ou-Mandel interferometer [106] adopting a

balanced 50 : 50 beam splitter instead of BS. The photons on modes kB′ and kE′

are measured in the same polarization state |H〉. The visibility of the Hong-Ou-

Mandel dip has been measured to be V = (0.67±0.02). By subtracting estimated

double pairs contributions to the three-photon coincidence we have obtained a

value of the visibility (0.75 ± 0.02). We attribute the mismatch with the unit

value to a different spectral profile between the coherent beam and the fluores-

cence, which induces a distinguishability between photons on the input modes of

the beam splitter. From the visibility of the dip, we estimate a value of p equal to

(0.85± 0.05). Hence we have checked the Hong-Ou-Mandel interference with the

unbalanced beam splitter BS, and we have obtained a visibility of (0.40 ± 0.02).

This result has been compared to a theoretical visibility V previously calculated

considering the expression V = p2RT/(R2 + T 2) = (0.62 ± 0.05) with p as in-

dicated by the Hong-Ou-Mandel experiment, and T = 0.3. To carry out the

experiment the optical delay has been set in the position ∆t = 0. The mismatch

between the two visibilities are due to multi-photon contributions. Indeed by tak-

ing into account the accidental coincidence we have estimated V = (0.49± 0.03).

I) Mixing.

Analogously to what has been showed in the distinguishable case, after the

mixing on the BS, once there is one photon per output mode, the input state

evolves into a noisy state represented by the density matrix τ̃ I . The experimental

density matrix is characterized by a fidelity with theory : F (τ̃ I , τ I) = (0.86±0.02)

and vanishing concurrence (C̃I = 0).

II) Measurement.

After measuring the photon on mode kE′, the density matrix τ̃ I evolves into

τ̃ II : FIG.(5.10-II). The entanglement is localized with a concurrence equal to

C̃II = (0.15 ± 0.03) > 0 to be compared with CII = 0.22; in this case the

probability of success reads P̃II = (0.22 ± 0.01), while theoretically we expect

PII = 0.2. The fidelity with the theoretical state is F (τ̃ II , τ II) = (0.96 ± 0.01).

III) Filtration.

Applying experimentally the filtration with the parameters AA = 0.12, and

AB = 0.30 we obtain the state shown in FIG.(5.10-III). Hence we measure a

higher concurrence C̃III = (0.50 ± 0.10) > C̃II while the expected theoretical

value is CIII = 0.47. The filtered state has F (τ̃ III , τ III) = (0.92 ± 0.04), and is

post-selected with an overall success rate equal to Ptotal = P̃III P̃II = (0.10±0.01),

where theoretically PIIIPII = 0.09. This is a clear experimental demonstration

of how an induced indistinguishability enhances the localized concurrence.
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Figure 5.10: Experimental density matrix for partially indistinguishable
photons:τ̃ with p = 0.85. II) τ̃ II , III) τ̃ III .

5.4 Appendix

In this appendix we give an extension of the above theoretical result for any linear

coupling on the beam splitter.

To describe a linear coupling (beam splitter) with different transmissivity for

vertical and horizontal polarization, we use the amplitude transmissivities tv and

th. The intensity transmissivities are then TV = t2v and TH = t2h and the previous

result can be obtained taking T = TV = TH .

5.4.1 Coherent coupling

After the mixing of coherent (indistinguishable) photons B and E on the beam

splitter, without any access to the photon E, the single state transforms to the

mixed state (if two photons leave separately) exhibiting the concurrence

CI
coh = max

(
0,

2tvth|t2h − 1 + t2v| − (1 − t2v)(1 − t2h)

2P I
coh

)
, (5.46)
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where P I
coh = (2t2vt

2
h + (1 − 2t2v)

2 + (1 − 2t2h)2 + 2(1 − t2v)(1 − t2h))/4 is the success

probability. The concurrence is depicted on FIG. 5.11, there is evidently a large

area where the concurrence vanishes completely and the entanglement is lost

between A and B.
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Figure 5.11: Concurrence before the measurement for coherent (left) and inco-
herent (right) couplings.
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Figure 5.12: Concurrence after the measurement (left) and after the filtration
with ǫ = 0.1 (right) for indistinguishable photons (coherent coupling).

To restore the entanglement a general projection measurement can be con-

sidered on the photon E. But it is too complex to find an optimal projection

analytically, rather the optimal measurement can be find numerically, for the

particular values of tv and th. On the other hand, it is possible to find a sufficient

condition to restore the entanglement for some particular orientation of the mea-

surement. Let us assume the projection of the photon E on the state |V 〉. Then

the state σcoh changes and exhibits the concurrence

CII
coh =

thtv|1 − 2t2v|
2P II

coh

, (5.47)

where P II
coh = (t2vt

2
h + (1−2t2v)

2 + (1− t2v)(1− t2h))/4 is the success rate. Such state

is always entangled except th = 0 or t2v = 1/2, 0 and can be further filter out by
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the filter F1 on photon B which makes |V 〉 → 2t2v−1
tvth

|V 〉 for th >
|2t2v−1|

tv
or by the

filter F1 on photon A |H〉 → tvth
2t2v−1

|H〉 for th <
|2t2v−1|

tv
and subsequently, the filter

F2 attenuating horizontal polarization |H〉 → √
ǫ|H〉, applied to both photons

A and B. As result, the state is transformed by both types of filtering to a new

state with the corresponding concurrence

CIII
coh (ǫ) =

ǫ(1 − 2t2v)
2

2P III
coh1

=
ǫt2vt

2
h

2P III
coh2

, (5.48)

where P III
coh1

= (2ǫ(1− 2t2v)
2 + ǫ2(1− t2v)(1− t2h))/4 is the success rate of the local-

ization using the first type of filtration F1 on photon B and P III
coh2

= (2ǫ(tvth)2 +

ǫ2(1−t2v)(1−t2h)/(1−2t2v)
2)/4 is the success rate of the restoration using the second

type of filtration on photon A. The concurrence approaches unity as ǫ→ 0. The

similar results can be obtained for the projection of the photon E on the state

|H〉, only the substitution th ↔ tv is necessary. In conclusion, except the cases

t2v, t
2
h = 1/2, the entanglement can be always localized and enhanced arbitrarily

close to maximal pure entangled state, at cost of the success rate, similarly to

previous analysis. The concurrences after the measurement and the one after the

filtration in the localization procedure are depicted on FIG. 5.12.

5.4.2 Incoherent coupling

For the incoherent (distinguishable) photons, without any access to the photon

E, after the mixing at the beam splitter the singlet state transforms to a state

exhibiting the concurrence

CI
inc = max

(
0,
thtv(t

2
h + t2v) − (1 − t2v)(1 − t2h)

2P I
inc

)
, (5.49)

where P I
inc = (2(1− t2v)(1− t2h) + (1− t2h)2 + t2h(t2h + t2v) + (1− t2v)

2 + t2v(t
2
h + t2v))/4

is the probability of success. Similarly, there is a large area of the parameters in

which the concurrence vanishes and the entanglement is lost between A and B,

as can be seen from FIG. 5.11.

Similarly, it is sufficient to localize entanglement by the projection of the

environmental photon on the state |V 〉. After the successful projection, the mixed

state has concurrence

CII
inc =

tht
3
v

2P II
inc

, (5.50)

where P II
inc = (t2ht

2
v + t4v + (1 − t2v)

2 + (1 − t2v)(1 − t2h))/4 is the success rate of the

projection. Except trivial tv, th = 0, the entanglement is always localized by the
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Figure 5.13: Concurrence after the measurement (left) and after the filtration
with ǫ = 0.1 (right) for incoherent coupling.
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Figure 5.14: Success rate after the filtration with ǫ = 0.1 for indistinguishable
photons (left) and distinguishable photons (right)
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projection on the environment. But for this case, optimal filtration by F1 and

F2 defined as |V 〉 → tvth√
t4v+(1−t2v)

2
|V 〉 and |H〉 → √

ǫ|H〉 produces the state with

overall probability of success P III
inc = (2ǫt2vt

2
h + ǫ2(1 − t2v)(1 − t2h))/4, which gives

the concurrence

CIII
inc (ǫ) =

ǫt4vt
2
h

2P III
inc

√
t4v + (1 − t2v)

2
(5.51)

In the limit ǫ→ 0 it gives the maximal concurrence

CIII
inc =

t2v√
t4v + (1 − t2v)

2
. (5.52)

In a similar way as in the symmetrical case, the maximal entanglement cannot

be approached if the photon E is in principle distinguishable. The concurrence

before and after the filtration is depicted on FIG. 5.13. Success rates after the

filtration for both the indistinguishable and distinguishable photons are plotted

in FIG. 5.14.

5.5 Conclusion

We have shown that two-qubit entanglement lost during coupling of the one qubit

from the pair with another “environmental” qubit may be recovered back by lo-

calization protocol. The recovery procedure, entanglement localization, uses the

fact that entanglement is redistributed among all the parties involved including

the environment. Proper single-copy quantum measurement on the environment

together with feed-forward correction on the outgoing states localizes with some

probability of success the entanglement back to the original parties. We have

analyzed the single-copy localization protocol for three photons involving gen-

eral linear coupling among the photons and arbitrary coherence between coupled

photons. In the coherent coupling scenario the entanglement may be localized

asymptotically to one ebit (maximal entanglement between two qubits e.g. pos-

sessed by singlet). In the incoherent or partially coherent regime we found that

the entanglement cannot approach the maximal entanglement however we can

still get non-zero entanglement and by proper single-copy distillation also a state

violating Bell inequality. We have proposed an experimental setup for verification

of our theoretical predictions. The experiment using single photons encoded in

polarizations was performed that verified our theoretical predictions.

All our results on the quantum localization together with experimental im-

plementation were published here:
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Chapter 6

Particle distinguishability and
decoherence

In this chapter, we investigate how distinguishability of a “noise” particle degrades

interference of the “signal” particle. The signal, represented by an equatorial

state of a photonic qubit, is mixed with noise, represented by another photonic

qubit, via linear coupling on the beam splitter. We show the degradation of the

“signal” photon interference depending on the degree of indistinguishability be-

tween “signal” and “noise” photon. When the photons are principally completely

distinguishable but technically indistinguishable the visibility drops to the value

1/
√

2. As the photons become more indistinguishable the maximal visibility in-

creases and reaches the unit value for completely indistinguishable photons. We

have examined this effect experimentally using setup with fiber optics two-photon

Mach-Zehnder interferometer.

6.1 Theoretical framework

The simplest system in quantum information is a qubit. In many applications and

experiments (like in quantum key distribution, tests of Bell inequalities, etc.) only

a subset of all possible states of a qubit is used. Namely, the set of equatorial

states (they lie on the equator of the Bloch sphere) represented by a coherent

superposition
1√
2

(|0〉 + exp(iϕ) |1〉) (6.1)

of two basis states |0〉 and |1〉. Phase ϕ is used to encode information. We investi-

gate how noise can affect the coherence of equatorial state of qubit. We suppose

no fluctuation of phase and no interaction with the environment (therefore no

entanglement can appear between the qubit and the environment). Let us repre-

79



CHAPTER 6. PARTICLE DISTINGUISHABILITY AND DECOHERENCE

sent our qubit by a single particle distributed between two modes A and B. Its

equatorial state can be described as

|Ψ〉AB =
1√
2

(|1, 0〉AB + exp(iϕ) |0, 1〉AB) , (6.2)

where 0 and 1 represent the number of particles. The noise is caused by an-

other particle in mode B′ which can be confused with the original particle. We

suppose that modes B and B′ are principally distinguishable but technically indis-

tinguishable. It means our detectors cannot discriminate them. We will consider

the situation when a “noise” particle is created in mode B′ and subsequently one

particle is annihilated either from mode B or B′ (our device cannot distinguish

between them).

To examine this situation experimentally, we use a Mach-Zehnder (MZ) in-

terferometer and a source of photon pairs (Fig. 6.1). The “noise” photon with

variable distinguishability from the “signal” one is fed into one arm of the inter-

ferometer. If the “noise” particle was created in mode B it would be principally

indistinguishable from the “signal” particle in mode B. For a bosonic field the

total quantum state after the creation process a†B|Ψ〉AB reads

|Ψ′〉AB =
1√
3

(|1, 1〉AB +
√

2 exp(iϕ) |0, 2〉AB). (6.3)

It has full coherence: the phase information is fully preserved. The indistinguish-

able photon can be eliminated by the act of annihilation aB|Ψ′〉AB ending up with

state

|Ψ′′〉AB =
1√
5

(|1, 0〉AB + 2 exp(iϕ) |0, 1〉AB). (6.4)

It can be further probabilistically converted to the original state of the signal

qubit applying attenuation ηB = 1/4 in mode B. Since the both particles are

indistinguishable, it does not matter which one has been actually taken out.

The visibility of interference can reach unity again. We define the single photon

visibility by the standard formula

V =
Pmax − Pmin

Pmax − Pmin

, (6.5)

where Pmax = maxϕ P (ϕ), Pmin = minϕ P (ϕ) with P (ϕ) being the probability to

detect photon at detector D depending on phase ϕ.

If the “noise” particle is principally distinguishable from the “signal” one, it

can be described by creation operation a†B′ |Ψ〉AB|0〉B′. In principle, it could be

filtered out, because it differs in its properties from the “signal” particle. But,

80



M. Gavenda 6.1. THEORETICAL FRAMEWORK

quite typically, our filters are not selective enough to enable it. If the disturb-

ing particle is only technically indistinguishable, the total state of the system is

transformed to

|Φ′〉 =
1√
2

(|1, 0, 1〉ABB′ + exp(iϕ) |0, 1, 1〉ABB′) (6.6)

after the creation in mode B′. Because we are not able to discriminate modes B

and B′, to remove a single particle we just randomly annihilate a single particle

either from B or B′ (with no prior knowledge this strategy is fully symmetrical).

Further, without any access to mode A, this process can be described by two

“subtraction” operators: S1 = aB ⊗ 1B′ and S2 = 1B ⊗ aB′ acting with equal

probabilities. Applying these operators on ρ′ = |Φ′〉〈Φ′|, i.e. S1ρ
′S†

1 +S2ρ
′S†

2, one

gets the resulting mixed state

ρ′′ =
2

3
|Ψ〉AB〈Ψ| ⊗ |0〉B′〈0| +

1

3
|00〉AB〈00| ⊗ |1〉B′〈1|. (6.7)

Because our detectors cannot distinguish whether the particle came from mode

B or B′, the visibility of interference is now V ′′ = 2/3. It can be probabilistically

enhanced by a proper attenuation ηB = ηB′ in modes B and B′. This transforms

the total state to

ρ′′′ =
1

2ηB
[|100〉〈100| + ηB |010〉〈010| + ηB |001〉〈001|

+
√
ηB
(
eiϕ |010〉〈100| + e−iϕ |100〉〈010|

)]
. (6.8)

Clearly, if ηB = 1/2 one balances the probability of having a particle in mode A

with the probability of having it either in mode B or B′. Then the visibility is

maximal and reaches the value

Vdis =
1√
2
. (6.9)

In comparison to the previous case of indistinguishable particles, this reduc-

tion of visibility represents a fundamental impact of the principal distinguisha-

bility of the “signal” and “noise” particles. The loss of coherence is a result of

an elementary ignorance of our measurement apparatus. There is a difference

between our result and the one reported in [107], where visibility completely van-

ishes for distinguishable photons. According to Englert’s inequality V 2 +K2 ≤ 1

[108, 109], this elementary visibility reduction corresponds to overall which-way

knowledge K < 1/
√

2 accessible in the experiment.
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If N completely distinguishable particles are created simultaneously in modes

associate to mode B and, subsequently, N particles are simultaneously annihi-

lated in these modes and mode B, visibility rapidly decreases with increasing

N :

Vdis(N) =
1√
N + 1

. (6.10)

On the other hand if the particles are created and annihilated subsequently, i.e.

after any single-particle creation a single particle is always annihilated, visibility

is decreasing even faster:

Vdis(N) =

(
1√
2

)N

. (6.11)

In the experiment, mode A is represented by the upper arm of the interfer-

ometer (Fig. 6.1) and modes B,B′ by the lower arm (they are distinguishable in

time domain). Creation and annihilation process is emulated by a beam split-

ter. The action of the beam splitter can be described by a unitary operator

U = exp[θ(a†aaux − a†auxa)], where “aux” denotes the auxiliary mode and θ is

related to the intensity transmittance by the formula T = cos2 θ. If |θ| ≪ 1 and

there is a proper state in the auxiliary mode, U well approximates action of cre-

ation, a†, or annihilation, a, operators. The coincidence measurement guaranties

that only those situations are taken into account, when exactly one photon is

annihilated and one photon is detected at the output of the interferometer.

To be realistic and comparable with experimental results, the theoretical

prediction must take into account a finite coupling (i.e. transmittances and re-

flectances of beam splitters) as well as all insertion losses.
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Figure 6.1: The simple scheme of Mach-Zehnder two-photon interferometer illus-
trates the process of interference measurement.

In Fig. 6.1 the signal source generates single photons which are coupled, with

efficiency ηS, to the interferometer and afterwards they are split equally likely to

the upper or lower arm of the interferometer. In the upper arm we can set the
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phase shift ϕ and adjust losses by a beam splitter with transmissivity ηA (to

achieve maximum interference). The noise source feeds single photons into the

lower arm of the interferometer with coupling efficiency ηN and then the photons

are coupled by a beam splitter with transmissivity T to the signal photons. The

internal losses of the interferometer are modelled by a beam splitter with trans-

missivity ηB. As was indicated in the introduction, in order to subtract noise

we suggested to annihilate one photon from the lower arm of the interferometer.

This is accomplished by inserting another beam splitter which transmits pho-

tons with ratio TR to another detector DR. To evaluate the effect of the noise

subtraction we measure visibility of the signal from detector D conditioned on

the detection event from the detector DR. Calculation for fully indistinguishable

“noise” photon leads to visibility

Vind =
4
√
ηAηBT (1 − TR)

ηA + 4ηBT (1 − TR)
. (6.12)

Optimizing the values of free parameters we can reach

V max
ind = 1 (6.13)

for ηA = ηBT , TR = 3/4. The perfect visibility is achieved, as was predicted

also in the previous discussion of simplified model. In the fully distinguishable

scenario the visibility reads

Vdis =
2
√
ηAηBT (1 − TR)

ηA + 2ηBT (1 − TR)
. (6.14)

If we optimize the values of free parameters we can reach

V max
dis =

1√
2

(6.15)

for ηA = ηBT , TR = 1/2. We can see the drop in visibility to the value 1/
√

2.

In practice, the photons are partially indistinguishable. We can describe this

situation as a mixture of the two limit cases: With probability p the “signal” and

“noise” photons are principally indistinguishable, otherwise they are principally

distinguishable! We have repeated the calculation of visibility (similarly to the

previous extreme cases) for the above defined mixture of an indistinguishable and

distinguishable “noise” photon. The visibility reads

V (p) =
2(1 + p)

√
ηAηBT (1 − TR)

ηA + 2(1 + p)ηBT (1 − TR)
. (6.16)
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Optimizing the values of free parameters the visibility reaches its maximum

V max(p) =

√
1 + p

2
, (6.17)

for ηA = ηBT , TR = (1 + 2p)/[2(1 + p)]. The more distinguishable is the noise

photon from the signal photon the lower visibility we can obtain. The transmis-

sivity T , determining the strength of the coupling between the noise and signal

photon, has no influence on the visibility.

6.2 Experimental implementation

Figure 6.2: Experimental setup. Shutter (SH), polarization controller (PC), po-
larizer (P), attenuator (A), phase modulator (PM), adjustable air-gap (AG), fiber
coupler (FC), variable-ratio coupler (VRC), detector (D).

We have used a setup depicted in Fig. 6.2 to experimentally test the theo-

retically predicted visibility (6.17) for the two extreme cases of distinguishability.

The key part of the setup is the MZ interferometer build of fiber optics that

allows us to simply control transmissivities T and TR via variable-ratio couplers

(VRCs) within the range 0-100%. Signal and noise photons are created by type-

I degenerate spontaneous parametric down-conversion in a nonlinear crystal of

LiIO3 pumped by a cw Kr-ion laser (413 nm). Photons from each pair are tightly

time correlated, have the same polarization and the same spectrum centered at

826 nm. The degree of distinguishability of signal and noise photons can be tuned

changing the time delay between their wave-packets at VRC1. This is realized

moving a motorized translation stage connected to the fiber coupling system at

the “noise” side. All other characteristics of the photons are identical.
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Before the measurement the source of photon pairs is adjusted by optimiz-

ing the visibility of two-photon interference at VRC1 with splitting ratio 50:50.

The visibility of Hong-Ou-Mandel (HOM) dip [106] reaches typically values about

98%. Then the equality of intensities of signal and noise coupled to the fibers is

verified measuring the count rates at detectors D3 and D4. The count rates of the

noise photons at these detectors have to be double in comparison with the count

rates of the signal photons. The required signal to noise ratio is then set tuning

the intensity transmissivity T of VRC1. According to the theoretical proposal,

the transmissivity of the upper arm of the MZ interferometer is also set to the

value T using attenuator A2. At this point we unbalance the interferometer set-

ting the optimal transmissivity TR of VRC2. This variable ratio coupler separates

a part of the light from the lower interferometer arm for a post-selection mea-

surement on the detector D3. It should be stressed that these additional losses

are not compensated in the upper arm of the MZ interferometer.

Technical remarks:

(i) To accomplish proposed experiment, only one phase modulator in the upper

arm of the MZ interferometer is needed. The second phase modulator in the

lower arm just guarantees the same dispersion in both interferometer arms. This

trick allowed to increase the visibility approximately by 13 % to 94%.

(ii) All used detectors are Perkin-Elmer single-photon counting modules. To im-

plement the post-selection measurement the signals from detectors are processed

by coincidence electronics with a coincidence window of 2 ns.

(iii) The absolute phase in optical fibers is influenced by temperature changes.

Resulting undesirable phase drift is reduced by a thermal isolation of MZ inter-

ferometer and the residual phase drift is compensated by an active stabilization.

6.3 Results

The aim of the experiment is to show how the visibility of the signal photon is

affected by a distinguishable and indistinguishable “noise” photon after the “noise

subtraction”. We measured coincidence rate C between detectors D1 and D3.

Intensity transmissivity of VRC2 was adjusted so that the visibility of coincidence

rate C was maximal, i.e., TR = 1/2 for distinguishable photons and TR = 3/4

for indistinguishable photons. The visibility of C was measured for different

values of the transmissivity T . T = 100% represents no added noise case, T =

0% means that the signal photon can not pass through the lower arm of the

MZ interferometer. These two limit cases could not be measured, because the
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Figure 6.3: Visibility V as a function of the transmissivity T . Symbols denote
experimental results; squares correspond to the case of distinguishable photons
and circles to the case of indistinguishable photons. Solid lines are fits of measured
data and dashed lines are theoretical predictions.

coincidence rate C vanishes.

Figure 6.3 shows visibilities of the coincidence-rate interference patterns.

Each interference-fringe measurement, consisting of 41 phase-steps, was repeated

five times. Coincidence-rate measurement for each phase step takes typically 3 s.

After each three-second measurement period the phase was actively stabilized.

The results displayed in Fig. 6.3 support the theoretical prediction that visibil-

ity V does not depend on T . Obtained mean value of visibility is 67.4 ± 1.1%

for distinguishable noise photons (the theoretical value is 1/
√

2 ≈ 70.7%) and

92.6 ± 1.7% for indistinguishable noise photons (the theoretical value is 100%).

Shown error bars represent statistical errors. Systematic shifts of the values are

due to experimental imperfections. It should be noted that the measurement

with distinguishable noise photons is more robust. In the case of indistinguish-

able photons the visibility is very sensitive to fluctuations of the time overlap of

the two photons. Due to this fact, the visibility measured with distinguishable

photons lies closer to the theoretical limit.

6.4 Conclusion

We have investigated a decoherence model based on a mixing of particle repre-

senting a system with another particle representing noise. The particles are in

principle distinguishable during the mixing stage and become technically indistin-

guishable when subject to verification of its interference state. The interference
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of the signal particle is lowered by discrete amount depending on the number

of noise particle involved. While the usual decoherence processes behaves con-

tinuously in time we have obtained discrete model of decoherence process. We

have proposed an experimental setup for verification of our theoretical predic-

tions. The experiment based on two-photon Mach-Zehnder interferometer was

performed and verified our theoretical results. The theoretical results together

with the experimental implementation were published here:

• M. Gavenda, L. Čelechovská, J. Soubusta, M. Dušek, R. Filip

Visibility bound caused by a distinguishable noise particle, Phys. Rev. A

83, 042320 (2011).

87



CHAPTER 6. PARTICLE DISTINGUISHABILITY AND DECOHERENCE

88



Chapter 7

Summary and Outlook

In chapter 4 a single-copy quantum adaptation of channels has been proposed to

stop non-trivial sudden death of entanglement arising in a composite of the inde-

pendent channels. The adaptation differs from the entanglement distillation, it

rather prepares the entangled states for the transmission through the subsequent

channel. A power of both the unitary operation and quantum filters to com-

pletely reduce the sudden death of entanglement has been demonstrated. The

presented results have direct application for the quantum key distribution through

noisy channel and, in an extended multi-qubit version, also for the preparation

of cluster states for quantum computing. The protocol is further analyzed and

an experimental verification is under preparation.

In the chapter 5 we have discussed the role of the coherence in an elemen-

tary polarization entanglement three-photon localization protocol, both theoret-

ically and experimentally, especially for the cases of complete redirection of the

entanglement to an unpolarized surrounding photon. Theoretically, a full coher-

ence (indistinguishability) of noisy surrounding photon and one photon from the

maximally entangled state of two photons is a necessary condition for perfect

entanglement localization. Moreover, also for the partially coherent or even fully

incoherent photon the localization protocol is still able to restore non-zero en-

tanglement. Using local single-copy polarization filters, the entanglement can be

enhanced even to violate the Bell inequalities. The generalization of the results

to linear polarization sensitive coupling is also enclosed. Experimentally, the lo-

calization of entanglement is demonstrated for both fully incoherent as well as

for the highly (but still partially) coherent coupling. The restoration of entangle-

ment after its previous redirection to the surrounding systems was experimentally

verified, also the positive role of the coherence induced by the spectral filters has

been experimentally checked. These results clearly show the broad applicability of

the basic element of the polarization-entanglement localization protocol in realis-
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tic situations, where the surrounding uncontrollable noisy system exhibiting just

moderate coherence completely destroys the entanglement due to the coupling

process. In these cases, the collective entanglement distillation method without

a measurement on the surrounding system can not restore any entanglement out

of the coupling. An open question is whether after such multiple decoherence

events on both sides of the entangled state, non-zero entanglement can be as well

always localized back just by local measurements and classical communication,

or a collective localization measurement will be required. Further, an extension

from fixed number of surrounding particles to randomly fluctuating number of

the surrounding particles will be interesting. Another interesting direction is to

analyze the entanglement localization after another kind of the partially coherent

coupling, especially between atoms/ions and light or between individual atoms or

ions. This gradual investigation will give a final answer to an important physical

question: how to manipulate quantum entanglement distributed by the coupling

to noisy incoherent complex environments. Further investigations may involve

multipartite states of environment. Entanglement localization in such a complex

environment will demand the usage of numerical methods to find an optimal

solution.

We have observed in the chapter 6 how the noise represented by an addi-

tional distinguishable particle can degrade interference. It is known that as a

consequence of decoherence events very fast sudden death of entanglement can

happen and Bell-inequality violation can disappear [46]. So, let us imagine now

that instead of a single signal photon entering the interferometer through the in-

put beam splitter we have a photon inside the interferometer which is a member

of a pair maximally entangled in spatial modes. So we have two maximally entan-

gled qubits, one of them goes through our noisy “channel” followed by the “noise

subtraction” and finally it is measured in the basis consisting of two orthogonal

equatorial states. Pairs of maximally entangled qubits can be used to test the

exclusivity of quantum mechanics. If they are measured locally in proper bases

(which can be fully constructed from the equatorial states) the results violate

Bell (or CHSH) inequalities [5]. However, once one of the qubits is sent through

our channel and once the detectors are not able to distinguish between modes B

and B′ no violation of the Bell inequality is observed. To reveal the violation, a

measurement outside the equatorial plane has to be performed. It is not surpris-

ing, since the considered decoherence process is basis dependent. It fully disturbs

only the results of measurements in the equatorial plane. Tittel et al. [110] used

energy-time entangled photons to test Bell-inequality violation under the dephas-

ing process in an optical fiber and they have proved that the necessary condition
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to observe the violation reads V > 1/
√

2. In the decoherence process described

above the maximal visibility (in the case of “distinguishable” noise) reaches just

this boundary value. We are now working on an experimental proposal testing

the situation with the violation of Bell inequalities in the decoherence process

described above.
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Univerzita Karlova Praha, Praha, (1993).

[63] Vertraete, F., Dehaene, J., and DeMoor, B. Phys. Rev. A 64, 010101R
(2001).

[64] Verstraete, F. and Wolf, M. M. Phys. Rev. Lett. 89, 170401 (2002).

[65] Bennett, C. H., DiVincenzo, D. P., Smolin, J. A., and Wootters, W. K.
Phys. Rev. A 54, 3824 (1996).

[66] Bennett, C. H., Brassard, G., Popescu, S., Schumacher, B., Smolin, J. A.,
and Wootters, W. K. Phys. Rev. Lett. 76, 722 (1996).

[67] Deutsch, D., Ekert, A., Jozsa, R., Macchiavello, C., Popescu, S., and San-
pera, A. Phys. Rev. Lett. 77, 2818 (1996).

[68] Dehaene, J., denNest, M. V., DeMoor, B., and Verstraete, F. Phys. Rev. A
67, 022310 (2003).

[69] Peres, A. Phys. Rev. Lett. 77, 1413 (1996).

[70] Horodecki, M., Horodecki, P., and Horodecki, R. Phys. Lett. A 223, 1–8
(1996).

[71] Terhal, B. M. Phys. Lett. A 271, 319 (2000).

[72] Masanes, L. arXiv:quant-ph/0510188.

[73] R. Horodecki, P. H. and Horodecki, M. Phys. Lett. A 200, 340 (1995).

[74] Werner, R. Phys. Rev. A 40, 4277 (1989).

[75] Filip, R., Gavenda, M., Soubusta, J., Černoch, A., and Dušek, M. Phys.
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