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Abstrakt
Jednou z možnost́ı korekce sférické vady v elektronové mikroskopii je hexapólový korektor.
Ačkoliv samotný princip korekce je poměrně dobře v literatuře popsán, jen relativně málo
je věnováno samotnému seř́ızeńı hexapólového korektoru, jež je stěžejńı pro správnou
funkčnost. Práce je věnována analytickému rozboru vad seř́ızeńı a jejich vlivu na rozlǐseńı
obrazu za použit́ı metody eikonálu a aberačńıch integrál̊u. Je ukázáno, že nejd̊uležitěǰśı
roli v parazitických aberaćı hraj́ı výchylky a náklon hexapól̊u. V závěru je pak popsáno,
jakým zp̊usobem je třeba hexapólový korektor seř́ıdit pro odstraněńı parazitických vad.

Kĺıčová slova
Elektronová mikroskopie, Aberace, Hexapólový korektor

Summary
One of the option of spherical aberration correction in electron microscopy is the hexapole
corrector. Although the principle of the corrector is described in literature quite elabo-
rately the adjustment of the corrector, which is crucial for its functionality, is studied
just briefly. The thesis is dedicated to the analytic analysis of parasitic aberrations and
its influence on resolution of an image by the Eikonal method and aberration integrals.
It is shown that off-axial shifts and tilts play the major role in parasitic aberrations. In
the end the procedure of adjustment of the hexapole corrector for elimination of parasitic
aberrations is described.
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Introduction

This year, 2017, Samsung started a 10 nm technology of a semiconductor manufacturing
process. This is about 100 times an atom. The requirement to have atomic resolution
is therefore highly needed and not just in semiconductor industry. With high resolution
techniques we can understand nature more deeply. Thanks to our ability to observe more
precisely the matter, we can design new materials with higher strength, durability, lighter,
more flexible. We can create new promising drugs, we have more efficient way of produc-
ing energy.

There are several techniques to measure atoms but not as versatile as electron mi-
croscopy. To achieve atomic resolution in the electron microscope one way is to increase
the energy of the accelerated electrons to shorten their wavelength. This approach was
often used in the past and 1 MV microscopes were built. That, however, is quite im-
practical because such a microscope needs a special room and is very expensive, but,
above all, it creates radiation damage thus a broad spectrum of materials, such as organic
materials, cannot be analysed. The current tendency is quite opposite – to use a low
voltage microscope to increase interactions with electronic structure. To achieve atomic
resolution at 100 keV and even lower it is necessary to use correctors.

In light optics we can deal with aberrations and dispersion by using different materials
of lenses with an adequate dispersion relation and optical properties. In electron optics it
is not the way how to do it. Any electromagnetic rotational symmetric lens is converging
thus we cannot eliminate chromatic aberration by just a combination of those. Further-
more, since 1936 it has been known that spherical aberration of a rotational symmetric
lens is always positive (derived by O. Scherzer [17]). The way to obtain negative spheri-
cal aberration and to correct chromatic aberration is either an electron mirror, which is
used in Low-energy electron microscopy [18], or multipoles[8]. To reach atomic resolution
we have first to deal with the spherical aberration. The chromatic aberration becomes
mainly dominant if the energy of the electron is in the order of tens of electron volts. The
common strategy of dealing with a polychromatic beam is to use a monochromator [19] or
a corrector of chromatic aberration[22]. The chromatic aberration corrector has the advan-
tage that a higher electron current can be used, which is especially useful, for example in
Energy-dispersive X-ray spectroscopy. On the other hand the use of a monochromator is
more adequate when we do high resolution spectroscopy measurements. Monochromators
are presently used more often because they are cheaper and easier to construct.

The first attempt on an electrostatic multipole corrector of spherical aberration was
made by R. Seeliger in 1951 based on the proposition of O. Scherzer. The design consisted
of a combination of octupoles, stigmators and electrostatic cylinders. It was experimen-
tally proved that negative spherical aberration can be achieved but at that time the cor-
rector did not improve resolution. It was mainly because of instabilities of the mechanical
parts. Later it was found that resolution of a microscope is determined by two factors
– coherent aberrations caused by misalignments together with mechanical imperfections
of lenses and incoherent effects of electromagnetic noise with vibrations (and nowadays a
thermal noise of the used magnetic materials[20]). Throughout the next forty years multi-
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INTRODUCTION

ple attempts of building correctors were made but all were destined to a failure because of
technological difficulties. In 1988 a group of experts declared at a meeting in the United
States that the successful realization of aberration correction was unthinkable[13].

It must be said that all of the previous designs of correctors were based on some
combination of quadrupole and octupole fields. A hexapole field produces in the first
approximation three-fold astigmatism thus at the beginning it was not considered for
correction of spherical aberration. In the second approximation the hexapole field has
the same aberration coefficients as the radial symmetric field. If we manage to cancel
the three-fold astigmatism we can use it as a corrector of spherical aberration. Such a
concept was first studied by H. Rose in 1981 [14]. It is the same design as is studied in
this thesis – consists of two hexapoles with a lens doublet in-between. After 1990 M.
Haider noticed that a hexapole corrector requires less stability tolerances than previous
quadrupole/octupole correctors and together with H. Rose they built one. In 1995 it was
demonstrated that the corrector works satisfactorily but the problem was with residual
aberrations due to misalignments[3]. It was later solved by using a computer aid to au-
tomatically calculate these aberration coefficients and to minimize them. In 1998 the
reduction of the point resolution from 0.24 nm to 0.14 nm was finally reached by the
hexapole corrector of spherical aberration[5].

In 1996 an idea of the quadrupole/octupole corrector was revived by Ondrej L. Krivanek[10].
Nowadays there are two main manufacturers of the correctors – CEOS founded by J. Zach
and M. Haider with its hexapole corrector and the Nion company of O.L Krivanek with
its quadrupole/octupole corrector. The CEOS-like corrector was also adopted by JEOL
and FEI.

The topic of this thesis is on the residual aberrations. It brings an analytical study
of aberration coefficients which gives a deep insight to the origin of parasitic aberrations
and what is the best solution how to eliminate them.
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1. Multipole Expansion of Field

We start with a theoretical background. At first we derive the multipole expansion of
an electrostatic and magnetostatic field in vacuum. The multipole expansion is derived
along an optical axis in the tangential plane and provide an useful form of the field which
can be used for simplified calculation.

1.1 Maxwell’s Equations

We start with the Maxwell’s equations in vacuum:

∇ ·B = 0 ∇×E + ∂B
∂t

= 0
∇ ·E = ρ

ε0
∇×B − µ0ε0

∂E
∂t

= µ0j

Now we assume that any charge and current is not present in the investigated area.∗ We
also assume that the fields are static thus they are not functions of time. Using these
assumptions we get:

∇ ·B = 0 ∇×E = 0
∇ ·E = 0 ∇×B = 0

We can solve the second pair of equations by introducing an electric potential Φ and a
magnetic potential W such that:

E = −∇Φ (1.1)

B = −∇W

We can find the solutions of the potentials by solving Laplace equations:

∆Φ = 0 (1.2)

∆W = 0

1.2 Vector Potential

We also need a magnetic vector potential which is defined as:

B = ∇×A (1.3)

Let us derive its link to the magnetostatic potential W. We compare 1.3 with 1.1:

∇×A = −∇W (1.4)

The vector potential is not fully determined by this equation. In fact we can choose one
of its component freely. We chose it in a way such as the Az component (it does not

∗That assumption is not correct because we are dealing with an electron beam which consists of more
than one electron. But if the beam current is low than we can use the assumption.
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1. MULTIPOLE EXPANSION OF FIELD

matter which one due to the symmetry) is equal to the function f(x, y, z). Then we can
evaluate x and y component of A from the first two equations 1.4:

Ax =

∫ (
−∂W
∂y

+
∂f

∂x

)
dz + g(x, y) (1.5)

Ay =

∫ (
∂W

∂x
+
∂f

∂y

)
dz + h(x, y)

Where g, h are any functions of x and y. Now we put these components to the last
equation:

∂Ay
∂x
− ∂Ax

∂y
= −∂W

∂z
(1.6)

We obtain: ∫ (
∂2W

∂x2
+
∂2W

∂y2
+

∂2f

∂y∂x
− ∂2f

∂x∂y

)
dz +

∂h

∂x
− ∂g

∂y
= −∂W

∂z
(1.7)

If f is a smooth function and ∂h
∂x
− ∂g

∂y
= 0 (it is natural to choose g = 0, h = 0) we get:∫ (

∂2W

∂x2
+
∂2W

∂y2

)
dz = −∂W

∂z
(1.8)

And differentiating with respect to z:

∂2W

∂x2
+
∂2W

∂y2
+
∂2W

∂z2
= 0 (1.9)

Which is the required Laplace equation of W . In this text I will choose Az = 0 †. Then
x, y-components are calculated from W by:

Ax =

∫ (
−∂W
∂y

)
dz (1.10)

Ay =

∫ (
∂W

∂x

)
dz

1.3 Solution of Laplace Equation

We now derive the solution of the Laplace equation:

∆Φ = 0 (1.11)

in the form of power series. In cylindrical coordinates it looks like:

∂2Φ

∂r2
+

1

r

∂Φ

∂r
+

1

r2

∂2Φ

∂θ2
+
∂2Φ

∂z2
= 0 (1.12)

We find the solution in the form:

Φ = R(r, z)S(θ) (1.13)

†P. W. Hawkes[9] uses Az = W instead
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1. MULTIPOLE EXPANSION OF FIELD

Putting it into 1.12, dividing by R, S and multiplying by r2 we get:

r2

R

∂2R

∂r2
+
r

R

∂R

∂r
+
r2

R

∂2R

∂z2
= −S

′′

S
(1.14)

Because R is only a function of r, z and S is only a function of θ the both sides of the
equation have to be equal to a constant. At first we solve the equation:

−S
′′

S
= λ (1.15)

S has to be 2π-periodic thus λ is equal to a positive number. Further more the solution
looks like:

S = eikθ (1.16)

where k is an integer (due to 2π-periodicity). λ is thus equal to k2.
Let us find the solution of the function R(r, z). We are looking for the solution in the

form of power series:

R(r, z) =
∞∑
n=0

an,k(z)rn+s (1.17)

Where s is an integer. The sum starts from zero because we require finiteness of the
solution on the optical axis. By putting the power of series into the equation 1.14:

r2∂
2R

∂r2
+ r

∂R

∂r
+ r2∂

2R

∂z2
− k2R = 0 (1.18)

We get:

∞∑
n=0

an,k(z)(n+ s)(n+ s− 1)rn+s +
∞∑
n=0

an,k(z)(n+ s)rn+s + (1.19)

+
∞∑
n=0

an,k(z)′′rn+s+2 −
∞∑
n=0

an,k(z)k2rn+s = 0

We shift the index of the third sum and simplify it:

a0,k(s
2 − k2)rs + a1,k

(
(1 + s2)− k2

)
rs+1 + (1.20)

+
∞∑
n=2

[
an,k

(
(n+ s)2 − k2

)
+ a′′n−2,k

]
rn+s = 0

To fulfil the equation for all r each coefficient of different power of r has to be equal to
zero:

a0,k(s
2 − k2) = 0 (1.21)

a1,k

(
(1 + s2)− k2

)
= 0

an,k
(
(n+ s)2 − k2

)
+ a′′n−2,k = 0 for n > 2

5



1. MULTIPOLE EXPANSION OF FIELD

From the first equation we get s = |k| ‡. Thus a1,k is zero and also all coefficients with
odd n because we can get the recursive formula for n > 2:

an,k = −
a′′n−2,k

n(n+ 2|k|)
(1.22)

The recursive formula can be also rewritten to the explicit form (n is replaced by 2n):

a2n,k =
(−1)na

(2n)
0,k |k|!

22nn!(n+ |k|)!
(1.23)

Bringing it all together we get the final multipole expansion of the electrostatics potential
Φ:

Φ =
∞∑
n=0

∞∑
k=−∞

(−1)n|k|!
22nn!(n+ |k|)!

φ
(2n)
k (z)r2n+|k|eikθ (1.24)

Where a0,k was replaced by φk. Similarly, the multipole expansion of the magnetic po-
tential W is:

W =
∞∑
n=0

∞∑
k=−∞

(−1)n|k|!
22nn!(n+ |k|)!

ψ
(2n)
k (z)r2n+|k|eikθ (1.25)

1.4 Potential in Different Coordinates

Potentials in formula 1.24 and 1.25 are in cylindrical coordinates. Since θ is not defined
on the optical axis it is better to use different coordinate system. The best option, due
to the potential term, seems to be the ’circular polarization’ coordinates (z, w, w̄), where
transition between cylindrical and circular polarization coordinates is defined by:

z = z (1.26)

w = reiθ

w̄ = re−iθ

We notice that φk and φ−k are complex conjugates (due to the real potential). The
potential than looks like:

Φ =
∞∑
n=0

∞∑
k=0

(−1)nk!

22nn!(n+ k)!
(ww̄)n(φ

(2n)
k (z)wk + φ̄

(2n)
k (z)w̄k) (1.27)

Where φk are the same as in the formula 1.24 with only exception of φ0 which is only half
of the φ0 from the original 1.24. The formula of the magnetic potential is similar:

W =
∞∑
n=0

∞∑
k=0

(−1)nk!

22nn!(n+ k)!
(ww̄)n(ψ

(2n)
k (z)wk + ψ̄

(2n)
k (z)w̄k) (1.28)

‡We can also solve that by s = −|k| or a0,k = 0 but since k is an integer it does not matter - we would
only get the solution corresponding to different k.
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2. Trajectory Equation

We will derive the trajectory equation based on the variational formalisms. We start with
a Lagrangian of a relativistic charged particle in a static electromagnetic field:

L = mc2

(
1−

√
1− v2

c2

)
+ q(−Φ + v ·A) (2.1)

Where m is the rest mass of the particle, q its charge, c speed of light, v its speed, Φ(x)
an electric potential and A(x) a magnetic vector potential. The corresponding canonical
momentum and the Hamiltonian are:

p =
mv√
1− v2

c2

+ qA (2.2)

H = mc2

 1√
1− v2

c2

− 1

+ qΦ

The field is static thus the Hamiltonian is a constant of motion (E0). We can evaluate
the formula of the absolute value of the velocity and kinetic momentum g = mvγ:

v = c

√
1−

(
mc2

E0 +mc2 − qΦ

)2

(2.3)

g =

√
2m(E0 − qΦ)

(
1 +

E0 − qΦ
2mc2

)
Now derive the trajectory equation. The action for the realized trajectory has to be

extremal:

S =

∫
L dt = extr. (2.4)

We have a static system where the Hamiltonian H = p · v − L is conserved and thus its
contribution to the action is a constant∗. We can extremalise modified action instead:

S̃ =

∫
p · v dt = extr. (2.5)

This action is invariant with respect to the parametrization (due to v = dr
dt

) Thus we can
re-parametrize it by using the optical axis coordinate z:

S̃ =

∫
(g + qA) · r′(z) dz (2.6)

The absolute value of kinetic momentum is determined by the equation 2.4 and its direc-
tion is always tangential to the trajectory. Thus we can write:

S̃ =

∫ (
g
√

1 + x′2 + y′2 + q(Axx
′ + Ayy

′ + Az)
)

dz (2.7)

∗If we assume that the strat and end time are fixed then
∫
Hdt = E0(tend − tstart)
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2. TRAJECTORY EQUATION

If the action is extremal, the integrand (M) has to satisfy Lagrange equations of the
second kind: (

∂M

∂x′

)′
− ∂M

∂x
= 0 (2.8)(

∂M

∂y′

)′
− ∂M

∂y
= 0

By evaluating it, we would get the exact solution of the trajectory in Cartesian coordi-
nates. But we will do more simplifications. First of all we replace the magnetic vector
potential by the scalar potential. We use Az = 0 and the equations 1.11:

M = g
√

1 + x′2 + y′2 + q

([
−
∫
∂W

∂y
dz

]
x′ +

[∫
∂W

∂x
dz

]
y′
)

(2.9)

Now we go to circular polarization coordinates (z, w, w̄):

M = g
√

1 + w′w̄′ + q

(
−
[
i

∫
∂W

∂w
− ∂W

∂w̄
dz

](
w′ + w̄′

2

)
+

+

[
i

∫
∂W

∂w
+
∂W

∂w̄
dz

](
w′ − w̄′

2i

))
(2.10)

Where we used:

∂

∂x
=

∂

∂w
+

∂

∂w̄
(2.11)

∂

∂y
= i

∂

∂w
− i

∂

∂w̄

x′ =
w′ + w̄′

2

y′ =
w′ − w̄′

2i

The magnetic term can be further simplified into the formula:

M = g
√

1 + w′w̄′ + iq

(
w̄′
[∫

∂W

∂w̄
dz

]
− w′

[∫
∂W

∂w
dz

])
(2.12)

The trajectory can be found by applying the Lagrange equations with respect to the
circular polarization coordinates.(

∂M

∂w′

)′
− ∂M

∂w
= 0 (2.13)(

∂M

∂w̄′

)′
− ∂M

∂w̄
= 0
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2. TRAJECTORY EQUATION

2.1 Paraxial Approximation

The paraxial approximation of the trajectory equation is an useful tool for deriving the
behaviour of the electron/ion optical system. The main assumption is that the beam
trajectory is close to the optical axis. Thus the coordinates x, y (or w, w̄) are small. We
can linearize the trajectory equations. In the Lagrangian it means to find the terms up
to the quadratic.

We will start with expansion of the electric term of the Lagrangian. The square root
term can be simplified to:

√
1 + w′w̄′ ≈ 1 +

1

2
w′w̄′ (2.14)

and the kinetic momentum:

g =

√
−2mqΦ

(
1− qΦ

2mc2

)
(2.15)

Where we already involve initial energy into the scalar potential†. It can be quadratised
by splitting the potential into the constant part and the part dependent on w and w̄:

Φ = φ0 + φn (2.16)

Then the kinetic momentum is:

g =
√
−2mqφr

√
1 +

φn
φr

(
1− q(2φ0 + φn)

2mc2

)
(2.17)

Where φr is a relativistically corrected potential on the optical axis:

φr = φ0

(
1− qφ0

2mc2

)
(2.18)

The Taylor series of kinetic momentum up to the second order of φn is then:

g ≈
√
−2mqφr

(
1 +

1

2

γ0φn
φr
− 1

8

φ2
n

φ2
r

)
(2.19)

Where γ0 is γ-factor on the optical axis:

γ0 = 1− qφ0

mc2
(2.20)

Bringing it all together we get the following estimation of the Lagrangian:

M̃ =
√
φr

(
1 +

1

2

γ0φn
φr
− 1

8

φ2
n

φ2
r

)(
1 +

1

2
w′w̄′

)
+

+ iη

(
w̄′
[∫

∂W

∂w̄
dz

]
− w′

[∫
∂W

∂w
dz

])
(2.21)

†If the potential change by constant, the electric field remain the same.
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2. TRAJECTORY EQUATION

Where we divided the original the Lagrangian by a constant
√
−2mq. The parameter η

equals to:

η =

√
− q

2m
(2.22)

The next thing to do is to insert the electric and magnetic potential in the form of power
series of w and w̄ up to the second term. From equations 1.27 and 1.28 we have:

Φ ≈ φ0 −
1

4
φ′′0ww̄ + φ1w + φ̄1w̄ + φ2w

2 + φ̄2w̄
2 (2.23)

W ≈ ψ0 −
1

4
ψ′′0ww̄ + ψ1w + ψ̄1w̄ + ψ2w

2 + ψ̄2w̄
2

Where the terms with index zero are half of the original (they are the same as in the
equation 1.24 and 1.25) We put it into 2.21 and take only terms up to the second order
of w, w̄, w′ and w̄′:

M̃ =
√
φr +

1

2

φ1√
φr
w +

1

2

φ̄1√
φr
w̄ + iη

[∫
ψ1

]
w′ − iη

[∫
ψ̄1

]
w̄′

+

(
1

2

γ0φ2

φ
1
2
r

− 1

8

φ2
1

φ
3
2
r

)
w2 +

(
1

2

γ0φ̄2

φ
1
2
r

− 1

8

φ̄2
1

φ
3
2
r

)
w̄2 +

(
−1

8

γ0φ
′′
0

φ
1
2
r

− 1

4

φ1φ̄1

φ
3
2
r

)
ww̄

+ 2iη

[∫
ψ2

]
ww′ − 2iη

[∫
ψ̄2

]
w̄w̄′ +

1

4
iηψ′0(ww̄′ − w̄w′) +

1

2

√
φrw

′w̄′ (2.24)

Since the trajectory equations does not change if we add the total derivative of z to
the Lagrangian we can simplify it to:

M̃ =
√
φr +

(
1

2

φ1√
φr

+ iηψ1

)
w +

(
1

2

φ̄1√
φr
− iηψ̄1

)
w̄

+

(
1

2

γ0φ2

φ
1
2
r

− 1

8

φ2
1

φ
3
2
r

+ iηψ2

)
w2 +

(
1

2

γ0φ̄2

φ
1
2
r

− 1

8

φ̄2
1

φ
3
2
r

− iηψ̄2

)
w̄2

+

(
−1

8

γ0φ
′′
0

φ
1
2
r

− 1

4

φ1φ̄1

φ
3
2
r

)
ww̄ +

1

4
iηψ′0(ww̄′ − w̄w′) +

1

2

√
φrw

′w̄′ (2.25)

We now assume two sets of condition. The first are Wien’s condition:(
1

2

φ1√
φr

+ iηψ1

)
= 0 (2.26)

which link the electric dipole to the magnetic dipole. And the second the stigmatic
conditions: (

1

2

γ0φ2

φ
1
2
r

− 1

8

φ2
1

φ
3
2
r

+ iηψ2

)
= 0 (2.27)

which link quadrupole terms of potentials. Thus the Lagrangian reduces to:

M̃ =
√
φr +

(
−1

8

γ0φ
′′
0

φ
1
2
r

− 1

4

φ1φ̄1

φ
3
2
r

)
ww̄ +

1

4
iηψ′0(ww̄′ − w̄w′) +

1

2

√
φrw

′w̄′ (2.28)
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2. TRAJECTORY EQUATION

We can now introduce the co-rotating coordinates (ω, ω̄):

w = ωeiθ , w̄ = ω̄e−iθ (2.29)

where θ is dependent on z according to the equation:

θ′ =
ηψ′0

2
√
φr

(2.30)

Then the Lagrangian looks like:

M̃ =
√
φr −

1

8

(
η2ψ′2

φ
1
2
r

+
γ0φ

′′
0

φ
1
2
r

+
2φ1φ̄1

φ
3
2
r

)
ωω̄ +

1

2

√
φrω

′ω̄′ (2.31)

And the trajectory equations are:(
1

2

√
φrω̄

′
)′

+
1

8

(
η2ψ′2

φ
1
2
r

+
γ0φ

′′
0

φ
1
2
r

+
2φ1φ̄1

φ
3
2
r

)
ω̄ = 0 (2.32)
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3. Aberrations

Design of an optical system require also calculation of aberrations. The method which
is used in this thesis to calculate them is called the Eikonal method[9]. We assume that
Lagrangian can be written in perturbation series:

M =
N∑
j=0

λjM (j) (3.1)

Where |λ| < 1∗. We are looking for the solution also in perturbation series:

q(z) =
N∑
j=0

λjq(j) (3.2)

We are looking for the trajectory which minimize the action S. The variation of the action
S can be evaluated by two different ways. At first we can vary the total Lagrangian:

δS =

∫ zi

zo

(
∂M

∂qi
δqi +

∂M

∂q′i
δq′i

)
dz (3.3)

Where it is integrated from the object position zo to the image position zi. We use
summing nomenclature – ∂M

∂qi
δqi means summing over all coordinates (either x, y or w, w̄).

By integrating by parts we get:

δS =

∫ zi

zo

((
∂M

∂qi
− d

dz

∂M

∂q′i

)
δqi

)
dz +

[
piδqi

]zi
zo

(3.4)

Where pi is canonical momentum defined:

pi =
∂M

∂q′i
(3.5)

The first part of the variation of the action is zero due to the Lagrange equation. Thus
we get the formula for the variation:

δS =
[
piδqi

]zi
zo

(3.6)

Now the pi and qi can be expressed in form of the perturbation series:

qi(z) =
N∑
j=0

λjq
(j)
i (z) (3.7)

q′i(z) =
N∑
j=0

λjq
′(j)
i (z)

pi(z) =
N∑
j=0

λjp
(j)
i (z)

∗In our case it will not be true (λ = 1) but the Mj+1 will be already much smaller than Mj though
we can use the model.
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3. ABERRATIONS

The variation of the action is then:

δS =
2N∑
k=0

k∑
j=0

λk
[
p

(k−j)
i δq

(j)
i

]zi
zo

(3.8)

≈
[
p

(0)
i δq

(0)
i

]zi
zo

+ λ
[
p

(1)
i δq

(0)
i + p

(0)
i δq

(1)
i

]zi
zo

+ λ2
[
p

(2)
i δq

(0)
i + p

(1)
i δq

(1)
i + p

(0)
i δq

(2)
i

]
+ λ3

[
p

(3)
i δq

(0)
i + p

(2)
i δq

(1)
i + p

(1)
i δq

(2)
i + p

(0)
i δq

(3)
i

]zi
zo

On the other hand we can first decompose Lagrangian in the power of series of λ. We do
it only to the third order:

M =
∑

λjM (j)
(∑

λjq
(j)
i ,
∑

λjq
′(j)
i

)
(3.9)

≈ M (0) + λ
(
M (1) +D(1)M (0)

)
+ λ2

(
M (2) +D(1)M (1) +D(2)M (0) +

1

2

(
D(1)

)2
M (0)

)
+ λ3

(
M (3) +D(1)M (2) +D(2)M (1) +D(3)M (0) +

1

2

(
D(1)

)2
M (1)+

+D(1)D(2)M (0) +
1

6

(
D(1)

)3
M (0)

)
The Lagrangian M (0),M (1),M (2) are express by zeroth order of the trajectory:

M (0) = M (0)(w
(0)
i , p

(0)
i ) (3.10)

M (1) = M (1)(w
(0)
i , p

(0)
i )

M (2) = M (2)(w
(0)
i , p

(0)
i )

M (3) = M (3)(w
(0)
i , p

(0)
i )

And the differential operators D(1), D(2) are defined as:

D(1) = q
(1)
i

∂

∂qi
+ q

′(1)
i

∂

∂q′i
(3.11)

D(2) = q
(2)
i

∂

∂qi
+ q

′(2)
i

∂

∂q′i

D(3) = q
(3)
i

∂

∂qi
+ q

′(3)
i

∂

∂q′i
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3. ABERRATIONS

We can now compute first terms of the action S = S(0) + λS(1) + λ2S(2) + λ3S(3):

S(0) =

∫ zi

zo

M (0)dz (3.12)

S(1) =

∫ zi

zo

(
M (1) +D(1)M (0)

)
dz

S(2) =

∫ zi

zo

(
M (2) +D(1)M (1) +D(2)M (0) +

1

2

(
D(1)

)2
M (0)

)
dz

S(2) =

∫ zi

zo

(
M (3) +D(1)M (2) +D(2)M (1) +D(3)M (0) +

1

2

(
D(1)

)2
M (1)+

+D(1)D(2)M (0) +
1

6

(
D(1)

)3
M (0)

)
dz

Which can be further simplified. We notice than for any set of parameters ζi and realized
trajectories qi the equation:∫ zi

zo

(
∂M

∂qi
ζi +

∂M

∂q′i
ζ ′i

)
dz =

[
piζi

]zi
zo

(3.13)

is satisfied. We substitute ζi = q
(1)
i and expand it into power series of λ. Comparing zero,

first and second order terms of λ we get:∫ zi

zo

D(1)M (0) dz =
[
p

(0)
i q

(1)
i

]zi
zo

(3.14)∫ zi

zo

D(1)M (1) +
(
D(1)

)2
M (0)dz =

[
p

(1)
i q

(1)
i

]zi
zo∫ zi

zo

D(1)M (2) +
(
D(1)

)2
M (1) +D(1)D(2)M (0) +

1

2

(
D(1)

)3
M (0)dz =

[
p

(2)
i q

(1)
i

]zi
zo

Similarly, substituting ζi = q
(2)
i we get equation:∫ zi

zo

D(2)M (0) dz =
[
p

(0)
i q

(2)
i

]zi
zo

(3.15)∫ zi

zo

D(2)M (1) +D(2)D(1)M (0)dz =
[
p

(1)
i q

(2)
i

]zi
zo

And ζi = q
(3)
i : ∫ zi

zo

D(3)M (0) dz =
[
p

(0)
i q

(3)
i

]zi
zo

(3.16)
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3. ABERRATIONS

Thus we can rewrite 3.12 as:

S(0) =

∫ zi

zo

M (0)dz (3.17)

S(1) =

∫ zi

zo

(
M (1)

)
dz +

[
p

(0)
i q

(1)
i

]zi
zo

S(2) =

∫ zi

zo

(
M (2) − 1

2

(
D(1)

)2
M (0)

)
dz +

[
p

(0)
i q

(2)
i + p

(1)
i q

(1)
i

]zi
zo

S(3) =

∫ zi

zo

(
M (3) − 1

2

(
D(1)

)2
M (1) +

1

3

(
D(1)

)3
M (0) −D(1)D(2)M (0)

)
dz

+
[
p

(0)
i q

(3)
i + p

(1)
i q

(2)
i + p

(2)
i q

(1)
i

]zi
zo

For further calculation we name integrals as SI , SII , SIII :

SI =

∫ zi

zo

(
M (1)

)
dz (3.18)

SII =

∫ zi

zo

(
M (2) − 1

2

(
D(1)

)2
M (0)

)
dz

SIII =

∫ zi

zo

(
M (3) − 1

2

(
D(1)

)2
M (1) −D(1)D(2)M (0)

)
dz

Which are now only function of initial coordinates and momentums. Furthermore, the

term
(
D(1)

)3
M (0) is zero since there are only quadratic terms of qi, q

′
i in M (0). For further

calculation of aberrations we define vectors:

Q(j) =


q

(j)
1

q
(j)
2

q
′(j)
1

q
′(j)
2

 (3.19)

Operator:

∇0 =


∂

∂q1,o

∂
∂q2,o

∂
∂p1,o

∂
∂p2,o

 (3.20)

Matrix Γ:

Γ =


0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0

 · (3.21)

And projector matrix Π:

Π =


1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

 · (3.22)
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3. ABERRATIONS

3.1 Zeroth Order Perturbation

We can now finally obtain differential equations for calculating the perturbation terms of
trajectory. We compare variation of actions from 3.17 with 3.8. From zeroth order we
get: [

p
(0)
i δq

(0)
i

]zi
zo

= δ

∫ zi

zo

M (0)dz (3.23)

Which can be rewrite to the form of Lagrange equations of paraxial solution:

0 =

∫ zi

zo

(
∂M (0)

∂qi
− d

dz

∂M (0)

∂q′i

)
δqi dz (3.24)

3.2 First Order Perturbation

If we compare linear term of λ we get:[
p

(1)
i δq

(0)
i + p

(0)
i δq

(1)
i

]zi
zo

= δSI + δ
[
p

(0)
i q

(1)
i

]zi
zo

(3.25)

Which after further simplification is:

δSI =
[
p

(1)
i δq

(0)
i − δp

(0)
i q

(1)
i

]zi
zo

(3.26)

We now assume that the initial position and momentum of the perturbed trajectory is
the same as the paraxial trajectory. Thus:

0 = q
(1)
i (zo) = p

(1)
i (zo) (3.27)

And:

δSI = p
(1)
i (zi)δq

(0)
i (zi)− δp(0)

i (zi)q
(1)
i (zi)

From which we have set of differential equations of first order perturbation:

∂SI

∂q1,o

= p
(1)
1

∂q
(0)
1

∂q1,o

+ p
(1)
2

∂q
(0)
2

∂q1,o

− q(1)
1

∂p
(0)
1

∂q1,o

− q(1)
2

∂p
(0)
2

∂q1,o

(3.28)

∂SI

∂q2,o

= p
(1)
1

∂q
(0)
1

∂q2,o

+ p
(1)
2

∂q
(0)
2

∂q2,o

− q(1)
1

∂p
(0)
1

∂q2,o

− q(1)
2

∂p
(0)
2

∂q2,o

∂SI

∂q′1,o
= p

(1)
1

∂q
(0)
1

∂q′1,o
+ p

(1)
2

∂q
(0)
2

∂q′1,o
− q(1)

1

∂p
(0)
1

∂q′1,o
− q(1)

2

∂p
(0)
2

∂q′1,o

∂SI

∂q′2,o
= p

(1)
1

∂q
(0)
1

∂q′2,o
+ p

(1)
2

∂q
(0)
2

∂q′2,o
− q(1)

1

∂p
(0)
1

∂q′2,o
− q(1)

2

∂p
(0)
2

∂q′2,o

This can be written in more compact form:

∇0S
I = ∇0Q

(0) · Γ ·Q(1) (3.29)

With solution:

Q(1) = (∇0Q
(0) · Γ)−1 · ∇0S

I (3.30)

16



3. ABERRATIONS

3.3 Second Order Perturbation

The second order perturbations can be derived using the same procedure. We compare
quadratic terms of λ from 3.17 and 3.8:[

p
(2)
i δq

(0)
i + p

(1)
i δq

(1)
i + p

(0)
i δq

(2)
i

]zi
zo

= δSII + δ
[
p

(0)
i q

(2)
i + p

(1)
i q

(1)
i

]zi
zo

(3.31)

Simplifying and using:

0 = q
(2)
i (zo) = p

(2)
i (zo) (3.32)

We get:

δSII = p
(2)
i (zi)δq

(0)
i (zi)− q(2)

i (zi)δp
(0)
i (zi)− q(1)

i (zi)δp
(1)
i (zi) (3.33)

From which we get differential equations of second order perturbations:

∇0S
II = ∇0Q

(0) · Γ ·Q(2) +∇0Q
(1) · Γ · Π ·Q(1) (3.34)

With solution:

Q(2) = (∇0Q
(0) · Γ)−1(∇0S

II −∇0Q
(1) · Γ · Π ·Q(1)) (3.35)

3.4 Third Order Perturbation

Finally we calculate third order perturbation:[
p

(3)
i δq

(0)
i + p

(2)
i δq

(1)
i + p

(1)
i δq

(2)
i + p

(0)
i δq

(3)
i

]zi
zo

=

δSIII + δ
[
p

(0)
i q

(3)
i + p

(2)
i q

(1)
i + p

(1)
i q

(2)
i

]zi
zo

(3.36)

With same simplification as before:

0 = q
(3)
i (zo) = p

(3)
i (zo) (3.37)

We get:

δSIII = p
(3)
i (zi)δq

(0)
i (zi)− q(3)

i (zi)δp
(0)
i (zi) (3.38)

+ −q(2)
i (zi)δp

(1)
i (zi)− q(1)

i (zi)δp
(2)
i (zi)

From which we get differential equations of second order perturbations:

∇0S
III = ∇0Q

(0) · Γ ·Q(3) +∇0Q
(1) · Γ · Π ·Q(2) +∇0Q

(2) · Γ · Π ·Q(1) (3.39)

With solution:

Q(3) = (∇0Q
(0) · Γ)−1(∇0S

III −∇0Q
(1) · Γ · Π ·Q(2) −∇0Q

(2) · Γ · Π ·Q(1))
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3. ABERRATIONS

3.5 Stigmatic System

In case of the system described by Lagrangian 2.31 we can write the solution in form:

w(0)(z) = w0g(z) + w′0h(z) (3.40)

w̄(0)(z) = w̄0ḡ(z) + w̄′0h̄(z)

With corresponding momentums:

p(0)(z) =

√
φr
2

(
w̄0ḡ

′(z) + w̄′0h̄
′(z)
)

(3.41)

p̄(0)(z) =

√
φr
2

(w0g
′(z) + w′0h

′(z))

We can calculate matrix (∇0Q
(0) · Γ)−1:

(∇0Q
(0) · Γ)−1 =


0 2h̄√

φr
0 − 2ḡ√

φr

2h√
φr

0 − 2g√
φr

0

h′ 0 −g′ 0

0 h̄′ 0 −ḡ′

 (3.42)

Finally we once again sum up the equation of aberrations:

Q(1) = (∇0Q
(0) · Γ)−1 · ∇0S

I (3.43)

Q(2) = (∇0Q
(0) · Γ)−1(∇0S

II −∇0Q
(1) · Γ · Π ·Q(1))

Q(3) = (∇0Q
(0) · Γ)−1(∇0S

III −∇0Q
(1) · Γ · Π ·Q(2) −∇0Q

(2) · Γ · Π ·Q(1))

With eikonals:

SI =

∫ zi

zo

(
M (1)

)
dz (3.44)

SII =

∫ zi

zo

(
M (2) − 1

2

(
D(1)

)2
M (0)

)
dz

SIII =

∫ zi

zo

(
M (3) − 1

2

(
D(1)

)2
M (1) −D(2)D(1)M (0)

)
dz

3.5.1 Alternative Formulation

There is certain freedom in actions 3.12. Sometimes it is more useful to use alternative
actions and solutions:

Q(1) = (∇0Q
(0) · Γ)−1 · ∇0S

I (3.45)

Q(2) = (∇0Q
(0) · Γ)−1(∇0S

II − 1

2
∇0Q

(1) · Γ ·Q(1))

Q(3) = (∇0Q
(0) · Γ)−1(∇0S

III − 1

2
∇0Q

(1) · Γ ·Q(2) − 1

2
∇0Q

(2) · Γ ·Q(1))

18



3. ABERRATIONS

SI =

∫ zi

zo

(
M (1)

)
dz (3.46)

SII =

∫ zi

zo

(
M (2) +

1

2
D(1)M (1)

)
dz

SIII =

∫ zi

zo

(
M (3) +

1

2
D(1)M (2) +

1

2
D(2)M (1)

)
dz
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4. Calculation of Aberrations for
Different Fields

4.1 Magnetic Monopole

We will derive the aberration coefficients of third order of magnetic monopole. First we
will start with the field. Our approximation of the field is:

W = ψ0 −
1

4
ψ′′0ww̄ +

1

64
ψ

(4)
0 (ww̄)2 (4.1)

Φ = φ0

By expanding equation 2.12 (divided by
√
−2mq) into the second and forth order we get

the lagrangian M = M2 +M4 (the zeroth order - constant - of Lagrangian is omitted):

M2 =
1

2

√
φrw

′w̄′ +
1

4
iηψ′0 (ww̄′ − w̄w′) (4.2)

M4 = −1

8

√
φr (w′w̄′)

2 − 1

32
iηψ′′′0 ww̄ (ww̄′ − w̄w′) (4.3)

Going to co-rotating coordinates (ω, ω̄) 2.29, 2.30 the Lagrangian is then:

M2 =
1

2

√
φrω

′ω̄′ − 1

8

η2ψ′20√
φr
ωω̄ (4.4)

M4 = −1

4
L1 (ωω̄)2 − 1

2
L2ωω̄ω

′ω̄′ (4.5)

−1

4
L3 (ω′ω̄′)

2 − i

2
Pωω̄ (ωω̄′ − ω̄ω′)

− i
2
Qω′ω̄′ (ωω̄′ − ω̄ω′) +

1

4
R (ωω̄′ − ω̄ω′)2

Where the functions of M4 are[9] ∗:

L1 =
1

32
√
φr

(
η4ψ′40
φr
− 4η2ψ′0ψ

′′′
0

)
(4.6)

L2 =
1

8

η2ψ′20√
φr

L3 =
1

2

√
φr

P =
η

16

(
η2ψ′30
φr
− ψ′′′0

)
Q =

1

4
ηψ′0

R =
1

8

η2ψ′20√
φr

∗Because we solve only magnetic monopole, not general electro-magnetic,
√
φr is constant and thus

we can bring it directly into terms P and Q

20



4. CALCULATION OF ABERRATIONS FOR DIFFERENT FIELDS

Because the Lagrangian is separable the basis of the paraxial solution is the same for ω
and ω̄. We choose the basis as two functions h, g which in object plane satisfy conditions:

g(zo) = 1 g′(zo) = 0 (4.7)

h(zo) = 0 h′(zo) = 1

The general solution is then:

ω(0)(z) = ωog(z) + ω′oh(z) (4.8)

ω̄(0)(z) = ω̄og(z) + ω̄′oh(z)

Where (ωo, ω̄o) and (ω′o, ω̄
′
o) are constants which correspond to the position and slope in

the object plane. Now we calculate the first order perturbation by eikonal method. We
calculate M (1) by putting 4.8 into M4:

M (1) =

[
−1

4

(
L1h

4 + 2L2h
2h′2 + L3h

′4)]ω′20 ω̄′20 (4.9)

+

[
−1

2

(
L1gh

3 + L2hh
′(gh′ + hg′) + L3g

′h′3
)

+
i

2

(
Ph2 +Qh′2

)]
ω̄0ω

′2
0 ω̄
′
0

+

[
−1

2

(
L1gh

3 + L2hh
′(gh′ + hg′) + L3g

′h′3
)
− i

2

(
Ph2 +Qh′2

)]
ω0ω

′
0ω̄
′2
0

+

[
−1

4

(
L1g

2h2 + 2L2ghg
′h′ + L3g

′2h′2 −R
)

+
i

2

(
Pgh+Qg′h′

)]
ω̄2

0ω
′2
0

+

[
−1

2

(
2L1g

2h2 + L2(gh′ + hg′)2 + 2L3g
′2h′2 +R

)]
ω0ω̄0ω

′
0ω̄
′
0

+

[
−1

4

(
L1g

2h2 + L22ghg′h′ + L3g
′2h′2 −R

)
− i

2

(
Pgh+Qg′h′

)]
ω2

0ω̄
′2
0

+

[
−1

2

(
L1g

3h+ L2gg
′(gh′ + hg′) + L3g

′3h′
)

+
i

2

(
Pg2 +Qg′2

)]
ω0ω̄

2
0ω
′
0

+

[
−1

2

(
L1g

3h+ L2gg
′(gh′ + hg′) + L3g

′3h′
)
− i

2

(
Pg2 +Qg′2

)]
ω2

0ω̄0ω̄
′
0

+

[
−1

4

(
L1g

4 + 2L2g
2g′2 + L3g

′4)]ω2
0ω̄

2
0
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4. CALCULATION OF ABERRATIONS FOR DIFFERENT FIELDS

Where we simplified terms by Wronskian gh′ − hg′ = 1. We write:

C =
1√
φr

∫ (
L1h

4 + 2L2h
2h′2 + L3h

′4) dz (4.10)

K =
1√
φr

∫ (
L1gh

3 + L2hh
′(gh′ + hg′) + L3g

′h′3
)

dz

A =
1√
φr

∫ (
L1g

2h2 + 2L2ghg
′h′ + L3g

′2h′2 −R
)

dz

F =
1√
φr

∫ (
2L1g

2h2 + L2(gh′ + hg′)2 + 2L3g
′2h′2 +R

)
dz

D =
1√
φr

∫ (
L1g

3h+ L2gg
′(gh′ + hg′) + L3g

′3h′
)

dz

E =
1√
φr

∫ (
L1g

4 + 2L2g
2g′2 + L3g

′4) dz

k =
1√
φr

∫ (
Ph2 +Qh′2

)
dz

a =
2√
φr

∫
(Pgh+Qg′h′) dz

d =
1√
φr

∫ (
Pg2 +Qg′2

)
dz

Eikonal SI then looks like:

SI =
√
φr

(
−1

4
Cω′20 ω̄

′2
0 −

1

2
Fω0ω̄0ω

′
0ω̄
′
0 −

1

4
Eω2

0ω̄
2
0 (4.11)

−1

2
(K − ik)ω̄0ω

′2
0 ω̄
′
0 −

1

2
(K + ik)ω0ω

′
0ω̄
′2
0

−1

4
(A− ia)ω̄2

0ω
′2
0 −

1

4
(A+ ia)ω2

0ω̄
′2
0

−1

2
(D − id)ω0ω̄

2
0ω
′
0 −

1

2
(D + id)ω2

0ω̄0ω̄
′
0

)
By using equation 3.28 we get aberrations in general plane:

ω(1) = [ Cg −(K − ik)h ] ω′20 ω̄
′
0

+ [ (K − ik)g −(A− ia)h ] ω̄0ω
′2
0

+ [ 2(K + ik)g −Fh ] ω0ω
′
0ω̄
′
0

+ [ Fg −2(D − id)h ] ω0ω̄0ω
′
0

+ [ (A+ ia)g (D + id)h ] ω2
0ω̄
′
0

+ [ (D + id)g −Eh ] ω2
0ω̄0

(4.12)

In image plane h(zo) = 0, and g(zo) = M where M is magnification. Thus the aberrations
are:

ω(1)

M
= Cω′20 ω̄

′
0 (4.13)

+ 2(K + ik)ω0ω
′
0ω̄
′
0 + (K − ik)ω̄0ω

′2
0

+ (A+ ia)ω2
0ω̄
′
0

+ Fω0ω̄0ω
′
0

+ (D + id)ω2
0ω̄0
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4. CALCULATION OF ABERRATIONS FOR DIFFERENT FIELDS

4.2 Magnetic Hexapole

As in chapter with monopole we start with electromagnetic field:

W = ψ3w
3 + ψ̄3w̄

3 (4.14)

Φ = φ0

And Lagrangian series up to forth order :

M2 =
1

2

√
φrw

′w̄′ (4.15)

M3 = iη
(
ψ3w

3 − ψ̄3w̄
3
)

(4.16)

M4 = −1

8

√
φr (w′w̄′)

2
(4.17)

Where M3 was simplified by adding total derivative of z of iη(w3
∫
ψ3 − w̄3

∫
ψ̄3). Unlike

in monopole, there is not rotation of image in hexapole field thus we remain in standard
coordinates. As before we choose two paraxial function g,h with condition 4.7. The
general solution is:

w(0)(z) = wog(z) + w′oh(z) (4.18)

w̄(0)(z) = w̄og(z) + w̄′oh(z)

We get M (1) by substituting 4.18 into M3:

M (1) = +iη
(
ψ3h

3w′30 + 3ψ3h
2gw0w

′2
0 + 3ψ3hg

2w2
0w
′
0 + ψ3g

3w3
0

)
(4.19)

−iη
(
ψ̄3h

3w̄′30 + 3ψ̄3h
2gw̄0w̄

′2
0 + 3ψ̄3hg

2w̄2
0w̄
′
0 + ψ̄3g

3w̄3
0

)
We write:

U0 =
6η√
φr

∫
ψ3h

3dz Ū0 =
6η√
φr

∫
ψ̄3h

3dz (4.20)

U1 =
6η√
φr

∫
ψ3gh

2dz Ū1 =
6η√
φr

∫
ψ̄3gh

2dz

U2 =
6η√
φr

∫
ψ3g

2hdz Ū2 =
6η√
φr

∫
ψ̄3g

2hdz

U3 =
6η√
φr

∫
ψ3g

3dz Ū3 =
6η√
φr

∫
ψ̄3g

3dz

The first aberrations are then:

w(1) = i(gŪ0 − hŪ1)w̄′20 (4.21)

+ 2i(gŪ1 − hŪ2)w̄0w̄
′
0

+ i(gŪ2 − hŪ3)w̄2
0
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4. CALCULATION OF ABERRATIONS FOR DIFFERENT FIELDS

To calculate second order aberration we first evaluate:

M (2) +
1

2
D(1)M (1) = (4.22)[
3η

2

(
(ψ3Ū1 + ψ̄3U1)h3 − (ψ3Ū0 + ψ̄3U0)gh2

)
−
√
φr
8
h′4
]
w′20 w̄

′2
0

+

[
3η
(
ψ3Ū2h

3 − (ψ3Ū1 − ψ̄3U1)gh2 − ψ̄3U0g
2h
)
−
√
φr
4
g′h′3

]
w̄0w

′2
0 w̄
′
0

+

[
3η
(
ψ̄3U2h

3 − (ψ̄3U1 − ψ3Ū1)gh2 − ψ3Ū0g
2h
)
−
√
φr
4
g′h′3

]
w0w

′
0w̄
′2
0

+

[
3η

2

(
ψ3Ū3h

3 − ψ3Ū1gh
2 + ψ̄3U1g

2h− ψ̄3U0g
3
)
−
√
φr
8
g′2h′2

]
w̄2

0w
′2
0

+

[
6η
(
(ψ3Ū2 + ψ̄3U2)gh2 − (ψ3Ū1 + ψ̄3U1)g2h

)
−
√
φr
2
g′2h′2

]
w0w̄0w

′
0w̄
′
0

+

[
3η

2

(
ψ̄3U3h

3 − ψ̄3U1gh
2 + ψ3Ū1g

2h− ψ3Ū0g
3
)
−
√
φr
8
g′2h′2

]
w2

0w̄
′2
0

+

[
3η
(
ψ3Ū3gh

2 − (ψ3Ū1 − ψ̄3U2)g2h− ψ̄3U1g
3
)
−
√
φr
4
g′3h′

]
w0w̄

2
0w
′
0

+

[
3η
(
ψ̄3U3gh

2 − (ψ̄3U1 − ψ3Ū2)g2h− ψ3Ū1g
3
)
−
√
φr
4
g′3h′

]
w2

0w̄0w̄
′
0

+

[
3η

2

(
(ψ3Ū3 + ψ̄3U3)g2h− (ψ3Ū1 + ψ̄3U1)g3

)
−
√
φr
8
g′4
]
w2

0w̄
2
0

We write:

C =
1√
φr

∫ (√
φr
2
h′4 − 6η

(
(ψ3Ū1 + ψ̄3U1)h3 − (ψ3Ū0 + ψ̄3U0)gh2

))
dz (4.23)

K =
1√
φr

∫ (√
φr
2
g′h′3 − 6η

(
ψ̄3U2h

3 − (ψ̄3U1 − ψ3Ū1)gh2 − ψ3Ū0g
2h
))

dz

A =
1√
φr

∫ (√
φr
2
g′2h′2 − 6η

(
ψ̄3U3h

3 − ψ̄3U1gh
2 + ψ3Ū1g

2h− ψ3Ū0g
3
))

dz

F =
1√
φr

∫ (√
φrg
′2h′2 − 12η

(
(ψ3Ū2 + ψ̄3U2)gh2 − (ψ3Ū1 + ψ̄3U1)g2h

))
dz

D =
1√
φr

∫ (√
φr
2
g′3h′ − 6η

(
ψ̄3U3gh

2 − (ψ̄3U1 − ψ3Ū2)g2h− ψ3Ū1g
3
))

dz

E =
1√
φr

∫ (√
φr
2
g′4 − 6η

(
(ψ3Ū3 + ψ̄3U3)g2h− (ψ3Ū1 + ψ̄3U1)g3

))
dz

And get second order eikonal SII :

SII =
√
φr

(
−1

4
Cw′20 w̄

′2
0 −

1

2
Fw0w̄0w

′
0w̄
′
0 −

1

4
Ew2

0w̄
2
0 (4.24)

−1

2
K̄w̄0w

′2
0 w̄
′
0 −

1

2
Kw0w

′
0w̄
′2
0

−1

4
Āw̄2

0w
′2
0 −

1

4
Aw2

0w̄
′2
0

−1

2
D̄w0w̄

2
0w
′
0 −

1

2
Dw2

0w̄0w̄
′
0

)
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4. CALCULATION OF ABERRATIONS FOR DIFFERENT FIELDS

And using equations 3.43 we get second order perturbations:

w(2) =
[
(C + U0Ū1 − U1Ū0)g − (K̄ + U1Ū1 − U0Ū2)h

]
w′20 w̄

′
0 (4.25)

+
[
(K̄ + U1Ū1 − U0Ū2)g − (Ā+ U1Ū1 − U0Ū3)h

]
w̄0w

′2
0

+
[
(2K + 2U2Ū0 − 2U1Ū1)g − (F + 2U2Ū1 − 2U1Ū2)h

]
w0w

′
0w̄
′
0

+
[
(F + 2U2Ū1 − 2U1Ū2)g − (2D̄ + 2U2Ū1 − 2U1Ū3)h

]
w0w̄0w

′
0

+
[
(A+ U3Ū0 − U1Ū1)g − (D + U3Ū1 − U1Ū2)h

]
w2

0w̄
′
0

+
[
(D + U3Ū1 − U1Ū2)g − (E + U3Ū1 − U1Ū3)h

]
w2

0w̄0
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5. Misalignments of Multipole Field

In this section we will derive the situation when the multipole element is shifted off axis
or tilted. We will see that other multipole fields are in that case generated.

We define multipole function Φk,f of k-th order of function f as:

Φk,f =
∞∑
n=0

(−1)nk!

4nn!(n+ k)!
(ww̄)nwkf (2n) (5.1)

And similarly complex conjugate:

Φ̄k,f =
∞∑
n=0

(−1)nk!

4nn!(n+ k)!
(ww̄)nw̄kf (2n) (5.2)

5.1 Shift of Multipole Field

The situation when multipole field with component φk on central is shifted off optical axis
by −δ is described by substitution of coordinates w → w + δ and w̄ → w̄ + δ̄:

Φ∗k,φk =
∞∑
n=0

(−1)nk!

4nn!(n+ k)!

(
(w + δ)(w̄ + δ̄)

)n
(w + δ)kφ

(2n)
k (5.3)

By expanding the formula up to second order we get:

Φ∗k,φk =
∞∑
n=0

(−1)nk!

4nn!(n+ k)!
(ww̄))nwkφ

(2n)
k (5.4)

+ δ
∞∑
n=0

(−1)nk!

4nn!(n− 1 + k)!
wn−1+kw̄nφ

(2n)
k

+ δ̄
∞∑
n=1

(−1)nk!

4n(n− 1)!(n+ k)!
wn+kw̄n−1φ

(2n)
k

+
δ2

2

∞∑
n=0

(−1)nk!

4nn!(n− 2 + k)!
wn−2+kw̄nφ

(2n)
k

+ δδ̄
∞∑
n=1

(−1)nk!

4n(n− 1)!(n− 1 + k)!
wn−1+kw̄n−1φ

(2n)
k

+
δ̄2

2

∞∑
n=2

(−1)nk!

4n(n− 2)!(n+ k)!
wn+kw̄n−2φ

(2n)
k
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5. MISALIGNMENTS OF MULTIPOLE FIELD

Where we assume that k ≥ 2. By shifting indices it can be rewritten to more compact
form:

Φ∗k,φk = Φk,φk (5.5)

+ δkΦk−1,φk − δ̄
1

4(k + 1)
Φk+1,φ′′k

+
δ2

2
k(k − 1)Φk−2,φk − δδ̄

1

4
Φk,φ′′k

+
δ̄2

2

1

16(k + 1)(k + 2)
Φ∗
k+2,φ

(4)
k

5.2 Tilt of Multipole Field

Next case is when the multipole field is tilted off axis by small angle γ. In that case the
coordinates transform as:

w∗ = w − γz (5.6)

w̄∗ = w̄ − γ̄z

z∗ = z +
1

2
(γw̄ + γ̄w)

The transformed field has form:

Φ∗k,φk =
∞∑
n=0

(−1)nk!

4nn!(n+ k)!
(w − γz)n+k(w̄ − γ̄z)nφk(z +

1

2
(γw̄ + γ̄w))(2n) (5.7)

Which expanding to the second order of γ gives:

Φ∗k,φk =
∞∑
n=0

(−1)nk!

4nn!(n+ k)!
(ww̄))nwkφ

(2n)
k (5.8)

+ γ
∞∑
n=0

(−1)nk!

4nn!(n+ k − 1)!
wn−1+kw̄n(−2nφ

(2n−1)
k − zφ(2n)

k )

+ γ̄
∞∑
n=0

(−1)n(k + 1)!

4nn!(n+ k + 1)!
wn+k+1w̄n

2(n+ k + 1)φ
(2n+1)
k + zφ

(2n+2)
k

4(k + 1)

+
γ2

2

∞∑
n=0

(−1)nk!

4nn!(n+ k − 2)!
wn+k−2w̄n

(
4(n2 − n)φ

(2n−2)
k + 4nzφ

(2n−1)
k + z2φ

(2n)
k

)

+ γγ̄

∞∑
n=0

(−1)nk!

4nn!(n+ k)!
wn+kw̄n

−
(

4(kn+ n2)φ
(2n)
k + (4n+ 2k)zφ

(2n+1)
k + z2φ

(2n+2)
k

)
4

+
γ̄2

2

∞∑
n=0

(−1)n(k + 2)!

4n(n)!(n+ k + 2)!
wn+k+2w̄n

×

(
4(n+ k + 1)(n+ k + 2)φ

(2n+2)
k + 4z(n+ k + 2)φ

(2n+3)
k + z2φ

(2n+4)
k

16(k + 1)(k + 2)

)
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For simplification we will need the following formulas:

(zf)(n) = nf (n−1) + zf (n) (5.9)

(z2f)(n) = n(n− 1)f (n−2) + +2nzf (n−1) + z2f (n)

We can now rewrite potential as:

Φ∗k,φk = Φk,φk (5.10)

− γkΦk−1,zφk + γ̄

[
1

4(k + 1)
Φk+1,(zφk)′′+2kφ′k

]
+

γ2

2
k(k − 1)

[
Φ
k−2,(z2φk)−(zφk)(−1)−φ(−2)

k
+ zΦ

k−2,φ
(−1)
k

]
− γγ̄

1

4

[
Φk,(z2φk)′′+(2k−3)(zφk)′−(2k−1)φk − zΦk−2,φ′k

]
+

γ̄2

2

1

16(k + 1)(k + 2)

[
Φk,(z2φk)(4)+(4k−1)(zφk)′′′+(4k2−1)φ′′k

+ zΦk−2,φ′′′k

]

5.3 Ellipticity of Rotational Symmetrical Field

The last special case we derive is the elasticity effect on rotational symmetric field. We
will consider just the paraxial part (without constant) of the monopole field:

Φ0 =
ww̄

4
ψ′′0 (5.11)

The ellipticity is equivalent to change of coordinate x → x(1 + ε), y → y(1 − ε) (if we
assume the main axis in x, y direction). Then the field changes as:

Φ∗0 =
(w + εw̄)(w̄ + εw̄)

4
ψ′′0 ≈ Φ0 + ε

w2 + w̄2

4
ψ′′0 (5.12)

Where the second term is additional quadrupole field.
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6. Hexapole Corrector

In this chapter we will introduce main topic of the thesis – hexapole corrector. The
first part introduces the ideal hexapole corrector and its working principle without any
misalignments. The parasitic aberration caused by misalignments are calculated in the
second part.

6.1 Ideal Case

We start with idealized corrector in STEM set-up. The corrector consist of two hexapoles
with same fields and two lenses, with fields of different signs to eliminate rotation, which
create double symmetry (lens doublet). For proper working in STEM mode we have
one transfer lens before and one after the corrector. The second transfer lens image the
specimen plane in the centre of the corrector and focal plane of the objective lens in the
centre of the hexapoles to transfer the coma free plane from the objective and minimize
spherical aberration of the fifth order[4]. The set-up with paraxial rays g, h with the
parametrization in the specimen plane g(zi) = 1, g′(zi) = 0, h(zi) = 0, h′(zi) = 0 ∗ , is
shown in the figure 6.1.

Figure 6.1: STEM set-up of hexapole corrector with paraxial rays g, h

The arrangement is in such way that the object focal plane of the first lens is in the
centre of the first hexapole and the image focal plane of the second lens in the middle of
the second hexapole. The image focal plane of the first lens and the object focal plane of
the second lens coincide in the centre of the corrector. In this ideal case we will assume
that there are thin lenses without any aberrations.

The plots in this section are done with several assumptions. We assume that the
hexapole field is constant in the hexapole and zero outside. For calculation of the field of
the lens we use the ψ′0 in the form:

ψ′0(z) =
Bmax

1 +
(
z−z0
a

)2 (6.1)

∗In previous chapters we used the parametrization in the object plane.
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with width of the field a small – thin lens approximation. For better visualization we
have unrealistic objective lens – thin lens with specimen plane far away and low (only
around 3×) magnification. The paraxial rays are thus more visible on plots. However,
the formulas are written without any approximation.

The double symmetry of the corrector is crucial to eliminates all of the second aber-
rations. All of the integrals which has impact on the aberrations of the second order are
zero outside the corrector:

U0 =
6η√
φr

∫
ψ3h

3dz (6.2)

U1 =
6η√
φr

∫
ψ3gh

2dz

U2 =
6η√
φr

∫
ψ3g

2hdz

U3 =
6η√
φr

∫
ψ3g

3dz

Integrals U1 and U3 are zero over one hexapole due to symmetry of φ3, h
2 and antisym-

metry g or g3. The integrals U0, U2 are zero after propagation through both hexapoles
due to change of sign of h or h3 (figure 6.2)

Figure 6.2: Functions U0, U1, U2, U3 in hexapole corrector with ψ3(z) = 1 inside hexapole

On the other hand the aberrations of third order are not zero. The aberrations in
the image plane are summation of the hexapole and monopole aberrations which has the
form:

w(2) = Cw′2i w̄
′
i + K̄w̄iw

′2
i + 2Kwiw

′
iw̄
′
i (6.3)

+ Fwiw̄iw
′
i + Aw2

i w̄
′
i +Dw2

i w̄i

The most important is the spherical aberration:
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C =
1

2

∫
h′4dz (6.4)

+
1√
φr

∫ (
1

32
√
φr

(
η4ψ′40
φr
− 4η2ψ′0ψ

′′′
0

)
h4 +

1

4

η2ψ′20√
φr
h2h′2

)
dz

− 6η√
φr

∫ (
(ψ3Ū1 + ψ̄3U1)h3 − (ψ3Ū0 + ψ̄3U0)gh2

)
dz

The first row is non-negligible only in the objective lens. In the area further to the left h′

is smaller then 1/M where M is magnification of the objective lens. The integral is in the
order of 1/M4 thus very small. Second term is the summation of the spherical aberration
of the lenses and is always positive. The last term can be further simplified in the form:

CH = −
∫ (

U ′0Ū1 − U0Ū
′
1 + Ū ′0U1 − Ū0U

′
1

)
dz (6.5)

And using integration by part:

CH = −2

∫ (
U1Ū

′
0 + Ū1U

′
0

)
dz (6.6)

Let’s choose orientation of the ψ3 as a real than the sign U1 is always the same as the
sign of U ′0 in the corrector and thus the spherical aberration of hexapole field is negative.
The same would be valid for any orientation of ψ3.

Spherical aberration through the hexapole corrector is shown in the figure 6.3

Figure 6.3: Spherical aberration in hexapole corrector. The strength of hexapoles is set in
such a way that the spherical aberration in the specimen plane is zero

The next coefficient, which than play role in the axial aberration of the third order of
misaligned corrector is coma:

K =
1√
φr

∫ √
φr
2
g′h′3dz (6.7)

+
1√
φr

∫ (
1

32
√
φr

(
η4ψ′40
φr
− 4η2ψ′0ψ

′′′
0

)
gh3 +

1

4

η2ψ′20√
φr
hh′(gh′ + hg′)

)
dz

+
1√
φr

∫ (
−6η

(
ψ̄3U2h

3 − (ψ̄3U1 − ψ3Ū1)gh2 − ψ3Ū0g
2h
))

dz
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we can simplify hexapole term:

KH = −
∫ (

U2Ū0
′ − Ū1

′
U1 + U ′1Ū1 − U ′2Ū0

)
dz (6.8)

Which due to symmetry is zero outside of the corrector:

6.1.1 Evaluation of Spherical Aberration

It is useful to evaluate integral 6.6 with optical parameters. In set-up described in figure
6.1 g, h trajectories in first hexapole are:

h =
fT
Mo

(6.9)

g = −Mo

fT
z

where fT focal length of the second transfer lens just before objective, Mo magnification of
objective lens. We also assume local coordinate system: z is zero in the middle of hexapole,
in the second hexapole the situation is similar with just different signs of functions g, h.
Now we assume that the hexapole field is constant inside hexapole with length L and zero
outside. In that case spherical aberration of two hexapole is:

CH = −24η2|ψ3|2

φr

(
fT
Mo

)4

L3 (6.10)

If we have high magnification of the objective lens the spherical aberration of objective
is the most significant. To have a image without spherical aberration of the third order
the spherical aberration of hexapoles should be comparable (higher) to the spherical
aberration of the objective we also evaluate the integral U0 over one hexapole:

U0A =
6ηψ3√
φr

(
fT
Mo

)3

L (6.11)

By evaluating absolute value of U0A as a function of CH we get:

|U0A| =
√

3CH
2L

fT
Mo

(6.12)

This value is quite big in-between the hexapoles. In fact the first hexapole create very
distorted beam and the second hexapole improve it back.

6.1.2 Symmetry in Corrector

In this part we introduce the symmetry concept in hexapole corrector. Generally, we can
split any function in the symmetric and asymmetric part with respect to a plane. In
hexapole corrector we have two sets of planes – the centre of entire corrector and centres
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of hexapoles. If we mark symmetric part of the function by S and asymmetric by A we
can define algebra with following operations of addition:

A+ A = A (6.13)

S + S = S

multiplication:

A · A = S (6.14)

A · S = A

S · A = A

S · S = S

derivative and integration:

A′ = S (6.15)

S ′ = A∫
A = S∫
S = A+ Sconst.

In Table 6.1, there is a list of symmetry of the most important functions in ideal
hexapole corrector.

Table 6.1: Symmetry of functions in ideal hexapole corrector

function centre of corrector centres of hexapoles
g, ḡ S A
h, h̄ A S
θ S 0
ψ′0 A 0
ψ3 S S

U0, U2 S A+ Sconst.
U1, U3 A S
C A+ Sconst. A+ S
K S A+ S

6.2 Parasitic Aberrations

In reality hexapole corrector is never ideal. Quite opposite, it is very sensitive to all
misalignments since we require to correct third order aberrations. In this section we will
cover all major misalignments and its induced aberrations in image.

Every element in corrector can be shifted and tilted off axis, hexapoles can be also
rotated around z. Also it can be shifted in z-axis and have imperfect poles. In this text
we will at first focus on axial misalignments - we will see that the most important is
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the mis-rotation of the two hexapoles. Than we will deal with off-axial misalignments.
Generally we can distinguish between the shifts and tilts and errors of the pole pieces of
the hexapoles and lenses. However, the errors has exactly the same behaviour as the shift
and tilt (in case of hexapole) so it will be treated implicitly. For the lens we will assume
additional quadrupole field due to the ellipticity.

6.2.1 Axial Misalignments

Let us look at the different rotation of the hexapoles. If the hexapole fields are misaligned
with angle θ around z-axis we can write:

ψ3 = ψ3A = ψ3Be
iθ (6.16)

In this case integrals U1, U3 are still zero but not U0, U2:

U0 =
6η√
φr

(
1− e−iθ

) ∫
A

ψ3h
3
Adz (6.17)

U2 =
6η√
φr

(
1− e−iθ

) ∫
A

ψ3g
2
AhAdz

Where integral the double symmetry is already used for simplification and it is integrated
just over A hexapole. We can eliminate this by asymmetric excitation of the lenses which
produces rotation angle θ/3. This, however, results in magnification of the rays g, h and
we need to modify strength of hexapoles as we will see further.

The similar effect is the z-position of elements and rotation of the hexapoles. The
ideal focus length of lenses is defined such as there is the common focal plane in between
of lenses. This, however, means that the centres of the hexapoles do not have to be in
the focal plane of the lenses. If it is the case integrals U1, U2, U3 do not necessary vanish.
The trajectories of g, h with image rotation θ are shown in figure 6.4

Figure 6.4: Correction of different orientation of hexapoles - g, h rays and image rotation θ

We have two degrees of freedom - two excitations of the lens doublets. They are used
in such way that the rotation around z-axis is θ/3 and that they have common central
focal plane in-between. In that case the ray h in two hexapoles is:

hB = MhAe
iθ/3 (6.18)
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Where hA is trajectory h in the first hexapole, hB in the second and M is the magnification
of the doublet:

M = −fB
fA
≈ −1− ∆f

f
(6.19)

where fB, fA are focal lengths of lenses, ∆f is the difference and f is an average of fB, fA.
As a consequence g ray is not necessary antisymmetric and we get residual non-vanishing
U1, U2, U3. We still would like to eliminate U0:

U0 =
6η√
φr

(∫
A

ψ3Ah
3dz −M3

∫
B

ψ3Be
−iθh3dz

)
(6.20)

To do so we set excitations ψ3A, ψ3B such as:

|ψ3B| = |ψ3A|/M3 (6.21)

6.2.2 Monopole Off-axial Misalignments

Now we will explore off-axis misalignments. We will start with misalignments of lenses.
Both shift and tilt will induce additional dipole field as we saw from section 5. We will
assume that δ and γz ≈ 2γf are smaller than w, w̄ of realized trajectories in lenses. In
that case we will just use first expansion of the modified monopole field and neglect the
terms of second and higher order of δ and γ. We Thus get additional dipole fields:

ψ1δ̄ = −1

4
δ̄ψ′′0 (6.22)

ψ1γ̄ =
1

4
γ̄ (zψ0)′′ †

The lens can also be elliptic so we have additional dipole field ψ2L which can be
split into symmetric and antisymmetric part with respect to the centre of the corrector
-ψ2 = ψ2+ + ψ2−.

The important feature is also symmetry of the misalignments. We define off axial
shift of first and second lens as δA, δB and tilt γA, γB. In that case we can split dipole and
quadrupole generated fields to symmetric and antisymmetric parts (Table 6.2).

†Every time we write this, we mean local coordinates in optical element - zψ0 means (z − zA)ψ0A in
lens A and (z − zB)ψ0B where zA, zB are z-coordinates of centre of the lens A,B
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Table 6.2: Symmetry of misalignments of lens doublet

function centre of corrector centres of hexapoles

ψ1δ̄− = (δA + δB)ψ′′0/2 A 0

ψ1δ̄+ = (δA − δB)(ψ′′0A − ψ′′0B)/2 S 0

ψ1γ̄− = (γA − γB)(zψ0)′′/2 A 0

ψ1γ̄+ = (γA + γB)((zψ0A)′′ − (zψ0B)′′)/2 S 0

ψ2L− A 0

ψ2L+ S 0

6.2.3 Hexapole Off-axial Misalignments

In case of hexapole we get additional quadrupole and octupole field. Also now we cannot
neglect dipole field term:

ψ1δ2 = 3δ2ψ3 (6.23)

ψ2δ = 3δψ3

ψ4δ̄ = − 1

16
δ̄ψ′′3

ψ1γ2 = 3γ2z2ψ3
(‡)

ψ2γ = 3γzψ3

ψ4γ̄ = − 1

16
γ̄
(
(zψ3)′′ + 6ψ′3

)
Similarly as with misalignments of lens we can split it into symmetric and antisym-

metric parts (Table 6.3).

6.2.4 Lagrangians

The Lagrangian for hexapole corrector then looks like:

M2 = −
√
φr
2
w′w̄′ (6.24)

−iη
4
ψ′0 (ww̄′ − w̄w′)

M2b = iηε
(
ψ1Lw − ψ̄1Lw̄

)
(6.25)

M3 = iη
(
ψ3w

3 − ψ̄3w̄
3
)

(6.26)

+iηε
(
ψ2w

2 − ψ̄2w̄
2
)

+iηε2
(
ψ1w − ψ̄1w̄

)
‡It is true just for the first expansion term ψ1w, but we will not need more
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Table 6.3: Symmetry of misalignments of hexapoles

function centre of corrector centres of hexapoles

ψ1δ̄2+ = 3/2(δ2
A + δ2

B)ψ3 S S

ψ1δ̄2− = 3/2(δ2
A − δ2

B)(ψ3A − ψ3B) A S

ψ1γ̄2+ = 3/2(γ2
A + γ2

B)z2ψ3 S S

ψ1γ̄2− = 3/2(γ2
A − γ2

B)z2(ψ3A − ψ3B) A S

ψ2δ̄+ = 3/2(δA + δB)ψ3 S S

ψ2δ̄− = 3/2(δA − δB)(ψ3A − ψ3B) A S

ψ2γ̄+ = 3/2(γA − γB)zψ3 S A

ψ2γ̄− = 3/2(γA + γB)z(ψ3A − ψ3B) A A

ψ4δ̄+ = −1/32(δ̄A + δ̄B)ψ′′3 S S

ψ4δ̄− = −1/32(δ̄A − δ̄B)(ψ′′3A − ψ3B)′′ A S

ψ4γ̄+ = −1/32(γ̄A − γ̄B)
(
(zψ3)′′ + 6ψ′3

)
S A

ψ4γ̄− = −1/32(γ̄A + γ̄B)
(
(zψ3)′′ + 6ψ′3

)
A−B A A

M4 = −
√
φr
8
w′2w̄′2 (6.27)

+
iη

32
ψ′′′0 ww̄ (ww̄′ − w̄w′)

+
iη

8
ε
(
2ww̄

(
ψ′1Lw

′ − ψ̄′1Lw̄′
)
−
(
ψ′1Lw̄

′w2 − ψ̄′1Lw′w̄2
))

M5 = iηε
(
ψ4w

4 − ψ̄4w̄
4
)

(6.28)

+
iη

16

(
4ww̄

(
ψ′3w

2w′ − ψ̄′3w̄2w̄′
)
−
(
ψ′3w̄

′w4 − ψ̄′3w′w̄4
))

+
iη

12
ε
(
3ww̄

(
ψ′2ww

′ − ψ̄′2w̄w̄′
)
−
(
ψ′2w̄

′w3 − ψ̄′2w′w̄3
))

Where in M2 there is paraxial solution including just lenses. M2b is correction of
paraxial solution due to shift and tilt of the lenses. M3 includes hexapole field and it’s
quadrupole and dipole field due to shift and tilt (we do not higher expansion term of
dipole field in higher order Lagrangians because it is very weak) and also quadrupole field
of the ellipticity of the lenses. In M4 are aberrations of the lenses and it’s dipole field.
Finally in M5 there higher order terms of hexapole field - hexapole and weak octupole
with quadrupole. We use factor ε to deal with weak fields (at the end of calculation we
will put ε = 1).

6.2.5 Paraxial Solution

Let’s define paraxial equation of magnetic lens:

ω′′ +
η2ψ′20
4φr

ω = 0 (6.29)
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with solutions g̃, h̃ which satisfy the conditions in the specimen plane:

g̃(zi) = 1 g̃′(zi) = 0 (6.30)

h̃(zi) = 0 h̃′(zi) = 1

Then solutions of Lagrangian M2:

M2 = −
√
φr
2
w′w̄′ − iη

4
ψ′0 (ww̄′ − w̄w′) (6.31)

are:

w(0) = wig + w′ih (6.32)

w̄(0) = w̄iḡ + w̄′ih̄

where g, h, ḡ, h̄ are rotated solutions:

g = g̃eiθ (6.33)

ḡ = g̃e−iθ

h = h̃eiθ

h̄ = h̃e−iθ

and rotation of image θ is defined as:

θ =
ηψ0

2
√
φr

(6.34)

6.2.6 Correction of Paraxial Solution

The Lagrangian of paraxial correction is:

M2b = iηε
(
ψ1Lw − ψ̄1Lw̄

)
(6.35)

and calculated correction trajectory:

o(z) =
iηεḡ

2
√
φr

∫
ψ̄1Lh̄ dz − iηεh̄

2
√
φr

∫
ψ̄1Lḡ dz (6.36)

Then:

w(0) = wig + w′ih+ o (6.37)

w̄(0) = w̄iḡ + w̄′ih̄+ ō

is exact solution of corrected paraxial equation of Lagrangian M2 +M2b

Let’s look at the correction in details we express the dipole field as the shift and tilt
of the first and second lenses in the image plane:

o(zi) =
iη

4
√
φr

(
−δA

∫
A

ψ′′0 h̄ dz − δB
∫
B

ψ′′0 h̄ dz + γA

∫
A

(zψ0)′′h̄ dz + γB

∫
B

(zψ0)′′h̄ dz

)
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Due to symmetry of the corrector we can write:

o(zi) =
iη

4
√
φr

(
−(δA + δB)

∫
A

ψ′′0 h̄ dz + (γA − γB)

∫
A

(zψ0)′′h̄ dz

)
(6.38)

Further more integrating paraxial equation we can get formula:

iη

2
√
φr

∫
ψ′′0w dz =

[
w′ +

iη√
φr
ψ′0w

]z
z0

(6.39)

Which gives for h̄:

iη

2
√
φr

∫
ψ′′0 h̄ dz =

[
h̄′ +

iη√
φr
ψ′0h̄

]z
z0

= ¯h′(zi)− ¯h′(zo) =
M − 1

M
(6.40)

where M = h′(zi)/h
′(zo) is the magnification of the transfer and objective lens. We can

simplify 6.38 as:

o(zi) =
M − 1

M

δA + δB
2

+
iη(γA − γB)

4
√
φr

∫
A

(zψ0)′′h̄ dz

The meaning of this is obvious - there can be only seen the relative shift of the
two lenses and it’s sum of tilts in the image plane. The shift of the image due to the
misalignments of lenses can be compensated by deflection system. The pure shift does
not influence resolution but the misalignments produce additional aberrations of higher
order and thus it is desirable to correct it.

6.2.7 First Order Aberrations

We put paraxial solution to the Lagrangian M3 and calculate eikonal SI . We define
functions:

U0 =
6η√
φr

∫
ψ3h

3dz (6.41)

U1 =
6η√
φr

∫
ψ3gh

2dz

U2 =
6η√
φr

∫
ψ3g

2hdz

U3 =
6η√
φr

∫
ψ3g

3dz

V0 =
η√
φr

∫
(6ψ3o+ 2ψ2)h2dz (6.42)

V1 =
η√
φr

∫
(6ψ3o+ 2ψ2) ghdz

V2 =
η√
φr

∫
(6ψ3o+ 2ψ2) g2dz
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W0 =
η√
φr

∫ (
6ψ3o

2 + 4ψ2o+ 2ψ1

)
hdz (6.43)

W1 =
η√
φr

∫ (
6ψ3o

2 + 4ψ2o+ 2ψ1

)
gdz

o3 =
2η√
φr

∫ (
ψ3o

3 + ψ2o
2 + ψ1o

)
dz (6.44)

Eikonal SI then looks like:

SI =
i
√
φr

2

(
U0

3
w′30 + U1w

′2
0 wi + U2w

′
0w

2
i +

U3

3
w3
i

)
(6.45)

+
i
√
φr

2
ε
(
V0w

′2
0 + V1w

′
0wi + V2w

2
i

)
+
i
√
φr

2
ε2 (wiw

′
0 +W1wi)

+
i
√
φr

2
ε3O3

+c.c.

And the first order aberrations looks like:

w(1) = i
(
ḡŪ0 − h̄Ū0

)
w̄′20 (6.46)

+ i
(
2ḡŪ1 − 2h̄Ū2

)
w̄′0w̄i

+ i
(
ḡŪ2 − h̄Ū3

)
w̄2

0

+ i
(
2ḡV̄0 − h̄V̄1

)
w̄′0

+ i
(
ḡV̄1 − 2h̄V̄2

)
w̄i

+ i
(
ḡw̄i − h̄W̄1

)
In the image plane all first three row with just dependence on hexapole field integrals
vanish due to symmetry as was written before, the rest is:

w(1)(zi) = 2iV̄0w̄
′
0 + iV̄1w̄i + iw̄i (6.47)

Monopole Astigmatism

Second thing what we have to consider is ellipticity of the lenses. Let’s define common
quadrupole field of lenses ψ2L we can split it in the symmetric and antisymmetric part
with respect to centre of the corrector ψ2L = ψ2L+ + ψ2L−. In that case we can write for
V0, V1, wi:
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V0 =
4η√
φr

∫
A

ψ2L+h
2dz (6.48)

V1 =
4η√
φr

∫
A

ψ2L−ghdz

W0 =
η√
φr

∫
ψ2Lohdz

And aberrations in image plane:

w
(1)
L (zi) =

(
4η√
φr

∫
A

ψ2L+h
2dz

)
w̄′0 (6.49)

+

(
4η√
φr

∫
A

ψ2L−ghdz

)
w̄i

+

(
η√
φr

∫
ψ2Loh

)

Hexapole Misalignments

We start with evaluating the misalignments of hexapole and it’s influence on first order
aberrations. Let’s look at the integral V0 over corrector, the function o is zero in the first
hexapole and o(z) linear in the second. The integration with symmetric function ψ3h

2

with respect to the centre of hexapole gives:

V0 =
6ηo(zHB)√

φr

∫
B

ψ3h
2dz +

2η√
φr

∫
ψ2h

2dz (6.50)

Where o(zHB) is calculated in the middle of the second hexapole:

o(zHB) = −iεh̄(zHB)

2
√
φr

∫
ψ̄1Lḡ dz (6.51)

For simplicity we will write just oB = o(zHB) and o′B = o′(zHB). By expanding
quadrupole term ψ2 = 3δψ3 + 3γzψ3 with using local coordinate systems of optical ele-
ments with z = 0 in the centre:

V0 =
6ηoB√
φr

∫
B

ψ3h
2dz (6.52)

+
6η√
φr

(
δA

∫
A

ψ3h
2dz + δB

∫
B

ψ3h
2dz + γA

∫
A

zψ3h
2dz + γB

∫
B

zψ3h
2dz

)
The integrals

∫
zψ3h

2dz are zero due to the symmetry and integrals
∫
A
ψ3h

2dz,
∫
B
ψ3h

2dz
are same, thus:

V0 = (oB + δA + δB)
6η√
φr

∫
A

ψ3h
2dz (6.53)
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We can obtain similar results for V1:

V1 = (o′B + γA + γB)
6η√
φr

∫
A

zψ3ghdz (6.54)

To expand integral wi we substitute dipole field as well ψ1 = 3δ2ψ3 + 3γ2zψ3 and use
symmetry:

W0 =
6ηo2

B√
φr

∫
B

ψ3hdz +
6ηo′2B√
φr

∫
B

z2ψ3hdz (6.55)

+
12η√
φr

(
oBδB

∫
B

ψ3hdz + o′BγB

∫
B

z2ψ3hdz

)
+

6η√
φr

(
δ2
A

∫
A

ψ3hdz + δ2
B

∫
B

ψ3hdz + γ2
A

∫
A

z2ψ3hdz + γ2
B

∫
B

z2ψ3hdz

)
Which gives:

W0 =
6η√
φr

(
δ2
A − (oB + δB)2

) ∫
A

ψ3hdz (6.56)

+
6η√
φr

(
γ2
A − (o′B + γB)2

) ∫
A

ψ3z
2hdz

Putting it all together and using equality z = h = h̄,g = ḡ = 1 in first hexapole:

w
(1)
H (zi) =

((
ōB + δ̄A + δ̄B

) 6iη√
φr

∫
A

ψ̄3h
2dz

)
w̄′0 (6.57)

+

(
(ō′B + γ̄A + γ̄B)

6iη√
φr

∫
A

zψ̄3ghdz

)
w̄i

+
(
δ̄2
A − (ōB + δ̄B)2

) 6η√
φr

∫
A

ψ3hdz

+
(
γ̄2
A − (ō′B + γ̄B)2

) 6η√
φr

∫
A

ψ3z
2hdz

The last term is already in the second order of parasitic aberrations (ε2) and does not
influence resolution. It is not negligible when comparing with spherical aberration, so
we written it down, however any higher aberration which are order ε2 or higher will be
smaller thus we neglect it.

To graphically interpret the equation above we can look in Figure 6.5. If we have
asymmetric shifts of hexapole fields and ellipticity of doublet we get zero V0 at the end of
corrector. We can use it to correct V0 in the image induced by lenses (figure 6.6).
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Figure 6.5: The function V0, V1 through hexapole corrector with δA = −δB, o = 0, γA = 0,
γB = 0 and ψ2L = 0

Figure 6.6: V0 of lens doublet and it’s correction by hexapole shifts δA = δB

6.2.8 Second Order Aberrations

The second order aberrations are becoming more complicated. We start with calculation
of integral of M4:

M4 = −
√
φr
8
w′2w̄′2 (6.58)

+
iη

32
ψ′′′0 ww̄ (ww̄′ − w̄w′)

+
iη

8
ε
(
2ww̄

(
ψ′1Lw

′ − ψ̄′1Lw̄′
)
−
(
ψ′1Lw̄

′w2 − ψ̄′1Lw′w̄2
))
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The eikonal SII has form:

SII = −
√
φr (

C

4
w̄′20 w

′2
0 +

F

2
w0w̄0w̄

′
0w
′
0 +

E

4
w2

0w̄
2
0 (6.59)

+
K

2
w0w̄

′2
0 w
′
0 +

K̄

2
w̄0w̄

′
0w
′2
0

+
A

4
w2

0w̄
′2
0 +

Ā

4
w̄2

0w
′2
0

+
D

2
w̄0w

2
0w̄
′
0 +

D̄

2
w0w̄

2
0w
′
0

)
−
√
φrε (

B2

2
w′0w̄

′2
0 +

A2

2
w̄0w̄

′
0w
′
0 +

C2

2
w0w̄

′2
0 +

D2

2
w′0w̄

2
0 +

E2

2
w0w̄0w̄

′
0 +

F2

2
w0w̄

2
0

+
B̄2

2
w̄′0w

′2
0 +

Ā2

2
w0w̄

′
0w
′
0 +

C̄2

2
w̄0w

′2
0 +

D̄2

2
w̄′0w

2
0 +

Ē2

2
w0w̄0w

′
0 +

F̄2

2
w̄0w

2
0

)
Where the coefficients are sum of free field, monopole, dipole, hexapole and quadrupole-
hexapole coupling coefficients defined in the appendix. The general second order trajec-
tory is complicated (see appendix). It simplify in the image plane as:

w2(z) = Cw̄′0w
′2
0 + K̄w̄0w

′2
0 + 2Kw0w̄

′
0w
′
0 + Fw0w̄0w

′
0 + Aw2

0w̄
′
0 +Dw2

0w̄0 (6.60)

+ ε
(
B̄2w

′2
0 + 2B2w̄

′
0w
′
0 + Ā2w0w

′
0 + A2w̄0w

′
0 + 2C2w0w̄

′
0 + D̄2w

2
0 + E2w0w̄0

)
We will now focus on error axial coefficients B2. It consists of four integrals:

B2F =

∫
1

2
h̄′2h′o′dz (6.61)

B2M =
iη

16
√
φr

∫ (
hh̄2o′ − 2hh̄h̄′o+ h̄2h′o

)
ψ0
′′′dz

B2D =
iη

4
√
φr

∫ (
2hh̄h̄

′ − h̄2h′
)
ψ̄
′
1Ldz

B2H = − 6η√
φr

∫
U0ḡhoψ3 − U1hh̄oψ3dz

B2Q = − 1√
φr

∫
2U0ηḡhψ2 − 2U1ηhh̄ψ2 + 6V̄0ηgh̄

2ψ̄3 − 3V̄1ηhh̄
2ψ̄3dz

We simplify last hexapole-quadrupole coupling integral. We split quadrupole field to
hexapole and monopole part ψ2 = ψ2H + ψ2L as well as integration limits:

B2Q = − η√
φr

( 2

∫
H

U0ḡhψ2Hdz + 2

∫
L

U0ḡhψ2Ldz (6.62)

− 2

∫
H

U1hh̄ψ2Hdz − 2

∫
L

U1hh̄ψ2Ldz

+ 6

∫
H

V̄0gh̄
2ψ̄3dz − 3

∫
H

V̄1hh̄
2ψ̄3dz

)
where index H means integration over both hexapoles HA,HB first and second hexapole
respectively and L integration over lenses. U1 is zero in lens area, U0 is constant, also in
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hexapoles g = ḡ and h = h̄. Thus we can write:

B2Q = −U0A
2η√
φr

(∫
L

hh̄ψ2Ldz

)
(6.63)

−
∫
H

U0V
′

1 − U1V
′

0 + V̄0Ū
′
1 −

1

2
V̄1Ū

′
0dz

+
6η√
φr

∫
H

(
U0gh− U1h

2
)
oψ3dz

and integrating by parts:

B2Q = −U0A
2η√
φr

(∫
L

hḡψ2Ldz

)
(6.64)

+

∫
H

U1V
′

0 + Ū1V̄
′

0 − U0V
′

1 −
1

2
Ū0V̄

′
1dz − Ū0A

η√
φr

∫
L

ghψ̄2Ldz

+
6η√
φr

∫
H

(
U0gh− U1h

2
)
oψ3dz

Since gh is antisymmetric with respect to the centre of corrector the non-vanishing term is
ψ2L−. We can split V ′0 , V ′1 to part only dependant on quadrupole field and the dependence
on shift of the optical axis in second hexapole o. We can write:

B2Q +B2H = −U0A
2η√
φr

∫
L

hḡψ2L−dz − Ū0A
η√
φr

∫
L

ghψ̄2L−dz (6.65)

+
2η√
φr

∫
H

U1ψ2h
2 + Ū1ψ̄2h̄

2 − U0ψ2gh−
1

2
Ū0ψ̄2ḡh̄dz

+
6η√
φr

∫
HB

U1ψ3oh
2 + Ū1ψ̄3ōh̄

2 − U0ψ3ogh−
1

2
Ū0ψ̄3ōḡh̄dz

U1h
2 and U0gh are antisymmetric with respect to centre of corrector thus only non-zero

addition of ψ2 is ψ2−. Thus:

B2Q +B2H = −U0A
2η√
φr

∫
L

hḡψ2L−dz − Ū0A
η√
φr

∫
L

ghψ̄2L−dz (6.66)

+
6η(δA − δB − oB)√

φr

∫
HA

U1ψ3h
2 − U0ψ3ghdz

+
6η(δ̄A − δ̄B − ōB)√

φr

∫
HA

Ū1ψ̄3h̄
2 − 1

2
Ū0ψ̄3ḡh̄dz

+
6η(γA + γB + o′B)√

φr

∫
HA

U1zψ3h
2 − U0zψ3ghdz

+
6η(γ̄A + γ̄B + ō′B)√

φr

∫
HA

Ū1zψ̄3h̄
2 − 1

2
Ū0zψ̄3ḡh̄dz

The last two rows can be further simplified using symmetry with respect to hexapole field
and we get final formula of B2:
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B2 =

∫
1

2
h̄′2h′o′−dz (6.67)

+
iη

16
√
φr

∫ (
hh̄2o′− − 2hh̄h̄′o− + h̄2h′o−

)
ψ0
′′′dz

+
iη

4
√
φr

∫ (
2hh̄h̄

′ − h̄2h′
)
ψ̄
′
1L−dz

−U0A
2η√
φr

∫
L

hḡψ2L−dz − Ū0A
η√
φr

∫
L

ghψ̄2L−dz

+
6η(δA − δB − oB)√

φr

∫
HA

U1ψ3h
2 − U0ψ3ghdz

+
6η(δ̄A − δ̄B − ōB)√

φr

∫
HA

Ū1ψ̄3h̄
2 − 1

2
Ū0ψ̄3ḡh̄dz

−3η(γA + γB + o′B)√
φr

U0A

∫
HA

zψ3ghdz

−3η(γ̄A + γ̄B + ō′B)

2
√
φr

Ū0A

∫
HA

zψ̄3ḡh̄dz

Figure 6.7: The function B2 through hexapole corrector with δA = δB, o = 0, γA = 0, γB = 0,
and ψ2L = 0
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Figure 6.8: The function B2 through hexapole corrector with γA = −γB, o = 0, δA = 0,
δB = 0, and ψ2L = 0

Figure 6.9: Correcting doublet B2 using δA = −δB
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6.2.9 Third Order Aberrations

At third we evaluate derivative of the third order eikonal SIII =
∫
M5 + 1

2
D(1)M4 +

1
2
D(2)M3dz:

dSIII

dz
=

√
φr

(
−w

′(0)w′(1)

8
w̄′(0)2 − w̄′(0)w̄′(1)

8
w′(0)2

)
(6.68)

+
iη

64

[
2w̄(0)w(0)

(
w̄′(0)w(1) − w̄(1)w′(0)

)
+
(
w̄′(0)w̄(1) + w̄′(1)w̄(0)

)
w(0)2

−
(
w′(0)w(1) + w′(1)w(0)

)
w̄(0)2

]
ψ′′′0

+
iη

2

(
w(2)ψ1 − w̄(2)ψ̄1

)
+

3iη

2

(
w(0)2

w(2)ψ3 − w̄(0)2
w̄(2)ψ̄3

)
+
iη

16

(
4w̄(0)w′(0)w(0)3 − w̄′(0)w(0)4

)
ψ′3 −

iη

16

(
4w̄′(0)w̄(0)3

w(0) − w̄(0)4
w′(0)

)
ψ̄′3

ε

[
iη

16

(
4w̄(0)w(0)w(1) + 2w̄(1)w(0)2 − 2w̄′(0)w(0)w(1) − w̄′(1)w(0)2

)
ψ′1L

− iη
16

(
4w̄(0)w̄(1)w(0) + 2w̄(0)2

w(1) − 2w̄(0)w̄(1)w′(0) − w̄(0)2
w′(1)

)
ψ̄′1L

+iη
(
w(0)w(2)ψ2 − w̄(0)w̄(2)ψ̄2

)
+
iη

12

(
3w̄(0)w′(0)w(0)2 − w̄′(0)w(0)3

)
ψ′2 −

iη

12

(
3w̄′(0)w̄(0)2

w(0) − w̄(0)3
w′(0)

)
ψ̄′2

+iη
(
w(0)4

ψ4 − w̄(0)4
ψ̄4

)]
We will be now interested in the axial aberrations in the image plane. In that case

we have to just consider derivative of eikonal with respect to w′0 and w̄′0. Furthermore we
will use trajectories w(0), w(1), w(2) in the form:

w(0) = h(z)w′0 + o(z)ε (6.69)

w(1) = C02(z)w̄′20 + E01(z)εw̄′0
w(2) = C21(z)w′20 w̄

′
0 + E20(z)εw′20 + E11(z)εw′0w̄

′
0

Where C02(z), E01(z), C21(z), E20(z), E11(z) are function to corresponding coefficient de-
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fined as:

C02(z) = iḡŪ0 − ih̄Ū1 (6.70)

E01(z) = i2ḡV̄0 − ih̄V̄1

C21(z) = Cḡ − K̄h̄+ U0Ū0

(
−gḡg′ + ḡ2ḡ′

)
+ U0Ū1

(
−ḡ2h̄′ + ḡg′h

)
+U1Ū0

(
gḡh′ + gg′h̄− 2ḡḡ′h̄

)
+ U1Ū1

(
−ḡhh′ + 2ḡh̄h̄′ − g′hh̄

)
+U2Ū0

(
−gh̄h′ + ḡ′h̄2

)
+ U2Ū1

(
hh̄h′ − h̄2h̄′

)
E20(z) = B̄2ḡ − C̄2h̄+ Ū0V0

(
−gḡg′ + ḡ2ḡ′

)
+ Ū0V1

(
1

2
gḡh′ +

1

2
gg′h̄− ḡḡ′h̄

)
+Ū0V2

(
−gh̄h′ + ḡ′h̄2

)
+ Ū1V0

(
−ḡ2h̄′ + ḡg′h

)
+Ū1V1

(
−1

2
ḡhh′ + ḡh̄h̄′ − 1

2
g′hh̄

)
+ Ū1V2

(
hh̄h′ − h̄2h̄′

)
E11(z) = −A2h̄+ 2B2ḡ + U0V̄0

(
−2gḡg′ + 2ḡ2ḡ′

)
+ U0V̄1

(
−ḡ2h̄′ + ḡg′h

)
+U1V̄0

(
2gḡh′ + 2gg′h̄− 4ḡḡ′h̄

)
+ U1V̄1

(
−ḡhh′ + 2ḡh̄h̄′ − g′hh̄

)
+U2V̄0

(
−2gh̄h′ + 2ḡ′h̄2

)
+ U2V̄1

(
hh̄h′ − h̄2h̄′

)
We define integrals:

L4 = − 4η√
φr

∫
i
√
φr

4η
C ′02h̄

′2
h′ +

1

32

(
−C ′02hh̄

2 + 2C02hh̄h̄
′ − C02h̄

2h′
)
ψ′′′0 (6.71)

−3C̄21h̄
2ψ̄3 +

1

8

(
h̄4h′ − 4hh̄3h̄

′
)
ψ̄
′
3dz

S3 = − 4η√
φr

∫
i
√
φr

2η
C ′02h̄

′
h′ō′ +

i
√
φr

4η
E01h̄

′2
h′

+
1

16

(
−C ′02hh̄ō+ C02hh̄ō

′ + C02hh̄
′
ō− C02h̄h

′ō
)
ψ′′′0

+
1

32

(
−E01hh̄

2 + 2E01hh̄h̄
′ − E01h̄

2h′
)
ψ′′′0

+
1

4

(
C02

′hh̄+ C02h
′h̄− C02hh̄

′
)
ψ′1L − 2C̄21h̄ψ̄2 +

(
−1

2
hh̄2h̄

′
+

1

6
h̄3h′

)
ψ̄
′
2

+

(
−1

2
hh̄3ō′ − 3

2
hh̄2h̄

′
ō+

1

2
h̄3h′ō

)
ψ̄
′
3 − 6C̄21h̄ōψ̄3 − 3Ē11h̄

2ψ̄3dz

A3 = − 16η√
φr

∫
i
√
φr

4η
C ′02h̄

′2
o′ +

1

32

(
−C ′02h̄

2o− C02h̄
2o′ + 2C02h̄h̄

′
o
)
ψ′′′0

+

(
1

8
C ′02h̄

2 − 1

4
C02h̄h̄

′
)
ψ̄
′
1L +

(
1

8
h̄4o′ − 1

2
h̄3h̄

′
o

)
ψ̄
′
3

−3Ē20h̄
2ψ̄3 − 2h̄4ψ̄4dz

Then eikonal looks like:

SIII = 2
√
φr

(
−1

4
L4w̄

′4
0w
′
0 −

1

4
L̄4w̄

′
0w
′4
0

)
(6.72)

+2ε
√
φr

(
− i

16
A3w̄

′4
0 −

i

4
S3w̄

′3
0w
′
0 +

i

4
S̄3w̄

′
0w
′3
0 +

i

16
Ā3w

′4
0

)
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The canonical momentums are in the image plane just linear combination of positions:

p(j) =

√
φrg

′

2g
w̄(j) (6.73)

Thus any vector:

∇0Q
(j)ΓQ(k) (6.74)

is zero. Thus the third order axial aberrations are in the image plane:

w(3)(zi) = −iL̄4w
′4
0 + 4iL4w̄

′3
0w
′
0 + iA3εw̄

′3
0 + 3iS3εw̄

′2
0w
′
0 − iS̄3εw

′3
0 (6.75)

Now we use symmetry with respect to centre of the corrector. C02 is symmetric, C21

antisymmetric with constant symmetric part (only from term Cg). Symmetric parts of
E01, E20, E11 are:

E01+ = i2ḡV̄0+ − ih̄V̄1− (6.76)

E20+ = B̄2+ḡ − C̄2−h̄+ Ū0V0−
(
−gḡg′ + ḡ2ḡ′

)
+ Ū0V1+

(
1

2
gḡh′ +

1

2
gg′h̄− ḡḡ′h̄

)
+Ū0V2−

(
−gh̄h′ + ḡ′h̄2

)
+ Ū1V0−

(
−ḡ2h̄′ + ḡg′h

)
+Ū1V1+

(
−1

2
ḡhh′ + ḡh̄h̄′ − 1

2
g′hh̄

)
+ Ū1V2−

(
hh̄h′ − h̄2h̄′

)
E11+ = −A2−h̄+ 2B2+ḡ + U0V̄0−

(
−2gḡg′ + 2ḡ2ḡ′

)
+ U0V̄1+

(
−ḡ2h̄′ + ḡg′h

)
+U1V̄0−

(
2gḡh′ + 2gg′h̄− 4ḡḡ′h̄

)
+ U1V̄1+

(
−ḡhh′ + 2ḡh̄h̄′ − g′hh̄

)
+U2V̄0−

(
−2gh̄h′ + 2ḡ′h̄2

)
+ U2V̄1+

(
hh̄h′ − h̄2h̄′

)
The antisymmetric parts are with opposite signs. We can now write non-vanishing parts
of L4, S3, A3 outside corrector:

L4 =
12η√
φr

∫
Cgh̄2ψ̄3dz = CŪ1 = 0 (6.77)

S3 = − 4η√
φr

∫
i
√
φr

2η
C ′02h̄

′
h′ō+

′ +
i
√
φr

4η
E01+h̄

′2
h′

+
1

16

(
−C ′02hh̄ō+ + C02hh̄ō+

′ + C02hh̄
′
ō+ − C02h̄h

′ō+

)
ψ′′′0

+
1

32

(
−E01−hh̄

2 + 2E01−hh̄h̄
′ − E01−h̄

2h′
)
ψ′′′0

+
1

4

(
C02

′hh̄+ C02h
′h̄− C02hh̄

′
)
ψ′1L+ − 2C̄21h̄ψ̄2 +

(
−1

2
hh̄2h̄

′
+

1

6
h̄3h′

)
ψ̄
′
2−

+

(
−1

2
hh̄3ō+

′ − 3

2
hh̄2h̄

′
ō+ +

1

2
h̄3h′ō+

)
ψ̄
′
3 − 6C̄21h̄ōψ̄3 − 3Ē11+h̄

2ψ̄3dz

A3 = − 16η√
φr

∫
i
√
φr

4η
C ′02h̄

′2
o′+ +

1

32

(
−C ′02h̄

2o+ − C02h̄
2o′+ + 2C02h̄h̄

′
o+

)
ψ′′′0

+

(
1

8
C ′02h̄

2 − 1

4
C02h̄h̄

′
)
ψ̄
′
1L+ +

(
1

8
h̄4o′+ −

1

2
h̄3h̄

′
o+

)
ψ̄
′
3

−3Ē20+h̄
2ψ̄3 − 2h̄4ψ̄4+dz
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hexapole A hexapole Blens doubletA B
hexapole corrector

S3(z)

A3(z)

Figure 6.10: The function A3, S3 through hexapole corrector with δA = −δB, o = 0, γA = 0,
γB = 0, and ψ2L = 0 (S3 is very small after corrector but not zero)

hexapole A hexapole Blens doubletA B
hexapole corrector

S3(z)

A3(z)

Figure 6.11: The function A3, S3 through hexapole corrector with γA = γB, o = 0, δA = 0,
δB = 0, and ψ2L = 0

6.3 Chromatic Aberration

In previous part we dealt with geometrical aberrations of the hexapole corrector. However,
due to the lens doublet the hexapole corrector gives to the contribution to the first order
chromatic aberration as well. To calculate chromatic aberration we expand the Relativistic
potential in Lagrangian. The addition to the paraxial Lagrangian has form:

M2c =
1

4

√
φrw

′w̄′
∆E

E
(6.78)

Where ∆E
E

is relative dispersion of the beam. The derivative of eikonal is:

dSc

dz
=

∆E

4E

√
φr(wiw̄ig

′ḡ′ + w′iw̄ih
′ḡ′ + wiw̄i

′g′h̄′ + w′iw̄i
′h′h̄′) (6.79)
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And addition to the trajectory:

w(0c) =
∆E

2E

(
h̄

∫
h′ḡ′dz − ḡ

∫
h′h̄′dz

)
w′i (6.80)

+
∆E

2E

(
h̄

∫
g′ḡ′dz − ḡ

∫
g′h̄′dz

)
wi

We define coefficient of chromatic aberration as:

Cc =
1

2

∫
h′h̄′dz (6.81)

This can be using rotated coordinates and using integration by parts rewritten in the
form:

Cc =

∫
hh̄

(
ηψ′0

2
√
φr

)2

dz (6.82)

For thin/weak lens approximation (h is constant inside lens) we get solution:

Cc = |h|2
∫ (

ηψ′0
2
√
φr

)2

dz =
|h|2

f
(6.83)

Where f is the focal length of the lens.
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7. Resolution

7.1 Intensity in Image Plane

To calculate resolution of the hexapole corrector system we start with diffraction integral
[9] to calculate wave function in the image point qi:

ψ(qi) ∝
∫
R2

ψ(qo)e
− i

~S(qo,qi)dqo (7.1)

where S is eikonal and it is integrated over the coordinates qo in the object plane. If we
have system with an aperture than the diffraction integral changes as:

ψ(qi) ∝
∫
A

(∫
R2

ψ(qo)e
− i

~S(qo,qa)dqo

)
e−

i
~S(qa,qi)dqa (7.2)

where it is additionally integrated over aperture A. We would like to know point spread
function. Thus we use ψ(qo) = δ(qo) and simplify equation to:

ψ(qi) ∝
∫
A

e−
i
~ (S(qo,qa)+S(qa,qi))dqa (7.3)

qo

qa

qi

qf

ApertureObject plane Image plane

Figure 7.1: Trajectories in system with aperture. Blue – paraxial trajectory, green – trajectory
from qa to examined point qi

Generally S(qo, qa) + S(qa, qi)! = S(qo, qi), however, we are interested only in the
close surrounding around the image point qf (Figure 7.1). In that case we can assume
that qi − qf is small ∗ and we can use Taylor expansion and write:

S(qo, qa) + S(qa, qi) ≈ S(qo, qa) + S(qa, qf ) + pf (qi − qf ) (7.4)

= S(qo, qf ) + pf (qi − qf )

∗On the other hand we still have to satisfy the condition for WKB approximation such as the size
|qi − qf | is bigger than wave length of the electron: |qi − qf | � λel.
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Where there is qf (qa) is given by trajectory equation. We can now re-parametrize eikonal
by Legendre transformation qf 7→ pf :

S(qo, qf ) + pf (qi − qf ) = pfqf − S̃(qo,pf ) + pf (qi − qf ) = −S̃(qo,pf ) + pfqi (7.5)

And we can calculate relative intensity as:

ψ(qi) ∝
∫
A,ang.

e
i
~ S̃(qo,pf )e−

i
~pfqidpf (7.6)

The canonical momentum pf and direction of the ray q′f are related by formula:

pf = gq′f + A (7.7)

Where g =
√
−2mqφr is kinetic momentum for magnetic system. A gives just phase shift

to the wave function and does not contribute to the intensity and therefore we can write:

ψ(qi) ∝
∫
A,ang.

e
i
~ S̃(qo,q′f )e−

ig
~ q′fqidq′f (7.8)

We define wave number of electron:

k =
g

~
=

2π

λ
(7.9)

and function of wave deviation χ as :

χ =
S̃

g
(7.10)

We can calculate intensity as:

I(qi) ∝
∣∣∣∣∫
A,ang.

eikχ(qo,q′f )e−ikq
′
fqidq′f

∣∣∣∣2 (7.11)

In case of radial symmetric χ we evaluate 7.11 for qi = qiey in polar coordinates and
integrate partly over angle:

I(qi) ∝
∣∣∣∣∫
A,ang.

eikχ(qo,q′f )

∫ π

−π
e−ikqiq

′
f sinφdφq′fdq

′
f

∣∣∣∣2 (7.12)

=

∣∣∣∣2π ∫
A,ang.

eikχ(qo,q′f )J0(kqiq
′
f )q
′
fdq

′
f

∣∣∣∣2
where J0 is Bessel function.

To calculate chromatic aberration which is present due to the energy dispersion of the
beam we can assume that the electrons with different energy are in-coherent. In that case
we can calculate the intensity of polychromatic beam as the convolution of the intensities
as a function of defocus with the Gaussian distribution of standard deviation equal to:

σ =
∆E√
8 ln 2E

Ccα (7.13)

where ∆E is FWHM of the dispersion of the beam with energy E, Cc is chromatic
aberration and α is maximal aperture angle.

54
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7.2 Axial Aberrations of Hexapole Corrector

In the STEM set-up of hexapole corrector we are interested just in axial aberrations
qo = 0. Up to third order the wave deviation has the form:

χ = −F
2
w′0w̄

′
0 +

(
iV0

2

)
w′20 −

(
iV̄0

2

)
w̄′20 (7.14)

+

(
iU0

6

)
w′30 −

(
iŪ0

6

)
w̄′30 −

(
B2

2

)
w′0w̄

′2
0 −

(
B̄2

2

)
w̄′0w

′2
0

− C

4
w′20 w̄

′2
0 −

(
iA3

16

)
w̄′4 +

(
iĀ3

16

)
w′4 −

(
iS3

4

)
w′w̄′3 +

(
i
S̄3

4

)
w′3w̄′

Where F,C are main aberrations – defocus and spherical aberration and rest is due to the
misalignments. The probe intensity in image plane for different aberrations are in figures
7.2 and 7.3

Table 7.1: Aberration notation

Aberration coefficient Used the thesis Uhlemann and Haider[21] Krivanek[11]

Two-fold astigmatism 2iV̄0 A1 C1,2

Defocus F C1 C1,0

Three-fold astigmatism iŪ0 A2 C2,3

Axial coma B̄2 B2
1
3
C̄2,1

Four-fold astigmatism − i
2
A3 A3 C3,4

Axial star aberration − i
2
S3 S3

1
3
C̄3,2

Spherical aberration C C3 C3,0

To describe the resolution we can use the width of the peak in half of its intensity
– FWHM. This has the advantage that it can be easily calculated even for aberrations
with large support, however, it may gives us misleading information if the intensity peak
is not sharp. In that case it is better to use parameter d50, which is the diameter of the
circle at which there is 50% of the intensity. That is also equivalent to the beam current
as we will show. The current in image plane j is defined as:

j =
q~

2mi
(ψ̄∇ψ − ψ∇ψ̄)− q

m
|ψ|2A (7.15)

where ψ is the wave function in the image plane:

ψ =
√
ρe

iS
~ (7.16)

with probability density ρ and Hamilton’s principal function S. If we expand 7.15 and
calculate z-component we get:

jz =
q

m
ρ

(
∂S

∂z
− qAz

)
= ρ

qgz
m

(7.17)
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(a) Diffraction on 50 mrad aperture
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1.0 0.5 0.0 0.5 1.0
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l.) 1.4 nm

(b) Defocus F = 17 nm
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1.0 0.5 0.0 0.5 1.0
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I (
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l.) 0.89 nm

(c) Two fold astigmatism V0 = 5 nm

0.5 nm

1.0 0.5 0.0 0.5 1.0
r (nm)

I (
re

l.) 0.23 nm

(d) Third order axial coma B2 = 0.2 µm

Figure 7.2: Probe intensity and radial averaged intensity for different aberrations with aperture
maximum angles 50 mrad for 100keV electron (part 1.)
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(a) Three fold astigmatism U0 = 1 µm
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(b) Spherical aberration C = 50 µm
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(c) Star aberration S3 = 10 µm
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l.) 0.11 nm

(d) Four fould astigmatism C = 50 µm

Figure 7.3: Probe intensity and radial averaged intensity for different aberrations with aperture
maximum angles 50 mrad for 100 keV electron (part 2.)
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For small angles we can say that gz is constant and thus the current is proportional
to the intensity (probability density).

7.2.1 Resolution without Corrector

The system without corrector is limited mainly by spherical aberration of the third order.
In Figure 7.4. There is a calculation of the spherical aberration of the third order with
chromatic aberration within the optimal defocus as a function of the aperture angle.
If the spherical aberration is present than the additional increase due to the chromatic
aberration is negligible. If we apply the hexapole corrector we can zero the spherical
aberration and in that case the resolution is limited by the chromatic aberration.

0 5 10 15 20 25
Ap. angle (mrad)

10 1

100

d 5
0(

nm
)

0.27 nm

0.14 nm

Diffraction
Spherical
Chromatic

Figure 7.4: Dependence of the resolution on aperture angle in optimal defocus for spherical
aberration C = 2.5 mm and for chromatic aberration Cc = 2.5 mm (100 keV electrons) If we
combine spherical aberration and chromatic aberration the result is almost indistinguishable
from the spherical resolution alone

As we see we can get the maximal resolution (d50 = 0.27 nm) for apertures angles
8.4 mrad. In Figure 7.5 there is a radial distribution of the intensity for different defocus
if we are limited by diffraction, in optimal aperture or limited by spherical aberration.
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(a) 6 mrad, d = 0.32 nm, fopt = −44 nm
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(b) optimal 8.4 mrad, d = 0.27 nm, fopt = −83 nm
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nm
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0.5

(c) 10 mrad, d = 0.57 nm, fopt = −134 nm

Figure 7.5: Radial probe intensity through focus for 100 keV at different maximal angles of
aperture with spherical aberration C = 2.5 mm
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7.2.2 Resolution with Corrector

Now we would like to add hexapole corrector to eliminate all axial aberrations up to third
order. As we saw it is now limited by chromatic aberration. Furthermore the hexapole
corrector increases the chromatic aberration due to the lens doublet and transfer lens. We
can estimate the additional chromatic aberration by the transfer lens using the formula
6.83:

Cc,H = 2
|hH |2

fd
+
|hH |2

ft
=

ft
|Mo|2

(
1 +

2ft
fd

)
(7.18)

where |hH | = ft
Mo

is the value of the h ray in the hexapole fd is focal lens of the doublet
lens,ft the focal length of the transfer lens before the objective lens and Mo magnification
of the objective lens. For values fT = fD = 40 mm, |Mo| = 20 is additional chromatic
aberration Cc,H = 0.3 mm. In Figure 7.4 we already increased the chromatic aberration.
The real value for the objective alone is about 2 mm.

To further proceed we will assume that our system with hexapole corrector is only
limited by chromatic aberration Cc = 2.5 mm. We choose the aperture angles 18.3 mrad
(see Figure 7.4) to get the best resolution. We will now estimate what the maximal
allowed residual aberrations to keep resolution under 0.16 nm. The results will be similar
to the published in [6]. The limiting values for each coefficients were made by calculation
of the d50 of probe intensity (Figure 7.6).

We omit defocus effect since it can be modified with any lens and just gives required
precision on electrical source of the excitation. The hexapole field in the corrector is
strong so we consider only the leading terms of aberration dependent on hexapole field.
The astigmatism caused by hexapoles is:

V0 = (oB + δA + δB)
6η√
φr

∫
A

ψ3h
2dz (7.19)

Using the approximation of constant hexapole field, we get the absolute value of astigma-
tism as a function of spherical aberration of the objective Co and optical parameters:

|V0| =
|oB + δA + δB|

|hF |
|U0A| = |oB + δA + δB|

√
3Co
2L

(7.20)

Where hF = fT
|Mo| is h ray in the hexapole L is length of the hexapole fT is focal length of

the transfer lens just before the objective lens and Mo is magnification of the objective.
For parameters L = 40mm, Co = 2.5mm, |V0,limit| = 2nm (Figure 7.6) we get requirement
for |oB + δA + δB|:

|oB + δA + δB| < |V0,limit|
√

2L

3Co
≈ 7 nm (7.21)

This, however, is not critical, because the astigmatism can be additionally eliminated by
stigmator.

Aberration of Second Order

We have additional three-fold astigmatism U0 due to axial mis-rotation of the hexapole
correctors. For small values of mis-rotation and |U0,limit| = 350nm, fT = 40mm,|Mo| = 20
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we get the requirement as:

|θ| < |U0,limit|
|U0A|

=
|U0,limit||Mo|

fT

√
2L

3CH
≈ 1 mrad (7.22)

In case of axial coma B2 we have the leading terms:

B2 =
6η(δA − δB − oB)√

φr

∫
HA

U1ψ3h
2 − U0ψ3ghdz (7.23)

+
6η(δ̄A − δ̄B − ōB)√

φr

∫
HA

Ū1ψ̄3h̄
2 − 1

2
Ū0ψ̄3ḡh̄dz

−3η(γA + γB + o′B)√
φr

U0A

∫
HA

zψ3ghdz

−3η(γ̄A + γ̄B + ō′B)

2
√
φr

Ū0A

∫
HA

zψ̄3ḡh̄dz

Assuming all components real we can get two evaluate |B2| due to the shifts:

|B2| = |δA − δB − oB|
3CoMo

8fT
(7.24)

And due to the tilts:

|B2| = |γA + γB + o′B|
3CoMo

32fT
L (7.25)

For limiting value |B2,lim| = 150 nm:

|δA − δB − oB| < |B2,lim|
8fT

3CoMo

≈ 320 nm (7.26)

|γA + γB + o′B| < |B2,lim|
32fT

3CoMoL
≈ 0.03 mrad

Of course in reality we do not have to eliminate both tilt and shift but just a linear
combination of these two.
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(b) Axial coma B2 and three-fold astigmatisms U0
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(c) Spherical aberration C, Star aberration S3 and four-fold astigmatism A3

Figure 7.6: Sensitivity of resolution on aberration coefficients for maximal aperture angle
30 mrad and 100 keV electron
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Aberration of Third Order

To keep the resolution under limit we need to control the spherical aberration with pre-
cision:

|C| < 35 µm (7.27)

Which gives the request on electronics of the hexapole excitation.
We now consider only the leading term which are third power of the hexapole field:

S3 = − 4iη√
φr

∫
−2C̄21h̄ψ̄2 − 6C̄21h̄ōψ̄3 − 3Ē11+h̄

2ψ̄3dz (7.28)

A3 = −16iη√
φr

∫
−3Ē20+h̄

2ψ̄3dz

In hexapoles functions C21, E20+, E11+ can be written as:

C21 = (C − U0Ū1 + U1Ū0)g − (K̄ − U1Ū1 + U2Ū0)h (7.29)

E20+ = (B̄2+ +
1

2
Ū0V1+ − Ū1V0−)g − (C̄2− + Ū0V2− − Ū1V1+)h

E11+ = (2B2+ − U0V̄1+ + 2U1V̄0−)g − (A2− − U1V̄1+ + 2U2V̄0−)h

In this situation we will not provide exact calculation and just estimate scaling:

S3, A3 ∝ (δ + γL)C3/2
o L1/2M

2
o

f 2
T

(7.30)

where δ is some combination of shifts of hexapoles and γ some combination of tilts. for δ
and γ we have limitations in order of:

|δ| ≈ 8 µm (7.31)

|γ| ≈ 0.2 mrad

which is in the same order or better as consideration for B2.

7.2.3 Summary

If we would like to achieve better efficiency of the corrector as well as minimize additional
aberration B2, A3, S3 it is needed to maximize h ray in the hexapole. On the other hand
this negatively influence three-fold astigmatism due to mis-rotation of the hexapoles.
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8. Adjustment of Corrector

As we saw in previous chapter to eliminate parasitic aberration it is crucial to be able
to control tilt and shift of the hexapoles. The shift, tilt and ellipticity of the doublet
influence the residual aberrations as well, however, their effect is much smaller than of
the strong hexapole field. Therefore we can align the corrector by just using two double
deflector systems [7]. The standard placement of the deflectors is in Figure 8.1. By using
the first (blue) deflector we create symmetrical shift δA = δB and anti-symmetrical tilt
γA = −γB. By linear combination with the second (green) deflector we can produce also
the anti-symmetrical shift and symmetrical tilt.

objective
lens

spec.
plane

transfer
lens

hexapole A hexapole BA B
hexapole corrector

double deflector double deflector

Figure 8.1: Placement of two double deflectors in the hexapole corrector

To compensate the residual aberration it is necessary to be able to measure it. It is
usually done by two approaches - by Zemlin tableau[23] or by using Ronchigram [12]. The
measurement and calculation of the aberration coefficients is rather complicated and is
not subject of this thesis. Once we know the coefficient of the aberration we can start a
procedure to eliminate them.

8.1 Three-fold Astigmatism

Probably the first step is to eliminate the three-fold astigmatism produced by mis-rotation
of the hexapoles. The procedure of its elimination is already described in section 6.2.1.
The main idea is to change excitation of the lens doublet to generate image rotation which
minimize the absolute value of U0 than we change the relative strength of the hexapoles
such to again minimize the U0, we should be able to get it to zero, if not we can repeat the
process with lens rotation and strength of the hexapoles to get the coma under desired
limit.

Now we can focus on eliminated aberrations, mainly caused by misalignments of the
hexapoles.
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8. ADJUSTMENT OF CORRECTOR

8.2 Astigmatism of Hexapoles

We start with aberrations of the first order. The defocus is obviously eliminated by
changing of excitation of a lens. The astigmatisms is also well known in standard electron
microscopy and it can be eliminated by stigmator. However, it is useful to eliminate
the astigmatisms produced by the hexapoles because it negatively influences the star
aberration and four-fold aberration. At first we align the lenses of the corrector and
zero its astigmatism with hexapoles switched off. Than we switch off the hexapoles
and eliminate the produced astigmatism by changing δA = δB since the astigmatism is
dependant on the value:

V0 = (oB + δA + δB)
6η√
φr

∫
A

ψ3h
2dz (8.1)

In that case we can say that δA + δB + oB is zero and therefore minimize the star
aberration and four-fold aberration.

8.3 Axial Coma

The axial coma is generally dependant on δA − δB and γA − γB. We can use change of
both to eliminate it, however, it is better to use just δA = −δB since the coma is more
sensitive on shifts than on tilts.

B2 =
6η(δA − δB − oB)√

φr

∫
HA

U1ψ3h
2 − U0ψ3ghdz (8.2)

+
6η(δ̄A − δ̄B − ōB)√

φr

∫
HA

Ū1ψ̄3h̄
2 − 1

2
Ū0ψ̄3ḡh̄dz

−3η(γA + γB + o′B)√
φr

U0A

∫
HA

zψ3ghdz

−3η(γ̄A + γ̄B + ō′B)

2
√
φr

Ū0A

∫
HA

zψ̄3ḡh̄dz

We also noticed that there is certain combination of δA − δB and γA + γB for which the
coma does not change. We can use this combination to eliminate the aberration of higher
order. Theoretically, the needed combination can be calculated from the formula above
separating it to the imaginary and real part. Nevertheless, in practice it might be easier
to directly measure the combinations of δA− δB and γA+γB which does not influence B2.
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8. ADJUSTMENT OF CORRECTOR

8.4 Aberration of Third Order

The last two aberrations, we eliminate, are four-fold astigmatism and star aberration.
The dependence on hexapole tilt and shift is through the formulas:

S3 = − 4iη√
φr

∫
−2C̄21h̄ψ̄2 − 6C̄21h̄ōψ̄3 − 3Ē11+h̄

2ψ̄3dz (8.3)

A3 = −16iη√
φr

∫
−3Ē20+h̄

2ψ̄3dz

The four-fold astigmatism depends through the function Ē20+ only on δA + δB and
γA − γB. On the other hand the function C̄21 has symmetric as well as antisymmetric
part with respect to the centre of the corrector thus the star aberration depends on any
of (δA + δB),(δA − δB),(γA + γB),(γA − γB).

The correct solution is thus to use γA = −γB to eliminate the four-fold astigmatism
and the linear combination of δA− δB and γA +γB which does not change B2 to eliminate
the star aberration.

Another possibility would be to use δA = δB and γA = −γB to eliminate both A3 and
S3 and use additional quadrupole stigmator to get rid of two-fold astigmatism.

The procedure above is based on the assumption that we do not change the hexapole
strength to change spherical aberration. To change it, it is needed to do the aligning
procedure with dependency on the hexapole strenght or to use additional weak lens before
objective to be able to change the spherical aberration.
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Conclusion

The thesis provide a deep insight into the origin of the parasitic aberration and gives a
proposition on how to improve the alignment procedure for the system with the hexapole
corrector. The formalism used in the thesis for calculation of the aberrations can be
also used as an example for calculation of similar problems. The eikonal method, which
has been used, can be easily applied on harder problems and the use of symmetry of
the system is more straightforward. Also the transition to quantum mechanics and wave
optics is quite direct.

The parasitic aberrations of the hexapole corrector due to misalignments and me-
chanical imperfections has been studied. The exact analytical expressions of the axial
aberration coefficients up to the third order have been found. It was proved that two-
fold astigmatism is mainly dependant on the symmetrical off-axial shift of the hexapoles
(δA = δB). The another of its source comes from the ellipticity of the lenses.

The second order axial aberrations are: three-fold astigmatism and axial coma. The
residual three-fold astigmatism originates from the uneven orientation of the multipoles
and it can be corrected by the excitation of the doublet lenses which produce the adequate
image rotation. The axial coma originates from the anti-symmetrical shift of the hexapoles
(δA = −δB) or their symmetrical tilt (γA = γB). Additionally the aberrations are also
influenced by the misalignments of the doublet but this effect is much weaker than the
effect of hexapoles.

The expression of the third order residual axial aberrations – four-fold astigmatism and
star aberration – has been derived as well, however, those are quite complicated. The star
aberration depends on any combination of shifts and tilts of the hexapoles, the four-fold
astigmatism depends just on the symmetrical shift (δA = δB) and the anti-symmetrical
tilt (γA = −γB).

The theoretical resolution of a standard system with the hexapole corrector limited
by chromatic aberration has been estimated as 0.14 nm at energy 100 keV. The maximal
limitation on the residual aberration which does not deteriorate the resolution has been
found. At the end the general idea about the alignment procedure has been presented.
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A. Second Order Aberrations of
Misaligned Corrector

A.1 Aberration Coefficients

The aberration coefficients of third order consist of three parts - free field propagation,
aberrations of lenses and aberrations of misalignments of lenses. We start with free field
aberration. We define integrals:

CF =

∫
1

2
h̄′2h′

2
dz (A.1)

KF =

∫
1

2
g′h̄′2h′dz

FF =

∫
ḡ′g′h̄′h′dz

AF =

∫
1

2
g′

2
h̄′2dz

DF =

∫
1

2
ḡ′g′

2
h̄′dz

EF =

∫
1

2
ḡ′2g′

2
dz

B2F =

∫
1

2
h̄′2h′o′dz (A.2)

A2F =

∫
ḡ′h̄′h′o′dz

C2F =

∫
1

2
g′h̄′2o′dz

D2F =

∫
1

2
ḡ′2h′o′dz

E2F =

∫
ḡ′g′h̄′o′dz

F2F =

∫
1

2
ḡ′2g′o′dz

For monopole part we have:
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CM =
iη

16
√
φr

∫ (
−2h2h̄h̄′ + 2hh̄2h′

)
ψ0
′′′dz (A.3)

KM =
iη

16
√
φr

∫ (
−2ghh̄h̄′ + gh̄2h′ + g′hh̄2

)
ψ0
′′′dz

FM =
iη

16
√
φr

∫ (
−2gḡhh̄′ + 2gḡh̄h′ − 2gḡ′hh̄+ 2ḡg′hh̄

)
ψ0
′′′dz

AM =
iη

16
√
φr

∫ (
−2g2h̄h̄′ + 2gg′h̄2

)
ψ0
′′′dz

DM =
iη

16
√
φr

∫ (
−g2ḡh̄′ − g2ḡ′h̄+ 2gḡg′h̄

)
ψ0
′′′dz

EM =
iη

16
√
φr

∫ (
−2g2ḡḡ′ + 2gḡ2g′

)
ψ0
′′′dz

B2M =
iη

16
√
φr

∫ (
hh̄2o′ − 2hh̄h̄′o+ h̄2h′o

)
ψ0
′′′dz (A.4)

A2M =
iη

16
√
φr

∫ (
2ḡhh̄o′ − 2ḡhh̄′o+ 2ḡh̄h′o− 2ḡ′hh̄o

)
ψ0
′′′dz

C2M =
iη

16
√
φr

∫ (
gh̄2o′ − 2gh̄h̄′o+ g′h̄2o

)
ψ0
′′′dz

D2M =
iη

16
√
φr

∫ (
ḡ2ho′ + ḡ2h′o− 2ḡḡ′ho

)
ψ0
′′′dz

E2M =
iη

16
√
φr

∫ (
2gḡh̄o′ − 2gḡh̄′o− 2gḡ′h̄o+ 2ḡg′h̄o

)
ψ0
′′′dz

F2M =
iη

16
√
φr

∫ (
gḡ2o′ − 2gḡḡ′o+ ḡ2g′o

)
ψ0
′′′dz

And dipole part:

B2D =
iη

4
√
φr

∫ (
2hh̄h̄

′ − h̄2h′
)
ψ̄
′
1Ldz (A.5)

A2D =
iη

4
√
φr

∫ (
2ḡhh̄

′ − 2ḡh̄h′ + 2ḡ′hh̄
)
ψ̄
′
1Ldz

C2D =
iη

4
√
φr

∫ (
2gh̄h̄

′ − g′h̄2
)
ψ̄
′
1Ldz

D2D =
iη

4
√
φr

∫ (
−ḡ2h′ + 2ḡḡ′h

)
ψ̄
′
1Ldz

E2D =
iη

4
√
φr

∫ (
2gḡh̄

′
+ 2gḡ′h̄− 2ḡg′h̄

)
ψ̄
′
1Ldz

F2D =
iη

4
√
φr

∫ (
2gḡḡ′ − ḡ2g′

)
ψ̄
′
1Ldz

The next part in eikonal is
∫
D(1)M (0). We can split that into pure hexapole field and
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coupling of hexapole with quadrupole field, hexapole integrals look like:

CH = − 6η√
φr

∫
U0ḡh

2ψ3 − U1h
2h̄ψ3 + Ū0gh̄

2ψ̄3 − Ū1hh̄
2ψ̄3dz (A.6)

KH = − 6η√
φr

∫
U0gḡhψ3 − U1ghh̄ψ3 + Ū1gh̄

2ψ̄3 − Ū2hh̄
2ψ̄3dz

FH = − 6η√
φr

∫
2U1gḡhψ3 − 2U2ghh̄ψ3 + 2Ū1gḡh̄ψ̄3 − 2Ū2ḡhh̄ψ̄3dz

AH = − 6η√
φr

∫
U0g

2ḡψ3 − U1g
2h̄ψ3 + Ū2gh̄

2ψ̄3 − Ū3hh̄
2ψ̄3dz

DH = − 6η√
φr

∫
U1g

2ḡψ3 − U2g
2h̄ψ3 + Ū2gḡh̄ψ̄3 − Ū3ḡhh̄ψ̄3dz

EH = − 6η√
φr

∫
U2g

2ḡψ3 − U3g
2h̄ψ3 + Ū2gḡ

2ψ̄3 − Ū3ḡ
2hψ̄3dz

B2H = − 6η√
φr

∫
U0ḡhoψ3 − U1hh̄oψ3dz (A.7)

A2H = − 6η√
φr

∫
2U1ḡhoψ3 − 2U2hh̄oψ3dz

C2H = − 6η√
φr

∫
U0gḡoψ3 − U1gh̄oψ3dz

D2H = − 6η√
φr

∫
U2ḡhoψ3 − U3hh̄oψ3dz

E2H = − 6η√
φr

∫
2U1gḡoψ3 − 2U2gh̄oψ3dz

F2H = − 6η√
φr

∫
U2gḡoψ3 − U3gh̄oψ3dz

and coupling of quadrupole with hexapole field:

B2Q = − 1√
φr

∫
2U0ηḡhψ2 − 2U1ηhh̄ψ2 + 6V̄0ηgh̄

2ψ̄3 − 3V̄1ηhh̄
2ψ̄3dz (A.8)

A2Q = − 1√
φr

∫
4U1ηḡhψ2 − 4U2ηhh̄ψ2 + 12V̄0ηgḡh̄ψ̄3 − 6V̄1ηḡhh̄ψ̄3dz

C2Q = − 1√
φr

∫
2U0ηgḡψ2 − 2U1ηgh̄ψ2 + 3V̄1ηgh̄

2ψ̄3 − 6V̄2ηhh̄
2ψ̄3dz

D2Q = − 1√
φr

∫
2U2ηḡhψ2 − 2U3ηhh̄ψ2 + 6V̄0ηgḡ

2ψ̄3 − 3V̄1ηḡ
2hψ̄3dz

E2Q = − 1√
φr

∫
4U1ηgḡψ2 − 4U2ηgh̄ψ2 + 6V̄1ηgḡh̄ψ̄3 − 12V̄2ηḡhh̄ψ̄3dz

F2Q = − 1√
φr

∫
2U2ηgḡψ2 − 2U3ηgh̄ψ2 + 3V̄1ηgḡ

2ψ̄3 − 6V̄2ηḡ
2hψ̄3dz
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A.2 Trajectory

The second order aberrations are:

w(2) =
[
Cḡ − K̄h̄+ U0Ū0

(
−gḡg′ + ḡ2ḡ′

)
+ U0Ū1

(
−ḡ2h̄′ + ḡg′h

)
(A.9)

+U1Ū0

(
gḡh′ + gg′h̄− 2ḡḡ′h̄

)
+ U1Ū1

(
−ḡhh′ + 2ḡh̄h̄′ − g′hh̄

)
+U2Ū0

(
−gh̄h′ + ḡ′h̄2

)
+ U2Ū1

(
hh̄h′ − h̄2h̄′

)]
w̄′0w

′2
0

+
[
−Āh̄+ K̄ḡ + U1Ū0

(
−gḡg′ + ḡ2ḡ′

)
+ U1Ū1

(
−ḡ2h̄′ + ḡg′h

)
+U2Ū0

(
gḡh′ + gg′h̄− 2ḡḡ′h̄

)
+ U2Ū1

(
−ḡhh′ + 2ḡh̄h̄′ − g′hh̄

)
+U3Ū0

(
−gh̄h′ + ḡ′h̄2

)
+ U3Ū1

(
hh̄h′ − h̄2h̄′

)]
w̄0w

′2
0

+
[
−Fh̄+ 2Kḡ + U0Ū1

(
−2gḡg′ + 2ḡ2ḡ′

)
+ U0Ū2

(
−2ḡ2h̄′ + 2ḡg′h

)
+U1Ū1

(
2gḡh′ + 2gg′h̄− 4ḡḡ′h̄

)
+ U1Ū2

(
−2ḡhh′ + 4ḡh̄h̄′ − 2g′hh̄

)
+U2Ū1

(
−2gh̄h′ + 2ḡ′h̄2

)
+ U2Ū2

(
2hh̄h′ − 2h̄2h̄′

)]
w0w̄

′
0w
′
0

+
[
−2D̄h̄+ F ḡ + U1Ū1

(
−2gḡg′ + 2ḡ2ḡ′

)
+ U1Ū2

(
−2ḡ2h̄′ + 2ḡg′h

)
+U2Ū1

(
2gḡh′ + 2gg′h̄− 4ḡḡ′h̄

)
+ U2Ū2

(
−2ḡhh′ + 4ḡh̄h̄′ − 2g′hh̄

)
+U3Ū1

(
−2gh̄h′ + 2ḡ′h̄2

)
+ U3Ū2

(
2hh̄h′ − 2h̄2h̄′

)]
w0w̄0w

′
0

+
[
Aḡ −Dh̄+ U0Ū2

(
−gḡg′ + ḡ2ḡ′

)
+ U0Ū3

(
−ḡ2h̄′ + ḡg′h

)
+U1Ū2

(
gḡh′ + gg′h̄− 2ḡḡ′h̄

)
+ U1Ū3

(
−ḡhh′ + 2ḡh̄h̄′ − g′hh̄

)
+U2Ū2

(
−gh̄h′ + ḡ′h̄2

)
+ U2Ū3

(
hh̄h′ − h̄2h̄′

)]
w2

0w̄
′
0

+
[
Dḡ − Eh̄+ U1Ū2

(
−gḡg′ + ḡ2ḡ′

)
+ U1Ū3

(
−ḡ2h̄′ + ḡg′h

)
+U2Ū2

(
gḡh′ + gg′h̄− 2ḡḡ′h̄

)
+ U2Ū3

(
−ḡhh′ + 2ḡh̄h̄′ − g′hh̄

)
+U3Ū2

(
−gh̄h′ + ḡ′h̄2

)
+ U3Ū3

(
hh̄h′ − h̄2h̄′

)]
w2

0w̄0

+

[
B̄2ḡ − C̄2h̄+ Ū0V0

(
−gḡg′ + ḡ2ḡ′

)
+ Ū0V1

(
1

2
gḡh′ +

1

2
gg′h̄− ḡḡ′h̄

)
+Ū0V2

(
−gh̄h′ + ḡ′h̄2

)
+ Ū1V0

(
−ḡ2h̄′ + ḡg′h

)
+Ū1V1

(
−1

2
ḡhh′ + ḡh̄h̄′ − 1

2
g′hh̄

)
+ Ū1V2

(
hh̄h′ − h̄2h̄′

)]
εw′

2
0
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+
[
−A2h̄+ 2B2ḡ + U0V̄0

(
−2gḡg′ + 2ḡ2ḡ′

)
+ U0V̄1

(
−ḡ2h̄′ + ḡg′h

)
+U1V̄0

(
2gḡh′ + 2gg′h̄− 4ḡḡ′h̄

)
+ U1V̄1

(
−ḡhh′ + 2ḡh̄h̄′ − g′hh̄

)
+U2V̄0

(
−2gh̄h′ + 2ḡ′h̄2

)
+ U2V̄1

(
hh̄h′ − h̄2h̄′

)]
εw̄′0w

′
0

+
[
Ā2ḡ − Ē2h̄+ Ū1V0

(
−2gḡg′ + 2ḡ2ḡ′

)
+ Ū1V1

(
gḡh′ + gg′h̄− 2ḡḡ′h̄

)
+Ū1V2

(
−2gh̄h′ + 2ḡ′h̄2

)
+ Ū2V0

(
−2ḡ2h̄′ + 2ḡg′h

)
+Ū2V1

(
−ḡhh′ + 2ḡh̄h̄′ − g′hh̄

)
+ Ū2V2

(
2hh̄h′ − 2h̄2h̄′

)]
εw0w

′
0

+
[
A2ḡ − 2D2h̄+ U1V̄0

(
−2gḡg′ + 2ḡ2ḡ′

)
+ U1V̄1

(
−ḡ2h̄′ + ḡg′h

)
+U2V̄0

(
2gḡh′ + 2gg′h̄− 4ḡḡ′h̄

)
+ U2V̄1

(
−ḡhh′ + 2ḡh̄h̄′ − g′hh̄

)
+U3V̄0

(
−2gh̄h′ + 2ḡ′h̄2

)
+ U3V̄1

(
hh̄h′ − h̄2h̄′

)]
εw̄0w

′
0

+
[
2C2ḡ − E2h̄+ U0V̄1

(
−gḡg′ + ḡ2ḡ′

)
+ U0V̄2

(
−2ḡ2h̄′ + 2ḡg′h

)
+U1V̄1

(
gḡh′ + gg′h̄− 2ḡḡ′h̄

)
+ U1V̄2

(
−2ḡhh′ + 4ḡh̄h̄′ − 2g′hh̄

)
+U2V̄1

(
−gh̄h′ + ḡ′h̄2

)
+ U2V̄2

(
2hh̄h′ − 2h̄2h̄′

)]
εw0w̄

′
0

+

[
D̄2ḡ − F̄2h̄+ Ū2V0

(
−gḡg′ + ḡ2ḡ′

)
+ Ū2V1

(
1

2
gḡh′ +

1

2
gg′h̄− ḡḡ′h̄

)
+Ū2V2

(
−gh̄h′ + ḡ′h̄2

)
+ Ū3V0

(
−ḡ2h̄′ + ḡg′h

)
+Ū3V1

(
−1

2
ḡhh′ + ḡh̄h̄′ − 1

2
g′hh̄

)
+ Ū3V2

(
hh̄h′ − h̄2h̄′

)]
εw2

0

+
[
E2ḡ − 2F2h̄+ U1V̄1

(
−gḡg′ + ḡ2ḡ′

)
+ U1V̄2

(
−2ḡ2h̄′ + 2ḡg′h

)
+U2V̄1

(
gḡh′ + gg′h̄− 2ḡḡ′h̄

)
+ U2V̄2

(
−2ḡhh′ + 4ḡh̄h̄′ − 2g′hh̄

)
+U3V̄1

(
−gh̄h′ + ḡ′h̄2

)
+ U3V̄2

(
2hh̄h′ − 2h̄2h̄′

)]
εw0w̄0
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