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Summary 
In recent years, a novel technique called holographic endoscopy has been developed and 
systematically improved. This unique technology utilizes a single hair-thin optical mult i-
mode fiber as a minimally invasive probe for deep tissue in vivo microscopy. 

A major milestone was reached last year when near-perfect focusing through a mult i-
mode fiber was achieved with the holographic endoscope. This breakthrough is significant 
for adapting scanning fluorescent microscopy techniques because it allows for more pre­
cise imaging with lower unwanted noise, thanks to the purity and fidelity of the focused 
excitation light. 

The achievement led to a new question: is it possible to generate more complex 
optical fields than diffraction-limited foci through the multimode fiber wi th comparable 
quality? This thesis aims to investigate this issue by producing A i r y beams at the t ip 
of the multimode fiber using the holographic endoscope setup. Two methods were used 
to produce A i r y beams in this study: Fourier domain and direct field synthesis. The 
quality of the resulting beams was evaluated by comparing them to simulations. The 
propagation of the generated beams was also recorded and observed, and the potential 
of Fourier domain synthesis to control and modify the propagation characteristics of an 
A i r y beam was explored. 

The analysis revealed that using the holographic endoscope setup, it is possible to 
create more complex optical fields, such as A i r y beams, at the t ip of a multimode fiber 
wi th an accuracy that matches the high-quality diffraction-limited foci produced in 2022. 

It is hoped that this work wi l l serve as another stepping stone for the holographic 
endoscope's ability to work in microscopy regimes that utilize more complex light fields, 
such as structured il lumination microscopy or stimulated emission depletion microscopy. 

Abstrakt 
Počas posledných rokov bola vyv inu tá a systematicky vylepšovaná nová u n i k á t n a tech­
nológia zvaná holografická endoskopia. T á t o jed inečná m e t ó d a využíva jediné mult i-
modá lne optické vlákno, o h rúbke ľudského vlasu, ako min imálne invazívnu sondu pre 
mikroskopické zobrazovanie v hĺbke živých tkanív . Minulý rok sa dosiahlo ďalšieho 
pokroku, pr ičom sa vďaka holografickému endoskopu podarilo vytvoriť takmer perfektné 
difrakciou l imitované body na konci mu l t imodá lného vlákna. Tieto výsledky sú dôležité 
na jmä z hľadiska využi t ia skenovacích florescenčných mikroskopických m e t ó d vrámci zo­
brazovania pomocou holografického endoskopu, pre tože lepšia kvali ta exci tačného svetla 
umožňuje presnejšie zobrazovania s obmedzen ím tvorby nežiadúcich signálov. 

Spomenu té výsledky viedli k novej otázke: Bolo by možné vytvoriť cez multimod-
álne optické vlákno aj komplexnejšie svetelné polia než sú difrakciou l imitované body, 
so zachovaním vysokej kvality? J e d n ý m z hlavných cieľov tejto diplomovej práce bolo 
preskúmať t ú t o možnosť, tvorbou Ai ryho zväzkov cez mul t imodá lne v lákno s využi t ím 
holografického endoskopu. 

Pre generovanie Ai ryho zväzkov boli použi té dve me tódy : syntéza pomocou fázovej 
masky a priama syntéza. Kval i ta vytvorených zväzkov bola u rčená ich po rovnan ím so 
simuláciou. Okrem toho bola z a z n a m e n a n á aj p ropagác ia jednot l ivých zväzkov a preskú­
m a n ý potenciá l syntézy pomocou fázovej masky, pre ovplyvňovanie propagačných charak­
ter is t ík Ai ryho zväzku. 

Analýza výsledkov ukázala , že s využ i t ím holografického endoskopu je možné cez mul­
t imodá lne optické v lákno vytvoriť aj komplexnejšie polia, ako napr. Ai ryho zväzok, a 



to s presnosťou zodpovedajúcou vysokokval i tným difrakciou l imi tovaným bodom vygen­
erovaným v roku 2022. 

T á t o p ráca snáď poskytne ďalší míľnik vo vývoji holografickej endoskopie, konkré tne k 
schopnosti holografického endoskopu pracovať v mikroskopických režimoch využívajúcich 
zložitejšie optické polia ako je napr. S I M či S T E D mikroskopia. 
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1. Introduction 
The innate curiosity of the Homo sapiens species has led to astonishing scientific dis­

coveries, shedding light not only on the world around us but also within us. The human 
body is an extraordinarily complex machine composed of atoms connecting to molecules, 
forming chemical compounds, that result in the basic structural and functional unit of life 
- the cell. Whi le modern optical microscopy methods have made it possible to study these 
structures in vitro, observing them in vivo is far more challenging. The heterogeneous na­
ture of l iving tissue results in a nonuniform refractive index, leading to multiple scattering 
events that make it difficult to focus through thick samples and obtain high-resolution 
imaging quality. Despite the continuous effort to control the light propagation through a 
complex medium [1], most common non-invasive imaging techniques sti l l cannot escape 
the trade-off between resolution and penetration depth, as portrayed in F ig . 1.1. 

A Positron emission tomography 

^ Ultrasound 

Magnetic resonance 

E Optical coherence tomography ^»^Photo-acoustic microscopy 

c 
O 1Q-6 
'•P Confocal microscopy - Multi-photon microscopy 

O 
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l o 9 W,~ 
Elec t ron m i c r o s c o p y 

^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ 

l O 6 10"3 10° 

Penetration depth [m] 

Figure 1.1: Trade-off between resolution and penetration depth for some of the most 
common non-invasive biomedical microscopy techniques. Figure reprinted from [2]. 

A n alternative solution to imaging micro-structures deep inside the l iving tissues relies 
on the use of endoscopes. Surprisingly, the first idea of such a device dates back to the 
beginning of the 19th century [3]. Nevertheless, the design of modern endoscopes is 
derived from the ideas developed during the 1950s by Bri t i sh physicist Harold Hopkins 
[4, 5]. Up-to-date endoscopes are constructed either as rigid rod-lens slender structures 
wi th exceptional imaging quality or flexible fiber bundles, so-called fiberscopes. 

Despite the enormous progress in endoscopy engineering, the footprint of these instru­
ments rarely falls below 1 m m [6], causing extensive damage to the most sensitive tissues, 
such as the brain. Hence, the commercially available endoscopes cannot satisfy neurosci-
entists' burgeoning desire to study the neuron's interconnections and their communication 
in awake animal models. 

During the first decade of this century, advancement in the field of complex media 
photonics [7, 8, 9] has given rise to a possible solution to the need for a new minimally 
invasive deep-tissue microscopy technology. The underlying idea was to use a single hair-
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1. INTRODUCTION 

th in multimode fiber ( M M F ) as an ultra-narrow endoscopic probe [10, 11]. The significant 
contrast in diameter between the conventional endoscopic probes and a single M M F can 
be observed in F ig . 1.2. 

Subsequently, imaging through M M F has flourished quickly, adapting various mi­
croscopy techniques such as fluorescence [12, 13], wide-field [11], light-sheet [15], two-
photon fluorescence [16, 17, 18, 19], confocal [ 0], Raman [21, 2 !] and second-harmonic 
generation microscopy [! ] to study samples in vitro. In fact, the fluorescence imaging 
through M F F was not only demonstrated on the preserved samples but also applied in 
vivo [24, 25]. A great deal of work was also dedicated to improving the imaging speed 
[26, 27, 28], as well as eliminating the fiber bending influence on the imaging quality[29, 
30, 31] or to the optimization of the probe ending [32, 33]. 

MMF Rod lens Micro-

Figure 1.2: Scaled preserved comparison of standard endoscopic probes and a single 
multimode optical fibre when employed for microscopic imaging deep inside a mouse's 
brain. Figure reprinted from [24]. 

Moreover, in 2022 almost perfect focusing through step-index M M F was demonstrated 
by generating diffraction-limited foci, comprising 96 % of the power transmitted by the 
fiber [ ]. The secret behind obtaining a diffraction-limited focus wi th such purity lies in 
the complete control over the amplitude, phase, and two orthogonal polarisation states of 
the light coupled into the M M F . 

This thesis aims to investigate whether it is possible to produce more complex optical 
field distributions wi th comparable purity and fidelity, employing the method mentioned 
above [34]. For the experiment, we chose A i r y beams, not only because of their direct 
applications in the light-sheet microscopy [35, 36] but also because, unlike the M M F , 
they do not follow a circular symmetry and exhibit non-diffractive quadratic propagation 
trajectory. 
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2. Basic concepts 
One of this thesis's aims is to create an overview of the literature discussing the basic 

principles behind the method of holographic endoscopy. The root of this method lies in 
the ability to focus light v ia a multi-mode optical fiber. How this can be accomplished wi l l 
be further explained in the first section (Chap. 2.1) of the thesis's theoretical part. The 
second section (Chap. 2.2) of the thesis's theoretical part represents a brief introduction 
to the optical beams and their properties, with an emphasis on the Gaussian and A i r y 
beams. 

2.1. Holographic endoscopy 
Holographic endoscopy utilizes a multi-mode optical fiber ( M M F ) as an ultra-narrow 
probe for deep-tissue in vivo microscopy. However, the imaging through the M M F is not 
that straightforward because of a seemingly random scrambling of the light guided by the 
M M F . Nonetheless, during the last 15 years, several methods for overcoming this drawback 
have been developed and successfully implemented. The following chapters provide an 
overview of the basic concepts of Holographic endoscopy, starting with the fundamentals of 
fiber optics (Chap. 2.1.1). The next chapter 2.1.2 promptly covers the methods developed 
for light propagation control through a turbid media, which represent the cornerstone for 
techniques designed to control the propagation of light v ia M M F described in the following 
chapter 2.1.3. Lastly, the chapter 2.1.4 discusses the basic properties of two spatial light 
modulators, most commonly employed in holographic endoscopes. 

2.1.1. F i b r e optics 

Optical fibers are narrow, flexible waveguides, usually of cylindrical symmetry, fabricated 
from silica glass. Typica l fiber comprises the inner core (Fig 2.1 dark blue) and the outer 
cladding (Fig 2.1 light blue), wi th the cladding having a slightly lower refractive index 
than the core. Based on the ray optics approach, the light propagates through the fiber 
by means of total inner reflection (TIR) , which takes place at the core-cladding boundary. 

However, not all the incoming light can propagate through the fiber. In general, T I R 
can be observed only when the angle of incident light is greater than the critical angle 
defined for a given interface. A s illustrated in Figure 2.1 a, the ray coming from air 
to the core becomes guided only when the refraction angle is smaller than 9C, so that, 
the incident angle at the core-cladding interface would be greater than the crit ical angle 
9C. The rays refracting at the air-core boundary wi th a refraction angle higher than 9C 

can enter the fiber but wi l l diminish after a short traveling distance because they do not 
undergo T I R . The incoming light angle 9a corresponding to refraction angle 9C, that at the 
core-cladding boundary correlates exactly wi th crit ical angle 9C, is called an acceptance 
angle. The acceptance angle 9a determines the size of an external ray cone, which can be 
guided by the fiber and is expressed as: 

9a = 8m-\NA), (2.1) 

where the NA stands for a numerical aperture that is given by: 
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2. BASIC CONCEPTS 

NA = \jn\-n\, (2.2) 

where ri\ and n<i correspond to the core and cladding refractive indices, respectively. In 
other words, the NA represents the light-gathering capacity of the fiber. Therefore, fibers 
wi th larger NA can transfer more information, as portrayed in F ig . 2.1 b. 

'*) Large NA 

Figure 2.1: (a) The optical fibre comprises the inner core (dark blue) and the outer 
cladding (light blue), where the cladding has a slightly lower refractive index than the 
core. The acceptance angle 8a of fibre determines the cone of rays guided through the fibre 
by means of T I R at the core-cladding boundary, (b) The numerical aperture NA = sinda 

describes the light-gathering capacity of the fibre. The higher the NA, the more light is 
guided through the fiber. Figure reprinted from [37]. 

Based on the index profile, optical fibers can be classified into two distinct groups: 
graded-index and step-index fibres (Fig. 2.2). Graded-index (GRIN) fibers contain a core 
wi th a continuously decreasing index, which peaks at the optical axis. In contrast, the 
core of step-index fiber is fabricated wi th a constant refractive index. If the core diameter 
is so small that only one mode can be guided, the optical fiber is called a single-mode fiber 
( S M F ) . O n the other hand, multi-mode fiber ( M M F ) has a larger core diameter; therefore, 
it can support many modes. For example, a step-index M M F (Thorlabs: F G 0 5 0 U G A ) 
used for the experimental part of this thesis can guide approximately 1492 modes [38]. 

Generally speaking, modes of any waveguide are fields that maintain the same trans­
verse distribution and polarization at all distances along the waveguide axis [37]. The 
higher amounts of modes, the more information can be transferred through the waveg­
uide. However, each mode travels wi th a different group velocity, a phenomenon called 
modal dispersion. Furthermore, as a consequence of fiber bending and looping or inhomo-
geneities and impurities present within the fiber, the modes can couple wi th each other 
and exchange energy. This process is known as mode mixing. Both mechanisms, modal 
dispersion and mode mixing, contribute to the distortion of an incident wavefront, leading 
to a complex speckle pattern at the output, wi th very poor or no similarity to the original 
field distribution, as depicted in F ig . 2.3. 

Due to the scrambling of the guided information, the M M F s were, for a long time, 
considered not suitable for microscopic imaging. Nevertheless, in recent years it has been 
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2.1. HOLOGRAPHIC ENDOSCOPY 

Step-Index M M F 

SMF 

GRIN M M F 

Figure 2.2: Geometry, refractive index profile, and typical rays in step-index multi-mode 
( M M F ) fibre, a step-index single-mode fibre ( S M F ) , and graded-index multi-mode fibre 
( G R I N M M F ) . Figure reprinted from [37]. 

Figure 2.3: Moda l dispersion and mode mixing distort the original wavefront, resulting 
in a complex speckle pattern at the distal end of the M M F . Figure reprinted from [39]. 

shown [11, 12] that it is possible to overcome this drawback by adapting the concept of 
transformation matrix from the field of complex media photonics, as wi l l be explained in 
the following chapters. 

2.1.2. C o n t r o l of l ight propagat ion t h r o u g h highly scatter ing me­
dia 

A s the name suggests, highly scattering media, otherwise known as complex or turbid me­
dia, scatter the propagating light in random directions, leading to a significant distortion 
of the incident wavefront. Therefore, the image transmission loses a l l the information, 
and the material is said to be opaque. 

As biological tissue represents a typical example of an opaque material, transmitting 
images through a turbid medium has been one of the most desired objectives in exper­
imental biophotonics. A t the beginning of this millennium, the development of precise 
spatial light modulators paved the way to advance digital holography techniques, allowing 
the focusing of light through and into the turbid media [10]. The root of the method lies 
in the incident wavefront tailoring, based either on iterative algorithms [7, 11], digital 
phase conjugation [42, 43] or the transformation matrix concept [44, 45, 46]. 

Al though all of these approaches have proven valid, probably the most recognized and 
stirring is the measurement of the medium's transformation matrix. In most cases, the 
complex media can be considered a discrete linear system. Hence the light propagation 
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2. BASIC CONCEPTS 

V W 
' W \ > 
V \ A > 
/ W \ > 
a 

mode 

<-

Figure 2.4: Wave propagation in complex media, (a) Wavefronts transmitted through 
complex media are distorted due to multiple scattering events, (b) The spatial output 
modes Em are related to the input modes En through a transformation matrix that 
completely describes the optical propagation through the turbid medium. Figure reprinted 
from [ ]. 

through a given media can be characterized by a matrix of complex coefficients [44]. 
A s schematically portrayed in F ig . 2.4, this so-called transmission matrix ( T M ) then 
relates the set of orthogonal output Em and input En spatial modes that, when combined, 
represent the transmitted and incident light, respectively. Consequently, the information 
about the medium stored in the T M can be utilized to determine the amplitude and phase 
input distribution, to obtain a demanded output field. Moreover, by employing the T M , 
the supposedly unpredictable speckle pattern created by image transmission through the 
scattering media can be reconstructed to the original data. 

However, when imaging within the scattering medium, e.g., in vivo deep tissue mi­
croscopy, the access to direct observation of the output field is limited, and the T M is 
incomplete. Al though using fluorescent particles [7, 9] or employing ultrasonic encoding 
[47, 48] can overcome the withstanding issue, the use of an M M F as a minimally invasive 
probe for accessing the deeply hidden imaging area represents a reasonable compromise. 

2.1.3. C o n t r o l of light propagat ion t h r o u g h M M F 

Even though different phenomenons determine the randomization of light propagating 
through M M F , it resembles the light transmission through the complex media. Indeed, 
the concept of empirically measured transformation matrix [12, 14] mentioned above, 
alongside the digital phase conjugation technique [13, 49] and analogies of the first wave-
front shaping feedback algorithms [11, 10] have been effectively adapted for beam-shaping 
and imaging through M M F . 

When employing the T M theory for microscopy via M M F , a calibration procedure 
must be performed before the imaging process. During the calibration, the T M is mea­
sured as one has direct optical access to the M M F distal end. The complete description of 
the T M acquisition is provided in chapter 3.2. Afterward, acting as a light guiding needle, 
the fiber is inserted into the tissue, and the micro-scale imaging can begin. Once one has 
access to the T M , an arbitrary field distribution at the distal facet of the M M F can be 
generated by uti l izing a spatial light modulator (SLM) to tailor the incident wavefront 
in a predefined manner. A s shown in F ig . 2.5 a, producing a diffraction-limited focus at 
different transversal positions of the distal fiber facet enables the fluorescent imaging [50, 
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2.1. HOLOGRAPHIC ENDOSCOPY 

Figure 2.5: The multimode fiber as a turbid medium, (a) Focusing light through M M F . 
Using the information stored in the fiber's T M , one can spatially modulate the incident 
wavefront so that the light is t ightly focused to an aberration-free diffraction-limited spot 
at a given working distance from the fiber's distal end. Scanning wi th the focus enables 
fluorescence microscopy or micromanipulation, (b) Wide-field imaging through M M F . 
Employing the T M , the optical field at a certain distance from the distal fiber facet can 
be restored from the speckled pattern obtained at the proximal end. This can be done 
either by numerical processing or by physical inversion of the T M , uti l izing an S L M . 
Figure reprinted from [6]. 

12, 13] or micromanipulation [50, 12]. Moreover, scanner-free wide-field imaging can be 
performed when employing the T M to recover the original optical field distribution at the 
distal end of M M F by numerical postprocessing [14] or by physical inversion of the T M 
using an S L M [12], as depicted in the F ig . 2.5 b. 

Clearly, the S L M plays a crucial role in beam shaping and imaging through M M F . 
Therefore the next chapter covers the basic concepts of digital spatial light modulation. 

2.1.4. Spat ia l l ight modulators 

In general, the name spatial light modulator (SLM) refers to a device capable of mod­
ulating one or more properties of light, e.g., amplitude, phase, or polarization. During 
the 70s-80s, novel digital light-shaping devices were introduced. This computer-controlled 
technology enabled the generation of any desired optical field, resulting in a considerable 
advancement in the field of complex media photonics [1]. For the purpose of holographic 
endoscopy and focusing via M M F , usually two types of digital S L M are employed. It is 
either a l iquid crystal based modulator ( L C - S L M ) or a digital micromirror device ( D M D ) , 
an example of a microelectromechanical system ( M E M S ) . 

Al though L C - S L M s were ini t ial ly developed for video projectors, they swiftly found a 
way to scientific applications such as holographic optical tweezers, advanced microscopic 
methods, holographic displays, data storage, and optical computing [51]. L C - S L M can be 
constructed either as a transmissive or reflective optical element. The typical configuration 
of a reflective L C - S L M is depicted in F ig . 2.6. The upper part is covered by glass, 
of which the inside layer is coated by a transparent conductive layer. In the middle, 
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2. BASIC CONCEPTS 

thousands of l iquid crystal molecules form the liquid crystal layer. The bottom comprises 
reflection pixels embedded into the silicon substrate [52]. The l iquid crystal structure can 
be modulated by the amount of voltage applied, resulting in birefringence change, which 
impacts the phase of the reflected wavefront. Clearly, by uti l izing the L C - S L M alone, only 
phase modulation is possible. However, using a computer-generated phase hologram, the 
modifications of the incident wavefronts in both phase and amplitude are possible [53]. 
Al though the L C - S L M s are highly efficient wi th regard to power, they feature a relatively 
slow frame rate, which is not optimal for scanning microscopy techniques [ ]. 

I / Output \\:i\efr»nl 

C o v e r G l a s s 

M i l l HM*W 
H i l l Hill"'" 
H i l l Hill"*** 
H i l l llitt *„„ 
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H i l l " / / / ' " " < 
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< iinilu>ll\< 
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I I % Nl.ll 

KtlltdlM 

Figure 2.6: Typical structure of reflective L C - S L M . The upper part is covered by glass, 
of which the inside layer is coated by a transparent conductive layer. In the middle, 
thousands of l iquid crystal molecules form the liquid crystal layer. The bottom part 
consists of reflection pixels embedded into the silicon substrate. The phase modulation 
of the reflected wavefront is enabled by the change in the tilt of l iquid crystal molecules 
due to the amount of voltage applied to individual pixels. Figure reprinted from [52]. 

O n the other hand, D M D s operate on a much higher frame rate, enabling faster 
T M acquisition and imaging based on scanning [ ]. Other significant advantages of 
this technology are a longer lifetime and the option to work wi th a broader wavelength 
spectrum and non-polarised light [ ]. A s depicted in F ig . 2.7, D M D is composed of 
several hundred thousand tiny mirrors arranged in a rectangular array. Each mirror can 
be addressed in a digital manner, toggling between an on-state or an off-state, resulting 
in a rotation of approximately ± 1 0 — 12° [55]. 

However, as the mirrors can be switched only between two positions, the D M D , com­
pared to L C - S L M , does not allow direct phase modulation but only binary amplitude 
modulation. Nevertheless, this obstacle can be overcome by employing the D M D in an 
off-axis regime together wi th the Lee hologram approach [57, 27, 58]. When working 
wi th the D M D in an off-axis regime, the D M D is illuminated under an incident angle of 
approximately 24° [34]. The Lee hologram method utilizes the superposition of binary 
amplitude gratings to form a desired complex field in the first diffraction order. A s shown 
in F ig . 2.8 a, the distance between adjacent grooves of the grating determines the angle 
of the first diffraction order and, consequently, the position of the beam focused on the 
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2.1. HOLOGRAPHIC ENDOSCOPY 

Digital Micromirror Device Array of micromirrors 
(DMD) 

Figure 2.7: A digital micromirror device is composed of several hundred thousand tiny 
mirrors arranged in a rectangular array. Each tiny mirror can be set either to position on 
or off, resulting in the tilt of ± 1 0 — 12°. Figure reprinted from [56]. 

detector. The duty of cycle defines the amount of light stirred to the first diffraction 
order, thus enabling the amplitude modulation (Fig. 2.8 b). Whereas implementing a 
lateral shift in the grating allows control over the phase of the diffracted light (Fig. 2.8 

Figure 2.8: (a) Illustration of the Lee hologram method employing binary amplitude 
gratins for off-axis amplitude and phase modulation, (b) Ampli tude is modulated by 
the grating's duty cycle, (c) Phase modulation is performed by the lateral shift of the 
grating, (d) Far-field (Fourier) plane schematically depicts the modulations acquired by 
the gratings presented in cases b (blue dots) and c (red dots). Figure reprinted from [51]. 

For the purpose of our experimental measurements, the D M D spatial light modulator 
was employed. 
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2.2. Properties of optical beams 
One of this thesis's goals is to obtain an A i r y beam at the t ip of a multimode fiber by 
shaping the light produced by a laser. Laser resonators are usually constructed in such 
a way that the output light forms the Gaussian beam. Therefore, the following chapters 
promptly discuss the fundamental properties and mathematical description of beams, 
emphasizing the Gaussian and A i r y beams. 

From the scalar theory approach, light propagation can be described in the form of 
waves. A monochromatic wave is defined by a complex wavefunction: 

U(f, t) = a(r) exp[j0(r)] exp(j27rz/£), (2.3) 

where a(r) denotes the amplitude, <f>(r) signify the phase, v stand for the frequency 
that when multiplied by 2n equals to the angular frequency u = 2irv. The complex 
wavefunction U(f, t) must satisfy the wave equation: 

1 d2U(f,t) 
d2 dt 

In this equation V 2 represent the Laplacian operator defined as: 

^ 2 m t ) - - 2

U - ^ = 0. (2.4) 

r 2 d2 d2 d2 

^ dx2 dy2 dz2 ^ ^ 

The complex wavefunction can also be written as: 

U(f, t) = U{r) exp(j27rz/t), (2.6) 

where the time-independent factor U(f) = a(f) exp[j0(r)] is known as the complex am­
plitude. Substituting the complex wavefunction defined by E q . 2.6 to the wave equation 
(Eq.2.4) yields the Helmholtz equation: 

( V 2 + k2)U(f) = 0, (2.7) 

where k = (2TV) /A denotes the wave number in a given medium. One of the simplest solu­
tions of the Helmholtz equation is the plane wave, whose complex amplitude is expressed 
as: 

U(r) = Aexp(-jkr). (2.8) 

However, when the wavefront normals make a small angle with the optical axis, the 
wave is considered paraxial. In such cases, the complex amplitude can be modified to 
describe a plane wave traveling in the z-axis directions, wi th a complex envelope A, that 
becomes a slowly varying function of position. Thus we have: 

U{r) = A{r) exp{-jkz). (2.9) 

As the paraxial wave (Eg. 2.9) has to be solution of the Helmholtz equation (Eq. 2.7), 
the complex envelope A(f), must satisfy the paraxial Helmholtz equation, given by: 

dA 
V2

TA-j2k—=0. (2.10) 
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2.2. PROPERTIES OF OPTICAL BEAMS 

Here, = + ^2 represents the transverse Laplacian operator. Another elementary 
solution of the paraxial Helmholtz equation (Eq. 2.10) is the paraboloidal wave, a Fres-
nel approximation of the spherical wave. However, the most compelling solution of the 
paraxial Helmholtz equation (Eq. 2.10) is probably the Gaussian beam, which can be 
derived from the complex envelope of the paraboloidal wave, as wi l l be addressed in the 
next chapter. 

2.2.1. Gauss ian b e a m and other selected b e a m forms 
A s mentioned in the previous chapter, the complex amplitude of the Gaussian beam can 
be derived from the paraboloidal wave. The paraboloidal wave is known as the Fresnel 
approximation of the spherical wave and represents one of the many solutions to the 
paraxial Helmholtz equation (Eq.2.10). The complex amplitude of the spherical wave is 
given by: 

U(r) = —exp(-jkr), (2.11) 
r 

where r is the distance from the origin, k = (2?t)/A symbolize the wavenumber and A0 is 
a constant. 

Nonetheless, if we were to examine the wavefronts of the spherical wave far from the 
origin, but still sufficiently close to the optical axis (z) so that \f x2 + y2 C z as depicted 
in Fig.2.9, employing the first two terms of the Taylor-series expansion, we would obtain 
a complex amplitude of the paraboloidal wave, which can be expressed as: 

U(r) « — exp(-jkz) exp ( - j k ^ ^ ) , (2.12) 

and the complex envelope of the paraboloidal wave is given by: 

A(r) = ^ exp ( - J k ^ f ) • (2.13) 

as Parabolo ida l 

Spherica l = Planar 

Figure 2.9: When \J'x2 + y2 z, the spherical wave can be approximated by the 
paraboloidal wave, otherwise known as the Fresnel approximation of the spherical wave. 
A t a distance z —> 00, the spherical wave can be considered planar. Figure reprinted from 
[37]. 

The Gaussian beam's complex envelope is a shifted version of the complex envelope 
derived for the paraboloidal wave (Eq. 2.13). A s a result, the complex envelope of a 

12 



2. BASIC CONCEPTS 

Gaussian beam can be obtained by replacing the term z in the Eq . 2.13 wi th a so-called 
q-parameter q(z) so that: 

A(r) A 
q(z) 

exp -jk 
x2 + y21 

(2.14) 
2q(z) J : 

where the q-parameter q(z) = z + jzo, and zo must be real. The imaginary part jzo 
signifies the shift in the z coordinate, and the term ZQ is called the Rayleigh range. 

To derive the complex amplitude U(r) of the Gaussian beam, we need to separate the 
amplitude and phase of the complex envelope A(f). This can be done by defining two 
new functions R(z) and W(z), that relate to the q-parameter by: 

1 1 A 

q{z) R{z) \ w \ z \ ( 2 ' 1 5 ) 

The function R(z) represents the beam's wavefront radius curvature, and W(z) is the 
beam's half-width at a given position z. 

Finally, by substituting the E q . 2.15 into E q . 2.14 and uti l izing the relation for the 
complex amplitude of the paraxial wave (Eq. 2.9), we can obtain the complex amplitude 
of the Gaussian beam: 

U(r) = — - — - e x p 
jz0 W(Z) 

tan( _ 1 ) 

x2 + y2' x2 + y2' 
exp W2(z) _ exp 

x2 -\- y2 

- j k Z ~ j k W ( z ) + K { z ) . 
(2.16) 

where ( = tan ( 1-) and term WQ denotes the beam's radius at position z — 0. This 

position is known as the beam's waist, and it is the point of a minimal width W(z) = W0 

as depicted in F ig . 2.10 a. 
Nonetheless, common detectors are equipped to measure the intensity, which can be 

calculated as the squared magnitude of the complex amplitude the I if) = \U(r)\2. W i t h 
this in mind, the intensity of the Gaussian beam can be defined as: 

exp 
-2p2 

W2(z) 
(2.17) 

W(z)_ 

where p = \Jx2 + y2 represents the radial coordinate. Jo is a constant representing the 
maximum intensity of the beam. The term [Wo/W^z)] represents the beam width ratio, 
which accounts for the variation in beam width as a function of the propagation distance 
z. The exponential term exp[—2p2/W2(z)] describes the spatial intensity distribution of 
the Gaussian beam, which exhibits a bell-shaped profile centered around the beam axis. 
The intensity distributions of the Gaussian beam at different propagation distances are 
illustrated in F ig . 2.10 b, c, d. 

However, in addition to the Gaussian beam, there exist other beam-like solutions of 
the paraxial Helmholtz equation (Eq. 2.10). One such example is the family of Hermite-
Gaussian beams. These beams feature a non-Gaussian intensity distribution, but their 
wavefronts are equivalent to those of the Gaussian beam. These beams coexist wi th 
the Gaussian beam inside a laser resonator cavity and are referred to as the modes of 
the resonator, wi th the Gaussian beam being the fundamental mode [37]. The intensity 
distribution of selected Hermite-Gaussian beams is illustrated in F ig . 2.11 a. 
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Figure 2.10: Gaussian beam, a) shows the width of the Gaussian beam throughout 
the propagation in the z-axis direction. A t z — 0, the beam half-width W(z) reaches 
its minimum WQ. This place is known as the beam waist. A t z = ZQ the half-width 
W(z) = y/ZWo- The distance zo is called the Rayleigh range, and the distance 2zo (dark 
red) is known as the confocal parameter. Figures b),c) and d) depicts the intensity of the 
beam at distances z = 0, z = zo, and z = 2zo, respectively. Figure reprinted and modified 
from [37]. 
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Figure 2.11: Transverse intensity distribution of selected beam-like solutions to the parax­
ial Helmholtz equation, a) Hermite-Gaussian beams are the modes of the laser resonator, 
wi th the Gaussian beam (00) being the fundamental mode, b) Laugerre-Gaussian beams 
form the set of solutions to the paraxial Helmholtz equation solved in cylindrical coordi­
nates. Of particular importance is the Vortex beam (01*), finding its applications across 
numerous fields. Figure reprinted and modified from [59, 60]. 

B y solving the paraxial Helmholtz equation in cylindrical coordinates, another set of 
solutions known as the Laugerre-Gaussian beams can be obtained. The intensity distri­
bution of selected Laugerre-Gaussian beams can be seen in F ig . 2.11 b. 

Among the Laguerre-Gaussian family, a particularly interesting member is the vortex 
beam denoted as 01* in Figure 2.11b. This beam has found various applications across 
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different fields, ranging from optical manipulation, optical communication, and quantum 
information processing to imaging and microscopy [61]. 

Another compelling class of beams represent the non-diffracting beams, such as Bessel 
or A i r y beams. Bessel beams, characterized by the central bright spot surrounded by 
concentric rings, are widely used in optical trapping and manipulation, laser material 
processing, optical coherence tomography, optical microscopy, and optical communication 
[62]. 

Vortex, Bessel, Ai ry , or other unique beam forms can be tailored from the Gaussian 
beam either by using optical components such as axicon and annular aperture or by 
employing digital S L M . In this thesis, such light-shaping was used to create an A i r y 
beam, of which properties, applications, and generation wi l l be discussed in the next 
chapter. 

2.2.2. A i r y beam and its applicat ions 

The A i r y beam possesses fascinating properties that almost seem like a magic trick. When 
propagating through a free space, the light in the form of an A i r y beam exhibits a curved 
trajectory without the need for any external force. It is caused by its self-acceleration 
character, that is, the ability to accelerate without any external energy. Furthermore, the 
A i r y beam belongs to the class of non-diffracting beams, which means that its transverse 
intensity distribution remains unchanged during propagation. Lastly, the A i r y beam 
features a self-healing property that refers to an ability of a beam obstructed by an 
opaque object to reconstruct itself after traveling a certain distance. 

The concept of freely-accelerating wave packets was first revealed by Berry and B a l -
azs in 1979 [63]. The idea originated from the field of quantum mechanics, leading to a 
mathematical prediction that a free-particle nonlinear Schrodinger equation can manifest 
a shape-preserving accelerating A i r y packet solution. Surprisingly, the work remained rel­
atively unnoticed for almost 30 years, unti l 2007, when the finite A i r y beam was predicted 
and experimentally realized [64, 65]. 

Thanks to its unique characteristics, the A i r y beam has been proposed and highly 
touted for many applications, including optical trapping and manipulation [66, 67], parti­
cle clearing [68], regulation of plasmon channel [69], laser material processing [70], optical 
communications [ ] and spatiotemporal bullets [72]. A s mentioned in the previous chap­
ter (Chap. 2.1.2), the light propagating through the l iving tissue undergoes multiple 
scattering events, which does not meet optimal conditions for in vivo imaging. However, 
the non-diffractive and self-healing properties of the A i r y beam make it a great solution 
to this problem. B y uti l izing this beam in the light-sheet fluorescence microscopy, the 
field-of-view [35, 73, 36] and the depth of penetration can increase extensively [ ]. A n 
improvement in label-free imaging through a turbid media was also demonstrated [75], 
while the advantage of the parabolic trajectory associated with the self-acceleration has 
been utilized to locate the molecules in 3D super-resolution microscopy along the axial 
direction [76]. Moreover, it has been shown that employing an A i r y beam in optical 
coherence tomography can significantly improve the depth of field l imit [ ]. 

From the mathematical point of view, an A i r y beam represents another solution of the 
paraxial Helmholtz equation (Eq.2.10). This equation is mathematically equivalent to the 
Schrodinger equation of a free quantum particle in two dimensions; hence the connection 
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to quantum mechanics in work done by Balazs and Berry in 1979 [ ]. According to them, 
the complex envelope of a one-dimensional A i r y solution has a form of: 

A(x,z) A i x z 
Az~0 

exp 
W0 Az0 12 

z 
2z~0 

(2.18) 

where Ai (x ) denotes the A i r y function. The parameters WQ and ZQ represent the transverse 
and axial scaling factors, respectively. Similarly to the Gaussian beam, the parameters 
are related to each other by WQ = \z0/ir. 

The intensity derived from E q . 2.18, can be expressed as: 

I(x,z) = A i • 2 X z 
Az~0 

-i 2 

(2.19) 

A t the origin (z=0), the intensity obtains a form of I(x, 0) = AI2(X/WQ)2, and re­
mains invariant during propagation. The second term (z/AzQ)2 characterizes the ballistic 
trajectory caused by the transverse acceleration while traveling in the z-direction [65, 78]. 

Providing the ideal conditions, the A i r y beam would have infinite energy, and con­
sequently, it would maintain its transverse acceleration and diffraction-free propagation 
regardless of its propagation distance. The propagation of such beams is depicted in F ig ­
ure 2.12 a. Al though the infinite energy beams are impossible to create experimentally, it 
is achievable to generate a truncated A i r y beam [64, 78], of which trajectory can be seen 
in Figure 2.12 b. 

-20 -10 0 10 20 
S 

-20 -10 0 10 20 30 
S 

Figure 2.12: Propagation of I D infinite (a) and truncated (b) A i r y beam, where s = X/WQ 
and £ = Z/2ZQ represent dimensionless scaling factors. The figures in the lower right corner 
show the beam's intensity profile at £ = 0. Figure reprinted from [65]. 

The A i r y beam truncation can be mathematically expressed by : 

^• 0 ) = A ife) e x p( a4)' (2'20) 

where the a > 0 represents an attenuation factor. The finite A i r y beam's complex enve­
lope can be obtained by solving the paraxial Helmholtz equation (Eq. 2.10) wi th regards 
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to the ini t ial condition (Eq. 2.20) [64, 78] 
the finite A i r y beam can be expressed as: 

From this complex envelope, the intensity of 

I(x,z) = A i :2 X 
Wo 

z 
4z~0 

exp 
ax 
W~0 

a l z 

2 \2z~o 
(2.21) 

As it was demonstrated in [61, 78], the truncated A i r y beam possesses a quasi-
diffraction-free character and endures the property of free acceleration related to the 
argument of an A i r y function that appears in E q . 2.21. 

In our experiments, we generate two-dimensional A i r y beams [65, 78]. The intensity 
at the origin of such a beam is given by: 

I(x,y,0)=Ai :2 X 2 

A i 2 " y ' 
2 ax 2 'ay' 

Wo 

2 

A i 2 

Wo exp Wo exp Wo 
(2.22) 

The Fourier transform of an A i r y beam solution provides a Gaussian beam, described 
in Chap. 2.2.1, superimposed wi th a cubic phase mask. Thus the A i r y beam can be 
synthesized from a Gaussian beam by incorporating a cubic phase mask to its Fourier 
spectrum [78]. The cubic phase mask can be produced using a spatial light modulator 
mentioned in Chap. 2.1.4. 
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3. Methods 
The following chapters provide a theoretical description of the methods utilized during 

the experimental work presented in this thesis. Chapter 3.1 provides a concise overview 
of the optical setup that was employed in the experiments conducted for this master's 
thesis. It describes the key components and their functions within the experimental setup. 
Chapter 3.2 provides a detailed explanation of the calibration procedure, that was per­
formed prior to the actual measurements, in order to obtain the T M of the multimode 
fibre. The chapters 3.3 and 3.4, delve into two distinct methods used for the generation 
of A i r y beams. Each chapter provides a detailed description of the respective method, 
including the underlying principles and mathematical formulations. The last chapter of 
this section (Chap.3.5) explains an approach utilized to modify the propagation charac­
teristics of an A i r y beam. This chapter discusses a particular technique that was used to 
alter the behavior of the A i r y beam during propagation, namely its propagation range, 
the trajectory starting point, and the position of the intensity peak during propagation. 

3.1. Optical setup 
For the experimental part of this thesis, an optical setup described in [34] was employed. 
A s illustrated in F ig . 3.1, the system is composed of an i l lumination path, a calibration 
module, and a wavefront correction ( W F C ) module. 

Figure 3.1: Scheme of the experimental setup. During calibration, circularly polarised 
light, whose aberrations were previously corrected by the wavefront correction module, 
is coupled into the M M F . A t the calibration module, the signal coming from the M M F 
interferes wi th the reference, and the camera measures the interference pattern. Legend: 
L , lens; H W P , half-wave plate; D M D , digital micromirror device; L P , linear polariser; B D , 
beam displacer; M , mirror; Obj , objective; Q W P , quarter-wave plate; B S , beamsplitter 
cube; Cam, camera. Figure reprinted from [34]. 

A fiber-coupled diode laser operating at the wavelength 633 nm is divided into signal 
and reference arm, uti l izing a 99/1 optical fibre coupler. A polarisation-maintaining ( P M ) 
fiber-controlled electronic variable optical attenuators are employed to regulate the optical 
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power flowing into both signal and reference P M fibres. The lens L I collimates the linearly 
polarised signal beam from the P M fiber to illuminate the D M D . 

As explained in the Chapter 2.1.4, using D M D in an off-axis regime together with the 
binary-amplitude gratings, based on the Lee Hologram method [57], enables the control 
over both amplitude and phase of the reflected light. Thus the incident beam's path is 
aligned to make an angle of 24° wi th respect to the D M D . 

The half-wave plate (HWP1) rotates the linear polarization of the signal to match the 
preferential direction (s or p) of the D M D mirrors because, if not appropriately aligned, 
the diffracted beam's polarization may become elliptical. Furthermore, a linear polarizer 
(LP1) is placed after the D M D to secure the linear polarization state of the diffracted 
light completely. 

It was shown [" ] that the stability of a DMD-based wavefront shaping system can be 
significantly extended by controlling and stabilizing the D M D ' s temperature. Thus, the 
temperature stabilization technique is also utilized in this experimental setup. 

The lenses L2 and L3 form a telescope that demagnifies the beam, and the H W P 2 
rotates the beam's polarization at 45° concerning the principal axes of the beam displacer 
(BD) . Upon passing through B D , the light polarized this way wi l l split into two compo­
nents, the ordinary and extraordinary rays. Moreover, the B D can merge two beams if 
they are separated by a distance required by the particular B D , in this case, 2.7 mm. This 
separation can be acquired by the correct design of two binary-amplitude gratings dis­
played at the D M D . A s a result, two colinear beams wi th mutually orthogonal polarisation 
states are generated at the B D distal end, as portrayed in F ig . 3.2. 

Figure 3.2: Scheme of the light passing through the beam displacer (BD) . Two linearly 
polarized beams, wi th the polarization aligned at 45° concerning the optical axis of B D 
and separated by the distance of 2.7 mm, wi l l , upon passing through the B D , merge into 
two collinear beams with mutually orthogonal polarization state (marked by the dashed 
circle). 

After the B D , the quarter-wave plate ( Q W P ) converts the two orthogonal linear polar­
izations into right and left circularly polarized beams, as the step-index multimode fibre 
maintains the circular polarization better than the linear [29]. 

A beam splitter cube (BS1) sends 90 % of the beam to the objective (Obj l ) that 
focuses the beam onto the M M F ' s core, and 10 % of the beam is focussed by the lens 
(L5) onto the C M O S camera (Cam2). The lens (L5) and camera (cam2) form the W F C 
module. The W F C module allows for the determination of the correction phase mask 
needed for the D M D . This correction compensates for the aberrations introduced by the 
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curvature of the D M D , ensuring proper beam focusing onto the proximal end of the M M F 
during calibration. 

The optical system comprising L I , L2 , and O b j l demagnifies the D M D holograms to 
suit the M M F ' s numerical aperture ( N A ) . Our experiment employed a step-index M M F 
of length 11 cm wi th a core diameter of 50 pm, an outer diameter of 125 pm, and 0.22 
N A . 

The second objective (Obj2), together wi th the lens (L4), projects the light coming 
from the distal end of the M M F onto the camera (Caml ) . For the experiments presented in 
chapters 4.1 and 4.2, the 40x objective was employed, and for the data measurement shown 
in chapter 4.3, a 20x objective was used. The lens L4 also collimates the reference beam, 
of which linear polarization state is ensured by the P M fiber-controlled electronic variable 
optical attenuator and linear polarizer (LP2) . Moreover, the reference beam's polarization 
and the L P 2 match one of the principal polarization axes of the 50/50 beamsplitter cube 
(BS2) to secure a clear polarization state at C a m l . This configuration allows interference 
between the linearly-polarized reference and the signal from the M M F in both left and 
right circular polarization states. 

3.2. Calibration 
In order to generate an arbitrary optical field at the distal end of M M F , first, the process 
of acquiring the T M must be performed. This process is usually called the calibration. 

In our experiment, the calibration is done by projecting an aberration-free diffraction-
limited focus at a specific position across the proximal end of M M F . The light coming out 
of the M M F interferes wi th the external reference, and the camera detects the interference 
pattern. Moreover, to obtain phase information, phase step interferometry is employed. 
After the first diffraction-limited focus is measured, the patterns displayed on the D M D 
are changed to create a new focus at different positions at the M M F proximal facet, and 
the entire process is repeated. Once the proximal end of the M M F is scanned across the 
predefined grid, as shown in F ig . 3.3 a, the calibration is completed. 

For the calibration performed during our experiments, a grid of 61 input points was 
employed, and the outputs were measured by uti l izing the grid of 272 by 272 camera 
pixels. Hence the T M matrix contained 272 2 rows (outputs) and 61 2 columns (inputs), 
representing the transformation between the input patterns sent to the fiber and the 
resulting output patterns at the distal end of the M M F . For the phase measurement, 
four-phase steps shifted by 7r/4 were used. 

3.3. Fourier domain synthesis 
A s mentioned in Chap. 2.2.2, an A i r y beam can be generated from a Gaussian beam 
using a cubic phase mask. The Fourier domain synthesis is based on a similar principle. 
Here, the cubic phase mask is integrated into the T M , and from this altered T M , one can 
generate an input pattern projected on the D M D that wi l l , upon propagation through 
M M F , transform into an A i r y beam. 

The cubic phase mask needed to create A i r y beams is generally given by: 

20 



3. METHODS 

Figure 3.3: (a) During the calibration, the proximal end of the fiber is scanned by a 
diffraction-limited focus across a predefined grid, as depicted by the red line, (b) The 
light coming out of the M M F interferes wi th the reference, and by uti l izing the phase step 
interferometry, the complex T M is obtained. Figure reprinted and modified from [29, 80]. 

Mask = exp < i.b. 
NA (NA) (3.1) 

where b is a chosen parameter that determines the strength of the mask. X and Y 
represent a grid with the sampling corresponding to T M ' s outputs, which also corresponds 
to the number of camera pixels used during the calibration procedure. Finally, NA stands 
for a numerical aperture of the fiber output, which was, in this case, obtained through a 
sum projection of the far field. 

However, when employing this mask, the main lobe of propagating A i r y beam was 
moving diagonally concerning the x and y coordinates. To achieve a movement of the 
main lobe only along a horizontal axis, we applied a coordinate change to rotate the 
Cartesian coordinate system by 45°, which simplified later analysis. A n example of such 
a mask wi th the strength of b = 5 is captured in F ig . 3.4 a. Moreover, we applied a 
super-Gaussian aperture to the amplitude of the mask to avoid possible effects of hard 
aperturing. The super-Gaussian aperture is given by: 

Aperture = exp - ) 
NA) 

(2.N) 
(3.2) 

where 9 represents the angular projection of the output angle obtained through a sum 
projection. NA signifies the numerical aperture of the M M F , and TV is an integer that 
dictates the strength of the Gaussian aperture. The intensity distribution of the super-
Gaussian aperture with a strength of N = 3 is displayed in F ig . 3.4 b. After the alterations 
mentioned above, the mask was modified as: 

Mask = exp < i.b. 
X-Y 

V^NA + 
X + Y 

V2.NA 
.Aperture (3.3) 

Incorporating the cubic phase mask into T M can be done either by performing a con­
volution in a real domain or multiplication in a Fourier domain. W i t h our equipment, the 
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0.073 0 0.073 0.073 0 0.073 
dk/k 

Figure 3.4: (a) Rotated cubic phase mask, used for generating an A i r y beam via the 
Fourier domain approach. The strength of the mask corresponds to b = 5. (b) The 
intensity of the super-Gaussian aperture, wi th parameter N = 3, was applied to the cubic 
phase mask to avoid possible effects of hard aperturing. 

second way was less time-consuming and much more straightforward, so after reshaping 
every output of the T M to the original size (272 by 272 pixels), a two-dimensional Fourier 
transform of the outputs, followed by multiplication wi th the phase mask, was performed 
(Fig 3.5). After the inverse two-dimensional Fourier transform, an altered transmission 
matrix was obtained. Additionally, to emulate the real conditions, the modified T M 
was cut by a circular mask representing the fibre's core (Fig. 3.5 d). This altered T M 
contains the information needed for creating a beam at any desired position at the cali­
bration plane. This information was computationally converted into holograms projected 
on D M D to generate an A i r y beam (Fig. 3.5 e). 

3.4. Direct field synthesis 
The direct field approach to obtaining an A i r y beam at the end of M M F is based on 
computational generation of the desired output field (Eout), from which, by uti l izing the 
T M theory, one can directly generate the input field (Ein), that is converted to a D M D 
input pattern necessary to send into the M M F . 

As depicted in F ig . 3.6, to create 2D matrix containing the desired output field (Eout) 
(Fig. 3.6 h), we first generated two I D finite A i r y beams E ( X ) (Fig. 3.6 a) and E ( Y ) 
(Fig. 3.6 b), that were multiplied to get a finite 2D A i r y beam E ( X , Y ) , which can be 
expressed as : 

E(X,Y) = A i 
-(X-X0) 

.k.NA . A i 
iY-Y0) 

.k.NA (3.4) 

where A i implies an A i r y function of the first kind. X and Y represent a grid wi th 
the sampling corresponding to T M ' s outputs. X0 and Y0 determine a position of an A i r y 
beam, concerning x and y coordinates of the calibration plane, b is a parameter designated 
in a way that it would relate to the strength of the cubic phase mask used to generate 
an A i r y beam util izing the Fourier domain approach (Chap. 3.3). k = (2ir)/\ is a wave 
number, where A stands for the wavelength in given medium. NA signifies the numerical 
aperture of the multimode fiber. 
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Figure 3.5: Scheme describing the Fourier domain synthesis. The product of multiplica­
tion (c) between cubic phase mask (a) and a super-Gaussian aperture (b) was in a Fourier 
domain incorporated into each T M ' s output and in a real domain cropped by a circular 
mask representing the M M F ' s core (d). From this altered T M we generated an input pat­
tern that was projected on the D M D and, after propagation through M M F , transformed 
into an A i r y beam (e). 

However, when employing this equation, the main lobe of propagating A i r y beam was 
again moving diagonally wi th respect to the x and y coordinates. Thus, we applied the 
same coordinate change as in Chap. 3.3, to achieve a movement of the main lobe only 
along a horizontal axis. After the rotation, the finite 2D A i r y beam (Fig. 3.6 c) was given 
by: 

E(X,Y) = A i 
-(X-X0)-(Y-Y0) .k.NA . A i 

-(X-X0) + (Y-Y0) .k.NA 

(3.5) 
Moreover, to emulate the real conditions, the beam was, in a Fourier domain, cropped 

by the fiber's numerical aperture (Fig. 3.6 d, e). Furthermore, after performing an inverse 
Fourier transform, the beam was cut by a circular mask representing the fiber's core (Fig. 
3.6 f , g , h). 

Once one has access to the information stored in T M , the field distribution that needs 
to be sent to the M M F (Ein) in order to obtain the desired field distribution at the distal 
end of the M M F (Eout), can be calculated by direct matrix multiplication in the form of: 

Ein = TMT.Eout, (3.6) 

where TMT represents the transpose of the T M , used here as an approximation of the T M ' s 
inverse, and Eout stands for the I D array containing the desired output field, obtained 
by reshaping the 2D matrix (Eout(X,Y)). Afterward, the input field Ein was converted 
into an input pattern that was projected on the D M D and, after propagation through the 
M M F , transformed into an A i r y beam (Fig. 3.6 i) . 
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Figure 3.6: Scheme describing the direct field synthesis. To create an A i r y beam via 
M M F , we first computationally generated two I D finite A i r y beams (a,b), of which a 
multiplication product is a 2D finite A i r y beam (c). To emulate real conditions, this 
beam was in a Fourier domain (d) cropped by the M M F ' s numerical aperture (NA) and 
in the real domain cut by a circular mask representing the M M F ' s core (f,d). The resulting 
field distribution (h) was reshaped to a I D matrix Eout, that after matrix multiplication 
(the black star) with a T M transpose (TMT) generated an input field Ein. Afterward, 
the input field was converted into an input pattern that was projected on the D M D and, 
after propagation through M M F , transformed into an A i r y beam (i). 

3.5. Control of the ballistic motion 
The characteristics of an A i r y beam, such as the propagation start, trajectory range, and 
intensity peak position, can be further modulated as described in [78]. Using our setup, 
this can be done by employing both the direct field and the Fourier domain synthesis. 
However, ut i l izing the direct field synthesis, one has to calculate the exact formula de­
scribing the modified A i r y beam. Whereas when exploiting the Fourier domain approach, 
one only needs to adjust the position of the cubic phase mask and the super-Gaussian 
aperture wi th respect to the optical axis. Therefore the Fourier domain synthesis can be 
accounted as a more flexible and faster method to control the propagation and position 
of the intensity peak of an A i r y beam. 

To showcase this flexibility, we displaced the super-Gaussian aperture or the cubic 
phase mask of strength b = 10 in a plane transversal to the optical axis. A s portrayed 
in F ig . 3.7 a, to generate the conventional A i r y beam described in previous chapters, the 
phase mask and the super-Gaussian aperture, represented by a black circle, need to be 
coaxially aligned. In order to create the modified A i r y beams, we have tried four different 
misalignments. Firstly, we displaced only the phase mask along the horizontal axis (Fig. 
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3.7 b). Secondly, only the super-Gaussian aperture was shifted along the horizontal axis 
(Fig. 3.7 c). Thirdly, we moved both the phase mask and the super-Gaussian aperture in 
opposite directions along the horizontal axis (Fig. 3.7 d). A n d lastly, the phase mask and 
super-Gaussian aperture were misaligned together along the horizontal axis (Fig. 3.7 e) 

dk/k 

Figure 3.7: Description of the method to generate A i r y beams wi th modified trajectories 
and intensity peak position. The black circle represents the super-Gaussian aperture (SG). 
(a) Normally both the phase mask and the S G are coaxially aligned. In our experiments, 
we produce beams when displacing only the phase mask along the horizontal axis (b), 
only the S G along the horizontal axis (c), both the phase mask and the S G in opposite 
directions along the horizontal axis (d) and the phase mask and S G together along the 
horizontal axis (e). 

Results obtained from the misalignments as well as from the Fourier domain and direct 
field synthesis, are provided in the next chapter. 
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4. Results 
4.1. Quality of generated Airy beams 
To determine the quality of produced beams, we compared the experimental data to the 
simulation, using power ratio as the matrix correspondence indicator. In this case, the 
power ratio can be calculated as an overlap integral given by: 

where PR signifies the power ratio, whereas Is and Ie correspond to simulated and exper­
imentally obtained data intensity profiles, respectively. 

To compare the experimental data acquired by the Fourier domain synthesis, the 
simulated A i r y beams were obtained by the two-dimensional Fourier transform of the 
cubic phase mask, given by E q . 3.3. Similarly to the Fourier domain synthesis process, 
the beams were cropped by a circular mask representing the fiber's core. B y squaring the 
resulting electric field distribution, the simulation of an A i r y beam intensity profile was 
generated. 

Employing the Fourier domain synthesis, we explored A i r y beams wi th the strength 
of the cubic phase mask 6 = 5, 10, 15, 20, and 50, respectively, as shown in F ig . 4.1. The 
best resemblance to the simulation was acquired for parameter 6 = 10, with the P R of 
96.61 %. A i r y beams, created wi th the mask of strength 6 = 5, 15 and 20, were also quite 
similar to the simulation wi th the P R over 95 %. However, the P R of the A i r y beam 
obtained when employing the phase mask of b = 50 was profoundly lower, reaching only 
91.51 %. This low P R was caused by the aliasing of the cubic phase mask. 

The data obtained uti l izing the direct field synthesis were also analyzed by means of 
the overlap integral. Here, the simulated A i r y beams were generated employing equation 
3.5. Similarly to the direct field synthesis process, the beams were in a Fourier domain 
cropped by the fiber's numerical aperture and in a real domain cut by a circular mask 
representing the fiber's core. The resulting electric field distributions were raised to the 
power of two to gain the simulated beams' intensity profiles. 

Ut i l iz ing the method of the direct field synthesis, we also generated A i r y beams of 
the parameter 6 = 5, 10, 15, 20, and 50, achieving the P R above 95 % for all of them as 
depicted in F ig . 4.2. The highest similarity to the simulation was again obtained for the 
A i r y beam wi th the parameter b = 10, reaching P R = 96.51 %. 

4.2. Propagation of generated Airy beams 
One of the typical characteristics of an A i r y beam is its curved trajectory, depicted in 
F ig . 4.3 a. To obtain information about the propagation of synthesized A i r y beams, we 
collected data 40 um before and after the calibration plane, using a piezo motor attached 
to the output objective. The step of the motor was 1 um. The cross-sections through 
the main lobe of propagating A i r y beams, schematically specified by a dashed black line 
in F ig . 4.3 b, can be seen in F ig . 4.3 c-m. W i t h the increasing value of parameter b, 

mvL.vh) ds 
PR s 

JJ vrs ds. JJ vre ds 
s s 
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Figure 4.1: In the first row (a-e) are depicted simulated A i r y beams. The second row (f-j) 
contains experimentally obtained A i r y beams generated by Fourier domain synthesis, i.e., 
by masking T M ' s outputs wi th the cubic phase mask of strength b = 5, 10, 15, 20, 50. 
Individual figures are normalized to their maximum and show the intensity distribution 
of beams at the calibration plane. The black dashed line circle represents the diameter of 
M M F ' s core. 
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Figure 4.2: In the first row (a-e) are depicted simulated A i r y beams. The second row 
(f-j) contains experimentally obtained A i r y beams generated by direct field synthesis, i.e., 
applying equation number (3) to the T M , using a parameter b = 5, 10, 15, 20, and 50 
respectively. Individual figures are normalized to their maximum and show the intensity 
distribution of beams at the calibration plane. The black dashed line circle represents the 
diameter of M M F ' s core. 

the trajectory of produced A i r y beams was less curved. Furthermore, wi th higher b, A i r y 
beams had more side lobes; thus, the main lobe carried less energy. The distribution of 
intensity in individual lobes of an A i r y beam created by Fourier domain synthesis wi th b 
= 10 is shown in F ig . 4.3 b. Video of propagation and 3D reconstruction of A i r y beam 
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obtained by Fourier domain synthesis wi th b 
movies 1 and 2. 

10 can be seen in the supplementary 
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Figure 4.3: (a) Typical curved trajectory of an A i r y beam during propagation, (b) In­
tensity distribution in individual lobes of an A i r y beam, generated by Fourier domain 
synthesis, using the phase mask of strength b = 10. The data were taken in the cali­
bration plane. The dashed black line indicates the position of the row used to construct 
figures c-f. (c-g) show the cross-sections through the main lobe of propagating A i r y beams, 
created by direct field synthesis, wi th different b parameters. In comparison, (h-m) de­
pict the cross-sections of propagating A i r y beams gained by the Fourier domain synthesis, 
wi th different strengths of the cubic phase mask b = 5, 10, 15, 20, and 50. 

4.3. Control of the ballistic motion, using the Fourier 
domain synthesis 

A s mentioned in Chap. 3.5, to demonstrate the flexibility of the Fourier domain synthesis 
in modifying the propagation properties of an A i r y beam and also to prove that such 
propagation control can be performed even via the M M F , we were displacing the super-
Gaussian aperture or the cubic phase mask of strength b = 10, in a plane transversal 
to the optical axis. The illustrative scheme, together wi th a chosen Cartesian coordinate 
system, is displayed in F ig . 4.4 a. 

F ig . 4.4 b, shows a cross-section through the main lobe of propagating A i r y beam, 
obtained when both the super-Gaussian aperture and the phase mask are aligned co-

28 



4. RESULTS 

axially. Unlike the previous experiments, here and in a l l the following measurements, 
the data collection started at the calibration plane so that we could capture the whole 
propagation of the beams wi th a modified trajectory. Considering this, one can see that 
the peak intensity of the beam is placed in the calibration plane. 

F ig . 4.4 c-d, depicts experimental results obtained after displacement of the cubic 
phase mask to the positive values of the horizontal axis by 5, 10, 15, and 20 pixels. Set 
side by side wi th the original trajectory, shown in F ig . 4.4 b, one can easily see that 
wi th a horizontal displacement of the phase mask, we can control the position of starting 
point as well as the range of propagation, while the intensity peak always appears at the 
maximum height of the trajectory. 

Secondly, we moved the super-Gaussian aperture along the horizontal axis, to its 
negative side, by the same amount of pixels as in the previous experiment. Results can 
be found in F ig . 4.4 g-j. Clearly, the beam's trajectory remains the same regardless of 
the decentering magnitude. However, with a more significant aperture displacement, the 
intensity peak occurs later during propagation. 

Moreover, if we misalign both the mask and the super-Gaussian aperture in the oppo­
site direction of the horizontal axis, we should be able to control the range of propagation 
as well as the position of the intensity peak [78]. Propagation of the beams obtained by 
shifting the phase mask and the super-Gaussian aperture in opposite directions so that 
the total distance between them would be 5, 10, 15, and 20 pixels can be seen in F ig . 4.4 
k-n. Here one can see the change in the starting point and the range of propagation, but 
unlike in [78], the control of intensity peak position is not that apparent. The reason for 
this lies probably in the super-Gaussian aperture's intensity distribution. In the paper 
[78], a conventional Gaussian beam intensity was employed, but here we used a flat-top 
Gaussian beam. 

Lastly, we explored the propagation characteristic of beams when displacing the phase 
mask and the S G aperture together to the positive values of the x-axis by 5, 10, 15, and 
20 pixels. Results are depicted in F ig . 4.4 o-r. 
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Figure 4.4: (a) Schematic of the multimode fibre ( M M F ) , Fourier lens, super-Gaussian 
aperture (SG), and the cubic phase mask (M) , used to generate A i r y beams wi th modified 
trajectories, (b) The curved trajectory of the A i r y beam when the S G and M are co-axially 
aligned, (c-f) The trajectory of an A i r y beam after shifting the phase mask to positive 
values of the x-axis by 5, 10, 15, and 20 pixels, respectively, (g-j) The trajectory of the 
A i r y beam after displacing the S G aperture to negative values of the x-axis by 5, 10, 15, 
and 20 pixels, respectively, (k-n) The trajectory of the A i r y beam after misalignment of 
both the phase mask and S G in opposite directions along the x-axis, each by 2.5, 5, 7.1, 
and 10 pixels, respectively, (o-r) The trajectory of the A i r y beam after shifting both S G 
and the phase mask in the same direction by 5, 10, 15, and 20 pixels, respectively. The 
figures (b-r) are normalized to their maximum. 
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5. Conclusion 
The first section of this Master's thesis (Chapter 2) aimed to provide an introduction 

to the methodology of the novel holographic endoscopy technique. It also covered the 
fundamental properties, mathematical descriptions, and applications of optical beams, 
wi th a specific focus on Gaussian and A i r y beams. 

The primary goal of this project was to generate an A i r y beam through a multimode 
step-index fiber and determine whether its quality can match the near-perfect foci created 
through M M F in previous research conducted by Dr . Andre D . Gomes and his colleagues. 
Chapter 3 presents a detailed description of the optical setup, calibration procedures, and 
methods employed to generate and control the propagation characteristics of the A i r y 
beams. 

To generate the A i r y beams, two distinct approaches were employed: the Fourier 
domain and the direct field synthesis. The direct field synthesis utilized the exact math­
ematical equation of the 2D finite A i r y beam to generate a simulation of desired A i r y 
beam. Employing the simulation together wi th the information stored in the T M of the 
M M F , D M D holograms necessary to produce an input field that would, upon propagation 
through M M F , take the form of the A i r y beams were produced. O n the other hand, the 
Fourier domain synthesis involved incorporating a cubic phase mask into the T M and 
generating the required D M D holograms from this altered T M . The Fourier domain syn­
thesis was also utilized to control the propagation characteristics of the A i r y beams. To 
achieve this, several combinations of shifts to the cubic phase mask or the super-Gaussian 
aperture were exploited. 

Chapter 4 includes the assessment and presentation of the project results. A compari­
son between the results and simulations revealed the successful generation of high-quality 
A i r y beams at the distal facet of the M M F using both approaches. The Fourier domain 
synthesis achieved the best P R of 96.61 %, followed closely by the direct field synthesis 
wi th the best P R of 96.51 %. Additionally, the propagation of the synthesized A i r y beams 
was recorded, and the abili ty to control the propagation characteristics of the A i r y beam 
by using the holographic endoscope setup was explored. 

This project demonstrates that the recent advancements in the holographic endoscopy 
technique enable not only the production of simple optical fields, e.g., diffraction-limited 
foci but also more complex fields, such as A i r y beams, wi th high purity and fidelity. 
This knowledge holds particular value in the use of the Holographic endoscope in fluores­
cent microscopy regimes that utilize more complex beams, e.g., structured il lumination 
microscopy (SIM) or stimulated emission depletion microscopy ( S T E D ) . Employing the 
Holographic endoscope for in vivo deep-tissue imaging in S I M or S T E D regimes presents 
an intriguing challenge for future work. 
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6. List of Abbreviations 
T I R total inner reflection 

S M F single-mode fibre 

M M F multi-mode fibre 

G R I N M M F graded-index multi-mode fibre 

N A numerical aperture 

T M transformation matrix 

S L M spatial light modulator 

L C - S L M liquid crystal-based spatial light modulator 

M E M S microelectromechanical system 

D M D digital micromirror device 

M cubic phase mask 

S G super-Gaussian aperture 

P R power ratio 

S I M structured il lumination microscopy 

S T E D stimulated emission depletion microscopy 
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