
BRNO UNIVERSITY OF TECHNOLOGY 

F A C U L T Y OF M E C H A N I C A L ENGINEERING 

INSTITUTE OF SOLID MECHANICS, MECHATRONICS AND 
BIOMECHANICS 

Ing. Lukáš Březina 

OPTIMIZATION OF A PARALLEL MECHANISM 
DESIGN WITH RESPECT TO A STEWART 

PLATFORM CONTROL DESIGN 

OPTIMALIZACE NÁVRHU PARALELNÍHO MECHANISMU VZHLEDEM 
K ŘÍZENÍ STEWARTOVY PLATFORMY 

Shortened Ph.D. Thesis 

Supervisor: prof. Ing. Eduard Malenovský, DrSc. 



Contents 

1. Introduction 3 
2. State of the art 4 

2.1 Kinematics of parallel manipulators 4 
2.2 Dynamics of the parallel manipulators 5 
2.3 Notes to the control of parallel manipulators 5 
2.4 Notes to modeling of systems with uncertainties 6 
2.5 Summary and the problem description 6 

3. Goals of the work 6 
4. Proposed approach V 
5. The device description 8 

6.1 The linear actuator with gearings 8 
5.2 The Stewart platform 8 

6. SimMechanics modeling of the device 9 
6.1 Stewart platform and the linear actuator modeling 9 
6.2 D C motor modeling 10 

7. Linearization 10 
8. Stewart platform control design based on the SimMechanics model 11 
9. Uncertain modeling 13 

10.1 Model of the D C motor with uncertain parameters 13 
10.2 Stewart platform model with uncertain parameters 14 

10. The model verification 15 
11. Results 18 
References 20 

2 



1. Introduction 

The model based control is very interesting possibility not even for robotics but also 
for other technical disciplines. Obtaining of high accuracy control is nowadays often solved 
by implementing of the model to the control system. Mode l of the system built into the 
control system monitors data obtained from the sensors and actuators. Implementation of such 
controllers is nowadays possible thanks to the computational power of modern computers 
[20]. 

The models are differentiated according to the structure and prediction quality. Basic 
concepts are mainly [43]: 

• simplified models, mainly linear, 
• fenomenologie equation, 
• neural networks, 
• decision trees, 
• look- up tables. 

From the presented point of view arise following requirements on the optimal model 
of the system and on the optimization of the design with the model support: 

• evaluation in the shortest possible time, 
• possibility of the processing of the deviations from the reality, 
• (simple) investigation of the system controllability 
• (simple) investigation i f it is possible to use the model for estimation of selected 

parameters (especially in cases of parameters which is difficult or impossible to 
measure) 

The proposed work is then focused on such an optimal modeling of a parallel robot 
generally known as Stewart platform. 

The construction of general parallel robot basically stands on a closed kinematic chain. 
Therefore a load carried by the end-effector is divided between particular kinematic chains 
linking the effector to the base. Such a construction of a manipulator leads to very high 
stiffness of the device and high load/robot mass ratio, possibility of lighter construction, thus 
better dynamics. Other advantages may be higher positioning accuracy, using same parts for 
all links or possibility of mounting of the actuators to the base of the device. These are some 
of advantages when comparing parallel manipulators with serial ones (open kinematic chain). 
The main disadvantage of a parallel manipulator construction is then quite small volume of 
the workspace limited by singular areas and usually quite complicated kinematics and 
dynamics. 

The history of the first industrially used parallel manipulators started in a year 1955 
when Gough [25] constructed the first prototype of a six degrees of freedom parallel 
manipulator for tire wear testing (used in Dunlop Tires t i l l year 2000). The machine consisted 
of a platform (end-effector) and six extendable links which connected the platform to the base 
frame. The very similar construction was used approximately 10 years later by Cappel and 
also by Stewart for a flight simulator construction. From then parallel manipulators have been 
used in many other sectors of industry where their advantages as high stiffness, precise 
positioning, high load/robot mass ratio, may be used. Let 's name for all fast pick and place 
applications ( A B B FlexPicker, Fanuc M - l i A ) , machining robots (Metrom P-800), positioning 
of heavy antennas, microscopes (usually hexapods in general), spot welding (Fanuc F-200ÍB), 
etc. 

The parallel robots are in general suitable for applications where high positioning 
accuracy is more important than volume of the workspace, for applications where 
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manipulation with heavy loads in small workspace (simulators, antenna manipulation, ...) is 
needed or fast pick and place applications. 

The presented work is based on needs of projects MSM0021630518 "Simulation 
modeling of mechatronic systems" and M S M T K O N T A K T 1P05ME789 "Simulation of 
mechanical function of selected elements of human body" which had been solved at B U T 
recently. One of aims of named projects was to construct a Stewart platform. The device is 
planned to use for bio mechanical experiments such as joints endoprosthesis (hip, knee) wear 
testing or for spinal elements testing. Such an usage leads to specific requirements in 
construction and control. Hence it was necessary to build a model of the system dynamics and 
kinematics according to the engineering design at first. The model was built in such a way to 
satisfy requirements for a control design and for testing of the designed control as well as for 
testing of the device behavior. In other words the model had to be sufficiently precise in the 
system description but on the other hand it had to be modest in computational time 
consumption. 

Building a model which is suitable for simulation and optimal for a control design at 
the same time might be quite complicated task - especially in case of dynamic model 
containing high number of interacting bodies within a spatial closed kinematics chain with six 
degrees of freedom of the end-effector. 

The proposed approach is based on modeling of dynamics within a modern simulation 
tools with possibility of linearization. The modeling inaccuracies are compensated by defining 
of uncertain parameters in the model. The obtained structure of the model is in a state-space 
form which is suitable either for simulations or for a control design. 

Let 's note that proposed approach demonstrated on the Stewart platform is highly 
versatile and easily applicable to wide range of systems and processes. The method reflects 
actual industry needs leading to increase of a product quality, preciseness, production 
capacity, dependability, system economy and decrease of the environment damage. The 
simulation and control of the system significantly influences all of these needs. 

2.State of the art 

2.1 Kinematics of parallel manipulators 

Modeling of a parallel mechanism kinematics may be solved as direct and inverse 

task. The inverse kinematics is characteristic with known position and orientation of the end-

effector and joint coordinates are solved. Solving the inverse kinematics is necessary for the 

position control of a manipulator. There are generally two approaches to the solving of the 

inverse kinematics - analytical based on work with transformation matrices [24], [37] and 

geometrical [39]. 

The opposite is the direct kinematics where the joint coordinates are known and 
position and orientation of the end-effector is solved [1], [16]. Solving of the direct 
kinematics is much more complicated than inverse in case of parallel manipulators. This is in 
opposite with kinematics of serial manipulators. The method is usually based on a numerical 
iterative principle [40], [37], use of genetic algorithm [2] or for example using of extra 
sensors [37]. Very interesting method based on solving the determinant of Sylvester's matrix 
suitable for a real -time use was proposed in [32]. 
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2.2 Dynamics of parallel manipulators 

The model of system dynamics is usually needed for a control o f devices which move 
fast or heavily loaded devices, i.e. of devices where their dynamics effects strongly affect the 
system behavior. The one of problems of dynamics modeling is that not all of the parameters 
are known precisely even with use of on-line estimation methods. The other problem is the 
computational time intensity. 

There are often used common methods for dynamics of machines modeling in case of 
parallel manipulators. These are Newton-Euler principle [10], [14], [15], [17], principle of 
virtual works [9], [13], [23], [25], [34], Lagrange's equations [15], [63] and the Hamilton 
principle [52]. There are sometimes used combinations of methods, e.g. combination of 
Lagrange's equations and Newton-Euler principle in [38]. 

Description of a parallel manipulator full dynamics via one of these methods is usually 
quite complicated and numerical solution of the obtained model is too much time consuming. 
Such a dynamics model is inappropriate for a control design. Therefore simplifying 
suggestions shortening the computational time are often made. 

One of such simplifications might be neglecting of inertia moments of the robot links 
and at the same time assuming their masses at their ends [13], [44]. This approach was 
successfully applied on Delta robot (the robot structure is using for example A B B in their 
FlexPicker). Although the approach was successfully implemented with Delta robot, 
neglecting of links inertia moments in case of Stewart platform leads to insufficient 
positioning accuracy of the controller [22]. Another approach is presented in [31] where the 
simplification is based on small workspace of the Stewart platform. The configuration-
dependent coefficient matrices of the dynamic equations are approximated to be constant. The 
introduced modeling error is compensated by the H-infinity controller. Other publications 
dealing with the simplification of a model dynamics are for instance [12], [21], [36], [45], 
[49], [51]. 

Very interesting possibilities of dynamics modeling are nowadays offered by 
numerous simulation softwares - Adams, Matlab - SimMechanics, Chrono R3D, Inventor, 
SolidWorks, etc. The advantage is that such environments allow user to work with the model 
in much more complex way (build a model, design a controller, connecting of models, etc.). 
This might be very efficient tool for "rapid prototyping" or classical mechatronic approach 
where it is taken into account that different phases of a product design are mutually connected 
and strongly influencing each other. Very inspiring example from the point of view of parallel 
manipulators is used in Matlab demos where a simple model of a Stewart platform was built, 
linearized and consequently a PID controller was designed [48]. However the model is in its 
simplest form and contains no uncertainties. 

2.3 Notes to the control of parallel manipulators 

Control of parallel manipulators might be quite complicated especially in cases where 
the dynamics model is needed. Most common is the position control [30], [31], [46] but in 
some cases also a torque control is used [53]. Possibilities of simplified dynamics models are 
studied recently (see above). Interesting possibility of H-infinity controller application for 
compensation of inaccuracies caused by a model simplification was studied in [31]. The 
possibilities of parallel manipulators control are also described in [3], [8], [18], [19], [35], 
[36], [49], [51], [52]. 
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2.4 Notes to modeling of systems with uncertainties 

The most of models describing dynamics of systems are more or less inaccurate. It 
may be mostly caused by mentioned simplifications, neglecting of some factors influencing 
the dynamics or general modeling inaccuracy. It is possible to describe these inaccuracies by 
defining an uncertainty of the whole model or of the chosen parameters. The model 
containing the uncertainty description is then applicable for design of a robust controller. 
Such a controller is then able to control all systems within a given uncertainty range. 

The uncertain modeling is very versatile and easily applicable on wide spectrum of 
human activity. The standard approach to modeling of uncertain mechanical systems for a 
robust control purposes is described in [26] or [27]. 

2.5 Summary and the problem description 

The inverse kinematics of the parallel manipulators has been intensively studied for 
several decades and its solution is no more a problem. On the other hand the direct kinematics 
is for its strong nonlinearity still quite challenging task especially in cases where a real-time 
application is considered. Very promising solution of a Stewart platform real-time direct 
kinematics was proposed in [32]. 

The modeling of dynamics of parallel manipulators is mostly solved by classical 
methods of dynamics but often also by a simulation modeling. The problem is typically 
insufficient computational efficiency for a real-time use. This is often treated by simplifying 
suggestions where some of the system parameters are neglected or the model is simplified 
[31]. 

The problem of simplifications or approximations of the dynamic models introduced 
in order to increase the computational efficiency is following. It has to be very carefully 
considered for every individual type of a mechanism which simplifications it is possible to 
make. Some of simplifications can be made for some type of a mechanism but for other not -
the method is not versatile. 

The other problem is that a model of dynamics usually contains many inaccuracies. 
The problem is getting worse by introducing of mentioned simplifications and 
approximations. 

Modeling of systems with uncertainties is nowadays used in many even nontechnical 
applications [28], [33], [47] for description of a model inaccuracy. But in case of modeling of 
parallel robots it is very rare. 

3. Goals of the work 

The main goal of the work is to propose and verify a methodology for design of 
dynamic models of parallel manipulators optimal for a control design. Such an optimal model 
must satisfy following conditions: 

• evaluation in the shortest possible time, 
• possibility of the processing of the deviations from the reality, 
• (simple) investigation of the system controllability 
• (simple) investigation i f it is possible to use the model for estimation of selected 

parameters (especially in cases of parameters which is difficult or impossible to 
measure) 
Let 's note that actual needs of the modern industry are taken into account, thus it is 

expected use of more advanced controllers than just a simple PID and use of modern control 
techniques. 
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The method should be also universal and applicable on other mechatronic systems 
such as machining tools, robotics in general, engines and other. 

Building of such an optimal model satisfying the above requirements w i l l be 
illustrated on the Stewart platform developed at B U T which has intended use in 
biomechanical applications [6], [7]. 

Thus the model w i l l be optimized for investigation of possibility of control design 
techniques application, description of modeling inaccuracies and for computational modesty. 

Sectional goals are following: 

• Analyze present methods of modeling of parallel mechanism 
• Design an appropriate method for a parallel robot modeling 
• Bui ld a model describing kinematics and dynamics of the Stewart platform 
• Optimize the model for the control design purposes 
• Verify the model with the real device 
• Formulation of conclusions 

4. Proposed approach 

The proposed approach is based on mentioned advantages of the linear model 
representation. 

The model itself utilizes advantages of Matlab SimMechanics simulation environment 
which offers many tools for modeling of kinematics and dynamics of mechanisms as well as 
the possibility of linearization. The simulation environment is for its good connectivity with 
Simulink suitable for simulations of a control and for the model and data manipulation. 

There are also derived standard equations of the inverse kinematics for the simulation 
and control purposes. 

The linear model obtained from SimMechanics guarantees simplicity, computational 
efficiency and wide spectrum of methods for the manipulation with the model and for a model 
based controller design. 

Inaccuracies of the model caused by the linearization, neglected dynamics or 
improperly defined parameters are then described by definition of uncertainties for the 
individual model parameters. 

The uncertain modeling is used for describing of inaccuracies caused by shifting of the 
linearization operating points of the Stewart platform and by modeling inaccuracy of selected 
parameters of the Stewart platform and the D C motor model. 

The method for modeling of uncertainties of the D C motor is based on the standard 
parametric uncertainty definition. It is then proposed a method for defining of individual 
parameters of the model state matrices as uncertain. This is profitable especially in cases of 
higher order models. The method is used in case of the Stewart platform uncertainty 
modeling. 

The uncertain model may be with advantage used for a "worst case scenario" analysis 
and for a robust control design. The uncertain model is linear thus keeping all advantages of 
the linear representation. 
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5. The device description 

5.1 The linear actuator with gearings 

The Stewart platform consists of six linear actuators (links) which manipulate with top 
plate of the platform. The change of the actuator (Fig. 5.1, 5.2) length leads to the change of 
the platform position and orientation. The links lengths needed to obtain desired position and 
orientation of the platform are then easily evaluated with the knowledge of the inverse 
kinematics. 

The choice of joints within the linear actuator itself is subjected to the overall 
movement of the platform which has to be fully three dimensional, i.e. with six degrees of 
freedom. Thus the upper joint connecting the actuator to the platform is spherical (three 
rotational degrees of freedom) and the lower joint connecting the actuator to the base is 
universal (two rotational degrees of freedom). Wi th the middle translational joint (ball screw 
in our case) connecting together upper and lower part of the linear actuator. 

Fig. 5.1 Joints of the linear actuator (by 
Houska, P.) 

1 spherical joint, 2 ball screw, 3 ball screw guidance, 
4 motor attachment plate, 5 screw nut, 6 gearings, 7 

universal joint 

Fig. 5.2 Bodies of the linear actuator (by 
Houska, P.) 

la ball screw, 2a screw nut, 3a lower part of the link, 
4a DC motor 

Technical parameters are following. The used D C motor is Maxon R E 35 (90 W), 
single stage planetary gearbox Maxon G P 32 C with gear ratio 4.8:1, the gear ratio of the spur 
gearing is 41:21, the screw-thread is 4 mm. The maximal length of the single linear actuator is 
188 mm, the minimal length is 159 mm. 

5.2 The Stewart platform 

The basic geometry of the device (Fig. 5.3, 5.4) is defined by position of the base and 
platform connection points for linear actuators attachment, Fig 6.5, 6.6. The basic geometry of 
the Stewart platform is amongst others described in [39], 

Fig. 5.3 The designed Stewart platform 
model (by Houska, P.) 

3D Fig. 5.4 The designed Stewart platform 
reality (by Houska, P.) 
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6. SimMechanics modeling of the device 

6.1 Stewart platform and the linear actuator modeling 

The model of the linear actuator with gearings is then built with use of SimMechanics 
joints and bodies libraries, F ig . 6.1, Fig. 6.2. 

T 

^ Motor body Conn2Conn3 

CI J 

Universal joint 2 

i s 

< j L > « - i BI-BH F 

Gear Constraint 1 

Gear Constraint 2 

I—E CS3 C 

CSl CS4 

CS4 j -gg 

CSl 1 3 5 

F <f B 

CS4 j -gg 

CSl 1 3 5 

T 

CS4 j -gg 

CSl 1 3 5 

Conn3 

ConnZ 

Fzg. <5.i SimMechanics model of the 
Stewart platform linear actuator 

Fig. 6.2 SimMechanics model of gearings 
(planetary gearbox and spur gearing) 

The Stewart platform model is then built from six linear actuators subsystems and the 
platform body [4], Fig. 6.3. 

I irsa " 

actuator 6 

Machine 

Environment 

Fig. 6.3 SimMechanics model of the Stewart platform with linear actuator subsystems. 
Platform connection points correspond with CSl,CS6 and the base points with 

Ground 1,Ground6 

9 



Inputs and outputs of the Stewart platform SimMechanics model are given by 
supposed control requirements. The basic idea is to control the position and orientation of the 
platform by D C motors shaft torques which are produced by the motors input voltage. The 
position and orientation of the platform is given by the links lengths which are described by 
the inverse kinematics. The changes of the links lengths are then given by rotation of the 
screw nut which moves the ball screw. 

The inputs/outputs of the Stewart platform mechanical model are on the most basic 

layer following: the inputs are torques m = ( M 1 , . . . , M 6 ) r produced by D C motors and 

outputs are angular displacements of the screw nuts (\ = {cp{,...,cpb) and their angular 

velocities q = {<p{,..., <pb). 
Adding chosen inputs and outputs to the SimMechanics model is provided by 

connecting blocks of sensors and actuators. The torque actuator is added to the input element 
of the planetary gearbox in case of the D C motor torques and the joint sensor is added to the 
revolute joint representing rotational movement of the screw nut. 

6.2 D C motor modeling 

The model contained two kinds of subsystems t i l l now. It was the linear actuator 
subsystem and the gearings subsystem. The new subsystem w i l l represent the D C motor 
Maxon RE35. 

The R E 35 (catalogue number 273754) has power of 90W, its nominal torque is 
0,0977Nm, nominal voltage 42V, nominal speed is 6770rpm and no load speed 7530rpm. 
The unloaded D C motor model is based on well known description: 
di R. K, 1 
— = 1 -co + — u 
dt L L L 
dco 1 v 1 T j r . 

= K,co + — Kmi 
dt J J 

The second equation is then transformed by / = M in order to obtain a shaft torque as the 
dt 

system output into 
M=-Kfco+KJ, (6.2) 

where M is the motor shaft torque, KM is the torque constant, / is the rotor inertia, Kf is 

the linear approximation of the viscous friction, i is the momentary value of the electrical 

current, co is the momentary angular velocity of the shaft, Kb is the voltage constant, R is 

the terminal resistance, L is the terminal inductance and finally u is the momentary driving 
voltage. 

7. Linearization of the Stewart platform model 

The linearization is performed for the pure mechanical model of the Stewart platform 
without D C motors. There was used a Control and estimation manager in Matlab for the 
linearization purposes. 

The comparison between the linear and the nonlinear model was performed for the 
same input torque with amplitude 0 , l N m and frequency 2Hz for all of the linear actuators, 
Fig. 7.1. Thus the movement of the platform is just in the z-axis. The maximal z-axis distance 
between the centers of gravity of the base and the platform allowed by construction of the 
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device is 0,1462m. The maximal distance reached during the simulation was 0,1407m - the 
platform was very close to its maximal workspace borders, Fig. 7.2. 

1 1 1 1 

)t,y posi t ion 

z posi l ior 

t ime [s] 
0.4 0.5 o.e 

time [s] 

Fig. 7.1 Input torque of all linear actuators 
for both linear and nonlinear model 

Fig. 7.2 Position of the platform during the 
simulation (nonlinear model) 

There were compared outputs of both models (angular displacement and angular velocity of 
the screw nut) during the simulation, Fig . 7.3, 7.4. 

• 1 • • • • • • • 1 
nonlinear model 
linear model 

0 0.1 0 2 0 3 0 4 0.5 0.6 0.7 0 8 0 9 
time [s] 

Fig. 7.3 Comparison between linear and 
nonlinear model - angular displacements 

Fig. 7.4 Comparison between linear and 
nonlinear model - angular velocities 

The behavior of the linear model is obvious and expected - with increasing distance 
from the operating point decreases identity of both models. The difference between outputs is 
approximately 1,5% (angular displacement) and 2,1% (angular velocity) close to the 
workspace borders. 

Advantage of such a linear model is that it is with its twelve states quite simple. Thus 
its simulations are very fast and model itself is for its computational modesty suitable for a 
control design. 

The minimal realization of the obtained linear state - space model satisfied conditions 
of controllability and observability. 

8. Stewart platform control design based on the SimMechanics model 

The Stewart platform linear state-space model was obtained in the previous chapter. 
The model was used for a control design which described in [8]. The control was successfully 
tested with original SimMechanics nonlinear model. 

11 



The basic idea of the control structure is to divide it into two layers - upper and lower 
layer. The upper layer is represented by a multichannel PID controller which prescribes 
torques produced by D C motors according to a desired position and orientation of the 
platform. The desired position and orientation of the platform may be easily transformed into 
linear actuators extensions and screw nuts angular displacements by using inverse kinematics 
description. The controller representing this layer is based on the Stewart platform linear 
state-space model. 

The lower layer consists of six independent PID controllers which prescribe driving 
voltages for each of six D C motors according to the torques prescribed by the upper layer. 
The controllers in this layer are based on the state-space model of the D C motor. 

The comparison between desired and measured position and orientation of the 
platform gravity center is documented in Fig . 8.1, 8.2, 8.3. 

time [s| time [s] 

Fig. 8.1 X, Y— axis position of the platform Fig. 8.2 Z axis position of the platform 
gravity center (desired and measured) gravity center (desired and measured) 

time [s] lime [s] 

Fig. 8.3 Orientation of the platform gravity Fig. 8.4 Position error (x, y - axis) 
center (desired and measured) 

12 



2 
lime [s! 

Fig. 8.5 Position error (z - axis) Fig. 8.6 Orientation error (x, y, z - axis) 

The position and orientation error is then documented in figures Fig. 8.4 - 8.6. The 
maximal positioning error is approximately 0,2mm for movement in each axis. The maximal 

orientation error is approximately 0,8.10~ 3rad for rotation around each axis. There is no 
special requirement on the device positioning accuracy because of its planned use. Hence the 
presented accuracy is sufficient. 

9.Uncertain modeling 

lO.lModel of the D C motor with uncertain parameters 
The following D C motor model with uncertain parameters is based on description 

(6.1) and standard principles of uncertain modeling [27]. The equations may be for x1-i, 

x2=co and by introducing the parametric uncertainty transformed into a form 

1 
~ (l+s \L~( R + S R) X i~( K b + S K b) X 2 + u   

('2 = ( 7 7 F ) K ^ " + S k ^ X i ~ ^ R f + S k ^ j 

(9.1) 

' 3Km 
, SKf are where L , R , Kb, / , Km, Kf are nominal parameters and SL, SR, SKh, S 

uncertainties of the nominal parameters. 
The uncertain model in matrix form is then obtained as a compact form of 

interconnection matrix M 

t 
xx 

~-R/L -KjL -1 -1 0 0 0 -1 0 " *1 

x2 -Kf/J 0 0 -1 -1 1 0 0 x2 

Zi -R/L -KjL -1 -1 0 0 0 -1 1/L cl{ 

1 0 0 0 0 0 0 0 0 d2 

= KjJ -Kf/J 0 0 -1 -1 1 0 0 d3 

0 1 0 0 0 0 0 0 0 d4 

z 5 
1 0 0 0 0 0 0 0 0 d5 

0 1 0 0 0 0 0 0 0 d6 

as 0 1 0 0 0 0 0 0 0 u 

(9.2) 
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At the same time the perturbation matrix A is defined as 
dx 8L 

0 0 0 0 0 

d2 0 sR 
0 0 0 0 z2 

d3 0 0 st 
0 0 0 z 3 

d4 
0 0 0 5Kf 0 0 z4 

d5 0 0 0 0 5Km 0 

d6_ 0 0 0 0 0 SKb_ _ Z 6 

(9.3) 

10.2 Stewart platform model with uncertain parameters 

The general approach to the parametric uncertainty modeling presented in the previous 
section is suitable for models where individual parameters are treated as uncertain. The 
method is strictly concentrated on the given parameters but this might be inconvenient for 
models of higher orders with large amount of parameters with an uncertainty or for models 
where the uncertainty in some parameters influences other parameters. 

The proposed method works with parametric uncertainty in a more complex way. It is 
based on knowledge of an uncertain linear model and corresponding linear model with 
maximally perturbed parameters. The uncertainty is then determined for each parameter of 
state matrices individually. 

The general principle of the uncertain modeling is then following. The nominal system 
is described as 

* = A X + S U (9.4) 
y = Cx + Du 
and similarly the model with maximally perturbed parameters 
x = Ax + Bu 

(9.5) 
y = Cx + Du 

The meaning of equation terms is in case of the Stewart platform state-space model 
following: 
x represents the vector of twelve states which are established by SimMechanics during the 
linearization, x represents the vector of the time derivations of the states, 

u = [Mj M2 M3 M4 M5 M 6 ] r i s the vector of inputs which are D C motors shaft 

torques, y = [̂  <p2 <p3 <p4 <p5 % a>x a>2 a>3 CO, co5 co6 ] is the vector of outputs 

which are angular displacement and angular velocity of each one of the ball screw nuts. 
Matrices A , B , C , D represent state matrices of the nominal system and A , B , C , D represent 
the state matrices of the model with perturbed parameters. 

State matrices of the system (9.5) may be defined as a sum of particular nominal 
matrix and a matrix containing the uncertainty. E.g. for A it is 

A = A + A A , (9.6) 

thus the uncertainty contribution is A A = A - A . Similarly are derived uncertainty 

contributions for matrices B, C, D. 
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Applying of the upper linear fractional transformation 

F„ (M, A„) = M 2 2 + M 2 1 A„ (I - M , 1 A a J" 1 M 1 2 (9.7) 

and comparing with (9.6) it is obtained M 2 1 M 1 2 = A A , M u = 0 , M 1 2 = I , M 2 1 = A A and 

M 9 9 = A . The method is same for other state matrices. 

X A A A B A 
0 0 B X 

y AA I 0 0 0 0 0 u M 

yAB 0 0 0 0 0 I »AB 

y AC I 0 0 0 0 0 »AC 

y AD 0 0 0 0 0 I »AD 

y _ c 0 0 c A DA D u 

(9.8) 

with the perturbation matrix 

UAA" " A M 
0 0 0 " y AA 

U A B 0 A A B 
0 0 y AB 

UAC 0 0 A A C 
0 yAc 

UAD_ 0 0 0 A A D _ _y AD 

(9.9) 

The advantage of the method is that formulas (9.8), (9.9) describing the uncertain 
model are applicable on any state-space model of any system. The only necessary inputs are a 
nominal model and a model with maximally perturbed parameters. 

The proposed method was published in [5]. The article also describes a brief 
experiment with an H-infinity based controller designed according to the uncertain model. 

10. The model verification 

The following chapter is dealing with verification of the proposed SimMechanics and 
derived uncertain models. The verification was performed for the single linear actuator with 
the D C . 

The verification itself is based on comparison between measured and simulated values 
of the angular displacement and the angular velocity of the motor shaft on a single link for the 
same input voltage. The link is during the experiment part of a test j ig which guarantees only 
linear movement of the attached cart, Fig. 10.1. 

Fig. 10.1 Test jig with the linear actuator 
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The following pictures (Fig 10.2 - 10.5) documents comparison between measured 
data and data obtained from the simulation. The simulation was performed for the nominal 
(SimMechanics) model of the link with the nominal (Simulink) model of the D C motor. 

The maximal difference between the data obtained from the simulation and from the 
experiment is 11% in case of the angular displacement and 12,5% in case of the angular 
velocity for the given input voltage. 
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Fig. 10.2 Comparison of measured and 
simulated data for nominal models (motor 

and link) - angular displacement 

Fig. 10.3 Comparison of measured and 
simulated data for nominal models (motor 
and link) - angular displacement (detail) 
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Fig. 10.4 Comparison of measured and 
simulated data for nominal models (motor 

and link) - angular velocity 
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Fig. 10.5 Comparison of measured and 
simulated data for nominal models (motor 

and link) - angular velocity (detail) 

Such a difference may be caused by nonlinearities in the system, modeling inaccuracy, 
etc. This may be at least partially compensated by the proposed uncertain model. 

The simulation results closest to the measured data were obtained for the combination 
of the uncertain model of the D C motor with the uncertain model of the link. The peak values 
of the measured data are covered by the uncertainty, F ig . 10.6 - 10.9. 
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Fig. 10.6 Comparison of measured and 
simulated data for uncertain model of the 
motor and uncertain model of the link -

angular displacement 

Fig. 10.7 Comparison of measured and 
simulated data for uncertain model of the 
motor and uncertain model of the link -

angular displacement (detail) 
(black dashed line - measured data, red full line - the worst case, blue full line - samples of 

the uncertain model) 
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Fig. 10.8 Comparison of measured and Fig. 10.9 Comparison of measured and 
simulated data for uncertain model of the simulated data for uncertain model of the 
motor and uncertain model of the link - motor and uncertain model of the link -

angular velocity angular velocity (detail) 
(black dashed line - measured data, red full line - the worst case, blue full line - samples of 

the uncertain model) 

The last presented example is the most suitable for the robust control design of the 
device. The worst case of the uncertain model is very close to the measured data, thus the 
robust controller designed according to such a model should be able to stabilize even the real 
machine. 

The model is still keeping its simple structure and computational modesty of the linear 
model. Let 's note that all worst cases of the previous examples are controllable and 
observable. 
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11. Results 

The proposed work presents an approach for building of dynamic models of parallel 
kinematics machines optimal for a control design purposes. Such an optimal model must 
satisfy following requirements: 

• evaluation in the shortest possible time, 
• possibility of the processing of the deviations from the reality, 
• (simple) investigation of the system controllability 
• (simple) investigation i f it is possible to use the model for estimation of selected 

parameters (especially in cases of parameters which is difficult or impossible to 
measure) 
The approach is based on modeling of the system dynamics and kinematics in Matlab 

SimMechanics followed by a linearization of the system and introducing of uncertain 
parameters. The inverse kinematics was also derived by classical analytical approach for the 
control purposes. 

The approach is presented on a Stewart platform which is a parallel manipulator with 
six degrees of freedom. The obtained linear model from SimMechanics is for its state-space 
representation with twelve states in case of Stewart platform quite simple thus it is 
computationally modesty with possible real-time evaluation. The model also satisfied 
conditions of observability and controllability. 

The linear model was consequently used for a controller design which was 
successfully tested with the original nonlinear SimMechanics model. 

The modeling itself introduced some modeling errors which, according to the 
verification with the assembled linear actuator, caused approximately 11% difference between 
outputs of the real and simulated system. 

The modeling inaccuracies caused by the linearization or inexact definition of the 
model parameters were compensated by defining of uncertain parameters and describing the 
system as uncertain. The method is based on definition of structured parametric uncertainty 
for a nominal linear model. The uncertainty is given by a difference between corresponding 
parameters of state matrices of the nominal model and a model with maximally perturbed 
parameters. The method is then treating all of the individual parameters in the state matrices 
as uncertain. The proposed approach is especially advantageous for large scale models where 
defining of a parametric uncertainty individually for all of the system parameters would be 
very demanding. 

The application of the method results into an uncertain model which keeps its state-
space structure thus its simplicity and computational modesty. Such a model is suitable for 
analyzing of the "worst case scenario" and for designing of a robust controller. 

The uncertainty modeling was used for designing of uncertain model of a D C motor 
which is part of the Stewart platform linear actuators. In this case the classical approach [33] 
was chosen. The uncertainty was defined for the only motor parameter representing the linear 
approximation of the viscous friction where is large possible source of the modeling 
inaccuracy. 

The proposed approach of the uncertainty modeling was applied in case of the 
uncertain model of the Stewart platform. The model is of the twelve order, thus it would be 
uncomfortable to set the uncertainty for the each parameter individually. The proposed 
method was used for constructing of a model describing the inaccuracy caused by the 
linearization, i.e. shifting of operating points within the workspace. The second example of 
the Stewart platform uncertain model describes the inaccuracy in body parameters of masses 
and inertia moments. 
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The mentioned 11% difference between outputs of the real and simulated system was 
then by introducing of the uncertain model almost completely covered by the uncertainties. 
There was used a model combining the uncertain model of the D C motor with the uncertain 
model of the Stewart platform linear actuator for this purpose. 

The obtained uncertain model is optimal for the robust control because of its ability to 
describe the model inaccuracies which w i l l be compensated by a robust controller. 

The proposed method of uncertain modeling was demonstrated on the Stewart 
platform parallel manipulator thus its suitability for the modeling of parallel manipulators was 
proved. The method is very versatile and applicable on any model which is possible to 
describe in a state-space form. Design of an uncertain model for a robust control design 
purposes is with obtained formulas (9.8), (9.9) very simple and only necessary inputs are a 
nominal model and a model with maximally perturbed parameters. 

The method reflects actual industry needs leading to increase of a product quality, 
preciseness, production capacity, dependability, system economy and decrease of the 
environment damage. The simulation and control of the system significantly influences all of 
these needs. 
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