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Distance measurements with mode-filtered frequency comb and analysis of
fluorescence from trapped ion at modulated dark state

by Mgr. Adam LEŠUNDÁK

This thesis deals with applications of an optical frequency comb to two fields of fun-
damental metrology: distance measurements and optical frequency measurements.
The first part of the thesis presents homodyne interferometry with a mode filtered
frequency comb as a powerful method to measure long distances with high accuracy
and absolute scale. The measurement principle requires that individual comb modes
are spectrally resolved. For this reason the method cannot be applied directly to fre-
quency combs with a low repetition rate (e.g. 100 MHz), since the modes are too
close to each other to be resolved. Cavity mode filtering is used to increase the pulse
repetition rate of a comb and the filtered comb is applied for mode-resolved ab-
solute distance measurement. Mode-filtering takes place with a single Fabry-Pérot
cavity in a Vernier configuration, allowing to set mode spacing ranging from tens
of GHz to more than 100 GHz. It is demonstrated that large mode-spacing signif-
icantly reduce the requirements on the resolution of the spectrometer and enables
absolute distance measurement with a mode-filtered frequency comb using a sim-
ple array spectrometer for detection. Here a 1 GHz comb is used, that is converted
into a 56 GHz comb by mode-filtering. It is shown that in comparison to a con-
ventional counting interferometer an agreement within 0.5 µm for distances up to
50 m is found. The second part of this thesis presents an original method using a
single trapped 40Ca+ ion as convertor from optical frequency domain to fluores-
cence intensity for optical frequency analysis of lasers interacting with the ion. It is
based on analysis of fluorescence emitted from the ion at a dark state excited by two
laser fields with modulated mutual frequency detuning. The response of detected
photon rate to relative laser frequency deviations is recorded within the slope of a
dark resonance formed in the lambda-like energy level structure corresponding to
two optical dipole transitions. Both employed lasers are phase locked to an optical
frequency comb, which allows precise calibration of the method by deterministic
modulation of the frequency modulated laser beam with respect to the beam with
fixed optical frequency. Measured fluorescence responses are evaluated using the
Fourier analysis and the results are compared with theoretical model for achievable
signal-to-noise ratios in a range of modulation frequencies and amplitudes. The re-
sults shows the limits of this method in terms attainable modulation frequencies and
detectable laser frequency deviations.
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Chapter 1

Introduction

Before the beginning of the 20th century light itself was mainly a subject of obser-
vation. Newton performed his famous experiment on dispersion while discovering
that white light consists of all colors, and interestingly he considered light to be a
stream of particles. Later on, measurements of the speed of light and an amazing
match of the constant c derived from Maxwell’s equations proved electromagnetic-
wave nature of light. However, in 1900 Planck solved the problem of the black body
radiation by hypothesis that those electro-magnetic waves can be emitted only as
quanta of energy. The quantum character of light was proved by Compton when
he observed scattering of single photons. During 20th century the properties of light
were studied in connection with the light sources. The explanation of spectral lines
of natural elements was the first approach to a quantum mechanical description of
atoms. Deep understanding of the atomic structure together with earlier discoveries
in the field of interferometry and spectroscopy led to the invention of lasers.

Today light in the form of laser fields is used as indispensable tool in wide range
of applications. Two of them are presented in this thesis. They both uses the optical
frequency comb – form of light consisting of many coherent and tied waves within
one optical beam. However, both applications are distinct in their nature and in the
field of use, they both profit from the unique properties of the frequency comb laser.
The thesis is thus divided into two parts, while a chapter describing frequency comb
lasers stands before those parts.

1.1 Distance measurements with mode-filtered comb

In the first part of this thesis the optical frequency comb serves as a light source for
optical distance measurements, while its properties are enhanced by a mode filtering
optical cavity. This research have been carried out during my stay at Netherlands
national metrology institute VSL in Delft as a part of the European Metrology Re-
search Programme (EMRP) project “Metrology for long distance surveying”.

In the field of optical distance measurements a frequency comb can serve as a fre-
quency reference to a continuous wave (CW) laser, which is then used as a light
source for a displacement measurement. Other indirect methods for absolute dis-
tance measurement use the optical beat of two CW lasers, whose phase shift of the
synthetic wavelength determines the distance [1, 2]. Many schemes have been devel-
oped using the frequency comb itself as a light source for length metrology. One pio-
neering method was based on the heterodyne beat between longitudinal modes of a
mode-locked laser [3]. An approach based on a time of flight of femtosecond pulses



Chapter 1. Introduction 2

was later proposed [4], followed by several experimental demonstrations of cross-
correlation based measurements [5, 6, 7, 8]. Homodyne and heterodyne interfero-
metric schemes utilizing one frequency comb [9, 10] and two frequency combs [11,
12], respectively, have also been demonstrated.

In 2012, Van den Berg established absolute distance measurements with a fre-
quency comb laser, based on homodyne mode-resolved many-wavelength interfer-
ometry [10, 13]. The laser illuminates a Michelson interferometer, whose output is
then spectrally resolved with a virtually imaged phased array (VIPA) spectrometer.
The method allows for accurate measurements with a single frequency comb and a
wide range of distance non-ambiguity. However it cannot be directly used with fiber
frequency combs, which are better suited for potential field applications because of
their ease of operation, robustness and smaller sensitivity to environmental distur-
bances. The reason for this is their small mode spacing of a few 100 Mhz, which
cannot be resolved even with a VIPA spectrometer.

To enable the application of the method for low repetition rate frequency combs
and also to enable the use of a simple grating-based spectrometer for detection, cav-
ity mode filtering can be applied to increase the repetition rate of the laser source.
The first implementation of external Fabry-Pérot cavity to a frequency comb was
used for cavity-enhanced spectroscopy [14]. However, cavity filtering of frequency
comb modes found its application soon after in astro-combs for calibration of high-
resolution astronomical spectrographs [15, 16, 17]. Experimental work published on
this topic describes in details the cavity filtering model with an effect of cavity-comb
offset [18], selection of optimal cavity mirrors radius of curvature [19] or cavity dis-
persion [20].

A cavity mode filtering method, which uses the Vernier effect to enhance its per-
formance, is presented here. The mode filtered comb is then used for 50 m long
distance measurements in laboratory conditions and the results are compared with
a commercial fringe counting interferometer. The distance measurement principles
together with two methods for spectral analysis are explained in chapter 3. Then
a theory of frequency comb mode filtering with a free space cavity is introduced in
chapter 4. The optical setups for cavity mode filtering and for distance measurement
interferometry and spectrometry are described in chapter 5. Measurements of cav-
ity filtration performance and the distance measurements are presented in chapter
6. The last chapter 7 of this part describes an all fiber approach for frequency comb
mode filtering, which is being developed at ISI Brno.

1.2 Fluorescence analysis

The second part of this thesis describes measurements carried out at my home In-
stitute of Scientific Instruments of the CAS in Brno. Here a frequency comb is em-
ployed as a single optical reference for another lasers utilizing its stable frequency
properties. The lasers are then used for interaction with a single calcium ion trapped
in a Paul trap. The goal of presented measurements is to characterize ion fluo-
rescence response to laser frequency deviations of two lasers driving appropriate
atomic transitions. The ion serves as a convertor of optical frequency detuning of
two interrogating lasers to photon fluorescence intensity. This approach is explored
as a method of optical frequency analysis of optical fields separated by hundreds of
THz, however within limited spectral range. The sensitivity of the fluorescence to
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relative frequency detuning of interrogating lasers is enhanced in the vicinity of a
dark resonance.

Atoms with lambda-like energy level system are ideal for observations of this
phenomenon. In such system destructive interference of amplitudes between two
excitation paths from two ground states to an excited state leads to atom fluorescence
quenching. Fluorescence spectrum of the atom close to the two-photon resonance
is manifested with high photon count rate dependence on the mutual frequency
detuning of the two excitation laser fields. These features called dark resonances
have been found useful in many applications since their discovery by Alzetta et al.
[21]. Various schemes of their use in laser cooling can be found [22, 23, 24, 25]. They
can serve as a probe for motional state of single ion [26], or as a thermometer for
trapped ions or ultracold atom cloud [27, 28].

To reveal possible applications and limits of the effect of optical two-photon in-
terference with single atom as a tool for frequency metrology, we implemented a
continuous measurement scheme on a single Doppler cooled calcium ion 40Ca+ ex-
cited by two lasers at wavelengths 397 nm and 866 nm. The lasers are phase locked
to common optical reference – the fiber frequency comb. Properties of the presented
scheme are analyzed in terms of the fluorescence response to imposed laser fre-
quency characteristics and measurement time. For this purpose, one of the lasers
is frequency modulated, while the other has fixed frequency. Measured fluorescence
responses are evaluated using the Fourier analysis and the results are compared with
theoretical model for achievable signal-to-noise ratios (SNR) in a range of modula-
tion frequencies and amplitudes. Finally we estimate the limits of the presented
method and discuss comparison of measured data with simulations.

This part is divides to tree chapters: Chapter 8 describes interaction of an ion
with external fields, ion trapping mechanism and ion laser cooling principles. The
experimental setup is described in chapter 9 and the final chapter 10 explains the
measurement principles and presents measured results.
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Chapter 2

Optical frequency comb

This chapter describes basic principles of optical frequency combs and distinguishes
two types of frequency comb lasers, which are used in two experiments presented
in this thesis. As such, the chapter stands before two main parts of this thesis, since
a frequency comb application in the experiments is a conjunctive element for both
parts.

An optical frequency comb (FC) is the spectrum of a laser whose optical modes
are phase locked in such way, that they interfere together to form a train of pulses
with a repetition rate frequency frep which directly represents spacing between neigh-
boring modes in the frequency domain [29]. Its development in 1999 [30, 31] caused
a revolution in optical metrology. Frequency chains [32] previously used for abso-
lute frequency measurements has been rapidly replaced by much simpler systems
based on self-referenced frequency combs capable of covering large spectral ranges
of hundreds of terahertz [33]. They provide direct traceability to a stable frequency
reference such as a maser or an atomic clock [34]. In the past decades a wide variety
of frequency comb applications has emerged, ranging from ultra-fast physics [35,
36], precise spectroscopy [14, 37] and astronomy [16, 38] to length metrology [3, 4].

2.1 Principle of optical frequency comb

Optical output of a frequency comb laser cavity is a train of pulses with a time delay
τ. In the time domain, it is described by the time varying electric field

E(t) = ∑
m

Ê(t−mτ)ei(ωct+m(∆Φ−ωcτ)+Φ0) (2.1)

where Ê(t) is the pulse Gaussian shaped envelope, Φ0 is a constant phase offset
between the pulse envelope and underlying carrier wave. ∆Φ is the phase shift be-
tween two consecutive pulses with respect to the pulse envelope and m is the num-
ber of round trips in the cavity. The pulse delay τ = lc/vg is determined by the laser
cavity length lc and the phase shift is the result of difference between phase vp and
group vg velocities

∆Φ =

(
1
vg
− 1

vp

)
lcωc (2.2)

where ωc is the center frequency of the comb spectrum [39]. This spectrum can be
derived by application of the Fourier transform to the train of pulses

E(ω) = ∑
m

ei(m(∆Φ−ωcτ)+Φ0)
∫

Ê(t−mτ)e−i[(ω−ωc)t]dt. (2.3)
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Using the identity
∫

f (x− a)e−iαxdx = e−iαa
∫

f (x)e−iαxdx and substitution Ẽ(ω) =∫
Ê(t)eiωtdt evaluation of the Fourier integral leads to

E(ω) = eiΦ0 ∑
m

eim(∆Φ−ωτ)Ẽ(ωc −ω). (2.4)

The therms which are in phase between pulses i.e. for which the phase difference is
an integer multiple of 2π, ∆Φ−ωτ = 2πn will adds in the sum coherently and result
in sharp spectral components. This is the mode-locking condition which is required
for the formation of ultra-short laser pulse. Rewriting this condition in frequency
terms results in the standard equation for the comb mode frequency

fn = n frep + f0 (2.5)

where fn = ωn/2π is frequency of nth mode and frep = 1/τ is the repetition rate
frequency. The carrier-envelope offset frequency f0 represents the common phase
relationship for all longitudinal laser cavity modes n frep and defines the phase of
the electric field with respect to the pulse envelope. Its result is a spectral shift of all
frequency comb modes by the relation

f0 =
∆Φ

τ2π
. (2.6)

The time and frequency domain representation of an optical frequency comb is shown
in Fig. 2.1.

ΦΦ

frep
1T=

FOURIER
TRANSFORMATION

Phase ShiftPhase Shift

TIME
2nfrep+ f0O�set

Frequency

f0 =
T

Φ

Repetition
frep Frequency

FREQUENCY

nfrep+f0

Second
Harmonic

Generation
Beat Note

TIME DOMAIN - FEMTOSECOND PULSE TRAIN FREQUENCY DOMAIN - FREQUENCY COMB

2(nfrep+ f0)

f0=2(nfrep+ f0)-(2nfrep+ f0)

precisiOn	measurement	
at	tHe	HiGHest	level	
The control of the broadband frequency com b 
emitted from a mode-locked femtosecond 
laser has permitted a wide range of scien-
tifi c and technological advances – ranging 
from the counting of optical cycles in high-
accuracy optical clocks to measurements of 
phase-sensitive high-fi eld processes. A unique 
advantage of the stabilized frequency comb is 
that it provides, in a single laser beam, about 
hundreds of thousand optical modes with 
very narrow linewidths and very well-known 
absolute frequency positions. 

Frequency combs are simple and compact 
systems that phase coherently connect the 
radio frequency domain (below 100 GHz) with 
the optical domain (above 140 THz). They 
greatly simplifi ed high precision optical fre-
quency measurements and provide the long 
awaited clockwork mechanism for an all-
optical atomic clock.

4 5

Optical	Frequency	cOmbs

Optical	clOcKs
The second is currently defi ned as the time 
taken to complete 9,192,631,770 oscillations 
between two energy levels in a cesium atom. 
The current generation of cesium clocks has 
an accuracy of 10-16 – equivalent to an error 
of less than one second in 30 million years.
Scientists are looking for ways to create an 
even more accurate clock. One way of doing 
this is to increase the rate at which the clock 
ticks. This can be realized if optical transi-
tions were used to measure time rather than 
microwave transitions in cesium. The main 
challenge when building an optical clock is to 
relate these optical frequencies to the much 
lower microwave frequencies that are used to 
defi ne the second. Frequency combs are the 
indispensable tool providing the gear for this 
conversion.

The optical lattice clock proposed by Hidetoshi 
Katori from the University of Tokyo locates the 
atoms at lattice sites, thus minimizing mutual 
interaction without limiting the signal-to-noise 
ratio (in Nature Vol. 435: 321-324, 2008).

Other approaches focus on the enhancement 
of the detection scheme for single particle 
signals. Today, optical clocks reach accuracy 
beyond the 10-17 level and currently no limit 
is foreseen for what can be reached. Harald 
Schnatz, working on the frequency mea-
surement of optical clocks based on a single 
Yb+ ion in a Paul trap or Sr atoms confi ned 
in an optical lattice at Physikalisch-Technische 
Bundesanstalt in Braunschweig, believes that 
“the time is ripe to prepare for secondary real-
izations of the second, which, later, could pos-
sibly lead to a new defi nition of the second.“

Spatial interference pattern of lasers can produce 
periodic trapping potentials for ultracold neutral 
atoms, called an optical lattice.  

Image credit: Hidetoshi Katori/University of Tokyo

FIGURE 2.1: Time and frequency representation of an optical fre-
quency comb and scheme of the f -to-2 f interferometry for f0 detec-

tion [40].

Stabilizing the frequency comb
The beauty of the frequency comb is hidden in equation 2.5, which tells that by sta-
bilizing just two radio-frequencies frep and f0 we get accordingly stable and equally
spaced n optical frequencies. Before giving any stabilization feedback to the laser
cavity, frep and f0 needs to be measured. For frep it is done by a fast photodi-
ode illuminated by small part of the frequency comb laser beam. Measuring f0
requires a nonlinear self-referencing technique which compares individual comb
components to each other. This is done by so-called “ f to 2 f interferometer” [41,
42]. Here an octave spanning comb called supercontinuum is generated by a highly
nonlinear optical fiber. Propagation through the fiber broadens the spectrum of the
laser by the nonlinear process of self-phase modulation [43, 44]. Then the high-
frequency component of the supercontinuum with frequency f2n is compared to the
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low-frequency component fn, using another nonlinear process of second harmonic
generation (SHG), which doubles the low frequency to 2 fn. An optical beat fre-
quency f0 = f2n − 2 fn is then measured by a fast photodiode as is shown schemati-
cally in Fig. 2.1.

2.1.1 Types of frequency comb lasers

There are two common types of optical frequency comb lasers distinct by the type
of a laser gain medium and a passive mode locking mechanism. As representative
of the first type, the early developed combs were based on titanium doped sapphire
crystal (Ti:Sa) in a free space laser cavity. Later on a more robust and much less frag-
ile second type – fiber frequency combs were introduced, where the gain medium is
an optical fiber doped with Ytterbium or Erbium [45, 46]. Comb mode spacings are
typically from tens to 250 MHz for fiber combs and roughly 80 MHz to 1 GHz for
Ti:Sapphire combs. For distance measurements presented in this thesis a Ti:Sapphire
comb with frep = 1 GHz and emission spectrum in region 810–830 nm is used. In
measurements with trapped ions an Erbium doped fiber laser with frep = 250 MHz
and emmision spectrum around 1560 nm, however frequency doubled and broad-
ened to bandwidth ranging from 600 to 900 nm, has found its application .

Ti:Sapphire frequency comb

FIGURE 2.2: TiSa comb used for the distance measurements operating
around 820 nm. Bright green spot is the laser cavity with pumped
Ti:Sa crystal. Glowing optical fiber generates a supercontinuum for f

to 2 f interferometer.

The Ti:Sapphire frequency comb consist of the pump Nd:YAG laser at 532 nm, the
laser cavity with Ti:Sapphire crystal and the stabilization unit, see Fig. 2.2. The in-
tensity of the pump light is controlled by diffracting a small amount of light out of
the laser cavity input beam with an acousto-optic modulator (AOM). The crystal is
placed in a double bow tie cavity where it is pumped by tightly focused green light
and its nonlinear index of refraction allows for Kerr lens mode-locked generation
of ultrashort pulses [47], see Fig. 2.3. The crystal also introduces normal spectral
dispersion, where the long wavelengths travel faster than the short ones, therefore
two of the cavity mirrors are chirped mirrors with negative dispersion. The chirped
mirrors are formed by a stack of dielectric coatings where the penetration depth of
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the light depends on the wavelength thus compensates for the normal dispersion in
the cavity [48]. The Kerr-effect causes the change in the refractive index of a ma-
terial as a function of intensity of the light thus invoking the self-focusing and self-
phase modulation. Light with Gaussian profile sent through the crystal results in the
formation of an intensity-dependent lens (Kerr lens) in the nonlinear medium and
self-focusing of the light. The mode-locked operation with high intensity pulses has
a better spatial overlap with the pump beam as compared to the continuous wave
(CW) operation, thus pulsed mode is preferred by the cavity over the continuous
situation [49]. The temporal effect of a high-intensity laser pulse is a time change
in the refractive index leading to a self-phase modulation at the pulse edges, which
coherently generates new frequency components and together with the dispersion
compensation yields a shorter pulse [50]. The Ti:Sa crystal needs a critical misalign-
ment to advance from continuous to pulsed regime. This is introduced by knocking
on one of the cavity mirrors to start mode-locking by the formation of a weak pulse
which is then amplified by the nonlinear effect. One of the cavity mirrors is partially
transparent an serves as an output coupler. The stabilization of frep is introduced
by a movable cavity mirror mounted on a piezelectric transducer, the f0 is stabilized
by the pump laser intensity control provided by the AOM. The phase shift between
the pulses ∆Φ is also adjusted by a movable prism pair (PP) placed inside the cavity,
which introduces an adjustable ratio of vg/vp.

Ti:Sa
DM DM

Pump laser

Comb output

OC

PP

CM CM

AOM

TM

FIGURE 2.3: Scheme of a Ti:Sa laser double bow tie cavity. The repeti-
tion rate is adjusted my means of translation mirror (TM). The offset
frequency is adjusted by prism pair (PP) and acousto-optic modulator

(AOM).

Fiber frequency comb

The Erbium doped fiber frequency comb laser consists of the laser cavity with Er+3

doped fiber pumped with diode laser at 980 nm, and the laser amplifier and stabi-
lization units pictured in Fig. 2.5. The laser is mode-locked using a technique called
polarization additive pulse mode locking (P-APM) [51, 52]. Er+3 doped fiber has a
nonlinear index of refraction. The phase shifts of the laser light caused by the optical
Kerr effect inside the fiber induces a polarization selective and intensity dependent
rotation of the laser polarization. Linearly and circularly polarized light experiences
no rotation, only elliptically polarized light experiences the rotation which depends
on the intensity and the ellipticity of the beam. Inside the laser cavity are used polar-
ization controllers and polarizing beamsplitter (PBS) to create high intra-cavity loss
for CW operation and low loss for pulsed operation.
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PBS

λ/2

TM

λ/4 PP

Isolator

PBS λ/4

Er
3+

EOM

Pump laser

Comb output

WDM

FIGURE 2.4: Scheme of the fiber laser cavity. Pump laser is coupled to
the cavity with wavelength division multiplexer (WDM).The repeti-
tion rate is adjusted by means of translation mirror (TM) and electro-
optic modulator (EOM). The offset frequency is adjusted by prism

pair (PP).

A scheme of the fiber comb laser cavity is shown in Figure 2.4. The PBS trans-
mits linearly polarized light incident into the cavity. Quarter and half wave plates
changes the linear state of the light to an arbitrary elliptical polarization state. The
light then enters the nonlinear fiber where the Kerr effect causes the polarization
ellipsis to rotate more for the more intense part of the pulse, than for the weaker
edges of the pulse. Correct angle setting of the wave plates with respect to the PBS
can ensure that only the intense part of the pulse is rotated in such amount that it
can be effectively recoupled into the laser cavity, and the laser will passively mode-
locks. The weak parts of the pulse are coupled out of the cavity by the same PBS
and are used as the output laser beam. A translation mirror mounted on a piezochip
together with an electro-optic modulator (EOM) are used for stabilization of frep and
an intra-cavity prism pair is used for control of the f0.

FIGURE 2.5: Two fiber comb units M-Comb operating at center wave-
length 1550 nm, together with amplifiers and stabilization units with
f -to-2 f interferometers (on the left side). Only one comb is used for
the experiment. Output of the middle P250 amplifier unit is free-
space coupled into the setup on the right side, where a supercontin-

uum centered at 780 nm is generated.
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Part I

Long Distance Measurements with
Mode Filtered Frequency Comb
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Chapter 3

Measurement principles

3.1 Interferometric distance measurements

Optical interferometry is used in the field of distance measurements in many ways.
Generally, they are based on the principle of superposition of electromagnetic waves.
Usually measurement waves are added to reference waves resulting in the sum of all
contributing waves with phase information about measured distance. To obtain this
kind of information, interferometers of many types can be used. The most common
interferometer is the Michelson interferometer. Its simple schematic diaga is shown
with use of a non-polarizing (BS) and a polarizing beam splitter (PBS) in Fig. 3.1.

FIGURE 3.1: Scheme of two Michelson interferometers with non-
polarizing beamsplitter BS – left , with polarizing beam splitter PBS –

right. Polarization planes are signed as p – arrow and s – point.

For the first case, a coherent light source emits light towards the BS, which di-
vides the light into the measurement and reference beams. Each beam travels into
one arm of the interferometer and towards a retroreflector where it is reflected back.
The reference arm has a fixed position and the measurement arm can be moved to
a requisite position. The beams are recombined at the BS and split again towards
detectors 1 and 2. Both detectors measures identical signals. In the second case, the
source emits s-polarized light, which is rotated by 45◦ in a half-wave plate before
it hits the PBS. Here equal decomposition to p-polarized and s-polarized beams is
done by the PBS transmitting only the p and reflecting the s part. This also holds
for reflected beams and results in sending the recombined beam only towards de-
tector 1. Because orthogonal polarizations do not interfere a polarizer is placed right
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before the detector. Both type of interferometers are used in the experiment, how-
ever the polarization one is only used with a commercial helium–neon (He-Ne) laser
based system for a comparison distance measurement method. Further explanations
are thus made using the interferometer in Figure 3.1a) and only one detector.

3.1.1 Homodyne interferometry

In homodyne interferometry both the measurement and reference arm uses the same
wavelength. Lets suppose that there is a light source emitting coherent wave

E(r, t) = 2E0e−i(ωt−2k·r+Φ0), (3.1)

where E0 is one half of the initial amplitude, k is the wavevector, ω is the angular
frequency and Φ0 is the initial phase. Factor 2 multiplying the position vector r is
convenient for beam traveling the same distance twice. Now the laser beam enters
the interferometer, where it is split into two beams and after traveling back and forth
in the corresponding arms, they are recombined. The beams have traveled different
paths according to the length of the interferometer arm, leading to two beams in the
same optical path after the recombination

Emeas(lmeas, t) = 2E0e−i(ωt−2klmeas+Φ0)

Ere f (lre f , t) = 2E0e−i(ωt−2klre f +Φ0).
(3.2)

The propagation can be considered as one dimensional. This simplifies the wavevec-
tor k to the wavenumber k = 2π/λ and instead of the position vector r we can write
the distances, lmeas and lre f propagated by each beam in one direction. The optical
path difference L between the measurement and reference arms L = lmeas− lre f is the
distance to be measured. Intensity of the interfering beams measured by the detector
is

I(L) =
∣∣Emeas + Ere f

∣∣2 = 2 |E0|2 (1 + cos(Φ)) (3.3)

where
Φ = 2k(lmeas − lre f ) = 2kL. (3.4)

The intensity depends only on the relative phase or the optical path difference. The
interference pattern repeats itself every distance corresponding to a multiple of λ/2,
which is the range of non-ambiguity for homodyne measurements. When distances
longer than the range of non-ambiguity needs to be measured, common way is to
do the incremental measurement. The measurement arm is moved from zero or lre f
to the measurement position lmeas while number of interference fringes is counted.
Due to the nanometer scale of visible light wavelengths, this type of measurements
is not convenient for long distance measurements. On the other hand it is useful in
applications where precision in the sub–nm range is required, such as precise control
of optical surfaces or as in the ultimate case of interferometry for gravitational waves
detection [53].

3.1.2 Multiple wavelength interferometry

The non-ambiguity range can be greatly enhanced by interferometry with many
waves with different wavelengths [54]. Considering the most simple case of light
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fields with two wavelengths λ1 and λ2, we have

E1(l1, t) = 2E1e−i(ω1t−2k1l+Φ1)

E2(l2, t) = 2E2e−i(ω2t−2k2l+Φ2).
(3.5)

By letting the both beams E1 and E2 to enter the interferometer and to propagate
through the measurement and reference arm as described above, the signal at the
detector consists of four waves

I =
〈∣∣E1,meas + E1,re f + E2,meas + E1,re f

∣∣2〉
=2 |E1|2 (1 + cos(Φ1)) + 2 |E2|2 (1 + cos(Φ2)).

(3.6)

where the time average 〈〉 leads to zero for all cross terms containing both wave-
lengths |E1E2| and the phases for remaining terms are Φ1 = 2k1L and Φ2 = 2k2L.
Assuming that amplitudes for both waves are equal |E1| = |E2| = |E| and using
cos(a) + cos(b) = 2 cos

(
a+b

2

)
cos

(
a−b

2

)
, equation 3.6 can be written as

I(L) = 4 |E|2
[

1 + cos
(

L
k1 + k2

2

)
cos

(
L

k1 − k2

2

)]
. (3.7)

This result shows that the intensity now depends on two synthetic wavelengths

k1 ± k2

2
=

2π

2

(
1

λ1
± 1

λ1

)
=

2π

λS±
(3.8)

λS± = 2
λ1λ2

λ1 ± λ2
. (3.9)

Supposing that the initial wavelengths λ1 and λ2 are close to each other, then the
synthetic wavelengths are λS+ ≈ λ1,2 � λS−. The intensity is thus sensitive to the
long synthetic wavelength rather then to the optical ones and the non-ambiguity
range is hence increased to λS−/2.

The non-ambiguity range can be further increased by utilizing even more wave-
lengths [55]. Adding more optical wavelengths interestingly still results to one
longest synthetic wavelength, since each pair of newly created synthetic waves will
produce another longer synthetic wavelength and so on, until there is the only one.
Obtaining a distance from longer synthetic wavelengths is always less accurate,
then from the shorter ones, simply because there is smaller sensitivity to the phase
change. A solution to this problem is to determine roughly the distance with a longer
synthetic wavelength and then step down and determine it more accurately with
a shorter wavelength. The intensity of light consisting of n different wavelengths
passing through the interferometer is then

I(L) = 2 ∑
n
|En|2 [1 + cos(Φn)] . (3.10)

3.1.3 Spectral interferometry

The principle of distance measurements presented in this thesis is based on spectral
interferometry, which is a parallel homodyne interferometry with many spectrally
resolved wavelengths [56]. A frequency comb with a multiplied repetition rate m frep
is used as a light source. The multiplication factor m originates from a frequency
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comb mode filtering, as will be explained in the next chapter. The distance is ob-
tained from frequency dependent phase change of an interference signal, recorded
by a spectrometer, that has distance-unique shape in the non-ambiguity range. The
interference written as a function of the laser optical frequency f for a measurement
of the distance L is

I( f ) = 2 |E0|2
[

1 + cos
(

2π · 2L · nr · f
c

)]
. (3.11)

The accumulated phase difference Φ between the interferometer arms for one optical
frequency can be expressed as

Φ =
4πLnr

c
f . (3.12)

where nr is the refractive index of the medium and c is the speed of light. To employ
the advantage of many optical frequencies in acquiring the distance, we can utilize
the phase change as a function of frequency with the group refractive index ng =

nr + f dnr
d f

dΦ
d f

=
4πL

c

[
nr + f

dnr

d f

]
=

4πL
c

ng. (3.13)

The distance L can be thus expressed as

L =
dΦ
d f

c
4πng

. (3.14)

In practice, the information about the phase change with frequency dΦ/d f is
obtained from the measured spectrum I( f ) by a cosine fit with Φ = C · p + C2. In
this equation C and C2 are fitting parameters and p is a comb mode label associated
to comb mode frequency fp = m frep(Q + p) + f0, where Q is a large integer number.
The distance L can be then expressed as

L =
C

m frep

c
4πng

. (3.15)

Since the frequency comb is a periodic pulse train repeating itself with a pulse
to pulse distance Lpp, the interference patterns will also repeat themselves with half
the distance

Lpp

2
=

c
m frepng

. (3.16)

The distance L is defined in a range of non-ambiguity − 1
2 Lpp < L < 1

2 Lpp. Note that
the Lpp corresponds to a many-wavelength case of the synthetic wavelength defined
in Eq. (3.9). Since the sign of L cannot by determined from the cosine fit, it is nec-
essary to obtain it otherwise. One method is based on observing interference fringe
density with change of measurement arm length. When the length is increasing,
increasing fringe density is equivalent to positive L, decreasing fringe density corre-
sponds to negative L. When pulses from both interferometer arms are overlapping,
all comb modes interfere constructively – there is no fringe and L equals zero. This
holds for distances

Lt =
1
2

jLpp, (3.17)

where j is an integer and Lt is total single path length difference of both arms. Integer
j has to be obtained by approximate distance measurement. This can be done by any
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method with accuracy better then Lpp/2. Then a random distance is given by

Lt =
1
2

jLpp + L. (3.18)

3.2 Spectral analysis

To perform long distance measurements using the spectral interferometry, all optical
waves has to share common optical path in the Michelson interferometer. After they
leave it with acquired phase information, they need to be spatially separated for the
intensity measurements. This was already performed with a spectrometer based on
VIPA etalon and the Ti:Sa frequency comb as the light source [13]. However, in the
case of a mode-filtered frequency comb, the waves can be analyzed with much sim-
pler spectrometer based on a diffraction grating. A short description is given for
both spectrometer types. The grating based one is used for the distance measure-
ments and the VIPA based is used for measurements of filtering performances of a
free space cavity utilized in the distance measurements and also of a fiber cavity,
which is explored as an alternative mode-filtering approach.

3.2.1 Diffraction grating spectrometer

Lens

Slit

Grating

CCD

Lens

FIGURE 3.2: Scheme of a diffraction grating spectrometer. Laser
source is through the slit and lens collimated on the grating where

it is dispersed and then refocused on the CCD array.

A reflective diffraction grating is an optical element with a periodic structure of
N reflective slits spaced by distance d. Typical setup consists of a slit from which
the light is collimated by an input lens onto the grating where the light is angularly
dispersed and focused by an output lens onto a linear array camera as shown in
Figure 3.2. The relation between incident light angle α, output angle β and light
wavelength λ is given by the diffraction equation

sin β = sin α + m
λ

d
, (3.19)

where m = 0, 1, 2, 3, ... is the diffraction order. The resolution of the grating spectrom-
eter is determined by three factors [57]. The first is the limit of diffraction grating
itself, which is determined by the total number N of diffraction grooves or reflective
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slits
λ

dλ
= N ·m. (3.20)

The larger amount of diffraction grooves is illuminated, the better resolution can be
obtained, since more reflecting elements constructively contributes to the resulting
diffraction. The focusing lens of the spectrometer contributes to its resolution by
lateral dispersion. It is a measure of lateral dispersion for different wavelengths in
the focal plane of the lens with focal length f ,

dλ

dy
= d · cos β

f
, (3.21)

where dy can be in practice replaced by length of one pixel on the line camera. The
same equation holds also for the resolution contribution from the input slit size,
which determines the bandwidth of a single input wavelength. The spectrometer
can then resolve only frequencies which difference is greater than the bandwidth. In
this case dy corresponds to the slit size and f to the focal length of the input lens.
The total resolution of the spectrometer is then

δλ =
√

δλ2
grating + δλ2

camera + δλ2
slit. (3.22)

3.2.2 VIPA spectrometer

A high resolution VIPA spectrometer is based on a VIPA etalon [58]. It is an an-
gular dispersive element with a high resolution but relatively small free spectral
range (FSR), which results in an overlap of orders of transmission in the output dis-
persed spectrum [59, 60, 61]. To separate the overlapped parts of the spectrum, a
low-resolution high-FSR element such us the diffraction grating, is used to disperse
the spectrum perpendicularly to the VIPA dispersion direction. The resulting 2D an-
gular displacement is then imaged with a lens onto a camera as is shown in Fig. 3.3.

FIGURE 3.3: Scheme of VIPA spectrometer consisting of cylindrical
lens, VIPA etalon, diffraction grating, imaging lens and CCD camera

[10].

The VIPA etalon is a thin glass plate with a reflectivity R1 ≈ 100% reflective entrance
side, with a small window left uncoated for the incoming light. The light is with a
cylindrical lens focused through the window onto the output side of the etalon, see
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Fig. 3.4. The output side is covered with a high reflective coating having the reflec-
tivity R2 ≈ 99%. The angle of incidence on the entrance side θi is about few degrees
with respect to VIPA normal. The small angle causes that the light bounces back
and forth up the etalon. The transmitted light appears to originate from a set of vir-
tual sources along the VIPA normal. The line generated by the set of phased-array
sources extends the VIPA etalon. The interference of these sources, due to the phase
difference at the output, forms collimated beams with wavelength dependent out-
put angles, .

FIGURE 3.4: An overview of light propagation through VIPA
etalon [62].

The spatial dispersion of the VIPA etalon at the detection plane can be described by

δλ

δx
= −2LVIPA

m f2

[
tan θin cos θi +

x
nin f2

cos θin

]
, (3.23)

where nin is the index of refraction, θin is the propagation angle inside the VIPA, f2 is
the focal length of the output lens and m is the mode order of the VIPA transmission

m ≈ 2LVIPAnin

λcentral
cos θin. (3.24)

Each mode order of the etalon covers a frequency range that is equal to the free
spectral range FSR of the etalon

FSR =
c

2LVIPA

[
nin

cos θin
− tan θin sin(θi + θout)

]−1

, (3.25)

where θout is the output angle from the etalon defined as θout = 0◦ if the output direc-
tion is the same as the input direction. The VIPA spectrometer is able to disperse an
optical spectrum if the VIPA etalon is paired with a diffraction grating whose resolv-
ing power is better than the FSR of the etalon. The spectral resolution of the VIPA
spectrometer, defined as double the frequency interval between two positions at the
detection plane corresponding to intensities Imax and Imax/2, can be approximated
by

δν ≈ c(1− R1R2)

2πLVIPAnin cos θin
√

R1R2
. (3.26)
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A more detialed description of the VIPA spectrometer theory and design concepts
can be found in [63, 64].
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Chapter 4

Cavity filtering of frequency comb
modes

Distance measurement based on the homodyne mode-resolved many-wavelength
interferometry allows for accurate measurements with a single frequency comb and
a wide range of non-ambiguity. This method uses an optical frequency comb as a
many-wavelength laser source. The laser illuminates the Michelson interferometer,
whose output is then spectrally resolved to individual comb modes. The comb mode
spacing is given by a laser cavity length and typical values are a few hundred MHz
for fiber combs and roughly 80 MHz to 1 GHz for Ti:Sapphire combs. To resolve
the individual comb modes a high resolution VIPA spectrometer has been used [10,
13]. However, its resolution is still insufficient to resolve mode-spacings of a few
100 MHz. Thus the method can not be easily exploited by the commonly used fiber
combs, which are better suited for potential field applications (e.g. geodesy and
surveying) because of their ease of operation, robustness and smaller sensitivity to
environmental disturbances.

To enable the application of the mode-resolved method for low repetition rate
combs, cavity mode filtering is theoretically explored in this chapter, in order to
increase the repetition rate of the frequency comb laser [65]. The mode filtering
overcomes the limitation of the low repetition rate comb sources and also enables
the use of a simple grating-based spectrometer for detection, instead of the rather
complex VIPA spectrometer. The first section of this chapter describes properties
of a symmetrical Fabry-Pérot cavity and its interaction with an optical frequency
comb. The second section describes an unique cavity configuration at a non-integer
filter ratio, which allows for achieving large range of filter ratios with only minor
adjustment of the cavity length.

4.1 Filtration cavity design

This section describes ideal properties of a free space optical cavity consisting of two
dielectric mirrors and its interaction with an optical frequency comb.

4.1.1 Fabry Perot cavity

High reflectivity mirrors are essential for sufficient spectral filtering. Dielectric mir-
rors, constructed from dielectric materials with alternating layers of high nh and low
nl index of refraction, offer a very high reflectivity over a reasonable bandwidth with
a negligible absorption and scattering losses. The ratio nh/nl determines the spec-
tral bandwidth of the mirror reflectivity, larger ratios leads to broader spectral band-
widths. Such mirrors are also called quarter-wave stack reflectors since the optical
thickness of the dielectric layers is 1/4 of the wavelength that has to be reflected.
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The reflectivity R defines the most general parameter for sufficient suppression of
unwanted comb modes – the cavity finesse.

To develop the theory of cavity transmission and consequently cavity-comb in-
teraction we start with approach of two plane mirrors separated by distance L in-
teracting with one comb mode or continuous wave (CW) [57]. The incident electric
field is

Ein = E0eiωt (4.1)

where E0 is the incidence amplitude. Next we approximate no mirror loss, thus sum
of reflectivity R = r2 and transmissivity T = t2 equals one T + R = 1. The field
transmitted by the first mirror E1 = tE0eiωt will undergo two reflection before it
travels in the same direction again E2 = tr2E0eiωt and so on up till the nth field inside
the cavity En = tr2nE0eiωt. All the fields inside cavity form a geometric series which
can be summed to

Einside = E0eiωt
[

t
1− r2e−iφ

]
(4.2)

where φ = 2Lω/c is the phase accumulated on each round trip. The electric field
transmitted through the cavity is then

Et = teiωtEinside. (4.3)

The cavity transmission function defined as the ratio of transmitted and incident
intensities can be after some algebra written as

T(ω, R, L) =
(1− R)2

(1− R)2 + 4R sin2(Lω/c)
=

1
1 + F sin2(φ/2)

(4.4)

where the coefficient of finesse F gathers the reflectivity part of the equation, F =
4R/(1− R)2. Scanning the frequency of incident light leads to series of transmis-
sion peaks with linewidth ∆ν. The peaks correspond to cavity longitudinal modes,
for which the number of light field oscillations within the cavity optical path is an
integer. Their linewidth is reciprocal to F and their number is limited only by the
reflectivity bandwidth of the mirrors. The frequency spacing between two adjacent
transmission peaks is known as the free spectral range

FSR =
c

2L
. (4.5)
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FIGURE 4.1: The cavity transmission as a function of the phase φ for
3 values of the finesse F= 1, 3, 30 (blue, red, yellow).
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The most common measure of the cavity performance is the ratio of the cavity mode
spacing to the cavity mode linewidth known as the finesse

F =
FSR
∆ν

=
π
√

R
1− R

. (4.6)

It also corresponds to maximal achievable cavity filtering ratio 2m for which all un-
wanted comb modes are suppressed at least by 1/2. In practice 1/2 suppression is
not sufficient, but it is a nice analogy of cavity performance. The cavity transmission
as a function of phase φ for 3 values of finesse is plotted in Fig. 4.1. Note that the
same transmission pattern will appear either by scanning the cavity length or the
laser frequency.

4.1.2 Cavity comb interaction

To describe the behavior of a frequency comb in an external cavity, firstly, we sup-
pose that the cavity length is arranged to match the length of the laser cavity or that
FSR = frep. This would ideally leads to the transmission of all comb modes. In prac-
tice we have to consider another mirror property – the chromatic dispersion. Any
dispersion originating in the mirror coatings or intracavity matter will cause cavity
FSR to vary across the spectrum and affects the transmitted bandwidth [66]. Over-
lapping of evenly spaced comb modes with cavity modes that are now (because of
the dispersion) spaced frequency-dependently will be thus bandwidth–limited. If
the cavity and the comb are well overlapped in one region, they walk off one an-
other in other regions [64]. Phase shifts associated with the dispersion Φd(ω) can be
included into the cavity round trip phase shift

φ =
2Lω

c
+ Φd(ω). (4.7)

A Taylor series expansion of the dispersion phase shift around a center frequency
ωc, which is assumed to be exactly resonant with the cavity, yields

Φd(ω) = Φd0 + Φd1(ω−ωc) +
1
2

Φd2(ω−ωc)
2 + ... (4.8)

The first term gives an overall offset to the cavity modes and the second term uni-
formly changes the cavity FSR. Both terms can be easily compensated by changing
the comb offset frequency f0 for the overall offset and the comb frep for the second
term. Quadratic and higher order terms have limiting effect on the transmission
bandwidth since they describe how the FSR changes with frequency. By writing the
group delay Tg = dΦd

dω of the pulse in one cavity round-trip, which is the reciprocal
of FSR, we can define the group delay dispersion (GDD) of the cavity as

GDD = 2π
d

dω

1
FSR(ω)

. (4.9)

With this equation we can calculate limit values of GDD corresponding to the al-
lowed mode mismatch in the frequency comb bandwidth when selecting the ideal
filter cavity mirrors. A criterion for the cavity bandwidth can be given by setting
maximum value of the mismatch between the cavity and the comb mode to ∆ν [20].
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Another important property of the mirrors is their radius of curvature. The ra-
dius of the curvature of mirror r is essential for the cavity stability and the sup-
pression of higher order transverse modes. A stable cavity must fulfill the stability
criterion 0 < g1g2 < 1, where gi = (1− L/ri) and indexes 1, 2 correspond to two
mirrors. With an imperfect coupling of the frequency comb to the TEM00 mode of
the cavity, high order transverse modes can be close to or coincide with comb modes
which we want to suppress. With appropriate choice of r, resonant frequencies of
the cavity can be arranged such that they are located out of the FC modes [18]. The
resonance frequencies of the cavity are given by

νk,i,j =
c

2L

(
k +

1 + i + j
π

1
cos(
√

g1g2)

)
(4.10)

with longitudinal and transversal mode numbers k, i, j.
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FIGURE 4.2: The cavity transmission of the frequency comb with
central wavelength λ=820 nm, frep = 1 GHz and f0 = 0 GHz as
a function of the cavity length shift around length corresponding to

FSR=1 GHz for 3 values of finesse F= 1, 3, 30 (blue, red, yellow).

With premise that the cavity dispersion is negligible and the comb is coupled to the
TEM00 cavity mode, we compute the cavity transmission of the frequency comb as
a function of cavity length L around value L = c

2FSR for which

FSR = frep. (4.11)

This corresponds to searching for a correct cavity length when parameters of the
frequency comb are fixed. At this positions all comb modes are in resonance with
cavity modes. The computation is done individually for each comb mode and then
the sum of 104 modes is plotted in Fig. 4.2. The cavity transmission occurs at cavity
length

Lc =
c

2 frep
. (4.12)

Since the cavity finesse is finite, non-exact solutions of Eq. (4.11) can be found.
These solutions will result in a set of lateral transmission peaks. The comb spectrum
transmitted through a lateral peak will have decreased spectral bandwidth, which is
inversely proportional to the finesse and the cavity length detuning. The clocest lat-
eral peaks on each side of the central one occur when a certain cavity mode ncav, that
is at the cavity length Lc in resonance with a comb mode nFC, will be in resonance
with mode nFC ± 1, see Fig. 4.3. At this point FSR 6= frep, but nonzero linewidth ∆ν
of cavity modes allows for transmission of many comb modes. Higher order lateral
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peaks have a greater FSR− frep mismatch and consequently are shorter and broader.
The cavity length can be unintentionally tuned into one of the lateral transmissions
because their corresponding cavity lengths differ from Lc only in a nanometer range.
This cavity length difference ∆Lc is given by

∆Lc =
c

2ν

frep

FSR
=

λ

2
. (4.13)
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FIGURE 4.3: Origin of lateral peaks. Scheme of matching a low fi-
nesse (F=30) cavity modes (gray) to FC modes (red) for the central

transmission peak – up and for a lateral peak – down.

Up until now we did not consider the effect of the nonzero offset frequency f0.
In the most extreme case, where f0 = frep/2 there is an offset between cavity and
comb modes such that at Lc the comb modes just overlap with cavity transmission
minima, the comb is largely reflected and no light is transmitted. By scanning the
length of the cavity, thereby very narrowly changing the cavity mode spacing, as in
the previous case in Fig. 4.2, we can find symmetrical lateral peaks around Lc. The
change in L compensates for f0 by aligning the cavity modes to the FC modes, how-
ever with a slightly different FSR and therefore a lower transmission bandwidth.
Values of f0 in between 0 and frep will lead to unsymmetrical peaks around Lc. It can
be said that nonzero f0 will shift all transmission peaks, the central one will become
the lateral peak, eventually with an identical twin for f0 = frep/2. The peaks height
follows a transmission envelope shape, so the overall transmission of all peaks re-
mains the same.
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FIGURE 4.4: The cavity transmission as a function of length L for 3
values of f0= (0, 0.25, 0.5)· frep.
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Since Eq. (4.12) holds only if the offset frequency f0 equals zero, any offset frequency
has to be compensated by slightly detuning the cavity by changing the cavity length
by

∆L f0 ≈
λ

2
f0

FSR
. (4.14)

An example of the cavity transmission as a function of the cavity length and the
effect of the offset frequency is shown in figure 4.4.

4.2 Frequency comb mode filtering
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FIGURE 4.5: Example of low finesse F = 6 Fabry-Pérot cavity trans-
mission (gray) of 1 GHz spaced FC modes (red). The cavity is set to

“normal” configuration FSR = 5 · frep.

The desired values of frequency comb mode spacing, comfortably resolvable by
a diffraction grating spectrometer is above 30 GHz. Such values can be achieved by
setting the cavity FSR to an integer multiple m of frep, FSR = m · frep, see Fig. 4.5. To
obtain FSR of 30 GHz, the cavity length has to by set to Lc ≈ 0.5 cm. Such cavity ar-
rangement is technologically very challenging, considering dimensions of common
optomechanical components such as mirror kinematic mounts and piezoelectric ac-
tuators, together with the mirror radius of curvature. A better solution to achieve
such filter ratios m has been found and it is presented in this section.
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FIGURE 4.6: Example of low finesse F = 6 Fabry-Pérot cavity trans-
mission (gray) with 1 GHz spaced FC modes (red). The cavity is set to
Vernier configuration 4 · FSR = 5 · frep. The FSR = 1.25 GHz, however

5 GHz spaced comb modes are transmitted.

This filtering method is based on the Vernier effect, with the cavity FSR set to a
non-integer multiple of the frep

iFSR = m frep, (4.15)

where i and m are integers. This is a scheme that is similar to frequency comb Vernier
spectroscopy, see e.g. [38]. As a result we obtain a spectrum consisting of modes
spaced by the lowest common multiple of the FSR and frep. Rewriting equation 4.12
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in the Vernier configuration, the cavity transmission occurs at cavity length

Lc =
i
m

c
2 frep

. (4.16)

Similarly the distance between transmission peaks ∆Lc is given by

∆Lc ≈
c

2 f
frep

iFSR
=

λ

2m
. (4.17)

An interesting result is that the peak to peak distance ∆Lc is given only by the wave-
length λ and the multiplication factor m. Thus a measurement of ∆Lc can be used
for checking the factor m respectively the cavity length Lc. An example of the cavity
transmission as a function of frequency is shown in Fig. 4.6.

The advantage of the Vernier method is that the filter ratio is not inversely pro-
portional to the cavity length and high filter ratios m can be obtained, via high val-
ues of the factor i, with a large mirror to mirror distance. This allows to build such
a cavity with common optomechanical components and also to adjust the filter ratio
ranging from 10 to infinity with small change of the cavity length. In practice, the
largest filter ratio sufficiently filtering unwanted modes is proportional to the cavity
finesse. For the distance measurements presented in this thesis, we used filter ratio
of m = 56 and factor i = 3 corresponding to FSR = 18.6̄ frep. A simulation of the
comb mode suppression for such parameters is in Fig. 4.7. The slight detuning of
the cavity to account for nonzero f0 leads to a small mismatch between the cavity
resonance and the comb wavelengths. However, for an optical bandwidth of 14 nm,
which is the spectral width of the Ti:Sapphire laser used in this thesis, it only leads
to a 0.1 dB decrease of the transmitted signal in the wings of the spectrum.
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FIGURE 4.7: Simulation of frequency comb mode suppression by
filter cavity with FSR = 18.6̄ GHz. The comb repetition rate is
frep = 1 GHz, the offset frequency f0 = 180 MHz and the bandwidth
of 14 nm is centered at 820 nm. With a cavity finesse F = 313 (mirror
reflection 99%), the suppression of unwanted modes remains below
-20 dB. The transmission of wanted modes is suppressed at the edges
of the spectrum due to the offset frequency only by 0.1 dB. On the
left side a small zoomed part of the spectrum is shown, to visualize
individual modes. On the right side the mode suppression is shown

for the full spectrum.
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Chapter 5

Experimental setup for distance
measurements

The experimental setup for the distance measurements can be divided into three
main parts: a light source, a Michelson interferometer and a grating spectrometer,
see Fig. 5.1. The light source is a Ti:Sapphire pulsed laser with the pulse repetition
rate frep = 1.012 GHz and the offset frequency fceo = 180 MHz. The emitted optical
spectrum is an optical frequency comb centered at wavelength λc ≈ 820 nm with
bandwidth of 14 nm.
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FIGURE 5.1: Experimental setup of the relevant parts for the distance
measurement split into 3 sections. a) Filtering part showing the fre-
quency comb laser, cavity mode-matching optics, cavity with piezo
actuator, collimation lens and beam sampler. The green parts are the
detector and electronics for locking the cavity length. The filtered fre-
quency comb is led through an optical circulator towards the 50 m
bench part. b) This part shows two Michelson interferometers with
a common measurement arm for the filtered frequency comb and the
He-Ne laser. c) Spectral analysis of the interferometer output with a

diffraction grating and linear CCD camera.

The filter cavity based on two dielectric mirrors is used to increase the repetition rate
of the frequency comb. The interferometer consist of two combined Michelson in-
terferometers with common measurement arm, one is dedicated to frequency comb
measurements and the other serves for comparison measurements utilizing a He-Ne
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continuous wave laser and interference fringe counting method. The spectral anal-
ysis is done with the grating spectrometer, however the VIPA spectrometer is also
implemented into the setup for investigation of the filter cavity performance.

5.1 Filter cavity setup

The filter cavity setup consists of a symmetrical Fabry-Perot cavity, cavity mode-
matching optics and cavity-comb locking optics and electronics.

5.1.1 Cavity mirrors

Optical criteria for the mirror parameters in spectral region 810 − 830 nm can be
summarized as:

• Mirror reflectivity of the first surface R ≈ 99%

• Group delay dispersion for one reflection below 20 f s2

• Mirror radius of curvature of the first surface 15 mm ≤ r ≤ ∞

• Antireflection coating on the second surface

The cavity finesse is the most important criterion for sufficient spectral filtering of
unwanted comb modes. We have chosen the suppression ratio of the closest neigh-
boring comb mode to be at least 20 dB. From Eq. (4.4) we estimated the mirror cri-
teria for sufficient spectral filtering. To obtain this suppression consistently in the
whole region a walk-off between the comb and the cavity modes caused by mirrors
dispersion has to be minimized. A symmetric cavity was built with two concave
dielectric mirrors (Layertec). Both having a reflecting side radius of curvature r =
50 mm, diameter 12.7 mm and thickness 6.35 mm. The reflecting side has a coating
with reflectivity of R = 99.0% and GDD below 20 fs2 in the relevant spectral region,
see Fig. 5.2. The flat side of the mirror has an antireflection coating with Rar < 0.2%.

FIGURE 5.2: Spectral properties of mirror surfaces. Left, GDD for
the reflectrion and transmission. Right, the reflection of the curved

surface [Layertec datasheet].

Each cavity mirror is attached to ring piezoelectric actuators (Piezomechanik). One
piezochip PCh150/12-6/2 with stroke 2 µm works as a cavity length modulator for
cavity length dithering with a few kHz frequency and a nanometer amplitude and
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the second piezostack HPSt150/14-10/12VS22 with stroke 12 µm ensures fine tuning
of the cavity length and control. The piezostack has already incorporated mirror
mount, for the piezochip a mirror mount was manufactured at the VSL workshop.
The mount consists of a hollow metal body with three copper leaf springs which
press a metal ring against the mirror placed on the piezochip, see Fig. 5.3. Both
mirror mounts are attached to standard commercial kinematic mounts with use of
VSL–made adapters. One of the kinematic mounts is a x-y translation mount and the
other is an angle adjustment mount placed on a z axis translation stage, see Fig. 5.4.

FIGURE 5.3: A cut view of the 3D model of the cavity with mirrors
attached to piezoactuators and mounted onto kinematic mounts. The
custom made mirror-piezo mount is shown also separately. The mir-

rors have red contours.

FIGURE 5.4: The filter cavity mirrors attached to piezoactuators and
mounted onto kinematic mounts. Left – x-y translation mount, right

— angle mount on z axis translation stage.

5.1.2 Cavity mode matching

For successful coupling of a laser beam to an optical cavity, the radius and wavefront
curvature of the beam has to match to a transversal eigenmode of the cavity. It is de-
sirable to couple only to the TEM00 mode of the cavity since coupling to higher order
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transversal modes would of-course lead to emission of those higher modes from the
cavity. This is a problem since the higher orders might spectrally coincide with and
thus transmit comb frequencies which we want to filter out. Also consequent laser
beam coupling to the rest of the setup via a single mode fiber would be extremely
inefficient. To obtain clean Gaussian beam or TEM00 as the cavity output, two achro-
matic lenses are used to mode-match the laser beam to the cavity mode. The laser
beam parameters, i.e. the position of the beam focus and the Rayleigh range are set
by an achromatic collimator at the output of a single mode fiber which brings the
light from the frequency comb. The parameters can be found by measuring the 1/e
electric field radius W of the beam at two different distances z1, z2 from an arbitrary
reference point and solving the system of equations

W(z1) =

√
λz0

π

[
1 +

(
x + z1

z0

)2
]−1/2

W(z2) =

√
λz0

π

[
1 +

(
x + z2

z0

)2
]−1/2

,

(5.1)

where z0 is the Rayleigh range of the beam waist and x is the distance from the
reference point to the beam waist. The parameters of cavity TEM00 mode can be
obtained from the ABCD matrix [67] , which describes one cavity round trip starting
in the center of the cavity(

A B
C D

)
=

(
1 Lc

2
0 1

)(
1 0
− 2

r 1

)(
1 Lc
0 1

)(
1 0
− 2

r 1

)(
1 Lc

2
0 1

)
=

1
r2

(
2L2 − 4Lr + r2 L(L2 − 3Lr + 2r2)

4(L− r) 2L2 − 4Lr2

)
.

(5.2)

The TEM00 eigenmode of the cavity is described by the q-parameter whose real part
contains information about the position of the beam waist and the imaginary part is
the Rayleigh range

q(z) = z− iz0. (5.3)

This parameter is calculated from the ABCD matrix by

q =
Aq + B
Cq + D

. (5.4)

As the fiber output coupler we choose achromatic collimator PAFA X-4-B from
Thorlabs and we set the distance between the collimator and the cavity to 30 cm
to keep dimensions of the setup mountable on a transportable breadboard. With
known parameters of the cavity and beam eigenmodes there are still many possibil-
ities for selecting the positions and focal lengths of the lenses. Therefore we limit the
focal lengths to values for which AR coated achromatic lenses are available in the
Thorlabs catalog. Positions for given set of focal lengths are calculated using MAT-
LAB genetic algorithm tool, which enables to search for ideal result in many ran-
domly generated generations of positions. An example of resulting mode-matching
optics configuration for cavity FSR= 10 GHz and also with two lenses for the cavity
output beam expansion and collimation is in Fig. 5.5 and the used components and
their positions are listed in table 5.1.
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FIGURE 5.5: Isometric cross section of optical scheme of the filter cav-
ity and mode-matching optics for cavity with FSR = 10 GHz. The

cavity output beam is expanded and collimated.

Component (Item#) Description Focal length Position
PAFA X-4-B AR achr. collimator 4 mm 0 mm
AC254-400-B AR achr. doublet lens 400 mm 108 mm
AC254-125-B AR achr. doublet lens 125 mm 208,5 mm
#103239 AR coated cavity mirror -100 mm ; 25 mm 292,5 mm
#103239 AR coated cavity mirror -100 mm; 25 mm 307,5 mm
AC254N-100-B AR achr. negative doublet lens -100 mm 398,6 mm
AC254-200-B AR achr. doublet lens 200 mm 548,7 mm

TABLE 5.1: Optical components for mode matching laser beam out-
put from a single mode optical fiber into the free space cavity with
FSR = 10 GHz as pictured in Fig. 5.5. The mirrors have two focal
lengths because they act as a focusing mirror and as a diverging lens.

Adjustment of mode-matching optics to proper coupling of the laser beam into
the cavity TEM00 mode is done by a beam profile characterization after the cavity.
Output beam is after collimation directed onto a CCD camera. An useful way to
achieve the signal on the camera is at first to shine the beam directly from the colli-
mator onto the camera without any optics. Then the lenses at their positions and a
pin hole at the position of the cavity waist are placed and collimated beam with the
signal at the same spot on the camera is achieved. After this step, the pin hole is re-
moved, the second (in the direction of the laser beam propagation) mirror is placed
and reflection in the counter propagating direction is achieved. The same step is
then done with the first mirror. After this procedure, fine adjustment mainly of the
cavity mirrors is needed to achieve the TEM00 mode of the output beam, however
scanning the cavity length with the piezoelectric stack during this process might be
also necessary.

5.1.3 Cavity-comb locking

After successful coupling of the laser beam to the cavity TEM00 mode, the behavior
of the cavity is tested by measurement of the cavity transmission with respect to the
cavity length. The cavity length is roughly adjusted by the z-axis translation stage
close to the length corresponding to requisite FSR (e.g. 10 GHz) and scanned around
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FIGURE 5.6: Measured cavity transmission – blue as a function of
cavity length compared to simulation – red. Small peaks in between
the predicted ones correspond the higher order modes and suggest

yet imperfect mode matching adjustment.

this position by the long piezoelectric actuator. The scanning is done rather fast, in
tens of milliseconds, to prevent from the cavity length drift caused by environmental
perturbations. Collimated laser beam after the cavity is split by a beam sampler and
10% of light is directed into a photodetector for transmitted intensity measurement.
The cavity transmission occurs for cavity lengths Lc = c/(2m frep) as an envelope,
where within each envelope is underlying series of transmission peaks separated
by ∆Lc = c frep/(2FSR), Fig 5.6. Each envelope has its central peak with maximum
transmission intensity and for cavity with finesse F = 300 this peak have the FWHM
linewidth in the cavity length of 1.4 nm.

FIGURE 5.7: Cavity transmission as a function of the cavity length
and the scheme of cavity length modulation and control signal gen-

eration.

To keep continuous transmission and filtering of frequency comb modes, it is
necessary to stabilize the cavity length by electronic servo-loop onto the position of
required transmission peak of the cavity. The stabilization is performed by deriv-
ing a control signal from a photodiode that monitors the intensity of the 10% laser
light sample after the light has passed the cavity. The control signal is derived from
the photodiode response after modulating the transmission of the cavity by peri-
odically changing the position of the cavity mirror with small piezochip, schemat-
ically shown in Fig. 5.7. By demodulating the response of the photodiode signal,
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generated control signal can drive the mirror towards the position of the intensity
maximum. Control signal corresponds to the first order derivative i.e. local slope of
the transmission peak intensity profile. The sign and intensity of the control signal
depends on the slope as well as on the phase between the modulation signal and the
response signal. Demodulation, phase correction and control signal is provided by
digital signal processor (DSP) ADwin Gold system, whose electronic block diagram
is in Fig. 5.8. Because of ADwin Gold maximum voltage output is 10 V, piezoelec-
tric actuator for tuning and stabilization is powered through high voltage amplifier
(HV).

FIGURE 5.8: Block diagram of the cavity locking digital signal proces-
sor ADwin Gold. The internal oscillator runs at an angular frequency
ω and provides both the modulation and demodulation signals. The
left part represents the lock-in amplifier with the demodulation stages
and low pass filters. The system uses the second harmonic response
for various internal settings like the phase and lock control of the con-
troller. The first harmonic is used to derive the control signal for the

cavity stabilization.

The 90% rest of the cavity output is coupled to a single mode fiber circulator, since
the Michelson interferometer is in other room than the rest of the setup. The circu-
lator allows to send the comb beam from the cavity via 10 m long single mode fiber
to the interferometer and also to send the interference signal through the same fiber
back to the circulator which directs it to the spectrometers.

5.2 Interferometer and spectrometer

5.2.1 Interferometer

The interferometer is located at the VSL long distance measurement laboratory. The
laboratory is equipped with 50 m long rail bench. A commercial He-Ne laser fringe
counting interferometer head (Agilent) is also part of the experimental setup and
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serves for the distance measurement comparison. The Michelson interferometer for
frequency comb has common measurement arm with the counting interferometer.
The interferometer is built with 2 inch sized optics, using a non-polarizing beam-

FIGURE 5.9: Large image: Long bench - the Michelson interferometer
measurement arm with electronic carriage. Small image: interfero-

metric head based on two inch sized optics.

splitter and gold coated hollow retroreflectors. The measurement arm has a max-
imum length of 50 m and consists of a long rail with electric carriage carrying the
retroreflector, see Fig. 5.9. The large sized optics is used due to intention to have the
laser beam wide and collimated even for measurements up to few hundred meters
in the possible filed applications. Large beam divergence would lead to decrease
of interferometric beam–fiber coupling efficiency. Another reason is a few millime-
ter off axis movement of the electric carriage as it moves in the measurement axis.
This movement causes spatial fluctuations of the returning beam. The beams be-
ing wide relative to the off-axis movement satisfy good overlapping of the beams
from both interferometer arms. The comb beam is collimated directly from the sin-
gle mode fiber ferrule into the interferometer with an off-axis parabolic mirror. The
5 µm mode field diameter of the fiber, numerical aperture 0.13, with 101.6 mm focal
length of the parabolic mirror leads to 26 mm 1/e2 intensity beam diameter. The
hollow retroreflectors have an effective diameter of about 35 mm. After the non-
polarizing beamsplitter the comb beam is in the measurement arm mixed with the
He-Ne beam. A dichroic mirror reflects the comb beam at 820 nm wavelength while
it transmits the continuous-wave beam of the He-Ne laser at 633 nm. As a result,
both beams largely propagate through the same volume of air having the shared
measurement arm. The reference arms for the comb and the He-Ne laser are dif-
ferent, since the He-Ne laser interferometer is based on measurements requiring a
polarizing beam splitter. The He-Ne laser beam with ≈ 1 cm diameter is, before it
enters the interferometer, also 3× expanded with a two lens telescope in order to
have similar width as the comb beam. After propagation through the Michelson in-
terferometer, the light from the He-Ne laser propagates back through the same path
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to the He-Ne laser head which contains a detector for fringe counting. The comb
interferometric output propagates back into the circulator via the same optical path
and optical fiber. The fiber circulator directs the light towards the spectrometers.

5.2.2 Spectrometers

The VIPA interferometer is implemented in the setup for diagnostic purposes. Re-
turning beam from the interferometer is directed by the circulator to a detection
selector, which consists of a flip mirror and two sets of fiber couplers. Flipping of
the mirror sends the comb interferometric output via single mode fibers towards
either the grating spectrometer or the VIPA spectrometer. Both spectrometers are
mounted on transportable breadboards and for the experiments the breadboards are
on the frequency comb optical table together with the filter cavity setup, pictured
on Fig. 5.10. The grating spectrometer uses the source fiber connector ferrule as an

FIGURE 5.10: Three transportable breadboards, one with filter cavity
setup and one for each of the spectrometers.

entrance slit with 5 µm mode field diameter. The light is collimated by an achro-
matic lens with 100 mm focal length directly in grazing incidence onto a 50 mm
wide reflective holographic diffraction grating with 1800 grooves/mm. The first or-
der diffraction is focused with a 200 mm focal length achromatic lens on a sensor of
CCD line camera. The camera has 3000 pixels, 7 µm pixel pitch and 200 µm pixel
height. This configuration provides sufficient resolution to distinguish 20 GHz sep-
arated filtered comb modes, while capturing the full 20 nm wide spectral range of
the comb spectrum.

The VIPA spectrometer is based on a VIPA etalon with 53 GHz free spectral range
and surface reflectances of ≈ 100% and 99.5%. The comb interferometric output is
collimated by a fiber collimator and its polarization is cleaned by a polarizer. A
cylindrical lens with 100 mm focal length focuses the beam on the VIPA 99.5% sur-
face. VIPA then disperse the light in vertical direction towards a blazed diffraction
grating with 1200 grooves/mm, which disperse the light in horizontal direction. A
400 mm focal length achromatic lens images the light on a CCD camera. For calibra-
tion of this spectrometer a reference diode laser is also incorporated into the setup.
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The diode laser has a tunable wavelength range of 817.0±1.1 nm. The diode laser
beam is mixed with the comb beam at a polarization beamsplitter placed before the
single mode fiber that brings the light to the filter cavity. The second output of the
diode mixing beamsplitter brings the light to a wavemeter for wavelength control.
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Chapter 6

Measurements

This chapter in the first section describes the performance of the filter cavity by
means of imaging the filtered frequency comb with the VIPA spectrometer. The
second part is dedicated to measurements of distances using the filtered frequency
comb and the grating spectrometer.

6.1 Cavity filtration performance

When cavity length is scanned in the µm range its transmission shows many en-
velopes of transmission peaks. Each envelope corresponds different parameters i
and m in the Vernier filtering condition i · FSR = m · frep. As an example, the second
derivative of the cavity transmission is shown for cavity length scan with scanning
range of about 1 µm showing the envelope for FSR = 20 GHz and approximately
100 µm scanning range around FSR ∼20.15 GHz with many envelopes.
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FIGURE 6.1: The second derivative of the cavity transmission as a
function of cavity length. The transmission envelope for FSR=20 GHz
– left, many envelopes within a 100 µm scanning range – right. The
second derivative is used to enhance the visibility of the envelopes.
Values of the cavity FSR and corresponding multiplied repetition rate

m · frep are shown below respectively above envelopes.

Each envelope consists of a series of transmission peaks, as described in the chapter
4.1.2. Locking the cavity to one of the peaks, ideally the highest one, represents a
stable frequency comb filtration with a filter ratio m. Changing the ratio m multiple
times in the Vernier configuration can be done by a fractional change of the cavity
length. As can be seen in Fig. 6.1 in the vicinity of FSR = 20 GHz, there are visible
transmission envelopes for m · frep in the THz range. Theoretically the filter ratio can
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be adjusted to infinity, however the practical limit is the 1/2 cavity finesse which is
proportional to the largest filter ratio m sufficiently filtering unwanted comb modes.

6.1.1 Filtered comb VIPA spectra

The high resolution VIPA spectrometer is used here for diagnostic purposes. It re-
solves all the modes of the Ti:Sapphire frequency comb laser, separated by frep ≈
1.012 GHz, and creates a 2D image of dotted VIPA pattern. Note that the frep value
is often rounded to 1 GHz in this text. Each dot is an individual comb mode. In the
vertical direction, dot to dot distance represents the frep, in the horizontal direction
dot-to-dot distance represents the FSR of the VIPA etalon.

FIGURE 6.2: VIPA spectrum of the unfiltered frequency comb mixed
with the diode laser. Each column of dots represents one order of the
VIPA etalon transmission. Adjacent orders of transmission are shifted
in the vertical direction by 53 GHz to each other and dispersed in the
horizontal direction by the diffraction grating. The diode laser mode
can be seen in the middle part of the image as two bright spots. They
are in two adjacent columns and 53 rows from each other. The bright
dots on the left side comes from the frequency comb laser and are its
short lived cw modes caused by small coupling of the diode laser into

the frequency comb laser cavity.

Since the VIPA etalon has FSR of 53 GHz and the VIPA image has in the vertical di-
rection more than 53 GHz span, there are dots which corresponds to the same laser
mode. To calibrate the VIPA image in the frequency domain a continuous wave
diode laser is used as the reference. Although the distance measurements does not
need the frequency calibration, spectrum of the diode laser is shown in Fig. 6.2
together with the frequency comb spectrum to manifest the pattern of repeating po-
sition of a mode in the spectrum. The spectrum is measured at once as a combined
laser beam of the comb and diode beams. The diode laser mode can be seen in the
middle part of the image as two bright spots. They are in two adjacent columns and
53 rows from each other. The bright dots on the left side comes from the frequency
comb laser and are its short lived CW modes or mode-not-matched modes. They
are caused by small coupling of the diode laser into the frequency comb laser cavity.
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With the diode laser blocked, they vanishes. They also appears in the spectrum of
the frequency comb laser when it is not in the mode locked regime.

FIGURE 6.3: Composite VIPA spectra of the filtered frequency comb
for four resulting values of m · frep = [20, 41, 81, 101] GHz (white dots)

laying over the original unfiltered spectrum (blue dots)

As described earlier, the filter cavity can be comfortably set to a desired filter ratio.
This is done by a coarse manual adjustment of the cavity length with a micrometer
precision and fine piezostack tuning. Since the cavity length changes are small rel-
atively to its length, there is no need for change in the mode matching optics. The
performance of the comb mode filtering is shown in Fig. 6.3 for four settings of the
cavity FSR described in Table 6.1, note that an approximation of frep=1 GHz is taken
in the table.

Lcavity [mm] 7.50 7.43 7.41 7.32
FSR [GHz] 20 20.2 20.25 20.5

i 1 5 4 2
m · frep [GHz] 20 101 81 41

TABLE 6.1: Table of cavity settings fulfilling the vernier condition i ·
FSR = m · frep for presented VIPA spectra.

6.1.2 Locking performance

It has been shown that the cavity can perform sufficient filtering of unwanted comb
modes in a wide range of filter ratios. For the distance measurements, cavity has to



Chapter 6. Measurements 38

remain locked for a long time period. During this time, an environmental pertur-
bation can cause unlocking and the subsequent re-locking to another lateral trans-
mission peak. For the presented method of distance measurements, such event is
not an issue. Re-locking to different peak results in transmission of a different set of
comb modes, however with the same filter ratio. Moreover, re-locking to adjacent
peak will lead to transmission adjacent set of comb modes. This can be used to re-
construction of the original comb spectrum from the filtered spectra.

FIGURE 6.4: Example of combined VIPA spectrum of three filtered
frequency comb spectra for adjacent transmission peaks with m · frep
= 41 GHz (white dots) laying over the original unfiltered spectrum

(blue dots).

Figure 6.4 shows partially reconstructed original frequency comb spectrum from
three spectra of filtered comb with m · frep = 41 GHz with the cavity locked to three
adjacent transmission peaks. It can be seen that all three spectra has similar inten-
sity of their components across the spectrum. The cavity transmission bandwidth,
for peaks around the transmission envelope maximum, can be thus considered the
same.

FIGURE 6.5: A record of the cavity locking voltage for 150 minute per-
formance with voltage jumps corresponding to re-locking the cavity

length onto cavity transmission peaks.

The performance of the cavity locking mechanism itself was sufficient for the labo-
ratory distance measurements, however it was not tested outside the laboratory. In
the record in Fig. 6.5 the piezostack voltage which keeps the cavity length locked
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to the transmission peak is shown as a function of time. Visible voltage jump at the
beginning of the measurement corresponds to the re-locking to another peak. Small
voltage peaks at the end of the measurements correspond to re-locking to the same
transmission peak. Parameters of the lock are modulation amplitude at piezochip of
1.8 V and modulation frequency of 1600 Hz.

6.2 Distance measurements

In this section a procedure and results of distance measurements using spectral in-
terferometry with mode filtered frequency comb and diffraction grating spectrome-
ter are presented. The distance measurements are performed quasi-simultaneously
with the He-Ne laser fringe counting method, which serves as a comparison. The
results are then presented as a difference between these two methods [56].

6.2.1 Cavity setting

The length of the filter cavity is set at 8.0 mm, corresponding to a FSR = 18.6̄ frep,
which due to Vernier selection, results in a filter ratio m = 56. This corresponds to
a pulse-to-pulse distance Lpp = 5.3 mm. The cavity resonance linewidth is ∆ν ≈
100 MHz (FWHM). In order to obtain a clean Gaussian beam profile, a single mode
optical fiber is used to couple the comb light to the cavity. After the cavity the laser
beam is collimated with another achromatic lens and 10% of the light is directed
with a beam-sampler into a photodetector for the cavity stabilization. The rest of
the light is coupled into a fiber and propagates through an optical fiber circulator
into the measurement section in a neighboring laboratory. Typically about 400 µW
of the comb power is available after the filter cavity, providing about 100 µW to the
setup for distance measurement after propagation through the fiber circulator. The
filter cavity is shielded by a foam cover to keep it thermally stable and to suppress
coupling of an acoustic noise into the cavity.

Correct setting of the filter ratio m is confirmed by measuring the change of piezo
voltage, corresponding to the cavity length change, when the cavity is locked on suc-
cessive transmission peaks, as calculated from Eq. (4.13). In practice it is more ac-
curate to measure the piezo voltages for locking to n-th peak and the n+10th peak,
which provides enough accuracy to estimate the filter ratio. Verification of the filter
ratio m is done by measuring the distance with the He-Ne interferometer between
two successive positions of the carriage with zero interference fringes on the camera.
Since the distance between the pulses is reduced by mode filtering, the requirements
on the a priori knowledge of the distance get tighter, but still a measurement accu-
racy of a few mm is sufficient to overcome the ambiguity.

6.2.2 Measurement procedure

Initially, the carriage of the measurement arm is positioned at the beginning of the
bench and the counting He-Ne interferometer is set to zero. Five line camera pictures
are taken, corresponding to five comb measurements of the zero position. Then the
carriage is moved to a position roughly at 10 m, and again back to a position at zero
m. This is done also for 20 m, 30 m, 40 m and 50 m positions. To be able to normalize
the data, not only the interference signal is measured for each position, but also the
signals from the reference and measurement arms individually, obtained with the
other arm blocked. For each position, five comb measurements and five readings of
the counting interferometer are recorded.
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The measurement positions are selected arbitrarily, but positions very close to
L = 0 and L = Lpp/4 are avoided, as will be discussed later. Due to environmental
perturbations, the contrast of the comb interference pattern tends to diminish for
too long integration time of the CCD array. Optical path length variations of only
λ/4 ≈ 200 nm are sufficient to wash out the fringes. For this reason it is required
that the carriage is fixed during the measurement. The method can thus not be used
for measuring while the target is being moved. In practice, a 0.4 ms acquisition time
of the camera is an optimal value. The refractive index of air is determined from
data of environmental conditions (temperature, air pressure and humidity) using
the Edlén formula [68]. The temperature is measured at several positions along the
measurement bench, simultaneously with the distance measurements.
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FIGURE 6.6: Top: typical reference measurement-blue, Ire f intensities
- red circles. It is used for correct finding of the comb mode positions
at CCD and also for the interference normalisation. Middle: interfer-
ence measurement - blue, with values of I( f ) intensities - red circles.
Bottom: normalized intensities I( f ) - blue circles and cosine fit - red.

The reference data from the measurement Imeas and reference Ire f arms are used
for intensity normalization of interference spectrum I as shown in Fig. 6.6

cos(Φ) =
I − Ire f − Imeas

2
√

Imeas Ire f
. (6.1)

From its cosine fit the distance L was calculated using Eq. (3.15) and the method
mentioned in Section 3.1.3 is used for determining its sign. The distance measure-
ments by the He-Ne counting interferometer are used for determining the integer j
in Eq. (3.18) for the comb measurement. However, since the requirements on these
measurements are mild, a simple electronic distance meter can also be used to over-
come the non-ambiguity.

6.2.3 Results

The results in Fig. 6.7 show the differences between the individual measurements
done by frequency comb and the average distance as measured with the He-Ne
counting interferometer. The zero position is based on the average of the five zero
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measurements. For each individual measurement the agreement between the fre-
quency comb and the He-Ne laser counting interferometer is within 0.8 µm. When
averaged over five measurements, the largest difference is 250 nm. The standard
deviation doesn’t show a clear distance dependence and is on average 0.33 µm. The
comparison measurement shows that the mode-filtered frequency comb is a suitable
tool for distance measurements, with a relative difference < 10−8 with the He-Ne
laser reading for a distance of 50 m. The observed differences between both meth-
ods for a single measurement are caused by environmental effects, like turbulence
and vibrations. These effects are not perfectly canceled because of small timing dif-
ferences between the simultaneous He-Ne and comb measurements. When averag-
ing all measurements and all distances, the agreement between both methods even
reduces to below 100 nm.
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FIGURE 6.7: Measured differences between distance measurement
with a filtered frequency comb and a He-Ne laser counting interfer-
ometer for distances up to 50 m. The error bars show the standard

deviation of the measurements.

The measurement uncertainty on the comparison measurement contains several
contributions, originating from the He-Ne uncertainty, the uncertainty on the comb
measurement and the uncertainty due to environmental conditions. The relative un-
certainty of the He-Ne laser, resulting from wavelength uncertainty and the fringe-
counting system is estimated to be 3× 10−9. The uncertainty of the comb measure-
ment contains a contribution of the frequency stability (10−10 for a measurement
time in the ms range), plus an uncertainty of 50 nm, which comes from the uncer-
tainty of the fitting parameter C. This contributions occurs twice, for both the start
and the stop position of the carriage. The uncertainty on the refractive index differ-
ence for the comb and He-Ne wavelengths is estimated to be 1.7× 10−9. This value
is based on the uncertainty in the environmental measurements, being 0.3 ◦C for air
temperature, 7 Pa for pressure and 1.3 % for relative humidity. Finally, there is a con-
tribution to the measurement uncertainty which results from vibrations coupling to
the carriage on the measurement bench. Since the comb and He-Ne measurements
have different integration times and are not perfectly synchronized, timing differ-
ences between the measurements of typically 0.1 s occur. As a result path length
changes due to vibrations that occur on this time scale do not cancel. This contri-
bution was quantified by performing a time-resolved measurement with the He-Ne
laser. The He-Ne measurement shows a standard deviation of 0.22 µm for a sam-
pling time of 0.1 s, which can be considered as the uncertainty due to vibrations
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on the comparison measurement. These uncertainties occur at both the start point
and the end point of the measurement, leading to a total uncertainty estimate due to
vibrations of 0.31 µm. When combining the relative and absolute uncertainty con-
tributions mentioned above as a quadratic sum, a total uncertainty of 0.36 µm for
a distance of 50 m is found. For a coverage factor k = 2, corresponding to a 95 %
coverage interval, the uncertainty equals 0.72 µm.

The uncertainty on the measurement of an absolute distance with either comb or
He-Ne laser will be dominated by the uncertainty in the refractive index of air. For
the uncertainties of the environmental parameters (temperature, pressure, humid-
ity) mentioned above, the relative uncertainty on the refractive index becomes 3.1×
10−7. The agreement between both methods is thus much better than the achiev-
able uncertainty on the absolute distance. Since the wavelengths of the Ti:Sapphire
laser and the He-Ne laser are relatively close and the measurements arms are com-
mon path, the uncertainty due to environmental conditions largely drops out in the
comparison.

As mentioned above, arbitrary distances were chosen, but path length differ-
ences very close to L = 0 m or L = Lpp/4 were avoided. At L = 0 m all wavelengths
have the same phase (neglecting nonlinear air dispersion), so a typical cosine depen-
dence like in Fig. 6.6 is not observed. Close to L = Lpp/4 the Nyquist frequency is
approached and each period of the cosine is only determined by 2 datapoints. There
are several ways to overcome this issue. A simple solution is to slightly changing
frep, which will change Lpp and thus L. Alternatively, a multiplex scheme could be
envisaged with two reference retro-reflectors, positioned with a mutual path length
difference of about half of the non-ambiguity range. By using a beamsplitter and
two shutters the reference path can be always selected such that the path length
differences close to L = 0 m or L = Lpp/4 do not occur.
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Chapter 7

All fiber filter cavity approach

This chapter briefly describes an alternative method of frequency comb mode fil-
tering based on a single mode optical fiber cavity. The aim for the development of
such a tool is its simplified implementation into an optical setup. No requirement
for any mode-matching optics allows for plug-n-play by simple connecting the fiber
cavity to an input and output optical fibers. Different fiber based comb mode filter-
ing has been published, with use of a fiber coupled free space cavity [69], ring fiber
resonator [70] and cascade Mach-Zhender fiber interferometer [71] or more recently
a few meter long single optical fiber [72].

7.1 Fiber cavity design

FIGURE 7.1: Picture of the experimental fiber cavity setup. An fiber
optical isolator brings the light into the cavity from the left side, the
output is on the right side. The piezo-equipped fiber connector is on

the input side.

A principle of the construction of presented fiber cavity is the same as of a free
space cavity. There are two reflecting surfaces ideally with only one transversal op-
tical mode in between. Lateral cavity modes are tuned by changing the cavity length
— an easy task for a free space cavity. In the case of an optical fiber one, changing its
length is also possible since it can be stretched without any damage. The maximal
amount of reversible stretching is not precisely known but approx. 0.5% of the fiber
length is considered as safe.
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7.1.1 Optical design
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FIGURE 7.2: Silver-coated-fiber cavity transmission of a 100 MHz fre-
quency comb as a function of length. Theoretically, infinite number

of transmission envelopes is available.

The fiber cavity transmission of frequency comb modes is calculated using the
method described in section 4.1.2. Although a fiber cavity cannot be stretched in
order of cm, Fig. 7.2 shows data for such range in order to highlight the amount and
positions of the Vernier transmission envelopes.

FIGURE 7.3: Fiber patchcords with length 101.8 mm mounted onto a
sputtering machine adapter. Patchcord ends with finished reflective

coatings are on the left image.

The first generation of a fiber cavity is designed to work with an Er3+ fibre based
frequency comb with central wavelength at 1550 nm. Its free spectral range is de-
signed to be FSR=1 GHz. Fiber with near zero dispersion DCF3 from Thorlabs is
used for fiber patchcord manufacturing. The fiber dispersion is -4.30 to -1.60 ps/nm·km
and refractive index of its core is n = 1.469. The fiber length corresponding to FSR
= 1 GHz is L f iber=102.1 mm but the actual length of fiber patchcords is designed to
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be 101.8 mm. The production process has been carried out by SQS Vláknová Optika
a.s., where the fiber was cut to predefined length and equipped with FC/PC type ce-
ramic ferrules and connectors, see Fig. 7.3. Cavity mirrors are created by sputtering
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FIGURE 7.4: Optical properties of 40 nm thick Ag layer between two
thick glass layers computed by FilmStar Design software.

of a reflective material directly on the fiber patchcord ends. Silver is chosen as the
mirror material. It has zero chromatic dispersion and sufficient optical properties. A
40 nm thin layer of Ag has∼95% reflectivity and∼1.5%transmission, the rest of light
∼3.5% is absorbed, Fig. 7.4. Reflective layers are created by magnetron sputtering
deposition at my home institute ISI Brno by the Thin Layers group.

7.1.2 Electro-mechanical design

A cage mounting system is used for holding the fiber cavity and to adjust its length,
see Fig 7.1. Two standard fiber connectors are mounted to the cage, one with help
of a custom made adapter, the other is attached to a manual translation mount via
a custom made adapter with a ring piezochip, see Fig.7.5. The second adapter pulls
the connector with a four leaf spring against the ring piezochip placed in between.
In this way the fiber length can be stretched and electronically locked to a required
transmission peak. The cavity length is determined by the spacing between the two
fiber connectors and is stabilized with the same locking technique as the free space
cavity, however using only one piezochip for both, modulation and stabilization.

FIGURE 7.5: Schematic view of the crucial electro-mechanical part
of the fiber filter cavity. The fiber connector–light blue is pulled by
four leaf copper spring–orange against ring piezochip–gray. Large
adapter–dark blue holds the whole system in a manual translation
stage, small adapter–yellow electrically isolates the piezochip from

the the fiber connector.
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7.2 Results

The cavity transmission occurs for stretched fiber since its original length is designed
to be 0.3 mm shorter than the length corresponding to FSR = 1 GHz. Coarse stretch-
ing is done manually by translations stage and fine length tuning is done by the
piezochip. Working in stretched state secures possibility to shorten the cavity length
if necessary. An example of the fiber cavity transmission as a function of the pi-
zochip voltage is in figure 7.6. The cavity is scanned back and forth across three
lateral transmission peaks and then is locked onto the most intense one.
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FIGURE 7.6: An example of time record of the fiber cavity transmis-
sion within an envelope as the piezo voltage is scanned and then

locked.

The cavity filter properties were tested at the TU Delft, The Department of Imag-
ing Physics. The fiber frequency comb they possess has repetition rate frep = 100 MHz.
The cavity multiply the original frep to m · frep = 1 GHz, in a normal configuration
i · FSR = FSR (not Vernier, i > 1). The cavity comb mode filtering is observed with
a TU Delft VIPA spectrometer. The VIPA spectrometer is not able to resolve modes
of the fiber frequency comb. In the VIPA spectral image the modes merges into lines.
However it is able to resolve less dense modes of the filtered frequency comb which
are observable as dots, see figure 7.7. The presented result shows that an optical

FIGURE 7.7: VIPA images for frequency comb with frep = 100 MHz -
left and fiber cavity multiplied frep = 1 GHz - right.

frequency comb can be filtered by a fiber based filter cavity. Further development
of this method has been started. Fiber patchords in the Vernier configurations has
been designed using dielectric layers with zero chromatic dispersion and reflectiv-
ity of more than 99% instead of the silver reflective coatings. However, this second
generation of the fiber cavity has to be yet properly tested.
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Part II

Analysis of fluorescence from
single trapped ion at frequency

modulated dark state
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Chapter 8

Ion trapping and interaction of an
ion with external fields

The aim of the experiment discussed in the second part of the thesis is to analyse the
fluorescence response of a calcium ion stored in a radio frequency trap to modulation
of frequency detuning of two excitation laser fields. We are particularly interested
in the characterization of fluorescence sensitivity to laser frequency detunings medi-
ated by the ion in a dark state. This measurement is explored as a method for optical
frequency analysis using the ion as a convertor of the relative optical frequency dif-
ference to the intensity of emitted fluorescence from the ion. The main goal is to
provide a characterization and point out limits of this method. The dark resonance
not only enhances the spectral sensitivity but, it allows for optical frequency beating
of two optical fields separated by hundreds of THz, which corresponds to a fre-
quent task in many metrological applications [32, 33, 73]. This is typically realized
indirectly via an optical frequency comb. The presented method provides an alter-
native to these methods within limited spectral range, however the frequency comb
serves here as a stable optical reference for the excitation lasers.

This chapter in the first section gives the quantum mechanical description of the
40Ca+ ion and its interaction with the laser light fields, the second section describes
the principles of the ion trapping in the radio frequency trap and of the ion laser
cooling.

8.1 40Ca+ ion and its interaction with external fields

Calcium is an alkaline earth metal and its singly ionized ion has the energy level
scheme similar to atomic hydrogen. The 40Ca+ ground state is formed by the 4S
state and the two higher orbitals D and P are split by spin-orbit coupling into four
fine structure components. Levels relevant for the experiments are D3/2 and P1/2,
their natural lifetimes are ∼ 1 s respectively ∼ 7 ns [74]. The ground state with
these levels form a lambda system with dipole-allowed transitions S1/2 ⇔ P1/2 and
D3/2 ⇔ P1/2 with corresponding wavelengths 397 nm and 866 nm. The diagram of
five lowest energy levels is shown in Figure 8.1.

The description of an atom interacting with light fields is due to its complexity
rather complicated, therefore for simplicity certain approximations are taken. The
basics steps towards the calculation of atom fluorescence are discussed. Quantum
mechanical model of only a three level atom is considered and its interaction with
two lasers is described [75]. The atom states |1〉, |2〉 and |3〉 form a Λ system. They
represent the energy levels S1/2, P1/2 and D3/2. The |3〉 level is considered as a
stable energy level and the spontaneous photon emission from |2〉 due to the atom
interaction with the vacuum field is treated as decay rate Γ21 from |2〉 to |1〉 and
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FIGURE 8.1: Scheme of the five lowest levels of 40Ca+ with transition
wavelengths and purposes of the two transitions used in presented

experiment. Dashed transitions are not used.

Γ23 from |2〉 to |3〉. The two lasers are treated as classical coherent light waves with
frequencies ωb and ωr, where indices indicates the blue - 397 nm and the red - 866 nm
transitions:

~E(t) = ~Eb,re−i(ωb,rt+ϕ). (8.1)

The spatial dependence of the electric field ~E over the ion positions~r is neglected.
The laser linewidths are Γb and Γr. The strength of the coupling between the atom
and the electric field is described by population oscillations called Rabi frequencies:

h̄Ω12 = ~D12 · ~Eb (8.2)

h̄Ω32 = ~D32 · ~Er (8.3)

where ~D12 and ~D32 are electric dipole matrix elements for the corresponding tran-
sitions. The strength of the excitations is also described by saturation parameters
Sr = Ω32/Γr and Sb = Ω12/Γb. The atom-light interaction is assumed to be only in
the dipole order. The three state atomic Hamiltonian can be written as

Ĥatom =
3

∑
a=1

h̄ωa |a〉 〈a| (8.4)

where ωa are atomic Bohr frequencies. The interaction Hamiltonian can be with
above assumptions and with rotating wave approximation [76] written as

Ĥint = −~D12 · ~Ebi
(
|2〉 〈1| e−iωbt − |1〉 〈2| eiωbt

)
−~D32 · ~Eri

(
|2〉 〈3| e−iωrt − |3〉 〈2| eiωrt

). (8.5)
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In matrix representation the atom Hamiltonian can be written with basis |a〉 c1
c2
c3

 ≡ 3

∑
a=1

ca |a〉 (8.6)

as

Hatom = h̄

 ω1 0 0
0 ω2 0
0 0 ω3

 . (8.7)

Choosing the zero point energy at the level |2〉 we get

Hatom = h̄

 ω1 −ω2 0 0
0 0 0
0 0 ω3 −ω2

 . (8.8)

The interaction Hamiltonian represented by matrix is

Hint = h̄

 0 Ω12
2 e+iωgt 0

Ω12
2 e−iωgt 0 Ω32

2 e−iωgt

0 Ω32
2 e+iωgt 0

 (8.9)

and the complete Hamiltonian is

H = h̄

 ω1 −ω2
Ω12

2 e+iωgt 0
Ω12

2 e−iωgt 0 Ω32
2 e−iωgt

0 Ω32
2 e+iωgt ω3 −ω2

 . (8.10)

Density operator
To describe mixed states of the system we write the density operator ρ̂ in the defined
basis as

ρ̂ =
3

∑
a,b=1

ρa,b |a〉 〈b| . (8.11)

Its diagonal elements ρ11 = 〈1 |ρ̂| 1〉, ρ22 and ρ33 are the expectation values for find-
ing the ion in its states |1〉, |2〉 and |3〉. The trace of the density operator Tr(ρ̂) = ρ11
+ ρ22 + ρ33 = 1 and its diagonal elements 〈a |ρ̂| b〉 represents superpositions of the
states. Its time evolution is determined by the Liouville equation

dρ̂

dt
= − i

h̄
[
Ĥ, ρ̂

]
+ Ldamp (ρ̂) , (8.12)

where the first term represents the Schrödinger equation and the second term in-
cludes damping caused by photon decay and finite laser linewidths [77]. Its general
form can be written as

Ldamp (ρ̂) = −
1
2 ∑

m

[
Ĉ†

mĈmρ̂ + ρ̂Ĉ†
mĈm − 2Ĉmρ̂Ĉ†

m

]
(8.13)

where operators Ĉm describe dissipative processes, namely decay from |2〉 to |1〉

Ĉ12 =
√

Γ12 |1〉 〈2| , (8.14)



Chapter 8. Ion trapping and interaction of an ion with external fields 51

decay from |2〉 to |3〉
Ĉ32 =

√
Γ32 |3〉 〈2| (8.15)

and decoherence by finite laser linewidths

Ĉb =
√

2Γb |1〉 〈1| (8.16)

Ĉr =
√

2Γr |3〉 〈3| . (8.17)

We can rewrite the time evolution of the density operator as

dρ̂

dt
= Lρ̂ (t) = − i

h̄
[
Ĥ, ρ̂

]
+ Ldamp (ρ̂) (8.18)

and express it in terms of ρ̂ (0) at the time t

ρ̂ (t) = eLtρ̂ (0) . (8.19)

Now we define a matrix of transformation into rotating frame of the laser field as

U = h̄

 e−iωbt 0 0
0 0 0
0 0 e−iωrt

 . (8.20)

Transformed density and Hamiltonian operator are then

ρ̂′ = Uρ̂U†. (8.21)

Ĥ′ = UĤU† − ih̄U
dU†

dt
. (8.22)

Finally the resulting Hamiltonian is

H′ = h̄

 ∆b Ω12/2 0
Ω12/2 0 Ω32/2

0 Ω32/2 ∆r

 , (8.23)

where the laser frequency detunings from the transition frequencies are

∆b = ωb − (ω2 −ω1) (8.24)

∆r = ωr − (ω2 −ω3) (8.25)

The Liouville equation (8.18) can be transformed into a system of linear optical Bloch
equations

d~ρi

dt
= ∑

j
Mij~ρj, (8.26)

where ~ρi := (ρ11, ρ12, .., ρ32, ρ33) and ρab = 〈a|ρ̂|b〉. The matrix M contains all infor-
mation relevant for the evolution of the system and it is determined by L in Eq. (8.18).
When the initial condition ~ρ (0) is given, the time evolution is

~ρ (t) = eMt~ρ (0) . (8.27)
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The normalization condition sets the trace of the density matrix to equals one

∑
i

ρii (t) = 1. (8.28)

To numerically calculate the steady-state solution (dρ/dt = 0), one of the optical
Bloch equations has to be replaced by the normalization condition 8.28. The prob-
ability of finding the ion in the excited state |2〉 is then ρ22 = ρ22 (∞). The atom
fluorescence at blue wavelengths i.e. average rate of atom deexcitation to the state
|1〉 is

Rb = Γ21ρ22. (8.29)

8.1.1 Zeeman splitting and dark resonances

Without a magnetic field each of the fine structure levels of an ion consists of (2J + 1)
sublevels, where J is the total angular momentum of the valence electron. With a
non-zero static magnetic field ~B applied to the ion, the degeneracy of the sublevels
is lifted. Each of the sublevels is described by the magnetic quantum number mj and
its corresponding energy shift from the degenerated level is

∆E = mjgjµB

∣∣∣~B∣∣∣ (8.30)

where µB is the Bohr magnetron and gj is the Landé g-factor. This results in the case
of 40Ca+ ion levels S1/2, P1/2 and D3/2 the Zeeman splitting into an 8-level system
shown in Fig. 8.2.
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FIGURE 8.2: Scheme of 40Ca+ three-level system splitted by magnetic
field to the eight-level system. The two light fields with the polar-
izations perpendicular to the magnetic field leads to four coherent
transitions between states S1/2 and D3/2 without occupation of P1/2

states.

The model of 3-level atom-light interaction can be extended to an 8-level system, see
[78]. Calculated fluorescence spectrum i.e. the stationary values of the probability of
ion to be in one of the excited P states |3〉, |4〉as a function of the red laser detuning
is in Fig. 8.3. When both laser detunings relative to certain Zeeman sublevels are
equal

∆r = ∆b (8.31)
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resonant transitions between the ground states S1/2 and D3/2 appears. This results
in fluorescence quenching called dark resonance. In ideal case this leads to zero pop-
ulation of the excited state P1/2, which corresponds to 100% population of so-called
dark state. In practice, the dark state population is limited by the finite linewidth of
the two involved lasers or thermal population of atomic motional states. If the angle
between polarization of laser fields is chosen to be perpendicular to the magnetic
field, only transitions with ∆mj = ±1 are coupled, which leads to excitation of four
resonant Raman transitions and appearance of four dark resonances. In this case the
perfect superposition of S1/2 and D3/2 is not perturbed by phase fluctuations of laser
detunings, i.e. the common laser linewidths Γl = Γb + Γr = 0 and the fluorescence
completely vanishes. Non-zero linewidths cause the depth of dark resonances to
increases. The shape and positions of dark resonances in the fluorescence spectrum
thus can be used to calculate parameters of laser and magnetic fields interacting with
the trapped ion.
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FIGURE 8.3: Resonance fluorescence or the P states occupation prob-
ability as function of frequency detuning ∆r with corresponding Ra-
man transitions S1/2 ⇔ D3/2 manifested as four fluorescence de-
creases, calculated using the optical Bloch equations with parame-
ters: the magnetic field: ~B= 10 Gauss, the detuning of the blue laser
∆b = -20 MHz, angle between the light fields and the magnetic field
α = 90◦, saturation parameters Sb=1, Sr=4 and common linewidth of

the two lasers Γl= 0 Hz.

8.2 Ion trapping with Paul trap

In the previous section we described the interaction of a free ion with light. This is
adequate with respect to the experiments since description of ion quantum motional
states is not necessary. Therefore this section briefly describes classical motion of a
charged particle such as an ion in a linear Paul trap. More detailed description of the
trap used in the experiments can be found in [79]. We consider geometry of the trap
given in Fig 8.4. To confine the particle position in the radial x, y directions, one pair
of the quadrupole electrodes is grounded while on the other pair is applied radio-
frequency harmonic potential V = V0 cos (ΩRFt) . Near the trap center the potential
is given by

V (x, y, t) =
V0

2

(
1 +

x2 − y2

r2
0

)
cos (ΩRFt) (8.32)
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FIGURE 8.4: An example of ideal Paul trap geometry with hyperbolic-
shaped radial electrodes [79].

where r0 is half the distance between paired electrodes. To confine also particle po-
sition along the trap axial direction z a static potential U0 is applied to the trap axial
electrodes, which results to contribution

U (x, y, z) =
κU0

z2
0

(
z2 − 1

2
(
x2 + y2)) (8.33)

where κ is a geometrical constant and z0 is 1/2 of the distance between the endcap
electrodes. The electric field near the trap center is then

~E (x, y, z, t) = −~∇ (V + U)

= V0

(
xêx − yêy

r2
0

)
cos (ΩRFt)− κU0

z2
0

(2zêz − xêx − yêx)
(8.34)

where êi i = x, y, z are unit vectors. The motion of a particle with charge q, mass m
and displaced from the trap center by ui in this field can be described by Mathieu
equations

d2ui

dt2 + ui (ai + 2qi cos (2ΩRFt))
Ω2

RF
4

= 0 (8.35)

where we introduced dimensionless variables

ax = ay = −1
2

az = −
4qκU0

mz2
0Ω2

RF
(8.36)

qx = −qy =
2qV0

mr2
0Ω2

RF
, qz = 0. (8.37)

The exact solution of Eq. (8.35) can be seen in ref.vadlej 4, here we can approximate
motion for |ai| , |qi| � 1 to the lowest order solution

ui = u0 cos (ωit)
(

1 +
qi

2
cos (ΩRFt)

)
. (8.38)

The result separates the particle motion into two distinct time and amplitude scales.
The fast and small motion called the micromotion is unharmonic motion at the trap
driving frequency ΩRF. Slower harmonic motion with amplitude u0 is called the
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secular motion and its frequency is

ωi = ΩRF/2
√

ai + q2
i /2. (8.39)

In the rest frame of the oscillating ion, the laser field interacting with the ion appears
to be frequency modulated with the trap frequencies, or equivalently from the laser
point of view, the Bohr frequencies of the oscillating ion appears to have motional
sidebands spaced by the trap frequencies.

8.3 Ion cooling

The spontaneous decay of the ion excited P state can be effectively used to cool
down the ion motion [80]. Each emitted photon carries momentum ~p and since the
spontaneous-emission pattern is isotropic, the net momentum given to the ion by
the emitted photons is thus zero. By letting the ion to absorb photons only with
momentum smaller than have the emitted ones i.e. to absorb only when the ion
moves towards the photon beam, its kinetic energy is reduced. Such laser cooling
techniques takes an advantage of the Doppler effect and can be divided into two
categories according to the decay rate of the cooling transition Γ and frequency of
the secular motion ωi:

ωi � Γ Doppler cooling. In this case the linewidth of the transition is much larger
than the spacing of the motional sidebands or equivalently the timescale Γ−1

on which the ion absorb or emits photons is much faster than the timescale
ω−1

i on which the ion can change its kinetic energy.

ωi � Γ Sideband cooling. The motional sideband are in this case resolvable be-
cause their spacing is much larger than the transition linewidth. The cooling
laser thus can be tuned to a specific motional sideband which allows for ion
cooling to the motion ground state.

For 40Ca+ ion the Doppler cooling is performed on the S1/2 ⇔ P3/2 transition by
detuning the 397 nm laser to the red side from the transition frequency. For detuning
by Γb/2, the difference of probability of absorbing the photon for the ion moving
towards or away from the laser beam is maximized, and the cooling efficiency is the
highest. There is 6% probability to decay from the excited state to the metastable
D3/2, thus the repumping laser at 866 nm is used simultaneously with the cooling
laser [81]. The decay is however also a heating mechanism since there are random-
direction momentum kicks associated with emitted photons. In steady state, where
the rates for Doppler cooling and the heating due to photon emission are equal the
Doppler temperature is reached:

TD ≈
h̄Γ
2kB

(8.40)

where kB is the Boltzmann constant. TD is the lowest temperature to which the ion
can be cooled by Doppler cooling.
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Chapter 9

Ion experimental setup

The experimental setup for ion trapping is newly build in the laboratories of the In-
stitute of Scientific Instruments of CAS in Brno. On its set up cooperated colleagues
from the ISI Brno and from the Department of Optic of Palacký University Olomouc.
On the development of the vacuum apparatus was also involved Mesing company
and the Paul trap was designed and fabricated at the University of Innsbruck. The
ion setup is located in the neighboring laboratory to the laboratory equipped with
a fiber optical frequency comb referenced to a hydrogen Maser. The ion lasers that
needs highly stable optical frequency performance are guided with single mode op-
tical fibers into this laboratory and here they are optically beated with the frequency
comb for their phase stabilization.

FIGURE 9.1: Scheme of the complete vacuum chamber setup with
Paul trap inside – left. Snapshot of the vacuum chamber with optical

components for ion interrogation – right.

9.1 Vacuum apparatus with linear Paul trap

The vacuum chamber is composed from ultra high vacuum (UHV) compatible mate-
rials and components. The body of the UHV chamber is spherical octagon with two
large 100 mm and eight small 40 mm confocal flanges. The octagon with the flanges
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together with a trap holder are made from low relative magnetic permeability stain-
less steel. The bottom flange is used for feed-throughs connecting the trap DC elec-
trodes and for mounting the trap holder. The top flange is used for feed-through
connecting trap quadrupole electrodes with a quarter wave helical resonator which
amplifies resonant RF field from a frequency generator at 30.16 MHz. The input RF
power before the helical resonator, usually 1-4 W, is pre-amplified by an amplifier.
Two small feedthroughs at the y = −z diagonal are used for vacuum management
with a NEG pump and Ion pump. Both large and the four remaining small flanges
are equipped with fused silica viewports with a broadband anti-reflective coating
covering 397 to 870 nm range. Three Helmholtz coil pairs are placed outside the
vacuum chamber around the flanges in x, y and z directions. Stabilized current sent
through the selected coil pair allows for producing a nearly uniform magnetic field
in the trap center and to define the quantization axis. The vacuum chamber is at-
tached to a breadboard which lies on eight stainless steel pedestals holding it 22 cm
above an optical table, see Fig. 9.1.

FIGURE 9.2: Front look on a scheme of the ion trap in the vacuum
chamber with visible only the viewports, ion trap with electrode con-
nections and the calcium oven. Picture on right is back side view into

the vacuum chamber

The Paul trap of Innsbruck design is used [82]. It consists of six gold covered tita-
nium electrodes, four blade-shaped electrodes are symmetrically placed in the radial
plane and two ring electrodes are in the axial plane to confine the ions in this axis.
The trapping pseudopotential in the radial direction is created by one pair of oppo-
site blades kept grounded and the other pair connected to RF. The ring electrodes
are held at a positive voltage and have inner diameter of 0.5 mm. Distance from the
trap center to the blade electrode is 566 µm and to the ring electrode it is 2.25 mm.
Additional two pairs of stainless steel rod-shaped electrodes are placed parallel to
the trap axis to allow for compensation of stray electric fields. The source of calcium
atoms, a resistively heated oven, is placed in the vacuum chamber below the trap.
The schematic front side view of the trap with the viewports and the oven and the
back side image are on Fig. 9.2.

9.1.1 Ion fluorescence detection

The light scattered by the trapped ion is detected in two ways, both filtering only
on the 397 nm light by bandpass filters. The light emitted into the radial direction
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of the trap towards front large viewport is gathered by an objective collecting ∼
2% of the full solid angle. The light is focused towards a flip mirror which is used
to select the detection way, either with a camera or with a single photon avalanche
photodiode. The electron multiplying CCD (EMCCD) camera (Luca-S, Andor) is used
for diagnostic purposes for example when ion loading and spatial analysis of the
trapped ion crystal or during an optimization of the laser and the trap parameters.
The free-spaced avalanche photodiode (APD) (Count-Blue, Laser Components) is used
for delicate adjustments of the ion setup apparatus and for measurements where a
photon count rate or a time of photon arrival has to be known. The APD can be
connected to a frequency counter or to a fast time tagging module (PicoHarp300,
PicoQuant) with 4 ps time resolution.

9.2 Laser setup

The trapped ions are interacting with only two laser fields during the measurements.
Another two lasers are needed for calcium atom ionization. An optical fiber fre-
quency comb is used for phase locking of the interrogation lasers. Two more lasers
used for interaction with the Calcium forbidden 3D5/2 transition are also incorpo-
rated into the setup, however they are not used in the experiments thus are not
described here. Except the frequency comb all the ion lasers are mounted on an op-

Laser Wavelength Application
ECDL + SHG 397 nm Doppler cooling, fluorescence
ECDL 866 nm Repumping
ECDL 422 nm Photoionization
DL 377 nm Photoionization
Optica frequency comb 600-900 nm Phase locking

TABLE 9.1: Lasers and their corresponding wavelengths and applica-
tions.

tical table standing next to the table holding the vacuum apparatus. The ion lasers
are directly at the laser outputs coupled to single mode optical fibers or fiber cou-
plers. The frequency and intensity manipulation of the laser beams meant to be
sent to the ion is done in free space on the same optical table, see Fig. 9.3. Transfer of
all laser beams to the vacuum apparatus table is done via single mode optical fibers.

Ionization lasers
The Ca+ ions are loaded into the trap by evaporation of Ca atoms from the calcium
oven heated by current of 4.7 A to the temperature of ∼ 800 K. Atoms which make
their way to the center of the trap can be then photoionized in two step process.
In the first step the transition 1S0 ↔1 P1 at 422 nm is excited by an external cavity
diode laser (ECDL), then the atom is excited above the ionization energy of 6.1 eV
by a free running diode laser at 377 nm. The beams of both photoionizaton lasers
are mixed by a dichroic beamsplitter at the vacuum chamber breadboard and then
are focused by a lens with focal length of 150 mm into the trap center in the axial
direction through a hole in the ring trap electrode. The 422 nm laser beam is split by
a fiber coupler and 10% is sent through a fiber multiplexer into a wavemeter for a
wavelength measurement and control.

Doppler cooling and repumping lasers
During the ion loading both cooling 794 nm and repumping 866 nm ECDLs are also



Chapter 9. Ion experimental setup 59

FIGURE 9.3: The optical table with ion lasers – blue boxes, frequency
and intensity control optics and electronics. Lasers are from left 729
nm and 397 nm, from top 866 nm, 854 nm and 422 nm. Wavemeter–

gray box is on the right side and 377 nm laser is hidden behind it.

present to start immediate ion Doppler cooling after the ionization. These lasers are
polarization filtered and mixed by a dichroic beamsplitter at the vacuum chamber
breadboard. Then they are focused by a lens with focal length of 150 mm into the
trap center under 45◦ angle with respect to the trap axis and to the trap blade elec-
trode directions. Wavelength control is done in two separate ways for both lasers,
however the cooling laser is controlled at its fundamental wavelength at 794 nm.
This laser unit has two output ports, one for 794 nm the other for 397 nm. The near
infrared beam of this laser unit is split by a fiber coupler into two parts, one is sent
to the fiber multiplexer and subsequently to the wavemeter, the other part is mixed
in a 50:50 fiber coupler with 5% of 866 nm laser beam and sent to the neighboring
laboratory with the optical frequency comb. The 866 nm laser is split by series of
fiber couplers into three parts: 90% is dedicated to the ion, 5% to the wavemeter and
5% to the frequency comb.

The loading of the ions needs only coarse control of the 422 nm, 397 nm and 866
nm laser frequencies in a range of a few MHz. This is provided by a feedback to the
piezo of the ECDL based on the wavemeter measurements. The fiber multiplexer
periodically switch between the lasers and sends one beam to the wavemeter. A
LabVIEW software calculates an error signal based on the measured laser frequency
and a D/A converter generates a feedback voltage for the laser wavelength tuning.

Frequency comb
The fluorescence analysis described in this thesis requires more precise control of

the 397 nm and 866 nm laser frequencies. For this reason both lasers are phase
locked to a corresponding tooth of the optical frequency comb. A scheme of elec-
tronics and picture of optics for phase locking are in Fig. 9.4. The frequency comb
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FIGURE 9.4: The Schematic view of the phase locking of an ECDL
to frequency comb, however for simplicity shown only for one laser
– left. The real optical part of the scheme for five lasers is shown in
the picture on the right. Top of the picture shows supercontinuum
generation. At the bottom is placed the diffraction grating separating
mixed laser beams, which are then with mirrors on the left reflected
to detectors on the right. (Only two of them are used for the experi-

ment.)

with a center frequency at 1560 nm is frequency doubled by second harmonic gen-
eration (SHG) process in a periodically poled lithium niobate (PPLN) crystal and
then broadened by a photonic crystal fiber to generate an optical supercontinuum
ranging from about 600 to 900 nm. This broad spectrum is mixed with ECDL beams
to create beat notes with a particular frequency comb tooth. The products of the
mixing are spatially separated according to the wavelength by a diffraction grating
and individually measured by a series of amplified silicone photodiodes. The fre-
quency comb mode spacing is frep = 250 MHz, thus the beat note frequency is in
usable range from 0 to 125 MHz. The beat note signal is used as an input for phase
locked loop (PLL), which efficiently narrows the laser linewidth down to linewidth
of a single component of the frequency comb. This method allows for stabilization
of multiple lasers in near infrared and visible range to a single frequency reference
within one optical setup. The two radio frequency parameters of the optical fre-
quency comb - the repetition rate frep and the offset frequency fceo are referenced to
the hydrogen maser, which is for the long-term stability disciplined by a GPS clock.
Particular beat note signal between the comb tooth and the laser is amplified, fil-
tered and mixed with a local oscillator (LO). This LO is generated by a direct digital
synthesizer (DDS) referenced to the hydrogen maser, and has the value of the de-
sired beat note frequency raised by 100 MHz. After bandpass filtering, the product
of mixing is mixed once more with 100 MHz reference signal to generate a DC sig-
nal which has the phase information of the comb-laser beat note and serves as the
error signal for laser phase-locked loop (PLL). The PLL is realized with fast analog
control electronics. The target frequency of atomic transition is achieved by a fine
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FIGURE 9.5: Scheme of the experimental setup distributed over three
optical tables corresponding to parts a), b), c). All ion ECDLs are
placed on table a). The cooling laser beam is generated by frequency
doubling the 794 nm to 397 nm. The near infrared laser beams are
send through an optical fiber to table b) where the optical frequency
comb supercontinuum is optically mixed with lasers by use of broad-
band optical elements and the products are spatially separated for
beat note detection. Individual beat notes are after filtering and am-
plification used for generating the control signals for frequency stabi-
lization of the lasers. The 397 nm and 866 nm laser beams dedicated
to the ion are led into AOMs in the double pass configuration for
frequency and amplitude modulation and then sent to the ion trap
positioned on the optical table c). The laser fields are set to particular
desired polarization and are amplitude-monitored at the proximity of
the ion chamber. The ionization laser are send directly to the ion only
with 422 nm wavemeter-based control. A beam shutter blocks the
ionization lasers after successful loading of desired number of ions.
The ion fluorescence is collected by a lens with Numerical aperture of
0.2 and detected by the EMCCD camera or single photon avalanche
photdiode. The detection signals including precise photon arrival
times are recorded using fast time-tagging module or converted by

an analog-digital card (ADC) for further processing.

frequency tuning with an AOM in double pass configuration. These AOMs are also
used for amplitude stabilization of the laser intensities. An overview of the experi-
mental setup is shown in Fig. 9.5. It is separated to the tree optical tables dedicated
to the ion lasers, frequency comb and laser beating and the table with the ion trap.
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Chapter 10

Analysis of fluorescence of ion at
modulated dark state

This chapter describes measurements of fluorescence response of a single trapped
40Ca+ ion at a dark state to optical frequency modulation of an excitation laser. The
spectral sensitivity of the ion fluorescence is enhanced in the vicinity of dark reso-
nance. The frequency modulation corresponds to the modulation of the dark state
population, which results in fluorescence modulation along the spectral feature of
dark resonance. This method is explored here as a method for optical frequency
analysis using the Fourier analysis of the recorded modulated fluorescence.

A continuous measurement scheme on a 40Ca+ ion with the transitions 4S1/2 ↔
4P1/2 and 4P1/2 ↔ 3D3/2 excited by two lasers fields at wavelengths 397 nm and 866
nm is implemented. The 397 nm laser is also used for simultaneous Doppler cool-
ing, while 866 nm repumps the ion from a long lived 3D3/2 manifold. Both lasers are
phase locked to teeth of a fiber frequency comb referenced to a hydrogen maser. In
this way they adopt known frequency linewidths and stability of the optical refer-
ence, which allows for precise calibration of the optical frequency analysis by deter-
ministic modulation of the analyzed laser beam with respect to the reference beam.
For this purpose, the repumping laser serves as an analyzed field to which a de-
terministic frequency modulation is applied, while the cooling laser is the reference
field with fixed frequency. Properties of the presented scheme are analyzed in terms
of the fluorescence response to imposed laser frequency characteristics, namely fre-
quency deviation A and modulation frequency fm [83].

In the first section of this chapter, the measurement principles of this method and
a simple theoretical model of the fluorescence signal-to-noise ratio are described.
The second section compares the theoretical model with measured fluorescence re-
sponses to a range of modulation frequencies and amplitudes and the final section
presents the results in terms of the limits of the method.

10.1 Features of the measurements

10.1.1 Measurement configuration

The trapped and Doppler cooled ion is simultaneously driven by two laser fields
at 397 nm and 866 nm. The target frequencies of atomic transition are achieved by
fine frequency tuning with AOMs in double pass configuration as shown in Fig. 9.5.
The beams are combined by a dichroic mirror and brought through a lens into the
vacuum chamber and to the linear Paul trap with 45◦ angle relative to the trap axis.
The ion is trapped in the radial x, y directions by harmonically oscillating electric
field at frequency 31 MHz with amplitude corresponding to the radial secular mo-
tion frequency fx,y ≈ 1.66 MHz. The axial position is confined by voltage of Utip =
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500 V applied at trap tips, leading to the axial secular frequency fz ≈ 780 kHz. The
magnetic field of 6.1 Gauss is applied at the position of the ion to lift the degeneracy
of the Zeeman states, which results in effective internal energy level scheme with
eight states, see Fig. 10.1a). The angle between polarization of the laser fields is cho-
sen to be perpendicular to the magnetic field, therefore only transitions with ∆mj
= ± 1 are excited, which allows for efficient depopulation of the outermost states
from the 3D3/2 manifold and leads to the observation of four dark resonances. From
the observable four resonances, one corresponding to transition between electronic
states |S1/2,−1/2〉 and |D3/2,−1/2〉 is selected since it is the closest one to global
fluorescence maximum and has the longest resonance slope.

Fluorescence from the ion is collected in the direction of the magnetic field using
objective lens with numerical aperture of 0.2 and focused onto the free spaced APD,
with the overall detection efficiency of single photons emitted by the ion estimated as
0.15 %. Time tags of photon detections are recorded with fast time tagging module.

FIGURE 10.1: Scheme a) shows the employed energy level scheme
of 40Ca+. The two laser fields with polarizations perpendicular to
the magnetic field lead to observation of four dark states between
S1/2 and D3/2 manifolds. Scheme b) shows a simulation of the P1/2
level occupation probability proportional to fluorescence intensity as
a function of 866 nm laser frequency detuning ∆866. Detailed zoom
in the selected dark resonance depicts the fundamental parameters
determining the performance of the spectral analysis including the
detuning ∆866, frequency deviation of the frequency modulation A,
modulation frequency fm, conversion through the slope with param-
eter m onto the fluorescence with average photon count rate per sec-

ond Rs and measured with an APD gate time τ.

Tuning the 866 nm laser to a position at a slope of particular dark resonance,
described by a slope parameter m(∆866) representing the resonance gradient, allows
to use the ion as a direct frequency deviation to fluorescence intensity convertor due
to its high and quasi-linear dependence, see Fig. 10.1b) for schematic explanation.

10.1.2 Fluorescence spectra with phase locked ECDLs

To measure ion fluorescence dynamic response to the frequency detuning of the ex-
citation lasers, it is necessary to narrow the linewidths and stabilize the frequencies
of the lasers to the levels where they not interfere with the measurements as it is de-
scribed in section 9.2. In this way the laser linewidths efficiently adopts linewidths
of the frequency comb modes. The laser frequencies written in terms of the comb fre-
quencies are then: ν866 = 2(n2·866 frep + f0) + fb and ν397 = 2[2(n2·794 frep + f0) + fb].
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The frequency difference between lasers as seen by the ion is then ∆ν = (4n2·794 −
2n2·866) frep + 2 f0 + fb794 − fb866, where 4n2·794 − 2n2·866 =1635856. Standard devia-
tion of the comb RF frequencies are σ( frep)= 1 mHz and σ( f0) < 1 Hz (100 s aver-
aging time), which indicates standard deviation of laser frequency detuning below
1 Hz. We have measured linewidth of single comb tooth by beating it with a laser
at 1540 nm with linewidth at the level of a few Hz and obtained FWHM = 40 kHz
with 1 kHz resolution bandwidth setting. The main contribution to this linewidth
comes from the f0 and the frep contribution can be neglected. After each SHG pro-
cess the linewidth is also doubled, however, since the noise source is common for
both 397 nm and 866 nm lasers, a simple estimation of their mutual linewidth based
on ∆ν leads to 80 kHz. Figure 10.2 illustrates the enhancement of the dark resonance
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FIGURE 10.2: Dark blue fluorescence spectrum measured with both
lasers phase-locked to the frequency comb with limited bandwidth
due to PLL limited scanning range. Red line is the optical fit and
black circle corresponds to the measurement point. Parameters of
the fit are the magnetic field ~B = 6.1 Gauss, the detuning of the blue
laser from the degenerate transition ∆397 = -16 MHz, angle between
the light fields and the magnetic field α = 90◦, saturation parameters
S397 = 1, S866 = 4 and combined linewidth of the two lasers Γ =124
kHz.Light blue is fluorescence spectrum with all dark resonances vis-
ible, measured by scanning of free running 866 nm laser monitored by
wavemeter. Purple line is its fit with the only parameter significantly
different from the PPL scan being the lasers combined linewidth Γ =
250 kHz. The insertion shows the lower part of the resonance with
the measurement point. Difference in the resonance depth for the
two spectra is clearly visible. The shape of the PLL resonance also

does not perfectly fit to the theory .

contrast and slope steepness by utilization of frequency stabilization of 397 nm and
866 nm lasers to the frequency comb. At this locking configuration the fluorescence
spectrum is measured, however in narrow bandwidth limited by the PLL frequency
scanning range of fbeat from 0 to 125 MHz. The whole spectrum containing all dark
resonances is measured again, but with 866 nm laser frequency controlled utiliz-
ing only the wavemeter-based feedback. Both fluorescence spectra are fitted with
the optical Bloch equations. A measurement point ∆M is chosen in the middle of
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the quasi-linear slope of the dark resonance, because this maximizes the measur-
able amplitudes of modulation. The slope parameter for the linear approximation
is for all measurements at this measurement point m(∆M) = 1.78 counts·s−1·kHz−1,
with corresponding photon count rate per second Rs = 6800 cps. The frequency
detunings of the analyzed and reference lasers from their corresponding transition
frequencies are ∆866 = -7 MHz and ∆397= -10 MHz, respectively. The fits of optical
Bloch equations to the measurements does not perfectly follows the measured flo-
rescence curve. Particularly at the measurement point ∆M its gradient corresponds
to mBloch(∆M) = 2.21 counts·s−1·kHz−1, which is 24% above the gradient of a numer-
ical fit. For this reason, we use instead of the optical fit a polynomial fit as the slope
function mnl , as will be explained in the next section. The optical fit parameters are:
the magnetic field ~B = 6.1 Gauss, the detuning of the blue laser from the degenerate
transition ∆397 = -16 MHz, angle between the light fields and the magnetic field α
= 90◦, saturation parameters S397 = 1, S866 = 4 and combined linewidth of the two
lasers Γ = 250 kHz and Γ =124 kHz for the PLL spectrum.

10.1.3 Fluorescence signal-to-noise ratio

The frequency spectrum of the analyzed 866 nm laser deviations is measured by
keeping the reference 397 nm laser at constant detuning ∆397 and modulating the
frequency detuning ∆866(t). To determine the dynamic response of the ion as a detec-
tor of mutual frequency shifts of the two lasers, a controlled frequency modulation
is introduced to the system followed by fluorescence signal processing. The modu-
lation is applied to the 866 repumping laser as harmonic frequency modulation with
specific modulation frequency fm and peak frequency deviation A (frequency devi-
ation). The modulation results in a periodic signal on fluorescence, which can be
considered as harmonic due to quasi-linearity of the slope close to our modulation
point ∆M.

The fluorescence is recorded as arrival times of detected photons with 4 ps time
resolution. This time tag record is processed by a Matlab script to data of photon
count rate in units of number of photon counts per time bin τ (gate time). To deter-
mine the theoretical response function of the detected fluorescence to the introduced
frequency modulation a natural fluorescence noise is compared to the observable
signal in the evaluated frequency spectrum. Equation for the fluorescence signal-
to-noise ratio SNR is derived as the ratio of function describing the amplitude of
harmonically modulated fluorescence S( fm, A, τ) to the amplitude of fluorescence
noise N(R, T, τ). The signal part of the function converts 866 nm laser frequency
deviation A to amplitude of fluorescence harmonic signal S( fm, A, τ) according to
the dark resonance slope parameter m(∆866), modulation frequency fm and the gate
time τ. Although not necessary, a linear approximation of the slope parameter can
simplify the evaluation and is defined as

m = δ(〈n〉 · s−1)/δ∆866 (10.1)

at measurement detuning point ∆866, where <n>·s−1 is an average number of de-
tected photons per second. In case of (1/ fm) � τ and the linear approximation of
the slope parameter m, the fluorescence signal amplitude can be approximated as
S( fm, A, τ) ≈ mAτ. The modulation frequency fm and gate time τ affects effective
fluorescence modulation amplitude Ae f f by averaging the fluorescence over gate
time τ.

Ae f f =
1
τ

∣∣∣∣∫ τ

0
A cos( fmτ)dt

∣∣∣∣ = A |sinc( fmτ)| (10.2)
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Then the amplitude S of the imposed signal is

S = mAτ |sinc( fmτ)| . (10.3)

The SNR can be found by comparing the signal to the fluorescence noise amplitude
without modulation. In ideal case, when noise contributions from laser and mag-
netic fields are negligible, noise of fluorescence emitted by ion corresponds to shot
noise due to small overall detection efficiency. The amplitude of noise is then shot
noise of average photon count rate over number of measurement samples ns = T/τ,

N =

√
Rτ

T
, (10.4)

where R =< n > /τ is the average count rate per gate time τ, and T is the measure-
ment time. Rs symbol is used elsewhere in the text for photon count rate per one
second. The SNR can be then expressed as

SNR =
S
N

=

√
T

Rτ
mAτ |sinc( fmτ)| . (10.5)

In case of large frequency deviations (A ≈ hundreds of kHz) it is important to
include a function, which numerically gives a true response of the observable fluo-
rescence rate to the relative frequency detuning of analyzed laser ∆866. The nonlin-
ear slope function mnl(∆M) is taken from a polynomial fit of measured fluorescence
spectrum around the measurement point. To obtain the signal amplitude, modula-
tion amplitude factor mA is replaced with half of the fluorescence difference at the
two extremes of modulated detuning frequency ∆M + A and ∆M - A. This yields

SNR =
1
2

√
T

Rτ∑
n

[
pn (∆M + A)n−1 − pn (∆M − A)n−1

]
|sinc( fmτ)| . (10.6)

where pn are coefficients of nth degree polynomial fit mnl(∆M). An example of mea-
sured fluorescence data used for further fluorescence analysis are in Fig. 10.3 for two
values of frequency deviation A = 0 and 300 kHz.
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FIGURE 10.3: Ion fluorescence record at measurement point ∆M for
modulated and stable laser frequency detuning ∆866. Modulation fre-
quency is fm = 12 Hz, gate time τ = 10 ms. Notice a drop-out at T ∼

250 s.



Chapter 10. Analysis of fluorescence of ion at modulated dark state 67

10.2 Measurements of fluorescence response

The measurements of fluorescence response are done for various sets of modulation
frequencies fm, frequency deviations A, measurement time T and also measurement
points ∆M. The goal is not attempt to cover whole accessible modulation frequency
spectral range and modulation depths, but rather illustrate the working mechanism
of the presented scheme and show its intrinsic limits. A fluorescence time tag mea-
surement is processed into set fluorescence data in units of photon counts per τ,
where τ has values from a certain range simulating a variable gate time or sampling
frequency FS = 1/τ of a photodetector. These data are then individually analyzed
in terms of their frequency spectrum evaluated by the FFT algorithm. The values of
signal-to-noise ratio are then SNR = Smeas/Nmeas, where Smeas is the frequency com-
ponent at the modulation frequency fm (or component with maximal amplitude)
and Nmeas is the average amplitude of the whole FFT spectrum. The natural unmod-
ulated fluorescence has Poissonian distribution, thus its spectrum has the character
of white noise and can be averaged as a whole. The minimum of τ is chosen such
that sinc( fmτ)> 0.99 and the maximum is chosen always much higher than 1/ fm.
The data processing ca be summed as:
Time tag data⇒ Set of count rate data⇒ Set of FFT spectra⇒ Set of SNR(τ)
This process is used for all the measurements except the measurements with vari-
able measurement point ∆M, where the SNR is calculated for values of τ for which
condition sinc( fm, τ) > 0.99 is fulfilled.

For gate time lower than the period corresponding to modulation frequency
fm, the modulation component is aliased in the spectrum at aliased frequencies
falias = |b · FS/2 − fm|, where folding factor b is the closest even integer of ratio
2 fm/FS. Any periodic signal, analyzed by FFT, will suffer from spectral leaking, if
its length is not an integer multiply of 1/ fm [84]. To prevent this, and consequent
decrease of signal amplitude, all measured data are shortened by a few ms to match
the measurement time frame with frequency modulation periodicity. This method is
preferred over using a window function, since the measurements are made with sin-
gle modulation frequency. Relatively low photon count rate theoretically does not
place any fundamental limit on detectable modulation frequency. When sampling
frequency is chosen much higher than count rate (counts/s), most of the gate time
bins contains zero counts and the rest contains one or more counts. The information
about frequency modulation is still preserved even when the average number of
counts per bin is below one and it is obtained from the modulation of photon counts
in the time bins. Note, that this should not be confused with frequency detuning out
of dark resonance slope, e.g. detuning into the bottom of the dark resonance where
count rate could eventually drop to zero. As mentioned above, the slope function
mnl is defined in certain region of count rate (2000 counts·s−1 to 15000 counts· s−1).
This boundaries obviously scale with the gate time. A control if fluorescence has not
crossed these boundaries, due to e.g. laser-locking dropout or ion vacuum impurity
kick, has been made for all measurements at τ = 10 ms. Dropouts in shorter time
scales are considered negligible.

The results of frequency response measurements are summarized in four figures.
Three of them emphasize the SNR(τ) dependence on the critical measurement and
evaluation parameters, in particular: modulation frequency, frequency deviation,
and measurement time with respect to the gate time τ. The last figure compares the
SNR(∆M) for two modulation frequencies with respect to the measurement point
∆M which corresponds to different values of count rate Rs and slope parameter m.
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10.2.1 Modulation frequency

From the frequency point of view, SNR( fm, τ) data from five measurements with
varying modulation frequencies and constant frequency deviation are compared in
Fig. 10.4. This evaluates the frequency bandwidth of the presented method. The
total length of all measurements is T = 300 s and the frequency deviation is set to
A = 300 kHz to be well within the employed resonance slope. The range of modu-
lation frequencies is from fm = 66, to 120 kHz. The analysis shows high attainable
SNR in the whole measured spectral range. The observed SNR( fm, τ) ratios are well
reproduced by the theoretical predictions of equation 10.6 up to high modulation
frequencies comparable or higher than count rate of the measurements of 6800 cps.
For the two highest fm of 66 and 120 kHz, values of SNR( fm, τ) follows the pre-
dicted shape of the theoretical predictions, with respect to τ, but have values lower
than theory.
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FIGURE 10.4: signal-to-noise data for five 300 s long measurements
of the fluorescence with modulated detuning ∆866. Frequency de-
viation is kept at 300 kHz and modulation frequency varies (dots).
Red lines are theoretical signal-to-noise ratio calculated using nonlin-
ear slope function mnl. Note that mean time between two successive

photon detections is ∼ 0.15 ms.

10.2.2 Frequency deviation

The potential of the presented spectrometry method with respect to capturing the
frequency deviation A is explored within this measurement case. The SNR depen-
dence on the frequency deviation A is measured for low modulation frequency fm =
66Hz to avoid any effect of fast modulation on the observability of high modulation
amplitudes. The expectable upper limit will be given by the spectral width of the
dark resonance slope, while the lowest detectable frequency deviations will depend
on the amount of the detection noise. Equivalently, the lowest detectable signal in
the frequency spectrum has its limit given by frequency amplitudes of shot noise.
This detectable limit is defined here as variable SNRlim. The limit is obtained by
simulating data of shot noise with Poissonian distribution. The simulated data rep-
resents pure fluorescence without modulation and have the same count rate R and
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measurement length T as the real data. This simulated fluorescence is analyzed in
the same way as the measured data: SNRshotnoise is calculated, with exception that
the signal part S is obtained as the highest amplitude component of its whole fre-
quency spectrum without the DC component. 500 simulations of shot noise data
and an average of corresponding values of SNRshotnoise is used for estimation of the
detection limit SNRlim(τ) = < SNRshotnoise(τ) >500. This limit can be also roughly
viewed as the ratio of 3σ confidence interval of amplitude distribution in the pure
shot noise frequency spectrum with its mean value N. Obtaining amplitudes from
particular frequency positions fm or falias in the frequency spectrum is the reason
why there are visible “sinc” fringes even below the limit of SNRlim, as can be seen
in Fig. 10.5.
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FIGURE 10.5: signal-to-noise measurements of fluorescence with har-
monically modulated detuning of analyzed laser field ∆866 with mod-
ulation frequency set to 66 Hz. The measured data for different fre-
quency deviations are shown with dots with lines. Full lines show the
theoretical simulation of SNR for the highest and lowest frequency
deviations, respectively. Dash-dotted gray line represents a numer-
ical limit given by pure signal with Poisson distribution evaluated
as maximal amplitude of shot noise. Amplitude levels for signals are
taken from known frequency position in the spectrum, thus the fringe

pattern is slightly visible even below the limit.

10.2.3 Measurement time

For a general task of estimation of amplitude of unknown frequency components,
the whole frequency spectrum has to be searched, not only positions of fm or falias,
and thus there is always a spectral component with amplitude at least on the level
of SNRlim. I.e. if there is an unknown frequency, it is possible to detect it, only if
its amplitude is higher than SNRlim. Figure 10.6 shows two measurements with fm
= 66 Hz, A = 300 kHz and measurement times T equal to 3 and 300 s. Correspond-
ing SNR(T, τ) data follows theoretical curves in all regions above the SNRlim limit
curve. The figure also shows the effect of the measurement length T on the observed
SNR(T, τ) and also on the limit SNRlim. The limit is not constant and actually in-
creases with measurement time T – as there is higher probability for a higher noise
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amplitude in a longer measurements. For the two measurements and 1 ms gate time
the lowest detectable SNR corresponds to the levels of SNRlim(3 s,1 ms) = 3.16 re-
spectively SNRlim(300 s,1 ms) = 3.97. The rise of SNRlim is compensated by decrease
of noise mean vale Nmeas. This ensures higher SNR and better detection sensitivity
for longer measurements.
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FIGURE 10.6: SNR data for 3 s and 300 s long measurement of fluores-
cence with harmonically modulated laser detuning ∆866. Modulation
frequency and frequency deviation are fixed to 66 Hz and 300 kHz,
respectively. The signal amplitudes are found as the maximum of
whole frequency spectrum except the DC component. The dots show
the measured data, dashed lines represent numerical limits given by

simulated fluorescence with Poisson distribution SNRlim.

10.2.4 Measurement point

The reciprocal dependence of the SNR on the count rate R is shown by measuring
at different measurement points in the vicinity of the dark resonance. Scan of the
measurement points is shown in Fig. 10.7. Measurements of SNR(R) for two mod-
ulation frequencies fm = 12 Hz and 120 kHz with A = 300 kHz are realized along the
dark resonance spectrum by changing the detuning frequency ∆866. Gate time τ is
chosen such that sinc( fm, τ) > 0.99, thus it does not affect the fluorescence response.
At each measurement point the average SNR of ten measurements with T = 10 s are
compared with theoretical SNR values for whole dark resonance calculated using
the slope parameter m directly obtained from measured fluorescence scan. Further-
more the ratio between the measured SNR of the two fm sets shows that for the set
with fm > Rs there is a decrease of SNR proportional to ∼ 1/Rs.
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10.3 Results and discussion

The results of presented measurements are interpreted in here in terms of fundamen-
tal limits of the proposed method. Fluorescence sensitivity to frequency deviation
A is given by the slope function of the dark resonance m, which depends on the pa-
rameters of applied magnetic and laser fields. The measurement point used for the
measurements with variables A, T and fm is no worse (in terms of fluorescence gra-
dient) than 1/2 of the steepest slope of any dark resonance achievable by tuning the
parameters of applied fields to the ion. It however stands on the slope, whose length
in the axis of frequency detuning, has been set by the parameters to ∼ 8 MHz. This
gives a fundamental upper limit of the presented method on the optical frequency
bandwidth which does not cause 866 nm laser to detune out of the resonance slope.
The width of the employed dark resonance slope and the measurement position on
the slope thus limits the frequency deviation and modulation frequency. According
to the Carson rule for frequency modulation bandwidth with 98% of modulation en-
ergy [85, 86], combined frequency deviation A and modulation frequency fm has to
satisfy condition 2(A + fm) = 8MHz. This condition is well satisfied in the measure-
ments. The smallest detectable modulation amplitudes are given by fluorescence
noise at given photon count rate and total length of the measurement. This limit
is defined as SNRlim and corresponds to ratio of maximal amplitude in a pure shot
noise frequency spectrum with its mean value N. Scale up in the measurement time
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T leads to raise of the SNRlim limit value, however the mean level of amplitudes
of shot noise frequency spectrum N is proportional to

√
Rτ/T, thus the lowest de-

tectable frequency deviation can be scaled down with longer measurement times or
by measuring in the lower part of the resonance slope with smaller photon count
rates. Specifically for measurement at point ∆M with the linear slope parameter m
= 1.78 cps/kHz, count rate Rs = 6800 cps, measurement time T = 300 s, gate time
τ = 1 ms and modulation frequency fm = 66 Hz, the limit of detectable frequency
deviation is Amin = 2 kHz.

Detectable modulation frequency is according to the presented theory in Eq. (10.6)
unlimited, however, the presented measurements show decrease of SNR( fm, τ) for
high modulation frequencies. In our particular case, the decrease has been observed
for modulation frequencies on the order comparable to photon count rate Rs, where
signals start to be undersampled. Comparisons of SNR for two modulation frequen-
cies fm = 12 Hz and fm = 120 kHz along the dark resonance indicate correlation
of the decrease with fluorescence intensity, however the theoretical simulation of
modulated fluorescence shows that the undersampling itself should not limit the
observable modulation frequency detection bandwidth. Simulation results did not
show any decrease of SNR, even for the order of magnitude higher modulation fre-
quencies then what was observed with the same photon rate. Other possible effects,
including leaking of the spectral modulation sidebands out of the resonance slope or
the frequency response of the AOM were also investigated and do not explain the ob-
servable decrease of SNR. The bandwidth of spectral modulation sidebands is given
by the Carson rule, as described earlier. The response of the AOM was measured up
to modulation frequency fm = 1 MHz, but we measured flat response. At this point
we thus leave the attainable frequency bandwidth limit of the presented method for
further investigation, including studies of possible excitation of first or higher or-
der motional sidebands within the employed Raman excitation scheme might play
a role.

The sensitivity of the fluorescence to frequency detuning can be further improved.
First option is to increase the fluorescence detection efficiency, which has been in our
case mostly limited by the numerical aperture of the collection optics to 0.15% of the
total emission rate. The other option is to increase the number of trapped ions. Both
options will linearly enhance fluorescence intensity and thus also the steepness of
the dark resonance slope.
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Chapter 11

Conclusion

In the first part of this thesis I have demonstrated that long distances can be mea-
sured with high accuracy using a mode-filtered frequency comb and a simple linear
array spectrometer based on a diffraction grating. In comparison to a HeNe laser
a relative agreement below 10−8 has been shown. The method of cavity mode fil-
tering opens up the possibility to use a low repetition rate frequency comb, like a
fiber comb, for many-wavelength homodyne interferometry. Since fiber combs are
smaller, easier to operate and less sensitive to the environment than Ti:Sapphire-
based combs, this could be of interest for potential field applications of this method
using fiber combs. When using a filter cavity to generate repetition rates of several
10s of GHz, it is possible to replace the complicated VIPA spectrometer with a linear
array spectrometer. This not only simplifies the experimental setup, it also simplifies
data processing and analysis.

The filter cavity constructed for the purpose of the distance measurements has
been designed to work in a Vernier configuration, which allows for a large tuning
of filter ratio with fractional change of the cavity length. This also enables to ob-
tain high repetition rates of hundreds of GHz with relatively large cavity lengths,
which simplifies its construction. Even easier operation of a filter cavity has been
investigated using all fiber approach. A fiber filter cavity has been designed and
constructed to work with fiber frequency combs at 1550 nm. The performance of the
silver coated fiber cavity to multiply frep from 0.1 to 1 GHz was successfully tested
using the VIPA spectrometer.

In general, the availability of frequency combs having a mode spacing that is
sufficiently large to be resolved by an array spectrometer, will be a step forward
towards practical applications of many-wavelength homodyne interferometry for
absolute distance measurement.

In the second part of this thesis I have used a frequency comb as the optical ref-
erence for investigation of a method of optical frequency analysis using fluorescence
emitted from a single Doppler cooled 40Ca+ ion trapped in a Paul trap. The method
is based on enhanced fluorescence sensitivity to optical frequency fluctuations due
to the probing of the ion close to a dark state in a lambda-like three level system. The
ion’s dark resonance represents a convertor of the relative optical frequency differ-
ence to the intensity of fluorescence. The characterization of this method has been
carried out by deterministic modulation of relative frequency detuning of the two
excitation laser at 397 and 866 nm which have been phase locked to the frequency
comb. In this way they adopt known frequency linewidths and stability of the opti-
cal reference.

For the analysis of the ion fluorescence response to the laser frequency modula-
tion a simple theoretical model of fluorescence signal-to-noise ratio has been devel-
oped. Its comparison with signal-to-noise data obtained by the Fourier analysis of
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measured fluorescence showed a good agreement, however also certain limits of this
method have been identified. I have shown that for applied measurement settings,
the fundamental upper limit for optical frequency bandwidth is 8 Mhz and the low-
est detectable laser frequency deviation is 2 kHz. The comparison of the theory with
the presented measurements have also shown a decrease of the signal-to-noise ratio
for modulation frequencies on magnitudes higher than the photon count rate. The
measurements also showed a correlation of the decrease with fluorescence intensity,
however I have not proved that the signal undersampling is the cause. Other possi-
ble effects have been also investigated and do not explain the observable decrease of
signal-to-noise ratio, thus I had left the attainable frequency bandwidth limit of the
presented method for further investigation.

The presented feasible bandwidths, which are in good agreement with theoret-
ical model, can be further improved by increasing the fluorescence detection effi-
ciency or by increasing the number of trapped ions, what would also led to im-
proved sensitivity of the fluorescence to frequency deviations.
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Appendix A

Distance measurement data
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