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Abstract

Control systems are widely used as they enable precise management and regulation of
complex processes across various industries. Ordinary differential equations are widely
used in control theory because they provide a mathematical framework to describe the
dynamic behaviour of control systems. They allow stability analysis, have good performance
characteristics and can effectively regulate and optimise systems responses in real-time. The
high-order numerical methods are not often used in the real-time context because of the
large number of operations.

The thesis deals with the numerical solution of ordinary differential equations using a
higher-order variable-step variable-order numerical method based on the Taylor series. The
method is defined for linear and non-linear problems, and several optimisations to increase
its performance are introduced. The positive properties of the method are thoroughly
analysed and demonstrated on a set of real-world technical problems.

The results show that the Taylor-series-based method can be used in the area of control
and regulation and outperforms the state-of-the-art methods in terms of speed and accuracy
of the calculation.

Abstrakt

Systémy pro Tizeni a regulaci jsou pouzivany témér ve vsech primyslovych oblastech. Pro
jejich modelovani se casto pouzivaji diferencidlni rovnice, které popisuji dynamické chovani
téchto systémil a umoznuji je detailnéji analyzovat z hlediska presnosti, stability, vykonu a
reakci téchto systémi v redlném case. V této oblasti se bézné nepouzivaji metody vyssich
radu, protoze vykonavaji velké mnozstvi operaci.

Tato prace zkouma numerické reseni obycejnych diferencidlnich rovnic s pouzitim metody
s proménnym fadem a proménnou velikosti kroku, kterd je zalozena na Taylorové radé.
Metoda je navrzena jak pro linearni, tak pro nelinedrni problémy a jsou implementovany
jejl optimalizace pro snizeni vypocetniho ¢asu bez degradace jejich vlastnosti. Pozitivni
vlastnosti metody jsou demonstrovany na sadé prikladt z technické praxe.

Vysledky prace ukazuji, ze metoda zalozena na Taylorové rfadé muze byt pouzita v
oblasti fizeni a regulace a ma lepsi vlastnosti nez bézné pouzivané metody.
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Rozsireny abstrakt

Tato préace se zabyva modelovanim a simulaci redlnych problémt pomoci numerické inte-
gra¢ni metody vyssiho rfadu, kterd je zalozena na Taylorové fadé. Tato metoda ma velké
mnozstvi pozitivnich vlastnosti (napf. automatické nastaveni poc¢tu ¢lent Taylorovy fady,
které se pouzivaji pro vypocet, vysokou numerickou stabilitu, vysokou presnost a rychlost
vypoctu), které lze vyuzit pfi simulaci systémi, které jsou namodeloviny pomoci obyce-
jnych diferencidlnich rovnic prvniho fadu s pocateéni podminkou — technické pocatecéni
problémy.

V ramci prace jsou nejprve predstaveny nékteré bézné pouzivané explicitni numer-
ické metody pro Feseni obyc¢ejnych diferencidlnich rovnic (napf. metoda Eulerova, metody
Runge-Kutta, apod.) a jejich vlastnosti. Metoda vyssiho fadu zaloZena na Taylorové fadé
(se zkratkou MTSM — Moderni metoda Taylorovy fady) je definovana jak pro linearni, tak
pro nelinearni problémy vcetné detailntho popisu moznych optimalizaci, hlavné pro velmi
vypocetné narocny nelinedrni vypocet vyssich c¢leni Taylorovy rady. Pozitivni vlastnosti
metody jsou ovéfeny na sadé piikladii z riznych oblastni technické praxe (astronomie, elek-
trotechnika, fyzika, atp.). V drtivé vétsiné piipadi metoda fesi definované problémy rych-
leji a se srovnatelnou presnosti, nez bézné pouzivané numerické metody. Prace se zabyva
aplikaci metody v oblasti fizeni a regulace, kde je opét na sadé prikladi demonstroviano
chovani metody pfi feSeni problémt z této oblasti, véetné moznych aplikaci.

Prace ukazuje vhodnost pouziti MTSM v technické praxi a v oblasti fizeni a regulace a
ukazuje na dalsi mozné vyzkumné sméry (napft. dalsi optimalizace pro vypocet nelinedrnich
problémt nebo aplikace metody ve skuteéném systému).
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Chapter 1

Introduction

The presented thesis deals with quite an expansive problem — how to apply the high-order
numerical integration method into the area of control systems (with a wide range of possible
applications, including systems that have hard limits on time of calculation). These control
systems working in real-time context are widely used, and if they are not working correctly,
in the worst case scenario, lives might be lost. This places a high burden on the used control
system. This thesis tries to answer the following question:

Is a high-order variable step, variable order numerical method suitable for use
in the systems that operate in real-time?

The posed question seems to have a uniform answer in the literature — (no), and that
is going to be discussed in more detail. This answer is due to the fact that the number of
operations is critical in the real-time context, and these methods do not seem to be well
suited for the task.

The thesis deals with state-of-the-art numerical methods that can be used in the real-
time context for comparison and shows how the presented high-order method resolves the
shortcomings these methods might have. In the thesis, I will discuss how the proposed
numerical method and its modifications and optimizations might be used to achieve better
results. First generally and then in the context of a control system using a constructed
simulation model on a set of experiments that are all cyber-physical and therefore have
high usefulness in real-world applications.

1.1 Research objectives

The thesis has several research objectives:

e discuss the currently existing numerical integration methods, particularly in the con-
text of control systems,

« analyse the properties of a high-order integration method based on the Taylor series
and evaluate the applicability of this method on a set of technical problems,

o extend the capabilities of high-order Taylor series method to solve non-linear prob-
lems, propose and discuss possible optimizations,

e show the suitability of the high-order method to be used as a part of the control
system using a set of examples (with strict considerations of time of calculation),
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o show the potential for further research and additional improvements of the method
for both linear and non-linear problems.

1.2 Structure of the thesis

The thesis is structured so that the general topics create a foundation for more specialized
ones. In Chapter 2, the overview of the widely used numerical integration methods is pre-
sented with an emphasis on their properties, including stability and usability in real-world
usage. Chapter 3 introduces the proposed numerical integration method with its positive
properties highlighted compared to the state-of-the-art solvers introduced in the previous
Chapter. The definition of the method for linear and non-linear problems is also included
with the possible optimizations to the non-linear solver, which are non-trivial and can help
to dramatically increase the performance of the calculation. Chapter 4 contains several
linear and non-linear real-world example problems from several different areas (physics,
electrical engineering, astronomy, etc.) that show how the method behaves when solving
different types of problems. After establishing the properties and usability of the method
when solving general problems, Chapter 5 overviews the basics of system control theory
needed to understand the control systems experiments in the final Chapter. Linear and
non-linear controllers are also introduced. Finally, Chapter 6 contains the experiments on
a set of control problems that are solved using the proposed numerical method, showing
that its properties make it suitable for working with control systems.
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Chapter 2

Numerical solution of differential
equations

This Chapter discusses the basics of the numerical solution of differential equations. Then,
due to this thesis’s topic, state-of-the-art methods that can be used in real-time applications
are introduced. Analysis and discussion of commonly used numerical methods of several
types follow with examples. The chapter is primarily compiled from [18], [32], [17], and
other sources cited throughout.

In real-life situations, the differential equation that models the problem is too compli-
cated to solve exactly, and one of two approaches is taken to approximate the solution. The
first approach is to modify the problem by simplifying the differential equation to one that
can be solved exactly and then use the solution of the simplified equation to approximate
the solution to the original problem. The other approach uses methods for approximating
the solution of the original problem. This is the approach that is most commonly taken be-
cause the approximation methods give more accurate results and realistic error information
[17].

The numerical integration methods do not produce a continuous approximation of the
solution of the initial-value problems. Instead, approximations are found at specific points,
often spaced equally apart. These points form a solution mesh. The way of creating the
mesh differs based on a selected method and other considerations.

First, let us briefly discuss how the numerical derivation works on a conceptual level
before applying the principles to the numerical solution of the differential equations.

2.1 Numerical differentiation

When having a function defined by a set of values instead of its analytical solution, we need
to be able to replace the function with a polynomial representation that would approximate
it and create derivatives (or integrate, if need be) of the approximating function. The
derivative of the function y(x) can be expressed as

J (z0) = lim y(wo + h) — y(x0) ‘

h—0 h (2.1)

The following example shows how to obtain the approximation of the derivative of the
function. A function y at the point zy can be approximated using the Lagrange polynomial
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of the original function y(z)

y(ﬂf) _ y(xo)(x__hx(] — h) + y(l‘o + h})L(x - 1‘0) + (ZL‘ - xO)Q(m - xl)f,/(g(.'ﬁ))

for 29 € (a,b) and x1 = xg + h for some h # 0 that is sufficiently small to ensure that
z1 € (a,b) and &(x) between zg and z;. Differentiating the polynomial gives

(x —xo)(x — 20 — h)

(zo + h) — y(x0) n 2(x —x0) —h ,
2

(@) = S S (E() + Dy (§(a)).-

Deleting the terms involving £(z) gives the approximation of the derivative. For z = x we

can therefore write

ooy Y(@o +h) —y(zo)
Y (z) = =2 Y °

or rather
() = LD V) ) (2.2

for x = xg. For small values of h, the quotient w can be used to approximate the

first derivative y'(x). This formula is known as a forward-difference formula for h > 0 or
backward-difference formula for h < 0 [71]. Figure 2.1 shows the geometric interpretation
of the forward difference formula.

y(w) 4

Slope ¢/ (o)

y(zo+h)—y(zo)
Slope == —->>

SE--- -~

<)

8

=)
+l--
=

5 4

Figure 2.1: Geometric interpretation of the forward difference formula (based on [17]).

If we use more points, the general accuracy increases. However, the number of performed
operations and the rise of round-off error makes higher orders than five generally not prac-
tical [17].
2.2 Ordinary differential equations
The first-order differential equation can be defined as [18]
Y (@) = fz,y(2)), (2.3)
dy
x

where y/(x) = .- The differential equation alone does not generally define a unique
solution, and a number of conditions have to be added to the problem — boundary or initial
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conditions (all components of y are specified at the single value of z). If the value y(z¢) = yo
is given, then the equations

V(z) = f(z,y(2)),  ylzo) =10, (2.4)

are together known as a initial value problem (abbreviated as IVP). Note that if the IVP is
multidimensional, initial values in all dimensions have to be defined. Therefore, we might
write

v (@) = T y@). vo= [uid- ] - (25)

For natural problems, the differential equations might have higher order. The higher-order
differential equation is in the form

v =6 (2,999 9" ), (2.6)

with initial values given for y(zo), ¥/(20), ¥"(x0), ..., ¥V (xo). The methods that can
transform such system into the system of the first-order ODEs are discussed in Section 2.6.
2.2.1 Existence and uniqueness of solutions

A fundamental question when creating a system model is whether a given differential equa-
tion with the associated initial condition can be reliably used to predict the system’s future
state. If the system is acceptable from this point of view, we call it well-posed. For the
system to be well-posed, the following attributes have to be taken into account.

e Does solution exist?

o If solution exists, is it unique?

o How sensitive is the calculated solution to the small changes in the initial condition?
All criteria mentioned above can be satisfactorily answered by using the Lipschitz condition.

Definition 1 The function f : [a,b] x RN — RN is said to satisfy a Lipschitz condition in
its second variable if there exists a constant L, known as Lipschitz constant, such that for

any v € [a,b] and Y, Z € RN, ||f(z,Y) — f(z, Z2)|| < L||Y — Z||.

Based on the Definition 1, the initial value problem (2.4) can be defined.

Theorem 1 Consider the initial value problem
Y (z) = f(z,y(z)), (2.7)
y(a) = Yo, 2.8

where f : [a,b] x RN — RN is continuous in its first variable and satisfies the Lipschitz
condition in its second variable. Then unique solution to this problem exists.

The proof of Theorem 1 can be found in [18].

The third requirement for being well-posed is that the solution is not overly sensitive to
the initial condition. This can be assessed for problems that satisfy the Lipschitz condition.
Further analysis can be found in [18]. Of particular note here are stiff systems, that often
have large Lipschitz constants and different approaches to their solution has to be used [83].
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2.3 Numerical integration

In this Section, the concept of numerical integration is briefly introduced and several state-
of-the-art methods that are commonly used are presented. The Section is mostly compiled
from [18], [17] and [32].

The methods presented in this Section are used for comparison with the high-order
method based on the Taylor series, which is going to be presented in detail in Chapter 3.
The primary focus of the Section is going to be on performance, stability, and usefulness,
mainly in real-time applications.

This thesis mainly considers the numerical solution of the ordinary differential equations
(ODEs) with generally arbitrary order. The solution of these equations is performed in the
time domain so that x — ¢t. The thesis discusses several approaches that can be used to
transform the arbitrary order equation to the general form of first-order ODE

g9(t,y(t),y'(t)) =0 (2.9)

and for the explicit methods (which are mainly considered in the rest of the thesis), the
general formulation above can be rewritten as (2.7). The general solution defined by (2.7)
contains the integration constant that can have an arbitrary value. To specify the solution
of the problem, the initial condition (2.8) for the function in ¢ = ¢( can be specified.
Before defining the methods commonly used for numerical integration, the general prin-
ciple should be discussed first. When solving an IVP using a numerical method [28], we
find the approzimate values of the function y(¢) in the defined nodes of the solution mesh

{to,t1,t2,...,tm} in the interval (a,b). The nodes of the mesh on the interval are therefore
defined as a =ty < t] <ty < --- <t =b. The step size of the mesh can be calculated as
hiv1 = tiv1 — t;, for : = 0,1,...,mn — 1. The step size can be the same in all areas of the

mesh — equidistant mesh, or it can change during the calculation — non-equidistant mesh.
The basic principle of the numerical solution of differential equations is in Figure 2.2.

f(®)a

Figure 2.2: The basic principle of IVP solution. The problem is defined by
y' = f(t,y(t)),y(to) = yo. The curve y(t) represents the accurate (analytical) solution. The
blue points represent the solutions in the individual mesh points (based on [28]).

The values in the mesh nodes can be calculated using various numerical integration methods.
These methods can be broadly categorized into two major groups:

o single-step methods use the previous mesh point to calculate the value in the next
mesh point,
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e multi-step methods use multiple previous mesh points to calculate the value in the
next mesh point.

The basis for all single-step methods is the Taylor series [17], [83] and [32] which can
be defined using the following Theorem.

Theorem 2 Let C%(X) be the set of all functions that have the continuous derivative on
X. Suppose f € Ca,b], that fo*! ewists on [a,b] and to € [a,b]. For everyt € [a,b] there
exists a number £(x) between t and ty with

f(z) = Pn(z) + Bn(z),

where
Pa(a) = t0) + 70t~ t0) + Lo (0 g2 o S0 gy
Nkt
= kz:% kg 0) (t— to)k
and
(N+1) (¢ (o
R(a) = W(t )N

The term Py (z) is called the nth Taylor polynomial for f in the neighbourhood of ¢y and
Ry (z) is called the remainder term (or truncation error — the error involved when using
the truncated summation of an infinite series) associated with Py(z). The value of the
function () cannot be determined explicitly, and Theorem 2 ensures that such function
exists and that its value lies between ¢y and ¢. The infinite series obtained by taking a limit
of Py(z) as N — oo is called the Taylor series for f in the neighbourhood of ty. Note that
for tg = 0, the Taylor polynomial is often called the Maclaurin series.

All single-step methods are based on the Taylor series. It can provide the best approx-
imation of the function when a sufficient number of the terms are calculated. The biggest
problem while using the methods based on the Taylor series is the calculation of higher
derivatives. This problem can be solved using the method presented in Chapter 3. Proba-
bly the most well-known, simplest and most straightforward single-step method, the Fuler
method, is will be discussed first.

2.3.1 Euler method

The Euler method, first published by Leonhard Euler between 1768 and 1770 and repub-
lished in his collected works, is based on a very simple principle that can be generalized
to create more advanced methods. Suppose that a particle is moving in such a way that
at time tg, its position is equal to yp, and at that time, the velocity is equal to vg. The
principle is that in a very short time, the velocity does not change significantly from vy,
and the change in position will be approximately equal to the change in time multiplied by
Yo-

If the motion of the particle is driven by a differential equation, the value of vg will be
known as the function of ¢ty and 9. Given ty, the solution at t1, assumed to be close to tg
can be calculated as

Y1 = yo + (t1 — to)vo
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which can be found from the known values of ygy, t; and tg. The numerical solution of
a differential equation is a sequence of approximations at times tq, to, t3, ..., t;, that
should lead to the acceptable approximation of the given function.

Of course, the interpretation is much broader than for a single particle. The dependent
variable y might not have a meaning of distance and might not even be scalar. If y is
a vector, then it can be interpreted as a collection of scalars y1, y9, ..., yn. The differential
equation and the initial information together determine the values of y components as the
time variable changes can be written in the form

y'(t)=Fftyt)  ylto) =yo. (2.10)

An important special case is that f, or for the vector problems f1, fo, ..., f, does not
depend on the time variable at all. In this case, the problem is autonomous and can be
written in the form

y'(t)=Fy®)  ylto)=yo. (2.11)

Using the terms of the Taylor series, the explicit method can be written as
Yir1 = yi +hy; (2.12)

note that (2.12) contains the first term of the Taylor series. Therefore, the Euler method
is so called first-order method.

In MATLAB, the method is not included in the set of standard solvers (due to its limited
usability in solving real-world problems and its limited stability). However, understanding
the basic principles is helpful because it demonstrates how numerical integration works on
the most basic level. More advanced methods (i.e. the Runge-Kutta methods) that are
going to be discussed next are more complicated.

2.3.2 Runge-Kutta methods

The methods of this type can generally be viewed as generalizations of the Euler method.
The methods are attributed to Runge (1895), with Kutta (1901) and Heun providing further
contributions. The methods came back into focus after the advent of modern digital com-
puters, and new methods with higher orders are being developed and tested that fall into
this broad category (including the methods included in the MATLAB software package).
The basic principle behind any Runge-Kutta method is simple: rather than calculate the
function f just once in each time step, the methods might calculate the function multiple
times per time step with different arguments. The number of function evaluations in the
individual time steps can determine the order of the method. Further, the methods can
be additionally augmented with additional calculations to improve the accuracy and other
properties of the methods. For the method with the order p, at least s stages are necessary.

Second-order method

The second-order method (commonly abbreviated as RK2) evaluates the function f two
times during each time step. One evaluation is performed at the beginning of an inte-
gration step, and the second evaluation can be calculated, for example, in the middle of
an integration step (mid-point). This can, however be difficult, but the second value can
be approximated using a similar formula as the Euler method. With two approximations
completed, all the data are available to calculate the second-order function approximation
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using the trapezoidal rule formula. The second-order method that uses the mid-point can
be formulated as:

ki =vi—1+hf(ti-1,yi-1)

i =i+ (k) + F 1, pi1)

(2.13)

The construction of the second-order Runge-Kutta method can be generalized by using
an arbitrary value for the distance into the current integration step (denoted as ¢). Using
the second-order quadrature formula

1 1 1
A¢w&zu—MW@+%mw

As stated above, the distance ¢h can be arbitrary, most commonly ¢ = % The Runge-Kutta
methods can also be described using the coefficient tableau with the following form.

c A
bT

Vector ¢ indicates the positions of the stage values within the step, matrix A indicates the
dependence of the stages on the derivatives found at other stages, and b’ is a vector of
weights, showing how the final result depends on the derivatives computed at the various
stages. The tableaus of this configuration are commonly referred to as Butcher or Runge-
Kutta tableaus [18]. As an example, consider the following tableau for the Euler method.

0
1
For the second-order method we are currently discussing in this section, multiple con-

figurations of the tableau can be created based on the value of ¢. For the general value of
¢, the tableau can be written as follows.

0
:

Table 2.1: Butcher tableau for the second-order Runge-Kutta method (general value of ¢).

L L
2¢ 2¢

— |-

For ¢ = %, the values are substituted, and the resulting tableau is therefore simpler.

Table 2.2: Butcher tableau for the second order Runge-Kutta method (¢

= O

O (Nl

1

I
N[ —
SN—
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For clarity, the equations for the mid-point (¢ = %) variant of the Runge-Kutta method
with coefficients presented in Table 2.2 are

kv = f(ti, yi)

1 1 (2.14)
kQ = f(tz + *h,yi + *hk‘l) .
2 2

The tableaus can be used to construct higher-order methods (for more examples, see
[18]). Let us briefly look at the construction of the most common order of the Runge-Kutta
method in technical practice — the fourth-order method. Note that the construction of
the methods using polynomial conditions (as presented in [18]) is practical only up to the
fourth order due to the massive increase in complexity of the conditions for the higher
orders. Several polynomial conditions have to hold in order to construct the method [18].
These polynomial conditions can be solved, and the obtained coefficients can be used to
derive several variants of the Runge-Kutta methods — the most common solution being
shown in Table 2.3.

= N N= O

ol O O N
W= O N

W= =

1
6
Table 2.3: Butcher tableau for commonly used fourth-order Runge-Kutta method.

Based on Table 2.3, the most common formulation of the fourth-order Runge-Kutta method
can be written as

11 11 1
Yir1 = Yi+ gkt ghe+ oks + cke =y + (R + 2k + 2k + k). (2.15)

where coefficients k1,ko,k3 and k4 are calculated using

ki = hf(te;,y),

1 k
ko = hf(t; + §h’ Y + ?1),

: : (2.16)
ks = hf(t; + 5’% Yi + 52),

ki = hf(ti+ h,y; + ks3).

Dormand-Prince method

Similarly to the Euler method, the basic fourth-order Runge-Kutta methods are not imple-
mented in MATLAB as presented in Table 2.3. In MATLAB [69] Dormand—Prince method
is used [25]. It uses six function evaluations and a simple error predictor to increase ac-
curacy and determine the optimal step size. This variant of the Runge-Kutta method is
very widely implemented in other software and suites for numerical integration. The first
of these methods [18], RK5(4)7M the method has the Butcher tableau 2.4.
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0
1 1
5 5
3 3 9
10 10 10
4 44 _ 56 32
5 15 15 9
8 19372 25360 64448 212
9 6561 2187 6561 729
1 9017 355 46732 49 _ 5103
3168 33 5247 176 18656
1 35 0 500 125 2187 11
384 1113 192 6784 84
35 0 500 125 2187 11 0
384 1113 192 6784 84
5179 0 7571 393 92097 187 1
57600 16695 640 339200 2100 10
1 0 71 Tl 17253 ~ 22 1
57600 16695 1920 339200 525 40

Table 2.4: Butcher tableau for the Dormand-Prince method.

First of the output approximations has order N + 1 = 5 and propagates. This method has
the so-called FSAL (first Same As Last) property. This means that vector b, corresponding
to the output approximation, has the last component equal to zero, and it is identical to the
last row of the matrix A. As a consequence, while the method has seven stages, it operates
as if it only has six (the seventh stage derivative can be retained as the first derivative of
the subsequent step). The method can be defined without this property or with different
coefficients (that would lead to a larger region of stability). For more information, see [18].

Fehlberg method

The Fehlberg methods represents the early attempt at incorporating the error estimation
into the Runge-Kutta method. When writing the tableaus, the following notation can be
used

where
c A
bT
is the tableau for the Runge-Kutta method of order p and

c A
BT

is the tableau for the Runge-Kutta method of order p+1. The additional vector d” = bT —bT
is used for error estimation. The fifth-order method, with sixth-order error estimation, can
be expressed as
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0
1 1
6 6
4 4 15
15 75 76
2 5 8 5
3 6 3 2
4 _8 144 4 16
5 5 25 25
1 362 18 407 1 55
320 5 128 80 128
11 11 11 11
0 640 0 256 160 256 0
1 93 18 803 11 99 0 1
640 5 256 160 256
31 1125 9 125 5
384 0 2816 32 768 66 0 0
7 0 1125 9 125 0 5 5
1408 2816 32 768 66 66
5 5 5 5
66 0 0 0 0 66 66 66

Table 2.5: Butcher tableau for the Fehlberg method.

Methods derived by Fehlberg can have difficulty with error estimation when the formulas
characterized by the vectors b7 and b’ are identical, which would mean that the error

estimate is going to be too optimistic. Further information about the Fehlberg methods
and their drawbacks can be found in [18].

Trapezoidal rule

The trapezoidal rule is another one of the very well-known methods. These methods can
be generally written as

1
Yit1 = Yi + ih (f(ts, yi) + f(tigr, vis1)) -

These methods are implicit and very efficient for solving stiff problems.

2.3.3 Multi-step methods

The multi-step methods are widely used in the area of real-time simulation [49], so this
thesis is going to discuss the commonly used ones in greater detail. For the non-stiff linear

problems, the Adams methods are the most important. These methods approximate the
solution at t,, either by

Yirr = Yi + h(Bof (b, yi) + Baf (tim1, yim1) + -+ + B (Giek, Yir)) (2.17)
(Adams-Bashforth methods) or

Yit1 = Yi + h(Bof (i, yi) + Bof(tim1,vi—1) + -+ + Bif (tizks Vi) (2.18)

(Adams-Moulton methods) where the constants Sy, f1, B2, ..., Bk are chosen to give the
highest possible order.

For Adams-Bashforth methods, assuming that no other errors were introduced when
approximation at t; is about to be calculated, the terms on the right-hand side can be
replaced by the quantities that are approximated, that is, by vi—1, Yi_1, Yi_oy ---» Yi_g
respectively. The amount by which the approximation written in this form differs from y(¢;)
is the error generated in the particular step. If this error can be estimated for a smooth
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problem as O(h"¥*1), then the method has the order N. For Adams-Moulton methods, the
term with f(¢;,y;) complicates the calculation of the order. However, the resulting order is
similar to the Adams-Bashforth methods. Generally, this class of methods are specialized
in that the dependence of y; on previously computed values ignores vy;—1, ¥i—2, - -, Yi—k-

Adams-Bashfort methods

The coefficients of the Adams-Bashfort method (8y = 0) for £ = 1...6 steps are in Ta-
ble 2.6.

k b1 B2 B3 Ba s Be
1 1
3 1
2 2 3
5 2 _ 16 5
12 12 12
4 5 59 37 9
24 24 24 24
5 1901 2114 2616 1274 251
720 720 720 720 720
6 42 _792 9982 7298 2877 475
1240 1240 1440 1440 1240 1440

Table 2.6: Coefficients for the Adams-Bashfort method [18].

For k = 1, the explicit Euler method (2.12) can be obtained. For higher values of k, the
multistep methods can be obtained. For example, using k = 2

Yir1 =h (;)f(tuyi) - ;f(ti—layi—1)> :

Adams-Moulton methods

The coefficients of the Adams-Moulton method (5p = 1) for K = 0...5 steps are in Ta-
ble 2.7.

k Bo B1 B2 B3 Ba Bs
0 1
1 1
1 2 2
5 8 1
2 15 1 )
3 9 19 _5 1
24 24 24 24
4 21 616 264 106 _ 19
720 720 720 720 720
5 475 1427 _ 858 482 _ 173 27
1440 1440 1440 1440 1440 1440

Table 2.7: Coefficients for the Adams-Moulton method [18].

By substituting the coefficients into (2.18), the implicit methods can be obtained (the
implicit Euler method for & = 1, trapezoidal rule for £k = 2). A multi-step method is
obtained by using k& > 3.

The biggest drawback of the multi-step methods is the need to generate the k starting
points yo, Y1, - - -, Yk—1- One of the approaches that can be used for k-step Adams-Bashfort

27



method calculated again using Adams-Bashfort method, y; using the one-step Adams-
Bashfort method, y» using two-step Adams-Bashfort method and yi_1 using yi_1-step
Adams-Bashfort method.

Predictor-corrector methods

The Adams-Bashfort and Adams-Moulton methods are rarely used on their own. They
are more commonly used combined as so-called predictor-corrector methods. The predictor
(preliminary calculation in y;) is being performed by the Adams-Bashfort method. This pre-
liminary predicted solution at the new step value is then used to evaluate an approximation
to the derivative value at the new point.

This calculation scheme is often referred to by the abbreviation PECE (predict-evaluate-
correct-evaluate). The steps on the scheme for the second-order predictor-corrector method
can be written as follows:

+ P 2nd order Adams-Bashfort method v}, = y; + sk (3f; — fi—1)
e F f:ii-l - f(ti-i-l? (yz*-‘rl)
e (C 2nd order Adams-Moulton method y;+1 = y; + %h (i + fi)

o E fiy1 = f(tiv1, Wiv1)-

2.4 Implementation of integration methods in MATLAB

Some methods introduced in Section 2.3 are implemented in MATLAB [54]. The most
widely used numerical solvers in MATLAB that are used in the thesis are summarized in
Table 2.8.

Solver Method
ode23 Bogacki-Shampine [69]
ode45 Dormand-Prince [25]

odel13 Adams-Bashfort method with predictor-corrector PECE scheme

Table 2.8: List of used state-of-the-art numerical integration methods.

In several experiments, Runge-Kutta second-order (2.14) and fourth-order (2.15) meth-
ods are used.

2.5 Errors of the numerical integration methods

When calculating the solution using the selected numerical integration method, it is im-
perative to have a good understanding of errors that are present. There are two types of
errors that have to be taken into account:

e local truncation error and

e global truncation error.

28



Local truncation error at the specified step measures the amount by which the exact solu-
tion of the differential equation fails to satisfy the difference equation being used for the
approximation at that step [17].

For the initial value problem

Yy =f(ty), a<t<bh  yla)=a
the difference method can be defined as

wo = «
Wi41 = Wy + hgf)(ti, wi)

for each 1 = 0,1,...,n — 1. This difference method has local truncation error
1 — (s - Bt o
Tig1 = Yir1 — (i + ho(ti, yi)) e o(t:, vi)
h h
for each 1 = 0,1,...,n — 1, where y; denotes the solution in the time ¢; and y;11 denotes

the solution in the time #; 1.

For the Euler method, defined previously in this Chapter, the local truncation error at
the ith step

Yi+1 — Yi
Titl = % — f(ti,yi)

for each ¢ = 0,1,..., N — 1. This is indeed a local error because it measures the accuracy
at the specific step, assuming that the method was accurate at the previous step. For a
method, it depends on

o differential equation,
o the selected step size and

e the particular step of the approximation.
The Euler method (2.12) has
h
Tit1(h) = 53/”(&')

for some & in (¢;,t;+1). It can be proven [17] that the local truncation error of the Euler
method is O(h). If the method based on the Taylor series is used to approximate the
solution of the function

y'(t) = f(ty(t), a<t<b yla) = a,
with step size h, y € C"*1[a,b] the series can be rewritten
h2 , I (N_1) hN—i—l o)
Yir1 — Yi — hf(ti, vi) — Ef (tiyi) — .. — Hf (ti, yi) = mf (& y(&)) s

for some &; in (t;,t;1+1). The local truncation error can therefore be written as

Yi+1 — Yi (N) h (N)
Tiv1(h) = — PYU(t,y) = mf (&> y(&))

for each i = 0,1,...,N — 1. Since y € CN*1[a,b], y NtV (t) = fN)(t,9(t)) bounded on

[a,b] and 7;(h) = O(hY), for each i = 1,2,..., N. Global truncation error accumulates the
local truncation error over the solution, assuming that the initial condition is given exactly.
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2.6 Transformation of higher-order ODEs into the system of
first-order ODEs

The higher-order ODEs can be transformed into the equivalent system of first-order ODEs
using several known approaches. These approaches have their roots in analogue compu-
tations but are still used today [12]. More information is provided in [64] or in [42], used
block algebra is defined in Appendix A.

2.6.1 Method of Derivative Order Reduction

The first discussed method (Method of Derivative Order Reduction — abbreviated as MDOR)
is the simplest. It can be used with systems that have the input (coercive, forcing) function
z with no derivatives. Consider the following equation:

" "

y" + asy" + asy” + a1y’ + apy = boz (2.19)

with initial conditions y(0) = ¢'(0) = 3”(0) = y”/(0) = 0. As stated before, to use the
MDOR method, the forcing function does not contain a derivative. It can be rewritten
using a differential Laplace operator s

— sy
7 — 52y
mno_ 33y
y ="y
to obtain
sty + azsPy + aos®y + a1sy + agy = boz . (2.20)

It is possible to rearrange (2.20) to as the system of first-order ODEs (2.21)). Elements 2
denote numerical integrators

sty = boz — a3s®y — ags®y — arsy — agy

1
s3y = fs4y sgy(O) =0
1
2, 1.3 2 _
sy =57y sy(0) =0 (2.21)
1
sy = gszy sy(0) =0
1
Y= —sy y(0) =0

Figure 2.3 shows the corresponding block scheme.
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G5 >+
>+ 1 1 1 1
>+ > - P — > - > -
pl+ sdy s s3y s s2y s sy s
B L P 1 12 13 14

-

-a2}< G3
-31F G4
-a0}+

Figure 2.3: Block scheme for MDOR.

2.6.2 Method of Derivation Order Reduction with an Additional Variable

Another method that can be used, is the Method of Derivation Order Reduction with an
Additional Variable, abbreviated as MDORAV. The differential equation (2.19) did not have
the derivative of the forcing function z. If the differential equation contains the derivative
of the forcing function, the MDOR cannot be used. For example, consider following higher
order ordinary differential equation

1"

Y+ asy

with initial conditions y(0) = 3/(0) = ¥”(0) = ¢"’(0) = 0 and 2(0) = 1,2/(0) = 2”(0) =
2"(0) = 2""(0) = 0. Using a similar transformation as with the (2.19), equation (2.22) can
be simplified.

"

+asy” 4+ a1y + agy = b42"" + b32" 4 bo2" + b1 + boz, (2.22)

34y + a333y + a232y + a18y + apgy = bystz + b3s3z + bas’z + bysz + byz

y(s* 4 azs® + aos® + ars + ag) = z(bys* + bys® + bys® + bys + by) . (223)
The output of the system y can be expressed from (2.23) as
bys* 4 b3s® 4 bys? + bys + by
VY= +a3s’ +ags? +ays+agp (2.24)
with so-called additional variable v defined as
B R ajsz +ais+ag (2:25)
The output of the system can therefore be written as
y = bystv + bys3v + bys?v + bysv + bov, (2.26)

which means that to calculate the output of the system, the higher derivatives of the
additional variable are required. Simplifying the (2.25), the equation for the additional
variable can be obtained

st + ags?’v + a2521) +aisv+ apv = 2.
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This equation does not contain the derivative of the forcing function z, so the order can be
reduced using the MDOR (defined in subsection 2.6.1).

s = 2 — azsPv — ags*v — aysv — ag
1
s3v = —sto s30(0) = 0
s
1
2 3 2
== 0) = 0
o= Lshy 20(0) (227)
1
sv = —s%v sv(0) =0
s
1
v = -5V v(0)=0
s

The block scheme representing equations (2.27) and (2.26) is in Figure 2.4.

>
G5 <
>

++ + + +
7/

G6 P b2
> b1
, G7
- G8
—
<M 1 1 1 )1 oo
»l+ s4v s s3v N s2v N sV N
Pt s 11 12 13 14
4 G2 v

-a2 }4 G3
-a0 }1

Figure 2.4: Block scheme for MDORAV.

2.6.3 Method of Successive Integration

The last method discussed in this section is the Method of Successive Integration, abbrevi-
ated as MSI. Once again, the coercive function z has a derivative. Consider the following
differential equation

y/l// _|_ a3y,/, _|_ a2y1/ + aly/ + CLoy — b4Z//// _|_ bgz”/ + bQZ,/ + blzl + bOZ . (228)

with initial conditions y(0) = ¢/(0) = y”(0) = y"(0) = 0 and 2(0) = 1,2/(0) = 2”(0) =
2" (0) = 2""(0) = 0. Equation (2.28) can again be rewritten using the differential operator

sty + azsPy + ags?y + arsy + agy = bas*z + bys3z + bas®z + bisz + byz. (2.29)
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The equation (2.29) can be rewritten so that the derivatives of the same order are grouped
together

sty = bystz + $3(b3z — agy) + s2(boz — agy) + s(b1z — ary) + (boz — aoy)
$3y = bys3z + s%(b3z — azy) + s(boz — agy) + (b1z — ary) + v
s2y = bys®z + s(b3z — azy) + (baz — agy) + vo (2.30)
sy = bysz + (bsz — asy) + vs
Yy =0byz+vyg.

Variables v, v9, v3 and v4 can be calculated using the following system

1
v = g(boZ — agy) v1(0) =0
1
vg =—(biz—ay+v1) v2(0)=0
f (2.31)
vy = g(bgz —agy +v2) wv3(0) =0
1
vy = ;(bgz — a3y +wv3) v4(0)=0.

If a;,b; > 0 then the block scheme in Figure 2.5 can be constructed.

P
-

+ + P+ + N
L : L : [ < B ¥
+ s % + s v2 + s V3 i+ s |v4
11 12 13 14

—'aAO—G4 GS G2 _'aA3_G1
.

Figure 2.5: Block scheme for MSI.

2.6.4 Comparison of the methods

To compare MDORAV (Subsection 2.6.2) and MSI (Subsection 2.6.3), the following example
problem can be used
y" + a1y + agy = ba2” + b12' + bz (2.32)

with a1 =2, a9 = 3, be =8, by = 13, bp = 1 and z = sin(t). The error between two methods
(ymsr — ymporAv) when solving the equation is in Figure 2.6.
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Figure 2.6: Comparison between MSI and MDORAV.

The error between the methods is very near to the numerical zero (1 x 1071%), which

means that the systems of equations generated by the methods are equivalent and can be
used interchangeably.

2.7 Real-time considerations

Due to the nature of this thesis, the methods discussed above should not only provide results
that are as accurate as possible but also provide those results before the hard limit of the
real-time system is reached and performed calculations become useless. This might have
disastrous consequences. The approaches and methods discussed in this Chapter should be
viewed with an added focus on real-time applications that add additional constraints and
requirements. One step of the real-time integration step usually consists of [19]:

o A/D conversion of the values obtained by the sensors. The values are obtained with

a given accuracy,

numerical calculations is the core problem discussed in this thesis,

D/A conversion takes the calculated results and writes them back as analogue values,

e event handling and busy waiting waits for the end of the current integration step.

One integration step is visualized in Figure 2.7.
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Figure 2.7: One integration step in the system working in real-time. Only the numerical
computation part can be directly influenced by the method presented in this thesis.

As noted above, this thesis aims to determine if the variable-step, variable-order nu-
merical integration method can be used in real-time context. It is, therefore necessary to
establish properties of the method relevant to the context and compare them to the meth-
ods that are commonly used in real-time simulations. According to [19], the main classes
of methods that might be useful in real-time context are:

e multi-step methods
Due to the fact that these methods use higher-order polynomials, the usefulness in
real-time real-world systems that do not produce smooth data is limited (the methods
might give inaccurate results).

As noted above, the methods have a lower number of evaluations, which is crucial in
the real-time context.

o explicit single-step methods
These methods again use few resources and can handle discontinuous inputs. They
are not particularly well suited for stiff systems or systems that would require a larger
step size than the stability criteria allows.

e implicit single-step methods
These methods can again be used. However, they can be more computationally
intensive (due to the need to solve a system of non-linear equations at each time step).
This can be partially solved by limiting the number of iterations that is performed,
however, that modifies the stability domain of the method.

e high-order methods
According to the [19], due to the small sampling intervals that are used in real-time
systems, it is rare to find a real-time system that uses a method with an order higher
than two or three.

When considering a real-time system, the integration method races against the defined
constraints of the system. If the method misses the integration step, it might lead to
dire consequences. Therefore, used integration method has to end the calculation in the
predetermined time as fast as possible. When we find that the method does not meet the
required time constraints of the system, we can:

35



o increase the step size of the integration method (if it is possible), thereby decreasing
the load and the time it takes to perform a computation of one step,

o optimize the model (to remove stiffness, for example) or
e improve the speed of the chosen algorithm.

The newly developed integration method (used in the thesis and was thoroughly tested
on both linear and non-linear problems) cannot modify or optimize the state space model
(even though some of the examples in this thesis were numerically optimized).

This thesis will show how are the state-of-the-art methods capable of handling real-
time tasks and that the proposed method can be more efficient without a loss of precision.
Further, with the proposed method using a higher order, the solution might be faster,
and the method uses fewer operations than the state-of-the-art single-step and multi-step
methods.
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Chapter 3

High order Taylor series method

The high-order method based on the Taylor series is presented in this Chapter. This method
is used for experiments and comparison with the state-of-the-art numerical integration
methods presented in Chapter 2. The Chapter also shows positive properties of the method
for possible applications in systems working in a real-time context, which is going to be
demonstrated in the experiments in Chapter 4 and 6.

First, the method is defined for both linear and non-linear systems. Then, the posi-
tive properties (stability, accuracy, number of operations it performs in comparison to the
state-of-the-art methods, etc.) are shown. The Chapter also shows the possible hardware
implementation and its effectiveness.

Throughout this Chapter and the rest of the thesis, the method is going to be abbrevi-
ated as MTSM (Modern Taylor Series Method).

The best-known and the most accurate method of calculating a new value of the nu-
merical solution of an ODE (as stated in the previous Chapter) is to construct the Taylor
series in the form

h2 h"
Yit1 = yi + hf(ti,vi) + gf’(tz‘, yi) +-+ Ff[nfu (tirvi) (3.1)

where h is the size of integration step, y; = y(t;) is the previous value and y;+1 = y(t; + h)
is the next value of the function y(t) [32].

MTSM very effectively implements the variable-step-size, variable-order numerical so-
lution of differential equations using the Taylor series. It is based on a recurrent calculation
of the Taylor series terms for each integration step. Therefore, the complicated calculation
of higher-order derivatives does not need to be performed. Rather the value of each Taylor
series term can be numerically calculated [45]. Equation (3.1) can be rewritten in the form

yir1 = DY (0); + DY (1); + DY (2); + - - - + DY (N);, (3.2)

where DY denotes the Taylor series terms. The function, which defines the number of
used Taylor series terms during the current integration step y;41 can be denoted as ORD
(ORD;y1 = N).

The first implementation of MTSM is TKSL/386 (TKSL stands for Taylor-Kunovsky
Simulation Language) [47]. Currently, MTSM has been implemented and tested in MAT-
LAB [54], C++ (FOS [41], TKSL/C software [87]), Python and Julia (implemented by the
author). Additionally, the method can be effectively implemented in hardware, which is
going to be discussed in Section 3.7.
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Multiple authors have presented several implementations of the Taylor series method in
a variable-order, variable-step-size context. For example:

» TIDES software [66],

o TAYLOR [37] (includes a detailed description of a variable step size version),
. ATOMF [21],

. COSY INFINITY [52],

. DAETS [57].

The variable-step-size variable-order scheme is also described in [6], [7], [8] and [56], where
simulations on a parallel computer are shown. The approach based on an approximate
formulation of the Taylor methods can be found in [4]. Further research is being done, for
example, in [3], which describes a generalized implementation of the Taylor series-based
method with its order limited to three.

The solution of higher derivatives is different for linear and non-linear systems. Solution
for linear systems is more straightforward and is going to be discussed first.

3.1 Modern Taylor Series Method for linear systems

For linear systems of ODEs, the equation (2.3) is in the form

y =Ay+b, (3.3)
and the Taylor series (3.1) can be rewritten in matrix-vector notation as
h? AN
Yir1 = Ui + h(Ayi + ) + S A(Ay; +b) + - + ﬁA(”_l)(Ayi +b), (3.4)

where A is the constant Jacobian matrix and b is the constant right-hand side vector. The
Taylor series terms DY in (3.2) can be computed recurrently using

h (3.5)
DY (r); = —ADY (r — 1);, r=2,...,N.
T

3.2 Modern Taylor Series Method for non-linear systems

The calculation using the method for non-linear systems is more complicated than for lin-
ear ones. This is due to the fact that the function being calculated is not multiplied by
a constant but by other functions, and therefore, the chain rule has to be applied. This
multiplication has to be performed more than once, and the number of function multiplica-
tion might be very large. This leads to a very high number of operations being performed
in contrast to the linear solver, which was discussed previously. The basic principles of
non-linear calculation using the method are therefore going to be discussed in great detail,
including possible optimizations and drawbacks.

The solution of non-linear problems was first analysed in detail when the hardware
implementation of the method was being considered and developed (several bachelor and
diploma theses, for example [53] and [86]) and it is currently one of the main focuses of the
FIT BUT HPC research group'.

"https://www.fit.vut.cz/research/group/hpc/.en
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3.2.1 Two-function multiplication and higher derivatives
Consider the following IVP
y' =ar y(0)=uyo, (3.6)

where ¢ and r are arbitrary functions. To numerically solve this IVP using MTSM, the
Taylor series in the form (3.2) for all functions (y, ¢ and r) have to be constructed

Yi+1 = Yi + DY(l)Z + DY(Z)Z + D}/(?))Z + DY(4)1 “+ 4 DY(N)l
¢i+1 = ¢ +DQ(1); + DQ(2)i + DQ(3); + DQ(4); + - -- + DQ(N); (3.7)
Tigl =75 + DR(l)Z‘ + DR(2); + DR(?))Z‘ +DR(4); +--- + DR(N),‘,

where function y represents the Taylor series for the final solution. The higher derivatives
for the (3.6) can be constructed using the chain rule (3.8).

y =qr

y// — q/r—i_qu

yl// — q”T‘—i—q/T’/—l-q/T’/-i-QT” — q/lr_i_zq/rl_’_qul (38)
y[4] — q///T—l-q//T/—i-Qq//T/ +2qlr//+q/7,// +qT/// — q///T+3q//T/ +3q/r//+q,r///

Note that multiplicative constants next to derivatives create the Pascal triangle (shown
here for n = 3).

n=20 1

n=1 1 1
n=2 1 2 1
n=3 1 3 3 1

The higher derivatives can therefore be calculated using the Binomial theorem, which can
be generally written as

N (N
1l = Z <n>q["—N}7«[n}‘ (3.9)
n=0

From (3.8) and (3.1), equations for the Taylor series terms can be expressed

PYWi_ powy.or0)

Di}”é?)z _ DQ}fl)’DR(O)i +DQ(O)in;(1)z
o

DY (3)i _ DQ(2)’DR(O) L oPQ: DR(); DQ(0)~DR(2)i (3.10)
b3 h? ’ h h toR
3! 2! 2!

Dizﬁg‘l)z _ DQ%?(?’)ZDR(O)Z 43 Ci;@)i DRh(l)z‘ N SDQh(l)z' D%(Q)i n DQ(O%D]Z;?@)Z

39



Simplifying the (3.10), the equations for the individual Taylor series terms can finally be
derived:

DY (1); = hDQ(O)Z'DR(O)Z-
DY (2); = L (DQU):DR(0): + DQ(O):DR(1))
DY (3); = 2(DQ(2):DR(0); + DQ):DR(1): + DQ(0):DR(2),) (3.11)

DY(4); = 2 (DQ(3):DR(0): + DQ@)DR(): + DQU)DR(2); + DQO):DR(3):)

Generally, the higher derivatives for two-function multiplication can be calculated using the
following formula

h n
=> " DQ(n—a)iDR(a—1);, n=1,...,N. (3.12)
n

a=1

The number of element-by-element multiplications performed can be significant for higher
orders of the Taylor series. The problem becomes more pronounced when more function
multiplications are introduced (which is common in real-world systems).

3.2.2 Three-function multiplication and higher derivatives

For the three-function multiplication, the same principle can be applied as for the two-
function multiplication. For three multiplications, the elementary IVP can be written as

v =qrs y(0)=uyo, (3.13)

where ¢, r and s are arbitrary functions. To numerically solve the IVP using MTSM, the
Taylor series for all functions (y, g, r and s) have to be constructed

Yir1 = yi + DY (1); + DY (2); + DY (3); + DY (4); + - - - + DY (N);
et = 0+ DO+ DO+ DO+ D) +++ DRI
ris1 =i + DR(1); + DR(2); + DR(3); + DR(4); + - + DR(N);
siv1 = 8 + DS(1); + DS(2); + DS(3); + DS(4); + - - + DS(N);.
The higher derivatives for the (3.13) can be constructed:
Y =qrs
' =qrs+qr's+qrs
v =q¢"rs+qr's+qrs +dv's+q"s+qr's +¢rs’ +qr’'s’ + qrs”
=q"rs+qr’"s +qrs” +2¢'r's + 2¢'rs’ +2qr's’ (3.15)
g = ¢"rs + ¢"r's + ¢"'rs' + ¢'r"s + @"'s + qr''s' + ¢'rs" + qr' " + qrs"'+

+ 2q”r’s + 2q’7"”s + 2q’r's’ + 2q”7"s/ + 2q’7”s’ + 2q’rs” + 2q’r's' + 2q7"”s’ + 2qr’s"
— q///rs + q/]ﬂ///s + qulll + 3q”?"/8 + 3q”7’8/ + 3q/T,/S + 3q7’”8, + 3(]/7“8// + 3qT/8// + 6q/7"/8/
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From (3.15) and (3.1), equations for the Taylor series terms can be expressed

DY _ po).0r0).050),
PE®:— DO (o), 05(0):-+ DQ(O) 5 DS (0), + DQ(0):DR(0), P
2r
DY (3); D DR(2); DS(2);
,;5 ’ Q( X DR(0),DS(0); + DQU), ,f % DS(0); + DQO):DR(O); ,f )iy
D), DR(), DQ(1); . DS(L); DR(1); DS(1);
22 I EE DS (0); + 255 L DR(0) =+ 2DQ(0); = -
DY PCO): b pio),05(0), + Do) 258 ps(0), + Do) DR(0), 25+
4! 3! 3! 3!
13U DI o), 3P ), POy g PO DI g
2! 2! 2r
+ 3DQ(O)@-DJZ§2)i Dslil)i + 3DQ]fl>iDR(0)iDi§2)i +3DQ(0),2 E;L( )i D hg )
] 2! 2r
DQ(1); DR(1); DS(1)
+0 h h h

Simplifying (3.16), the equations for the individual Taylor series terms can finally be derived:
DY (1); = hDQ(0); DR(0); DS(0);
DY (2); = L (DQU):DR(0):DS(0): + DQ(0):DR(1):DS(0): + DQ(0):DR(0):DS(1))
DY (3); = g(DQ@)iDR(O)iDS(O)i + DQ(0);DR(2):DS(0); + DQ(0): DR(0): DS(2)i+
+ DQ():DR(1:DS(0): + DQ(1): DR(0):DS(1); + DQ(0); DR(1,:DS(1);)(3.17)
DY(4); = 2 (DQ(3):DR(0):DS(0); + DQ(0):DR(3):DS(0): + DQ(0):DR(0):DS(3):+
+ DQ(2);DR(1:DS(0); + DQ(2); DR(0):DS(1); + DQ(1); DR(2): DS(0)i-+

)
+ DQ(0);DR(2); DS(1); + DQ(1); DR(0); DS(2); + DQ(0); DR(1); DS(2)i+

Generally, the higher derivatives for three-function multiplication can be calculated using
the following formula

n—1 n—a
hZDQ )i DR(b—1);DS(n—a—"b);, n=1,...,N. (3.18)
b=1

The derivation for more function multiplications is in Appendix C. Equations (3.11),
(3.17), (C.5) and (C.10) show that the number of operations needed to calculate the Taylor
series terms increases quite rapidly with more function multiplications and for higher orders.
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3.2.3 Matrix-vector representation

When solving the non-linear systems of ODEs that contain one or more multiplications of
functions, (2.3) can be rewritten as

y = Ay + Biyjr + Boyjj + ...+ b, y(0) = yo, (3.19)

where A € R™*" is the constant matrix for the linear part of the system (see Section 3.1),
the By € R"™ "Mk By € R™*™Mjkl are the constant matrices for non-linear part of the
system. The vector b € R™ is the right-hand side for the forces incoming to the system, yq
is a vector of the initial conditions and symbol ne stands for the number of equations of the
system of ODEs. Symbols nm ;, and nm represent the number of two and three-function
multiplications, respectively.

The unknown function y;, € R"™* represents the vector of multiplications y; © y
and similarly y;i; € R"™* represents the vector of multiplications y;; © yrr © vy, where
indices j, k, jj, kk,ll € (1,...,ne) come from multiplications terms in (3.19). The operation
© stands for element-by-element multiplication, i.e. y; ©® yy is a vector (Y;, Yk, YjoYkss- - -»
Yinm 1, Yk )T, For simplification, the matrices A, By, By, ... and the vector b are constant.
The higher derivatives of the terms B1y;x, Bayji in (3.19) can be included in a recurrent
calculation of the Taylor series terms DYp, and DYpo

DY (1)4 = h(Ay; + b), DY (1)1 = h(B1y;i) , DY (1) g2 = h(Bay;n)

DY (r)s = %ADY(T -1),

h, T
DY (r)p1 = - <B1 Y DY(a—1); @ DY (r - a)k) : (3.20)
a=1
h r—1 r—a
DY(T)BQ = ;BQ Z DY(a)jj © <Z DY(b — 1)kk © DY(T —a— b)ll) ,
a=0 b=1
where r = 2, ..., N. Finally, the Taylor series terms are calculated as a sum of linear and
non-linear terms
DY (n) = DY (n)a+ DY (n)p1 + DY (n)p2, n=1,...,N, (3.21)

where 7 and n are the current indexes of the Taylor series terms, a and b are the auxiliary
indexes for the summation of two and three-term multiplications in non-linear part of the
Taylor series, DY (r —1) 4 is the linear term computed using recurrent calculation for linear
systems (see Chapter 3.1). The next value of the function can be calculated using

where DY (1); is the value of the function y;, DY (1);, ..., DY (n); are the Taylor se-
ries terms calculated using (3.21). Multiplication terms of the the Taylor series for more
multiplications DYp3, DYpRy, ... can be calculated recurrently in a similar way.

3.3 Performance of the Modern Taylor Series Method and
its optimizations

In this section, the performance of MTSM is going to be discussed in comparison with other
state-of-the-art numerical methods that were discussed in Chapter 2. Several fundamental
improvements to increase the performance of the method further are also presented.
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3.3.1 Linear problems

For linear problems, the number of basic arithmetic operations (addition, subtraction, mul-
tiplication and division) can be calculated using (3.5). For the first term of the Taylor
series (n = 1), the method performs:

« one matrix-vector multiplication (A, = Ay),

 one matrix-vector addition (A + b), one matrix multiplication by constant (DY; =
h(Ay + b)),

and for higher terms of the Taylor series (n = 2,..., N) it performs
o one matrix-vector multiplication (Ay,—1),
 one division by constant (DY,, = %(Ayn,l).
Overall, the method (for the worst case n = mazrorp ) performs
e 1 matrix vector multiplications and
e n matrix vector additions.

When using a method in a non-parallel fashion, the standard definition of the method
outperforms the state-of-the-art numerical solvers by wide margins. It has many positive
properties (more on that in Section 3.5). However, it does not work well when trying to use
it in the multiple worker configuration, which is often required to solve complex problems.
This is due to the fact, that every worker has to have all initial conditions (vector y) for
every Taylor series term. This bottlenecks the computation severely.

To alleviate this problem, the matrix A and vector b can be pre-calculated for the
selected step size and order so that the method becomes fixed-step fixed-order. When doing
so, the resulting matrix can be easily column-wise decomposed and split between workers
that then use only their respective slices of the initial condition vector. This approach is
thoroughly discussed in [59], [60], [43] and other publications of our research group.

It is usable even when not performing the calculation in parallel. However, the pre-
calculation of large matrices might be time-consuming. And the fact that step size and
the maximum order of the method have to be set before the pre-calculation and cannot
be changed afterwards causes several problems. The step size has to be small enough
so that the halving of the step size that occurs when ORD > N cannot occur, and the
results become unusable. This can be mitigated by estimating the step size. However,
the estimate is not necessarily optimal for the method and might lead to performance
degradation. Therefore, this approach might be very risky in the real-time control context
with strict time constraints.

3.3.2 Non-linear problems

The calculation for non-linear problems using MTSM can be challenging due to the fact that
all possible combinations of derivatives of unknown functions have to be calculated for every
Taylor series term (3.20). This is a serious problem because the method requires calculating
many Taylor series terms to achieve the desired accuracy. The number of element-by-
element multiplications that are required to calculate the Taylor series terms DY (n) is in
Figure 3.1.
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Figure 3.1: The number of element-by-element multiplication operations for two, three,

four and five function multiplications.

Note that the number of operations increases exponentially for more function multipli-
cations, so it is imperative to try and decrease the needed number of element-by-element
multiplications as much as possible. To demonstrate the chosen approach, consider the
following set of tables, which show the element-by-element multiplications that need to be
performed during calculation of the Taylor series terms. Note that in the tables, multipli-

cation is column-wise.

Table 3.1 shows the indexes of multiplications between the two terms of the Taylor

series.

n Indexes of Taylor series terms

0
0
2 1
0
3 2
0
4 3
0
5 4
0

=W N === O

NN = DNDO

W = Ww o

0
4

Table 3.1: Two term multiplications.

Notice that there are no repeated columns or parts of columns in Table 3.1. This means
that the number of multiplications cannot be decreased for term-by-term multiplication of
two Taylor series terms. Term-by-term multiplications of three Taylor series terms can be

described similarly.
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n Indexes of Taylor series terms

0
0
0
2 1 0 0
0 1 0
0 0 1
321 1 0 0 0
01 0 2 1 0
0 01 0 1 2
4 3 2 2 1 1 1 0 0 0 O
01 0 2 1 0 3 2 1 O
0 01 01 2 01 2 3
5 4 3 3 2 2 2 1 1 1 1 0 0 0 00
010 2 10 3 2104 3 2 1 0
0 0101 2 012301 2 3 4
6 5 4 4 3 3 3 2 2 2 2 1 1 1 1 1 0000 00
0102103 21043 2105 4 3 2 10
o 010120123012 3 401 2 3 4 5

Table 3.2: Three term multiplications.

Notice that indices in the coloured areas in Table 3.2 repeat. This means that the
term-by-term multiplication of the coloured areas can be calculated only once during the
computation, saved as a scalar and used in the multiplications instead. The indexes change
only in the first (uncoloured) row. This approach leads to substantial savings of computa-
tional resources, as can be seen in Figure 3.2.
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Figure 3.2: The number of element-by-element multiplication operations for three multipli-
cations and the performed optimization.

The same approach works for more multiplications. Details are in Appendix D, including
the description of the two different optimizations that were performed. The impact of the
performed optimizations is very substantial, as shown in Figures 3.3 and 3.4.
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Figure 3.3: The number of element-by-element multiplication operations for four multipli-
cations and the performed optimizations.
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Figure 3.4: The number of element-by-element multiplication operations for five multipli-
cations and the performed optimizations.

The results for more multiplications are similar. Other approaches to the optimization of
this problem are going to be the aim of further research. The increase in speed is going to
be shown in the non-linear examples in Chapters 4 and 6.

3.3.3 Step size control for non-linear systems

Additional approaches were tried in order to improve the performance of the non-linear
MTSM solver. For some problems that are going to be discussed in the thesis, the value of
the ORD function does not fluctuate during calculation but stays bound around a relatively
low value (i.e. 10). Due to the fact that the method can automatically adjust the value of
ORD in the current step based on the size of the step, the size can be dynamically increased
to decrease the overall number of operations the method has to perform.

To work with this optimization, let us define hg. 4. as the scaling factor for the size of
integration step h

hnew = hscate = b -

The new value size of integration step hpney is used until the calculation ends. The
scaling factor is only applied when

Z ORD(a) = minorp - 3,

a=i—3

where minogrp is the value of the ORD function that has to be kept for three integration
steps. This approach is useful for problems where the previous approach cannot be used
(i.e. for systems that only contain two function multiplications).
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3.3.4 Further optimizations and improvements

The original version of the MTSM solver for non-linear systems MTSM,.;; has been im-
proved by the optimizations from Subsection 3.3.2 and Subsection 3.3.3. Additional opti-
mizations (mainly to increase the performance for two function multiplications) were also
performed

o optimization of data structures and variable handling,
e removed unused operations for multiplications that are not performed,
e and other smaller optimizations and improvements.

The optimized solver for non-linear systems MT'S M, is generally faster than MTSM,;;,
solver and state-of-the-art (see Chapter 4).

3.4 Automatic transformation

To use the method, the system of ODEs that describes the problem has to be transformed
into a system of autonomous ODEs. This new system contains just elementary operations
(addition, subtraction and multiplication) and allows for the recurrent calculation of the
Taylor series terms. This Section presents widely used transformations and examples of
their usage.

3.4.1 Elementary operations

First, let us briefly go over the transformation of basic arithmetic operations — addition,
subtraction, multiplication and division.

Addition and subtraction

Addition and subtraction are rather simple. For the function
y=f({t)+g(t)

the derivative is simply a sum of derivatives of functions f(t) and g(t)

Y = £t + (1) (3.23)
When the functions f and g are not functions of time

y=fla)+9(),
the resulting equation becomes

y' = f(a)'d" + g(b)'t . (3.24)

The operations are the same for subtraction, only with the minus sign instead of the plus
sign.
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Multiplication

Derivative of multiplication
y=f()g(t)
is
y' = f)g(t) + f(t)g(t)

When the functions f and g are not functions of time

y = f(a)g(b),

the resulting equation becomes
y' = fa)d'g(t) + f(a)g(b)'V. (3.25)
Division

Division is the most challenging operation from the arbitrary ones because it is the most
expansive operation to perform on a modern CPU (it is up to several times slower than
other operations, see’). It would therefore be beneficial to substitute it for a different
operation that would be more effective. One of the possible approaches is to replace the
operation division

by multiplication. The derivative of y can therefore be written as
y =—f(a)"*f(a)d,
and because f(a)~! = y, the equation can be simplified as
y = —y*f(a)d.

3.4.2 Elementary functions

Now, let us discuss the transformations for several common elementary functions.

Exponential function

The exponential function in the form

y=c¢

simple to differentiate, therefore an auxiliary differential equation has a form

If exponential function has an arbitrary function (f(a)) in the argument

y = /@

the compound rule is applied

y =e!Dfa) =yfla).

2http://ithare.com/infographics-operation-costs-in-cpu-clock-cycles/
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Sine and cosine functions

Sine and cosine functions are widely used and will be discussed next. For the sine function
with time as the argument

y = sin(t)
the derivative is well known
y' = cos(t).

The aim of the transformation has not been achieved yet, one new function was generated
— the cosine function that has to also be transformed

z = cos(t) .

This new function can again be derived

2/ = —sin(t).
The resulting system

y' = cos(t)

2/ = —sin(t)

can be simplified using the original equations for sine and cosine
y'=z y(0) =sin(0)
2 =—y 2(0) = cos(0).

Note that this system generates both sine and cosine functions. If a sine function has a
function in the argument

y = sin(f(a))
the steps to take are similar. The derivative of y can be calculated as
y' = cos(f(a))f(a),
the addition equation for the cosine function
z = cos(f(a))
Z' = —sin(f(a))f'(a),
and the final system of two ODEs can be obtained
y'=zf"(a)  y(0)=sin(f(ao))
Z'=—yf'(a) z(0) = cos(f(ao)),

where ag is the value of the function f(a) at time ¢ = 0.

Nth root

The Nth root can also be represented using an ODE. For example, square root

y=f{),
can be rewritten as )
y=rz,
and an ordinary differential equation
1 _1
y' = §f(t) 2f'(t)



3.4.3 Transformation example
As an example, consider the following ODE

y' = sin(y/cos(t)) y(0) =yp . (3.26)
The transformation starts from the innermost function, so in this example, cos(t) function
is substituted
y' = sin (v/y1)

where y; is the new auxiliary ODE that can be calculated using the following system

y1 = cos(t) Yo = sin(t)
y1 = —sin(t) = —y2  y1(0) = cos(to) yp = cos(t) =y y2(0) = sin(to) .
Now the ,/y; function can be substituted by the auxiliary ODE
1
Yz = yr
1 —1 1,
Y3 = 5¥ CY1 = —5u2ys

with division y5 ! that can also be removed

y4=y3_1
1 1

B 1 B
vh=—Ys vh = —uivs = —ui(—5veus ) = —yi(—5uaus) = Syavapays ¥a(0) = y3(0)

so that the equation for y4 has the final form

N

1
yé:—§yzy4 y3(0) = 51(0)2 .

The original ODE (3.26) now has the form

y' = sin(ys)
so that it can be directly replaced by the following system of ODEs
y5 = sin(ys) Y6 = cos(ys)
Y5 = cos(y3)ys = Yoy3 Yo = —sin(ys)ys = —vsy3
1 . 1
= —5u2ays  y5(0) = sin(y3(0)) = 5y2yay5  Ye(0) = cos(ys(0)).

When all transformations are finished, the resulting system of autonomous ODEs contains
seven equations

Y =ys y(0) = yo
Y= —yo y1(0) = cos(0)
Yo =11 y2(0) = sin(0)
1 1
Yy = —5 Y2y y3(0) = 41(0)2 = 1/cos(0)
o » . . (3.27)
Yy = sY2yayays y4(0) = y3(0)7" = y/cos(0) = ———=
2 cos(0)
1 . .
Y = — 5 Y2046 y5(0) = sin(y3(0)) = sin(4/cos(0))
1
Yy = 3 Y2405 y6(0) = cos(y3(0)) = cos(y/cos(0)).
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The resulting system (3.27) contains multiplications of functions and is non-linear. To
check if the solution of (3.26) is equal to the solution of (3.27), both can be solved using
the state-of-the-art ODE solver, the ode45 for example.

The difference between the results of (3.26) and (3.27) ||yt 4x (3-26) — Y45 (3:27)]] is
3.1811 x 10~?. Just for the sake of completeness, the system (3.27) can be solved using the
MTSM. The matrix-vector notation for the MTSM solver is in (3.28).

00 0 0010 0 0 0 0
00 -1 0000 0 0 0 0
01 0 0000 0 0 0 0
A=]00 0 00 0 0| Bi=|-05| By=| 0 0 B;=1|0 (3.28)
00 0 00O0O 0 0 0 0.5
00 0 0000 0 —0.5 0 0
00 0 00O0 O 0 0 05 0

yjk=(5 3) yjkz=<g g g) yjklm=(5 5 9 3)

The vector for the right-hand side b is zero. The solution of the ODE (3.26) and the ORD
function are in Figure 3.5.
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(a) Solution of the ODE (3.26). (b) ORD function for (3.26).

Figure 3.5: Solution of the ODE (3.26) (Figure 3.5a) and the ORD function (Figure 3.5b)
for h = 0.1s. Note that the ORD function increases dramatically as the function approaches
the discontinuity in the solution.

3.5 Positive properties

The presented method (MTSM) has several positive properties. This Section is going to
discuss them in greater detail.
3.5.1 Automatic order setting

The first positive property is an automatic integration order setting. The method uses as
many Taylor series terms as required by the defined accuracy of the calculation. As an
example, consider the system of ODEs

(3.29)



with the analytical solution

y = Hsin(t)

z =5cos(t) . (3:30)

This system of ODEs is linear, (3.3) is used with the following values

(3 o)

In the following experiment, the accuracy of all numerical solvers is set to TOL = 1 x 10712,
Further, the size of the integration step h can be changed arbitrarily without any meaningful
loss of the precision of the calculation. If the step size is increased, it leads to a faster
calculation of the problem. If it is decreased, the problem is calculated slower and with
fewer number of Taylor series terms per step. This behaviour can be seen in Figure 3.6.
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(a) Error function for A = 0.01. (b) The ORD function for h = 0.01.
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(c) Error function for h = 1. (d) The ORD function for h = 1.

Figure 3.6: The comparison between errors of the calculation and values of the ORD
function for different values of h.

The accuracy of the calculation is similar. The number of Taylor series terms rises to
approximately 19 (up from 9 for h = 1 x 1072s). The behaviour of this system changes for
different values of the parameter w [rad-s~!]. If (3.29) is modified to

v =wz  y(0)=sin(0)=0
/

2 =—-wy z(0)=-cos(0)=1, (3:31)

53



with analytical solution

(3.32)

The system of ODEs is again linear, (3.3) is used with the following values

(1) ()

The different values of w can be used to compare the performance of MTSM and the state-
of-the-art numerical solvers in MATLAB. Note that for all experiments tp;4x = 50s.

For the first set of experiments, consider w = lrad-s~'. Tolerances of the state-of-
the-art methods are set so that the resulting accuracy matches the set accuracy of MTSM
MTSMror, = 1 x 1075, that uses step with the size MT'SM;, = 0.1s. The plot for this
system is in Figure 3.7, the plot of the ORD function for MTSM solver is in Figure 3.8.
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Figure 3.7: Circle tests for commonly used ODE solvers with the provided analytical solu-
tion for w = 1rad-s™', MTSMror, =1 x 1076.
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Figure 3.8: Plot of the ORD function for w = 1rad-s™!, MTSMror =1 x 1076,

Note that values in the column Ratio in the following tables are calculated as ratios of
computation times ratio = M‘:’ngM, values in the column ||error|| are norms of differences
between analytical and numerical solutions (||Ysolver — Yanalyticat||) for the entire solution.
Several experiments for w = 1rad-s~! were performed. When setting the tolerances of the
numerical solvers to their default values TOL = 1 x 1073, the results are summarized in

Table 3.3.

Solver  Number of steps |lerror|| Time of calculation [s] Ratio
MTSM 500 7.587 x 1076 3.324 x 1073 -
ode23 245 3.657 x 1072 1.858 x 1073 0.56
ode45 277 7.311 x 1073 6.730 x 10~* 0.2
odell3 134 1.110 x 1072 2.003 x 1073 0.6
odel5s 186 5.706 x 1072 1.167 x 1072 3.5

Table 3.3: Results for w = 1rad-s™, TOL =1 x 1073, MTSMyor, =1 x 1076,

Table 3.3 shows that the proposed method is the slowest of the selected numerical
solvers by a wide margin (except for the odelbs solver). The accuracy of the proposed
method is much higher than the requested accuracy (due to how many Taylor series terms
smaller than the required accuracy are needed to be calculated). The next experiment will
show the impact of equalizing the accuracy between the state-of-the-art solvers and the
MTSM solver. This is achieved by setting the tolerances of all state-of-the-art ode solvers
to1x 1077,
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Solver  Number of steps ||error|| Time of calculation [s] Ratio
MTSM 500 7.587 x 1076 3.328 x 1073 -
ode23 1660 8.043 x 107° 1.040 x 102 3.1
ode45 937 9.032 x 1076 1.911 x 1073 0.57
odell3 235 1.550 x 107° 3.333 x 1073 1
odel5s 441 2.702 x 1074 2.523 x 1072 7.6

Table 3.4: Results for w = 1rad-s™!, accuracy of the ode solvers TOL = 1 x 1077,
MTSMror, =1x 1076, MTSM; = 0.1s.

Table 3.4 shows that the proposed method is still slower than the ode45 solver but about
three times faster than the ode23 solver. MTSM can make up the difference, because the
size of the integration step can be increased from its default value (MTSM; = 0.1s) to
a different value, for example, MTSM; = 10s. This is not possible using state-of-the-art
methods. To maintain the accuracy across all solvers, the accuracy of the MTSM solver
was set to MTSMpor, = 1 x 1074, The performance and accuracy of the calculation with
this setting are summarized in Table 3.5.

Solver  Number of steps ||lerror|| Time of calculation [s] Ratio
MTSM 5 1.039 x 107° 1.802 x 1074 —
ode23 3575 8.044 x 1076 1.693 x 102 94
ode45 1485 8.946 x 1077 2.393 x 1073 13
odel13 260 2.563 x 1076 3.282 x 1073 18
odel5s 645 3.851 x 107 9.173 x 1073 51

Table 3.5: Results for w = 1rad-s™!, accuracy of the ode solvers TOL = 1 x 1077,
MTSMror =1x 1074, MTSM; = 10s.

Table 3.5 shows that the increase in step size leads to an accurate solution faster than the
state-of-the-art solvers. For this setting, the number of used Taylor series terms increases,
which can be seen in Figure 3.9.
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Figure 3.9: ORD function for MT'SM}, = 10s.
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The next set of experiments is going to show the behaviour of the system for w

100 rad-s— L.

0.1s. The results are shown in Figure 3.10, the plot of the ORD function

The first experiment for this value of w is again with the default tolerances
(TOL =1 x 1073, MTSM7or, = 1 x 1073) of all used numerical solvers, with MTSM) =

(a) Circle test for ode23 solver.
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(c) Circle test for the Taylor method.
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(d) Analytical solution for the circle test.

is in Figure 3.11.

Figure 3.10: Circle tests for commonly used ODE solvers with the provided analytical

solution for w = 100rad-s™", TOL =1 x 1073, MTSMror, =1 x 1073, MTSM);, = 0.15.
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Figure 3.11: The plot of ORD function for w = 100rad-s™!, TOL = 1 x 1073,
MTSMror, =1x 1073, MTSM; = 0.1s.

Table 3.6 shows that the accuracy of the state-of-the-art solvers is not acceptable (it is also
visible in Figure 3.10).

Solver  Number of steps ||lerror|| Time of calculation [s] Ratio
MTSM 500 1.218 x 1072 1.165 x 102 —
ode23 23912 1.324 1.263 x 1071 11
ode45 25489 6.594 x 107! 3.680 x 1072 3.2
odell3 12635 5.190 x 107! 1.420 x 1071 12
odel5s 17532 6.429 2.731 x 107! 23

Table 3.6: Results for w = 100rad-s™', TOL = 1 x 1073, MTSMror, = 1 x 1073,
MTSM; =0.1s.

To increase the accuracy to the level similar to the one achieved in the previous experi-
ment, the tolerances of the state-of-the-art ODE solvers have to be increased to TOL = 1 x 10710,
MTSMror, = 1 x 1077, The step size remains the same as in the previous experiment

MTSM; =0.1s.

Solver  Number of steps ||lerror|| Time of calculation [s] Ratio
MTSM 500 5.558 x 1077 1.382 x 1072 —~
ode23 5882740 3.198 x 1077 2.776 x 10! 2000
ode45 763977 3.625 x 1078 1.124 81
odell3 44501 3.044 x 1078 5.334 x 1071 39
odel5s 208852 9.677 x 1076 2.943 210

Table 3.7: Results for w = 100rad-s~!, TOL

MTSMy =0.1s.

The order used by MTSM solver is in Figure 3.12.
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Figure 3.12: Plot of the ORD function for h = 0.1s, w = 100rad-s~", TOL = 1 x 10710,
MTSMror =1 x 107",

Figure 3.12 shows that MTSM solver uses approximately 48 terms of the Taylor series for
the computation, which approaches the upper limit for the double precision arithmetic (64
terms [45]). Due to this fact, the step size cannot be increased further without decreasing
the required accuracy of the calculation. The method allows for computation with arbitrary
accuracy and step size if variable-precision arithmetic is used.

3.5.2 Accuracy, error propagation

The accuracy of the proposed method does not depend on the step size. The following
example shows this property quite well. It is an ordinary differential equation

y="—, y0)=1, (3.33)
with the analytical solution

y(t) =t + 1+ 262 (3.34)

The differences between the numerical and the analytical solution using the (3.34) are in the
following set of figures. First, the comparison between the second-order and fourth-order
Runge-Kutta methods (with fixed step sizes®) and MTSM.

3https://www.mathworks.com/matlabcentral/answers/98293-is-there-a-fixed-step-ordinary-
differential-equation-ode-solver-in-matlab-8-0-r2012b
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(b) Absolute error for the RK4 method.

Figure 3.13: Absolute errors of the Runge-Kutta methods for the (3.33).

Note that MTSM cannot solve (3.33) directly. The transformations demonstrated in
Section 3.4 have to be used. The resulting system of ODEs being solved for (3.33) becomes

Y
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—Y6 + Y5

= —3ysy6 + 3Y5Ys
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= —2y3y6 + Y4 + —3YsYs + 3Y5Ys
= y3y7 + Y3 — 2y2Y6 + Y8

= Ysyr + ¥s — 2yey7 + 2ysyr

with the following matrix-vector representation.
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For MTSM, the plot of the error function is in Figure 3.14 for MTSMror, = 1 x 1077,
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Figure 3.14: Absolute error for the MTSM.

Figure 3.14 shows that the method works very differently with the error and its accumula-
tion during the calculation — it keeps the error bounded near the defined value.

3.5.3 Variable-step-size control

Another important positive property of the method that differentiates it from the commonly
used state-of-the-art methods is its independence on the step size. To show how the method
handles the variable-step-size, problem (3.33) is again used and is calculated using fixed step
size. In the first example, the step size is set to h = 0.1s and t,,4, = 108, MTSMror, =
1 x 1077, Figure 3.15 shows the solution for the commonly used solvers with fixed step
size h = 0.1s. In the following tables, values in the column ||error|| are calculated as

(| |ysolve7‘ — Yanalytical | ’)

25

ode2

— — —ode4
mtsm

20 analytical

Function value
o
T

o
T

. . . . . . . . .
0 1 2 3 4 5 6 7 8 9 10
Simulation time [s]

Figure 3.15: Solution for A = 0.1s for state-of-the-art fixed step size solvers and MTSM.

The sizes of errors between the numerical solution and the analytical solution using (3.34)
are in Table 3.8.
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Solver ||error||

rk2 2.67912 x 1072
rk4 3.73596 x 106
MTSM 1.27179 x 1079

Table 3.8: Comparison of the errors between the analytical and numerical solution for the
(3.33) with h = 0.1s.

The second experiment shows the same problem using large step size for all solvers
h = 10s using the same tolerances as with the previous example.
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Figure 3.16: Solution using h = 10s the accuracy of state-of-the-art fixed step size solvers
and MTSM solver.

Figure 3.16 shows how the accuracy of the state-of-the-art methods depend on step size.
The sizes of the error between the numerical solution and the analytical solution (3.34) are
in Table 3.9. The mean value of the ORD function is 25.

Solver ||lerror||
rk2 86.8226
rk4 32.0678

MTSM 5.48079 x 108

Table 3.9: Comparison of the errors between the analytical and numerical solution for the
(3.33) with h = 10s.

Perhaps not surprisingly, the unmodified Runge-Kutta method cannot achieve the re-
quired accuracy of calculation independent of the step size. MTSM, on the other hand,
calculates the accurate solution independent of step size, which makes it potentially inter-
esting in some control applications where sampling times are not overly small.

3.5.4 Stability, convergence

First, let us very briefly talk about the definition of stability and some general remarks.
This part of the Chapter is mainly based on [83] and [32]. For the stable numerical method,
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the value of the next integration step has to be smaller or equal to the current integration
step

yir1| < |yil - (3.35)
The stability function R(z) is defined as

_ Yt
R(z) = " (3.36)

where z = hA. The function is defined as stable in the absolute stability region D, which is
defined as
D={zeC |R(z)| < 1}. (3.37)

The D(z) function is plotted in Figure 3.17.
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Figure 3.17: Function D(z).
If the following condition holds
D(z) ={z € C,Re(z) <0} (3.38)

the numerical method is absolutely stable (A-stable). To determine the stability of the
numerical methods, the Dahlquist problem can be used. It is defined as

v =Ny, y(0) =0, Re(\) < 0. (3.39)

For example, for the Euler method, defined in Subsection 2.3.1 with (2.12), after substitut-
ing (2.12) into (3.39)

Yir1 = i + by = (1 + BN )y = (1 +hA) 'y, (3.40)
where y(0) = yo = 1. For the stability condition (3.35), the following has to hold
1+ RN <1. (3.41)

The stability region (domain) for the Euler method is in Figure 3.18, the area inside
the shape represents the stable region.
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Figure 3.18: Region of stability D(z) of the Euler method |1 + z| < 1.
The calculation of the stability region can be applied for the Runge-Kutta and other explicit

methods mentioned in Chapter 2. For example, for the second-order Runge-Kutta method,
the region of stability expands slightly.
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Figure 3.19: Region of stability D(z) of the Runge-Kutta 2nd order method.
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It is obvious from Figures 3.18 and 3.19 that the region of stability for the simplest explicit
methods is quite small. The comparison between stability regions of the Euler method and
the Runge-Kutta methods is in Figure 3.20.
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Figure 3.20: Region of stability D(z) for Runge-Kutta and Euler method.

More complicated methods have bigger regions of stability. For example the Felhberg
method or Dormand—Prince method mentioned in Chapter 2 have their regions of stability
displayed in Figure 3.21.
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Figure 3.21: Region of stability D(z) for Runge-Kutta methods with the higher order.
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For the variable-order method based on the Taylor series discussed in this Chapter, the
stability characteristics are interesting. Using (3.1) and (3.2), we can again analyse the
Dahlquist problem. First, the higher derivatives in the explicit Taylor scheme have to be
substituted for

W2y B h" \n
Yirr = Yi B hAyi + SrATyi b S ATy e e ATy
= <1+h>\+>\2—|—)\3+---+)\”> Yi
2! 3! n!

the stability function can be written using (3.42)

22 28 z"

where again z = hA, A € C~. The stability region D can be plotted knowing that

22 3

z z"
\1+z+§+§+---+m|§1.

Regions of stability for MTSM using orders 20, 40 and 64 is in Figure 3.22.

301 ORD=20
ORD=40

ORD=64
20 [ 1

10 1

20 1 1
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PP R e 2N 5 D AN
Re(z)

Figure 3.22: Region of stability D(z) for MTSM with orders 20, 40 and 64.
When comparing Figures 3.20 and 3.22, the region of stability the method can utilize is
larger than state-of-the-art methods. Figure 3.22 shows that the area of absolute stability

further increases with more terms of the Taylor series used. More terms of the Taylor series
might be used when using variable-precision arithmetic.

66



3.6 Variable-precision arithmetic

The experiments in this thesis always consider the double precision arithmetic (64 bits). The
MTSM can utilise the theoretically unlimited number of bits using the variable precision
arithmetic schemes. The implementation of such schemes can, for example, be achieved by
using the MPFR C library”, and it is used in existing implementations of the method. The
experiments were performed in [46]. To show that the method effectively uses the variable
precision arithmetic where available, consider the following IVP:

with the analytical solution
_ ot
y=e¢,
using h = tmae = 1s (the method performs one step), TOL = 1 x 107!, First, consider

the results for double precision arithmetic as summarized in Table 3.10. Values in column
absolute error are calculated as |y; — y(1)].

ORD Reduced value y(1) Absolute error

1 2. 7.182818 28459045235 x 107!
2 2. 2.182818 28459045235 x 10~!
3 2. 5.161516 179 237868 3 x 102
4 27 9.948 495125712053 x 1073

5 2.71 1.615161792378 750 x 1073

6  2.718 2.262 729 034 898 66 x 10~*

7 2.7182 2.786 020507 716 8 x 107

8 27182 3.058417 775609 x 10~6

9  2.718281 3.028 85853176 x 10~7

10  2.7182818 2.7312660911 x 10~8

11 2.71828182 2.260 552 523 x 109

12 2.718281828 1.728 768 24 x 1010

13 2.7182818284 1.2286394 x 10~ 11

14 2.71828182845 8.15681 x 10713

15  2.71828182845 5.0959 x 10~ 14

16 2.71828182845904  3.220 x 10~1°

17 2.71828182845904  4.44 x 10716

18  2.71828182845904  3.33 x 10716

19  2.71828182845904  3.33 x 10716

20  2.71828182845904  3.33 x 1016

Table 3.10: Calculation results using the double data type.

Note that the achieved accuracy is approximately 1 x 107!, which is about the same as
the maximum achievable accuracy for the double data type. To achieve a better accuracy
of calculation, variable precision arithmetic has to be used. The results using 128 bit
arithmetic for TOL =1 x 10739 are in Table 3.11.

“https://www.mpfr.org/
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Absolute error

ORD Reduced value y(1)
1 2.
2 2.
3 2.7
4 2.71
) 2.718
6 2.7182
7 2.7182
8 2.718281
9 2.7182818
10 2.71828182
11 2.718281828
12 2.7182818284
13 2.71828182845
14 2.71828182845
15 2.71828182845904
16 2.718281828459045
17 2.7182818284590452
18 2.71828182845904523
19 2.7182818284590452353
20 2.7182818284590452353
21 2.7182818284590452353602
22 2.71828182845904523536028
23 2.7182818284590452353602874
24 2.7182818284590452353602874
25 2.718281828459045235360287471
26 2.7182818284590452353602874713
27 2.718281828459045235360287471352
28  2.7182818284590452353602874713526
29 2.71828182845904523536028 7471352662
30 2.71828182845904523536028747135266249
31 2.718281828459045235360287471352662497
32 2.7182818284590452353602874713526624977
33 2.7182818284590452353602874713526624977
34 2.7182818284590452353602874713526624977
35 2.7182818284590452353602874713526624977

7.183 x 107!
2.183 x 107!
5.162 x 1072
9.948 x 1073
1.615 x 1073
2.663 x 10~*
2.786 x 107
3.059 x 1076
3.029 x 1077
2.731 x 1078
2.261 x 107?
1.729 x 1010
1.229 x 10~
8.155 x 10713
5.077 x 10714
2.976 x 10715
1.648 x 10716
8.652 x 10718
4.315 x 10~
2.050 x 10720
9.300 x 10722
4.036 x 10723
1.679 x 1024
6.704 x 1026
2.575 x 10727
9.523 x 10~29
3.397 x 10730
1.170 x 10731
3.896 x 10733
1.255 x 1034
3.910 x 10736
1.102 x 10737
4.408 x 10739
4.408 x 10739
4.408 x 10739

Table 3.11: Calculation results using the variable-precision arithmetic (128 bits).

Note that the number of valid digits increases significantly and the process can be repeated

to gain additional accuracy by extending the arithmetic.
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3.7 Hardware implementation

This Section covers the basic hardware implementation of the method and shows that
the positive properties also translate to the low-level hardware implementation [42]. This
Section is based on several theses [86], [53], [62] and the Ph.D. thesis [44].

The most important element of the computation system implemented in hardware is
the numerical integrator consisting of computational blocks that perform mathematical
and logical operations. As stated previously, the operations that have to be supported in
hardware are:

e addition,

e subtraction,

o multiplication,

e division,

o multiplication with integration,
o division with integration.

Used integrators are connected using the interconnection network, which connects the out-
puts of integrators to different inputs depending on the computational scheme of the dif-
ferential equation. The output of any integrator can be obtained through the multiplexer.
The block scheme of the network is in Figure 3.23.

Xl XZ Xn
1 T
- - r
.—::I f, ._::I £, | e ,_:I_fn
(e} 0 0
Wy W2 W,

w; w; b w,
w; W, Wi

Figure 3.23: Block representation of the integrator network [67].

An example of the usage of the network for the system of ODEs
(3.44)

is in Figure 3.24.
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™M

Figure 3.24: Block representation of the integrator network for (3.44) [67].

3.7.1 Operations

This Subsection presents the implementation of needed operations in hardware that use the
following computational blocks:

e RV — result register,

e MPX — multiplexer,

e SUM - parallel adder,

e ACC — accumulator,

e MUL - multiplicator,

e DIV — simple divisor,

e D — resulting Taylor series terms,

e A/C, B/D - registers with constant coefficients and

e CNST - constant register.
Operation addition
The first operation that will be covered is addition. Derivative of addition y = u 4+ v is
y/ — Ul + 'U/

with initial conditions y(0) = ug + vo, u(0) = up and v(0) = vg. The Taylor series can then
be expressed as a sum of the individual terms
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The first term of the Taylor series DY (1) can be expressed as

DY (1) = h(u + )
DU(1) = hu!
DV (1) = hv'.

The derivatives of u and v can therefore be expressed as

,  DU(1)
=

,  DV(1)
v = h, .

The term DY (1) can be calculated using the expressed derivatives
DY (1) =DU(1)+ DV (1).

The hardware representation of addition is in Figure 3.25.

RVZ
[ acc lowex H
4>

SUM

(3.45)

(3.46)

MPX

e Folomex

MPX

y (DUx)
MUL | [ muL
h it ifi h
= T [ Mo k=
T ﬁ
A/C B/D

Figure 3.25: Hardware representation of addition [42].

Operation subtraction

Operation subtraction is fundamentally similar to addition, the plus sign is just replaced
with the minus sign. The hardware representation and the first derivative is very similar.
Just to see the increase in the complexity with higher terms of the Taylor series, the

calculation for the second term of the series is

_ o
DY (2) = 51 (u" —v")
2!DU(2)
u// — h2
, 21DV (2)

The final equation for the second term of the Taylor series for subtraction

DY (2) = DU(2) — DV (2).
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Operation multiplication
The first derivative of multiplication y = uwv is
y' =u'v 4+ uv’

with initial conditions y(0) = ugvg, u(0) = up and v(0) = vg. The first Taylor series term
for multiplication can be expressed using the following equation

DY (1) = h(v'v + wv') .
By substituting the first terms (DU (1) and DV (1) from (3.46)), the following equation for
the first term of the Taylor series DY (1) can be obtained
DU, , V),

DY (1) = h(
which can be further simplified as
DY(1)=DU(1)v+ DV(1)u. (3.49)

The hardware representation of multiplication is in Figure 3.26.

| DU1

MPX
DU2 $ MPX ¢ DV2

DU3 1 1 DV3

Figure 3.26: Hardware representation of operation multiplication [42].

Operation division

Due to the fact that division can be replaced by multiplication (as shown in Chapter 3.4), the

following section just illustrates the basic principle of the possible hardware implementation.

The first derivative for division y = ' is

= 3.50
Y 2 (3.50)
with initial conditions y(0) = 2, u(0) = uo, v(0) = vo. Simplifying (3.50)
1

y' =~ —y) (3.51)

and by substituting the first terms of the Taylor series, we get the following equation

1 /DUQ1) DV (1)

"= h- ( - ) . 3.52
y=ho|— — (3.52)

Simplifying (3.52), the final equation for the first term of the Taylor series for division
follows !
y = ;(DU(I) —yDV(1)). (3.53)
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Multiplication with integration

The basic equation for integration of multiplication is ¥y = uv. By performing a derivation
of the equation, the second derivative is obtained

y// _ ulv + uv/
with initial conditions y(0) = yo, u(0) = up and v(0) = vp. The first and the second Taylor
series terms can be expressed using the following equations

DY (1) = h(u+v)
h? (DU(l) DV (1) ) (3.54)
= ul .

DY(2)—§ . v+ .

After simplifying, the equation for the second Taylor series term can be obtained
h
DY (2) = i(DU(l)”u +DV(1)u). (3.55)

Further terms can be obtained similarly. The hardware representation of multiplication
with integration using MTSM is in Figure 3.27.

U u0

~ ISB; ACC

MPX

DU3 |— > mp t
v MUL SUM MPX Y
w0 <~ P>
— v
DV2 :l'>MPX:>

DV3

h

h/2
h/3
h/4

Figure 3.27: MTSM integrator for operation multiplication [42].

Division with integration
Equation for integration of division is y = %, deriving it, the second derivative is obtained

/ /
p U —uv
2

v
with initial conditions y(0) = yo, u(0) = up and v(0) = vg. Simplifying it, the equation for
the second derivative is obtained

1
"

O B
Y = (=g

The first and second Taylor series terms for division with integration can be expressed using
the following equations

DY (1) = h%
h21 /DU(1) DY(1)DV(1 (3.56)
DY(2):2!1)< h()_ h() h()>'
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The equation for the second Taylor series term can be further simplified

h1
DY (2) = 5—(DU(1) — DY (1)DV(1)). (3.57)

u
Additional terms can be obtained similarly. The hardware representation of the division
with integration is in Figure 3.28, which shows a special purpose-built integrator that

performs integration using MTSM.

MUL
UL, [ Dvi

DY2
DY3

v

MUL

DU1
DU2
DU3

MPX

—W &

vV 1/v
DIV DV1

DV2
DV3

172

1/3
174 constant

—
H»f

Figure 3.28: MTSM integrator for operation division [42].

3.7.2 Implementation using FPGA

Using the operations described in Subsection 3.7.1, MTSM can be implemented in hardware.
The implementation in our research group and as a part of this thesis considered the basic
FPGA® implementation. The main portion of the method was implemented using the
VHDL®. The implementation is shown in Figure 3.29.

FPGA

SPI_ADC REGISTERS PARALLEL SCHEME

COMMANDS IC1
DATA & STEP | DATA &
CMD IC1 CMD y' y -y
K——)|_ REsuLTi ——
Ic2 RESULTS
N

RESULT2

SPI : c2

ADDRESS
DECODER

Figure 3.29: MTSM implementation on a FPGA.

The implementation is comprised of two parts:

SField Programmable Gate Array
SVHSIC Hardware Description Language
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e MCU, which handles parameter set-up and presentation of results,
e« FPGA, which handles the calculation itself.

When the MCU is initialized, the initial conditions are loaded into the FPGA registers,
followed by the step size. Then the integrator scheme is initialized, and initial conditions
are loaded into the integrators, which wait for the ENABLE signal, which enables the compu-
tation. When the computation ends, the integrators write the results into the appropriate
RESULTx register (x is the index of the result register). After the calculation is finished, the
results are copied into MCU using pooling.

3.7.3 Effectiveness of MTSM in hardware

The analysis of performance in hardware was performed by the members of our research
group and master students (see [62] or [44]) and published in [42]. To measure the effec-
tiveness of the implementation in hardware, the following linear system of ODEs

¥ =ax+by+ciz x(0) =z
Y = asx +boy + oz y(0) =1y (3.58)
2 =asx+ b3y +c3z 2(0) = 2.

Using the mid-point formulation of the second order Runge-Kutta method (2.14), the first
derivative can be calculated

xr1 =20+ %(k'l,x + ko )
Y1 =Yo + %(kl,y + ko y) (3.59)
21 =20 + %(kl,z +ka.2)

where coefficients ki can be expressed as

k12 = h(aizo + biyo + c120)
k1, = h(agzo + bayo + c220) (3.60)
k1. = h(agzo + b3yo + c320)

and coefficients ks can be expressed as

koz = h(ai(xo + k1z) + b1(yo + k1y) + c1(yo + k1,y))
k‘g,y = h(ag(l‘o + k‘l,m) + bQ(yO + kl,y) + CQ(y[) + klyy)) (3.61)
ko . = h(as(zo + k1x) + b3(yo + k1,y) + c3(yo + k1y)) -

The systems of equations above show that the mathematical operations in the equivalent
equations are equal. These equations can be performed in parallel on computational units
that support addition and multiplication. To compare the effectiveness of MTSM and the
second order Runge-Kutta method, the parallel operations for the methods are compared
in Table 3.12 [44].
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rk2 MTSM

N. CPUX CPUY CPU Z CPU X CPUY CPU Z

1 X1=a1xo Y1 =asxg Z1 = azxg X1 =a1xo Y1 =asxg Z1 = azxg

2 X2=biy Y2 = bayo Z2 = b3yo X2 =biyo Y2 =bayo Z2 = b3yo

3 X3 = C120 Y3= C2Z20 Z3 = C320 X3 = C120 Y3= C220 Z3 = C3Z20

4 X4=X1+4+X2 Yia=Y1+4+Y2 Z4=7Z1+22 X4=X1+X2 Y4=Y1+4Y2 ZA=71+ 272
5 Xb=X4+ X3 Y5=Y4+Y3 Z5=74+4+73 X5=X4+ X3 Y5=Y4+Y3 Z5 =74+ 273
6 X6=hX5 Y6 =hY5 Z6 = hZ5 X6 =hX5 Y6 =hY5 Z6 = hZ5

7 XT7T=uz0+ X6 Y7 =uxz9+ X6 Z7 =0+ X6 X7=a1X6 Y7 =aX6 Z7 = a3X6

8 X8=yy+Y6 Y8=yy+Y6 Z8 =yo+ Y6 X8 =076 Y8 =0bY6 78 = b3Z6

9 X9=ux9+ 26 Y9=20+ 26 79 = 2076 X9=c1Y6 Y9 =c2Y6 79 = c376

10 X10=a1 X7 Y10 = axY'7 Z10 = asZ7 X10=X74+X8 Y10=Y74Y8 Z10=Z7+27Z8
11 X11=0bX8 Y11 =bY8 Z11 = b3Z8 X11=X10+X9 Y11=Y10+Y9 Z11=Z10+ 29
12 X12=¢1X9 Y12 =cY9 Z12 =379 X12 =h/2X11 Y12 = h/2Y'11 Z12 =h/2Z11

13 X13=X10+X11 YI13=Y10+Y1l ZI13=2Z10+Z11 X13=X124+X6 YI3=Y12+Y6 Z12+Z6

14 X14=XI13+X12 YM4=YI3+YI12 Zl4=Z13+212 Xld=xo+X13 Yld=y+Y13 Zld=2z+Z13
15 X15=hX14 Y15 = hY14 Z15 = hZ14

16 X16=X6+X15 VYI6=Y6+Y15 Z16= 26+ Z15

17 X17 =1/2X16 Y17 = 1/2Y16 Z17 = 12216

18 X18=ua0+X17 YI8=y+Y17  Z18= 2+ Z17

Table 3.12: Comparison of the operations performed by the second-order Runge-Kutta
method and MTSM in hardware [44].

The number of operations is lower for MTSM when calculating the same order (i.e.
the same number of the Taylor series terms). The same pattern holds for the higher-order
Runge-Kutta methods. For the fourth-order Runge-Kutta method, the CPU performs 46
operations and 28 operations for MTSM, which represents a decrease by approximately 60
percent in the number of performed operations.

To demonstrate the hardware implementation of the method [53], ODE

y/ = yeat , (362)
with the analytical solution
eat _
y=ea ea (3.63)

that can be transformed into a system of auxiliary ODEs

Y =yz y(0)=1

3.64
2 =az 2(0)=1a<0. (3.:64)

For the following experiments, the maximum number of the Taylor series terms was set
to 8. The column denoted Error represents the difference between the analytical and the
numerical solution of the chosen method |yYmethod(tmaz) — Yanalyticai (tmaz)|- Note that step
sizes h for the state-of-the-art numerical methods in the following experiments are set
so that the error would be the smallest possible. The first experiment uses tq: = 15,
MTSMy =1s.

Solver h Error # of steps  # operations per step # of operations
Euler 44x107* 2.554 x 107° 2273 12 27 276

rk2 3.750 x 1072 2,722 x 1074 27 25 675

rk4 3.5000 x 10~1  4.560 x 10~® 3 41 123

MTSM 1 5.961 x 1074 1 60 60

Table 3.13: The results of the experiment on hardware for t,,q, = 1s, MTSMj = 1s.
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The smallest error was achieved by the Euler method, however the method needed a huge
amount of steps to achieve this accuracy. Therefore the time of calculation was very large.
For t,ae = 18, MTSMj, = 0.5s, the results are in Table 3.14.

Solver  h Error # of steps # operations per step # of operations
rk2 234 x 1073 2377x 1076 427 25 10 675

rk4 8.580 x 1072 4.788 x10~7 3 164 492

MTSM 5.000 x 107! 1.735 x 106 2 60 120

Table 3.14: The results of the experiment on hardware for ¢,,,, = 18, MTSM; = 0.5s.

Further information about the experiments can be found in [53]. The eighth-order MTSM
performs the least amount of integration steps and is the most accurate. Due to the
hardware limitations (i.e. the limited amount of components that can fit on the FPGA),
the additional Taylor series terms could not be calculated. The hardware implementation
and optimization of the algorithms is going to be a part of future research after completion
of this thesis.

3.8 Concluding remarks

This Chapter described the method that is at the core of this thesis in detail for both
linear and non-linear systems of ODEs. The positive properties of the method were also
introduced. The analysis of the method was performed using the set of general real-world
experiments that are detailed in Chapter 4.
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Chapter 4

Practical examples with high-order
Taylor series method

This Chapter contains several published examples that show the favourable properties of
the method while solving real-world linear and non-linear problems. Note that in the tables,
columns labelled as Time of calculation and Ratio are taken as a median value from 100
runs. Ratios of computation times ratio = ode/MTSM > 1 indicate significantly faster
computation using MTSM. The experiments were performed using MATLAB 2021a.

4.1 Numerical solver benchmarks

As the first set of experiments, consider the benchmarks of numerical solvers published
in [27]. Some problems from this set of benchmarks (for example, the Kepler problem)
are going to be discussed in greater detail in Section 4.7. Some are just interesting to
get an idea on how MTSM behaves while solving a wide range of real-world problems.
This Section contains just numerical results and complete analysis of the most interesting
benchmarks. Additional information is in Appendix E. The maximum time of calculation
for all experiments is set to t,,4: = 20s, tolerances for all used solvers are set to TOL =
1 x 10712,

4.1.1 Problem A1l

The definition of problem Al is in Appendix E.1. The numerical results are in Table 4.1
and the plot of the ORD function is in Figure 4.1.

Solver lerror| # of steps Time of calculation [s] Ratio
MTSM - 200 1.19215 x 1073 —

ode23 1.23252 x 10713 22208 1.36503 x 10~} 114.5

ode45 1.10793 x 10~ 2389 4.61545 x 1073 3.87
odell3 2.05543 x 10714 161 1.985 x 1073 1.67

Table 4.1: Results for benchmark problem Al, h = 0.1s.
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Figure 4.1: ORD function for benchmark problem A1, h = 0.1s.

4.1.2 Problem A2
The definition of problem A2 is in Appendix E.2. The numerical results are in Table 4.2.

MTSM orig MTSM opt
Solver # of steps Time of calculation [s] lerror|  Ratio lerror| Ratio
MTSM orig 40 1.51125 x 1073 - - - -
MTSM opt 40 1.21795 x 1073 - - - -
ode23 28550 1.78009 x 107! 1.55424 x 1077 117.79 1.55424 x 1077 146.2
ode45 2177 4.0415 x 1073 1.55424 x 1077 2.67 1.55424 x 1077 3.32
odell3 232 3.21405 x 1073 1.55424 x 1077 2.13 1.55424 x 1077 2.64

Table 4.2: Results for benchmark problem A2, h = 0.5s.

The optimization from Subsection 3.3.3 is used. The change in step size is visible in Fig-
ure 4.2.
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Figure 4.2: ORD function for benchmark problem A2, h = 0.58, hgeqre = 4.
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4.1.3 Problem A3
The definition of problem A3 is in Appendix E.3. The numerical results are in Table 4.3.

MTSM orig MTSM opt
Solver # of steps Time of calculation [s] lerror|  Ratio lerror| Ratio
MTSM orig 40 1.95735 x 1073
MTSM opt 26 1.25335 x 1073
ode23 153480 9.62668 x 1071 9.05558 x 1078 491.82 8.31161 x 107° 768.18
oded5 9381 1.69415 x 1072 9.05593 x 1078  8.66  8.31517 x 1079 13.52
odel13 570 7.4009 x 1072 9.05596 x 1078 3.78  8.31546 x 107  5.90

Table 4.3: Results for benchmark problem A3, h = 0.5s.

The optimization from Subsection 3.3.3 is used. The change in step size is visible in Fig-
ure 4.3.
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Figure 4.3: ORD function for benchmark problem A3, h = 0.55, hgeqre = 2.

4.1.4 Problem A4

The definition of the problem A/ is in Appendix E.4. The numerical results are in Table 4.4,
the ORD function for hgeqe = 4 is in Figure 4.4.

MTSM orig MTSM opt
Solver # of steps Time of calculation [s] lerror| Ratio lerror| Ratio
MTSM orig 40 1.3478 x 1073 - - - -
MTSM opt 25 7.377 x 1074 - - - -
ode23 37372 230614 x 1071 1.7788 x 1079 171.1 1.43226 x 10~% 312.61
ode45 2921 5.31995 x 1073 1.42708 x 1079 3.95 1.39708 x 1078  7.21
odell3 157 2.26345 x 1073 143735 x 1079 1.68 1.39811 x 1078  3.07

Table 4.4: Results for benchmark problem A4, h = 0.5, hgeqre = 2.
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Figure 4.4: ORD function for benchmark problem A4, h = 0.5, hgeqre = 8.

4.1.5 Problem A5

Problem A5 is interesting because operation division has to be removed, which leads to the
application of automatic transformation (see Section 3.4). It is defined as

y—1
y/:y+t/ y(o):47

where operation division has to be replaced

Y= — ) +t)7"
Yo =y — 1
Yo =y — 1 y2(0) = 41(0) —0 =4
ys = (y1 + /)7
1
! N—27 1 " 2/
=—(y1+t +t7) = — +0 0) = —~—T%-
Y3 (1 +1)""(yy +17) y3(y1 +0) y3(0) (0 10

After substituting and simplifying, the auxiliary system of ODEs representing the system
can be written as

Y1 = y2u3 y1(0) =4

Yy = yays — 1 y2(0) = y1(0) = 0
j= 0) =

Ys = —Y2Y3Y3ys Y3 = y1(0) 10

and it can be transformed into the matrix-vector representation (3.19).

1 0
B =1 yjk:(2 3) By=1| 0 yjklm:(2 3 3 3)
0 -

The maximum time of calculation is set to t,,4; = 10s for this problem. The numerical
results are in Table 4.5, the ORD function for hg.qe = 4 is in Figure 4.5.
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MTSM orig MTSM opt
Solver # of steps Time of calculation [s] lerror|  Ratio lerror| Ratio
MTSM orig 20 1.60865 x 1073 - - - -
MTSM opt 8 1.27845 x 1073 - - - -
ode23 15460 9.72253 x 1072 9.4959 x 107 60.44 4.98974 x 1078 76.05
odedb 893 1.8349 x 1073 9.49771x 107° 1.14 4.98992x 1078 1.44
odell3 115 1.79885 x 1073 9.4934 x 1079 1.12 4.98049 x 10~8 1.41

Table 4.5: Results for benchmark problem A5, h = 0.5s.
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Figure 4.5: ORD function for benchmark problem A5, h = 0.55, hgeqre = 4.

4.1.6 Problem B1

The definition of problem B1 is in Appendix E.5. The numerical results are in Table 4.6.

MTSM orig MTSM opt
Solver # of steps Time of calculation [s] lerror|  Ratio lerror| Ratio
MTSM orig 67 3.70775 x 1073 - - - -
MTSM opt 67 2.75385 x 1073 - - - -
ode23 237231 1.49223 113978 x 1076  402.46 1.13978 x 107¢ 541.87
ode45 14125 2.52526 x 1072 1.13977 x 1076 6.81 1.13977 x 1076 9.17
odell3 917 1.23335 x 1072 1.13977 x 1079 3.33 1.13977 x 1076 4.48

Table 4.6: Results for benchmark problem B1, A = 0.3s.

No step-size scaling can be performed on double arithmetic. The better performance of the
optimized solver is due to the additional improvements for two function multiplications.
The ORD function is in Figure 4.6.
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Figure 4.6: ORD function for benchmark problem B1, h = 0.3s.

4.1.7 Problem B2

The definition of problem B2 is in Appendix E.6. The numerical results are in Table 4.7,
the plot of the ORD function is in Figure 4.7.

Solver lerror| # of steps Time of calculation [s]  Ratio
MTSM - 200 1.65455 x 1073 -
0de23 1.14797 x 10713 28461 1.80574 x 10~ 109.14
oded5 2.44249 x 10715 3161 5.97995 x 1073  3.61
odell3 2.17604 x 10714 265 3.61945 x 1073 2.19

Table 4.7: Results for benchmark problem B2, h = 0.1s.
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Figure 4.7: ORD function for benchmark problem B2, h = 0.1s.
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4.1.8 Problem B3

The definition of problem B3 is in Appendix E.7. The numerical results are in Table 4.8.
The plot of the ORD function with step size scaling factor hg.qe = 4 is in Figure 4.8.

MTSM orig MTSM opt
Solver # of steps Time of calculation [s] lerror|  Ratio lerror| Ratio
MTSM orig 40 1.2294 x 1073 - - — —
MTSM opt 19 6.2215 x 1074 - - - -
0de23 30217 1.89301 x 1071 9.67091 x 10714 153.98 2.90649 x 10~'! 304.27
oded5 2825 5.34695 x 1073 9.63948 x 107 4.35 290646 x 1071 8.59
odell13 219 3.1773 x 1073 9.33876 x 107 2.58 290616 x 10~ 5.11

Table 4.8: Results for benchmark problem B3, h = 0.5s.
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Figure 4.8: ORD function for benchmark problem B3, h = 0.1s, hgeqre = 4.

4.1.9 Problem B4

Problem B4 interesting because it contains several non-trivial mathematical operations
that have to be replaced using the automatic transformations defined in Section 3.4. The
problem is defined as

Y1ys3
= —— y1(0) = 3
VYT T Y3
Y293
yé:yl_ﬁ y2(0) =0
VYT + Y3
o y3(0) =0,

/
yh = ————
VUi + s

Several transformations have to be performed on the system for it to be solvable using
MTSM. The first is the removal of division from the system using the set of auxiliary
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equations:

1
Yo = (Y1 +v3)2
1

_1
Yy = 5(.@? +92) 72 (2019 + 2y21b)
1 -1
y = — =
Y " Yy

/

Yh = —yi Yy = —y3y4

vy = ys (2191 + 2y215)

ya(0) = y1(0)” + y2(0)*

1
/ 2,1
Ys = —Y5Ys y5(0) = ——.
’ ’ y5(0)
After performing the transformations, the original system can be rewritten as

Y1 = —Y2 — Y1935 y1(0) =3
Yo = Y1 — Y2y3ys y2(0) =0
Ys = Y195 y3(0) =0

Yu = Ys(2y194 + 29215) = 201Y5Y1 + 2Y295Y5
= 2y1y5 (—y2 — y1Y3Ys) + 2y2u5 (Y1 — Y2y3Ys)
= =2y1y2Y5 — 2Y1Y1Y3Y5Y5 + 2Y1Y2Y5 — 2Y2y2Y3Ysys =
= —2Y1Y1Y3Y5Y5 — 2Y2Y2Y3Y5Ys5

Yh = —yeyy = —Y3 (—25191Y3Y5Y5 — 2Y242Y3Y5Ys5)

= 2Y1Y1Y3Y5Y5Y5Y5 + 2Y2Y2Y3Y5Y5Y5Y5

(4.1)
y4(0) = y1(0)? + y2(0)?

1

bs(0) = y5(0)

The system is solvable using MTSM. The number of operations required (especially in equa-
tions y4 and ys) is too high (see Subsection 3.3.2). Therefore, the next set of optimizations
aims to decrease the number of function multiplications. First, ysysysys has to be replaced

using the following set of ODEs:

Y6 = YsYsYsYs = y§
Yo = 4y3ys

yr =ys
yh = 3y3yh
Yys = y%

! /
Ys = 2Y5Y5

y6(0) = y5(0)*

ys(0) = y5(0)°.

The set has to be simplified, and derivatives on the right-hand side substituted:

Ys = 2019193Y5Y5Y5Y5 + 2U202Y3YsY5YsYs = 20191936 + 2242936

Y6 = dysys = dyr(2y1y1y3Y6 + 2925293Y6) = SY1Y1Y3Y6Y7 + SY2y2y3Y6yr
yr = 3y3ys = 3ys(2u1y1y3Y6 + 2y25293Y6) = 6Y1Y1Y3Y6Ys + 6Y2y23Y6Ys
Ys = 2ysys = 2ys(201913Y6 + 2y21293Y6) = 4Y1y1Y3Y5Y6 + 4Y2Y293Y5Y6
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Using the new ODEs yg — ys the system (4.1) can be augmented

Y1 = —Y2 — Y13Ys y1(0) =3

Yo = Y1 — Y2Y3Y5 y2(0) =0

Y5 = Y1Ys y3(0) =0

Yh = —2y1y193Ys — 2y2y2y3ys  y4(0) = y1(0)% + y2(0)?

Ys = 291919396 + 2Y2Y2Y3Y6 ys(0) = — (4.2)

y4(0)

Yo = Sy1v1ysysyr + 8y2uaysyeyr  Ys(0) = ys(0)*

yh = 6y1y1y3Ysys + 6y2y2ysyeys  y7(0) = y5(0)°

Y& = A1y1ysysye + Ay2y2ysysye  ys(0) = y5(0)% .

Further, the y1y1 and yoyo can be simplified:
Yo = Y11 =y
Yo = 2u19h = 20191 (—v2 — Y1ysys) = —2015192 — 2010151Y3Ys =
= —2y9 — 2Y1Y3Y5Y9 y9(0) = y1(0)°
Yo = y%
Yo = 2u2ys = 2y2(y1 — y2u3ys) = 2y1y2 — 2y2Y2Y3ys =
= 21192 — 2Y3Y5¥10 Y10(0) = 2(0)?
and the final system of auxiliary equations is
Y1 = —Y2 — Y1Y3Ys y1(0) =3
Ys = Y1 — Y2Y3Y5 y2(0) =0
Y3 = Y195 y3(0) =0
Y4 = —2y3ysyo — 23810 y4(0) = y1(0)* + y2(0)*
Y5 = 2Y3Y6y9 + 2Y3YeY10 y5(0) = !
y4(0) (4.3)

Yo = Sysysyryo + 8ysysyryio  6(0) = y5(0)*
Yy = 6ysyeysyo + 6ysyeysyo  yr(0) = y5(0)
ys = 4ysysyeye + 4ysysyeyio  ys(0) = y5(0)?
Yo = —2y9 — 2Y1Y3Y5Y9 y9(0) = y1(0)°

Yo = 20192 — 2Y3YsY10 y10(0) = y2(0)*.

Further optimizations might be performed. For example, the three-term function multipli-
cation y1y3ys can be replaced by the following system of ODEs:
Y11 = Y1Y3Ys
Y11 = Y1YsYs T Y1Y5Y5 + Y1YsYs

= y3ys(—y2 — v1y3ys) + v1ysy1y5 + Y1y3(2Y3y6Y9 + 2y3ysy10)

= —Y2y3Ys — Y3ysy11 + YsYo + 201Y3YsYeyo + 201Y3ysyeyro  Y11(0) = y1(0)ys(0)ys(0)
Y12 = y§

Yo = 235 = 2u3(y1ys) = 201Y3Y5 = 2y11 y12(0) = y3(0)?.
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Adding the two new equations into the system (4.3) and substituting:

Y1 = —y2 — yn "
Yo = Y1 — Y2y3Ys Y2
Ys = Y195 Y3
Y1 = —2y3ysys — 2y3ysy10 Y4
Ys = 2y3y6Yo + 2Y3Y6Y10 Ys
Y6 = Sysyeyryo + 8Y3Yeyry10 Y6
Y7 = 6y3yeysy + 6Y3yeysyio Y7
Ys = 4Ysysyeyo + 4Y3YsYey10 ys
Yo = —2y9 — 2yoy11 Yo
Yo = 2y192 — 2Y3Y5Y10 Y10
Y11 = —Y293Ys — Y3ysy11 + Ysyo + 2u1yeYoyi2 + 2y1Y6Y10y12 Y11
Y12 = 2y11 Y12
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Note that further modifications are possible. The matrix-vector notation for (4.4) is in
Appendix E.8. The numerical results are in Table 4.9. The plot of the ORD function with
step size scaling factor set to hgeqre = 2.5 is in Figure 4.9.

MTSM orig MTSM opt
Solver # of steps Time of calculation [s] lerror|  Ratio lerror| Ratio
MTSM orig 40 1.02028 x 102 - - - -
MTSM opt 19 6.9581 x 1073 - - - -
0de23 282708 1.83537 7.45931 x 1078 179.89 8.39871 x 1078 263.78
oded5 11773 245457 x 1072 7.45942 x 10~8 2,41 8.39869 x 10~®  3.53
odel13 468 717475 x 1073 7.45943 x 1078 0.7 8.39869 x 10~%  1.03
Table 4.9: Results for benchmark problem B4, h = 0.5s.
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Figure 4.9: ORD function for benchmark problem B4, h = 0.1, hgeqre = 2.5.
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4.1.10 Problem B5

The definition of problem B5 is in Appendix E.9. The numerical results are in Table 4.10.
The plot of the ORD function with step size scaling factor hg.qe = 2 is in Figure 4.10.

MTSM orig MTSM opt
Solver # of steps Time of calculation [s] lerror|  Ratio lerror| Ratio
MTSM orig 40 2.3603 x 1073 - - - —
MTSM opt 25 1.80235 x 1073 - - - -
0ode23 126546 7.85904 x 1071 9.60963 x 10~8 332.97 9.60964 x 10~% 436.04
ode45 8157 1.47509 x 1072 9.60952 x 1078 6.25  9.60952 x 10~%  8.18
odell3 577 7.39895 x 1073 9.60948 x 1078  3.13  9.60948 x 10~%  4.11

Table 4.10: Results for benchmark problem B5, h = 0.5s.
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Figure 4.10: ORD function for benchmark problem B5, h = 0.5, hgeqie = 2.

4.1.11 Problem C3

The definition of problem C3 is in Appendix E.10. The numerical results are in Table 4.11

and the plot of the ORD function is in Figure 4.11.

Solver lerror| # of steps  Time of calculation [s]  Ratio
MTSM — 20 3.02 x 1074 -

ode23 3.50322 x 10719 27753 1.57628 x 10~*  521.95

ode45 3.50372 x 1010 3085 5.532 x 1073  18.32
odell3 3.50372 x 10710 279 3.86365 x 1072  12.79

Table 4.11: Results for benchmark problem C3, h = 1s.
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Figure 4.11:
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ORD function for benchmark problem C3, h = 1s.

The definition of problem E1 is in Appendix E.11. The numerical results are in Table 4.12.
The plot of the ORD function with step size scaling factor hgeqe = 3 is in Figure 4.12.

MTSM orig MTSM opt
Solver # of steps Time of calculation [s] lerror|  Ratio lerror| Ratio
MTSM orig 29 3.34185 x 1073 - - - -
MTSM opt 15 1.9447 x 1073 - - - -
ode23 93321 5.82526 x 1071 5.59866 x 1072 174.31 6.75065 x 107 299.55
ode45 7309 1.35769 x 1072 5.59961 x 10™°  4.06  6.7516 x 107? 6.98
odel13 355 4.75665 x 1072 5.59972 x 107  1.42  6.75171 x 107°  2.45

Table 4.12: Results for benchmark problem E1, h = 0.7s.
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Figure 4.12: ORD function for benchmark problem E1, h = 0.7s, hgcqre = 3.

This problem is particularly suited for step size scaling because it requires a large number
of Taylor series terms in during the first integration step, and the needed number drops

sharply afterwards.
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4.1.12 Problem E2

The definition of problem E2 is in Appendix E.12. The numerical results are in Table 4.13
and the plot of the ORD function is in Figure 4.13.

MTSM orig MTSM opt
Solver # of steps Time of calculation [s] lerror|  Ratio lerror| Ratio
MTSM orig 50 6.3573 x 1073 - — - —
MTSM opt 50 5.1669 x 1073 - - - -
ode23 288872 1.77951 3.79835 x 1078  279.921 3.79835 x 1078 344.41
ode45 16801 2.97405 x 1072 3.79835x 1078  4.68  3.79835x 1078  5.76
odell3 1063 1.36903 x 1072 3.79835 x 1078 2.15 3.79835 x 1078 2.65

Table 4.13: Results for benchmark problem E2 | h = 0.4s.
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Figure 4.13: ORD function for benchmark problem E2, h = 0.4s.

4.1.13 Problem E3

The definition of problem E3 is in Appendix E.13. The numerical results are in Table 4.14
and the plot of the ORD function is in Figure 4.14.

MTSM orig MTSM opt
Solver # of steps Time of calculation [s] lerror|  Ratio |error| Ratio
MTSM orig 29 3.77555 x 1073 - —~ - -
MTSM opt 29 3.2215 x 1073 - - - -
ode23 398190 247789 3.10729 x 1077 656.3 3.10729 x 10°7 769.17
ode45 26125 4.6268 x 1072 3.10731 x 1077 12.25 3.10731 x 1077 14.36
odell3 786 9.83235 x 1073 3.10731x 1077 2.60 3.10731 x 1077 3.05

Table 4.14: Results for benchmark problem E4, h = 0.7s.
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Figure 4.14: ORD function for benchmark problem E3, h = 0.7s.

4.1.14 Problem E4

The definition of problem E4 is in Appendix E.14. The numerical results are in Table 4.15.
The plot of the ORD function with step size scaling factor hgeqre = 4 is in Figure 4.15.

MTSM orig MTSM opt
Solver # of steps Time of calculation [s] lerror|  Ratio |error| Ratio
MTSM orig 40 1.04105 x 1073 - - - -
MTSM opt 13 3.757 x 1074 - - - -
ode23 9038 5.60132 x 1072 5.20011 x 10710 53.80 3.95712x 102 149.09
oded5 877 1.8017 x 1072 5.21204 x 10710  1.73  3.95593 x 10~* 4.8
odell3 90 147475 x 1073 520693 x 10710 1.42 3.95644 x 107°  3.93

Table 4.15: Results for benchmark problem E4, h = 0.5s.

ORD function
(9]

. . . . . . . . .
0 2 4 6 8 10 12 14 16 18 20
Time of calculation [s]

Figure 4.15: ORD function for benchmark problem E4, h = 0.7s.
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4.1.15 Problem E5

Problem E5 is interesting because it contains operation division and square root. These
operations have to be removed using the automatic transformation defined in Section 3.4.
The problem is defined as

Y1 =12 y1(0) =0
V14 1y (4.5)
Yo = 95—t y2(0) = 0.

The system (4.5) cannot be transformed into the matrix-vector notation as is, due to the
fact that it contains operation division ﬁ and the square root /1 + yoy2. Both of these
have to be removed by a system of auxiliary ODEs:

ys=1/(25—t) = (25— )"
ys = —(25 — 1) (—1) = ysys y3(0) =
yr = (1+y2 % y2)?

1 1
/I~ = N o —1 / _ 2
Ya =51+ 4292)2 (2y292) = Yy y29 ya(0) = /1 +12(0)
1 -1
Yp=—=Y
Y4 :
1
/ -2,/ 2.1
Ys Ya Yy Y5Ya y5(0) y1(0)
After substituting and simplifying, the system without operation division and square root

is in (4.6)

Yl =12 y1(0) =0
Yy = Y34 y2(0) =0
1
! = 0) = —
Y3 = Y3Y3 y3(0) o7 (4.6)
Y) = Y2Y3yays y4(0) = /1 + y2(0)2
1
!

= —Y2y3Yaysysys Ys5(0) = ——.
Y5 Yoy3yaysysys  Ys(0) o)

The system (4.6) is solvable using MTSM. However, the number of function multiplica-
tions it contains would make the solution very slow. Therefore, further optimizations are
needed

Y6 = YsysYs = Yo

Y6 = 3Y2ys y6(0) = y5(0)*

yr = y3

Yr = 2ysy} y7(0) = y5(0)?

Ys = Y2Y3ya

Ys = Yhysya + Yaysys + Y2ysyy y8(0) = y2(0)y3(0)y4(0)
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Yo = Y3Ya
Y = Yhya + Y3y

Y10 = Y3Ys
Yio = 2y3y3

Y11 = Y2Ys3
Y11 = Yoys + y2us

9(0) = y3(0)y4(0)

Yy10(0) = y3(0)y3(0)

y11(0) = 42(0)y3(0) .

After substituting further and simplifying the resulting equations, the system (4.7) can be

written as:
Y =12
Yy = Yo
Y3 = Y10
Yy = ysys
Ys = —Y6Ys
Ys = —3Y6Yrys
Yr = —2ys5Y6Ys
Ys = Yoo + Y3Ys + Ysysy

Yo = Yayi0 + Y3ysYs
y/10 = 2y3Y10
Y11 = Y3Yo + Y2y10

11

y1(0) =0
y2(0) =0
1

y3(0) = %5
ya(0) = /1 + y2(0)?

0) = —
us(0) = 2.0 (4.7)
y6(0) = y5(0)°
y7(0) = y5(0)
y3(0) = y2(0)y3(0)y4(0)
y9(0) = y3(0)y4(0)
Yy10(0) = y3(0)y3(0)
y11(0) = y2(0)y3(0) .

The matrix-vector notation for (4.7) is in Appendix E.15. The numerical results are in
Table 4.16. The plot of the ORD function with step size scaling factor hgeqe = 8 is in

Figure 4.16.
MTSM orig MTSM opt

Solver # of steps Time of calculation [s] lerror|  Ratio lerror| Ratio

MTSM orig 40 3.1188 x 1073 - —~ - -

MTSM opt 19 1.7236 x 1073 - —~ - -
ode23 31883 2.56996 x 1071 9.51546 x 107 82.40 1.8429 x 1077  149.1
oded5 2345 6.50945 x 1073 9.5217 x 1077 2.09 1.84297 x 10~ 3.78
odell3 130 262445 x 1073 9.51118 x 107 0.84 1.84286 x 1077 1.52

Table 4.16: Results for benchmark problem E5, h = 0.5s.
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Figure 4.16: ORD function for benchmark problem E4, h = 0.5, hgcqre = 8.

4.2 Padé approximation of transport delay

To approximate the delay in the system, the Padé approximation is widely used. This
example shows how this approximation can be solved using the presented method using the
approaches outlined above. The general form and derivation of the Padé approximation can
be found in [14]. The modelling of time-delay using the Padé approximation is discussed
in [33, 76].

The Padé approximation that replaces exponential function e~

2n—k)!
. Y ZZ:O %(_ST)k
~ L 2n—k)! ’
E(s) 2 Spy frhi(sT)k

where T is the required delay, s is the Laplace transform operator, y is the output — the
delayed signal, z is the forcing function — the input signal and n is the required order
of the approximation. As an example, consider the equations for k& = 5 (the fifth-order

sT" can be used

approximation):
(2-5-0)! 10!
k=0 ——2% =— =30240
0l(5—0)l _ 5
2-5-1)! o
k=1 —-— =— =1512
nGon a0
2-5-2)! 8!
k = 2 _— = — =
25—y~ aig o000 48)
pog G070 T |
-7 35 —3)! 312
(2-5—4)! 6!
k = 4 _— = — =
oG—ay a0
(2-5-5) 5
k=5 ~
515—5) 5l

Using the coefficients calculated in (4.8), the polynomials for E(—s) and E(s) have the

following form:
E(s) = 30240 + 15120Ts + 3360(T's)? 4 420(T's)® + 30(T's)* + 1(T's)® (49)
E(—s) = 30240 — 15120T's + 3360(T's)* — 420(T's)> + 30(T's)* — 1(T's)°. '
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The polynomial can be rewritten as

y  E(—s) 30240 — 15120T's + 336072s? — 4207°s® + 3074 s* — T°s°

= = . 4.10
z E(s) 30240 + 151207's + 3360722 + 420733 4+ 30T4s* + T5s5 ( )

The ODE (4.10) has to be transformed into the equivalent system of first-order ODEs using
the previously introduced methods:

o Method of Derivative Order Reduction with Additional Variable - MDORAV (Sub-
section 2.6.2) or

o Method of Successive Integration — MSI (Subsection 2.6.3).

In Section 2.6, it was shown that both of the methods produce equivalent results. It
might therefore seem arbitrary which method is used, but it might not be as simple, when
considering the higher-order approximations. There might be other differences for the
higher orders that are not immediately obvious. In the following examples, consider the
forcing function z = sin(t).

4.2.1 Method of Derivative Order Reduction with Additional Variable
Simplifying (4.10), we get

30240 — 151207's + 33607252 — 420733 + 30T*s* — T°4°

Y= 730240 + 151207 's + 33607252 + 4201553 + 30T4s* + T550 (4.11)
so that the equation for the additional variable becomes
v z
30240 + 151207T's + 33607252 + 4207353 + 307451 4 T555
and the equation for the output y using the additional variable v:
y = 302400 — 151207 sv + 336072 s%v — 42073530 + 30T sy — T°s%v . (4.12)

The ODE for the output of the system contains the derivatives of the additional variable v.
However, it does not contain a derivative of the forcing function. The Method of Derivative
Order Reduction (Subsection 2.6.1) can therefore be used. For z = sin(t), the resulting
system of linear ODEs can be written as

5 z  30s'v 42050 3360s%v  15120sv  30240v
STV = & — — - - —
T5 T T2 T3 T4 15
Ayt 1 (Z - 30s'v 4205’ 3360s*v 1512050 3024011)
s s T5 T T2 T3 T4 5
1
830 = 7841)
s (4.13)
1 3
SUV=-—-S"
S
1
SU = 75211
S
1
V= —S8v
S
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with all initial conditions equal to zero. The equation of the output is solved separately
using addition with no additional integration required. The block scheme is in Figure 4.17.

- ]

420/T"2|‘

3360/T*3 ||=

15120/T"4|<

30240/T"5 }47

Figure 4.17: The block scheme for the delay modelled using the MDORAV method.

The forcing function z can either

e be generated using auxiliary ODEs in the form y’ = Ay+b, for example for 2z = sin(t)

10 0 0 0 0 0 0 $30(0)
0 1 0 0 0 0 0 0 s20(0)
A=| 0 0 1 0 0 0 0|b=]|0]yo=]sv(0) (4.14)
0 0 0 1 0 0 0 0 v(0)
0 0 0 0 0 0 1 0 2(0)
0 0 0 0 0 -10 0 a(0)
e be supplied to the system y’ = Ay + b from the outside
S _gp w0 _1ske 00 (1) 540(0)
10 0 0 0 0 $30(0)
A= 0 1 0 0 0 b(t) = 0 yo = | s?v(0) (4.15)
0 0 1 0 0 0 sv(0)
0 0 0 1 0 0 (0)

Note that in this case, the higher derivative of the forcing function cannot be directly
calculated.

4.2.2 Method of Successive Integration
First, the (4.10) has to be simplified

Ty + 30T sty + 42073 5%y + 336072 5%y + 151207 sy + 30240y =
= 172 + 30T sz — 4207332 + 3360T%s%2 — 151207 sz + 30240 .
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The highest derivative of the output function y has to be on the left side alone, so after

further simplification

TPy = —T°s%z + 30T sz — 30T sty — 4207332 — 420733y + 336072 s%2 — 336072 s%y—
— 151207'sz — 151207 sy + 30240z — 30240y

5 30 4 30 4 420 , 420 3 3360 , 3360 ,
sy——sz—l-Tsz—?sy T282_ﬁ Wsz—ws —

15120 15120 30240 30240

i sz — T sy + T5 z — T5 Y
30 420 3360 15120

oy = —s°2 + ?34(,2 —y) + T2 3~z —y) + T3 s%(z —y) + T s(—z —y)+

30240

?(z —y).

Now, the derivative can be decreased by multiplying the entire equation by %:

420 3360 15120 30240
= stz b 28— p) g y) <z—y>+7<—z—y>+—( )
. 420 3360 15120
Sy ==+ T - )+ sz —u)+ e -+ (T (s — ) )
sy =—s’z+ —s(z —y)+ 47?;)( z—y)+ - (3360( —y) +v2> (4.16)
B 30 420
sy——sz+T(z— y)+ = <T2( y)+v3>

*—z—}—l(@(z— )+v>*—z+v
y= s\ T Y 4 ) = 5.

Yy=—z+uvs
30
vg:T(z—y)—i—m
420
’Ui:ﬁ(—z_y)‘i_’l)g
. 3360 (4.17)
U3:ﬁ(z—y)+v2
, 15120
V2 = g (—z—y)+un
30240
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The block scheme is in Figure 4.18.

o z

30240/T"5

e
>

30240/T*5

Figure 4.18: The block scheme for the delay modelled using the MSI method.

The system (4.17) directly represents the block scheme in Figure 4.18. It is not however
directly usable for calculation using matrix-vector approach. The output equation (y) has
to be substituted into the others. The resulting system therefore depends only on the input
(forcing) function

30

30

vl = ?(z+z—v5)+v4: ?(22—1)5)—1—1)4

420 420
7)4 = W(_Z +z — U5) + V3 = W(_UE)) + V3

3360 3360

vh = 3 (2 +2z—v;5) +v2 W@z — v5) + U2 (4.18)

, 15120 15120
vy =~ (—z24+2z—v5)+n0n T (—v5) + 1

, 30240 30240
V] = (z+2z—v5) = TS (2z — vs)

The resulting system (4.18) is linear in the general form y’ = Ay + b. The forcing function
z can either

o be generated using auxiliary ODEs, for example for z = sin(t)

-% 1000 2¥ 0 0 v5(0)
-—459 0100 0 0 0 v4(0)
-—5529 0010 230 0 0 v3(0)
A= —J5? 0001 0 0|lb=|0]yo=]v20) (4.19)
-—3§%0 0000 320 o 0 v1(0)
0 0000 0 1 0 2(0)
0 0000 -1 0 0 a(0)
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e be supplied to the system from the outside

-3 1000 2392(¢) v5(0)
—@ 01 00 0 v4(0)
A= 73520 0 0 1 0fb(t)=|2282(t) | yo=|vs(0) (4.20)
—15420 0001 0 v2(0)
—3‘%‘0 0000 2302002 (¢) v1(0)
Note that in this case, the higher derivative of the forcing function cannot be directly
calculated.

4.2.3 Numerical results

Numerically, the equations generated using both methods (MDORAV and MSI) produce
equivalent results (see Section 2.6). In all of the following experiments z = sin(¢) is al-
ways going to be used as the forcing function. The required delay is going to be set to
T = §s. Maximum time of calculation t,,q, = 27s, step size h = ti’b‘}f s and accuracy of
the calculation TOL = 1 x 107°. The values in the column labelled |error| are calculated
as |Yealeulated(T) — sin(l — T)|, where [ is the last value of vector of integration times used

by the numerical method. The order of approximation is set to five (k = 5). The results

for additional orders of approximation are in Appendix B.
First, consider MDORAV with generated auxiliary equations (4.14). The plots of the
input and the delayed function are in Figure 4.19, plot of the ORD function is in Figure 4.20.

1

1

) ,/ \~ / \\ delayed N/ delayed
08 / input | ] 08 N/ \ input | |
/ X \ / |
/ \
06 / \ 06 /\
\ / \\
/
0.4 / 04r / / \
// \\ / // \
02F / \\ 0.2 f/'
3 / 3 / /
ERNS 4 RS
> >
\
021 \ -0.2
\
\
\
04F \ 04+
\\
061 \ 06 ;
% X
A A
08f /N 0.8F \
/ \ N\
4 | | | i P 4 | | |
0 1 2 4 5 6 7 0 1 2 4 6 7
Time [s] Time [s]

(a)

solver.

Figure 4.19: Delay of z = sin(¢) using the MDORAV method.

Delay calculated using MTSM

(b) Delay calculated using ode45 solver.
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Figure 4.20: Plot of the ORD function for z = sin(¢) using the MDORAV method.

The results for this experiment are in Table 4.17. The MTSM beats the state-of-the-art
methods and performs the smallest number of steps.

Solver  Time of calculation [s] Ratio Number of steps lerror|

MTSM 1.3009 x 1073 - 100 2.30566 x 1078
ode23 1.1001 x 1072 8.46 2089 1.58561 x 1078
odedb5 1.3756 x 1073 1.06 521 2.23628 x 1078
odel13 2.2932 x 1073 1.76 115 1.70088 x 1078

Table 4.17: The numerical results for the Padé approximation using MDORAV method for

z = sin(t).

Next, the forcing function is going to be supplied from the outside of the system (there-
fore right-hand side vector changes in every integration step), as defined by (4.15). The
plots of the input and the delayed function are in Figure 4.21, the plot of ORD function is

in Figure 4.22.

— _ ‘ ‘
08k // \\ ::‘ep\i;/ed |
0.6 / / A
/ \
04F /
02f / \
8
S oS \
g
02 \
0.4
061 A y
08 f
"o 1 2 3 4 6
Time [s]
(a) Delay calculated using MTSM

solver.
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(b) Delay calculated using ode45 solver.

Figure 4.21: Delay of z = sin(t) being supplied from the outside of the system using the

MDORAYV method.
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Figure 4.22: Plot of the ORD function for z = sin(t) being supplied from the outside of
the system using the MDORAV method.

The results for this experiment are in Table 4.18. Because MTSM can only work with the
supplied value of the forcing function, which is constant for every step, higher derivatives
cannot be calculated directly. Therefore the required accuracy cannot be achieved using
the outside forcing function. The method uses just one Taylor series term.

Solver  Time of calculation [s] Ratio Number of steps lerror|
MTSM 2.2486 x 1073 - 100 0.0196986
ode23 9.6258 x 1073 4.29 547 9.91653 x 1077
ode45 7.4261 x 1073 3.3 805 3.38862 x 1078
odell3 1.68324 x 1072 7.49 119 5.47037 x 1077

Table 4.18: The numerical results for the Padé approximation using MDORAV method,
when z is being supplied from the outside of the system.

For the MSI, the expectation is that the results would be similar. First, for the system
(4.19), plots of the input and the delayed function are in Figure 4.23, the plot of the ORD
function is in Figure 4.24.

MTSM

Values
o

VDN

N4

delayed

input

0 1

(a) Delay calculated using MTSM

solver.

Time [s]

Figure 4.23: Delay of z = sin(¢) using the MSI method.
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(b) Delay calculated using ode45 solver.

101




14 T
e
12 R SRR
e B e T

c 101 # FHERHE
=]
]
5
2 gl
a
o
o]
G 6
o
=2 *
S
EA

ol

0 .

0 1 2 3 4 5 6 7

Time [s]

Figure 4.24: Plot of the ORD function for z = sin(¢) using the MSI method.

The results for this experiment are in Table 4.19. The mean value of the ORD function is
11.49. The MTSM is again faster than the state-of-the-art methods by a wide margin.

Solver  Time of calculation [s] Ratio Number of steps lerror|

MTSM 1.5426 x 1073 - 100 2.30567 x 1078
0de23 3.4744 x 1072 22.52 5249 2.1039 x 10~8
ode45 3.5241 x 1073 2.28 1233 2.28007 x 1078
odel13 3.0408 x 1073 1.97 202 2.29563 x 1078

Table 4.19: The numerical results for the Padé approximation using MSI method.

The final experiment is with system (4.20). The plots of the input and the delayed

function are in Figure 4.25 and the plot of the ORD function is in Figure 4.26.

Values
o

RN delayed
/ N/ input |
/ A \
/ \ ]
/
\

/
/

I~~~/ \

(a) Delay calculated using mtsm solver.

Figure 4.25: Delay of z = sin(t) using the MSI method using the Padé approximation when

1 2 3 4 5
Time [s]

z is supplied from the outside of the system.
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Value of ORD function

Time [s]
(a)

Figure 4.26: Plot of the ORD function for z = sin(¢) using the MSI method using the Padé
approximation when z is supplied from the outside of the system.

The results for this experiment are in Table 4.20. The mean value of the ORD function is
between 13 and 14. The MTSM is again faster than the state-of-the-art methods by a wide
margin. Because MTSM can only work with the supplied value of the forcing function,
which is constant for every step, higher derivatives cannot be calculated, and the method
just uses one Taylor series term, as with the MDORAV example.

Solver  Time of calculation [s] Ratio Number of steps Error

MTSM 2.4124 x 1073 - 100 1.969 86 x 1072
ode23  4.80274 x 1072 19.91 5325 2.45736 x 1078
ode45  9.6089 x 1073 3.98 3005 2.29149 x 10~8
odel13 3.994 x 1073 1.66 203 2.31085 x 1078

Table 4.20: The numerical results for the Padé approximation using MSI method, when z
is being supplied from the outside of the system.

4.2.4 Concluding remarks

The results of experiments with Padé approximation are interesting and show the inherent
limitations of the MTSM. When the system cannot be modelled entirely and without higher
derivatives of the forcing function, the method cannot achieve the required precision. When
applying the method in a real-world setting (in the context of this thesis, control of the
systems in real-time), this shortcoming has to be taken into consideration, and it has to be
worked around or addressed.

As for the experiments with the different transformation methods, MSI method pro-
duces much simpler block scheme representation of the system (for higher orders of the
approximation, it becomes even more apparent). The number of integrators remains the
same for both methods.
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4.3 Movement of a charged particle

This experiment was published in [78]. Movement of a charged particle in an electromag-
netic and electrostatic field is given by Lorenz (electromagnetic) force [65], [45]

f =q(e+vb), (4.21)

where e = (ez, ey, e,)7 is the electric field, b = (b, by, b,) is the magnetic field and vector
v is instantaneous velocity of the charged particle with charge gq. The force vector f can
be substituted as ma,

ma = q(e + vb). (4.22)

We can further suppose that acceleration x, y and z axis a = (2", ", 2”")” can be calculated
as

q
2 = — (ex +y'b, — 2'by) ,
y' = % (ey + 2'by — 2'by) (4.23)
2= % (ex +2'by — y'by) .

The speed of the particle can be represented by the vector v = (2/,y/,2/)T. By sub-
stituting y = (2,9, 2/, x,,2)", the problem can be transformed into a system of linear
ODEs in a matrix-vector representation (3.3)

0  Lp, —Lp, 0 0 0
~4p, 0 L, 0 0 0
Lp, —Lp 0 0 00
— m-Y m-T
A= 1 0 0 0 00 (424)
0 1 0 0 00
0 0 1 0 00

where initial conditions are yo = (=8 - 107, 0,0, 0,0, O)T. Constants are set to m = 9.109 383 56 x
1073 kg, ¢ =—-16x10719C, b, =b, =0,b, =5x 10T and e, = ¢, = ¢, = 0T. Fur-
ther, the right-hand side b = (Les, ey, Le.,0,0, 0)7 = 0. The behaviour of the electron
is in Figure 4.27.

7

x10

|

A

‘;i
i

(((

>

(a) Position of the charged particle. (b) Trajectory of the charged particle.

Figure 4.27: Behaviour of the charged particle.
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Results of simulations using IVP (4.24) for the given parameters of the electromagnetic
and electrostatic fields and time of simulation t,,q; = 1 x 10~%s are in Table 4.21. MTSM
(with the step size h = 1 x 1071%s) calculates the problem faster than the state-of-the-art
MATLARB ode solvers. The order of the method is ORD =51 + 1.

Solver  Time of calculation [s] ~ Ratio = Number of steps
MTSM  4.77285 x 1073 - 100
ode23  193.097 10826.2 2235540
odedb  4.83689 2712.2 213925
odell3 7.8659 x 10~* 44.1 9446

Table 4.21: Results of calculations for movement of a charged particle.

4.4 Telegraph line

Another linear problem, analysed very thoroughly in our research group, is the travel of a
signal through a telegraph line. This problem was presented at several conferences (parallel
solution in [60] for example) and in journal publications ([81], [58] for example).

Voltage and current change along the telegraph line continuously in time, and they can
be expressed using equations

u=u(z,t), (4.25)
i =i(z,t), (4.26)

where x is a distance from the beginning of the line and ¢ is the time. Voltage and current
in the distance x + dx can be expressed as

u(z +de) = u(x,t) + gudx, (4.27)
x
i(r +dx) =i(z,t) + @dx. (4.28)
Ox
Basic Line Equations (4.29), (4.30) describe the change of voltage and current on the line
ou ‘ 0i
0i ou

where the following constants are the parameters of the line:
e R is the resistance of the wire,
e ( is the conductance between wires,
o L is the inductance of the wire (e.g. due to the magnetic field around the wires) and
e (' is the capacitance between two wires.

Using (4.29) and (4.30) it is possible to construct a model of the segment (Figure 4.28).
The entire line is comprised of a series of infinite number of connected segments. The line
chained using this model is lossy.
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Figure 4.28: Modelling a segment of the telegraph line — complex model.

The model in Figure 4.28 can be simplified by removing the terms R(z) and G(z). The
simplified model is in Figure 4.29. The line then becomes lossless.

i) o l ife 1 dv)
u(m)J C(x) u(z + dx)

Figure 4.29: Modelling a segment of the wire — simplified model.

Based on the simplified model in Figure 4.29, partial differential equations for voltage and
current can be derived

0u(z,t) B Ou(z,t)

L0 G =0, (4.31)
0%i(x,t)  O%i(w,t)
L Coo5= - 5= —o. (4.32)

The equations (4.31) and (4.32) can be solved analytically using, for example, the method of
Separation of Variables. However, the solution of large systems of PDEs is very complicated.
It can, however, be solved numerically. By chaining the segments in Figure 4.29, the lossless
model of the line can be constructed, with the number of segments denoted as S. The model
is in Figure 4.30.

Ry

o)

°
* A d
I I
I I
| |
| |

Segment S |

Segment 1

Figure 4.30: Model of the line — chain of S segments.
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The model can be described by a system of first-order ODEs. For the first segment

r..
ue, = o i)
Y (4.33)
= E(Uo —uc, — Ry -i1),

where ug is the input voltage of the system, uc, is the voltage on the first capacitor and i;
is the current that flows through the first inductor. Resistor R represents the input load of
the transmission line. Equations for the following segments are very similar to one another.
For the second segment

1 (4.34)
i = E(ucl —Ucy) s
for the next segments
ug, = — (i — i
C Ck( k k+1) (4 35)

M 1
U = Lik(uckfl - uck)?

where k € (3,5). The last segment of the line ends with an output load, simulated by the

resistor Ry )
1541 = EU()S . (4.36)

Note that all differential equations have initial conditions equal to zero. The input voltage
ug can be either a constant (DC circuit) or harmonic (AC circuit) signal. For the DC
circuit, the input voltage ug is hidden in constant right-hand side vector b, see (4.38). For
the AC circuit, the input voltage ug = Up sin(wt) can be calculated using auxiliary system
or linear ODEs

Uy = WT up(0) =0
0 (0) (4.37)
' =—-wuy x(0)=Up.
The problem can be described using the matrix-vector representation
uc, 0
A | Ap uc 0
A= , y=|—"72=1, b= ) 4.38
A1 | Ax Y i1 - (4.38)
ig 0
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where Aq1, A12, Ao and Aoy are individual block matrices with size S x S:

1 —
1 -1 0
0 0 0 %1 Cll L,
Apn=|[: @ : Ap=| & & '
00 -~ meg . ;
0 Cs 4.39
L0 o0 0 (4.39)
L
! —Ro 0
1 =1 0 L1
Ay = | L2 L2 Ay = :
1 —1 . )
0 o 0o 0 0 0
0 Is Is

The behaviour of the transmission on the line is based on the values of the input (R;)
and the output (R2) loads. If the condition

Ry =Ry =/L/C (4.40)

holds, the line is adjusted, and a signal on the line is transmitted without change. For the
simulation experiments, the line is adjusted for Ry = Ry = 100 2.

The propagation constant per unit length of one segment for the used model can be
calculated as trc = VLC. The total delay of the input signal can be calculated as
tdelay = S -tpc. The simulation time for all experiments was set tyae = 2tgelay, toler-
ances for all solvers were set to 10~7. For S = 100 and used L and C, the output signal is
delayed by 100 - V108 - 10712 = 1 x 10~8s. The behaviour of the signal for the harmonic
input and the impulse input on the line comprised of S = 100 segments is in Figure 4.31.

1 i 1 . . .
—uct —uct
- - -uc100 - - -uc100
. " 05¢ . ]
’|
— — !
= > A
() ® ! ‘l
g g .
S s
> >
05}
-1 : : : -1 : ! :
0 05 1 15 2 0 05 1 15 2
t[s] x108 t[s] x10®
(a) Harmonic input. (b) Impulse input.

Figure 4.31: Adjusted line — output just delayed.

The next experiment was done for the not adjusted line. The cut line can be simulated
by setting the parameters Ry = 1009, Ry = 1 x 102. The behaviour of such telegraph
line with S = 100 segments is in Figure 4.32.
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0 1 2 3 4
t[s] x108
(a) Harmonic input. (b) Impulse input.

Figure 4.32: Not adjusted line — output delayed and amplified.

Notice that in Figure 4.32b, the input signal is amplified at the output and bounced
back to the input. This can be useful to determine where the line is cut.

For the simulation experiments, the capacitances and inductances are set to the same
values: €4 = Cy = -+ = Cg = 1pF and L; = Ly = --- = Lg = 10nH (homogeneous
lossless telegraph line), MTSM uses the integration step size h = 5 x 10710s. Table 4.22
shows the numerical results for the harmonic input.

Adjusted line Ry = Ry = 100Q Not adjusted line Ry = 1009, Ry =1 x 1012 Q

ode23 ode4b5 odell3 MTSM ode23 ode45 odell3 MTSM
S ratio ratio  ratio [s] ratio  ratio  ratio [s]
200 29.5 12.1 9.7 3.5 x 1072 28.6 10.8 9.4 3.5 x 1072
600 17.3 9.3 6.5 211x107' 18.2 9.4 6.5 2.1 x 107!
1000 10.3 5.1 2.8 895x107! 10.3 4.7 2.8 8.92 x 107!

Table 4.22: MATLAB time of solutions for harmonic input: MTSM with fixed integration
time step h =5 x 107195,

Table 4.23 show the results for impulse input.

Adjusted line Ry = Ry = 1000 Not adjusted line R; = 10092, Ry =1 x 1012

ode23 oded45 odell3 MTSM ode23 ode45 odell3 MTSM
S ratio ratio  ratio [s] ratio  ratio  ratio [s]
200 28.1 11.6 9.3 3.6 x1072 30.3 11.7 9.3 3.6 x 1072
600 16.5 9.3 6.4 2.14x 1071  17.6 9.5 6.4 2.13 x 1071
1000 8.7 4.5 2.9 9.07x107' 9.6 4.7 3.0 9.07 x 107!

Table 4.23: MATLAB time of solutions for impulse input: MTSM with fixed integration
time step h = 5 x 107105,

Both experiments show that the method is noticeably faster than the state-of-the-art
numerical methods. The method calculates the presented linear problems faster with similar
or better accuracy, which is beneficial in real-time context as discussed in Chapter 2.
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4.5 Coeflicients of the Fourier series

The previous examples showed the behaviour of MTSM when solving real-world linear
problems. The following two problems are going to show its behaviour while calculating
the non-linear systems. The first non-linear example is the calculation of the coefficients of
the Fourier series. This problem was published in [78].

A Fourier series is the limit of the sequence of trigonometric polynomials that have
a cosine part and a sine part. They are mainly used in the study of phenomena with a
periodic character. The advantage of the Fourier series is that the requirements for its
convergence to the developed function are weaker than in the case of the Taylor series. For
example, the existence of derivatives of all orders of a given function at a given point is not
required. The calculation of coefficients can be (especially when using numerical methods)
easier than for the Taylor series. Any periodic function f(¢) can be written as a sum of
harmonics (4.41) called the Fourier series

ft) = % + aj cos(wt) + ag cos(2wt) + - - - + by sin(wt) + be sin(2wt) + - - - . (4.41)

The coefficients can be calculated using definite integrals

2 T
= = / F(b) dt, (4.42)
T Jo
2 T
ay = f/ f(t) cos(kwt) dt, k=1,2,3,...,n, (4.43)
0
2 T
b = T/ () sin(kwt) dt, k=1,2,3,....n, (4.44)
0

where T is the period of the function f(¢). The definite integral

T
Y — / f(x) da (4.45)
0
can be transformed into the IVP

y =f)  y0)=0, (4.46)

where y(T) =Y and T denotes the maximum time of calculation ¢ € (0, 7). More details
about transformation and numerical solution of definite integrals using MTSM can be found
in [20]. For example, the analytical calculation of coefficient Ay using the definite integral

2 T
A = T/ f(t) cos(2wt) dt (4.47)
0
can be transformed into the initial value problem
, 2
ay = ff(t) cos(2wt), a2(0) =0. (4.48)
The solution of the IVP (4.48) at the maximum time 7 represents the calculated value

of the definite integral (4.47) (As =~ ao(T)). As an example, consider a simple harmonic

function
f(t) = sin?(wt) (4.49)
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with parameters w = 2Zrad-s~!, T' = 2s. The coefficients of the Fourier series for (4.49)

that are given by

sin?(wt) = % + ag cos(2wt) (4.50)
can be calculated analytically as
1
sin?(wt) = 3 3 cos(2wt) (4.51)
where Ag = 1 and Ay = —%. The coefficients can be calculated numerically using the
following system of ODEs
ap = f(t) ao(0) =0
2 (4.52)
ah = ff(t) cos(2wt) az(0)=0.

The solution of the IVP in t € (0,T), where T' = 2s is in Figure 4.33. The final values
of functions ag(t) and ag(t) show the calculated values of Fourier coefficients ag(7") = 1,
a9 (T) = —0.5.

Fourier coefficients
o
o N
I

-0.2 1

0.4 F

-0.6

Time [s]

Figure 4.33: Fourier coefficients of f(t) = sin?(wt).
The (4.52) can be transformed into different autonomous systems with auxiliary gener-

ating equations. The first substitution y = (aq, as, sin(wt), cos(wt), sin(2wt), cos(2wt))T
leads to the following non-linear system of ODEs

vl =3 y1(0) =0

Ys = %ys?ys y2(0) =0

Y5 = wya y3(0) =0 (4.53)
Yy = —wys3 ya(0) =1

Yt = 2wy y5(0) =0

yé = —2wy5 yﬁ(O) =1.

The more effective way of solving (4.52) is to transform it into an autonomous system
with fewer multiplications or even better to the linear system of ODEs. The next sub-
stitution y = (ag, as, sin?(wt), sin(wt) cos(wt), cos?(wt), cos(2wt), sin(2wt))’ leads to the
following non-linear system of ODEs with at most two-term multiplication
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Y1 = Y3 y1(0) =0
yp = %ygye y2(0) =0
Y3 = 2wys y3(0) =0
Yy = w(ys — y3) y4(0) =0 (4.54)
Y5 = —2wys ys(0) =1
Yo = —2wyr y6(0) =1
Yy = 2wYe y7(0) =0

The last transformation of (4.52) using substitution y = (ag, az, sin?(wt), sin(wt) cos(wt),
cos?(wt), sin?(wt) cos(2wt), sin?(wt) sin(2wt ), sin(wt) cos(wt) cos(2wt), sin(wt) cos(wt) sin(2wt),
cos? (wt) cos(2wt), cos?(wt) sin(2wt))T leads to the linear IVP

Y1 =3 y1(0) =
Yy = %ye y2(0) =0
Yz = 2wy y3(0) =0
ys = w(ys — y3) y2(0) =0
Y5 = —2wya y5(0) =1
Yo = 2w(ys — yr) y6(0) =0 (4.5)
y7 = 2w (Y9 + Ys) y7(0) =0
ys = w(y10 — Y6 — 2y9) ys(0) =0
Yo = w(y11 — y7 + 2ys) Yo(0) =0
Yo = —2w(ys + y11) y10(0) =1
Y11 = —2w(y9 — Y10) y11(0) = 0.

Results of the calculation of the Fourier coefficients using IVPs (4.54) and (4.55) are in
Table 4.24 and Table 4.25, respectively. The tolerance for all solvers was set to 1 x 10710
with fixed integration step size for the MTSM solver set at h = 0.4 in all cases. The column
labelled ||error|| shows the norm of the error between analytical (A, A2) and numerical
solution (ag(T'), a2(T)).

Solver  Time of calculation [s] Ratio ||lerror||

MTSM 1.35245 x 1073 — 2.7x 10715
ode23 3.92118 x 107! 289.9 7.2x 10710
oded5 2.94324 x 1072 21.8 83x 107!
odell3 1.22999 x 1072 9.1 14x101

Table 4.24: Results of calculations for Fourier coefficients, (4.54).
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Solver  Time of calculation [s] Ratio ||lerror||

MTSM 6.809 x 10~* — 1.1 x 10711
ode23 5.33741 x 107! 783.9 29x 10713
ode45 4.56895 x 1072 67.1 1.8x10712
odell3 1.59332 x 1072 23.4 1.6x10710

Table 4.25: Results of calculations for Fourier coefficients (4.55).

The results show that the MTSM is faster and more accurate than all tested state-of-the-art
solvers. The average order used by the MTSM is ORD = 25 + 1.

4.6 Lorenz system

The next example shows another non-linear system — Lorenz system. It was presented
in [58]. This system explains some of the unpredictable behaviour of the weather. The
Lorenz model supposes that a planet’s atmosphere consists of a two-dimensional fluid cell
heated from below and cooled from above [35]. The fluid motion can be described by the
three-dimensional system of ODEs (4.56)

¥ =0y —2) x(0)
y =pr—y—=xz y(0)
2 =zy— Bz z(0)

1
1 (4.56)
L,

where o is the Prandtl number, p is the Rayleigh number, and § is the parameter related
to the physical size of the system. The behaviour of the system depends on the values
of the parameters and initial conditions. Small changes in the initial conditions have a
significant effect on the solution (and that is generally a reason why this model cannot
be used to accurately predict the weather long-term). The (4.56) can be rewritten in the
matrix-vector representation

T -0 O 0 0 0 0 1 3
y=|y|l A= p -1 0 b=|0| Bi=|-1 0| yj;= (1 2) . (4.57)
2 0 0 -3 0 0 1

For the experiments, the parameters o = 10 and 5 = 8/3 were fixed. Only the parameter
p is changed to obtain different behaviour of the system (4.56). For p = 28, the value
originally used by Lorenz [51]), the chaotic behaviour is observed. For large values of p, e.g.
p = 160, the solution is periodic [40]. For p = 23.7, the solution is stable. Two equilibrium
points can be calculated using (4.58). Initial conditions were then calculated by adding the
constant vector v = (0,2, 0) to the equilibrium point Q1 [35], [34]

Q= (=/Blo-1).£/Blp—1).p—1). (4.58)

For the experiments with the Lorenz system, tolerances for all numerical solvers were set
to 1 x 10719, The maximum simulation time was set to t;qe = 100s for all experiments.
Figure 4.34 shows the solution of the Lorenz system for different values of parameter p in
the yz-plane.
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(b) p = 160

Figure 4.34: Behaviour of Lorenz system in yz-plane.

The solution in the time domain is in Figure 4.35 and the plot of the ORD function is in
Figure 4.36.
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Figure 4.35: Behaviour of Lorenz system in time domain.
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Figure 4.36: Plots of the ORD function for different values of p.

Unlike linear problems, the values of ORD for non-linear problems are no longer nearly
constant but can change quite rapidly during the calculation. Results of the simulation
experiments are in Table 4.26.
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ode23 ode4b odell3 MTSM

P ratio # steps ratio # steps ratio # steps [s] # steps
28 200.8 3993135 7.3 322496 1.9 19794  9.33 x 107! 2000
160 196.3 9907302 6.9 774340 1.9 48896 2.363 4000

23.7 157 1111529 7.3 147928 4.6 11029  5.38 x 107! 500

Table 4.26: Results of simulation experiments for Lorenz system.

4.7 Kepler problem

The final example in this Chapter of more general examples of the method is the Kepler
problem. It was published in [78]. The Kepler problem describes the motion of a single
planet around a heavy sun [18]. The problem is simplified so that the planet does not
gravitationally influence the sun, and the sun is treated as stationary. The motion of the
planet is also limited to the plane (it does not move up or down).

Let y1(t) and y2(t) denote rectangular coordinates centred at the sun, specifying at time
t the position of the planet. Also let y3(¢) and y4(t) denote a components of velocity in the
y1 and yo directions. If M denotes the mass of the sun, v the gravitational constant, and
m the mass of the planet, then the attractive force will have the magnitude

yMm
yi + s

The accelerations of the planet in y; and y» directions can be calculated as follows:
— My, —yMys

3
(wi+v3)? (i +v3)

R (4.59)
where the negative sign denotes the inward direction of the acceleration. By adjusting the

scales of the variables, the factor vM can be removed. The motion can be represented by
the following system of ODEs

Y =13 y1(0)=1-e
Yo = ya y2(0) =0
—y
Y3 = 73,1 y3(0) =0 (4.60)
;Y2 _|1+e
y4_ 7,‘3 y4(0)_ 1—6’

where e is an eccentricity of a rotating body and r = y/y? + y2. The analytical solution of
(4.60) is defined by
2
Y2
1—e2

The change in time for the coordinates y; and ys for the different values of e is in Figure 4.37.

(y1+e)?+ —1=0. (4.61)
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Figure 4.37: Kepler problem, solution.

To solve the system (4.60) using the MTSM with the recurrent calculation of the Taylor
series’ terms (3.20), the system of ODEs has to be transformed to the new autonomous
equivalent system (3.19). The term %3 has to be replaced by the equivalent generating

ODEs that are added to (4.60). First, the term 73 is substituted to give

3
3
ys = (\/M) = (4 +43)>
3 1 1
ys = 5 (Ut +3)2 (2u1v1 + 2u292) = 3(yT + 3)% (13 + yova) -

Then the substitution of the term (3% + y%)% is introduced to give
1
yo = (i +15)>
1 _1 _1
o= =t +3) "2 (21t + 2y25h) = (U5 + ¥3) "2 (113 + Yoya)

2
(y1ys + v2vy4)  (y1y3 + Y2ua)

1
(¥ +y3)2 Yo

After the previous substitution, the terms that contain operation division (y; L and Yo 1)
can be removed from the system using the following auxiliary ODEs

1

—1
yr=—=y
Y5 >
! -1, _ 2 1 2 _ 2
Y7 = —Ys Ys = —Y7ys = —y7 (s (y1y3 + ¥2y4)) = —3uey7 (V1y3 + y2ya)
1 —1
yg=— =1y
Y6 6

/

Ys = —Ys U6 = —Yays = —ya (ys(y1ys + y2y1)) = —vs (y1ys + y2ya) -
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The new autonomous system of ODEs with the substituted equations without operation

division is obtained

Y1 = y3 y1(0)=1—e
Yo = Ya y2(0) =0
Y3 = —yry1 y3(0) =
1+e
/I —
Ya = —Y1Y2 y4(0) T,
v = 3y (y1ys + yays) y5(0) = (/41 (0)2 + 2(0)2) (4.62)
Y6 = ys(y1y3 + y2uya) Y6(0) = \/y1(0)2 + 12(0)?
0 3yeyryr(y1ys + yoya) y7(0) !
— —9YsYryr\yirys 2Y4 7 -
! y5(0)
1
!
Ys = —YsYsys(Y1ys + Yoy ys(0) =

The new IVP (4.62) is equivalent to the original Kepler problem (4.60). Note that the

new IVP (4.62) is an autonomous system

of ODEs with operation multiplication in the

form (3.19), and such system can be solved using the MTSM with recurrent calculation of
the Taylor series terms using (3.20). The matrix-vector representation (3.19) of the system
(4.62) is in Appendix F.1. The system of ODEs (4.62) can be further simplified by reducing
the number of multiplications. By substituting (y1ys + y2y4) another auxiliary ODE can

be obtained:

Yo = Y1Y3 + Y294

Yo = Y1ys + Y1h + Yhys + youly = v2 + 3 — yiyr — y3yr .

Adding the new equation into (4.62) decreases the number of multiplications to four. The

following system of ODEs is obtained:

Y1 =y3

Yy = Ya

yé = —W1yr
!

Yg = —Y2yr

Ys = 3ysYo

Y6 = YsY9

Yr = —3Ysyryryo

Ys = —Y8YsYsY9

Yo = Y3ys + yaya — y7(y1y1 + yay2)

y(0)=1-e
y2(0) =0
y3(0) =0
y4(0) = 1 J_r Z
y5(0) = (1/1(0)% + 2(0)2)° (4.63)
y6(0) = 1/y1(0)2 + y2(0)?

0)=—
= y5(0)

1

yS(O) = yG(O)

¥9(0) = y1(0)y3(0) + y2(0)y4(0) .

The new IVP (4.63) is again equivalent to the original Kepler problem (4.60) and with
(4.62). The matrix-vector representation of the ODEs system (4.63) using the notation of
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(3.19) is in Appendix F.2. The number of multiplications can be decreased even further by
simplifying the remaining ODEs with four multiplications. The multiplication ygy9 can be
substituted by an auxiliary ODE:

Y10 = YsY9
ro_ /I 2 2 2 2
Yio = YeYo + Y6Yo = YsyoYo + Yey3 + Yeys — Yeyr(y1 + v2) -
A new multiplication (ysyg) in the new auxiliary ODE can also be substituted to give
Y11 = YsY9

yh1 = yhvo + ysyh = —yiy2 + ys(u2 + y2 — yr(y? + 13))
= —ysyiy + ys(¥3 +vi — yr (v +v3)) .

Finally, the bracket (y? + y3) can be substituted to give
yi2 = yi + 45
Y2 = 25191 + 29295 = 2y1y3 + 2y2y4 -

Adding the three new auxiliary ODEs into (4.63) decreases the number of multiplications
to three

Y =ys y(0)=1—¢
Yy =1 y2(0) =0
Y5 = —1y1y7 y3(0) =0
1+e
= 0) =
Ya = —Y2yr ya(0) .
v = 3y10 y5(0) = (y/y1(0)2 + y2(0)2)?
L —_3 0) =
Yz Y7y7y10 y7(0) )
Yy = —YsYsYy ys(0) = !
Yo = Y3Ys + YaYs — Yry12 y9(0) = y1(0)y3(0) + y2(0)y4(0)
Yio = Yoy11 + Y3YsYe + Yayaye — Yeyry12 y10(0) = y6(0)yo(0)
Y1 = —ysy11y11 + Ys3ysys + yayays — yrysyiz  y11(0) = ys(0)ye(0)
Yio = 20193 + 24294 y12(0) = y1(0)% + y2(0)?

The new IVP (4.64) is equivalent to all previous systems ((4.60), (4.62) and (4.63)). The
matrix-vector representation of the ODEs system (4.64) in the (3.19) notation is in Ap-
pendix F.3.

The results for (4.62), (4.63), (4.64) using MTSM with fixed integration step size
hoos = /258, hos = 7/50s, hors = w/100s and e = 0.25, e = 0.5, ¢ = 0.75 are in
Tables 4.27, 4.28 and 4.29, respectively. The tolerances for all solvers were set to obtain
the ||error|| = 1078, where the ||error|| is computed as the norm of (4.61). The maximum
time of the simulation is set to 2 cycles, tmq = 4ms. The obtained ratios indicate faster
computation of the MTSM in most cases.
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ode23 ode45 odell3 MTSM
e ratio  ratio  ratio [s]

0.25 146.4 4.7 1.3 2.93 x 102
0.5 122.8 4.1 1.0 5.36 x 102
0.75 90.4 3.0 0.7 1.158 x 107L

Table 4.27: Results for Kepler problem (4.62).

ode23 ode45 odell3 MTSM
e ratio  ratio  ratio [s]

025 213.9 6.8 1.8 2.05 x 1072
05 174.4 5.7 1.5 377 x 1072
0.75 145.1 4.8 1.2 7.3 x 1072

Table 4.28: Results for Kepler problem (4.63).

ode23 ode45 odell3 MTSM
e ratio  ratio  ratio [s]

0.25 312.2 12.1 2.5  1.44 x 1072
0.5 262.5 9.1 2.1 2.63 x 102
0.75 221.3 7.4 1.7  5.09x 102

Table 4.29: Results for Kepler problem (4.64).

The autonomous system with a low number of multiplications (4.64) is the fastest one,
see Table 4.29. The greater number of multiplications slows down the calculation consid-
erably. The ratios between the slowest system (4.62) and the systems of ODEs (4.63) and
(4.64) for different values of e are in Table 4.30.

MTSM (4.62)/(4.63) MTSM (4.62)/(4.64)

e ratio ratio
0.25 1.43 2.03
0.5 1.42 2.04
0.75 1.59 2.28

Table 4.30: Comparison between times of calculation of autonomous system (4.62) and
systems (4.63) and (4.64).

Table 4.30 shows that the system with three-term multiplication (4.64) is approximately
two times faster than the system with five-term multiplication (4.62). The difference is
caused by the large number of multiplications of higher-order terms in the Taylor series.
Optimizations from Subsection 3.3.2 are not used in the experiments, (3.20) is used directly.
Table 4.31 shows the number of integration steps for different values of e.
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Number of steps

e ode23 ode45 odell3 MTSM
0.25 105180 8916 419 100
0.5 161323 12148 654 200
0.75 262631 19288 955 400

Table 4.31: Number of integration steps, Kepler problem (4.64).

The number of integration steps grows with increasing values of the constant e due to
the Kepler problem becoming stiff. Explicit numerical methods have difficulties with such
systems. The stiffness indicator ¢ for the time normalized Kepler problem with different
values of constant e is in Figure 4.38 [73].
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Figure 4.38: Stiffness indicator o.

MTSM automatically detects the stiffness in the system and uses larger order (more terms
of the Taylor series) in rapidly changing parts of solutions, see Figure 4.37 and Figure 4.39.

ORD function

Simulation time [s]

(a) e=0.25

10
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(b) e=0.5
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Figure 4.39: Plot of the ORD function.

Simulation time [s]

(c) e=0.75

The last experiment shows that the solution of the Kepler problem becomes unstable
using state-of-the-art solvers. The default tolerance TOL = 1 x 10~% was set for all solvers.
Results for ¢4 = 200 - s and e = 0.75 are in Figure 4.40. Only MTSM provides a stable

solution.
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Figure 4.40: Result of the circle test y1y2 plane.

The Kepler problem shows the possible problems and complexity when using the pro-
posed method for solving non-linear systems. However, it is necessary because when mod-
elling real-world problems, their models contain non-linearities. These might be removed
by linearizing the model, but it might degrade the parameters or other properties.

4.8 Concluding remarks

This Chapter compares the behaviour of the method introduced in Chapter 3 with the
state-of-the-art numerical integration solvers on a set of selected real-world problems. These
problems serve as benchmarks to test the performance of the method. In additional ex-
periments in Chapter 6, I will use the background and insight gained on these benchmark
problems and I will apply the properties that seem to be favourable in the area of control
system implementation with real-time considerations.
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Chapter 5

Control theory

This Chapter briefly introduces important topics from control theory so that they can be
used in the experiments. The content of this chapter has been mainly compiled from [24],
[11], [23], [72], [16], [26], [84], and [31]. Other used sources are cited throughout where
needed.

Control theory has helped shape the modern technological and industrial landscape [16].
Some examples include cruise control in cars, position control in construction equipment,
packet routing on the Internet and PID temperature and pressure control in modern espresso
machines. In the future, control systems are going to be increasingly applied to high-
dimensional and strongly non-linear problems (for example, autonomous robots and self-
driving cars).

5.1 Control systems

In this Section, the several types of control systems that are widely used are going to
be discussed. There are several ways to categorize the control system and approaches to
their design. One particularly useful categorization is by the way these control systems use
energy and resources and how they can adapt to the change in the input and output of the
controlled system [16].

The simplest form are the passive control systems (for example a speed limit sign or
stop sign at the street intersection) that can change the traffic flow. The second very broad
category is active control that does require input energy to operate.

These can again be split into several categories based on if they use sensors to augment
or inform how the controller functions. For open-loop systems with no sensors, the pre-
programmed control sequence is carried out. The sensor based control system can either
combine open-loop control with feedback or closed-loop feedback control systems. These
measure the system directly and shapes the control response to achieve the desired goal.
These are going to be used in this thesis. The categories are visualized in Figure 5.1.
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Figure 5.1: Types of the control systems (based on [16]).

The schematic of the open-loop control system is shown in Figure 5.2.

Lo

W
u _ g
— W 4 Controller > System ]_Y,

Figure 5.2: Schematic for the open-loop system (based on [16], [24]).

In Figure 5.2, w, represents the reference signal. Given this signal, the controller, using a
control law, constructs a control input u to drive a system. External disturbances wy and
sensor noise w, are not accounted for and degrade performance. The open-loop control uses
a model of the system to design an actuation signal u that produces the desired output.
However, as stated before, it can only do so based on a pre-planned strategy and cannot
account for external disturbances or any change in the system dynamics.

P

The general scheme of the feedback control is in Figure 5.3

Disturbances Cost

w J

System v

Actuators Sensors

Controller

Figure 5.3: General scheme for feedback control system (based on [16]).
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Sensor measurements y or a system are fed back into a controller that generates the
actuation signal w. This signal can manipulate dynamics and change the behaviour of the
controlled system. It performs better than the open-loop control system and can better
handle uncertainties and disturbances.

The vector of disturbances w can be decomposed as w = (wgw,TL w! )T where
e wy are the disturbances of the state of the system,

e w, is the measurement noise,

e w, is the reference that should be tracked in the closed-loop system.

The system can be generally described using the following ODE:

' = f(z,u,wy) (5.1)
and the output measured by the sensors described by

g=flx,u,wy,). (5.2)
The control law is then generally described using a function w

u = k(x,w,) (5.3)

and it should (if the controller can do so) minimize the cost function J

J = J(z,u,w,). (5.4)

Note that optimizing the cost of control is not a focus of this thesis. The schematic of the
feedback control system is in Figure 5.4.

L

u _Wal
Controller > System }L

Feedback signal

Figure 5.4: Closed-loop feedback control system (based on [16], [24]).

Figure 5.4 shows the sensor signal y fed back and subtracted from the reference signal
w,. This provides information about how the system reacts to the control input (the ac-
tuation being performed). The controller uses the resulting error € to help determine the
correct actuation signal w for the desired response. This kind of control system can effec-
tively stabilize unstable dynamics while rejecting disturbances wg and reducing noise w,,.
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5.2 Linear systems

According to [16], [24], and others, the more comprehensive theory of control systems and
their representations has been developed for linear systems.

Due to the fact that real systems are not generally linear, the non-linear representation
has to be linearized about a fixed point around which the chosen linear approximation is
valid.

A system is defined as linear in terms of the input and response [24]. Generally, a nec-
essary condition for any linear system can be determined based on excitation and response.
So when a system receives an input a(t), it responds with y;(¢). And for an input as(t),
it responds with y9(¢). For linear system , the excitation aj(t) + a2(t) results in response
y1(t) + ya(t) — principle of superposition.

A linear system has to also be homogeneous, that is, when supplied with an input a(t),
the result is y(¢). Then when multiplying the input by a constant a(t) - 3, the response
must be equal to the output being multiplied by the same constant y(t) - 3.

5.2.1 Laplace transformation

The Laplace transformation can be applied to linear systems. The method substitutes
differential equations that are difficult to solve by algebraic equations [24]. The solution of
the system is obtained by performing the following steps:

1. obtain linearized differential equations,
2. perform the Laplace transformation on the differential equations,

3. solve the resulting algebraic equations.

For function f(t) to be transformable, it is sufficient for

/°° F(6)le dt < oo,

for some real, positive 1. The 07 indicates that the integral includes discontinuities, such
as delta function at ¢ = 0. If the magnitude of f(¢) is

()] < Me

for all positive ¢, the integral will converge for o1 > «. Real physical signals always have
Laplace transform. The Laplace transformation for a function of time f(¢) is

F(s) = /0 T e,

and the inverse Laplace transform is written as

Ft) = = /aJrjOOF(s)eStds.

N % g—jo0
The pairs of f(t) and F(s) are in [24] and there are mathematical models that represent
linear systems using the transformed equations (transfer function modelling for example,

see [24]). However, this thesis deals with the solution of ordinary differential equations, and
the Laplace variable s can be considered to be a differential operator [24]

s (5.5)

qa
dt’
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5.2.2 State-space representation

The state-space representation of the system is very useful in the context of this thesis
because it uses ordinary differential equations to represent the changes between individual
states. Due to this fact, it is going to be discussed in greater detail.

The state of a system is a set of variables whose values, together with the input signals
and the equations describing the dynamics, will provide the future state and the output
of the system [24]. For the dynamic systems, the state of the system is described by a
set of variables x(t) = (z1(t),z2(t),...,x,(t)). The state variables determine the future
behaviour of the system when a present state of the system and its inputs are known.

The changes of the states can be described using state differential equations, which are
the first-order ODEs for the state variables (x1, 2, ..., x,) and the inputs (u1, ua, ..., uy).
These equations can be written in a form

ac'l(t) = anxl(t) + algwg(t) + -+ alnxn(t) + 611U1(t) 4+ -+ elmum(t)
zh(t) = an1x1(t) + agewa(t) + - + agn@n(t) + ea1ur (t) + - - + eamum(t)

(5.6)
2, (t) = an1x1(t) + anaza(t) + - + ann@n(t) + en1ur () + - + enmum(t) .
This system of ODEs can be expressed in the matrix-vector notation
x'l(t) ai; a2 ... Qin I (t) ul(t)
/ €11 ... €1m

Ty (t) asr a22 ... Q92n xI9 (t) u9 (t)

= . . N E : : (5.7)
: D . .
zl (t) nl Gp2 - Gpn/) \xp(t) n e U (1)

where () represents the state vector and w(t) represents the input function. The state
differential equation or state equation can be therefore written as

x'(t) = Az(t) + Eu(t). (5.8)

The outputs of the systems can be related to the inputs and the states by output equation,
which can be written as
y(t) = Cx(t) + Du(t). (5.9)

The sensor noise and disturbances can also be modelled using the state-space model. The
state equation and the output equation then become

x'(t) = Azx(t) + Bu(t) + Gwg(t)

y(t) = Cx(t) + Du(t) + wy(t), (5.10)

where G is the gain matrix for the disturbance wgq and w,, is the sensor noise that can
affect the measurements. The schematic for this representation is in Figure 5.5.
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Figure 5.5: Schematic of the state-space representation with disturbances and sensor noise.

5.2.3 Controllability and observability

The concepts of controllability and observability of the system have to be introduced to
understand if the stable eigenvalues of the system can even be obtained. Note that more
information about linear algebra, eigenvalues and eigenvectors can be obtained from [50].

Controllability

The controllability of a system can be defined as [24]

Definition 2 A system is completely controllable if there exists an unconstrained control
u(t) that can transfer any initial state x(tg) to any other desired location x(t) in a finite
time.

To determine if the linear system described by (5.8) is controllable, the controllability
matrix C has to be constructed

C=(B AE A’E ... A"'E). (5.11)

If the matrix C has n linearly independent columns (it spans R™), then (5.8) is controllable.
The span of the columns of the controllability matrix C forms a Krylov subspace. This
subspace determines which state vector directions in R™ may be manipulated with control.
Therefore, if a system is controllable, it also implies that any state p € R™ is reachable
in finite time by some actuation signal u(t). The eigenvalues might be placed arbitrarily.
However, some controllers have additional considerations.

Observability

The observability of a system can be defined as [24]

Definition 3 The system is completely observable if and only if there exists a finite time
T such that the initial state (0) can be determined from the observation history y(t) given
the control u(t).

Observability does not differ from controllability much but the interpretation is different.
A system is observable if it is possible to estimate any state p € R™ from a history of
measurements of the system output y(t). The observability is determined by the row space
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of the observability matriz O

&
CA

o=| CA* | (5.12)

car!

The observability comes into play when full-state measurements of the state vector x
are not available, and it is necessary to estimate the vector from the measurements. This is
only possible when a system is observable. The estimators are not used in this thesis, but
observability is still an important property to be taken into account.

5.2.4 Linearization

This section is mainly derived from [24] and [15]. In real-world conditions, most systems
are operated around a operating point (or points), for example, the range of temperatures,
angles of attack and many others that depend on the plant or application being considered.
This means that most of the very complicated equations (some examples are going to be
shown in Chapter 6) that would be valid for all possible values are just valid for the smaller
subset of these values around the operating point. Therefore, the question of linearity and
the range of applicability must be considered for each system.
To linearize the non-linear system written as

=

/
xr =

y:

I

(@, u),

where f and h are non-linear functions, x is the state vector, u is a scalar control input and
y is the scalar system output, the following procedure can be used. Given the non-linear
system specified by these functions and an equilibrium point &* = (27...2%)7, obtained
when u = u*, a coordinate transformation can be defined to transform the state variables

to the equilibrium point. Denote dx = x — x*

(5.13)

>

ox1 R
x=| : | = : , (5.14)

*

0Ly, Tp — X,

du = u—u* and 0y = y — h(x*,u*). The new coordinates dx, du and dy represent
the differences of , u and y from their equilibrium values. They serve as the new state
variables dx, new control input du and the new output dy. The linearization of (5.13) at
the equilibrium point * is given by

ox' = Adx + Edu

5.15
y = Cdéx + Dou, ( )
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where

2] * * % 0 * * %
T;ﬁ(xlv » L, U ) %(xh ’iju)
A (‘9f>
~\ Oz z*u*_ ’
Afn Ofn
o CT Ty e CL PR )
8 * *
of %(ml,...,xn,u)
B = (5e) e~ f ’ (516)
*u
%f;(x*f, coxh ut)
oh oh , , . s oh , , . *>
== = =—(a,...,2°,u — (T, ..., u) ),
(3:(:)36*’“* <6x1( ! ) 8mn( ! )

5.2.5 Equilibrium points of the system
The state z* € R™ is a equilibrium point for 2’ = f(z) if
f(z*)=0 (5.17)

for all t > 0. Note that if the system has an initial condition z(0) equal to the equilibrium,
it will stay in that equilibrium forever (the state of the system does not change).

5.3 Non-linear systems

Most control systems in real-world applications are linear (because many systems operate
close to the set operating point and the behaviour around this point can be considered
linear). In some circumstances (for example, when the model of the system is uncertain or
when the non-linear parameters have to be taken into account [70]), to be able to develop
a non-linear controller that would be effective and comparable in speed and simplicity of
design with the linear controller. Due to the recent advances in micro-controller design
and general power of computer system, non-linear control is becoming more common in
interesting use cases. And because the method presented in this thesis shows good behaviour
for non-linear problems, it would be a shame not to try to test at least some non-linear
controllers and designs in the thesis to determine if the method can be used even in this
context.

This section is mainly compiled from existing sources ([36], [70], [11]) that deal with
non-linear control.

5.3.1 Common non-linear system behaviours

Several behaviours of non-linear systems are common and are going to be encountered in
Chapter 6 if appropriate. These include:

o multiple equilibrium points,
o limit cycles (oscillation of fixed period and amplitude without external stimuli),
o bifurcations (values of system parameters at which the system properties change),

o chaos (the system output is extremely sensitive to the initial conditions).
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5.3.2 Representation of the non-linear systems

The dynamic of the non-linear systems can be represented by the set of differential equations

where x is the state-vector. This representation is a generalized case of the linear system
representation, defined in Subsection 5.2.2.

5.3.3 Lyapunov function, stability

We can use the Lyapunov function to prove the stability properties of a given function.
The Lyapunov function is a generalized energy function that shows the stability around
the equilibrium points. The method shows the stability properties without finding the
trajectories of the system. The origin of the system is stable equilibrium if for each € > 0,
there exists 0 > 0 such that ||z(t)|| < 0 — ||z(t)|| < eVt > 0. To define the stability of the
function using the Lyapunov stability theorem, several other sets and function characteristics
have to be defined.

The set S,-(0) contains all points & € R™ which are strictly inside a ball of radius r
around the origin

Sp(0)=x € R",||x|| <.

In a 2D space, this can be represented as a circle with radius r, with the centre around the
origin. A continuous function V' is positive definite on S,.(0) if

e V(x) >0 for all x € S,(0),z # 0 and

« V(0)=0.

A continuous function V' is negative definite on S, (0) if

e V(x) <0 forall z €S,(0),x # 0 and

« V(0)=0.

A continuous function V' is positive semidefinite on S, (0) if
o V(x) >0 for all x € S,(0) and

« V(0)=0.

A continuous function V' is negative semidefinite on S, (0) if
e V(x) <0 for all z € S,(0) and

« V(0)=0.

Lyapunov Stability Theorem states that the origin is a stable equilibrium of ' = f(x)
if there exists r > 0 and a positive definite function V' (z) on S,.(0) such that V' is negative
semidefinite on S,(0). If there exists a locally positive definite function V'(z), such that V'
is locally negative semidefinite, the origin is stable. If there exists a locally positive definite
function V' (z), such that V' is locally negative definite, the origin is asymptotically stable.

130



5.3.4 LaSalle’s Invariance Principle

LaSalle’s Invariance Principle can be used instead of the Lyapunov stability theorem to
determine the asymptotic stability of the system when V' is negative semidefinite. To
define the principle, first consider the set w is positively invariant with respect to ' = f(x)
if £(0) € w. This implies that x(t) € wVt < 0. The LaSalle’s Invariance Principle states
that

o Let w be a compact set that is positively invariant with respect to ' = f(x) .

o Let the function V be a continuously differentiable function on w such that V' (x) < 0.
o Let V C w be the set of all points in w such that V'(x) = 0.

e let M be the largest positively invariant set in E.

Then every solution starting in w approaches M as t — oo.

5.4 Types of controllers

In this Section, several types of controllers are introduced that are going to be used in
Chapter 6.

5.4.1 PID controllers

One of the most common types of controllers routinely applied in technical practice is
the PID (proportional-integral-derivative) controller. The equation for this controller can
generally be written as

t
u(t) = kye(t) + ki /0 e(r) dr + kae(t)' | (5.18)

where €(t) is the error of the closed-loop feedback, k), is the proportional gain of the con-
troller, k; is the integral gain of the controller and kg4 is the derivative gain of the controller.
The proportional part of the controller scales linearly with the error and the integral part
accumulates the error signal over time. The derivative part of the controller scales with the
derivative of the error. This type of controller tends towards minimizing the error ¢ and
thus reduces overshoot.

Note that there are several variants of the PID controllers based on what parts of the
controller are used. Most notable include:

o P (with only proportional term),

o PD (proportional-derivative terms),

o PI (proportional-integration terms) and
e« PID.

The PID controller connected to the closed-loop feedback is in Figure 5.6.
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Figure 5.6: PID controller connected in the closed-loop feedback [24].

Transformation of a definite integral to the ordinary differential equation
Generally, a definite integral
)= [ rwar,
can be transformed into an IVP [75]
F'(t)=f(t)  F(0)=0,

with the solution of the integral being obtained at t = T's. The definite integral F/(T') = fOT e(r)dr
from (5.18) can therefore be transformed as

F'(t) = (1) F0)=0

with tpee = ts.

5.4.2 Full-state closed-loop feedback controller

With full-state feedback available, the original state equation (5.8) (rewritten without time
and disturbances for simplicity)

' = Ax + Eu
the feedback signal u can be expressed as
u=—kx, (5.19)
where k = (k1, ko, ..., kn), where m is the number of rows of A. Therefore

' = Az + E(—kz) = (A — Ek)x .

The new A matrix of the system A — Ek has stable eigenvalues (and the resulting system
is therefore stable). To be able to construct the control law using this principle, the A, E
are controllable. The properties of the resulting controller can be tuned by the values of
k. Several approaches exist to determine the values of k. The least robust one is to place
the eigenvalues of A in the appropriate place in the left-hand part of the complex plane, so
called pole-placement method.

To place the poles and therefore change the eigenvalues of the system, the Ackerman
function can be used [24]. Note that for this formula to be used, the system has to be
completely controllable

rank(A) = rank(C) .

L pyae= [77 f(t—0)dt
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Adding a reference value

In real-world applications, it is useful to specify the value that the system has to track —
reference value w,. Note that when adding a reference value, the problems that are solved
are often called regulator problems.

To add a reference value into (5.10), two approaches can be used. One (less robust) is
to add the reference value directly to the feedback control loop

u=—kxr+w,,
so that the state equation can be written as
z' = (A - Ek)x + Ew, . (5.20)

The schematic describing (5.20) is in Figure 5.7.

w,
wer . y
*H L F S 1y s c Y
+
A
K

Figure 5.7: Closed-loop feedback with reference value.

The system described by (5.20) is going to have a big steady state error which is very
difficult to control. To alleviate this, an additional gain k, can be added. It can be
calculated using the following process [24]. The output of the system y — w,, where w, is
the reference value. Therefore, the new state vector & and @ has to be selected, such that
at £ =, u =u and '’ = 0 and y = w,. Substituting the values into (5.8)

' =0= Az + Eu
y=w, =C=x.

Writing these equations in state-space form for T and @

(@)% ()

New gain k, has to be calculated, so that y — w, is a steady state. We can rewrite the
feedback u
u = —kx + k,w,

and we can calculate the value of k, = k, from the steady state

' =0= (A - Ek)x + Ek,w,

y=w, =CZ%=-C(A— Ek) 'Bk, — k, = —
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Substituting u into back into state equation
' = (A - Ek)x + Ek,w, . (5.21)

The schematic for (5.21) is in Figure 5.8.

1/s —— c Y

Figure 5.8: Closed-loop feedback with the reference value and compensation.

To improve the behaviour of the system even more during tracking, integral control can be
added.
Adding an integral control

For more robust tracking, adding an integral might be useful. It can be achieved by adding
a new state variable z
Z=wr — Y,

where w, is a reference value and y is the output of the system. The augmented state-space

representation
Z\ (A 0) [z n E n 0
Z] \-C 0] \z 0o/" w, |’

A controller with an integral part again stabilizes the system by making 2’ — 0 and ' — 0.
The control law w can be written as

u=(k k) <m> 4k

Substituting u into the augmented state-representation yields

O-(E B e

The schematic of the state-space with integral control is in Figure 5.9.
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Figure 5.9: Closed-loop feedback with the integrator.

5.4.3 Linear-Quadratic-Regulator

Given the controllable system and either full-state measurements or an observable system
with a full state-state estimate, there are many choices for the control law

u=—kx.

It is possible to make the eigenvalues of the closed-loop system (A — Bk) arbitrarily stable,
placing them as far as desired in the left-half of the complex plane (using the pole-placement
method discussed previously). However, overly stable eigenvalues might be very expansive
and might overwhelm the controller. The control system can also overreact to noise and
disturbances.

Choosing the best gain vk to stabilize the system is the goal of optimal control [16].
The cost

J= / T 2T (1)Qa(t) + Ru(t)dt
0

balances the cost of effective regulation of the state with the cost of control. The matrices
Q and R weight the cost of deviations of the state from zero and the actuation cost,
respectively. This cost is minimized when

k=R 'E"P.
The matrix P can be determined by solving the algebraic Riccati equation
ATP+ AP - PER W' P+Q=0. (5.23)

The schematic of the Linear Quadratic Regulator (LQR) connected to the system rep-
resented in the state-space representation is in Figure 5.10.

System
x' = AX + Eu X
y =X

LQR

u = -Kx

Figure 5.10: LQR controller connected in the closed-loop feedback [24].
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5.4.4 Non-linear controllers

In this Subsection, several types of non-linear controllers will be introduced. This Subsec-
tion is compiled from [70] and [36].

Linearizing controllers

The central idea of this approach is to algebraically transform non-linear system dynamics
into a (fully or partly) linear one so that the linear control techniques can be applied.

The idea of simplifying the dynamics of the system is not entirely unfamiliar. It is well
known that the behaviour of the system depends considerably on a choice of reference frames
or coordinate systems. The feedback linearization can be viewed as a way to transform the
original model of the system into the equivalent model of a simpler form.

The feedback linearization can be simply applied to systems that can be described in
so-called controllability canonical form:

' = f(z) +g(x)u,

where u is the control input, x is the state vector, f(x) and g(x) are non-linear state
functions. This form does not have the derivative of the output. To design the control input
u for the single-input non-linear system of the form

z' = f(z,u)
the following two steps have to be performed. The state transformation z = z(x) and the in-

put transformation w = (&, v) so that the non-linear system dynamics are transformed into
an equivalent linear time-invariant dynamics in the state-space form (see Subsection 5.2.2):

Z=Az+bv.

The second step is using standard techniques (pole placement for example). The schematic
of the input-state linearization is in Figure 5.11.

X
v = -kTz I u = u(x,v) N x' = f(x,u)
linearization loop
pole-placement loop z
z = z(x) «—

Figure 5.11: Input state linearization.

Detailed information about the construction of linearizing controllers can be found
in [70].

Lyapunov based controller

The Lyapunov function (defined in Subsection 5.3.3) can be used as a control law (as a
stabilizing controller) for the system. The biggest drawback of this approach is the great
difficulty in obtaining the Lyapunov function for the system. The process of obtaining a
candidate function and verifying its properties is explained in more detail in [70] and used
practically in Chapter 6.
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5.5 Control system implementation using MTSM

The main goal of this thesis (as stated previously) is to determine if the method introduced
in Chapter 3 can be used in control systems with a particular focus on real-time systems
(strict requirements for time of calculation, accuracy etc. [48]) in the simulation model of
the real plant. The experiments in Chapter 4 indicate that the method can be used and
behaves correctly is stable, and in most cases, faster and more accurate than commonly
used methods in this context.

Because real hardware implementation of the method would require truly specialized
hardware with extremely precise AD/DA conversion (for example, most common Arduino
controllers have just 10-bit converters that would degrade the accuracy of the calculation
to the point where the proposed method would lose usefulness) the goal of the thesis has
shifted to approximate the real-system (so that both ,real* and ,simulated* plants are
independently modelled in software) with many real-world issues (quantization, delay, ...)
being modelled as well. Because the thesis mainly considers how the method handles the
simulation of the simulated plant, this seems to be an acceptable solution.

The method could be effectively used to model the behaviour of the real-system and
use the obtained data to control the system (in the model-following control configuration),
as shown in Figure 5.12.

Model

Model controller Model

set point
M 1 » 1 > 1 »O 1
- Model output

Model controller Model

Real system

Correcting controller Plant

:
:

Actual process

Correcting controller

Process variable

Figure 5.12: The general schematic of the system configuration used for testing.

Note that the experiments performed in this thesis consider that the method would
operate in the Model part of the system, and that is simulated in the experiments performed
in Chapter 6. The real system would, in operating conditions, be controlled by the simulated
outputs of the method. The positive properties established in Chapter 3 can be used in
most cases to increase the accuracy of the model, decrease the time of the calculation and
make the control system more robust.
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Chapter 6

Experiments

In this Chapter, the performed experiments using MTSM in the area of system control with
a focus on real-time characteristics and behaviours are discussed in detail. Every experiment
is first introduced and then the ODEs that describe the behaviour of the selected problem
are defined. The solution obtained using the linear solver is compared to the solution of
the original non-linearized system. The solution is then repeated using the state-of-the-art
ODE solvers in MATLAB to show better performance and stability of the MTSM. Several
examples are also fully non-linear using the basic approaches from non-linear control.

All experiments were performed in MATLAB 2021a on Ryzen 5 3600XT CPU with
six cores equipped with 32 GB of RAM on Windows 11. Experiments were performed 100
times. Values in the column labelled Times of calculation or Time are taken as a mean
of calculation times. Solver MT'SM,, (see Subsection 3.3.2) is used for the solution of
non-linear problems with the Modern Taylor Series Method.

6.1 Direct current motor

The DC (direct current) motor is a very interesting problem because it is widely used in
real-world systems. Further, it combines mechanical and electrical parts, so the modelling
and control of such a system can be challenging. The analysis of the control for the DC
motor was first performed in [79], where the system was presented, and the first controller
was implemented for it.

6.1.1 Mathematical description
The model is based on [10] and [74] and is in Figure 6.1.

) shatt)

Figure 6.1: Scheme of the DC motor.
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In Figure 6.1 v is the input voltage of the motor armature, R is the armature resistance,
L is the armature inductance, e,, is the electromotive force, J is the motor inertia, ¢ is
the angle of rotation of the shaft, T" is the torque of the rotor, w is the disturbance torque
and d is damping torque. For the mechanical part of the motor, the basic equation can be
written as

J¢" =T —-w—d. (6.1)

In general, the torque T generated by a motor is proportional to the armature current ¢
and the strength of the magnetic field. For the experiments in this thesis, the magnetic
field is assumed to be constant. This means that the torque of the motor is proportional
only to the armature current by a torque constant Kp

T=Krpi. (6.2)
The damping torque d can be expressed as
d=0b¢, (6.3)

where b is the motor viscous friction constant [82]. Equations (6.2) and (6.3) can be
substituted into (6.1)

J¢" = Kri —w — bg' ,
so the equation describing the mechanical part of the system can be written as
J¢" +b¢' = Kri —w. (6.4)

The electrical part of the system (the armature) is described differently. From Figure 6.1,
using Kirchhoff’s circuit laws and Ohm’s law, the following equation can be obtained

Li' + Ri=v—ep. (6.5)

The counter-electromotive force e, (back-electromotive force, back EMF) is proportional
to the angular velocity ¢’ of the shaft by a counter electromotive constant K,

em = Ke¢'. (6.6)
Equation (6.6) can be substituted into (6.5)
Li' + Ri=v— K¢, (6.7)

with the resulting ODE representing the behaviour of the armature. Equations (6.4) and
(6.7) govern the dynamics of the DC motor, and for clarity, they can be written together:

J#" +b¢ = Kri —w

6.8
Li' + Ri=v— K.¢ . (68)

Note that (6.8) is linear.
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6.1.2 State-space representation

The state-space variables can be set as follows
x = ¢’
To =1

the output of the system is set to z1, the input voltage v is used as the control input u = v.
Equation (6.8) can be rewritten

Kr. 1. b, Kr 1. b

= :E/I a 1 — jd— j¢/ 7$2 - jd_ j$1 21(0) =0
1 K. R

lexé—zv——Lml—LxQ z2(0) =0

with the following state-space matrix-vector representation (see Section 5.4.2)

_b  kr 0 _1
A: J J s b:e: , C:(l 0) s G: J
_K. _R 1 0

L L

For the definition of the matrices, see (5.10). For the numerical experiments, the following
values are going to be used:

Variable Meaning Value
J inertia of the motor 0.01 kg-m?
b viscous friction constant of the motor 0.1 N-m-s
K, counter electromotive constant 0.01V-rad st
Kr torque constant 0.01N-m-A~!
R armature resistance 19
L armature inductance 0.5H

Table 6.1: Values for the following simulation experiments.

with the tolerances of all solvers set to be TOL = 1 x 107Y, maximum simulation time
tmarz = 10s and step-size h = 0.1s. The behaviour of the system with constant input
voltage v = 1V is in Figure 6.2, the plot of the ORD function is in Figure 6.3.

140



T
speed
current |7

09T
08
ozt |
osf |
05 |
ol
031

0.2

0.1

0 1 2 3 4 5 6 7 8 9 10
Simulation time [s]

Figure 6.2: DC motor without control — reaction to the input voltage v = 1V.
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Figure 6.3: Plot of the ORD function for DC motor without control.

The results for the system without a controller are in Table 6.2.

Solver  Time of calculation [s] Ratio Number of steps

MTSM 9.6335 x 1074 - 100
ode23 4.98945 x 1072 51.79 10486
ode45 2.8578 x 1073 2.97 1705
odell3 3.48815 x 1073 3.62 254

Table 6.2: Results of the simulation of the DC motor without a controller with a constant

input voltage v =1V.

Table 6.2 shows that MTSM solves the problem faster than the selected state-of-the-art
solvers. The next step is to add a controller into the system and determine how the method

behaves.
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6.1.3 Controllability, observability

To determine if the state-space controller can be implemented, the controllability of (6.9)
has to be established. The constructed controllability matrix C

o

has to have rank(C) = 2 equal to the number of rows of the matrix A. This is true in
this case, which means that the system is fully controllable. The observability of (6.9)
can also be verified, note that the observer based controller is not going to be used. The

observability matrix O
1 0
0= (—10 1)

has to have rank(O) = 2 equal to the number of rows of the matrix A for the system to
be fully observable. Because the system is controllable, the controller can be constructed.
The observer can potentially be added because the system is observable.

6.1.4 Experiments
The feedback controller is going to be constructed according to Subsection 5.4.2, with a
reference speed that the motor has to maintain set to w, = 0.5rad-s~'. For the selected

poles of the system

p=5—1i
6.9
po =95+ 11 (6.9)

with parameters MTSMy, = 0.2s, k = (12.99,—1) and k, = 13. The system stabilizes at
the reference value at approximately ¢ &~ 18, tjq: = 5s which can be seen in Figure 6.4,
the plot of the ORD function is in Figure 6.5.
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Figure 6.4: DC motor with a state-space feedback controller.
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Figure 6.5: Plot of the ORD function for DC motor with state-space feedback controller.

The numerical results are in Table 6.3.

Solver  Time of calculation [s] Ratio  Number of steps

MTSM 3.101 x 1074 ~ 25
0de23 5.92504 x 1072 191.07 11058
ode4b 3.2057 x 1073 10.34 1717
odel13 2.6264 x 1073 8.47 183

Table 6.3: Results of the simulation of the DC motor with state-space full feedback con-
troller.

Additionally, the integrator can be added to state feedback to handle a potential dis-
turbance. The integral control can be added using k; = 15. The disturbance is added at
t = 4.7s, tyaer = 10s. Using the representation defined in Section 5.4.2, the behaviour of
the system is in Figure 6.6 with the plot of the ORD function in Figure 6.7.
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Figure 6.6: DC motor with state-space feedback controller with added integrator and dis-
turbance.
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Figure 6.7: Plot of the ORD function for for DC motor with added integrator and distur-
bance.

The numerical results are in Table 6.4.

Solver  Time of calculation [s] Ratio  Number of steps

MTSM 6.5875 x 1074 — 50
ode23 8.1891 x 102 124.31 16248
odedb 3.97275 x 1073 6.03 2309
odell3 3.47385 x 1073 5.27 248

Table 6.4: Results of the simulation of the DC motor with state-space full feedback con-
troller with integrator and disturbance.
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The presented controllers stabilize the system and track the reference value. However,
the behaviour can be improved further by using a more optimal value of k.

Linear Quadratic Regulator

In the second experiment with a DC motor, the LQR controller is going to be used to design
the more optimal values of k. The parameters were selected as

15 0
- (% 3).

with k = (0.1097,0.7634). The behaviour of the system with the LQR controller is in
Figure 6.8, and the plot of the ORD function is in Figure 6.9.

R=1, k; =15
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Figure 6.8: DC motor with LQR controller.
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Figure 6.9: Plot of the ORD function for DC motor with LQR. controller.
The numerical results are in Table 6.5.
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Solver  Time of calculation [s] ~Ratio  Number of steps

MTSM 6.6215 x 1074 - 50
ode23 7.5141 x 102 113.48 14517
oded5 3.62235 x 1073 5.47 2101
odell3 3.9806 x 1073 6.01 284

Table 6.5: Results of the simulation of the DC motor with Linear Quadratic Regulator.

Behaviour for the different values of w,

The final experiment with the DC motor shows the behaviour of (6.9) for different values of
the reference value w,., namely w, € (1,10,100) rad-s~!. The full-state feedback controller
is going to be used. The results are summarized in Table 6.6.

w, = lrad-s™1 w, = 10rad-s! wy = 100rad-s™1
Solver Time [s] Ratio  # steps Time [s] Ratio  # steps Time [s] Ratio  # steps
MTSM  3.5715 x 1074 - 25 3.751 x 1074 - 25 3.8625 x 1074 - 25

ode23  1.05899 x 107! 196.11 12592 9.37154 x 1072 249.8 16321 1.59852 x 107! 274.17 18948
ode4b 3.746 x 1073 10.49 1873 4.03825 x 1072 10.77 2085 435315 x 1073 11.27 2181
odell3  2.8527 x 1073 7.99 185 3.1127 x 1073 8.3 199 3.11795 x 1072 8.07 201

Table 6.6: Time of the calculation for different values of w;.

The plot of the ORD function for the selected reference values are in Figure 6.10.
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Figure 6.10: Plot of the ORD function for w, = 1rad-s™! (left), w, = 10rad-s~! (right),
w, = 100rad-s~! (bottom).
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Figure 6.10 shows that the values of the ORD function are the highest at the beginning of
the calculation and then the function stabilizes. The higher values of w, do not influence
the ORD function much.

6.1.5 Concluding remarks

The analysis of the DC motor shows the potential of the method in control systems. The
calculation of state equations using the method is several times faster than state-of-the-art
methods with different controllers and reference values. This experiment worked with the
linear variant of MTSM. The following experiments non-linear experiments are going to be
more challenging.

6.2 Pendulum

The pendulum problem is one of the most interesting problems in physics. The pendulum
has the same behaviour as an ideal oscillator (if damping is not present) and can exhibit
chaotic behaviour. For the purposes of this thesis, the problem is non-linear, which is useful
for testing the non-linear MTSM solver in the control system domain.

The control and analysis of the system with a simple pendulum was presented in [77].
This Section uses material from [5], [61] and [30].

6.2.1 Mathematical description

Let us briefly talk about the system and its physical parameters. The simple pendulum is
an idealization of the real pendulum. It consists of a point mass m, attached to the infinitely
light and rigid rod of length [, attached to the frictionless pivot point. The system is in
Figure 6.11.

Figure 6.11: Stable simple pendulum without damping.

If the pendulum is displaced from its initial position, the idealized pendulum is going
to oscillate forever with the constant amplitude (see Figure 6.12). Without damping, the
system serves as an ideal oscillator.
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Figure 6.12: Speed and position of a pendulum without any damping (initial position § rad).

To derive the equation of motion for the simple pendulum, we can use Newton’s second
law
F=ma,

where F' is the force caused by the acceleration a on the mass m. The equation of motion
for a simple pendulum without damping is then

ml¢” = —mgsin ¢, (6.10)

where ¢ is an angular displacement of the pendulum from the vertical position and g is the
acceleration due to gravity. To make this problem more realistic, damping can be added to
the pendulum. The updated force diagram is in Figure 6.13.

Figure 6.13: Stable simple pendulum with damping.

With the added damping, the pendulum loses speed over time (as seen in Figure 6.14).
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Figure 6.14: Speed and position of a pendulum with damping (initial position ).

By adding an additional damping term, the equation (6.10) becomes
mlg"” = —dl¢ — mgsin(¢), (6.11)

where the term dl¢’ represents damping. The term representing control for the pendulum
u can be added

ml¢” = —dl¢/ — mgsin(¢) — u. (6.12)
The equation (6.12) can be simplified

¢ =~ Lo Iin(g) - -

o~ (6.13)

% .
The resulting equation represents the angular displacement of the pendulum with damping
and possible control. Due to the fact that the numerical methods require first-order ODEs

and (6.13) does not contain a derivative of a forcing function, the Method of Derivative
Order Reduction (see Subsection 2.6.1) can be used. The resulting system

d g U
r_ _ I _
YT sin(¢) ml (6.14)

l
¢ =w,

where w represents the angular speed of the pendulum and ¢ represents the position of the
pendulum. To use MTSM with this system of ODEs, the term sin(¢) has to be replaced
with the generating equations (3.4)

q = sin(¢) r = cos(®)

q = cos(p)w = rw r = —sin(¢)w = —qw
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with initial conditions ¢(0) = sin(¢g) and r(0) = cos(¢g). The generated auxiliary ODEs
can be added to the (6.14) so that the final representation of the problem becomes

/ d g 1
= w

W= weTg- w(0) = wp
¢ =w ¢(0) = o (6.15)
¢ =rw q(0) = sin(¢)

qu— r(0) = cos(¢o)

The parameters of the experiment are summarized in Table 6.7.

Variable Meaning Value
d damping 1
m mass of the point mass 1.5kg
g gravitational acceleration 9.81m-s~2
l length of the rod 1.5m

Table 6.7: Values for the pendulum simulation experiments.

For u = 0 (system without control), the matrix-vector representation follows

w —d 0 -9 0 0 0
| e |1 0 0 o0 lo o (41
Y=lsm@)| 270 o 0o of B T|1 o ¥r=|3 1) (©16
cos(¢) 0 0 0 O 0 -1

The system can be experimented with to determine if the non-linear implementation of
the method handles this problem at all. For initial position ¢y = 7 rad, initial speed
wo = Orad-s~!, step size MTSM), = 0.1s, set tolerance TOL = 1 x 1079 (with the state-
of-the-art solvers achieving the similar precision) and ¢, = 55, the numerical results (as
a mean from 100 runs) are in Table 6.8.

Solver  Time of calculation [s] Ratio

MTSM 1.29332 x 1073 —~

ode23 1.95218 x 1072 15.1
oded5 1.64812 x 1073 1.27
odel13 2.85288 x 103 2.21

Table 6.8: Results for the non-linear stable pendulum without control system.

Table 6.8 shows that the method performs the computation faster than the state-of-the-
art methods. The error in the last step for the method was approximately 1 x 1076, The
function describing the order of the method is in Figure 6.15. It shows that the function
fluctuates (as is typical for non-linear problems).
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Figure 6.15: The ORD function for the non-linear pendulum.

Linearization

To linearize (6.14), the procedure established in Subsection 5.2.4 can be used. The equilib-
rium points can be calculated using (5.17) (for ¢ = Orad or ¢ = wrad)

(6.17)

The partial derivatives of w = z; and ¢ = z2 from (6.14) can be calculated as follows:

Ory d Odrp g

dry m  Oxe 1 cos(¢)
6.%'2 8%’2

A et R

61’1 833‘2 0

Oy _ _u 0w _

ou;  ml Ous

Linearizing around «*, the linearized system can be written as

d

Ww=——w- Q¢
m l (6.18)
#=w
and in the matrix-vector notation
, &) (o), (H
e — m m
x = Ax+eu ! 0 & gt (6.19)

with initial conditions wy as the initial velocity and ¢y as the initial position of the pen-
dulum being close to the z*. The behaviour of the system for initial speed wy = Orad-s~!
and initial position ¢y = 7 rad, tolerances for all solvers were set to TOL =1 X 107 and
tmaz = 5s. Note that for ¢ = 7 rad the difference between linear and non-linear solution
is approximately 3.36241 x 10~!. The numerical results are in Table 6.9.
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Solver  Time of calculation [s] Ratio

MTSM 1.9693 x 1073 -
0de23 2.588 73 x 1072 13.15
ode45 7.0919 x 1073 3.6
odell3 5.9395 x 1073 3.02

Table 6.9: Results for the stable linear pendulum without a controller.

Table 6.9 shows that MTSM can solve the problem faster than the state-of-the-art methods
selected for comparison. The plot of the ORD function is in Figure 6.16.
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Figure 6.16: The ORD function for the linear pendulum.

The ORD function does not oscillate as much as with the non-linear solution (Fig-
ure 6.15) and is nearly constant during computation. Note that this problem is going to be
relatively easy from a control standpoint because the pendulum is not upright.

6.2.2 Experiments with linear model
The experiments using the linear model obtained by linearizing the original non-linear
equation are going to be discussed first.

PID controller

The PID controller can be used to control the linearized model of the pendulum (6.19).
The model uses the structure for the PID controller established in Subsection 5.4.1. The
matrix-vector representation is augmented

0 0 —k; wrk; 0
A=11 —k-—Fky —%—k‘p b= wrkp o= | 0
0 1 0 0 z

The parameters of calculation are set to t,,0. = 208, MTSM; = 0.1s, and tolerances for
all solvers TOL = 1 x 10~°. Parameters of the controller were set to w, = S kp=1k=5
and k4 = 3. The numerical results for this experiment are in Table 6.10.
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Solver  Time of calculation [s] Ratio

MTSM 6.298 16 x 10~*

ode23 1.43776 x 1072 22.83
ode45 1.45379 x 1073 2.31
odel13 2.24591 x 103 3.57

Table 6.10: Results for the stable linear pendulum with PID controller.

The plot for the position of the pendulum is in Figure 6.17 with the plot of the ORD
function in Figure 6.18.
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Figure 6.17: Plot of position ¢ for the pendulum with PID controller.
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Figure 6.18: Plot of ORD function for the pendulum with PID controller.
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Full-state feedback controller

The full-state feedback controller using state-space modelling can also be constructed using
(6.14) for example. As stated above, for small angles, sin(¢) =~ ¢, so that

T T (6.20)
§=w
The state variables
) =o'
W=

represent the angular speed and angular position of the pendulum. Rewriting (6.20) using
the state variables

l Im (6.21)

Using (6.21), the matrix-vector representation of the state equations can be expressed as

_% -4 . x(O):w o _im
A:< 1 0l> iBo—(l;(O):ng), b—e_< é ) (6.22)

To determine if the state-space controller can be implemented, the controllability and ob-
servability of the (6.22) has to be established. The controllability matrix C

o (04444 —0.2063
0 04444

with rank(C) = 2 equal to the number of rows of the matrix A, which means that the
system is controllable. The observer is not going to be used, however, to determine the
potential viability, the observability matrix O

-t

with rank(C) = 2 equal to the number of rows of the matrix A, which means that the
system is observable. Because the system is controllable, the feedback controller can be
constructed, and the observer might also be constructed, due to the fact, that the system
is observable. Using (5.20) for ¢, = 0.1tad, &y = (2,0)7 and k = (3,4.7849) the following
output is obtained.
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Figure 6.19: Steady state error.

The steady-state error is obvious, so (5.22) can be used to add an integrator. For k; =7
and k, = 29.06999 the behaviour of the system is in Figure 6.20.
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0 5 10 15 20 25 30
Simulation time [s]

Figure 6.20: Plot of angular position ¢ of the pendulum for ¢, = 0.1rad.

This controller eliminates the steady state error. The numerical results are in Table 6.11,
and the plot of the ORD function is in Figure 6.21.

Solver  Time of calculation [s] Ratio

MTSM 2.9739 x 1073 -
ode23 1.47102 x 107! 49.46
ode45 9.28145 x 1073 3.12
odel13 8.63135 x 1073 2.9

Table 6.11: Results for the stable linear pendulum with the state-space controller.
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Figure 6.21: Plot of ORD function.

6.2.3 Experiments with non-linear model

Several experiments with non-linear model can also be performed.

Linearizing controller

When solving the pendulum using (6.16), the system can either be linearized before the
calculation starts (so that (6.18) can be used) or a linearizing controller can be implemented
that removes the non-linearity differently. The experiment with this type of controller was
published in [80]. The problem is defined by augmenting the system of equations (6.15)
by adding the forcing term u to the highest derivative. The modified system contains the
added control term:

W=—2w-Zat+u w(0) = wp
m l

¢ =w $(0) = o (6.23)

a/ = bw (I(O) = Sin(¢0)

V = —aw b(0) = cos(¢o)
where u is the added forcing term. When using a linearizing controller, the non-linear terms
of the equation have to be removed. In this case, only non-linear term is —9 sin(¢). The
equation of the controller can therefore be written as

_ 9.
u = =sin(¢) + v, (6.24)

l

where v is the equation of the controller itself. For the experiment, PI controller was selected
with the following equation

v=sp—y+2sp —vy)+sp’, (6.25)

where sp is the chosen set-point and y is the selected output. For the experiment, sp = cos(t)
(the pendulum should move according to the cosine function) and y = ¢ (the output of the
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controller is the position of the pendulum). Substituting the selected values into (6.25)
gives the following equation

v = cos(t) — ¢ + 2(—sin(t) — w) — cos(t), (6.26)

and the full control law

u= %sin(qﬁ) + cos(t) — ¢ + 2(—sin(t) — w) — cos(t). (6.27)
To use MTSM, the equations have to be transformed into a system of autonomous ODEs
with just elementary mathematical operations. Equation (6.27) contains the sin(¢) and

cos(t) terms that have to be removed using another set of auxiliary ODEs

¢ = sin(t)

d =cos(t)=d ¢(0) = sin(0)
d = cos(t)

d = —sin(t) = —c d(0) = cos(0),

which is added to (6.23) so that the complete system becomes (6.28).

/ d g .9

Ww=——w-Sa+Ta+d—¢—2c—2w—d w(0)=uwy
m l l
¢ =w ¢(0) = ¢o
a' = bw a(0) = sin(¢o) (6.28)
V = —aw b(0) = cos(¢o)
d=d ¢(0) = sin(0)
d=—c d(0) = cos(0)

The system (6.28) can be transformed into the matrix-vector notation:

o

| sin(¢

Yo = OS(¢) )
Sin(to)

cos(tp)

o)
coococoo
coocooco
cocoocoo
coocoo
o o0 OO
(=)
Il
o
I
coocooao

~~

(6.29)

o O
o o O

)

1 4 1
B, = RE yjk:<3 1>'

0

o
)

[an)

For tyas = 20s, MTSM;, = 0.1s,d = 1, m = 1kg, g = 10m-s~2, L = 2m with initial
conditions wy = Orad-s~! and ¢g = 5 rad the results are in the Table 6.12.
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Solver  Time of calculation [s] Ratio

MTSM 1.321 506 x 102 —

0de23 3.7795709 x 107! 28.6
ode45 2.819609 x 102 2.1
odel13 1.349621 x 1072 1.1

Table 6.12: Results for the linearizing controller with MT'SM; = 0.1s.

The behaviour of the pendulum is in Figure 6.22. The pendulum follows the function set
as the set point (reference value).

0 é 4‘1 é i; 1‘0 1‘2 1‘4 1‘6 1‘8 20

Time [s]
Figure 6.22: Plot of the speed (w) and the position (¢) of the pendulum controlled by the
linearizing controller.

The plot of the ORD function is in Figure 6.23. Due to the fact that the introduced control
u removes non-linear terms during the calculation, the system exhibits linear behaviour.

. . . . . . . . .
0 2 4 6 8 10 12 14 16 18 20
Time [s]

Figure 6.23: ORD function for the linearizing controller with MTSMj; = 0.1s.
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If the sampling rate was set higher (for example, the information about the current
state of the pendulum would be obtained twice per second, i.e. h = 0.5s), the results would
be even more favourable, as shown in Table 6.13.

Solver  Time of calculation [s] Ratio

MTSM 5.536 432 x 1073 -

ode23 5.11374186 x 10! 92.4
ode45 2.638108 x 1072 4.8
odell3 9.467839 x 1073 1.71

Table 6.13: Results for the linearizing controller with h = 0.5s.

The accuracy and the stability of MTSM are higher than state-of-the-art methods, which
would mean more headroom during the integration step.

Lyapunov-based control system

As the final example, consider the pendulum system based on the Lyapunov function,
described in Section 5.3. This example is going to show the usefulness of non-linear models.
The controller is going to stabilize the pendulum with a range of initial conditions

wp € (—10,10)
¢o € (—10,10).

Without a controller, the pendulum stabilizes into its equilibrium as shown in Figure 6.24.

Angular speed [rad/s]

Angular position [rad/s]

Figure 6.24: Pendulums with a range of initial speeds and positions without a controller.
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The candidate function that can be used to stabilize the pendulum can be selected as,
for example
_ —gw2 — gsin(xg)
= l .
The function is visualized in Figure 6.25. We can check if this function satisfies the condi-

tions for the Lyapunov function. It has to be positive everywhere except the equilibrium
point of the pendulum.
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Figure 6.25: Plot of the candidate function.

The derivative of the function has to be negative everywhere for the system to be stable
(see Figure 6.26).
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Figure 6.26: Plot of the derivative of the candidate function.

The Figures show that the selected function can be used as a Lyapunov function. Us-
ing (6.15), the value of input u can be substituted, and after simplifying the system, the

160



augmented matrix-vector representation is obtained:

w -k g 2 g 0 0

| e |1 0o o0 o lo o (41

Y=lsn@)| 2710 o o of Br7|1 o y]’“_(:s 1)' (6.30)
cos (o) 0 0 0 o0 0 -1

For tmae = 100s, MTSM;, = 0.2s, tolerances for all used solvers TOL = 1 x 1079 and
hscale = 1 the numerical results are in Table 6.14 and the plot of the ORD function is in
Figure 6.27.

Solver  Time of calculation [s] Number of steps Ratio

MTSM 8.5387 x 1073 500 -

ode23 3.79545 x 107! 81008 44.45
oded5 1.33423 x 1072 9553 1.56
odell3 1.35226 x 1072 1072 1.58

Table 6.14: Results for the Lyapunov based control system for h = 0.2, hgege = 1.
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Figure 6.27: The plot of the ORD function for hgeqe = 1.
When using additional optimizations implemented for non-linear MTSM, the perfor-

mance can be improved substantially. Using hg.qe = 2, the numerical results are in Ta-
ble 6.15 and ORD function for hgee = 2 is in Figure 6.28.

Solver  Time of calculation [s] Number of steps Ratio

MTSM 4.5361 x 1073 153 —

ode23 3.81695 x 1071 81008 84.15
oded5 1.45622 x 1072 9553 3.21
odell3 1.43216 x 1072 1072 3.16

Table 6.15: Results for the Lyapunov based control system for h = 0.2, hgeqre = 2.
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Figure 6.28: The plot of the ORD function for hgeqe = 2.

The phase plot of the controlled system is in Figure 6.29, which shows that all pendulums
stabilized in the original equilibrium point (0, 0).

Angular speed [rad/s]

Angular position [rad]

Figure 6.29: The phase plot of the experiment.

6.2.4 Concluding remarks

The pendulum problem showed the potential of MTSM with linear and non-linear control
systems. The method performs better than state-of-the-art solvers in all tested examples
and for all examined controllers by a wide margin. The implemented optimizations for the
non-linear solver, detailed in Subsection 3.3.2, are beneficial.
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6.3 Inverted pendulum on a cart

The experiments with just a simple pendulum may seem relatively simple. For a more
demanding system, the inverted pendulum on a moving cart was chosen. It presents another
set of challenges for designing a working controller, and the resulting system of ODEs is
more complicated. The inverted pendulum on a cart problem is one of the most commonly
analysed problems in modern control theory, and it represents a benchmark problem [13]
due to its challenging nature. The problem is underactuated and has fewer control inputs
then degrees of freedom [63], [24] and [29]. It is also highly non-linear, and the pendulum
can behave chaotically.

6.3.1 Mathematical description

The problem can be visualized in Figure 6.30, where x(t) represents the position of the cart
and ¢(t) is the angle referenced to the vertically upright position.

Y

AN

lcos(¢)

Figure 6.30: Inverted pendulum on the cart.

Assume that the rod of the pendulum and the hinge is massless and frictionless. The
mass of the cart is denoted as M [kg], the mass of the point of the top of the pendulum as
m [kg]. The external force u [N] is directed at the system in the z-axis direction.

The forces acting on the system have to be analysed. First, the forces acting on the
cart and the pendulum in the z-axis direction. The sum of forces acting on the ball and
the cart has to be equal to the external force u:

Mz" +mzts = u, (6.31)

where z¢ is the time-dependent centre of gravity given by the set of coordinates (zq,yq).
According to Figure 6.30, the coordinates can be calculated as

rg =z + lsin(¢)

ye = 1 cos(6) (6.32)

where [ is the length of the rod of the pendulum. After substituting z¢ into (6.31) (Ap-
pendix H.1) the final equation for the force in the x-axis direction can be written as

(M +m) z” — mlsin(¢)d + mil cos(¢)¢” = u. (6.33)
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The torque balance of the system for the pendulum can be obtained using a similar principle.
The torque created by acceleration force is balanced by the torque created by gravity. The
resulting torque balance can therefore be written as

(Fycos(9))l — (Fysin(¢))l = (mgsin(¢)) 1, (6.34)

where F, and Fy are the forces in the x and y direction respectively. After calculating the
forces (Appendix H.2) the following system of non-linear ODEs is obtained:

(M +m) z” — mlsin(¢)¢ + milcos(¢)¢” = u (6.35)
cos(¢)x” + 19" = gsin(9). (6.36)

This system defines the pendulum on the cart system from Figure 6.30. The equations
(6.35) and (6.36) have to be substituted into one another to obtain the final ODEs for the
position of the cart and the angle of the pendulum.

For the position of the cart (Appendix H.3) the final ODE can be written as

o u + mlsin(¢)¢? — mgsin(¢) cos(¢)

- M + msin?(¢) ’ (6.37)

and for the angle of the pendulum (Appendix H.4), the final ODE can be written as

—ucos(¢) + (Mg + mg) sin(¢) — mi sin(¢) cos(p)d"
M1 + mlsin?(¢) '

¢ = (6.38)

6.3.2 Used constants

For the following simulation experiments, the parameters of the systems were set according
to Table 6.16.

Variable Meaning Value
m mass of the point mass 1.5kg
M mass of the cart 10kg
g gravitational acceleration 9.81m-s~2

l length of the rod 1.5m

Table 6.16: Values for the inverted pendulum on the cart simulation experiments.

6.3.3 Non-linear model control

Equations (6.38) and (6.37) cannot be solved as they are. They have to be transformed
into a system of the first-order ODEs (see Section 3.4), and the states of the system have
to be established for further analysis.
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Transformation into state-space equations

For this example, the state variables are going to be denoted as y, because = was chosen to
represent the position of the cart. The states of the system are going to represent:

 angular position of the pendulum ¢ [rad],

« angular speed of the pendulum ¢ [rad-s™!],
o position of the cart z [m],

o speed of the cart 2’ [m-s™1].

The state variables for the states can be written as follows

y1=¢' y1 ="
Y2 = ¢ ys = ¢’
y3 :xl yé — x//
Yys = yg:z’

therefore equations (6.38) and (6.37) can be substituted into state definitions, so the state
equations can be rewritten as

,  —ucos(y2) + (Mg + mg)sin(y2) — misin(yz) cos(y2)y1y1

Y M1 + ml sin?(ys) 1(0) = 9o
/
= O =
Yo =y | . 42(0) = do (6.39)
) _u +mlsin(y2)y1y1 — mgsin(y2) cos(y2) (0) =
Y3 M + msin?(ys) . ’
i = ys ya(0) = zo.

Transformation for MTSM

System (6.39) contains operation division and sine and cosine functions. Therefore it cannot
be solved using MTSM. Transformations defined in Section 3.4 have to be performed to
remove these operations from the system. Note that the additional equations are going to
be represented as additional states of the system. First, the transformations for the sine
and cosine functions can be performed

ys = sin(ya)

Y5 = cos(ya)ys = cos(ya)y1

Y6 = cos(y2)

Yy = —sin(y2)yy = —sin(y2)y1

Y5 = Y6 y5(0) = sin(y2(0)) = sin(¢o)
Y6 = —Ysy1 y6(0) = cos(y2(0)) = cos(¢o)

yr = sin®(y2) = 3
Y7 = 2ysy5 = 2ysyey1 y7(0) = y5(0)*.
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The denominator can be replaced using the following system

1
MI+mlsin?(y2)

ys = M1+ mlyr

vy = mlyh = ml(2ysyey1) = 2mlysysy ys(0) = M1+ mly7(0)
1 1
Yo = s =Yg

Yo = —Ys Ut = —Yous = —ys (2mlysysy1)
1

~ 4s(0)

can be replaced using the following system

= —2mly9YoysYey Y9(0)

1

The denominator Mrmsin®(y2)

yi0 = M + myr

Yo = myy = m(2ysyey1) = 2mysysy y10(0) = M + myz(0)
I
Y11 10 Y10
/ r_ 2 1 2
Yi1 = —Y10—2Y10 = —Y11¥10 = —Y11(2MY5Y6Y1)
1
= —2mynynysyeyi 11(0) =
Y11Y11Y5Y6Y y11(0) o0
Additionally, the sin(y1) cos(y1) can be also replaced:
Y12 = sin(y2) cos(y2) = ysys
Yia = Yse + YsUs = YeY1Y6 — YsYsY1 y12(0) = y5(0)y6(0) .
Substituting the obtained ODEs into (6.39) and simplifying
Y1 = —uyeyo + (Mg +mg)ysyo — mlyayiyiye  y1(0) = ¢
Ys = U1 y2(0) = o
yg = uy11 + mlysy1y1y11 — mgy12y11 y3(0) = 956
Ys = Y3 y4(0) = zo
Y5 = Yey1 y5(0) = sin(y2(0)) = sin(¢o)
Y6 = —Ys1 y6(0) = cos(y2(0)) = cos(¢o)
yr = 2y1241 y7(0) = y5(0) (6.40)
Ys = 2mly1ay1 ys(0) = M1+ mlyz(0)
1
6 = —2mlyoyoy12y1 9(0) =
Yo Yoyoy12y Y9(0) )
Yo = 2myiay1 y10(0) = M + myz(0)
1
!
Y11 = —2my11y11Y1291 y11(0) =
11 ( ) le(O)
Yo = Y6Y1Y6 — YsYsy1 12(0) = y5(0)ys(0) .

The matrix-vector representation of (6.40) is in Appendix G.1. For u = 0 and initial
conditions y1(0) = Orad-s™!, y2(0) = 7 + 0.1rad, y3(3) = Om-s~! and y4(0) = —1m,
MTSMp, = 0.5s the results are visualized in Figure 6.31.
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Figure 6.31: The behaviour of the pendulum on the cart without a controller.

The plot of the ORD function is in Figure 6.32 with the numerical results in Table 6.17.

12 * O O * ok kK ok ko

ORD function

0 1 2 3 4 5 6 7 8 9 10
Simulation time [s]

Figure 6.32: Plot of the ORD function with pendulum on the cart without a controller.

Solver  Time of calculation [s] Number of steps Ratio

MTSM 4.62361 x 1073 20 -
ode23 2.74723 x 107! 45288 59.42
ode45 1.0621 x 1072 5077 2.3
odell3 5.38483 x 1073 387 1.16

Table 6.17: Numerical results for (6.40), MTSM; = 0.5s.
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6.3.4 Linear representation of the system

The linearization of the non-linear system (6.39) can again be performed. For the equilib-

rium point yx*
_ (¢ =7
b= <:1: =0

the linearization can be calculated using the method outlined in Subsection 5.2.4:

O _ oy O (MAm)g Oy Oy
o 0yo Mi 0ys3 0y4

0y 0y 0y 0y2

-7 1 72 =0 22 =0 =0
oy 0y2 0ys3 0y
s _, Oys_myg s _, s _, (6.41)
o Oy, M 0ys3 Oy4

Oy Y4 Y4 Jya

£ -0 2 -0 -1 X9
o 0yo 0ys3 0y4

O _ 1 Oyp _ dys _ 1 Oys _
ou Ml Ou ou M Ou

The performed linearization can be written in a matrix-vector notation

M+ 1
0 L5 0 0 ; i
1 0 0 0
' =Ax +eu= + 1 . (6.42)
0 0 1 0/ \z 0

6.3.5 Non-linear model experiment

As a controller, the full state feedback controller is going to be implemented, as discussed
in Subsection 5.4.2. For this experiment, the linear system (6.42) is going to be used to
calculate k using the pole-placement method. Note that the eigenvalues of the (6.42) are
0+ 2.4261%, 0 — 2.426117, 0, 0, therefore the system is unstable. To successfully apply the
full state controller, the system (6.42) has to be controllable. The controllability matrix

0.1 0 —0.5886 0
C— 0 0.1000 0 —0.5886

102 0 0.1962 0
0 0.2 0 0.1962

has the rank equal to the number of rows of A, which means that the system is fully
controllable and the controllers can be designed. For the new values of poles set by vector p

18
=Y
P=1_16
~15

The vector k can be calculated by using the Ackerman function. The obtained value is

k:(67.4439 118.8780 21.0374 8.6380).
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The newly calculated vector k can be used to control the non-linear system (6.40) to achieve
the reference value w,

¢, =0
we= |20
=1

The (5.20) can be used:

u=—ki(y1 —r1) — ka(y2 — r2) — k3(y3 — 1r3) — ka(ya — ra) + kw, =

(6.43)
= —kiy1 — kay2 — k3ys — kays + kw, .
The control input v can be substituted into (6.40)
Y1 = k1y1yeyo + kayayeyo + kaysysyo + kayayeyo — krysyo+
+ (Mg + mg)ysys — mly12y1y190 y1(0) = ¢
Ys =1 y2(0) = ¢o
vs = —kiy1yi1 — kayoy1 — ksysyin — kayayi1 + kryn+
+ mlysy1y1y11 — mgy12y11 y3(0) = g
Ys = Y3 y4(0) = 2o
Ys = Yoy y5(0) = 1H(y2(0))
Yo = —Ysy1 Y6(0) = cos(y2(0)) (6.44)
Yyr = 2y1291 y7(0) = y5(0)?
ys = 2mlyiay ys(0) = M1+ mlyz(0)
Yo = —2mlyoyoy12y1 Yo (0) = !
ys(0)
Y10 = 2my121 Y10(0) = M + myz(0)
Y1 = —2mynynyiav y11(0) = y101(0)
Y12 = YeY1Y6 — YsYsy1 y12(0) = y5(0)y6(0) -

The matrix-vector representation of (6.44) is in Appendix G.2. The behaviour of the system
USINg tmaez = 128, MTSM;, = 0.25s with TOL =1 x 10~ for all solvers is in Figure 6.33.

4
velocity (pendulum)
— o position (pendulum) | |
3r velocity (cart) )
position (cart)
oL
1+
o~ —
1rF
2
3 | | | | |
0 2 4 6 8 10 12

Simulation time [s]

Figure 6.33: The behaviour of the pendulum on the cart with a full state feedback regulator.
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The plot of the ORD function is in Figure 6.34, the numerical results are in Table 6.18.
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Figure 6.34: The plot of the ORD function.

Solver  Time of calculation [s] Number of steps Ratio

MTSM 5.44798 x 1073 48 —

ode23 1.53907 x 1071 23200 28.25
ode45 6.35139 x 1073 2837 1.17
odell3 3.68149 x 103 239 0.68

Table 6.18: Results for the full state feedback controller A = 0.25s.

The performance can be improved substantially by employing the step-size scaling de-
fined in Subsection 3.3.3. When setting hg.qe = 4, the results are in Table 6.19 with a plot
of the ORD function in Figure 6.35.

Solver  Time of calculation [s] Number of steps Ratio

MTSM 3.27706 x 1073 18 -

ode23 1.61259 x 107! 23200 49.21
ode45 6.35139 x 1073 2837 2.24
odell3 3.906 14 x 1073 239 1.19

Table 6.19: Results for the full state feedback controller A = 0.25s.
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Figure 6.35: The plot of the ORD function with hg.qe = 4.

6.3.6 Concluding remarks

This experiment shows the behaviour of MTSM when applied to a more complicated prob-
lem — the regulation of the inverted pendulum on a moving cart. The experiments show
that the method performs the calculation faster than the state-of-the-art methods and that
the performed optimizations have a significant positive impact on the performance of the
method.

6.4 Magnetic levitation

In real-world industrial applications, magnetic levitation is used in many areas (for example,
high-speed rail, vibration isolation systems, magnetic bearings, rocket guidance) [39]. It
is heavily non-linear and therefore interesting in the context of this thesis as a control
problem. The model of the system was derived, and experiments are mostly based on [2],
[55], [1], [38], [11], [68], [22] and [39].

The magnetic levitation system is also interesting because, similarly to the DC motor
discussed in Section 6.1, it combines mechanical and electromagnetic part that has to be
modelled.

6.4.1 Mathematical description

The overall schematic of the magnetic levitation system is in Figure 6.36.
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Figure 6.36: Schematic of the magnetic levitation system [1].

The electromagnet serves as an actuator while the sensor determines the position of the
ferromagnetic ball. By regulating the electric current, the force generated by the electro-
magnet can be adjusted so that it is equal to the force of gravity that acts on the ball. The
ball is going to levitate in the equilibrium state at the set distance from the electromagnet.

The electromagnetic part of the system can be modelled using the 2nd Kirchhoff s law

uw=Ugr+ Uy =iR+ (L(z)i) = iR+ L(z)"i + L(x)i’, (6.45)

where u is the applied voltage [V], 7 is the current in the coil of the electromagnet [A],
R is the resistance of the coil [Q)] and L(x) is a function describing the inductance of
the electromagnet depending on the distance from the ball [H]. ODE for current can be
obtained from (6.45) so that

u=1iR+ L(z)"i + Li’

p_uw_RoO1o oy
=7 -7t LL(a:)z

The function of inductance L(z) can be approximated using several different approximations
[38]. The most common one assumes that the inductance changes with the inverse of the

position of the ball, that is
Loxo

L(x) = Lo +

where Lo, represents the inductance of the coil when the ball is removed (z = o0), and
Lo+ Lo indicates the inductance when the ball is in contact with the electromagnet x = 0.
The term Lgxg represents a constant in the system that can be written as

Loxg
Cc1 = 2

The approximation for inductance L(z) can therefore be written as

2
L(z) = Loo + % . (6.47)



Substituting (6.47) into (6.46) gives
, uw R 1 201)" u R. 1 ( 2¢; ,>, uw R. 21 ,
= = — —7 — — _— = - — —7 — — _— = — — — _ 6,48
) i (Loo—i— . 7 i A 17 Lz—l— Lx2w’ ( )

with the initial condition i(0) = 9. The mechanical part of the system can be modelled
using the force diagram in Figure 6.37.

i
Electromagnet

0
Controli
input i

N

]

Figure 6.37: Force diagram of the mechanical part of the magnetic levitation system [38].

Gommmmemmn>
x

The dynamics of the levitated ball shown in Figure 6.37 can be written as [38]
mz" =mg — f. (6.49)
where m denotes the mass of the ball [kg], 2” denotes the acceleration of the ball [m-s~2]
and g denotes the gravitational acceleration [m-s~2]. The electromagnetic force f. can be
derived as follows [38, 11, 85]. Consider the energy stored in inductance W,

W, = 2L(m)z =3 (Loo + . )z (6.50)

where L(z) again represents the inductance of the electromagnet [H] and ¢ represents the
current flowing through it [A]. The electromagnetic force is the partial derivative of We.
With (6.47) substituted, the equation for the strength of the electromagnet can be written
as

O OWe 0 [% (Loo + 2%) ZQ} %20 P (6.51)
Je= =90 =7 RE S T

Equation (6.51) can be substituted into (6.49) so that the final equation for the force in the
system becomes

-2
m;[;” =mg — fe =mg — Cl% . (652)
X

Equation (6.52) is the second-order ODE, and it can be transformed into the system of
first-order ODEs using MDOR (see Subsection 2.6.1):

7:2
"no_ v
mx’ = mg Clx2
" C1 ’i2
r=9g-——
I a2 (6.53)
2
, c i
v=9g— —— v(0) =wv
g m 12 ( ) 0
= z(0) = zo,
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where v is the velocity of the ball [m-s~!] and z is the position of the ball [m]. To create
a system representation, the state variable y = (v, z/,i')” is constructed, and a non-linear
model of the magnetic levitation system can therefore be written in the notation for non-
linear systems (Section 5.3):

_a¥
g m yg 0 Y1 0
fly) = Y1 , 9(y) = O y=|v|={1], (6.54)
R 2¢; y: 1
—LY3 + %%yl L Ys 0

which means that the output of the system is the position of the ball.
For the experiments with the magnetic levitation system, the following values of con-
stants are going to be used.

Parameter Description Value
m mass of the ball 0.02kg
g gravitational acceleration 9.81 m-s~2
R resistance of the electromagnet 0.95Q
c1 electromagnetic force constant  2.483 156 32 N-m?-A—2
L inductance of the electromagnet 0.277H

Table 6.20: Used constants [38].

The behaviour of the system without any control input is in Figure 6.38. The ball is not
kept at the set distance from the electromagnet and keeps moving away due to gravitational
acceleration.

Speed of the ball
Position of the ball
Current

0 _/v/\ L L L L L L L
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Simulation time [s]

Figure 6.38: Behaviour of the magnetic levitation system without a controller.
To simulate the system using MTSM, the transformations have once again be performed.

6.4.2 Transformations for MTSM

To solve (6.54) using MTSM, the system has to be transformed into an appropriate form
(Section 3.4). Only the functions f(y) and g(y) are transformed (not equations for output).
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Therefore, the system (6.54) can be rewritten:

/ C1 Y3Y3
—g— 22 0) = v(0
yh1=9 . y1(0) (0)
Yo = Y1 y2(0) = z(0) (6.55)
R 2c1y1ys 1
= AL LT 0) =i(0
Y3 T3 <me+L y3(0) =i(0)

First, the division (ﬁ) has to be removed. The auxiliary equation to remove it has the
following form

1 -1
4 —_ —
Y ” Yo

Yh = —Y5 2Yh = —y1yava y4(0) =

so that the new system with the equation substituted is without division can be written as

¢
Yh=g-— o (Y3y3yaya) y1(0) = v(0)
Yo = 11 y2(0) = z(0)
R 2¢, 1 , (6.56)
! —_— —— —_— —_— =
Y3 = L%+ L@wwa+Luyﬁ® io
= 0) = —
Yy Y1Yay4 Ya I (0)

The system (6.56) has four-function multiplications that can be removed to optimize the
calculation. First, the multiplication y4y4 can be replaced. The auxiliary equation

Ys = YaYs = Y3
Y = 2yayy = 2ya (—yayay1) = —2yayayats = —2Y1Yays 25(0) = y4(0)y4(0),

and the new system with the equation y5 substituted

C1

Yh=9-— o (y3y3ys) y1(0) = v(0)
Yy =11 y2(0) = x(0)
R 2cq 1 .
/I " - _ =
vs =7+ (ysys) + pu 3(0) =i (6.57)
1
/
Yg = —N1Y y4(0) =
4 15) ( ) y2(0)
Ys = —2y1y4Ys 25(0) = y4(0)y4(0) .

The same process can be repeated for the multiplication y3ys. The auxiliary equation

Y6 = Y3ys = Y3
R 2%k, 1 R 21 1
T = 2y3ys = 2y3 (—Ly3 + 7 (Y1ysys) + LU) = =27 Ysys + 2 (y1ysysys) + 2 uys
—2R 4k 2
=7 YTt Tl (Y1Y6Y5) + T3 y6(0) = y3(0)y3(0),
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and the substituted system can be written as

C
Y =9— El (y5Y6) y1(0) = v(0)
Yy =1 y2(0) = x(0)
R 2c 1 )
Y3 = ——y3 + — (y1y3ys) + —u y3(0) = g
L L L
/ 0 (6.58)
Yg = —1Y Y =
4 195 4 ()
Y5 = —2y1yays x5(0) = y4(0)y4(0)
—2R 4e 2
Yo = —7 Vet Tl (y1ysy6) + T s Y6(0) = y3(0)ys(0) .

The final variant of the original system can be obtained by substituting the multiplication
y1Yy5, which is repeated often. The auxiliary equation

Y71 = Y1Ys

C1 kl
Y7 = Yhys + y1ys = {g - (y5y6)] Ys +y1 (=2019495) = 9ys — — (Ysysys) — 2919194y =

k
= gys — El (ysysye) — 2y1yayr  y7(0) = y1(0)ys(5)

and the substituted system

C
v =9~ (usbo) 11(0) = (0)
Yy =1 y2(0) = z(0)
R 261 1

/I " - _ =

ys= ¥t (y3yr) + TU y3(0) =1
1

/
Yy = —Y7 y4(0) = 6.59
ys = —2yayr 25(0) = y4(0)y4(0)

—2R 4e 2
ye = 7 Vst 71 (yeyr) + Uy y6(0) = y3(0)y3(0)
C

Yr = gys — El (Ysysye) — 2y1yayr  y7(0) = y1(0)y5(5).

With tmes = 2s and TOL = 1 x 1078, the behaviour of MTSM and state-of-the-
art solvers for the generated auxiliary systems is depicted in the following set of tables.
The numerical results using (6.56) are in Table 6.21, the plot of the ORD function is in
Figure 6.39.

Solver  Time of calculation [s] Number of steps Ratio

MTSM 5.43535 x 1073 26 -
ode23 1.44022 x 1071 24025 26.04
ode45 4.98755 x 1073 2533 0.9
odell3 3.4645 x 1073 235 0.62

Table 6.21: Numerical results for (6.56), MTSMj = 0.08s, hgeqre = 1.
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Figure 6.39: Plot of ORD function for for (6.56), MT'SM;, = 0.08s, hscare = 1.

For hgeqre = 3, the results for (6.56) are in Table 6.22 and the plot of the ORD function
is in Figure 6.40.

Solver  Time of calculation [s] Number of steps Ratio

MTSM 3.2744 x 1073 17 -
ode23 1.46792 x 107! 24025 44.83
ode45 4.9825 x 1073 2533 1.52
odell3 3.63135 x 1073 235 1.1

Table 6.22: Numerical results for (6.56), MTSMj = 0.08s, hgcqre = 3.
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Figure 6.40: Plot of ORD function for for (6.56), MTSM}, = 0.088, hscqre = 3.

The step size scaling can be used for all auxiliary systems. The numerical results using
. . B . S ,,
. scalte N ) . .
(6.57) with hgeqre = 5 are in Table 6.23, the plot of the ORD function is in Figure 6.41
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Solver  Time of calculation [s] Number of steps Ratio

MTSM 2.592 x 1073 24 -

0de23 2.27349 x 1071 36248 87.71
ode45 7.36955 x 1073 3653 2.84
odell3 4.619 x 1073 299 1.78

Table 6.23: Numerical results for (6.57), MTSMj = 0.065s, hseqre = 5.
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Figure 6.41: Plot of ORD function for for (6.57), MTSM;, = 0.065s, hscare = 5.

The numerical results using (6.58) with hgeqe = 5 are in Table 6.24, the plot of the
ORD function is in Figure 6.42.

Solver  Time of calculation [s] Number of steps Ratio

MTSM 3.1588 x 1073 20 —

ode23 3.93914 x 10! 47571 124.7
ode45 1.28841 x 1072 4641 4.08
odell3 5.79275 x 1073 343 1.83

Table 6.24: Numerical results for (6.58), MTSMj = 0.065s, hgcqre = 5.
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Figure 6.42: Plot of ORD function for (6.58), MTSM}y, = 0.065s, hgeqre = 5.

The numerical results using (6.59) with hg.qe = 3 are in Table 6.25, the plot of the
ORD function is in Figure 6.43.

Solver  Time of calculation [s] Number of steps Ratio

MTSM 4.9234 x 1073 22 -

ode23 4.85173 x 1071 53805 98.54
ode45 1.38796 x 1072 4457 2.82
odell3 6.15385 x 1073 354 1.25

Table 6.25: Numerical results for (6.59).
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Figure 6.43: Plot of ORD function for for (6.59), MTSM;, = 0.065s, hscare = 3.
The results show that MTSM is measurably faster for all systems with auxiliary equa-

tions when optimizations from Subsection 3.3.2 are used. System (6.56) was chosen for the
experiment with a controller.
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6.4.3 Control system design

Without an appropriate controller, the ball would fall due to gravity and would not maintain
its position (Figure 6.38 and Figure 6.44).

20

Position of the ball [m]
=

0 02 04 06 08 1 12 14 16 18 2
Simulation time [s]

Figure 6.44: Plot the position of the ball.

The full-state feedback controller with an integrator is going to be implemented (Sub-
section 5.4.2). The reference vector w, sets the control objective for the controller

0
0.009
w, = 0.8
0
0

)

where w;1 is the required final speed of the ball, w,s is the required final position of the
ball, w,3 is the required final current and w,5 is the required final value of the integral part
of the controller. The integral part of the controller is represented using the following ODE

Ys = Y2 — Wi y5(0) = 0. (6.60)

The final system of ODEs with the controller added follows

C1

Yy=g-— - (y3yzyaya) y1(0) = v(0)
Yy =1 y2(0) = z(0)
R 261 1 .
Y3 = —T¥st (Y1Y3Yays) + U y3(0) = 1o (6.61)
= 0) = —
Yy = —Y1Yaya Ya 2(0)
Yh = Y2 — Wro y5(0) = 0.

The full state feedback (see Subsection 5.4.2) is given by following equation

u=—k(y —w,),
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where k = (—57.7,—2762.6,25.8,0, —2000) [38]. Control law u can be rewritten part-wise

u=ki(wr1 —y1) + ka2(wr2 — y2) + k3(wrs — y3) + ka(wra — ya) + ks(wps — ys)
u = kiwp1 — kiyr + kawre — koyo + kaw,s — k3ys + kawpa — kays + kswes — ksys -

After substituting w into ys, the final matrix-vector form for the (6.61) and (6.60) the
matrix-vector representation that is going to be solved can be written as

0 0 0 0 0 0 —a g
1 0 0 0 O 0 0 0
_ k k ks R k 2
A=|h BB g0kl B=lo| B0 2
0 0 0 0 O -1 0 0
0 1 0 0 0 0 0 0
(6.62)
g
0 3 3 4 4
b=e= % yz’jk:(4 4 1) yijkl:<3 1 4 4>-
—Wyr2
The plot of the ORD function is in Figure 6.45.
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Figure 6.45: Plot of ORD function for for (6.62), MTSMj, = 0.068, hscqre = 1.

Note that Figure 6.45 shows that step-size scaling can again be used. For hgeqe = 2,
MTSMj; = 0.06s the numerical results for (6.62) are in Table 6.26 and the plot of the
ORD function is in Figure 6.46.

Solver  Time of calculation [s] Number of steps Ratio

MTSM 4.2185 x 1073 27 —

0de23 9.35846 x 102 11890 22.18
ode45 6.9611 x 103 2533 1.65
odell3 5.2627 x 1073 308 1.25

Table 6.26: Numerical results for (6.62), hgeqre = 2, MTSM}, = 0.06s.
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Figure 6.46: Plot of ORD function for for (6.62), MTSM;, = 0.06, hscare = 2.

The implemented controller successfully stabilizes the ball at the required position, as
shown in Figure 6.47.
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Figure 6.47: Position of the ball for (6.62), MT'SM;, = 0.06s, hscqre = 2.

Controller for (6.57)

The final experiment is going to show how the better performance of the auxiliary system
makes the controller. The construction is going to be performed similarly to the previous
example.
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The system being solved can be represented in the matrix-vector notation as

0 0 0 0O 0 O 0 —% 0 0
1 0 0 0O 0 O 0 0 0 0
ki _ka _ks _R o _ks 0 0 2a
— L L L~ T L = = L
A=l g o S0 o0 o o BTl BTlo 0 o
0 0 0 0O 0 O 0 0 0 -2
0 1 0 0O 0 O 0 0 0 0
(6.63)
g
e 335
b=e= 6 yijk:<5 1) yrk=13 1 5[,
5 4 1
0
—Wr2
with k = (—=57.7, —2762.6,25.8,0,0, —2000) and the reference vector w,
0
0.009
0.8
w, = 0
0
0

The numerical results for (6.63) are in Table 6.27 and the plot of the ORD function is in
Figure 6.48.

Solver  Time of calculation [s] Number of steps Ratio

MTSM 2.90005 x 1073 30 -

ode23 1.18652 x 1071 13855 40.91
ode45 9.09245 x 1073 2753 3.13
odell3 5.5814 x 1073 334 1.92

Table 6.27: Numerical results for (6.63), hseqre = 2, MTSMy = 0.06s.
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Figure 6.48: Plot of ORD function for for (6.63), MTSM;, = 0.06, hscare = 2.
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The implemented controller again successfully stabilizes the ball at the required position as
can be seen in Figure 6.49.
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Figure 6.49: Position of the ball for (6.63), MT'SM; = 0.06s, hscqre = 2.

6.4.4 Concluding remarks

The experiments with magnetic levitation again showed the usability of MTSM to solve
non-linear technical problems and apply different control approaches to them. The method
was again faster than the state-of-the-art in all experiments.

6.5 Conclusions
The experiments presented in this Chapter showed that the method is usable when designing

the control systems of different types. MTSM is universally faster than the state-of-the-art
numerical integration methods selected for comparison.
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Chapter 7

Conclusion

This thesis presented the variable-order variable-step numerical integration method based
on the Taylor series — MTSM. The method was first introduced in linear and newly de-
veloped non-linear form, and its positive properties were discussed. Then, it was used to
solve a wide range of real-world technical problems and benchmarks to show that it can
deal with them better than state-of-the-art methods. In the final Chapter of the thesis, a
set of experiments with different types of controllers and systems was performed.

The research objectives stated in Section 1.1 were completed. Namely:

discuss the currently existing numerical integration methods, particularly in the con-
text of control systems

Chapter 2 discussed various numerical integration methods, their advantages and dis-
advantages, and discussed what methods would be appropriate to use in a control
System.

analyse the properties of a high-order integration method based on the Taylor series
and evaluate the applicability of this method on a set of technical problems

The analysis was performed in Chapter 3, including the discussion on stability, error
accumulation, automatic order settings and more. The evaluation of the method on
a wide range of technical problems was performed in Chapter 4.

extend the capabilities of high-order Taylor series method to solve non-linear problems,
propose and discuss possible optimizations

The newly developed non-linear version of MTSM was introduced in Chapter 3 and
extensively tested in Chapter 4.

show the suitability of the high-order method to be used as a part of the control system
using a set of examples (with strict considerations of time of calculation)
The experiments with several different control systems were performed in Chapter 6.

show the potential for further research and additional improvements of the method for
both linear and non-linear problems

The potential for future research is established in Section 7.1. The non-linear solver,
while improved considerably by introduced optimizations, could be improved further
to extend its abilities. Additional support for variable precision arithmetic can also
increase the method’s potential due to the ability to use higher order.
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7.1 Future work

As stated in the body of the thesis, the discussed topics cover a huge area of applied mathe-
matics and control engineering. More work would have to be done to use the method in the
real-world control system, including the possibility of designing custom-made specialised
hardware for the method (the cooperation with the industrial partner did not work out for
this thesis).

Some areas (like the calculation of non-linear systems) were not on the table, and
the usefulness of having the plant model with non-linearities that could better handle
boundary conditions seems obvious. The non-linear implementation of the method can still
be considerably improved, even beyond what has already been done for this thesis and other
projects. That will be the first topic of my research after the defence of this thesis (different
implementation for operation division that would save one multiplication, for example).

Additionally, the thesis shows that the method is very useful in solving a wide range
of technical problems. The application domain has thus far been experimental. The goal
is to find a proper application for the method that would see it gain more recognition and
adoption among the community.
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Appendix A

Block algebra

In this Appendix, the block algebra used in the thesis is presented. The figures use the
notation used in SIMULINK'.

A.1 Addition

To represent addition, the block in Figure A.1 is used.

»+
x S
s r
y

Figure A.1: Adder.

The block represents the operation

r=x+1Y.

A.2 Multiplication

When representing multiplication, generally, there are two cases:
o multiplication by a constant,
o multiplication of two or more functions.

These two cases are going to be discussed separately.

A.2.1 Multiplication by a constant

When multiplying a function value by a constant value, the block in Figure A.2 is used.

https://www.mathworks.com/products/simulink.html
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X r
Figure A.2: Multiplication by a constant.

The block represents the operation
r=c-x
and in the thesis, this is often simply abbreviated as
r=cr.

A.2.2 Multiplication of functions

When representing multiplications of two (or more) functions, the block in Figure A.3 is
used.

X X )
y b r

Figure A.3: Multiplication of two functions.

The block represents the operation
r=x-y
where x and y can be arbitrary functions. In the thesis, this can again be abbreviated as

r=2ay.

A.3 Integration

When representing integration, the block in Figure A.4 is used.

|
vy sy *

Figure A.4: Integration.

For the purposes of this thesis, the block represents the operation

y=y y0)=c

where c represents the initial condition of the integrator.
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Appendix B

Padé approximations

In this Appendix, the complete results of the Padé approximation experiments for approx-
imation orders n =1, n =2, n =7, n = 10 and n = 15 are presented. More information
about the approximations and the detailed analysis for n = 5 is presented in Section 4.2.
All results are a median from 100 runs.

B.1 Approximation order 1

For n = 1, the error in the last step of the calculation is approximately 1 x 1072 for all
solvers, which does not favour the MTSM (mean order of the method is approximately 9)
for all configurations.

Solver  Time of calculation [s] Ratio Number of steps

MTSM  9.636 x 104 - 101
ode23  5.5041 x 1073 5.71 2087
oded5  8.6605 x 10~* 0.90 473
odell3 7.835x 1074 081 71

Table B.1: Results using MDORAYV with complete system for n = 1.

Solver  Time of calculation [s] Ratio Number of steps

mtsm  6.0455 x 1074 - 101
ode23  2.98785 x 1073 5.94 1375
oded5  6.1225 x 1074 1.01 397
odell3 5.84 x 10~* 0.96 66

Table B.2: Results using MDORAYV with constant input for n = 1.
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Solver  Time of calculation [s] Ratio Number of steps
MTSM  9.7255 x 10~4 - 101

0ode23  6.31795 x 1073 6.49 2345

oded5  8.7495 x 10~ 0.90 485

odel13 8.3125 x 1074 085 75

Table B.3: Results using MSI for n = 1.

Solver  Time of calculation [s] Ratio Number of steps
MTSM 5.722 x 10~% —~ 101

ode23  3.9807 x 1073 6.96 2080

ode45  7.136 x 10~ 1.25 505

odell3 7.36 x 104 1.29 74

Table B.4: Results using MSI with constant input for n = 1.

The results are in Figure B.1 for MDORAYV and Figure B.2 for MSI.

Delay forn =1
1
—— delayed ) )
08 —input . Value of ORD function for n = 1 ; Plot of the error function for n = 1
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/ \ s o "
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2 / \ . 06
5° \ 5 5
SN YA g £ 0.
\ / 5 E
04 \ ; 24 g 02
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Time [s]
0.4
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(a) MDORAV (complete sys-

tem).

(b) ORD for MDORAV.

(¢) Error for MDORAV.

, Delay forn =1 . Value of ORD function for n = 1 ; Plot of the error function for n = 1
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(d) MDORAV (constant input).

(e) ORD for MDORAV CI.

(f) Error for MDORAV CI.

Figure B.1: MDORAYV results for n = 1 with complete system (first row) and with constant
input (second row).
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Figure B.2: MSI results for n = 1 with complete system (first row) and with constant input
(second row).

B.2 Approximation order 2

For n = 2, the error in the last step of the calculation is approximately 1 x 10~° for
MDORAV (1 x 102 for constant input MTSM) and 0.2 for MSI for all state-of-the-art
solvers. The mean order of the method is approximately 8.5 for all configurations.

Solver  Time of calculation [s] Ratio Number of steps
MTSM  9.732 x 10~* - 101

ode23 5.84545 x 1073 6.01 2092

oded5  9.2855 x 1074 0.95 493

odell3  8.6985 x 1074 0.89 78

Table B.5: Results using MDORAYV with complete system for n = 2.

Solver  Time of calculation [s] Ratio Number of steps
MTSM 1.0817 x 1073 — 101

0ode23  3.65015 x 1073 3.37 1020

ode45  1.2356 x 1073 1.14 557

odel13 1.03825 x 1073 096 85

Table B.6: Results using MDORAYV with constant input for n = 2.

201



Solver  Time of calculation [s] Ratio Number of steps

MTSM  1.3263 x 1073 - 101
ode23  9.6718 x 1073 7.29 2778
ode45  1.61035 x 1073 1.21 613
odell3 1.3137 x 1073 0.99 89

Table B.7: Results using MSI for n = 2.

Solver  Time of calculation [s] Ratio Number of steps

MTSM 1.0134 x 1073 ~ 101
ode23  9.3557 x 1073 9.23 3007
ode45  1.8704 x 1073 1.84 1033
odel13 7.36 x 104 1.08 107

Table B.8: Results using MSI with constant input for n = 2.

The results are in Figure B.3 for MDORAYV and Figure B.4 for MSI.
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(d) MDORAV (constant input). (e) ORD for MDORAV CI. (f) Error for MDORAV CI.

Figure B.3: MDORAYV results for n = 2 with complete system (first row) and with constant
input (second row).
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Figure B.4: MSI results for n = 2 with complete system (first row) and with constant input
(second row).

B.3 Approximation order 7

For n = 7, the error in last step of the calculation is approximately 1 x 10~® for MDORAV
and MSI and 1 x 1073 for configurations with constant inputs.

Solver  Time of calculation [s] Ratio Number of steps
MTSM  9.7515 x 10~ —~ 101

ode23  5.9051 x 1073 6.05 2087

oded5  9.644 x 10~ 0.99 521

odel13 1.3509 x 1073 1.39 143

Table B.9: Results using MDORAYV with complete system for n = 7.

Solver  Time of calculation [s] Ratio Number of steps
MTSM 1.0891 x 1073 ~ 101
ode23  1.90985 x 1073 1.75 490
ode45  1.7602 x 103 1.61 865
odell13 1.4258 x 1073 1.31 145

Table B.10: Results using MDORAV with constant input for n = 7.
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Solver  Time of calculation [s] Ratio Number of steps
MTSM 1.2829 x 1073 — 101

0ode23  1.84225 x 1072 14.36 6616

oded5  2.5723 x 1073 2.01 1541

odell3 3.2247 x 1073 2.51 260

Table B.11: Results using MSI for n = 7.

Solver ~ Time of calculation [s] Ratio Number of steps
MTSM  1.5656 x 1073 —~ 101

ode23  2.9708 x 102 18.98 6857

oded5  9.9732 x 1073 6.38 4389

odell3 2.814 x 1073 1.80 263

Table B.12: Results using MSI with constant input for n = 7.

The results are in Figure B.5 for MDORAYV and Figure B.6 for MSI.
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Figure B.5: MDORAV results for n = 7 with complete system (first row) and with constant

input (second row).
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Figure B.6: MSI results for n = 7 with complete system (first row) and with constant input
(second row).

B.4 Approximation order 10

For n = 10, the error in last step of the calculation is approximately 1 x 10~% for complete
systems. For constant inputs, the error for MDORAV is 1 x 1072 and 1 x 1072 for MSI.

Solver  Time of calculation [s] Ratio Number of steps
MTSM 9.672 x 10~* —~ 101

ode23  6.0839 x 1073 6.30 2087

oded5  9.4695 x 104 0.98 513

odel13 1.6513 x 1073 1.71 177

Table B.13: Results using MDORAV with complete system for n = 10.

Solver  Time of calculation [s] Ratio Number of steps
MTSM  1.17315 x 1073 - 101
ode23 1.6178 x 1073 1.38 406
oded5  1.8356 x 1073 1.56 877
odell3 1.7684 x 1073 1.51 188

Table B.14: Results using MDORAV with constant input for n = 10.
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Solver  Time of calculation [s] Ratio Number of steps

MTSM 1.63095 x 1073 - 101
0de23  3.51146 x 1072 21.53 11980
ode45  3.9805 x 1073 2.44 2325
odell3 4.7675 x 1073 2.92 364

Table B.15: Results using MSI for n = 10.

Solver ~ Time of calculation [s] Ratio Number of steps

MTSM 2.236 x 1073 - 101
0ode23  4.3402 x 1072 19.41 9217
oded5  1.66158 x 1072 7.43 6529
odell3 4.022 x 1073 1.80 376

Table B.16: Results using MSI with constant input for n = 10.

The results are in Figure B.7 for MDORAYV and Figure B.8 for MSI.
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Figure B.7: MDORAV results for n = 10 with complete system (first row) and with constant
input (second row).
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Figure B.8: MSI results for n
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6 7 0 1 2 3

Time [s]

B.5 Approximation order 15
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= 10 with complete system (first row) and with constant

For n = 15, the error in last step of the calculation is approximately 1 x 10~% for complete
systems. For constant inputs, the error for MDORAV is 1 x 1072 and 1 x 1072 for MSI.

Solver  Time of calculation [s] Ratio Number of steps
MTSM 1.11905 x 1073 —~ 101

ode23  7.37645 x 1073 6.59 2087

ode45  1.01705 x 1073 0.91 497

odell3 2.38385 x 1073 2.13 214

Table B.17: Results using MDORAV with complete system for n = 15.

Solver  Time of calculation [s] Ratio Number of steps
MTSM  1.4849 x 10~ - 101
ode23 1.4106 x 1073 0.95 293
ode45  1.901 x 1073 1.28 809
odell3 2.3736 x 1073 1.60 183

Table B.18: Results using MDORAV with constant input for n = 15.
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Solver  Time of calculation [s] Ratio Number of steps
MTSM 2.52435 x 1073 — 101
0de23  4.64729 x 1072 18.41 13141
oded5  4.658 x 1073 1.85 2441
odell3 6.3988 x 1073 2.53 489
Table B.19: Results using MSI for n = 15.
Solver  Time of calculation [s] Ratio Number of steps
MTSM  3.0888 x 1073 —~ 101
ode23  9.65262 x 1072 31.25 14961
ode45  3.48165 x 1072 11.27 10377
odell3 6.8476 x 1073 2.22 561

Table B.20: Results using MSI with constant input for n = 15.

The results are in Figure B.9 for MDORAYV and Figure B.10 for MSI.

Delay forn = 15

/ \ — e ) )
08 o c —input M Value of ORD function for n = 15 ; Plot of the error function for n = 15
/ A \ o
0.6 / \ J%;
/ \ %
\ 12 e
0.4 / \ 08 *
\ *
0.2 \
\ 10 *
8 06
g, . \ JE [— _
> \ 2 [r——— g
02 \ g° 2
\ / 3 #* 2 04
0.4 \ 2s 5
\ o i}
-0.6 \ 0.2
X 4
0.8 \
R 2 0
0 1 2 3 4 5 6 7
Time [s]
0.2
0 2 3 4 5 6 0 2 3 4 5
Time [s] Time [s]
(a) MDORAV (complete sys- b i
tem). (b) ORD for MDORAV. (c) Error for MDORAV.
s Delay forn =15 1 Value of ORD function for n = 15 12 Plot of the error function for n = 15
08 / Y, ———input " - - e
06 4 /) \ %,
/ \ %
04 / \ 10 08 %
. 02 / \ S 4 £ o6
- \
> g g o4
-0.2 \ o w
\\ [
0.4 \ 4 02
06 \
X 2 0 -
08 \
4 0.2
0 2 3 4 5 6 7 0 1 2 3 4 5 6 0 1 2 3 4 5

(d) MDORAV (constant input).

Time [s]

Time [s]

(e) ORD for MDORAV CI.

Time [s]

(f) Error for MDORAV CI.

Figure B.9: MDORAV results for n = 15 with complete system (first row) and with constant
input (second row).
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Figure B.10: MSI results for n = 15 with complete system (first row) and with constant
input (second row).

B.6 Discussion, concluding remarks

The results of the experiments with the different approximation orders and the ODE system
derivation methods show some interesting observations. First, it is not surprising that
when using the constant input (which means that the delay component would receive just
a constant input signal), the accuracy of the method is much lower. This behaviour is due
to the fact that the constant vector b is used in just the first term of the Taylor series and
nowhere else.

Another interesting aspect, and one worth pointing out, is how the accuracy while
using MTSM is otherwise very high even though the method is always much faster than
state-of-the-art (which is a pattern similar to other experiments presented in this thesis).

Furthermore, the better performance of the MSI derived systems has to be pointed out.
These systems are simpler and contain fewer terms so they can be constructed in hardware
using a smaller number of components.
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Appendix C

Derivation of the four and five
function multiplications

In this Appendix, the higher order derivatives for four and five-function multiplications are
derived in a similar way as in the Subsection 3.3.2.

C.1 Four function multiplication and higher derivatives
For four-function multiplication, the elementary IVP can be written as
y' =qrsu y(0) =y, (C.1)

where ¢, 7, s and u are arbitrary functions. To numerically solve the IVP using the MTSM,
the Taylor series for all functions have to be constructed

yir1 =y + DY (1); + DY (2); + DY (3); + DY (4); + --- + DY (N);

G = @ + DQ(1); + DQ(2); + DQ(3)s + DQ(A); + -~ + DQ(N),

riv1 =7+ DR(1); + DR(2); + DR(3); + DR(4); +---+ DR(N); (C.2)
Si+1 = s; + DS(1); + DS(2); + DS(3); + DS(4); +---+ DS(N);

Uit1 = Ui + DU(l)Z + l)U(Q)Z =+ l)U(S)z + DU(4)1 + -+ l)U(]V)Z
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The higher derivatives for the (C.1) can be constructed:

y/
y//
y//l

[4]

= qrsu

= ¢'rsu+ qr'su + qrs'u + qrsu’

= q"rsu + q’r’su + q'rs’u + q'rsu’ + q’r’su + qr”su—i—

+ qr’s'u + qr'su' + q'rs'u + qr’s’u + q’rs"u + qrs’u' + q'rsu’
+ qr'su' + qrs'u' + qrsu" = q"rsu + qr"su + qrs”u + qrsu"+
+ 247" su + 2¢'rs'u 4 2qr's'u + 2qr' su’ + 2qrs’u’ + 2¢'rsu’

"/

= q”’rsu +q ' rsu—+ q”rs’u + q"’rsu'+

! 0 " /N 1 /
+qgrisu+qrsu+qrisu+ qrosu +
/i

+¢'rs"u+ qr's"u + qrs""u + qrs’u'+

/1,1 n

+ q’rsu" + qr'su" +qgrsu’ + grsu’+
+ 24" su + 2¢'v" su + 2¢'v's'u + 2¢'r su'+ (C.3)
+2¢"rs'u +2¢'v"s'u + 2¢'rs"u + 2¢'rs'u'+
+2¢' 7" s'u + 2q7" s'u 4 2q1"s" u + 2qr's'u'+
+2¢'r'su’ + 2qr" su' + 2qr' ' + 2qr su” +
+2¢'rs'u’ + 2qr' s + 2qrs”"u + 2qrs’u+
+2¢"rsu’ + 2¢'v'su’ + 2¢'rs'v + 2¢'rsu” =
= q”’rsu + qr”’su + qrs’”u + qrsu”’ + 3q”rs'u+
/i

+ 3q”7“su' + 3q¢'r" su + 3qr”s’u + 3qr"su' + 3q’rs"u—|—

N !N

+3qr's"u + 3qrs”u’ + 3¢ rsu” + 3qr'su” + 3qrs’u”+

N

+3q¢"r'su+ 6¢'r's'u + 6¢'r'su’ + 6¢'rs'u’ + 6gr's'u
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From (C.3) and (3.1), equations for the Taylor series terms can be expressed

DY (1), = DQ(0);DR(0);DS(0);DU(0);

h
DY@~ DOW: (005000 0): + D@(0) 222 Do), 0)
2r
+ 0Q),0R(O), 22N DU o), + D), DRO),D5(0), 2T

DR 1 s(0):0U (0);+

DY (3); DQ( )i “DR(0); DS(0); DU(0); + DQ(0);
or

h3
h¥ B
DU(2)i

3!
+ pQ):DR(0): 222 pur(0); + DQ():DR0):DS(0), 22
2r 2r

DQU): DR(): oo oo

, D), DS(1);
—LDR(0),— = DU(0)+

+2
+2DQ}EO)iD}Z}(L 1P (o), +200(0), 2 p(o), PO
1 2DQ(0),D R(O)lDS]fl) h( L DQh(l) DR(0);08(0), 201
T = Dif)DR<> S(0).DU(0); + DQ(O); 3f) DS(0),DU(0)+
4 DQODRO)2 i pu0), + DQ(0),DR(0),DS(0), 2
+3 DQ()DRm)5i?%DU®ﬁ+3D%§%DRm)DS()%%f)+

+3 D%f) ()DSmﬁDUm)+3DQ()DR§)DSO%DUm%+
2' 2!

h
+3DQ()1H%)_D8w)IRg) +3D%f)lUM®‘DS()DUan
2! o7
+3DQ()Dﬁf)DS()DU®L+3DQmﬁDRthig%D%f%+
21

o

+3DQh(1)iDR(O) .DS(0); DU( )i +3DQ(0); DRh( )i L DS(0); D[{LS )i
2! 2r

+3DQ@%DR@%DiS”D29”+3D€9)D€thsmpDUmp
h2 E

DQ(1); DR(1); DS(1); ¢ P@)i DR(1); DU(1);
+6—5 . = DU(0); +6— T DS (0)i =+
+6D%S%DR@%Dif%D%f%+6DQ®% ! . h h
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Simplifying the (C.4), the equations for the individual Taylor series terms for four function
multiplications can finally be derived:

DY (1); = hDQ(0); DR(0); DS(0); DU (0);

DY (2); = g(DQ(1)iDR(O)Z»DS(0)Z-DU(0)¢ + DQ(0): DR(1):DS(0): DU (0)s+
+ DQ(0);DR(0); DS(1):DU (0); + DQ(0): DR(0); DS(0); DU (1),)

DY (3); = g(DQ(Z)iDR(O)iDS(O)Z-DU(O)Z- + DO(0);DR(2): DS(0): DU (0)i+

+ DQ(0); DR(0); DS(2); DU(0); + DQ(0); DR(0); DS(0); DU(2);
+ DQ(1);DR(1);DS(0);DU(0); + DQ(1); DR(0); DS(1); DU (0);-+
+ DQUO),DR(),DS(1),DU(0); + DQ(O);DR(1);DS(0); DU (1), +

+ DQ(0); DR(0); DS(1); DU(1); + DQ(1); DR(0); DS(0); DU (1);)

DY (4); = E(DQ(S)-DR(O),»DS(O)-DU(O)- + DQUIDREDSODUO (o

+ DQ(0); DR(0); DS(3); DU(0); + DQ(0); DR(0); DS(0); DU (3);+
+ DQ(2);DR(0):DS(1); DU (0); + DQ(2); DR(0); DS(0); DU(1);+
+ DQ(1);DR(2): DS(0); DU (0); + DQ(0): DR(2); DS(1):; DU(0):+
+ DQ(0); DR(2);DS(0); DU(1); + DQ(1); DR(0); DS(2); DU (0);+
+ DQ(0); DR(1);DS(2);DU(0); + DQ(0); DR(0); DS(2); DU(1)i+
+ DQ(1); DR(0): DS(0); DU (2); + DQ(0); DR(1); DS(0); DU (2);+
+ DQ0); DR(0): DS(1); DU (2); + DQ(2); DR(1); DS(0); DU (0);+
+ DQ(1);DR(1);DS(1);DU(0); + DQ(1); DR(1); DS(0); DU (1);+
+ DQ(1);DR(0):DS(1);DU(1); + DQ(0): DR(1):; DS(1); DU(1);)

Generally, the higher derivatives for four function multiplication can be calculated using
the following formula

h n—1 n—a—1 n—a—b

Z DQ(a); > DR(b); > DS(n—a—b—c);DU(c—1);, (C.6)
b=0

c=1

where n =1,..., N.

C.2 Five function multiplication and higher derivatives

The elementary IVP for the five-function multiplication can be written as

y = qrsuv y(0) = yo, (C.7)
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where g, r, s, u and v are arbitrary functions. To numerically solve the IVP using MTSM,
the Taylor series for all functions have to be constructed

Yir1 =y + DY (1); + DY (2); + DY (3); + DY (4); +---+ DY (N);
gi+1 = ¢ + DQ(1); + DQ(2); + DQ(3); + DQ(4)i + - -- + DQ(N);
Tiy1 =15 + DR(l)Z + DR(Q)l + Z)R(3)Z + DR(4)1 4+ -+ l)R(]\f)z
(C.8)
Si+1 = S; + DS(l)z + DS(Q)Z + Z)S(?))Z + DS(4)1 R DS(N)z
Ui+1 = Ui + DU(l)Z + DU(Q)@ + DU(?))l + DU(4)1 + -+ DU(]V)z
Vit+1 = Vi + DV(l)l + DV(Q)Z + DV(S)Z + DV(4)1 + -+ DV(]V)Z .
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The higher derivatives for the (C.7) can be constructed:

y/
y//

"

Y

[4]

= qrsuv
= ¢'rsuv + qr'suv + qrs'uv + qrsu’v + grsur’

= ¢"rsuv + ¢'r'suv + ¢'rs'uv + ¢'rsu’'v + ¢'rsuv’+

+ ¢ suv + qr” suv + qr's'uv + qr'su'v + qr' suv’ +
+¢'rs'uv + qr's'uwv + qrs”"uv + qrs’v'v + qrs’uv’ +

+ ¢'rsu'v + qr'su'v + qrs’u'v 4+ qrsu”v + gqrsu’v'+

+ q’rsuv' + qr'suv’ + qrs'uv' + qrsu'v’ + qrsuv” =

= q”rsuv + qr"suv + qrs”uv + qrsu"v + qrsuv”Jr
+2¢'r suv + 2¢'rs'uv + 2¢'rsu’v + 2¢'rsuv’ + 2qr's'uv+
+ 2q7" su'v + 2qr’ suv’ + 2qrs'u’v + 2qrsu’v’ + 2qrs’uv’

" "] /! / /! / /! /
=q rsuv+q rsuv+qrsuv—+q rsuv+q rsuv

n .7

/.. 7 /1 / 2 /
SUV + qr U suv + qrosuv + qrsu v + qre suv

+qr
/) /i n ",/ 2 /
+qgrsuv+qrsuv+qrs uv +qrsuv +qrs uv

+ ¢'rsu’v + qr'su”v + qrs’uv + qrsu’"v + qrsu”v’

+ ¢'rsuv” + qr'suv” + qrs’uv” + qrsu/v” + qrsuv’”’

+ 24" suv + 2¢'r" suv + 2¢'r's'uv + 2¢'r" su'v + 2¢' 1 suv’ +
+2¢"rs"uv + 2¢'r's'uv + 2¢'rs"uv + 2¢'rs'v'v + 2¢'rs'uv’+
+2¢"rsu'v + 2¢'r' su'v + 2¢'rs'u'v + 2¢'rsu”v + 2¢'rsu'v'+
+2¢" rsuv’ + 2¢'r suv’ + 2¢'rs'uv’ + 2¢'rsu’v’ + 2¢'rsuv’ +
+ 247" s'uv + 2qr" s'uv + 2qr' s uv + 2qr' s'u'v 4 2" Suv +
+ 247" su'v 4 2qr" su'v + 2qr' S'u'v 4 2qr" su"v + 2qr' su'v' +
+ 247 suv’ + 2qr" suv’ + 2qr' s'uv’ + 2qr’ su'v' + 2qr suv” +
+2¢'rs'u'v 4 2qr's'u'v + 2qrs”"u'v 4 2qrs'uv + 2qrs’uv +

1,1

+2¢'rsu’v’ 4 2qr' su'v' + 2qrs’u/v' + 2qrsu”v’ + 2qrsu’v” +

+2¢'rs'uv’ + 2qr's'uwv’ + 2qrs"uv’ + 2qrs’'u'v’ + 2qrs’uw” =
= q”’rsuv + qr”’suv + qrs”’uv + qrsu”’v + qrsuv”’+
I/

+ 3¢"r suv + 3¢"rs'uv + 3¢"rsu'v 4 3¢"rsuv’ + 3¢'r" suv+

/N4

+ 3qr”s'uv + 3qr su'v + 3qr" suv’ + 3¢'rs"wv + 3qr's" uv+

/1

+ 3qrs”"u'v + 3qrs"uwv’ + 3¢'rsu”v + 3¢r'su”v + 3qrs’v" v+

+ 3qrsu”’v’ + 3¢ rsuv” + 3gr'suv” + 3qrs'uv” + 3qrsu’v’+

+ 6¢'7's'uv + 6¢'r su’'v + 6¢'r' suv’ + 6¢'rs'u'v + 6¢'rs uv'+
[,

+ 6q¢' rsu'v + 6qr's'u'v + 6gr's'uv’ + 6qr’su'v’ 4 6qrs’u’v'+
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hDQ(0); DR(0); DS(0);DU(0);DV (0);

i =

After expressing the Taylor series terms from (C.9) and (3.1) and simplifying the result,

the equations for the Taylor series terms for five function multiplications have the following
h

DY (2); = 5(DQ(1):DR(0);DS(0); DU (0);: DV (0); + DQ(0): DR(1); DS(0); DU (0);: DV (0)i+

form:

DY (1);

- =
+ + £+t + + S —
= = = = = = ~ (@)
o 24 D S e
NS = ooz ===
SRR O N N NN N N N N N N N NN NN N
DESEICECE mmmmmmmmmmmmmmmmm
SO DD D D T moDgocz-moczmaxocossss oo
SRR S IS S oSS n D oS
sz z=22 2RI 223313-
Nh D DR R e e e e e e e e e
\DM\DM\DM\DM\DMWM BSSSSSSSSSSSSSSSS
SzDoz=z=2 mmmmmmmmmmmmmmmmm
SRS T S ocaagscooocoo===mo=o
RRERRARR S EEEESEEEEEEREREREEGR
S22 mmmmmmmmmmmmmmmmm
ST I ez 2og
SR A8 AA PSR ES E B RS ESES RS SRS R AR A< AN,
+t+++++ . 2 AQ32Q_RQARANARARNANRRA_AAR
Saxgzmggzn &2 LA AT
S W@@@M@@@@@M@@@@mmm
RRRARKRARR @ STy
@@@@@M@mwmmmmmmmmmmmmmmmmm
SRR T oo oo =
e e R R B B B e e e e e e e e e i S e e e e e
T2z § RRTIRRRAAIILRIRLA[AIRR
AT D DT RY R AaaSasSddaacdsdEsassas
DiDiDiDiDiDiDi(O\SSSSSSSSSSSSSSSSS
@@@@@@@M@b@mmmmmmmmmmmmmm
CEREAEELNES TS zZS TS =Ees oSS =g
RRRRAARAR @ FfEEEEEEERREEERRE & &
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LYY s,z aceceoceceioDeg
RRRRAaARAR SISO
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=

>y

D

(C.11)

> DUm—a—b—c—d)DV(d—1);,

d

1

n—a—b—c
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=0

n—a—b—1

o=l

0

n—a—1
b

> DQ(a)i Y, DR(b);

h n—1
a=0

Generally, the higher derivatives for five-function multiplication can be calculated using
n

the following formula



where n =1,..., N. Note that more than five multiplications would be derived similarly.
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Appendix D

Optimization of the non-linear
Modern Taylor Series Method
solver for more multiplications

This Appendix shows the optimizations of the MTSM for non-linear problems when using
four and five-function multiplications. More information is in Subsection 3.3.2.

D.1 Four function multiplications

Four function multiplications can be seen Table D.1.

n Indexes of Taylor series terms

1 0

0

0

0

21 0 0 0

0 1 0 O

0 0 1 0

0 0 0 1

321 1 1 0 0 0 0 0 O

0 1.0 0 0 0 1 2 1 0

0O 01 001 0 0 1 2

0O 001 2 1 1 0 00

4 3 2 2 2 1 111 1 100 O0O0O0O0OO0OTO0OO0O0
0100 211 000O0O0O01 2 103 2 10
o o0100102 1001001201 2 3
o001 00101 2 3 2 2 1110000

Table D.1: Four term multiplications.
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It is possible to optimize the calculation even further. This optimization is visualised
in Table D.2. Note that there are now two types of matrices that can be precalculated and
then used during the calculation:

o results from the previous term (as seen in Tables 3.1, 3.2 and D.1) and

o partial results from the previous step. Notice the brighter areas in Table D.2. The
results from multiplying the sub-matrices can again be used and they speed up the
calculation of the current step by approximately 30 to 40 percent. Note that the
number of calculations reduces more with the higher value of n.

n Indexes of Taylor series terms
1 0
0
0
0
21 0 0 O
0 0 0 1
0 01 0
0 1 0 O
3 21 1 1 0 0 0 0 0 O
0 1.0 0001 2 1 0
0O 01 00 1 0 0 1 2
0O 001 21 1 000
4 3 2 2 2 1 11 11 100 O0O0O0OO0OTO0OO0OTO0OTO
o100 211 00O0O0O0T1 2103 2 10
o o100102 1001001 2 01 2 3
o 0oo100 1 0123221110000

Table D.2: Four term multiplications — partial results.
D.2 Five function multiplications

For five multiplications, the effectiveness is even more pronounced. The operations are
again shown in the tabular form in Table D.3.
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n

Indexes of Taylor series terms

OO0 WODOOONOODOOHrOOOOO

0 0 0 0

01 0 0

0 0 1 0

0 0 0 1

1 0 0 0

111 10000O0O0O0O0O0O0

1000 0 1 002 11 000

0601000010010 210

001 0O0O0OO0OT1TU0OO0OT1O0T1 2

0001211 1000O0O0O0O0

2222111111111 100O0O0O0O0O0O0O0O0O0O0ODO0OSOOCOO®OOO0OO0OTO0O0O0
1 000211100O0O0OO0O0O0O0O0O0LI1O0O02110O0O0322111TU0U000
61ro0o0o0100%21110O0O0O0O011O0O0T11O0Z21001021032T10
06o01o0o00601o00010210O0O0O0100101200101 2012 3
oo001o0o0o011001101123222111111®0000O0O0O0O0O0O0

Table D.3: Five term multiplications.

It is again possible to optimize the calculation even further. This optimization is visu-
alised in Table D.4. Note that there are now two types of matrices that can be precalculated
and then used during the calculation:

results from the previous term (as seen in Tables 3.1, 3.2, D.1 and D.3) and

partial results from the previous step. Notice the brighter areas in Table D.4. The
results from multiplying the sub-matrices can again be used, and they speed up the
calculation of the current step by approximately 30 to 40 percent. Note that the
number of calculations reduces more with the higher value of n.

Indexes of Taylor series terms

OO OO WOOOoOONMNOOOOHHOOO OO

0 0 0 O

01 0 0

00 1 0

0 0 0 1

10 0 0

111 1000O0O0O0OO0O0OTO0TUO

10 0 0 0 1 00 2 1 1 0 0 0

01000010010 210

001 00O0O0OT1O0O0T1QO0T12

000121 1100O0O0O0TO0

2222111111111 100O0O0O0O0O0O0ODO0ODO0ODO0ODO0ODO0OO0OO0OO0OCO0OOO0OO0OO0
1000211100 O0O0O0O0O0O0O0O01O0O02110003 221110000
0610001 00211000O0OO0OT1O0O0T1O021001T02T1032 10
o60601ro0o0o0110®O0110210O0O00100101 200101201 2 3
0oo0oo01o0oo00100101123%2221111T110000O00O0O0O0T°O0O0

Table D.4: Five term multiplications — partial results.
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Appendix E

Complete results for numerical
benchmarks

This Appendix discusses the solutions and derivations of the benchmarks from Section 4.1.

E.1 Problem Al

Problem Al is defined as

y=—y yw=C(~1).
The problem is linear. To solve it using MTSM, the equation can be directly transformed
into matrix-vector representation

A= (4) b— (o) .
E.2 Problem A2
Problem A2 is defined as
Y= =05 y(0)=1.

To solve this non-linear system using MTSM, the y3 term has to be replaced by a set of
auxiliary ODEs

Yy, = —0.5¢° y(0)=1

Yo =y}

v = 3yiyr = 3yt (—0.5y") = —1.5y7ys y2(0) = 1(0)°
Y3 = Z/%

ys = 2y19) = 251 (—0.59") = —y1y2 y3(0) = 41(0)?,

so the final system becomes

Yy = —0.5y2 y1(0) =1
yh = —1.5y2y3 y2(0) =1
Ys = —Y1y2 y3(0) = 1
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which can be transformed into a matrix-vector representation (3.19)

0 -15 0 0 0 3 9
0 0 O 0 1
E.3 Problem A3
Problem A3 is defined as
y =ycos(t)  y(0)=1,
the auxiliary system of ODEs representing the system can be written as
Y1 = Y192 y1(0) =1
Yo =—Ys y2(0) = cos(0) = 1
Y3 = 12 y3(0) = sin(0) =0,
and it can be transformed into the matrix-vector representation (3.19)
00 O 1
A=]0 0 —1 B =0 yjk:(1 2).
01 0 0
E.4 Problem A4
Problem A4 is defined as v
/
= - — — = 1
v=7"9 vO=1,
the auxiliary system of ODEs representing the system can be written as
yy = 0.25y1 — (1/80)y» y1(0) =1
Yo = 0.5y2 — (1/40)y192 y2(0) = y1(0)y1(0)

and it can be transformed into the matrix-vector representation (3.19)

0.25 —L 0
AZ( 0 0.850> Bl:(—1> yjk:<1 2)'

40

E.5 Problem B1

Problem B1 is defined as

1
3

Y= 2y1 — 2y1y2 y1(0)
yh = —yo + Y112 y2(0)

with the auxiliary system not being necessary, the system can be transformed into the
matrix-vector representation (3.19)

(025 —& _
A‘(o 0.5> Bi =

O ==
o O
<
B

|
N
IS V)
IS
~
ke
Il
o O O
&
=

3

Il
—
i~
i~
e~
[\)
~—
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E.6 Problem B2

Problem B2 is defined as

Y= -1y +u2 y1(0) =2 (E.1)
Yh = —y1 — 2y2 + Y3 y2(0) = 0 E.2)
Yh = y2 — Y3 y3(0) =1. (E.3)

The problem is linear. To solve it using MTSM, the equation can be directly transformed
into matrix-vector representation

-1 1 0 0
A= 1 -2 1 b=|0
0 1 -1 0
E. 7 Problem B3
Problem B3 is defined as
Y= -1 y1(0) =1
Yo = Y1 — Y202 y2(0) =0
Y5 = yoy2 y3(0) =0

with the auxiliary system not being necessary, the system can be directly transformed into
the matrix-vector representation (3.19)

1.0 0 0 0
A=|1 0 0 Bi=|-1 0 yjk:(2 2)
0 00 1 0

E.8 Problem B4

This section contains the matrix-vector representation for the benchmark problem B4, which
is detailed in Section 4.1.9. The matrix-vector representation for the linear part of (4.4):

|
—_

|
—

OO OO oo oo

|
)

DO DD OO OO O OO oo
=N eleoBeolBoBoBoNeoNoRel S
OO DD OO OO O OO oo
DO DO OO O OO oo
OO DD DO DD DD OO OO oo
OO OO OO OO oo oo
O O DO OO OO O OO oo
DO DO OO OO OO oo
OO OO OO OO OO oo
N OO OO OO oo oo
O O OO OO OO oo oo
O O OO OO OO oo oo

o O O
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and for the non-linear part of (4.4):

000 O0O0O0OO0OOP O

o o o N ™
91919111
S a8 w o I~ I~ 00 00 © © O S
—
—
0 4o W W0 © © 1O M IO © O O OO I © ©
— O — 00 MmN MmN AN M MM MmN~
(\
Il Il Il
~ = m
= = £
>
—
cCoocoococoo
00000001_A
00000040 Co o ococoocoOoOoOA™
Coo0oococo0oo0O0OoOOoOA™
coNoocoo oo
cCcooocococo o oo
ocNoOooocooOo
~ cCcoocococooco o oo
oo oo | oo oo ooo
cCcoocoocococwvwoooo
cocooo
™
~ 'cococococoo Co0o o000 VWO OoOOO
e oo e DO OOV OO
cocooo e oe o0 oo WO O OO O
Il Il Il
&) Q .

E.9 Problem B5

Problem B5 is defined as

y1(0) =0,
yQ(O) =1,
y3(0) =1

Y1 = Y293
= —Y1y3
= —0.51y192

/
2
/
3

/

Y
Y
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With the auxiliary system not being necessary, the matrix vector representation can be
obtained directly

[an)
es}
\V]
w w

1
Bi=|0 -1 0 Y= |1
0

o
|
o
o
i
—
N

E.10 Problem C3

Problem C3 is defined directly in the matrix-vector representation

2 1 0 0 0 0 0 0 0 0 0 1
1 =21 0 0 0 0 0 0 0 0 0
o 1 -2 1 0 0 0 0 0 0 0 0
O 0 1 -2 1 0 0 0 0 0 0 0
o 0 0 1 -2 1 0 0 0 0 0 0
A=l 0 0 0 1 21 0 0 o0 b=10| %=1
O 0 0 0 0 1 -2 1 0 0 0 0
O 0 0 0 0 0 1 -2 1 0 0 0
o 0o 0o o0 0 0 0 1 -2 1 0 0
O 0 0 0 0 0 0 1 -2 0 0
E.11 Problem E1
Problem E1 is defined as
) = ys y1(0) = 0.6713967071418030
/ Y2 Y1
- _ — 02521 0) = 0.09540051444747446.
= ont 1) y2(0)

The operation division has to be removed from the original system:

ys=1t+1
ys =1 ys(0) =to+1=1
1y
y4_t+1_y3_y3
1
/ -2 1 2
Ya Y3 Y3 Yy y4(0) I
Ys = ¥i
i ! (to + 1)2

where tg is the initial time of calculation, which is zero in this case. Augmented system of
ODEs becomes

Y1 = Y2 y1(0) = 0.6713967071418030

yh = —yoys — y1 — 0.5y1y4y5  y2(0) = 0.09540051444747446

ys =1 y3(0) =1 (E.4)
Y4 = —Yays y4(0) =1

Ys = —2Yays y5(0) = 1
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The system (E.4) can be rewritten into matrix-vector notation

0O 1 0 0 O 0
-1 0 0 0 O 0
A= 0 0 0 0 O b=11
0O 0 0 0 O 0
0O 0 0 0 o0 0
0 0 0 0
1 0 0 —0.5
Bi=|0 0 0 By = 0
0O -1 0 0
0 0o -2 0
2 4
yir=14 4 yjkl:<1 4 5).
4 5
E.12 Problem E2
Problem E2 is defined as:
Yi =12 y1(0) =2

(E.5)
Yo = Yo — yiyiy2 —y1 y2(0) = 0.

The system (E.5) can be transformed into the matrix-vector notation as is. However, it
can be further optimized by removing the three term multiplication y;y1ys:

Ys =yiy1 = y%
yg = 2y1y'1 = 21192 y3(0) = y1(0)y1(0) = 4

and adding this equation into (E.5) and substituting

Y1 = Yo y1(0) =2
Yo = Y2 —y2y3s —y1 42(0) =0 (E.6)
Ys = 25172 y3(0) = 4.

The system (E.6) can be rewritten into a matrix-vector notation

0 100 0 0
100 0 0 0

A=|0 0000 b= |1
0 000 0 0
0 0000 0
0 0 0 0
-1 0 0 —0.5

Bi=|[0 0 0 By=| 0
0 -1 0 0
0 0 -2 0
2 4

yir=|4 4 i =(1 4 5).
45
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E.13 Problem E3

Problem E3 is defined as

yi =Y y(0) =0
. (E.7)
Yo =5 — U1 +2sin(2.78535¢) 112(0) =0.

The system (E.7) cannot be transformed into the matrix-vector notation as is, because the
term sin(2.78535¢) has to be replaced by the system of auxiliary ODEs:

y3 = sin(2.78535¢)

Yl = 2.78535 cos(2.78535¢) y3(0) = sin(2.78535t0) = sin(2.78535)
y4 = cos(2.78535t)
Yy = —2.78535 sin(2.78535¢) y4(0) = cos(2.78535ty) = cos(2.78535)

where t( is the initial time of computation. Further the three function multiplication 3
can also be removed

Ys = y:f

yh = 3y3yl’ = 32y, y5(0) = y1(0)y1(0)y1(0) =0
Y6 = y%

s = 2u19, = 2y110 y¥6(0) = y1(0)y1(0) = 0.

Adding the three ODEs above into the E.7 and substituting

Y1 = Yo y1(0) =0

Yy = %115 —y1+2y3 42(0) =0

yh = 2.785351, y3(0) = sin(2.78535) (E.8)
yh = —2.78535ys  ya(0) = cos(2.78535)

Y5 = 3y2ys y5(0) =0

Yo = 2y192 y6(0) = 0.

The system (E.8) can be rewritten into a matrix-vector notation

0 1 0 0 0 0 0 0 0
-10 2 0 0 00 05
0 0 0 2.78535 0 0 0 0 '

A=110 0 278535 0 0 0 Bi=1g o By = 8
0 0 0 0 0 0 3 0 0
0 0 0 0 0 0 0 2
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E.14 Problem E4

Problem E4 is defined as

(E.9)

y1(0) = 30

/

Y1 =142

yQ(O) =0.

0.032 — 0.4y2y2

/

Yo

The system (E.9) can be transformed into the matrix-vector notation as is:

Yik

E.15 Problem E5

This section contains the matrix-vector representation for the benchmark problem E5, de-

fined in Subsection 4.1.15. The matrix-vector representation for (4.7) follows:

CoococoococoocoococoH
CcCoocoococoocoocoocoH
Cocoocoocococooo®O
Cooco0o0oCcoO0O OO
Coocooococo-HOoOO
Coococoococoo-Ho OO
00004000000 PR == =
cCoo-Hoooo0o0oOoO DO O MM MmN
| Il
) 5
Cocoocoocococooocoo
cCo-HO0OO00COoOO0OO0OCO
O~ o0c 000000 OoO
Coocoocococoocoocoo
Cocoocoocococooocoo
Cooco0o0ooCcoO0O0OCO
eNeNeNeNoNoNoNoNoNoR-] S O oo oo
cCoocoococococococ oo coococoo )
OO0 o000 OO OOOOOn/_H 0 0 I 00
~— oo o0cococoocoo I~ © 00 10
cCoococococoococooo cococoTo © 010 ™
| Il Il
< ) W
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Appendix F

Matrix-vector representation of
Kepler problem

This Appendix contains the matrix-vector representations for Kepler problem, discussed in
Section 4.7.

F.1 Matrix-vector representation for (4.62)

001000TG00 0 0
00010000 0 0
0000O0O0TG 0O -1 0
0000O0GO0TG 0O 0 -1

A=1000000 0 0 Bi=1y o
0000O0O0TG 0O 0 0
0000O0O0TG 0O 0 0
0000O0O0TG 0O 0 0

(F.1)
000 0 0 0 0 0
000 0 0 0 0 0
000 0 0 0 0 0
000 0 0 0 0 0

Ba=13 3 0 0 Bi=1yo 0o 0o o0
0011 0 0 0 O
000 0 ~3 -3 0 0
0000 0 0 -1 -1

The vectors on the right hand side of (3.19) are defined as follows:

Y Y1 Y3 Y Y1 Y3 Yyr Yyr
Y9y yr 1Y% Y2 Y4 ] _ 1Y% Y2 Y4 Yyr yr
yﬂ“_<yz y7> R g ys ous [PR T ly ys ws s s
Y2 Ya Ys Y2 Y4 Ys Ys Ys
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F.2 Matrix-vector representation for (4.63)

0
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0
0
0
0
0

0
-1

0 00O
0000
0 00O

0
0
0

0

0
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0

-1 0 0 0 O
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0 00O
0 00O
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B, =

0010O0O0O0OGO 0O
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000O0O0O0OO0OTO 0O O
000O0O0O0OO0OTO OO O
000O0O0O0OO0OTO 0O
000O0O0O0OO0OTO 0O O
000O0O0O0OO0OO 0O
000O0O0O0OO0OTO 0O O
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OO OO OO oo
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_

I
)

The vectors on the right hand side of (3.19) are defined as follows:
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F.3 Matrix-vector representation for (4.64)

0 0 0O

0
0
0

0
0
0

0
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0
-1 0 0

0 0 0 O

0 0 0O
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0 0 0 O

0 0 0O
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0 00O
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11
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B,
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000 0OO0OO0OO0OOO0OOO® O

0 000O0OO0OO0OO0OO0OZ3®O0®O0

0 000O0OO0OO0OOOOT1F®O
0 000O0OO0OO0OO®O0O®OO0OO

0 000O0OO0OO0OOO0OOO® O

00 00O0OO0OO0OO0OO0OO0OGO0OO

0 000O0OO0OO0OOT®O0OOO® O

00 00O0OO0OO0OO0OO0OO0OO0OO

0 000O0OO0OO0OOTO0ODSOO OO

A=
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B,

The vectors on the right hand side of (3.19) are defined as follows:

Y7 Yo
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Appendix G

Matrix-vector representation of

the pendulum on the cart

This Appendix contains the matrix-vector representations of systems used in Chapter 6.3.

G.1 Representation for (6.40)

The matrix-vector representation for (6.40) can be written as
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07 The vectors on the right hand side of (3.19) are defined as follows:

with b
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G.2 Representation for (6.44)

Yik

The matrix-vector representation for (6.44) can be written as
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07 The vectors on the right hand side of (3.19) are defined as follows:

with b
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Appendix H

Derivation of the equations for
pendulum on the cart

5

This Appendix contains derivations for (6.37) and (6.38) in Section 6.3

H.1 Coordinate substitution

The z¢ coordinate can be substituted into (6.31) and the resulting equation simplified
Mz" +m (z +1sin(¢))"” = u
Ma" +m (2 +lcos(d)¢) = u
Mz" +m (2" — Isin(¢)¢'¢’ + lcos(4)d”) = u
Mz" +ma” — misin(¢)¢ + mlcos(¢)¢” =u

H.2 Forces on the pendulum

The forces F,. can be calculated as
F, = mal, = m (x + Isin(¢))” = m (¢’ + 1 cos(¢)¢’)’
=m (2" — Isin(¢)¢'¢’ + Lcos(¢)¢”) = ma” —ml sin(¢)¢™ + ml cos(¢)¢”
Fy=myf; =m (lcos(9))" = m (~Isin(¢)¢) =
=m (—lcos(¢)¢'¢’ — Isin(¢)¢”) = —ml cos(¢)¢'? — mlsin(p)¢” .

Forces derived from (H.1) can be substituted into (6.34)

(H.1)

F, cos(¢) — Fysin(¢) = mgsin(¢)

(ma” — misin(9)¢ + ml cos(9)¢") cos(¢) — (—mi cos(¢)¢ — misin(¢)¢") sin(¢) = mgsin(¢)
mcos(¢)z” — misin(¢) cos(d)d + mi cos®(¢)¢” + mlsin(¢) cos(p)d™* 4+ mlsin®(¢)d” = mgsin(¢p)
mcos(¢)x” + ml cos?(¢)¢” + mlsin®(¢)¢” = mgsin(p)

mcos(¢)x” +mlg” (c052(¢) + sin2(¢)> = mgsin(¢)

mcos(¢)z” +mlg” = mgsin(e) — cos(p)z” + 1¢" = gsin(g) .
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H.3 Position of the cart

Rearranging (6.36) to solve ¢”

o = gsin(¢) . cos(¢)z”
N l l

and substituting the obtained equation into (6.35)

gsin(9)
l

_ mi cos(o) Cos(f)””””

Mz" + ma” — misin(@)¢? + mcos(¢)gsin(¢) — m cos(¢p) cos(d)z” = u
Mz" + ma” — mcos(¢) cos(¢)x” = u + misin(p)¢? — mg cos(¢) sin(¢)
2" (M 4+ m — mcos(¢) cos(¢)) = u + mlsin(¢)$ — mg cos(¢) sin(¢)
»  u+mlsin(@)¢? — mg cos(¢) sin(¢)
v M + m(1 — cos?(¢))
and using trigonometric identity sin(¢) + cos?(¢) = 1 [9] the final second order ODE for

the position of the cart (representing its acceleration in m-s~2) can be written as

p uw+ml sin(¢)¢? — mgsin(¢) cos(¢)
v M + msin?(¢) ‘

=Uu

Mz" + ma” — misin(¢)¢? + ml cos(¢)
(

H.4 Angle of the pendulum

Rearranging (6.36) to solve z”
2 = gsin(¢) . 19"
cos(¢)  cos(¢)
and substituting the obtained equation into (6.35)

(M 4 m) 2" — mlsin(¢)¢™* + ml cos(¢)d” = u
Mz" 4+ ma” —misin(¢)¢? +mlcos(d)d” = u

R m gsin(@) 107, ml sin "2 4 ml cos "=u
M cos(¢) Cos(¢))+ (cos(gb) coS(¢)) Isin(¢)¢™ + ml cos(¢)p

Mgsin(¢)  Mli¢"  mgsin(¢)  mle”
cos(¢) cos(¢) cos(¢) cos(gb)

Mgsin(¢) — M1¢" + mgsin(¢) — — ml sin(¢) cos(p)d™ + ml cos(¢)?¢” = ucos(¢)

— Mi¢" —mi¢" + micos(¢)*¢" = cos(cf)) — Mgsin(¢) — mgsin(¢) + mi sin(¢) cos(¢)¢"
MIl¢" 4+ ml¢" —milcos(¢)?¢" = —ucos(¢) + Mgsin(¢) + mgsin(¢) — mlsin(¢) cos(p)¢’
ol (Ml +mil(1 — cos(¢)2)) = —ucos(¢) + Mgsin(¢) + mgsin(¢) — misin(¢) cos(¢)¢?

, —ucos(¢) + Mgsin(¢) + mgsin(¢) — misin(¢) cos(¢)d"?
¢ = M1+ ml(1 — cos(¢)?
and using trigonometric identity sin?(¢) + cos?(¢) = 1 [9] the final second order ODE for

the angle of the pendulum (representing its acceleration in rad-s~2) can be written as

o = —ucos(p) + (Mg + mg) sin(¢) — mlsin(¢) cos(¢)¢™
B M1 + mlsin?(¢) '

— misin(¢)¢? + ml cos(¢)d” = u
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