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Introduction 
The last two decades have witnessed a considerable progress towards the design, con-
struction and maintenance of concrete structures which concerned both economic and 
environmental impacts of these structures on the environment to be built in. These two 
primary demands can be met by the development and eventual use of a material which 
exhibits higher mechanical performance and simultaneously has a lower environmental 
impact. The use of high-strength concrete (HSC) [1] allows for a material reduction in 
the structure’s cross-sectional dimensions, while high-performance concrete (HPC)  
[2, 3] exhibits higher long-term performance and durability of the structure. The struc-
tures (e.g. bridges or beams) to be built from such materials can benefit from a greater 
span length, a shallow beam cross-section and an extended service lifetime.  

The modern HPC and HSC mixtures used in the construction consume less natural re-
sources, i.e. raw materials for cement production, aggregates, water, and their mixture 
typically contains less cement (lower CO2 emission) [4, 5], while the mechanical and/or 
durability performance is enhanced. This results in a reduction of the production cost 
(subtle structural element) and CO2 emissions (lower cement content). This reduction 
of natural resources is done by composing a concrete mixture which contains mineral 
admixtures, i.e. supplementary cementitious materials (SCM) like silica fume [6], 
ground granulated blast furnace slag [7], fly ash, or it can include natural pozzolans, e.g. 
pumice [8], metakaolin or zeolite [9] etc.  

Regarding the strict CO2 emission requirements, the concrete technology developed 
completely new cement free materials due to new sustainable binders. These cement 
free materials replaced cement by an alkali activated binder. Thus, the concrete made 
with such binder is called an alkali-activated concrete (AAC) [10, 11] or sometimes 
referred as geopolymers. In this case the grains hold together by reaction alkali-activa-
tors NaOH or KOH [12], which activate the precursors. The precursors can be, e.g. 
grinded and quenched blast furnace slags [10],  various slags from ferrous and non-
ferrous metallurgy [10], Fe-rich clays [13], ground coal bottom ash [14] and kaolin [15]. 

On the other hand, subtle structures made of the new materials drew attention to a com-
prehensive structural analysis, which resulted in the use of advanced material models as 
implemented in the finite element method (FEM) software. This overcame a traditional, 
sometimes empirical design methods mentioned in the standards [16, 17] or in recom-
mendations [18], due to the lack of knowledge of the material’s or structural response 
and may not be sufficient to provide an effective structural design.  
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Standard tests provide information about the compressive fc or the tensile ft strength, the 

Young’s modulus E and the bulk density . Advanced material behaviour can be de-
scribed using fracture mechanical parameters (FMP) such as the fracture toughness KIC, 
the fracture energy Gf, and the crack mouth opening displacement (CMOD) or the crack 
mouth opening sliding (CMOS). The fracture energy Gf is considered as an important 
material parameter, which depends on the aggregate size and the quality of the concrete 
Thorough knowledge of this behaviour is required as it is the most important parameter 
in the post peak behaviour of the material in tension as it is closely related to crack 
initiation; it also determines the durability within the structure’s lifetime. 

Due to the structural geometry, the loading conditions or the construction technology, 
concrete structures and their structural elements are typically subjected to a combination 
of bending and shear loads. The fracture process in such structural elements can be di-
vided into actions from tensile loads (mode I), shear loads (mode II) or any combination 
of tensile and shear loads (mixed mode I/II).  

Even a simply supported beam with distributed load (see Figure 1(a)) carries such a 
combination of mode I and mode II load. If the stress distribution is plotted in principal 
stresses, one can find the location of the highest tensile mode I stresses and highest mode 
II shear stresses, which produce the main failure mechanism (transverse tension) of con-
crete structures. The highest normal mode I stress are located in the mid span of the 
beam, while the highest shear mode II stresses are located above support. These points 
attract most attention in the design process of the concrete beam. 

 
(a) 

 
(b) 

Figure 1: Principal stress 1 and 2 trajectories on the simply supported beam with a distributed 
load (a) and designed steel reinforcement (b). 
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Nevertheless, there is a location with a combination of tensile and shear stress which 
produces mixed mode I/II crack initiation. This fact is unintentionally omitted in studies, 
and in practice this weakest material point is strengthened using shear reinforcement – 
stirrups [16] (see Figure 1(b)). However, static or cyclic load [19, 20] can lead to micro-
cracks in the concrete cover layer which propagate and increase in size until final failure 
occurs [21, 22]. This often leads to reinforcement exposure, and thus to the reduction of 
the total service lifetime [23].  

Despite the improved strength and performance, the HPC concrete is prone to forming 
micro-cracks, which propagate and increase in size throughout the cover layer. This 
leads to a significant durability issue as the steel reinforcement is exposed to weather 
conditions [23-27]. Moreover, these weather conditions are often highly aggressive (de-
icing salts or a marine environment) and assist to accelerate the steel reinforcement cor-
rosion which results into the structure’s premature degradation [28, 29].  
Typically, the fracture mechanical parameters are evaluated from recommendations, 
where the specimens are prismatic plates, beams or cubes with rectangular/square cross-
section e.g. the compact  tension (CT) test [30], the three-point or the four-point bending 
(3PB, 4PB) test [31, 32] (Figure 2(a)) or the wedge splitting test (WST) [33] (Figure 
2(b)).  

 
(a) (b) 

 
(c) (d) 

Figure 2: Comparison of test specimens for fracture mechanical tests – for mode I: four-point 
bending test (a) and wedge splitting test (b), for mode II: eccentric asymmetric four-point bend-

ing test (c) and double-edge notched specimen (d). 
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These tests provide information about the fracture behaviour under the tensile mode I. 
Information about shear mode II is provided by tests such as the eccentric asymmetric 
four-point bending test (EA4PBT) [34] (Figure 2(c)) or the double-edge notched speci-
men test (DENS) [35] (Figure 2(d)).  

All of these tests can be used in the design of new structures as samples can be cast 
together with the structure in any shape and size. In contrast, for a structure to be reno-
vated, a core has to be drilled, which removes a cylindrical material sample from the 
investigated structure. Reshaping a cylindrical sample into a prism is ineffective and 
expensive.  

The Brazilian disc test with central notch (BDCN) [36-38] (Figure 3(a)) or semi-circular 
bend (SCB) test [39-41] (Figure 3(b)) suggest such an application and provide infor-
mation about tensile mode I, combination of tensile and shear mixed mode I/II and pure 
shear mode II crack initiation conditions. The investigation of the mixed mode I/II is 
done by inclining the initial notch against the load position. This allows the fracture 
mechanical test to be performed under relatively simple experimental conditions using 
a standard compressive testing apparatus with sufficient load capacity. 

  
(a) (b) 

Figure 3: Comparison of two fracture mechanical test made form core-drill sample – Brazilian 
disc with central notch (a) and semi-circular bend test (b). 

The mixed-mode I/II fracture condition is achieved, in both specimens, by inclining 
the initial notch against the loading position. This fact reduces demands on the experi-
ments, as a common testing apparatus with sufficient load capacity can be used. On 
the other hand, the preparation of the notches is more labour intensive and requires a 
skilled worked compared to traditional prismatic specimens. 
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Problem Statement 
Concrete material is profoundly used in almost every civil engineering structures, which 
are part of the important infrastructure, already built or to be built. Technological pro-
gress and increasing ambitious, sometimes critical, requirements on the new structure 
have launched a complete change in the concrete technology and construction. Such 
requirements can be split into two main branches. 

The first demand concerns environmental impacts with increased awareness of the CO2 
emissions reduction of whole cement industry. Consequently, the focus was placed on 
various mitigation strategies, which include variety of approaches e.g. fuel substitution, 
use of alternative raw materials, and use of material substitutes [5]. The other demand 
reflects both a need to repair current infrastructure, e.g. roads, bridges, buildings, where 
old system have lost its functionally and a need to build new infrastructure to expand 
current system. This aims to reduce structure’s and maintenance costs over the designed 
structure’s lifetime. Cost reduction potential is expected not only from the more envi-
ronmental cement production but also from more efficient use of cement in concrete and 
in its application in construction industry. This implies the need for corresponding stand-
ards and quality measures to safeguard the concrete construction along the structure’s 
life [4].  

Such demands have gradually led to the development of new concrete mixtures with 
improved mechanical properties and structural response. However, the main failure of 
concrete structure is due to development of micro-cracks which are progressively in-
creasing in size over the time and result in the major macro-crack. This process affects 
the structure’s durability and reduces the structure’s life. Hence, the analysis of the crack 
initiation and propagation in concrete material is at most interest to reduce the additional 
cost or worse the structure demolition. These cracks can initiate due to several reasons 
but mainly from the action of external loads i.e. static or cyclic. Static loads are present 
during whole structural activity and usually lead to single damage initiation, while the 
cyclic loads repeat themselves, which can result in the longer damage initiation process. 
Typically, it takes years for damage to be spotted and located on the structure. From the 
linear elastic fracture mechanics (LEFM) viewpoint, this process is called mixed mode 
I/II crack initiation and it can consider actions from both static and fatigue loads.  

Experimental verification of the analytical formulas mentioned in fracture mechanical 
handbooks, can be done by employing the digital image correlation (DIC) method [42]. 
The DIC technique captures deformations fields of the specimen that arise due to the 
applied load during experimental testing. Such displacement fields captured in the close 
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vicinity of the crack tip measured under the various mixed-mode I/II loading conditions 
is used to calculate fracture mechanical parameters. 

The above-mentioned research objectives and standards mostly focus on the crack ini-
tiation and crack path prediction. However, the structure is exposed to combination of 
environmental and physical loads within the structure lifetime. While the research of the 
actual effect of soluble chlorides on the crack development is unique, especially consid-
ering mixed mode I/II loading conditions. Therefore, the relationship between the FMPs 
of the cement-based composite/concrete and its resistance to chloride penetration is a 
very interesting problem to investigate together with the influence of the chloride pene-
tration depth on the load bearing capacity of the cross-section. Thus, it is of the most 
interest to investigate the influence of the aggressive chloride environment on the frac-
ture toughness and fracture resistance under the mixed mode I/II loading conditions. 

This lack of knowledge of the material fracture resistance to the mixed-mode I/II has 
led to the present study. 

Goals 
In order to achieve a correct and reliable application of the mixed mode I/II fracture 
resistance, this work aims to give better insight into crack initiation and failure mecha-
nism of the mixed mode I/II load, which has been studied numerically and verified ex-
perimentally. 

The main objectives of the presented thesis are: 
a) Deepen the understanding of mixed mode I/II crack initiation conditions for 

concrete materials. 
b) To analyse and validate the use of analytical formulas by employment of the 

digital image correlation technique. 
c) Deepen the knowledge of governing role of the critical distance rC on the 

mixed-mode I/II crack initiation process. 
d) To establish the connection among the experimental results and the numerical 

simulation throughout appropriate material model. 
e) To study the influence of the aggressive environment on the fracture resistance 

of under the mixed mode I/II load. 
f) To verify applicability of the higher order terms of the Williams’s expansion 

on the concrete materials. 
g) Analyse the stress and strain fields by non-linear numerical analysis in order to 

give insights to crack initiation conditions under the mixed mode I/II. 
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Methods 
Experimental research is carried out, considering various types of concrete mixtures, 
e.g. C50/60, two kinds of HPC, AAC and HSC. These mixtures were compared to the 
commonly used C 50/60 concrete grade in the fabrication of the precast concrete struc-
tural elements. Firstly, the mechanical tests were carried out to determinate the mate-
rial’s performance. Furthermore, comprehensive numerical simulation by finite ele-
ments models was carried out to analyse the crack initiation and failure mechanism un-
der the mixed mode I/II load and to obtain analytical formulas for the used geometry. 
For this, two different software was used i.e. ANSYS and Abaqus, nonetheless the ob-
tained results were not compared in between due to the licence agreement. Afterwards, 
these concrete mixtures were tested to obtain mixed mode I/II fracture resistance curves. 
In addition to this, the HPC mixture was studied by the digital image correlation tech-
nique to verify the analytical formulas given by the literature and to analyse the failure 
mechanism of the mixed mode I/II loading. Lastly the HPC mixture has been exposed 
to the aggressive environment to study the influence of aggressive environment on the 
FMPs.  

This experimental research and mixture development were done in close cooperation 
with the ŽPSV s.r.o. company, Institute of Physics of Materials of the Czech Academy 
of the Sciences, Department of Building Materials and Diagnostics of Structures of the 
Faculty of Civil Engineering of Technical University of Ostrava, Department of Struc-
tural Engineering and Building Materials at Ghent University and Department of Civil 
and Materials Engineering at University of Malaga. 
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1  Theoretical Background 
Concrete cracking is a very complex mechanism, which is substantially different from 
the cracking behaviour of the other materials used in civil engineering industry. Over 
the last few decades, suitable fracture mechanical models, together with test configu-
ration have been established to determinate the fracture mechanical parameters of 
concrete, which belongs to quasi-brittle materials.  

1.1 Linear Elastic Fracture Mechanics 

The fundamental concepts of fracture mechanics have been established in 1920 by 
Griffith [43], in which the unstable crack propagation based on the first law of ther-
modynamics. This hypothesis correctly predicted failure, if applied to glass specimen. 
If applied to other material, like to ductile metals, Griffith’s approach has some short-
comings. Therefore, Irwin [44] developed a modified version of the Griffith’s energy-
based approach. Irwin in his modifications showed that the stresses and displacements 
near the crack tip can be described by a single constant, related to the energy release 
rate, called the stress intensity factor (SIF). During the same period of time, Williams 
[45] and [46] applied a somewhat different technique to derive crack tip solutions with 
results essentially identical to Irwin’s results. These analyses are restricted to struc-
tures whose global behaviour is linear elastic and obey Hooke’s law, therefore this 
research field is call linear elastic fracture mechanics shortly - LEFM.  

This thesis, in most of its parts, deals with the LEFM concept and uses the solution 
prosed by Williams [45]. The literature dedicated to LEFM recognize three basic 
modes of the crack opening [47, 48]. These crack opening modes are showed in Figure 
4. 

 
Figure 4: Basic crack opening modes recognized by LEFM – (a) -Mode I, the tensile opening 
mode, (b) – Mode II, the in-plane shear mode and (c) – Mode III, the out-plane shear mode. 
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Mode I, the opening mode is when the opposing crack faces/surfaces move directly 
apart due to tensile load, Figure 4(a). Mode II, so-called the in-plane shear, is present 
when the crack faces/surfaces move over each other perpendicular to the crack front, 
Figure 4(b). The Mode III, so-called the out-plane shear is present when the crack 
surfaces move over from each other parallel to the crack front, Figure 4(c). Any com-
bination of such a loading mode is called mixed mode loading conditions. Further in 
this thesis the crack analysis is limited to the two-dimensional (2D) problem with fo-
cus set to analyse the combination of tensile mode I and shear mode II i.e. the mixed 
mode I/II loading conditions. 

Concrete is composite material composed of fine and coarse aggregates bounded to-
gether with a cement matrix that hardens over time. Thus, fracture of concrete is 
highly complex process that still poses challenge in composing experimental setup, 
numerical modelling, and concrete technology. Microstructure of concrete is highly 
heterogenous due to presence of flaws, such as pores, inclusions, and micro-cracks. 
These micro-cracks are locations, which can promote debonding of aggregate parti-
cles from the cement matrix. Further coalescence of these microscopic cracks due to 
external loading inevitably leads to observable macro-cracking. The cracks are not 
only affecting the aesthetic look and durability, but possibly jeopardizing the struc-
tural stability, as well. However, concrete cracking is inherent to the material and it 
does not necessarily result in structural failure; stabilized cracks are not dangerous 
[49]. It is important to fully understand the material’s fracture and failure behaviour 
in order to make correct judgment of this. 

To introduce main differences in the fracture process of concrete material, it is most 
explanatory to show concrete material’s response to the actions of external tensile 
load. This comparison is usually expressed by the applied load versus produced de-

formation (P-) diagram. Concrete’s response to the load, so-called quasi-brittle. 

The region in which the quasi-brittle material undergoes softening damage (tearing), 
featured by progressive micro-cracking, is called the fracture process zone (FPZ). This 
softening, in the FPZ is result from the micro-cracking of concrete material. The pres-
ence of FPZ is the main reason for the deviation of the concrete behaviour from the 
LEFM prediction. The FPZ is formed, when micro-cracks are propagating and later 
coalescing into observable macro-crack. In this zone, due to the existence of micro-
cracks concrete material progressively softens [49]. This above-referred phenomenon 
of response to tensile load can be examined in more detail if the crack tip situation is 
shown in Figure 5. 
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(a) (b) 

Figure 5: Typical P- response of a pre-cracked concrete specimen (a), and the fracture pro-
cess zone ahead of the real traction-free crack (b). Adopted from [49]. 

This FPZ is known to be property of all quasi-brittle materials, which are mainly het-
erogenous materials consisting of brittle constituents and inhomogeneities not negli-
gible to the structure’s size. These materials include concrete, as the archetypical case, 
fibre-reinforced concrete, shale and various rocks, fibre-polymer composites, coarse-
grained or toughened ceramics, refractories, bone, cartilage,  dentine,  dental  cements, 
silt, grouted soils, sea ice, consolidated snow, cold asphalt concrete, coal, various 
printed materials, etc., and all brittle materials on the micrometre scale [50]. 

Furthermore, the length of this FPZ in concrete structures is not constant, but related 
to the maximum aggregate size Dmax a typical value is roughly 12Dmax [51]. This 
means that, depending on the structural size, the FPZ may encompass the whole cross-
section [52]. This influence of the aggregate size on the length of the FPZ was exper-
imentally studied by Mihashi [53] with the acoustic emission (AE) technique. 

The development in of the FPZ in concrete is changing over the P- process. The 
concrete material is progressively softening in this zone due to micro-cracking. This 
can be schematically explained by Figure 5. It is appropriate to highlight significant 
features of this zone. The linear-elastic behaviour is until the point A is reached. The 
region between point A and point B exhibits the pre-peak nonlinearity, in which the 
FPZ is formed. In between the points B and C, the after peak softening is reached as 
a result of fully formed FPZ and micro-cracking. The tail of softening diagram C-D 
is on the other hand result of aggregate interlock and other frictional effects. At this 
stage the macro crack is fully developed.  
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1.2 Stress Fields for Mixed mode I/II 

The abovementioned LEFM concept derived by Williams uses, in most of the appli-
cations, the stress field in the close vicinity of the crack tip described by Williams’ 
expansion (WE) [45]. After receiving solution and some mathematical manipulation 
the WE can be rewritten into stress tensor form, which accuracy depends on the num-
ber of terms used and known stress function. The stress tensor using in Cartesian co-
ordinates for mode I and mode II described by WE have a following form: 

൝

𝜎௫௫

𝜎௬௬

𝜎௫௬

ൡ = ෍
𝑛

2

ஶ

௡ୀଵ

𝐴௡𝑟
ቀ

௡
ଶ

ିଵቁ

⎩
⎪
⎨

⎪
⎧ቀ2 +

𝑛

2
+ (−1)௡ቁ 𝑐𝑜𝑠 ቀ

𝑛

2
− 1ቁ 𝜃 − ቀ

𝑛

2
− 1ቁ 𝑐𝑜𝑠 ቀ

𝑛

2
− 3ቁ 𝜃

ቀ2 −
𝑛

2
− (−1)௡ቁ 𝑐𝑜𝑠 ቀ

𝑛

2
− 1ቁ 𝜃 + ቀ

𝑛

2
− 1ቁ 𝑐𝑜𝑠 ቀ

𝑛

2
− 3ቁ 𝜃

ቀ
𝑛

2
− 1ቁ 𝑠𝑖𝑛 ቀ

𝑛

2
− 3ቁ 𝜃 − ቀ

𝑛

2
+ (−1)௡ቁ 𝑠𝑖𝑛 ቀ

𝑛

2
− 1ቁ 𝜃 ⎭

⎪
⎬

⎪
⎫

 

             − ෍
𝑚

2

ஶ

௠ୀଵ

𝐵௡𝑟
ቀ

௠
ଶ

ିଵቁ

⎩
⎪
⎨

⎪
⎧ቀ2 +

𝑚

2
− (−1)௠ቁ 𝑠𝑖𝑛 ቀ

𝑚

2
− 1ቁ 𝜃 − ቀ

𝑚

2
− 1ቁ 𝑠𝑖𝑛 ቀ

𝑚

2
− 3ቁ 𝜃

ቀ2 −
𝑚

2
+ (−1)௠ቁ 𝑠𝑖𝑛 ቀ

𝑚

2
− 1ቁ 𝜃 + ቀ

𝑚

2
− 1ቁ 𝑠𝑖𝑛 ቀ

𝑚

2
− 3ቁ 𝜃

− ቀ
𝑚

2
− 1ቁ 𝑐𝑜𝑠 ቀ

𝑚

2
− 3ቁ 𝜃 + ቀ

𝑚

2
− (−1)௠ቁ 𝑐𝑜𝑠 ቀ

𝑚

2
− 1ቁ 𝜃 ⎭

⎪
⎬

⎪
⎫

,

(1) 

where r and  are the polar coordinates, n, m are the orders of the term in the WE 
infinite power series, coefficient An corresponds to mode I and coefficient Bm corre-
sponds to mode II. The coefficient of the first singular term for n = 1, i.e. A1, is related 
to the stress intensity factor (SIF) for mode I, and the second coefficient A2 corre-
sponds to the distance-independent term called T-stress. For mode II the first singular 
term for m = 1, i.e. B1, is related to the SIF for mode II.  
These engineering terms can be calculated as follows: 

𝐾ூ = √2𝜋𝐴ଵ, 𝑇 = 4𝐴ଶ, 𝐾ூூ = −√2𝜋𝐵ଵ. (2) 

Using Eq. (2) a stress tensor from Eq. (1) can be rewritten into a simplified two-pa-
rameter form: 

𝜎௜,௝ =
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where ij represents the stress tensor components, KI, KII are the SIFs for mode I and 
mode II, respectively. 

The 𝑓௜,௝
ூ (𝜃), 𝑓௜,௝

ூூ(𝜃), are known shape functions for mode I and mode II (with origin at 

the crack tip; crack faces lie along the (x-axis) and Oi,j are the higher order (HO) terms. 
The Cartesian coordinate system formulation for the stress tensor used in Eq. (1) is 
shown in Figure 6(a), while the same stress tensor in polar coordinates is shown in 
Figure 6(b). 
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(a) (b) 

Figure 6: Stress tensor components in the Cartesian coordinate system (a) and in the polar co-
ordinate system (b) with the origin at the crack tip. 

Further in this thesis, for the description of the stress fields around the crack tip a polar 
coordinate system is used. For this a stress tensor component using SIFs and T-stress 
can be expressed in following form:  
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As with the stresses, the displacement field for mixed mode I/II load conditions around 
the crack tip can be expressed using the WE . The displacement in the direction of x-
axis u is expressed as:  
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(5) 

while the displacement in the direction of y-axis v is expressed as: 
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(6) 

where u and v are the displacement vector components in the x and y direction,  is 

the shear modulus, which can be expressed as E/2(1 + ),  is Kolosov’s constant for 

plane strain 3 - 4 and for plane stress (3 - )/(1 + ) conditions, and E and  are the 
Young’s modulus and the Poisson’s ratio, respectively.  

1.3 Mixed Mode I/II Fracture criteria 

In the engineering practice the structure or its components are very often loaded with 
multiple types of loads which produce the mixed mode I/II fracture. Knowledge of 
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the direction of the crack initiation can help to extend the structure’s life and reduce 
structure’s sudden failures. S 
Usually the mixed mode I/II fracture analysis is done by employing various fracture 
criteria. Traditional criteria are e.g. maximum tangential stress (MTS) criterion pos-
tulated by Erdogan and Sih in 1963 [54] and strain energy density (SED) criterion 
postulated by Sih in 1974 [55, 56]. Both criteria use in the mixed mode I/II fracture 
analysis only SIFs for mode I and mode II. The recent development of fracture anal-
ysis of mixed mode I/II loading conditions lead to postulate advanced fracture criteria 
e.g. generalized strain energy density (GSED) criterion [57, 58] and generalized max-
imum tangential stress (GMTS) criterion [59, 60]. These recent fracture criteria are 
using SIFs as well as the traditional ones together with additional parameters. These 
parameters are the T-stress (i.e. the second term of the WE) or more WE terms and 
the critical distance rC. Employment of additional parameters leads to more computa-
tionally demanded procedures, which are mainly solved numerically. 

1.3.1 Generalised Maximum Tangential Criterion 
The GMTS criterion is extension of the traditional MTS criterion. The GMTS, uses 

the tangential stress  as presented in Eq. (4) on p. 16. The  is expressed by using 
first two engineering terms presented in Eq. (2) on p. 15 i.e. KI and T for mode I and 
KII for mode II.  
The maximum value is found by search for function maximum and by complying to 

the conditions, then crack initiation direction 0 can be obtained from conditions 
when: 

𝜕𝜎ఏఏ

𝜕𝜃
|ఏୀఏబ

= 0 and 
𝜕ଶ𝜎ఏఏ

𝜕ଶ𝜃
< 0. (7) 

This modifies Eq. (4) on p. 16 to following form of MTS criterion:  

[𝐾ூ𝑠𝑖𝑛𝜃଴ + 𝐾ூூ(3𝑐𝑜𝑠𝜃଴ − 1)] = 0 (8) 

or in GMTS form:  

[𝐾ூ𝑠𝑖𝑛𝜃଴ + 𝐾ூூ(3𝑐𝑜𝑠𝜃଴ − 1)] −
16𝑇

3
ඥ2𝜋𝑟௖𝑐𝑜𝑠𝜃଴𝑠𝑖𝑛

𝜃଴

2
= 0. (9) 

The main difference between Eq. (8) and Eq. (9) is that the crack initiation angle 0 of 

the maximum tangential stress  for any combination of modes I and II depends on 
KI, KII, T and on the critical distance rC. Please note, if the critical distance rC = 0, the 
GMTS expression simplified itself to MTS expression as presented in Eq. (8). The 

angle 0 determined from Eq. (9) is then used to predict the direction of the mixed 
mode I/II fracture. 
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Figure 7: Stress tensor in polar coordinates with a critical distance rC, onset of fracture 0 and 

critical tangential stress ,C with the origin at the crack tip. 

According to GMTS criterion for mixed mode I/II, the brittle fracture occurs radially 

from the crack in the direction of the maximum tangential stress 0. The crack initiate 

when along the 0 and critical distance rC the maximum tangential stress  reaches 

its critical value ,C (See Figure 7). The brittle fracture occurs when KI = KIC, KII = 

0. and 0 = 0°, this assumption simplifies Eq. (4) on p. 16 to: 

ඥ2𝜋𝑟஼𝜎ఏఏ,஼ = 𝐾ூ஼ , (10) 

where KIC is the fracture toughness for mode I. 
The brittle fracture can be obtained by substituting the fracture toughness KIC and 

found crack initiation direction 0 into Eq. (4). This will lead to: 

𝐾ூ௖ = 𝑐𝑜𝑠
𝜃଴

2
൤𝐾ூ𝑐𝑜𝑠ଶ

𝜃଴

2
−

3

2
𝐾ூூ𝑠𝑖𝑛𝜃଴൨ + ඥ2𝜋𝑟௖𝑇𝑠𝑖𝑛ଶ𝜃଴. (11) 

Such Eq. (11) can be used for the calculation of fracture initiation for pure mode I, 
pure mode II and mixed mode I/II. 

1.3.2 Critical Distance 
It is recognized that plastic deformation will occur at the crack tip or in its close vi-
cinity as a result of the high stresses that are generated by the sharp stress concentra-
tion. To estimate the extent of this plastic deformation, Irwin equated the yield 
strength to the Y-direction stress along the X-axis and solved it for the radius. The 
radius value determined was the distance along the X-axis where the stress perpendic-
ular to the crack direction would equal the yield strength; thus, Irwin [61] found that 
the extent of plastic deformation. This extent of the plastic zone is now commonly 
referred as critical distance rC. The fundamental approach to acquire the values of 
material’s critical distance can be evaluated by substituting material’s fracture tough-

ness KIC into tangential stress  from Eq. (4) on p. 16 or its critical value ,C from 
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Eq. (10) on p. 18 and considering various boundary conditions, this will lead to fol-
lowing formulas:  

𝑟௖ =
ଵ

ଶ
ቀ

௄಺಴

ఙ೟
ቁ

ଶ

 – plane stress, (12) 

𝑟௖ =
ଵ

଺
ቀ

௄಺಴

ఙ೟
ቁ

ଶ

– plane strain. (13) 

In Eqs. (12) and (13) KIC is the fracture toughness for mode I and t is the tensile 
strength or sometimes referred as ft in application to concrete materials. 

2  Experimental Details 

2.1 Test specimens 

The Brazilian disc (BD) is widely used to determinate the indirect or transverse tensile 
strength ft of rocks [36] (see Figure 8(a)). While the Brazilian Disc with a Central 
Notch (BDCN) was selected as a main geometry to investigate the mixed mode I/II 
fracture. This mixed mode I/II loading is achieved by inclining the initial notch to the 

loading point by the angle  (see Figure 8(b). The dimensions and typical boundary 
conditions for both tests are shown Figure 8. 

  
(a) (b) 

Figure 8: Dimensions and boundary conditions of – (a) Brazilian disc specimen and (b) Bra-
zilian disc with a central notch specimen. 

The indirect tensile strength ft can be evaluated for the BD specimen by the following 
equation: 

𝑓௧ =
௉

గோ஻
, (14) 

where P is the applied compressive load, R is the disc’s radius and B is the specimen’s 
thickness.  
The BD’s failure occurs in centre of the disc in the location of the maximum tensile 
stress. Measured indirect tensile strength ft is used to determinate material’s critical 
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distance rC as it is evaluated from circular geometry which reduce the error produced 
by different geometries.  
Both BD and BDCN specimens are prepared by cuts of the cylindrical samples. The 
cylindrical sample can be obtained from core drill (real structure prior to renovation) 
or from mixture cast to moulds (new mixture development). In this study the speci-
mens have been made from moulded samples with dimension of 150 × 300 mm 
(height × diameter). Actual, experimental setup for the BDCN specimen is showed in 
Figure 9. 

 
 

(a) (b) 

Figure 9: Experimental set-up of BDCN specimen (a/R = 0.4 α = 20°) (a) and (b) the DIC 
measurement setup. 

The notch in the BDCN specimen has length of 2a and the relative notch length ratio 
is then expressed as a/R and thus the notched specimen is used in the evaluation of 
FMPs of concrete materials. 
Further in the analysis of the mixed mode I/II fracture resistance the SIFs will be 
determined on the BDCN geometry. The SIFs for mode I and mode II are calculated 
using Eqs. (15) and (16) according to the handbook by Tada & Paris [62] and by the 
literature Ayatollahi [60] and by Seitl et al [63]. 

𝐾ூ =
𝑃√𝑎

𝑅𝐵√𝜋

1

ට1 −
𝑎
𝑅

𝑌ூ(𝑎/𝑅, 𝛼), 
(15) 

𝐾ூூ =
𝑃√𝑎

𝑅𝐵√𝜋

1

ට1 −
𝑎
𝑅

𝑌ூூ(𝑎/𝑅, 𝛼), 
(16) 

where P is the applied compressive load, R is the specimen radius, a is the crack 

length,  is the notch inclination angle, B is the thickness of the specimen and YI and 
YII are the shape functions for mode I and mode II, respectively.  
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The mixed mode I/II fracture resistance is usually expressed in the relative coordinates 
for mode I as ratio of KI/KIC and for mode II as ratio of KII/KIC.  
The fracture resistance is then expressed by substituting these assumptions to the Eq. 
(11) on p. 18. The fracture resistance curve for mode I is then obtained from:  
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= 𝑐𝑜𝑠
𝜃଴

2
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𝑠𝑖𝑛ଶ𝜃଴, (17) 

and for mode II: 
𝐾ூ஼
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= 𝑐𝑜𝑠
𝜃଴
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𝐾ூ

𝐾ூூ

𝑐𝑜𝑠ଶ
𝜃଴

2
−

3

2
𝑠𝑖𝑛𝜃଴൨ + ඥ2𝜋𝑟஼

𝑇

𝐾ூூ

𝑠𝑖𝑛ଶ𝜃଴, (18) 

Both Eq. (17) and Eq. (18) show noticeable dependency of whole GMTS criterion on 
the second term of the WE and on the critical distance rC. Thus, the estimation of 
proper value of the critical distance rC in this case is crucial.  
In order to study the influence of the aggressive environment on the mixed mode I/II, 
the prepared BD and BDCN samples were stored in plastic containers filled with water 
and sodium chloride solution. The samples were stored in such conditions for 30 days. 
The containers are shown in Figure 10. 

 
Figure 10: Prepared BD and BDCN specimens stored in plastic containers filled with water 

and chloride solution in a laboratory room with constant room temperature.  

2.2 Materials 

Hereunder, the used concrete mixtures are presented in form of measured mechanical 
characteristics. The total number of used mixtures for this experimental campaign  
is 5 i.e., C 50/60, HSC, HPC - batch A, AAC and HPC- batch B. The mixture compo-
sition was in direct cooperation with the concrete precast plant at ŽPSV s.r.o. com-
pany. Presented mixtures are used in the prefabrication of the concrete structural ele-



Shortened Version of Doctoral Thesis Ing. Petr Miarka 

22 

ments e.g. bridge beams, floor panels and the railway sleepers. The intent of investi-
gation of more than one mixture is to improve its mechanical and mainly fracture 
mechanical properties, while reducing the cement content. The measured material’s 
mechanical properties are according to European standards.  

Table 1: Mechanical properties of used concrete mixturesat 28 days age. 

 C 50/60 HSC HPC_A AAC HPC_B 

Compressive cube strength fc,cube [MPa] 85.8 65.2 51.1 62.3 60.8 
Compressive cylindrical 

strength fc,cyl [MPa] 
72.8 106.2 100.5 48 102.0 

Indirect tensile strength ft [MPa] 5.52 7.4 5.4 3.4 6.2 

Young’s Modulus E [GPa] 38.3 41.3 42.1 26.3 28.7 

Young's modulus – cylinder 
Ecyl [GPa] 

39.2 - 40.6 29.6 39.5 

Bulk density  [kg/m3] 2390 2350 2342 2210 2395 

3  Numerical Model 
In order to assess the relevance of the BDCN test, a parametric study of a BDCN was 
performed using the FEM software Abaqus [64] with concrete damage plasticity ma-
terial model. For this, 2D plane stress model was created with a radius of R = 75 mm 
corresponding to the disc’s size in [65], and an initial notch length 2a = 60 mm corre-
sponding to a relative crack length a/R = 0.4, a notch thickness t of 2 mm and inclina-

tion notch angles  of 0°, 5° 10°, 15°, 20° and 25.2°. The initial notch angle n was 

selected to investigate the tensile mode I fracture i.e.  = 0°, the mixed mode I/II 

fracture for angle , which varies from 5° to 20°. The pure shear mode II fracture 

should be present when  = 25.2° [65]. 
The LEFM model was loaded by the force P of 100 N in order to obtain geometry 
functions for mode I YI and for mode II YII and to have values of T-stress for various 
a/R ratios.  
The numerical study was performed with a displacement-controlled loading applied 
at the top edge of the BDCN, while the bottom edge was considered a rigid support. 
The total induced vertical displacement was uy = -0.1 mm (ux = 0 mm) over the pseudo 
time step (static analysis). Adequate boundary conditions were added to prevent rigid 
body translations and rotations (See Figure 11). 
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(a) 

Figure 11: Geometry and boundary conditions (a) and flattened edge of BDCN model (b). 

3.1 Numerical results 

To evaluate the values of geometry function YI and YII a numerical model, the LEFM 
was used to calculate SIFs for mode I and mode II for various notch lengths a/R and 
initial notch inclination angle α. The relative notch lengths were selected as 0.2, 0.267, 
0.3, 0.5, and 0.6 and values of notch inclination angle α were <0° - 45°>. The evalu-
ated geometry functions YI and YII for various a/R ratios are presented in Figure 12. 

 

  
(a) (b) 

Figure 12: Comparison of geometry function values for various a/R ratios - (a) for mode I YI 
and (b) for mode II YII. 

The negative values of geometry functions YI, as observed in Figure 12, is related to 
the interface free crack faces, which results into overlapping the crack faces in the 
numerical solution. In practice, the negative value of YI and KI would arrest the crack 
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initiation. Similarly to SIFs, T-stress values can be generated by FEM model. The 
numerically calculated  T-stress values for various a/R ratios are shown in Figure 13.  

 

 
Figure 13: Comparison the numerical generated T-stress values for various relative notch 

length a/R corresponding to load P = 100 N.  

Wide range of notch inclination angle α was chosen to demonstrate the fact that the 
pure mode II is present for different angle α for each studied a/R ratio. Similarly to 
this, the values of the T-stress are presented in order to show for which angle α is  
T-stress equal to 0. The detailed values of notch inclination angles α for which YI = 0 
(𝛼௒಺ୀ଴) and T-stress = 0 (𝛼்ୀ଴) are showed in Table 2.  

Table 2: Comparison of angle α for which YI = 0 and T-stress = 0 for various a/R ratios. 

a/R [-] 𝛼௒಺ୀ଴ [°] YI [-] 𝛼்ୀ଴ [°] T-stress [MPa] 

0.2 29 0.05 42 -0.013 
0.267 27.7 0.003 40 -0.001 
0.3 28 0.201 38 -0.061 

0.4 25.2 0.002 34 -0.058 
0.5 22 0.374 26 -0.008 
0.6 20 0.078 25 0.008 

The non-linear numerical analysis provides overall comparison of the maximum re-
action loads is presented in Figure 14 (a), where the difference between average values 
of numerical and experimental data is limited to 16% for angles α higher than 25°. 
Nevertheless, the numerical and experimental values of Pmax show similar trend. This 
can be seen in the Figure 14(b), where the linear function based on the least square 
method was used on the average values.  
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(a) (b) 

Figure 14: Comparison of maximum calculated forces Pmax with experimentally measured 
fracture forces PC from Seit et al. [65] i.e. on the C 50/60 material. 

4  Experimental Results 

4.1 Fracture Toughness 

The pure mode I is present for both relative ratios a/R of 0.267 and 0.4 for notch 
inclination angle α = 0°. On the other hand, the pure mode II is present at different 
inclination angle for each ratio a/R. Thus, the mode II fracture toughness was deter-
mined for angle α = 27.7° for the ratio a/R = 0.267 and for angle α = 25.2° for the ratio 
a/R = 0.4. Determined values of fracture toughness for mode I KIC for each studied 
material are presented in Table 3, while values of fracture toughness for mode II KIIC 

are showed in Table 4. 

Table 3: Comparison of evaluated fracture toughness KIC for mode I on the BDCN geometry 
for various relative notch lengths. 

Material 
a/R = 0.267  

KIC [MPam1/2] 
a/R = 0.4    

KIC [MPam1/2] 

C 50/60 0.668 0.972 

High-strength concrete  1.064 1.821 
High-performance concrete  – Batch A 0.790 0.8423 

Alkali activated concrete 0.551 0.584 

HPC - Batch B- Cl- free - 0.919 
HPC - Batch B - Cl- saturated - 0.782 

15° 10° 0° 5° 20° 25° Experiment Avg. experiment Avg. numerical

 Avg. experiment    Avg. numerical  
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Table 4: Comparison of evaluated fracture toughness KIIC for mode II on the BDCN geome-
try for various relative notch lengths. 

Material 
a/R = 0.267 

KIIC [MPam1/2]  
a/R = 0.4 

KIIC [MPam1/2] 

C 50/60 0.974 1.329 
High-strength concrete  1.835 2.290 

High-performance concrete – Batch A  1.229 1.182 

Alkali activated concrete 0.730 1.084 
HPC  – Batch B - Cl- free - 1.105 

HPC – Batch B - Cl- saturated - 1.073 

From values presented in Table 3 and Table 4 it can be observed, that the values of 
both fracture toughness vary heavily. This difference is caused by geometry and by 
material itself, which vary in the mixture composition. Clear increase by at least 15% 
of both values KIC and KIIC for the mixtures categorized as HPC or HSC can be ob-
served, if compared to C 50/60 material. The highest difference shows HSC mixture 
with almost 55 % increase of the KIC value and by 60% increase of the KIIC value. On 
the other hand, if C 50/60 is compared to AAC material a decrease by 40% of KIC and 
by 25% of KIIC can be observed. 
Both changes are mainly related to the value of indirect tensile strength ft, which de-
pends on the bond between the aggregate and matrix. Decrease of KIC value in case of 
AAC material is due to overall lower mechanical performance (compressive strength, 
tensile strength) of the material, which results to an earlier crack initiation and speci-
men failure. On the other hand, decrease in in case of chloride environment is related 
to the possible formation of the Friedel’s salt as the Portland cement blend contains 
Metakaolin, which increase the chance of the Friedel’s salt formation. 

4.2 Critical Distance 

In further evaluation of the mixed mode I/II fracture resistance, the critical distance 
rC plays key role and varies for each material. Critical distance rC depends on the 
fracture toughness KIC for mode I and on the tensile strength ft, simultaneously it is 
parameter which governs the fracture resistance under the mixed mode I/II evaluated 
by GMTS criterion.  
As above-mentioned approach to calculate the critical distances rC offers two variants 
for its calculation as showed in Eq. (12) and in Eq. (13) on p. 19. The calculated rC 
for all investigated concrete mixtures and relative notch ratios a/R are presented in 
Table 5.   
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Table 5: Comparison of calculated critical distance rC for various studied concrete materials. 

Material 
Plane stress rC [mm] Plane strain rC [mm] 

a/R = 0.267 a/R = 0.4 a/R = 0.267 a/R = 0.4 

C 50/60 2.336 4.945 0.779 1.648 
HSC 7.6. 1.607 4.711 0.536 1.570 

HPC 31.5. 2.402 2.730 0.801 0.91 

ACC 4.856 5.459 1.619 1.820 
HPC – Cl--free - 3.975 - 1.325 

HPC – Cl--saturated - 2.873 - 0.958 

From Table 4 a similar observation as in the case of the fracture toughness KIC can be 
made i.e. the critical distance The discussion is about the selection of the critical dis-
tance rC from the crack tip and its influence on the shape and size of the fracture 
resistance curve.  

4.3 Mixed Mode I/II Fracture Resistance 

To evaluate the fracture resistance under the mixed mode I/II the GMTS criterion was 
used. The mixed mode fracture resistance of each studied concrete mixture is present 
in form of the fracture resistance curve, which was calculated from Eqs. (12) and 
(13)on p.19 for various critical distances. Such curves are presented in relative and 
absolute values.  
Generally, the mixed mode I/II fracture resistance is presented in relative coordinates, 
i.e. KI/KIC as for the x-axis and KII/KIC as for the y-axis. This provides great illustration 
of how accurate the theoretical prediction by the fracture criterion is. Subsequently, 
the goodness of fracture resistance predicted by fracture criteria was estimated by the 
root mean squared error (RSME) to give explicit conclusions. 

4.4 Fracture Resistance Curves 

The BDCN specimen made of C 50/60 material were used in preliminary experiments 
for first try out of such experimental setup. Experiments were performed with the 
BDCN possessing the notch of relative crack ratio a/R of 0.267 and a/R of 0.4.  
Mixed mode I/II fracture resistance for C 50/60 evaluated by using the MTS (Eq. (8) 
on p. 17) and GMTS criterion (Eq. (9) and  (8) on p. 17) with the values of fracture 
toughness from Table 3 for a/R of 267 and from Table 4 for a/R of 0.4. Subsequently, 
values of critical distance as presented in Table 5 were used as input parameters for 
the fracture criteria. The estimated fracture resistance curves in relative coordinates, 
i.e. KI/KIC and KII/KIC are shown in Figure 15. 
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(a) (b) 

Figure 15: Mixed mode I/II fracture resistance of C 50/60 material relative notch ratio (a) –  
a/R = 0.267 and (b) – a/R = 0.4. 

 If the fracture resistance curves calculated by GMTS criterion are compared in the 
relative coordinates, the difference between each mixture is virtually low. The evalu-
ated fracture resistance curves via GMTS criterion for the HSC mixtures in relative 
coordinates are showed in Figure 16. 

 

 
(a) (b) 

Figure 16: Comparison of the fracture resistance curves between C 50/60 and HPC material 
in relative coordinates (a) – a/R = 0.267 and (b) – a/R = 0.4. 

4.5 Mixture Comparison 

Studied mixtures are compared by means of the value of The calculate RSME values 
for relative notch ratio a/R of 0.267 are presented in Table 6 and for relative notch 
ratio a/R of 0.4 are presented in Table 7.  
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Table 6: Comparison of RSME values for the fracture criteria for various materials for ratio 
a/R of 0.267. 

Material C 50/60 HSC HPC AAC 

RSME – MTS [-] 0.7349 0.5865 0.6760 0.7451 

RSME – GMTS – plane stress [-] 0.9384 0.8608 0.9615 0.8112 
RSME – GMTS – plane strain [-] 0.9322 0.7522 0.8732 0.9679 

Table 7: Comparison of RSME values for the fracture criteria for various materials for ratio 
a/R of 0.4. 

Material C 50/60 HSC HPC AAC 

RSME – MTS [-] 0.8132 0.8064 0.7120 0.8132 
RSME – GMTS – plane stress [-] 0.8845 0.8973 0.9428 0.8845 
RSME – GMTS – plane strain [-] 0.9155 0.9577 0.8725 0.9155 

From both Table 6 and Table 7 can be seen that the traditional fracture criterion MTS 
predicts mixed mode I/II failure inaccurately with almost 40 % of difference.  

4.6 Chloride Penetration Depth 

The evaluation of the influence of the chloride penetration of the concrete specimen,  
was investigated whether the weakened cross-section had an effect on the fracture 
properties. For this purpose, a chloride penetration depth was measured by the afore-
mentioned colorimetric method. The average values of the measured penetration 
depth are shown in Table 8. 

Table 8: Measured chloride penetration depth. 

Specimen 
Penetration depth from 

the bottom [mm] 
Penetration depth from 

the top [mm] 
Mean value of penetration 

depth [mm] 

HPC_37 4.79 3.11 3.95 
HPC_38 6.45 5.72 6.09 

HPC_39 3 5.29 4.15 

Mean value 4.74 4.71 4.73 

Based on the results, one can notice that the specimens were affected by chloride ions 
approximately 4.73 mm from both the top and the bottom. 
The measurement of the chloride penetration depth was conducted by the AgNO3 col-
orimetric method as described in [66]. After the splitting tests, the chloride-contami-
nated specimens were sprayed with the AgNO3 solution. The measurement of chloride 
penetration depths is presented in Figure 17, where the un-penetrated ligament is high-
lighted with a green line, and the specimen is divided into regular sections. 
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Figure 17:  Measured chloride penetration depth by colorimetric method on one of the speci-
mens. 

It is necessary to distinguish between the values of fracture toughness KIC measured 
for the different Cl- environments. Thus, KIC is used for the values of fracture tough-

ness experimentally measured on the Cl--free samples, and 𝐾ூ஼
஼௟ష

is used for the values 
of fracture toughness experimentally measured on the specimens saturated with Cl-. 
The experimental results presented in Figure 18.  

                    

  
(a) (b) 

Figure 18: Comparison of the evaluated SIF values for various environmental conditions with 
highlighted values of fracture toughness KIC and 𝑲𝑰𝑪

𝑪𝒍ష
, respectively - (a) Cl--free samples and 

(b) Cl--saturated samples. 

The measured values of the fracture toughness of the HPC concrete mixture exposed 

to different environments are KIC of 0.926 MPam1/2 and 𝐾ூ஼
஼௟ష

 of 0.788 MPam1/2, re-
spectively. This difference seems to be linked to the fact that the Cl- ions penetrate the 
disc’s body not only from both the top and the bottom surface, as in the case of the 
samples used for the indirect tensile strength measurement, but also Cl- ions can pen-
etrate from the notch, which creates another surface exposed to the Cl- environment. 
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This leads to a lower value of fracture toughness 𝐾ூ஼
஼௟ష

, as the crack initiates from the 
notch end. The calculated values of critical distance rC for both studied cases of envi-
ronment aggressivity are presented in Table 9. 

Table 9: Calculated values of critical distance rC for both studied cases of Cl--free and Cl--
saturated environment aggressivity, respectively.  

Fracture toughness [MPam1/2] rC [mm] - plane strain  rC [mm] - plane stress 

KIC = 0.926 1.344 4.033 

𝐾ூ஼
஼௟ష

= 0.788 0.972 2.917 

The calculated critical distances for the case of the Cl--saturated specimens show again 
a lower value by approx. 30%, which results in an earlier crack initiation and a lower 
value of fracture toughness KIC. According to the GMTS criterion, the onset of a frac-

ture begins when the critical value of tangential stress ,C is reached. In the case of 

the Cl--saturated samples, the value of ,C is reached in the closer distance from the 
crack tip, which results in an earlier failure. The comparison of fracture resistance 
curves for both Cl- free and Cl- saturated cases is presented in Figure 19.  

  

  
(a) (b) 

Figure 19:  Comparison of evaluated fracture resistance curve under the mixed mode I/II 
loading conditions - (a) chloride Cl--free samples and (b) chloride Cl--saturated samples. 

This influence of various levels of the environment aggressivity is more observable, 
if the fracture resistance curves are plotted in absolute values, i.e. plotted as KII against 
KI instead of the ratio of KI/KIC and KII/KIC, respectively. The mixed mode I/II fracture 
resistance curves with various levels of environment aggressivity are shown for plane 
stress in Figure 20(a) and for plane strain in Figure 20(b). 
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(a) (b) 

Figure 20: Fracture resistance under mixed mode I/II expressed in absolute values of stress 
intensity factors for mode I and mode II – (a) plane stress and (b) plane strain.  

The fracture resistance curves presented in Figure 20 again show a clear influence of 
the chloride aggressivity on the fracture resistance under the mixed mode I/II load. 
This difference for both studied cases of the aggressive environment is again about 
15%. Consequently, this influence of the chloride penetration on the fracture re-
sistance under mixed mode I/II should be taken into account, as it can lower the frac-
ture load, for which a crack can initiate in a real structure. Moreover, this result has a 
major influence as it was experimentally proven before, that if HPC mixture has some 
content of metakaolin, it improves the mixture’s resistance to chloride penetration 
[67]. 
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Conclusion 
The aim of this research was to study the crack initiation under the mixed-mode I/II 
conditions of various concrete materials used in building practice. The measured frac-
ture mechanical properties and fracture resistance under the mixed-mode I/II of com-
monly used C 50/60 concrete material were compared to newly developed high-
strength, high performance and alkali-activated concrete materials. The mixed mode 
I/II crack initiation problem was analysed numerically and experimentally on the con-
crete Brazilian disc with central notch (BDCN) specimen. 
The numerical part, focused on the evaluation of the geometry functions of the BDCN 
geometry Furthermore, the crack initiation and propagation in the BDCN specimen 
was analysed by the means of the non-linear analysis by employing the concrete dam-
age plasticity material model.  
In experimental part, the focus was placed to evaluate the value of material’s fracture 
toughness KIC and the critical distance rC as they serve as an input parameters to the 
generalised maximum tangential stress (GMTS) fracture criterion. Furthermore, the 
influence of the aggressive environment on the values of KIC, rC and the shape of the 
fracture resistance curve was study on chloride saturated specimens. Experimental 
Outcome 
Experimental results proved that the each mixture shows different behaviour under 
the mixed-mode I/II load. Subsequently, the experimental results validated the ap-
plicability of the DIC technique to the concrete material, which provided the displace-
ments field for the calculation of the WE terms. Furthermore, the experimental part 
showed that the mixed-mode I/II resistance can be influenced by the aggressive envi-
ronment.  

4.7 Fracture Properties and Resistance under Mixed-mode I/II. 

The fracture properties were evaluated on the BDCN geometry for various concrete 
materials and compared between each other. Analysed FMPs were fracture toughness 
KIC and the critical distance rC have governing role in the mixed mode I/II fracture 
resistance. Furthermore, the evaluated fracture resistance curves by the GMTS crite-
rion were presented for each material and compared to the commonly used C 50/60 
material.  
Generally, it was found that the mixed-mode I/II fracture resistance curve, evaluated 
by the MTS criterion, shows poor prediction of the specimen failure, while the GMTS 
curve shows overall better prediction. In addition to this, the GMTS curves are highly 
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affected by the number of the tests used for the KIC evaluation. Therefore, it is recom-
mended to use more specimens for the KIC testing in the mixed mode I/II fracture 
analysis. Besides this, the general conclusion can be made, i.e. that with the increasing 
mechanical and material’s fracture mechanical properties the fracture resistance under 
the mixed mode I/II improves as well.  

4.8 Influence of Aggressive Environment 

The experimental results evaluated on the specimens saturated in chloride solution, 
showed generally lower value of fracture toughness KIC and lower resistance to the 
mixed mode I/II loading if compared to the water saturated specimens. The chloride 
penetration depth was measured by the colorimetric method. The chloride ingress to 
the specimen body was studied and the effective thickness was calculated. Tradition-
ally, the chloride influence is analysed on the resistance of the reinforcement’s corro-
sion, while in this case of unique study, the results showed, that the chlorides can have 
major influence on the durability of the concrete itself. 

5  Perspectives for further Research 
This thesis dealt with the mixed mode I/II fracture from various viewpoints, and it can 
be stated, after finishing it, that it opened even more interesting topics to be investi-
gated. An interesting topic to be studied could be the comparison the DIC displace-
ments fields and the CDP numerically generated ones. This would validate the ap-
plicability of the CDP model and bring more insight into the mixed-mode I/II fracture 
analysis. Furthermore, it would be interesting to compare the P-CMOS and P-CMOD 
curves for the DIC and CDP case.  
The influence of the aggressive environment on the fracture toughness and fracture 
resistance under the mixed mode I/II can be extended as well. This analysis could 
consider progress of the chloride ingress to the concrete body over the time, i.e. from 
1 month to 1 year. Furthermore, an advanced screening method could be employed, 
i.e. tomography, to analyse micro-structure, defects and size of the pores. Also, some 
microscope technique could be employed to locate the Friedel’s salt crystallization 
and consequent damaging microstructure.  
From the LEFM experimental viewpoint, it would be beneficial to find the circular 
geometry for which the T-stress is less than zero. This would lead to improvement of 
the fracture toughness accuracy and leading into improvement of the GMTS fracture 
predictions.  
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